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Abstract: The KKLT construction of dS vacua [1] relies on an uplift term that arises from

an anti-D3-brane. It was argued by Kachru, Pearson and Verlinde [2] that this anti-D3-

brane is an excited state in a supersymmetric theory since it can decay to a supersymmetric

ground state. Hence the anti-D3-brane breaks supersymmetry spontaneously and one

should be able to package all the world-volume fields on the anti-D3-brane into a four

dimensional N = 1 supersymmetric action. Here we extend previous results and identify

the constrained superfields that correspond to all the degrees of freedom on the anti-D3-

brane. In particular, we show explicitly that the four 4D worldvolume spinors give rise

to constrained chiral multiplets S and Y i, i = 1, 2, 3 that satisfy S2 = SY i = 0. We also

conjecture (and provide evidence in a forthcoming publication) that the vector field Aµ and

the three scalars φi give rise to a field strength multiplet Wα and three chiral multiplets

H i that satisfy the constraints SWα = D̄α̇(SH̄ i) = 0. This is the first time that such

constrained multiplets appear in string theory constructions.
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1 Introduction

The first construction of dS vacua in string theory were obtained in 2003 by Kachru,

Kallosh, Linde and Trivedi (KKLT) [1]. They stabilized all closed string moduli in a

supersymmetric AdS vacuum and then added one or a stack of anti-D3-branes that are lo-

calized at the bottom of a warped throat. The extra contribution from these anti-D3-branes

can uplift the minimum of the scalar potential to a positive value, i.e. a dS vacuum. The

anti-D3-branes are therefore clearly breaking supersymmetry and there has been sometimes

a confusion about whether this breaking is explicit or spontaneous. The reason for this

is that the anti-D3-brane uplift term was not expressed in terms of the four dimensional

N = 1 Kähler and superpotential. However, already in 2001 it was shown by Kachru,

Pearson and Verlinde [2] that anti-D3-branes in the corresponding flux background can

decay to a supersymmetric ground state. Also recent holographic studies indicate that

the anti-D3-branes break supersymmetry spontaneously [3]. Hence it should be possible

to package the uplift term into the four dimensional Kähler and superpotential and/or

a D-term.

This rewriting of the uplift term was accomplished only very recently in [4–6] (see

also [7] for earlier work in this direction). The crucial ingredient that was used in these
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papers is a nilpotent chiral superfield, which is a regular chiral superfield S = s+
√

2θψ +

θ2Fs that satisfies the constraint1

S2 = (s+
√

2θψ + θ2Fs)
2 = s2 + 2

√
2sθψ + θ2(2sFs − ψ2) = 0 . (1.1)

The three resulting constraints above are all solved by

s =
ψ2

2Fs
. (1.2)

This means that the nilpotent chiral multiplet contains no scalar which then requires that

supersymmetry is non-linearly realized. A corresponding supersymmetric action for a single

fermion was first written down by Volkov and Akulov (VA) [9, 10], while the connection

between the fermion of VA and the one in the nilpotent chiral superfields was established

in [11–15]. A variety of different supersymmetric actions for a single fermion were written

down in the past but it was shown in [16, 17] that all of these are related by non-linear

field redefinitions and that there is a unique action, that is given by

S = −
∫
E0 ∧ E1 ∧ E2 ∧ E3 with Eµ = dxµ + λ̄0γµdλ0 . (1.3)

Here λ0 is the single fermion and the action is invariant under the following non-linear

supersymmetry transformation

δε0λ
0 = ε0 + (λ̄0γµε0)∂µλ

0 . (1.4)

The four dimensional N = 1 supersymmetry is in this case spontaneously broken, as can

be seen from the above transformation (1.4), that is incompatible with a vanishing fermion,

or from the constraint given in (1.2) that requires Fs 6= 0. The fermion λ0 is the massless

Goldstino we expect in a supersymmetric theory with broken supersymmetry.

Using the nilpotent chiral superfield S, the authors of [4] showed that the anti-D3-brane

uplift term can be packaged into the Kähler and superpotential of the four dimensional

N = 1 theory. They also started to clarify the connection between the nilpotent chiral

superfield and the action of the anti-D3-brane. This relation was then made explicit in [5, 6]

as follows: to simplify the task the authors of [5, 6] studied a single anti-D3-brane on top of

an O3-plane. This removes all the bosonic worldvolume degrees of freedom and leaves only

a sixteen component 10d Majorana-Weyl (MW) spinor λ on the anti-D3-brane. This 16

component MW spinor can be decomposed into four 4D Majorana spinors λα, α = 0, 1, 2, 3,

where λ0 is a singlet and λi, for i = 1, 2, 3, a triplet under the SU(3) group acting on the

three complex transverse directions of the anti-D3-brane. The action for this anti-D3-brane

on top of the O3-plane in flat space was found to be [5]

SD3 = −2

∫
Ẽ0 ∧ Ẽ1 ∧ Ẽ2 ∧ Ẽ3 with Ẽµ = dxµ +

3∑
α=0

λ̄αγµdλα . (1.5)

1We will use Majorana spinors unless stated otherwise and the notation from the book Supergravity by

Freedman and Van Proeyen [8]. We will also use the shorthand notation ψ2 = ψ̄PLψ, ψ̄2 = ψ̄PRψ and

θ̄PLψ = θψ.

– 2 –
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In flat space with an O3-orientifold the anti-D3-brane breaks the four dimensional N = 4

supersymmetry spontaneously and the four λα correspond to the four Goldstinos. How-

ever, upon placing the anti-D3-brane into the flux background of Giddings, Kachru and

Polchinski (GKP) [18] that preserves only four dimensional N = 1 supersymmetry, one

can show that the λi get a mass and decouple from the low energy effective action [6]. The

anti-D3-brane action (1.5) then reduces to the Volkov-Akulov action given in (1.3). This

shows explicitly that the low energy degrees of freedom on an anti-D3-brane on top of an

O3-plane in the GKP flux background are given by a nilpotent chiral superfield S.

In this paper we will show how one can also package the λi into constrained chiral

multiplets Y i that satisfy SY i = 0. In section 2, we will review the results for an anti-

D3-brane on top of an O3-plane in flat space and discuss its non-linear supersymmetries.

Then we review the extension to a supersymmetric GKP flux background in section 3.

The identification with a 4D supersymmetric action with constrained superfields S and Y i

is made explicitly in section 4. We conclude and provide an outlook in section 5 where

we conjecture how to package the bosonic worldvolume fields on an anti-D3-brane into

constrained 4D N = 1 multiplets. This conjecture will be proven in the forthcoming

paper [19]. Appendix A lists our spinor conventions and appendix B provides several

important technical details.

2 The anti-D3-brane in flat space

The action for a single D-brane or a stack of D-branes including all fermionic terms is

rather complicated and in many cases not even known. In particular, the action for a

stack of D-branes in flat space is not known to all orders in the worldvolume fermions

and the action for a single D-brane in a flux background is only known to quadratic order

in the fermions. Nevertheless, one can already get a lot of insight out of these leading

terms and the supersymmetry transformations of the worldvolume fields. Also for the

simplest example of a single D-brane in flat space the action is known to all orders in

the fermions which allows one to perform checks beyond the leading order. For such a

D-brane in flat space 16 of the spacetime supersymmetries are realized linearly while the

other ones are non-linearly realized and spontaneously broken (see for example page 140

of the textbook [20]).

We are particularly interested in the non-linearly realized supersymmetries and their

supersymmetry breaking. In a compactification of type IIB string theory with a standard

O3/O7-orientifold projection the linearly realized supersymmetries of an anti-D3-brane are

projected out by the orientifold projection and only the non-linearly realized and sponta-

neously broken supersymmetries remain. So these are clearly the relevant ones for the

KKLT construction. To simplify the analysis of the worldvolume fields, it was suggested

in [5] to place a single anti-D3-brane on top of an O3-plane in flat space. This setup was

analyzed in [21–23] were it was shown that it is stable and that the orientifold projection

removes the worldvolume bosons, i.e. the vector Aµ and the scalars φi, from the worldvol-

ume theory of the anti-D3-brane. We now review the detailed purely fermionic action of

the anti-D3-brane in this setup and spell out the 16 non-linearly realized supersymmetries.

– 3 –
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The action for an anti-D3-brane in flat space, including all the fermionic terms, is

given by2

SD3 = SDBI + SWZ = −
∫
d4x
√
−det(Gµν + Fµν)−

∫
Ω4 . (2.1)

We denote the longitudinal and transverse coordinates as

XM = {Xm, φIr} , M = 0, 1, . . . , 9 , m = 0, 1, 2, 3, I = 1, 2, 3, 4, 5, 6 , (2.2)

where m refers to the worldvolume coordinates and I to the six real transverse coordinates,

which we can write as three complex directions φi = φ2i−1
r +iφ2i

r , i = 1, 2, 3. The φi are the

scalar fields that control the position of the anti-D3-brane. The metric including fermionic

terms is given by

Gµν = ηmnΠm
µ Πn

ν + δIJΠI
µΠJ

ν , Πm
µ = ∂µX

m − θ̄Γm∂µθ , ΠI
µ = ∂µφ

I
r − θ̄ΓI∂µθ , (2.3)

where ηmn is the Minkowski metric, ΓM are 10D gamma matrices and θς , ς = 1, 2, denotes

a doublet of 16 components MW spinors of the same chirality so that θ̄ς = {θT1 C, θT2 C}
with C being the charge conjugation matrix. The index ς will be contracted with the

identity matrix or Pauli matrices σa, a = 1, 2, 3. When it is clear from the context, we will

omit this index as well as the identity matrix. We will always omit the spinorial indices.

The Born-Infeld field strength Fµν is given by

Fµν = Fµν − bµν , bµν = θ̄σ3ΓM∂µθ

(
∂νX

M − 1

2
θ̄ΓM∂νθ

)
− (µ↔ ν) , (2.4)

where Fµν = ∂µAν − ∂νAµ is the field strength of the worldvolume gauge field Aµ. Lastly,

the 4-form Ω4 is defined via a closed 5-form

I5 = dΩ4 = dθ̄

(
σ1F Γ̂ + iσ2

Γ̂3

3!

)
dθ , Γ̂ = ΓMΠM = ΓM (dXM + θ̄ΓMdθ) , (2.5)

where wedge products are implicit and the plus sign in the last equation above is explained

on page 5 of [25].

With this information at hand one can explicitly spell out the component action for an

anti-D3-brane but this is rather cumbersome, so the authors of [5] placed the anti-D3-brane

on top of an O3-plane that extends along the first four spacetime directions. The orientifold

projection removes the vector field Aµ and the scalars φi. Furthermore, it constraints the

fermion doubled to satisfy

(1 + iσ2Γ0123)θ = 0 ⇔ θ1 = −Γ0123θ
2 . (2.6)

After this orientifold truncation the κ-symmetry disappears (see [26]) and we are left with

the 16 component MW spinor λ =
√

2θ1 = −
√

2Γ0123θ
2. The DBI and WZ-term are then

equal and the anti-D3-brane action is given by [5]

SD3 = −2

∫
Ẽ0 ∧ Ẽ1 ∧ Ẽ2 ∧ Ẽ3 , Ẽm = dXm + λ̄Γmdλ . (2.7)

2We are using the results and notation of [24]. The D-brane action and its transformations are given in

appendix A of that paper. We set α′ = 1.
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This action is invariant under 16 non-linearly realized supersymmetries and the correspond-

ing transformations are

δελ = ε , δεX
m = −λ̄Γmε , (2.8)

where ε is a 16 component MW spinor. After fixing the diffeomorphism symmetry so that

Xm(x) = δmµ x
µ, we are left with a non-linear supersymmetry transformation that is very

similar to the above in equation (1.4), namely

δελ = ε+ (λ̄Γµε)∂µλ . (2.9)

We can rewrite the above action in terms of four 4D spinors λα and 4D gamma matrices

γµ which leads to equation (1.5)

SD3 = −2

∫
Ẽ0 ∧ Ẽ1 ∧ Ẽ2 ∧ Ẽ3 with Ẽµ = dxµ +

3∑
α=0

λ̄αγµdλα . (2.10)

The transformation rules for the four spinors λα are now

δελ
α = δαβ ε

β +
∑
β

(λ̄βγµεβ)∂µλ
α . (2.11)

In the non-trivial backgrounds of GKP [18] or KKLT [1] the supersymmetries εi, i = 1, 2, 3

are broken by the background so we will be particularly interested in the 4D N = 1

supersymmetry generated by ε0. Under this symmetry we have the following transforma-

tion rules

δε0λ
0 = ε0 + (λ̄0γµε0)∂µλ

0 ,

δε0λ
i = (λ̄0γµε0)∂µλ

i . (2.12)

Since it will become important for us later, let us discuss how the above transformations

relate different terms in the action (2.10). Expanding this action to quadratic order in

fermions we get

SD3 = −2

∫ (
1 + λ̄0γµ∂µλ

0 +

3∑
i=1

λ̄iγµ∂µλ
i + . . .

)
, (2.13)

where at higher order we can have terms that only contain λ0, only contain the λi or a

mixture of both. The index structure of these terms is not important here, so let us denotes

these terms schematically by (λ̄0γ∂λ0)p1(λ̄iγ∂λi)p2 , where p1, p2 = 0, 1, 2, 3, 4, p1 + p2 ≤ 4.

Up to total derivatives, the transformations given in (2.12) relate terms that only involve

λ0 as follows

. . .→ (ε̄0γ∂λ0)(λ̄0γ∂λ0)p1−1 ← (λ̄0γ∂λ0)p1 → (ε̄0γ∂λ0)(λ̄0γ∂λ0)p1 ← (λ̄0γ∂λ0)p1+1 → . . .

This means that the terms (λ̄0γ∂λ0)p1 for p1 = 1, 2, 3, 4 are all related by the non-linear

supersymmetry transformation (2.12). The invariance of the action under this transforma-

tion requires all these higher order derivative terms to be present and they have to have

exactly the form obtained from expanding the Volkov-Akulov action in equation (1.3).3

3We have explicitly checked this keeping track of the indices on the gamma matrices and partial deriva-

tives.
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This is different for the terms that only contain the spinors λi. We find the mapping

(λ̄iγ∂λi)p2 → (ε̄0γ∂λ0)(λ̄iγ∂λi)p2 ← (λ̄0γ∂λ0)(λ̄iγ∂λi)p2 → (ε̄0γ∂λ0)(λ̄0γ∂λ0)(λ̄iγ∂λi)p2 ← . . .

Thus we see that the transformation (2.12) relates the term (λ̄iγ∂λi)p2 for fixed p2 to all

the terms (λ̄0γ∂λ0)p1(λ̄iγ∂λi)p2 for an arbitrary p1. So for example, starting with the

standard kinetic term λ̄iγµ∂µλ
i, the non-linear supersymmetry transformation will only

constrain the terms quadratic in the λi like (λ̄0γ∂λ0)p1(λ̄iγ∂λi) for arbitrary p1. However,

higher derivative terms like (λ̄iγ∂λi)2 are not constrained by the leading order terms in a

derivative expansion.

Below in subsection 4 we will start with the standard supersymmetric action for the

four chiral multiplets S and Y i. This action contains only terms that are leading order

in derivatives and when we impose the constraints S2 = SY i = 0, we will only find the

higher derivative terms that are related to the standard kinetic terms by the non-linear

supersymmetry transformations (2.12). In hindsight this might have been expected but it is

somewhat different from a single nilpotent chiral multiplet S, for which the action, including

all higher derivative terms (λ̄0γ∂λ0)p1 , is fixed by the symmetry. The explanation for this

difference is that the action in equation (2.10) is actually invariant under the non-linearly

realized N = 4 supersymmetry given in equation (2.11) and not just the non-linearly

realized N = 1 supersymmetry in (2.12). If we were to impose this larger symmetry group,

then we would of course reproduce the full anti-D3-brane action starting from the action

for S and Y i.

In the next section we review the anti-D3-brane action in the non-trivial flux back-

ground of GKP [18]. The GKP background breaks the 12 supercharges εi, i = 1, 2, 3 and

the fluxes give a mass to the three spinors λi.

3 The anti-D3-brane in a GKP flux background

In [6] (see also [7] for earlier related work) the above analysis was extend to an anti-D3-

brane on top of an O3-plane in a GKP flux background [18]. For an anti-D3-brane in

a general background the action is only know to quadratic order in the fermions. This

leading order fermionic part of the action is given by [27–29]

SD3
f =

T3

2

∫
d4x e−φ

√
−det (g + F) θ̄(1− ΓD3)

[
(g + Γ10σ3F)−1 µν ΓµDν −∆

]
θ . (3.1)

Here T3 is the brane tension, φ the dilaton, gµν the pullback of the background metric and

ΓD3 = − σ1Γ0123√
−det(g + F)

(
1 +

σ3

2
Γµ1µ2Fµ1µ2 +

1

8
Γµ1µ2µ3µ4Fµ1µ2Fµ3µ4

)
. (3.2)

Dµ and ∆ depend on the background fluxes and are related to the supersymmetry trans-

formations of two of the background fields, namely the gravitino and dilatino, respectively.

– 6 –
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They are explicitly given by

DM = ∇M +
1

8
HMNPΓNPσ3 (3.3)

+
1

8
eφ
(
FNΓN (iσ2) +

1

3!
FNPQΓNPQσ1 +

1

2 · 5!
FNPQRTΓNPQRT (iσ2)

)
ΓM ,

∆ =
1

2
ΓM∂Mφ+

1

24
HMNPΓMNPσ3 −

eφ

2

(
FMΓM (iσ2) +

1

2 · 3!
FMNPΓMNPσ1

)
,

where H denotes the NSNS 3-form flux and the F ’s the RR fluxes of the type IIB back-

ground.

Again for an anti-D3-brane on top of an O3-plane, the gauge field Aµ and the scalars

φi are projected out from the spectrum. Specializing further to a GKP background with

primitive (2,1)-flux that preserves N = 1 supersymmetry in four dimensions, the authors

of [6] find that the action reduces to

SD3
f = 2T3

∫
d4x e4A0−φ

[
λ̄0
−γ

µ∇µλ0
+ + δīλ̄

̄
−γ

µ∇µλi+ +
1

2
mij λ̄

i
+λ

j
+ +

1

2
m̄ı̄̄λ̄

ı̄
−λ

̄
−

]
, (3.4)

where the subscripts ± denote 4D Weyl spinors that satisfy λ± = 1
2(1 ± iγ0123)λ and eA0

is the warp factor evaluated at the anti-D3-brane location. The mass matrix for the λi is

given by

mij =

√
2

8
ieφ(ewi e

t
j + ewj e

t
i)Ωuvwg

uūgvv̄ḠISD
tūv̄ , u, v, w, t = 1, 2, 3 . (3.5)

The matrix m̄ı̄̄ is the complex conjugate of mij , Ω is the holomorphic 3-form, guv̄ the

CY3-metric, eui the corresponding vielbein and the complexified 3-form flux is defined as

Ḡ3 = F3 + ie−φH3 , ḠISD
3 =

1

2

(
Ḡ3 + i ∗6 Ḡ3

)
. (3.6)

Thus in this setting where the background only preserves the N = 1 supersymmetry

corresponding to ε0, one finds that the SU(3) triplet λi receives a mass, while the Goldstino

λ0 remains of course massless.4

Since the action in a non-trivial background is only known to leading quadratic order

in the fermions, the supersymmetry transformations are likewise not known beyond the

leading order and are given by [28]

δε0λ
0 = ε0 +O

(
(λα)2

)
,

δε0λ
i = O

(
(λα)2

)
. (3.7)

4The authors of [6] also showed that (3, 0) flux gives a mass to λ0. Then the background breaks all the

supersymmetry and λ0 is no longer the Goldstino. In the KKLT setup there is one additional contribution

which comes from Euclidean D3-branes or gaugino condensation on a stack of D7-branes. Since both of

these extra sources are localized in the internal dimension, we expect that they generically do not affect

our anti-D3-brane action. However, these new ingredients lead to supersymmetric AdS vacua even in the

presence of (3,0)-flux. Thus the anti-D3-brane is solely responsible for the spontaneous breaking of the 4D

N = 1 supersymmetry in the KKLT setup and the SU(3) singlet worldvolume fermion λ0 is the Goldstino.

– 7 –
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These transformations are of course not very restrictive and with the leading order action

and transformations for the anti-D3-brane we can in principle only achieve a leading order

matching with a 4D SUSY action. However, in the limit of vanishing background fluxes

the above anti-D3-brane action reduces to the flat space action and we can think of it as a

deformation of the flat space result. This deformation corresponds to turning on the (2,1)

ISD-flux which gives rise to the mass matrix for the fermions λi. In the next subsection we

spell out the SUSY action that reproduces the anti-D3-brane action in flat space as well

as the deformation that corresponds to the mass matrix mij .

4 The four dimensional N = 1 action

As discussed above, an anti-D3-brane on top of an O3 orientifold plane in a supersymmetric

GKP background has one massless 4D fermion λ0 and three massive fermions λi, i = 1, 2, 3

with a non-linearly realized supersymmetry (see equation (2.12))

δε0λ
0 = ε0 + (λ̄0γµε0)∂µλ

0 ,

δε0λ
i = (λ̄0γµε0)∂µλ

i . (4.1)

These are the transformations of a Goldstino λ0 and a triplet of fermions λi that transform

in the standard way under a non-linearly realized N = 1 supersymmetry [12, 30].

We now discuss how to fit these fermions in the standard description of N = 1 super-

symmetry. For that it is important to realize that any superfield can be turned into a non-

linearly transforming one. For a review of this procedure and references, see appendix B. So

the question is not whether we can fit the spinors into non-linearly transforming multiplets,

but rather in which multiplets they will sit.

For this discussion, we use the language of constrained superfields. The constraints

act as a way to eliminate components of superfields. We find that for each of the four

fermions we need one chiral superfield, whose bosonic degrees of freedom are removed

by a constraint. The Goldstino λ0 is described by a nilpotent chiral superfield S, obeying

S2 = 0. We now show that the SU(3) triplet λi is described by a triplet of chiral superfields

Y i = 0, such that

SY i = 0 . (4.2)

For that purpose it is more convenient to write the four-dimensional Majorana spinors

λ0, λi in terms of complex two-spinors5

λ0 =

(
χ0

χ̄0

)
, λi =

(
χi

χ̄i

)
. (4.3)

We write the chiral superfields S, Y i in components

S = s+
√

2θψ0 + θ2Fs , Y i = yi +
√

2θψi + θ2F i , (4.4)

5We are following the conventions of Wess and Bagger [31] for the rest of this paper.
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and the constraints S2 = SY i = 0 give the relations

s =
(ψ0)2

2Fs
,

yi =
ψ0ψi

Fs
− (ψ0)2

2F 2
s

F i . (4.5)

We stress that the spinor components ψ0 and ψi of S and Y i are not directly those of the

original fields λ0 and λi (or χ0 and χi). One has to perform a field redefinition involving

higher order terms of the fermion singlet and triplet to obtain combinations of fields that

transform properly under the non-linearly realized supersymmetry, i.e. like the λ0 and λi

in equation (4.1). We explain this in detail in appendix B, and here we just give the

redefinitions that lead to the fermions with the correct non-linear transformations:

χ0(x) =
ψ0(x̂)√
2Fs(x̂)

, (4.6)

χi(x) = ψi(x̂)−
√

2F i(x̂)χ0(x)−
√

2i(σµχ̄0(x))
[√

2ψi(x̂)∂µχ
0(x)−2F i(x̂)χ0(x)∂µχ

0(x)
]
,

with the field redefinition implicitly defined through

x̂µ = xµ + iχ0(x)σµχ̄0(x) . (4.7)

For a two-dimensional spinor SUSY parameter ε0 defined as ε0 = (ξ, ξ̄)T , the SUSY trans-

formation of the 2-component spinors is

δξχ
0 = ξ − i(χ0σµξ̄ − ξσµχ̄0)∂µχ

0 ,

δξχ
i = −i(χ0σµξ̄ − ξσµχ̄0)∂µχ

i , (4.8)

which is the same as (4.1). Thus we have identified the implicit field redefinitions given in

equation (4.6) that map the spinors ψ0 and ψi in S and Y i to the spinors λ0 and λi on the

anti-D3-brane.

Let us now identify the 4D N = 1 supersymmetric action for the S and Y i superfields

that reproduces the anti-D3-brane action. The coupling of S and a single constrained

field Y to supergravity was recently studied in detail in [32], which substantially simplifies

our task.

We take the following Kähler and superpotential

K = cSS̄ + δīıY
iȲ ı̄ , W = fS + giY

i + hijY
iY j , (4.9)

where c ∈ R and f, gi, hij ∈ C. The Lagrangian up to total derivatives is

L =

∫
d2θd2θ̄K +

∫
d2θW +

∫
d2θ̄W̄

= ic ∂mψ̄
0σ̄mψ0 + c s̄∂2s+ i∂mψ̄

ı̄σ̄mψiδīı + ȳı̄∂2yiδīı

+ F̄sFs + F̄ ı̄F iδīı + [fFs + (gi + 2hijy
j)F i − hijψiψj + h.c.] . (4.10)
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We now use the constraints S2 = 0, SY i = 0 to make the scalars dependent variables and

replace them with the fermion bilinears given in equation (4.5) to get

L = ic ∂mψ̄
0σ̄mψ0 + c

(ψ̄0)2

2F̄s
∂2

(
(ψ0)2

2Fs

)
+ i∂mψ̄

ı̄σ̄mψiδīı

+

(
ψ̄0ψ̄ı̄

F̄s
− (ψ̄0)2

2F̄ 2
s

F̄ ı̄
)
∂2

(
ψ0ψi

Fs
− (ψ0)2

2F 2
s

F i
)
δīı + F̄sFs + F̄ ı̄F iδīı

+

[
fFs +

(
gi + 2hij

(
ψ0ψj

Fs
− (ψ0)2

2F 2
s

F j
))

F i − hijψiψj + h.c.

]
. (4.11)

The F-term equations of motion are

0 = Fs + f̄ − c (ψ̄0)2

2F̄ 2
s

∂2

(
(ψ0)2

2Fs

)
+

(
− ψ̄

0ψ̄ı̄

F̄ 2
s

+
(ψ̄0)2

F̄ 3
s

F̄ ı̄
)
∂2

(
ψ0ψi

Fs
− (ψ0)2

2F 2
s

F i
)
δīı

−2h̄ı̄̄

(
ψ̄0ψ̄̄

F̄ 2
s

− (ψ̄0)2

F̄ 3
s

F̄ ̄
)
F̄ ı̄ ,

0 = F iδīı + ḡı̄ + 2h̄ı̄̄

(
ψ̄0ψ̄̄

F̄s
− (ψ̄0)2

F̄ 2
s

F̄ ̄
)
− (ψ̄0)2

2F̄ 2
s

∂2

(
ψ0ψi

Fs
− (ψ0)2

2F 2
s

F i
)
δīı . (4.12)

We want to match to the anti-D3-brane actions given in equation (2.10) for flat space and

in equation (3.4) for a GKP background. For both backgrounds the Goldstino is λ0 so that

we only want the SUSY breaking to arise from Fs developing a vev. Thus we choose gi = 0.

We can then solve the F-term equations iteratively in a fermion expansion. In particular,

at lowest order we find

Fs = −f̄ +O(ψ4) ,

F i = O(ψ2) . (4.13)

Now we can likewise expand the field redefinitions in equation (4.6) to lowest order and find

χ0(x) = −ψ
0(x)√
2f̄

+O(ψ3) ,

χi(x) = ψi(x) +O(ψ3) . (4.14)

This then leads to the following Lagrangian to leading order in fermions

L = −ff̄ + i2cf f̄ ∂mχ̄
0σ̄mχ0 + i∂mχ̄

ı̄σ̄mχiδīı − hijχiχj − h̄ı̄̄χ̄ı̄χ̄̄ +O(χ4) . (4.15)

Thus we see that we need to take c = 1/(2ff̄) to canonically normalize the kinetic term

for the χ0.

Let us now discuss how this Lagrangian in equation (4.15) reproduces the action for

the anti-D3-brane on top of an O3-plane in flat space. For that purpose we have to set

hij = 0. We find that the field redefinitions in equation (4.6) give a match of the kinetic

terms. All terms determined by the non-linearly realized 4D N = 1 supersymmetry (cf.

eqs. (4.1), (4.8)) are then matched automatically as well (see the discussion at the end of

section 2). We checked explicitly the quartic terms for the Lagrangian in equation (4.15)

and found a match up to terms quartic in the χi. As mentioned above, to also match
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those terms we would need to demand invariance under an enhanced non-linear N = 4

supersymmetry and not just the N = 1 supersymmetry in equation (4.8). Our results

extend the work of Kuzenko and Tyler [16] for the singlet only. They matched the Volkov-

Akulov action for the fermion λ0 (cf. equation (2.10) with λi = 0) to the Komargodski-

Seiberg action for the nilpotent field S (cf. equation (4.11) with ψi = 0), while we also

matched the terms that include λi and ψi.

We also see from the leading order Lagrangian in equation (4.15) that we can turn

on a mass term for the SU(3) fermion triplet. This corresponds to the anti-D3-brane in

a supersymmetric GKP background that we discussed in section 3. The matching of the

Lagrangian in (4.15) and the action in (3.4) is trivial and we see that the fermionic mass

matrix hij gets identified with the (2,1) ISD flux via equation (3.5).

5 Conclusions and outlook

When the anti-D3-brane sits on top of an O3-plane the worldvolume bosons, i.e. the gauge

field Aµ and the three complex scalars φi, are projected out. For a flat background as

well as a GKP or KKLT flux background, we have shown in this paper that the remaining

worldvolume spinors can be packaged into four constrained chiral N = 1 supermultiplets.

These constrained chiral multiplets S and Y i, i = 1, 2, 3 satisfy the constraints S2 = SY i =

0. In section 4, we have spelled out the explicit 4D N = 1 SUSY action in terms of the

Kähler and superpotential that matches the anti-D3-brane action.

It was shown in [33–35] that such an anti-D3-brane on top of an O3-plane can arise at

the bottom of warped throats (including the Klebanov-Strassler (KS) throat [36]). Thus

there seems no remaining obstruction and the above findings should apply to any KKLT

construction that has a warped throat like the KS throat or any other throat that allows

for an O3-plane at the bottom of the throat. Likewise it was argued in [33] that one

obtains the same low energy action given in equation (1.3), if one places an anti-D3-brane

on top of an O7-plane, a situation that can equally arise in warped throats. While this is

very satisfying, neither of these setups are generic and therefore it is useful to extend the

above analysis to an anti-D3-brane is not sitting on top of an O-plane and thus none of its

worldvolume fields are projected out. This involves additional worldvolume fields, namely

one vector field Aµ and three complex scalars φi. We conjecture that the vector field can

be package into a constrained field strength multiplet Wα that satisfies SWα = 0 and the

scalars φi give rise to three constrained chiral multiplets H i that satisfy D̄α̇(SH̄ ı̄) = 0.

We give strong evidence for this conjecture in another publication [19]. For now we

suffice with some intuition coming from DBI actions in flat space with less supersymmetry.

For the spontaneous breaking of N = 1, we know that we can describe the Goldstino in

terms of a nilpotent superfield S satisfying S2 = 0. Similarly, for the DBI action with

N = 2 supersymmetry broken to N = 1, the N = 2 vector multiplet W is nilpotent in

N = 2 superspace W2 = 0. The N = 2 vector multiplet can be decomposed in N = 1

chiral superfields S and Wα, and the vector superfield Wα is the goldstone multiplet of this

partial breaking. The constraint W2 = 0 gives S = SD̄2S̄+ 1
2WαW

α [37, 38] which implies

S2 = SWα = 0 (but the converse is not true). The DBI action in flat space we discussed has,
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from the four-dimensional point of view, an N = 8 symmetry that is spontaneously broken

to N = 4, so we can similarly interpret the DBI action invariant under N = 4 linearly

realized symmetries in terms of N = 1 superfields to derive the constraints, and possible

corrections. This has only been achieved partially in the literature [39, 40] and to the best

of our knowledge there is no interpretation for the constraints on N = 1 superfields. The

constraints D̄α̇(SH̄ ı̄) = 0 and SY i = 0 are the most natural SU(3) invariant constraints

that give the correct non-linear transformations of the scalar and fermion triplet and as we

have shown here SY i = 0 is indeed reproducing the anti-D3-brane action for an anti-D3-

brane on top of an O3-plane.

Constrained N = 1 superfields have received a lot of attention recently. They have

been studied in the context of string theory in [41–43] and their coupling to supergravity

and their role in cosmology has been investigated in dozens of papers in the last two

years (see the review articles [44–46] for a partial list of references). We hope that our

identification of a clear string theory origin for superfields that satisfy the constraints

S2 = SY i = SWα = D̄α̇(SH̄ ı̄) = 0, will provide useful in the future.
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A Spinor conventions

We use the conventions of [8] everywhere, except in section 4 and appendix B, where we

stick to the two-component spinor conventions of Wess and Bagger [31].

We write four-dimensional Majorana spinors as

λ =

(
χα
χ̄α̇

)
. (A.1)

For Majorana spinors the conjugate is equal to λ̄ = λTC, with C the charge conjugation

matrix.

The convenient choice to go to two-component spinor notation for the gamma matri-

ces is

γ0 = −i

(
0 −12

−12 0

)
, γa = −i

(
0 σa

−σa 0

)
, (A.2)

with σa the three Pauli matrices. We take the charge conjugation matrix in this basis to be

C =

(
−ε 0

0 ε

)
(A.3)

with ε the totally antisymmetric symbol normalized as 1 = ε12 = −ε12.
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For instance for the kinetic term of a Majorana spinor, we then find

λ̄γµ∂µλ = −i(χσµ∂µχ̄+ χ̄σ̄µ∂µχ) , (A.4)

with σ̄a = −σa and σ0 = σ̄0 = −12, and similarly for ε = (ξ, ξ̄)T we have

λ̄γµε = −i(χσµξ̄ + χ̄σ̄µξ) = −i(χσµξ̄ − ξσµχ̄) . (A.5)

B Non-linear superfields and constraints

We review how constrained superfields can describe non-linear realizations of supersymme-

try. First we review how any superfield can be endowed with non-linear transformations

on all components, then we give an explicit example with a chiral multiplet. Finally we

review how non-linear constraints can eliminate unwanted components of the non-linearly

transforming superfield, such that one can effectively have superpartner-less fields.

B.1 Non-linear superfields from linear ones

In two seminal papers, Callan, Coleman, Wess and Zumino discussed phenomenological

Lagrangians invariant under non-linear realizations of a broken symmetry group [47, 48].

We can summarize their result as any linear multiplet of a given group can be converted

into the direct sum of non-linearly transforming fields, by means of the group transfor-

mation with the Goldstone field as a parameter. The analogous theorem also holds for

supersymmetry [12, 30, 49].

We choose the superspace notation in four dimensions of [31], for four-component

spinors, see [12, 30]. Take any superfield Φ(x, θ, θ̄). Recall that supersymmetry acts on a

superfield as

Φ′(x, θ, θ̄) = exp(ξQ+ ξ̄Q̄)Φ(x, θ, θ̄) = Φ(x+ iθσξ̄ − iξσθ̄, θ + ξ, θ̄ + ξ̄) , (B.1)

with the supersymmetry generators

Qα =
∂

∂θα
− iσµαα̇θ̄

α̇∂µ , Q̄α̇ =
∂

∂θα̇
− iθασµ

αβ̇
εβ̇α̇ . (B.2)

If supersymnmetry is spontaneously broken, there is a Goldstino ζ, which transforms under

the broken SUSY generators as

δξζ(x) = ξ − ivµ∂µζ(x) , vµ = ζ(x)σµξ̄ − ξσµζ̄(x) . (B.3)

Consider the superfield Φ̂ defined by acting on Φ with the broken SUSY transformation

with the Goldstino as group parameter ξ → −ζ:

Φ̂(x, θ, θ̄) ≡ Φ(x′, θ′, θ̄′) , (B.4)

with x′ = x− iθσζ̄ + iζσθ̄, θ′ = θ − ζ and θ̄′ = θ̄ − ζ̄. Then Φ̂ transforms non-linearly as

δξΦ̂(x, θ, θ̄) = −ivµΦ̂(x, θ, θ̄) . (B.5)
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In particular, all components of Φ̂ transform individually in the same way! One con-

cludes that the standard non-linear transformation on any matter field φ (scalar, spinor,

vector, . . . ) is

δξφ = −i(ζσµξ̄(x)− ξ(x)σµζ̄)∂µφ , (B.6)

or in Majorana spinor notation ε ≡ (ξ, ξ̄), λ ≡ (ζ, ζ̄)

δεφ = λ̄γµε∂µφ . (B.7)

B.2 Chiral notation

For chiral superfields it is convenient to consider a redefinition such that the Goldstino ζ

does not mix with ζ̄. Introduce a spinor ζ̃ that transforms only into itself [50, 51]:

δξ ζ̃α = ξα − 2iζ̃σmξ̄∂mζ̃α , δξ
¯̃
ζα̇ = ξ̄α̇ + 2iξσm

¯̃
ζ∂m

¯̃
ζα̇ . (B.8)

The two spinors are related as

ζ̃α(x) = ζ(z) ,
¯̃
ζα̇(x) = ζ̄(z∗) , (B.9)

with

zm = xm − iζ(z)σmζ̄(z) , (z∗)m = xm + iζ(z∗)σmζ̄(z∗) . (B.10)

One can solve this in a Taylor series, which terminates because of the anti-commuting

spinors [51]:

ζ̃α = ζα − iṽm∂mζα −
1

2
ṽmṽn∂m∂nζα − ṽm(∂mṽ

n)∂nζα

+ iṽ`(∂`ṽ
m)(∂mṽ

n)∂nζα +
1

2
iv`vm(∂`∂mv

n)∂nζα , (B.11)

with ṽm ≡ ζσmζ̄.

The same implicit redefinition through a shift of the coordinate x → z also works for

other fields:

δξφ̃ = −2iζ̃σmξ̄∂mφ̃ , (B.12)

with

φ̃(x) = φ(z) . (B.13)

B.3 Example: chiral superfield

Let’s see explicitly how a chiral superfield can be turned into a non-linearly transforming

one. Consider an unconstrained chiral superfield Φ

Φ(x, θ, θ̄) = φ(y) +
√

2ψ(y)θ + Fφ(y)θ2 , y = x− iθσθ̄ . (B.14)

Following the general prescription (B.1), the non-linearly transforming superfield is

Φ̂(x, θ, θ̄) = φ(y′) +
√

2ψ(y′)(θ − ζ(x)) + Fφ(y′)(θ − ζ(x))2 , (B.15)
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where the x-dependence is implicit through y′ = x′ − iθ′σθ̄′ or

y′ = y − 2iθσµζ̄(x) + iζ(x)σζ̄(x) . (B.16)

We check this explicitly in components. We can define new components as

Φ̂(x, θ, θ̄) ≡ φ̂(x) +
√

2ψ̂(x)θ + F̂φ(x)θ2 + terms with θ̄, θ̄2 (B.17)

Each of these components transforms non-linearly as in (B.6). Its lowest two compo-

nents are

φ̂(x) ≡ φ(x̂)− (
√

2ψ(x̂)ζ(x)− Fφ(x̂)ζ2(x)) , (B.18)

ψ̂(x) ≡ ψ(x̂)−
√

2Fφ(x̂)ζ(x)−
√

2i(σµζ̄(x))
[
∂µφ(x̂)−

√
2ζ(x)∂µψ(x̂) + ζ2(x)∂µFφ(x̂)

]
,

where we also introduced the notation

x̂ = x+ iζ(x)σζ̄(x). (B.19)

One can make the right-hand sides of (B.18) dependent on x̂ only, by using ζ(x) = ζ̃(x̂)

from (B.9).

B.4 Superfield constraints to remove components

We have seen that we do not need to constrain superfields to find non-linear transforma-

tions. Constraints are however useful tools to eliminate certain degrees of freedom. One

can see that the constraints of [15] exactly eliminate one or several components of the non-

linearly transforming fields. For an all-encompassing view of different constraint multiplets

in supergravity see [52].

B.4.1 Nilpotent chiral superfield: Goldstino

A nilpotent chiral superfield S = s +
√

2Gθ + Fθ2 can describe a goldstino. We derive

how the nilpotency constraint S2 = 0 leads to the chiral goldstino ζ̃ = G/2F , or with the

redefinition (B.9)

ζ(x) =
G(z)

2F (z)
, zm = xm − iζ(z)σmζ̄(z) . (B.20)

Consider first an unconstrained chiral superfield S, with supersymmetry transforma-

tions

δξs =
√

2ξG ,

δξGα =
√

2Fξα + i
√

2(σµξ̄)α∂µs ,

δξF = i
√

2ξ̄σ̄µ∂µG . (B.21)

Then the supersymmetry transformation of ζ̃ = G√
2F

is exactly

δξ ζ̃α =
δξGα√

2F
− Gα√

2F 2
δξF (B.22)

= ξα − 2i(ζ̃σµξ̄) ∂µζ̃α −
i

F
(σµξ̄)α∂µ

(
s− G2

2F

)
. (B.23)

We see that the identification s = G2/2F , which follows from S2 = 0, indeed gives the

standard non-linear transformation of the Goldstino.
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B.4.2 Orthogonal chiral superfield: fermion

Take a chiral superfield Φ and enforce the additional constraint, giving “orthogonal” su-

perfields (a terminology proposed in [53])

SΦ = 0 . (B.24)

As explained in [15], this gives the relation for the scalar component

φ =
ψG

F
− G2

2F 2
Fφ =

√
2ψq ζ̃ − ζ̃2Fq . (B.25)

Comparing to (B.18), and using ζ̃(x̂) = ζ(x), we see that this elimates the non-linearly

transforming scalar component φ̂ = 0. Hence we are only left with the non-linearly trans-

forming fermion ψ̂, whose transformation becomes

ψ̂(x) = ψ(x̂)−
√

2F (x̂)ζ(x)−
√

2i(σµζ̄(x))
[√

2ψ(x̂)∂µζ(x)− 2F (x̂)ζ(x)∂µζ(x)
]
. (B.26)

B.4.3 Other constraints

Other constraints that are used in a cosmology setting, are constraints that only keep

bosonic degrees of freedom in a superfield. For a chiral superfield H, the constraint

SD̄α̇HNL = 0 eliminates the fermion and leaves only a complex boson. For a field-strength

superfield Wα, describing a vector field and a gaugino, the constraint SWα = 0 removes

the gaugino. One can study other constraints, for an all-encompassing view see [52].
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