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5
Direction reconstruction

5.1 Detector constellations

If a cosmic air shower triggers at least three detectors of a four detector station, the direction

of the shower can be reconstructed from the arrival times of the shower front [82]. At SPA the

detectors of a station always have the same altitude. The direction of a shower can also be

reconstructed if the shower has caused a coincidence of at least three events. If all the stations

participating in such a coincidence would have the same altitude, the situation is comparable

to the reconstruction from three or four detectors. The SPA stations do differ in altitude. In

that case the algorithm for three stations differs from the algorithm for more than three sta-

tions. For every configuration the reconstruction can be achieved by minimizing a χ2 function.

However, for a large number of showers it saves time to apply customized reconstruction meth-

ods. As another advantage, analytical methods allow for a theoretical uncertainty analysis.

For the application of fast reconstruction methods different situations will be distinguished.

If the shower front is assumed to be flat the methods are:

Flat-2D-3 Reconstruction by means of 3 stations or detectors in a horizontal plane.

Flat-3D-3 Reconstruction by means of 3 stations with different altitude.

Flat-2D-n Reconstruction by means of n > 3 stations or detectors in a horizontal plane.

Flat-3D-n Reconstruction by means of n > 3 stations with different altitude.

For a curved shower front:

Curved-2D Reconstruction by means of n > 3 stations or detectors in a horizontal plane.

Curved-3D Reconstruction by means of n > 3 stations with different altitude.
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96 Chapter 5. Direction reconstruction

For Flat-2D-3 an analytic expression is obtained in an elementary manner. For Flat-3D-3 a

compact analytical expression is derived by means of vector calculus. For Flat-2D-n an ana-

lytical expression is derived by means of regression. The regression will be applied repeatedly

in an iterative procedure for Flat-3D-n reconstruction. For a curved shower front the methods

are based on an iterative application of a regression equation. The described reconstruction

methods for curved shower fronts still have to be implemented in SAPPHiRE in due time.

The methods described hold for the situation where the timing uncertainty is assumed to

be equal in every detector. In reality, the variation in the thickness of the shower front and

therefore the uncertainty grows with the distance to the shower core [82, 87, 88]. In many situ-

ations the gain in the accuracy by taking non-constant timing uncertainties is negligible. Even

for weighted uncertainties one can still save time by applying the described methods to the

first step or first few steps of an iteration and switching to a numerical optimization method

for the later steps.

For each direction reconstruction the system of equations have a twofold mathematical am-

biguity. In case the detectors are in a horizontal plane one solution corresponds to a shower

coming from above and the other to a shower coming from below the horizon. The first one is

regarded as the physical solution, while the second one is ignored. For Flat-3D reconstruction

the mirror plane may not be (precisely) horizontal. As a consequence there is a small probabil-

ity that both solutions correspond either to two showers coming from above or to two showers

coming from below the horizon. In both cases the solutions are discarded.

Finally, there is also the possibility that no solution for the direction is obtained if the ar-

rival times imply a velocity of the shower front exceeding the speed of light. A reconstruction

attempt will then result in complex values for the parameters [89].

5.2 Flat-2D-3

We consider three detecting points (detectors or stations) 0, 1 and 2 in a horizontal (z = 0) plane

with positions (x0, y0,0), (x1, y1,0) and (x2, y2,0). The unit vector normal to the shower front in

the direction of the origin of the shower is denoted by n = (nx,ny,nz). Furthermore we will

assume for the analysis a plane shower front propagating at the velocity of light c. If t0, t1 and

t2 are the respective arrival times at the three detection points, the plane of the shower front

at t = 0 is determined by the points P0, P1 en P2 with coordinates:

P0(x0 + ct0nx, y0 + ct0ny, ct0nz) , (5.1)

P1(x1 + ct1nx, y1 + ct1ny, ct1nz) (5.2)
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and

P2(x2 + ct2nx, y2 + ct2ny, ct2nz) . (5.3)

A plane with normal vector n= (nx,ny,nz) is given by the equation

xnx + yny + znz +a = 0 (5.4)

for some constant a. For point P0 in this plane

(x0 + ct0nx)nx + (y0 + ct0ny)ny + (ct0nz)nz +a = 0 . (5.5)

Hence,

x0nx + y0ny + ct0 +a = 0 . (5.6)

For the points P1 en P2 in the plane we similarly have

x1nx + y1ny + ct1 +a = 0 (5.7)

and

x2nx + y2ny + ct2 +a = 0 . (5.8)

The difference between Equation 5.7 and Equation 5.6 and between Equation 5.8 and Equa-

tion 5.6 respectively read

(x1 − x0)nx + (y1 − y0)ny + c(t1 − t0)= 0 (5.9)

and

(x2 − x0)nx + (y2 − y0)ny + c(t2 − t0)= 0 . (5.10)

This system of two equations for nx en ny can be solved with the result

nx = c∆t2∆y1 − c∆t1∆y2

∆y2∆x1 −∆y1∆x2
(5.11)

and

ny = c∆t1∆x2 − c∆t2∆x1

∆x1∆y2 −∆x2∆y1
, (5.12)

where ∆xi ≡ xi − x0, ∆yi ≡ yi − y0 and ∆ti ≡ ti − t0. The zenith and azimuth angle follow from

tanφ= ny

nx
(5.13)

and

cosθ =
√

1−n2
x −n2

y . (5.14)
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5.3 Flat-3D-3

Here we consider a plane shower front arriving at three detecting points with different alti-

tudes. For gravitational waves an analytic expression for the direction has been derived and

applied for a particular choice of local coordinates [90, 91]. A general analytic expression can

be derived in an elementary way, although the result is rather lengthy [92, 93]. We will present

a derivation which results in a compact form of the general analytic expression. To this end we

consider three detecting points 0, 1 and 2 at the positions (x0, y0, z0), (x1, y1, z1) and (x2, y2, z2).

Again, the unit vector normal to the shower front in the direction opposite to the shower di-

rection is n = (nx,ny,nz) and the shower front is assumed to move with the speed of light c. If

t0, t1 and t2 are the times at which the shower front arrives at the detecting points 0, 1 and 2

respectively, the plane of the shower front at t = 0 is determined by the following three points:

pi =


xi + ctinx

yi + ctiny

zi + ctinz

 , i = 0,1,2 . (5.15)

Two vectors in this plane are

si =pi −p0 =


∆xi + c∆tinx

∆yi + c∆tiny

∆zi + c∆tinz

 , i = 1,2 . (5.16)

Also here ∆xi ≡ xi − x0, ∆yi ≡ yi − y0 and ∆ti ≡ ti − t0.

By means of the vectors

di =


∆xi

∆yi

∆zi

 , i = 1,2 (5.17)

the vectors si can be written as

si =di + c∆tin , i = 1,2 . (5.18)

Since the normal vector n is orthogonal to the plane of the shower front the dot product of n
with vectors in this plane should vanish:

si ·n= 0 . (5.19)
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This requirement leads to the following two equations:

d1 ·n=−c∆t1 ,

d2 ·n=−c∆t2 .
(5.20)

Together with the condition

n2 =n ·n= 1 (5.21)

we have three equations for the three component vector n. To solve the system for n we consider

the following two vectors:

u := c∆t2d1 − c∆t1d2 (5.22)

and

v :=d1 ×d2 . (5.23)

The vectors have the following properties:

u ·v= 0 , (5.24)

u ·n= 0 , (5.25)

|u×v| = uv , (5.26)

v×n=u → (v ·n)2 = v2 −u2 , (5.27)

and

n · (u×v)= u2 . (5.28)

The projection of the vector n onto the orthogonal set (u, v, u×v) yields

n= u ·n
u2 u+ v ·n

v2 v+ (u×v) ·n
(u×v)2 (u×v) . (5.29)

With the substitution of the foregoing identities it is reduced to its final form

n= u×v±v
p

v2 −u2

v2 . (5.30)

It can be verified that this expression satisfies the system of Equations 5.20 and 5.21, as it

should.

The two solutions for n, one for each sign of the square root, correspond to two shower di-

rections mirrored in the plane of the three detecting points [90]. If both solutions correspond

to a shower coming from above (or from below) the horizon, one can not know which is the

correct one and both solutions are discarded. Writing the normal vector of the shower front in
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spherical coordinates

n=


nx

ny

nz

=


sinθ cosφ

sinθsinφ

cosθ

 , (5.31)

we obtain for the azimuth angle

tanφ= ny

nx
= (u×v)y ±vy

p
v2 −u2

(u×v)x ±vx
p

v2 −u2
. (5.32)

Where the sign of the numerator and the sign of the denominator determine the quadrant of

the azimuth angle. The zenith angle follows directly from the third component of n:

cosθ = (u×v)z ±vz
p

v2 −u2

v2 . (5.33)

In case the three detecting points are in a horizontal plane the corresponding analytical ex-

pression is obtained by substituting ∆z1 =∆z2 = 0 and uz = vx = vy = 0. The solutions for φ and

θ then reduce to

tanφ= −uxvz

uyvz
(5.34)

and

sinθ =
√√√√u2

x +u2
y

v2
z

(5.35)

respectively. These coincide with Equations 5.13 and 5.14. In Equation 5.35 a positive sign is

taken for the square root to ensure a positive θ. In Equation 5.34 the sign of the numerator,

−uxvz, and the sign of the denominator, uyvz determine the quadrant of the azimuth angle.

5.4 Flat-2D-n

Here we consider a plane shower hitting more than three detecting points. For a reconstructed

shower front plane with normal vector n, the points pi as given by Equation 5.1 will not lie

exactly in the plane xnx + yny + znz +m = 0. The deviations will be denoted as δi :

δi =pi ·n+m = xinx + yiny + zinz + cti +m . (5.36)

The optimal solution corresponds to the minimum of the corresponding χ2 function:

χ2 =
k−1∑
i=0

( xinx + yiny + zinz + cti +m
σ(ti)

)2
, (5.37)

where k is the number of detecting points hit and where σ(ti) is the timing uncertainty for

detector i. In general, the uncertainty σt in ti will depend on the distance r i of detector i to
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the shower core, σ(ti) = σt(r i) [87]. To minimize the general χ2 function one has to resort to

a numerical optimization method. As mentioned before, however, we restrict ourselves to the

situation where the uncertainty is regarded as a constant: σ(ti) = σ. Then the optimal plane

corresponds to the minimum of the sum of squares of the residuals

R2 =
k−1∑
i=0

(
xinx + yiny + zinz + cti +m

)2 , (5.38)

If all the detecting points are in a horizontal plane a regression formula can be derived. For

this we make use of the fact that for the solution which minimizes

R2 =
k−1∑
i=0

(
xinx + yiny + cti +m

)2 (5.39)

the derivatives with respect to the components of the normal vector are zero:

dR2

dnx
= 0 ,

dR2

dny
= 0 ,

dR2

dm
= 0 . (5.40)

For the direction components the solution reads

nx = c
tx

(
y2 − y2

)
+ xy

(
t y− ty

)+ x y ty− t x y2

xy2 + x2 y2 + y2 x2 − x2 y2 −2x y xy
(5.41)

and

ny = c
ty

(
x2 − x2

)
+ xy

(
t x− tx

)+ x y tx− t y x2

xy2 + x2 y2 + y2 x2 − x2 y2 −2x y xy
, (5.42)

where we have used the following abbreviations for the means:

a := 1
k

k−1∑
i=0

ai , a2 := 1
k

k−1∑
i=0

aiai , ab := 1
k

k−1∑
i=0

aibi . (5.43)

One can transform to relative coordinates with respect to detector 0 and to relative times with

respect to the time of arrival at detector 0. Then the xi, yi and ti should be read as ∆xi, ∆yi

respectively ∆ti, while the summation runs from 1 through k−1. Either way, the direction

follows from

tanφ= ny

nx
(5.44)

and

cosθ =
√

1−n2
x −n2

y . (5.45)
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5.5 Flat-3D-n

For the situation where the stations are not in a horizontal plane, but at different altitudes

the normal vector as found from the Flat-2D reconstruction is used as the initial vector for an

iterative procedure. That is, we first regard the stations as being positioned in a horizontal

plane. This results in a first approximation for the direction. By means of the approximate

direction the relative detector coordinates and arrival times are determined as they would

have at virtual positions (x′, y′,0) in a horizontal plane through station 0:

∆x′i =∆xi − ∆zi

nz
nx , (5.46)

∆y′i =∆yi − ∆zi

nz
ny (5.47)

and

c∆t′i = c∆ti + ∆zi

nz
. (5.48)

For each station i the line through (xi, yi, zi) and normal to the plane of the shower front also

goes through the virtual position (x′i, y′i,0). The intersection of this line with the plane of the

shower front is identical for the original and primed coordinates. The situation is illustrated

in Figure 5.1.

(x0,y0,0) (xi,yi,zi)

(x j,y j,z j)
(xi',yi',0)

(x j',y j',0)

Figure 5.1: The plane of the shower front (dashed), the stations (black) with different altitudes and the
virtual station positions (gray) with equal altitude.

New approximations for the direction are found by repeatedly applying the Flat-2D-n recon-

structions to the primed quantities. The values for n quickly converge. The iterations are

repeated until the difference between two successive directions is smaller than 0.001 rad. The

iterative regression procedure returns just a single value for the direction. It can therefore only

be applied if the mean plane of the stations is close to horizontal, which is actually the case for

the SPA stations. Flat-3D-n reconstructions are about three times faster than minimization by

means of the SLSQP method of the SCIPY.OPTIMIZE package.
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5.6 Reconstruction of curved shower fronts

The accuracy of the reconstructed direction can be improved by taking the curvature of the

shower front into account. Although not implemented in SAPPHiRE yet, we already describe

a method based on the Flat-2D reconstruction. The method requires the knowledge of the

location of the shower core. A method for the reconstruction of the shower core is given in the

Chapter 6. The position of the shower core at the horizontal z = 0 plane of the stations will be

denoted by pc = (xc, yc,0). The shower core axis is given by pc+λn, with λ a parameter. Curved

showers are assumed to be axially symmetric around the shower core axis. The deviation f

between the curved front and a flat front, measured in the direction of the shower, is a function

of the radial distance r from the core axis: f = f (r), shown schematically in Figure 5.2.

f (ri)ri

(xi,yi)(xc,yc)
z = 0

Figure 5.2: Impression of a curved shower front reaching a plane through station i and perpendicular to
the shower core. The distance from the core to station i is ri .

A plane perpendicular to n that passes through station i with coordinates (xi, yi,0) is given by

(x− xi)nx + (y− yi)ny + znz = 0 . (5.49)

The shower core reaches this plane if λ= (xi − xc)nx + (yi − yc)ny. This corresponds to the point
xc + (xi − xc)n2

x + (yi − yc)nxny

yc + (xi − xc)nxny + (yi − yc)n2
y

(xi − xc)nxnz + (yi − yc)nynz

 . (5.50)

For the radial vector ri between the core and station i we obtain

ri =


yi,cnxny − xi,c

(
1−n2

x
)

xi,cnxny − yi,c

(
1−n2

y

)
xi,cnxnz + yi,cnynz

 , (5.51)
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where xi,c and yi,c are abbreviations for xc − xi and yc − yi respectively. For the radial distance

r i between the core and station i we obtain

r i =
√

x2
i,c

(
1−n2

x
)+ y2

i,c
(
1−n2

y
)−2xi,c yi,cnxny . (5.52)

The arrival time t∗i at detector i as it would be in case of a plane shower front is t∗i = ti− f (r i)/c.

For the corresponding time difference ∆t∗i = t∗i − t∗0 we find

∆t∗i = ti − f (r i)
c

− t0 + f (r0)
c

=∆ti − f (r i)
c

+ f (r0)
c

. (5.53)

The evaluation ∆t∗i requires the values of r i and thus of the shower direction n. We start with

the Flat-2D reconstruction to obtain a first approximation for n. The Curved-2D reconstruction

now just consists in a repetitive use of Flat-2D reconstruction where each time ∆ti replaced by

∆t∗i and where the r i are obtained from the previous iteration. That is, we correct for the devi-

ation in the timing of a flat and a curved shower front.

Curved-3D reconstruction, finally, is a combination of Curved-2D and Flat-3D reconstruction

in that the time differences should be adjusted for both the curvature of the shower front and

the altitude differences of the stations. To be specific,

∆t′i =∆ti − f (r i)
c

+ f (r0)
c

+ ∆zi

nz
. (5.54)

5.7 Uncertainty analysis

Timing uncertainties have both instrumental and physical causes. The latter are due to the

statistics of individual shower particles hitting a detector. A timing uncertainty σt results in

a zenith angle uncertainty σθ and in an azimuth angle uncertainty σφ. The relation will be

analyzed for a horizontal diamond shaped detector station as shown in Figure 4.2. We will first

consider the reconstruction for the situation where the detectors 0, 1 and 2 are hit. These three

detectors are at the corners of an equilateral triangle. To obtain a general result, the length

a of the side of the triangle will be left unspecified during the analysis. Taking detector 0 as

the origin, the coordinates of the detectors 1 and 2 are (a,0) and (1
2 a, 1

2 a
p

3) respectively. The

substitution of these sizes into Equations 5.34 and 5.35 leads to the following expressions for

the azimuth angle φ and zenith angle θ:

φ= arctan
(

2∆t2 −∆t1

∆t1
p

3

)
, (5.55)

θ = arcsin
(

2c
a
p

3

√
T2−

)
, (5.56)
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where

T2
− :=∆t2

1 +∆t2
2 −∆t1∆t2 . (5.57)

For the uncertainties σφ and σθ we obtain

σ2
φ =

2∑
i=0

(
∂φ

∂ti
σt

)2
= 3σ2

t

2T2−
, (5.58)

σ2
θ =

2∑
i=0

(
∂θ

∂ti
σt

)2
= 6c2σ2

t

3a2 −4c2T2−
, (5.59)

where σt is the timing uncertainty. In terms of θ and φ:

σφ = cσt
p

2
asinθ

, (5.60)

σθ = cσt
p

2
acosθ

. (5.61)

For small zenith angles the uncertainty of the zenith angle is approximately given by

σθ = cσt
p

2
a

. (5.62)

The uncertainty σ∆t in the time difference ∆t between two detectors is σt
p

2. So, for the equi-

lateral triangle the expression for the zenith uncertainty is equal to the ‘crude’ rule [80]:

σθ = cσ∆t

a
. (5.63)

The uncertainty in azimuth becomes very large for small zenith angles, eventually growing

to infinity in the limit θ → 0◦. Large azimuth uncertainties do not necessarily mean that

the reconstructed direction is inaccurate. For the reconstructed direction the solid azimuth

angle σφ sinθ is what matters. The latter remains finite, even independent of the zenith angle:

σφ sinθ = cσt
p

2/a. The uncertainty of the zenith angle grows to infinity in the limit θ →
90◦. This behavior of the zenith uncertainty can be suppressed with a volumetric detector

arrangement [89]. For the uncertainty of the solid angle we obtain

σ=
√
σ2
φ sin2θ+σ2

θ
= cσt

p
2

acosθ

√
1+cos2θ . (5.64)

A sampling frequency of 400 MHz corresponds to a time uncertainty σt = 2.5p
12

≈ 0.722ns. We

substitute this minimum time uncertainty and the size a = 10 for the model station of Fig-

ure 4.2. In degrees the corresponding uncertainties of the zenith angle and the solid angle

become

σθ = 1.75°
cosθ

, σ= 1.75°
cosθ

√
1+cos2θ . (5.65)
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For the uncertainty of the solid azimuth we obtain σφ sinθ = 1.75°. In Figure 5.3 the uncertain-

ties are plotted against the zenith angle.

0 15 30 45 60 75 90
0

5

10

15

σθ σφ sinθ
σ

θ [◦]

un
ce

rt
ai

nt
y

[◦
]

Figure 5.3: Uncertainty of the solid angle (solid), uncertainty σθ of the zenith angle (dashed) and σφ sinθ
(dotted) in degrees as a function of zenith angle for an equilateral triangle of detectors.

We also consider the situation where detectors 0, 1 and 3 of the diamond station in Figure 4.2

are hit. Compared to the previous situation detector 0 is now closer to the line connecting

detectors 1 and 3. A larger uncertainty can therefore be expected if the azimuth angle of the

shower is perpendicular to the line connecting detectors 1 and 3, thus if φ= 60◦ or φ=−120◦.
For the same reason a smaller uncertainty can be expected if the azimuth of the shower is along

the line connecting detectors 1 and 3, thus if φ = −30◦ or φ = 150◦. To derive the uncertainty

analytically we have to replace the coordinates of detector 2 by the coordinates (−1
2 a, 1

2 a
p

3) of

detector 3. The substitution of the new sizes into Equations 5.34 and 5.35 lead to the following

expressions for the azimuth angle φ and zenith angle θ:

φ= arctan
(

2∆t2 +∆t1

∆t1
p

3

)
, (5.66)

θ = arcsin
(

2c
a
p

3

√
T2+

)
, (5.67)

where

T2
+ :=∆t2

1 +∆t2
2 +∆t1∆t2 . (5.68)

For the uncertainties σφ and σθ we obtain

σ2
φ = 3σ2

t T2−
2T4+

, (5.69)
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σ2
θ =

2c2σ2
t
(
10T2+−3T2−

)
3a2T2+−4c2T4+

. (5.70)

Expressed as functions of the azimuth and zenith angle the uncertainties are:

σφ =
p

2cσtp
3asinθ

√
5−2

p
3sin(2φ)+2cos(2φ) , (5.71)

σθ =
p

2cσtp
3acosθ

√
5+2

p
3sin(2φ)−2cos(2φ) . (5.72)

As expected the uncertainties depend on the azimuth for non-equilateral triangles of detectors.

For the corresponding uncertainty of the solid angle we obtain

σ=
p

2cσtp
3acosθ

√
10−

(
5+2cos(2φ)−2

p
3sin(2φ)

)
sin2θ . (5.73)

Obviously the uncertainties depend on both the zenith and the azimuth. This is the case in

general, except for the equilateral triangle where the uncertainty solely depends on the zenith.

For σt = 0.722 ns and a = 10 the uncertainty of the solid angle in degrees is

σ= 1.01°
cosθ

√
10−

(
5+2cos(2φ)−2

p
3sin(2φ)

)
sin2θ . (5.74)

The uncertainties in azimuth and zenith in degrees are obtained by replacing
p

2cσt/
p

3a by

1.01◦. In Figure 5.4 the solid uncertainties corresponding to the oblate triangle are plotted

against the zenith angle.
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Figure 5.4: Uncertainty range (gray filled) of the solid angle as a function of zenith angle for the oblate
triangle of detectors as given in the text. The dashed and dotted curves represent the range of σθ respectively
σφ sinθ.
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The lower curve corresponds to φ = −30◦ or φ = 150◦ and the upper curve to φ = 60◦ or φ =
−120◦. For other azimuthal angles the curve is in the gray band between these curves. Also

shown in Figure 5.4 are the boundaries of σθ and σφ sinθ.

For θ = 30◦ the uncertainties σθ and σφ sinθ and the corresponding uncertainty of the solid

angle are shown in Figure 5.5. As we see, the uncertainty σθ obtains a maximum when σφ sinθ

−180 −120 −60 0 60 120 180
0
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4

5

σθ

σφ sinθ

σ

θ = 30◦

φ [◦]

un
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rt
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Figure 5.5: Uncertainty of the solid angle (solid), the zenith angle (dashed) and the solid azimuth angle
(dotted) for θ = 30°.

obtains a minimum and vice versa. This explains why the gray band is more narrow than the

range of the dashed curves and the range of the dotted curves.


