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7
Shower data analysis

7.1 Event characteristics

When almost simultaneous signals in two detectors of a station are large enough, the station

is triggered and the traces of this event are recorded. From the traces the pulse heights and

pulse integrals are determined. From the pulse integrals and the MIP (Minimum Ionizing Par-

ticle) peak, the signals are expressed as a number of MIPs. This can roughly be interpreted

as the number of particles that have passed the scintillator plate of a detector. In Figure 7.1 a

pulse height diagram and a pulse integral diagram for detector 0 of station 501 are shown. The

peaks do follow Gaussian distributions, appearing as a parabolas because of the logarithmic

scale, with σ= 0.3µ as derived in Chapter 4.
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Figure 7.1: Pulse height (left) and pulse integral (right) distributions for detector 0 of station 501. Data
taken between 2015-08-28, 00:00:00 and 2015-08-30, 00:00:00. The orange curves are Gaussian functions
with σ = 0.3µ.
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134 Chapter 7. Shower data analysis

The ‘peak’ at the most left part of the pulse height diagram is caused by the gamma’s. The

peak to the right of the ‘two high’ trigger level is caused by the charged particles, by far mostly

electrons and muons. Once the events of a station are registered one can afterwards determine

the number of events where 0, 1, 2, 3 or 4 detectors have a pulse height exceeding a chosen

threshold value. In Figure 7.2 these five numbers are plotted against the threshold value in

ADC.
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Figure 7.2: Numbers of events where the pulse height in 0, 1, 2, 3 or 4 detectors of station 501 has
exceeded a given value in ADC. Data taken from 2013-08-28, 00:00:00 through 2013-08,-30 0:00:00.

We see the curve for 2 detector having a pulse height larger than a given value drops down-

wards, in favor of the curve for 1 detector, around 125 ADC. A similar diagram can be made for

the pulse integrals in MIP, see Figure 7.3.
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Figure 7.3: Numbers of events where the pulse integral in 0, 1, 2, 3 or 4 detectors of station 501 has
exceeded a given value in MIP. Data taken from 2013-08-28, 00:00:00 through 2013-08-30, 00:00:00.
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Both diagrams show a great similarity. For increasing threshold the red curves drop down-

wards, in favor of the blue curves, around 125 ADC and 0.3 MIP respectively. In both diagrams

the blue curve intersects the red curve at a threshold value close to the peak value of the pulse

height distribution and pulse integral distribution respectively. For larger thresholds also the

blue curve drops down in favor of the black curve. In both diagrams the threshold value for

which the blue curve reaches its maximum is about 15 % larger than the peak value of the

pulse height and pulse integral distributions. The threshold value where the blue curves ob-

tain their maximum being in the neighborhood of the threshold value where the red and black

curves intersect, implies that the slopes of red and black curves at the point of intersection are

almost equal (except for the opposite sign).

If 0.3 MIP is taken as the offline threshold, most events have 2 plates passing the threshold,

while the numbers for 3 plates and 4 plates passing the threshold are small. Increasing the

threshold changes the counts. If the threshold in MIP is taken as an offline trigger condition,

we can determine the counts with two, three and four plates ‘hit’, where ‘hit’ means ‘passed the

threshold’. In Figure 7.4 the fractions of two, three and fourfold hits are plotted against the

threshold value. At 3.5 MIP threshold there are as many threefold hits as fourfold hits.
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Figure 7.4: Fractions of 2, 3 and 4 plates of station 501 having passed a threshold value in MIP. Data
taken from 2013-08-28, 00:00:00 through 2013-08-30, 0:00:00.

Since the three fractions add up to unity, one can also plot them in a ternary diagram, see

Figure 7.5. As can be expected for low thresholds (and thus in general for low densities) the

fractions start in the neighborhood of the lower right corner. It can also be expected that for

very high thresholds (and thus very high densities) the fractions end in the lower left corner.

In between the fractions follow approximately the dashed curve in Figure 7.5.
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Figure 7.5: Fractions of 2, 3 and 4 plates of station 501 having passed a threshold value of 1, 2, 3, 4, 5,
6, 7, 8, 9 and 10MIP. Data taken from 2013-08-28 00:00:00 through 2013-08-30 00:00:00. The fractions
are close to an ellipse (dashed).

7.2 Coincidence characteristics

Here we will consider ternary diagrams for SPA stations that have participated in coinci-

dences. Coincidences of k events (thus k triggered stations) will be denoted as n = k coinci-

dences. Events will be denoted as n = 1 coincidences. As an example, for the period 2013-08-15,

00:00:00 and 2013-09-12, 00:00:00 the fraction of two plates of station 501 passing a threshold

of 0.3 MIP for n = 2 coincidences is 0.577. For three and four plates these fractions are 0.251

and 0.172 respectively. It turns out that larger thresholds, 0.4 or 0.5 MIP say, do not change

the fractions significantly. Passing a threshold of 0.3 MIP is therefore denoted as being ‘hit’.

For different coincidence sizes the fractions are plotted in a ternary diagram, see Figure 7.6.

The dashed curve in Figure 7.6 can be partly understood by means of a simplistic model where

the lateral density is considered identical for all four detectors of a station. The number of

particles in a small area is Poisson distributed. The Poisson distribution is present in the lat-

eral distribution of simulated showers. Dividing the area at distance r from the core between

r−0.5 and r+0.5 m in tiles of surface 0.5 m2 and inspecting the number of particles in these

tiles approximately results in a Poisson distribution, see Figure 7.7. The Poisson distribution

is also verified experimentally, see figure 5.8 of [82].
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Figure 7.6: Ternary plot of the fractions of 2, 3 and 4 plates hit in station 501 events who participated in
n = 1 through n = 8 coincidences. Data taken from 2013-08-15 00:00:00 through 2013-09-12 00:00:00.
The fractions are close to an ellipse (dashed); the solid curve is a crude prediction, see text.
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Figure 7.7: For a 1PeV vertical proton shower the distribution of the number of charged particles at sea
level in tiles with surface 0.5m2 at several distances to the core (dashed) and the corresponding Poisson
distribution (solid).
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If the lateral density at detector level is ρ particles per m2, then 0.5ρ is the average number of

particles on a detector plate of 0.5 m2. For this density the probability that k particles will hit

a detector is Poisson distributed:

P(k)= 1
k!

(0.5ρ)ke−0.5ρ . (7.1)

The probability p for a plate to be hit, the detection probability, is

p = 1−P(0)= 1− e−0.5ρ . (7.2)

All four plates in a station are assumed to have equal probability p to be hit when a shower

strikes a station. Then the probability for precisely m plates out of 4 to be hit is given by a

binomial distribution:

P(m)=
(

4
m

)
pm(1− p)4−m , (7.3)

where p = 1−e−0.5ρ. For the probability for a station to be triggered we restrict ourselves to the

‘two-high’ threshold criterion and neglect the Landau distribution of the energy loss as well as

further normal distributions in the process that leads to a signal. The trigger probability then

is

Ptrigger = 6p2(1− p)2 +4p3(1− p)+ p4 , (7.4)

with p = 1− e−0.5ρ. In Figure 7.8 the detection probability and the trigger probability according

to the simplistic model are plotted against the density.
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Figure 7.8: The detection probability, which is the probability a detector to be hit (solid), and the trigger
probability (dashed) versus the density of electrons and muons.

For densities above 1 m−2 the probability for a station to be triggered is larger than 0.5. For

smaller densities the trigger probability rapidly decreases. The expected fraction f (2) of pre-
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cisely two plates hit is

f (2)= 6p2(1− p)2

Ptrigger
= 6(1− p)2

6−8p+3p2 . (7.5)

The equations for the expected fractions f (3) and f (4) for three and four plates hit are:

f (3)= 4p(1− p)
6−8p+3p2 f (4)= p2

6−8p+3p2 . (7.6)

Taking the lower left corner as the origin (0,0) a point corresponding to the fractions f (2), f (3)

and f (4) has the coordinates

x = f (2)+ 1
2

f (3)= 6−10p+4p2

6−8p+3p2 (7.7)

and

y= 1
2

p
3 f (3)= 2

p
3 p(1− p)

6−8p+3p2 . (7.8)

After elimination of p the equation for an ellipse is obtained:

(
x− 1

2
1
2

p
3

)2

+
(

y+p
3

3
2

p
2

)2

= 1 . (7.9)

The part of the ellipse inside the ternary diagram is drawn as a solid curve in Figure 7.6. The

positions on the solid curve are marked for p = 0.3, 0.5, 0.7, 0.9 and labelled for p = 0.5, 0.7, 0.9.

The values 0.3, 0.5, 0.7 and 0.9 for p correspond to the values .7, 1.4, 2.4 and 4.6 m−2 respec-

tively for the density ρ.

The dashed curve can not be given a full quantitative explanation on the basis of a single

‘hit’ probability. For a twofold coincidence it will in general be the case that the two stations

involved are in regions with different density and thus with different p. The average fraction

will be at the barycenter of these two points, causing the curve to be shrunk downwards. Even

for a single event the density and thus the probability is in general larger in the two detectors

that caused the trigger and smaller in the other detectors. This also causes the curve to shrink

downwards. As a result the actual fractions are positioned close to a circle with equation

(
x− 1

2

)2
+ (y+ q)2 = q2 + 1

4
, (7.10)

where q ≈ 0.37. This is also the case for other stations and other station configurations. For

the 501 station the fractions are plotted for a period of time when only station 501 through 506

were present, see Figure 7.9. In Figure 7.10 the ternary plot is shown for station 503. Although

the fractions depend on the coincidence size, the positions of the fraction all are for each station

close to the same dashed curve. The dashed curves are therefore characteristic.
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Figure 7.9: Ternary plot of the fractions of participating events with 2, 3 and 4 plates hit in station 501
for coincidence size n = 1 through n = 6. Data taken from 2012-02-01, 00:00:00 through 2012-03-01,
00:00:00. The fractions are close to an ellipse (dashed); the solid curve is a crude prediction.
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Figure 7.10: Ternary plot of the fractions of participating events with 2, 3 and 4 plates hit in station 503
for coincidence size n = 1 through n = 8. Data taken from 2013-08-15, 00:00:00 through 2013-09-12,
00:00:00. The fractions are close to an ellipse (dashed); the solid curve is a crude prediction.
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7.3 Zenith and azimuth distributions

For the distribution of the reconstructed azimuthal angles data is taken for two time intervals.

In the first time interval only stations 501 through 506 were present at SPA. In the second time

interval also stations 508 and 509 were present. The reconstructed azimuth distributions for

both time intervals are shown in Figure 7.11. Obviously, the azimuthal distribution is sensitive

to the layout of the detector stations.
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Figure 7.11: Azimuth distribution for showers on SPA cluster for the time interval 2009-02-01 through
2011-05-01 when only stations 501 through 506 were present (left) and for the time interval 2013-07-01
through 2015-02-01 were also stations 508 and 509 were present (right).

For a reconstructed zenith distribution data is taken from 2013-08-15, 00:00:00 through 2013-

09-12, 00:00:00. The zenith distribution and the fractions of n = 3 through n = 8 coincidences

that contributed to the zenith distribution are shown in Figure 7.12.
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Figure 7.12: Left panel: zenith distribution. The dashed curve is a fit with a function given in the text.
Right panel: fraction of n = 3 through n = 8 coincidences. Data taken from 2013-08-15, 00:00:00 through
2013-09-12, 00:00:00.
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The zenith distribution is fitted with

dNe(θ)= Ne(0)e−C(secθ−1) sinθdθ , (7.11)

where the constant C is given by

C = X0(γ−1)
2.3λ

(7.12)

with X0 the atmospheric depth at the altitude of the detector, X0 ≈1030 g cm−2, with γ the

cosmic ray energy spectrum index and with λ the attenuation length of the electromagnetic

component of a shower [93, 97]. The fit resulted in the value 5.7 for C. For γ = 2.75 this

corresponds to λ ≈ 138gcm−2, while in the literature values between 175 and 196 g cm−2 are

reported [97, 98]. The size of the electromagnetic part of a shower decreases approximately

exponentially with atmospheric depth. A consequence of the attenuation is that the number

of showers reaching the surface of the earth decreases exponentially with atmospheric depth.

The corresponding characteristic lengths, the attenuation length λ (the length over which the

shower size decreases to e−1 of its value) and the absorption length Λ (the length over which

the number of showers extinct to e−1 of its value) are related to each other by Λ=λ/(γ−1) [98].

The zenith distribution can also be fitted to the equation:

dNe(θ)= Ne(0)cosk θsinθdθ . (7.13)

The fit results in the value 7.3 for k. This value is comparable to values reported in the litera-

ture [99].

7.4 Arrival time statistics

In this section the distribution of the time lapses between the arrival times of successive show-

ers is analyzed for the time interval 2013-08-15, 00:00:00 through 2013-09-12, 00:00:00. Also

here showers are considered which have hit three or more stations. The distribution of the

number of arrivals in a time interval ∆t is expected to follow a Poisson distribution:

P(N∆t = k)= 1
k!

(a∆t)ke−a∆t , (7.14)

where a is the average rate. The probability that k successive arrivals take at least a time

∆t is equal to the probability that there are less than k arrivals in time ∆t. Alternatively,

P(Tk > ∆t) = P(N∆t < k). From this equality it can be derived that the intervals ∆t between

two arrivals with k arrivals in between follow the Erlang distribution

Pk(∆t)= 1
k!

ak+1∆tke−a∆t . (7.15)
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A fit of the distribution of time differences between a shower and the next shower with P0(∆t)=
a · e−a∆t results in a rate of a =0.0233 s−1. A fit of the distribution of time differences between a

shower and the next to next shower with P1(∆t) = a2∆te−a∆t results in a rate of a =0.0233 s−1.

These two distributions are shown in Figure 7.13
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Figure 7.13: Arrival time difference distributions between a shower and the next shower (left) and between
a shower and the next to next shower (right) for period 4. The orange curves are the fits with the Erlang
distributions.

A fit of the distribution of time differences between a shower and the next to next to next

shower with P2(∆t) = 1
2 a3∆t2e−a∆t also resulted in a rate of a =0.0233 s−1. This means that on

average 84 showers an hour trigger at least three stations. The fact that the three fits deliver

the same arrival rate confirm the Poisson nature of the arrival times.

7.5 Cosmic ray fluxes

For a dense array of detectors cosmic ray fluxes can be determined from observations of indi-

vidual showers. For the sparse array at the SPA site showers which cause less than threefold

coincidences can not be reconstructed. For fourfold and fivefold coincidences the reconstruction

is inaccurate. Showers which cause fivefold or lower coincidences have an energy less than

about 1016 eV. From these showers the cosmic ray fluxes can still be determined from the ob-

served coincidence rates. This will be described below. At the end of this chapter the cosmic

ray flux will be determined from individual showers with an energy larger than 1016 eV. For

both methods the data is taken from the 28 days between 2013-08-15, 00:00:00 and 2013-09-12,

00:00:00. In this time interval, which is between the HiSPARC timestamps 1376524800 and

1378943995 seconds in the Unix era, the eight stations 501, 502, 503, 504, 505, 506, 508 and

509 were fully operational and well functioning without interruption.
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When a simulated shower is at random thrown on the eight stations 501 through 506, 508

and 509, it will cause n = k coincidences with k ≤ 8. If no coincidences occur for a throw, we

speak about a n = 0 coincidence. From the number of core positions which cause a k-fold co-

incidence the effective area for such a coincidence can be determined. In combination with

frequencies of observed coincidences a cosmic ray spectrum can, to a certain extent, be synthe-

sized. Theoretically

νn = 2π
∫ ∞

0

∫ π/2

0
f (E)An(E,θ)sinθdθdE , (7.16)

where νn is the observed frequency of n stations hit, An is the effective area of core positions

of showers with energy E and zenith angle θ hitting n stations and f (E) is the cosmic ray

flux of particles with energy E. Of course, the cosmic ray energy will not range from zero

through infinity. The lower limit is where the showers will practically not reach sea level:

≈ 1013 eV. A theoretical upper limit is derived by Greisen, Zatsepin and Kuzmin (GKZ) [13, 14].

The GKZ limit, ≈ 1020 eV, is set by the interactions of cosmic ray protons with the microwave

background radiation. The observed frequencies νn observed are tabulated in Table 7.1. The

error in the observed frequencies, which is just the Poisson error, ranges from 3 ·10−4 % for

n = 1 coincidences through 7 % for n = 8 coincidences and is in practice negligible.

n observed in 28 days frequency [yr−1] frequency [s−1]

1 1.15 ·107 1.50 ·108 4.75
2 188860 2.46 ·106 7.81 ·10−2

3 39355 5.13 ·105 1.63 ·10−2

4 11248 1.47 ·105 4.65 ·10−3

5 4029 5.25 ·104 1.67 ·10−3

6 1528 1.99 ·104 6.32 ·10−4

7 667 8.70 ·103 2.76 ·10−4

8 199 2.59 ·103 8.23 ·10−5

Table 7.1: Observed rate (column 2), frequency per year (column 3),frequency per second (column 4)
for coincidence sizes 1 through 8 (column 1). Data taken from 2013-08-15 00:00:00 through 2013-09-12
00:00:00.

With the νn known from the observed data and the An known from the simulations the f (E)

can, in principle, be reconstructed. In the simulations the generated shower energies and

zenith angles are discrete. The discrete equivalent of Equation 7.16 is

νn =∑
j

∑
k
∆F(log10 E j)An(E j,θk)g(θk) , (7.17)

where j and k are the indices of the discrete energies and the discrete zenith angles respec-

tively. Here g(θk) represents the discrete distribution of zenith angles in steradians. The values
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of g(θk will be derived further on. F(E) is the integral flux of cosmic rays with energy larger

than E: F(E) = ∫ ∞
E f (x)dx. It is proportional to E1−γ. The integral flux for the energy bin

10m−0.5 < E[eV] < 10m+0.5 is denoted as ∆F(m) , where m = log10 E. Thus ∆F(14), to give an

example, is F(1013.5)−F(1014.5). For the effective area we consider the four energies 1014, 1015,

1016 and 1017 eV and the four zenith angles 15°, 30°, 45° and 60°. For each energy and each

zenith angle the mean and FWHM of the distribution of the shower sizes is shown in Table 7.2.

1014 eV 1015 eV 1016 eV 1017 eV

15° 6.0 ·103 (3 ·103) 9.1 ·104 (6 ·104) 1.3 ·106 (9 ·105) 1.8 ·107 (1 ·107)

30° 3.5 ·103 (2 ·103) 4.6 ·104 (2 ·104) 6.8 ·105 (3 ·105) 9.0 ·106 (5 ·106)

45° 1.3 ·103 (6 ·102) 1.6 ·104 (7 ·103) 1.7 ·105 (7 ·104) 2.1 ·106 (1 ·106)

60° 6.7 ·102 (3 ·102) 5.3 ·103 (3 ·103) 4.4 ·104 (2 ·104) 4.0 ·105 (1 ·105)

Table 7.2: Average Ne+µ for various energies and zenith angles at sea level for proton initiated showers.
The FWHM is in brackets; the upper FWHM boundary is in the neighborhood of the mean.
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Figure 7.14: A 100 PeV proton shower with θ = 15° randomly thrown 10 000 times within a circle with
area 4 ·106 m2. The 10 000 core positions are colored depending on the number of stations hit, see legend.



146 Chapter 7. Shower data analysis

For each of the four energies and each of the four zenith angles one shower is selected out

of the simulated showers with the shower size within 5 % from the mean value. Each of the

16 selected showers is artificially thrown on 10 000 random positions at the SPA stations 501

through 506, 508 and 509. For 1014 and 1015 eV the throws are within a circle with area

1 ·106 m2, corresponding to an effective area of 100 m2 per throw. For 1016 and 1017 eV the

throws are within a circle with area 4 ·106 m, corresponding to an effective area of 400 m2 per

throw. For 1016 eV additional throws are made in a circle with area 106 m2 in order to reduce

the Poisson error. The result for a 1017 eV proton shower with θ = 15° is shown in Figure 7.14.

From Figure 7.14 it can be read off that 438 out of 10 000 throws have caused a threefold co-

incidence: A3(1017,15°) = 175200m2. The complete simulation result is shown in Table 7.3.

p n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8

17,15 5432 (147) 2364 (97) 1752 (120) 1232 (84) 1084 (66) 1172 (68) 1272 (71) 632 (50)

17,30 5096 (143) 2176 (93) 1408 (75) 1072 (65) 956 (62) 972 (62) 968 (62) 252 (32)

17,45 3976 (126) 1564 (79) 988 (63) 656 (51) 580 (48) 420 (41) 132 (23) 16 (8)

17,60 2584 (102) 484 (44) 140 (24) 24 (10) 0 0 0 0

16,15 2420 (98) 948 (62) 608 (49) 432 (42) 272 (33) 80 (18) 4 (4) 0

16,30 2072 (91) 696 (26) 424 (21) 204 (14) 56 (8) 8 (3) 0 0

16,45 1360 (37) 320 (18) 76 (9) 12 (3) 0 0 0 0

16,60 87 (9) 1 (1) 0 0 0 0 0 0

15,15 954 (31) 139 (12) 12 (3) 0 0 0 0 0

15,30 624 (25) 54 (7) 2 (1) 0 0 0 0 0

15,45 144 (12) 3 (2) 0 0 0 0 0 0

15,60 1 (1) 0 0 0 0 0 0 0

14,15 69 (8) 0 0 0 0 0 0 0

14,30 18 (4) 0 0 0 0 0 0 0

14,45 1 (1) 0 0 0 0 0 0 0

14,60 0 0 0 0 0 0 0 0

Table 7.3: Effective area in units of 100 m2 for proton initiated showers of different energies and different
zenith angles. The Poisson error is in brackets. The first and second number of the row entries are
log10E0[eV] respectively θ in degrees. The column entries are the coincidence sizes.

7.6 Distribution correction

For each energy and zenith there is a distribution of shower sizes. The distributions of Ne+µ for

p and Fe initiated showers with 1016 eV energy and zenith angle 15° are shown in Figure 7.15.



7.6. Distribution correction 147

5 5.5 6 6.5 7
0

10

20

30

40
p

log10 Ne+µ

co
un

ts

5 5.5 6 6.5 7
0

20

40

60 Fe

log10 Ne+µ

co
un

ts
Figure 7.15: Distribution of the number of electrons and muons at observation level for a 1016 eV shower
with zenith angle 15° initiated by a proton (left) and by an iron nucleus (right).

The spread in a shower size distribution will lead to a spread in the effective area. The spread

in the effective area is obtained by application of a relation between shower size and the effec-

tive area. It is found that the square root of the effective area is approximately linear with the

logarithm of the shower size. In Figure 7.16 the square root of the effective area for showers

with zenith angle 15° and 30° is plotted against log10 Ne+µ for n = 1 through n = 4 coincidences.
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Figure 7.16: The square root of the effective area versus shower size for events, twofold, threefold and
fourfold coincidences, for zenith angle 15° (left) and 30° (right).

The diagrams in Figure 7.16 suggest a linear relation:

p
A = v · log10(Ne+µ)+w . (7.18)



148 Chapter 7. Shower data analysis

For instance, for n = 1 and θ = 15° the fit yields v = 185 and w = −616. For other coincidence

sizes and other zenith angles the slopes are comparable. To each distribution of Ne+µ the

corresponding linear relation is applied. It results in corrected values for the mean effective

area, see Table 7.4. The spread in each distribution of Ne+µ contributes to the uncertainty.

Together with the Poisson error it determines the total uncertainty, which is between brackets

in Table 7.4.

p n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8

17,15 5185 (460) 2337 (270) 1768 (260) 1207 (160) 1058 (170) 1135 (260) 1226 (350) 610 (170)

17,30 4767 (510) 2090 (300) 1386 (230) 1038 (210) 919 (240) 930 (290) 925 (320) 242 (100)

17,45 3852 (600) 1452 (280) 940 (260) 620 (210) 546 (220) 395 (160) 125 (110) 20 (30)

17,60 2540 (500) 475 (110) 140 (65) 25 (25) 0 0 0 0

16,15 2565 (380) 893 (200) 522 (160) 415 (110) 260 (95) 81 (80) 22 (50) 0

16,30 2198 (420) 690 (200) 377 (140) 189 (100) 58 (80) 17 (35) 0 0

16,45 1281 (360) 350 (140) 89 (65) 20 (50) 8 (35) 2 (20) 0 0

16,60 100 (30) 4 (10) 0 0 0 0 0 0

15,15 842 (270) 131 (95) 23 (40) 1 (5) 0 0 0 0

15,30 581 (240) 50 (60) 10 (25) 0 0 0 0 0

15,45 134 (150) 9 (30) 0 0 0 0 0 0

15,60 1 (2) 0 0 0 0 0 0 0

14,15 66 (95) 1 (4) 0 0 0 0 0 0

14,30 25 (55) 0 0 0 0 0 0 0

14,45 2 (2) 0 0 0 0 0 0 0

14,60 0 0 0 0 0 0 0 0

Table 7.4: Effective area in 100 m2 for proton initiated showers of different energies and different zenith
angles. The uncertainty is in brackets. The first and second number of the row entries are log10E0 [eV]
respectively θ in degrees. The column entries are the coincidence sizes.

For the calculation of the discrete zenith angle distribution the discrete zenith angles θ1 = 15°,

θ2 = 30°, θ3 = 45° and θ4 = 60° represent the zenith angle intervals 0° < θ < 22.5°, 22.5° < θ <
37.5°, 37.5°< θ < 52.5° and 52.5°< θ < 67.5° respectively. For instance, for g(θ1) it follows

g(θ1)= 2π
∫ π/8

0
sinθdθ ≈ 0.48 . (7.19)

In a similar way it follows for the other angles g(θ2) = 0.82, g(θ3) = 1.16 and g(θ4) = 1.42. For

the remaining 2.4 sr for θ > 67.5° it is assumed the inclined showers will not lead to events or
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coincidences. For the events, n = 1, the following equation is obtained:

ν1 =∆F(14)(0.48 ·6600+0.82 ·2500+1.16 ·200+1.42 ·0)+
∆F(15)(0.48 ·84200+0.82 ·58100+1.16 ·13400+1.42 ·100)+

∆F(16)(0.48 ·256500+0.82 ·219800+1.16 ·128100+1.42 ·10000)+
∆F(17)(0.48 ·518500+0.82 ·476700+1.16 ·385200+1.42 ·254000) . (7.20)

With the substitution of the observed value ν1 =4.75 s−1, see the fourth column of Table 7.1,

the latter reads

4.75= 5.45 ·103∆F(14)+1.04 ·105∆F(15)+4.67 ·105∆F(16)+1.45 ·106∆F(17) . (7.21)

In a similar way we obtain for n = 2 through n = 8

7.81 ·10−2 = 48∆F(14)+1.14 ·104∆F(15)+1.41 ·105∆F(16)+5.19 ·105∆F(17) . (7.22)

1.63 ·10−2 = 1.92 ·103∆F(15)+6.63 ·104∆F(16)+3.27 ·105∆F(17) . (7.23)

4.65 ·10−3 = 48∆F(15)+3.77 ·104∆F(16)+2.19 ·105∆F(17) . (7.24)

1.67 ·10−3 = 1.82 ·104∆F(16)+1.89 ·105∆F(17) . (7.25)

6.32 ·10−4 = 5.51 ·103∆F(16)+1.77 ·105∆F(17) . (7.26)

2.76 ·10−4 = 1.06 ·103∆F(16)+1.49 ·105∆F(17) . (7.27)

8.23 ·10−5 = 5.14 ·104∆F(17) . (7.28)

This is an overdetermined system of 8 equations for the four unknowns ∆F(14) through ∆F(17),

where ∆F is in m−2 sr−1 s−1. Minimization of

8∑
n=1

(
νn −

∑
j

∑
k
∆F(log10 E j)An(E j,θk)g(θk)

)2

(7.29)

results in the following solution: ∆F(14) = 7.1 ·10−4, ∆F(15) = 3.9 ·10−6, ∆F(16) = 8.4 ·10−8

and ∆F(17) = 1.4 ·10−9. The relative errors are 70 %, 50 %, 35 % and 20 % respectively. The

final thing to do is to relate the discrete quantities ∆F(14), ∆F(15), ∆F(16) and ∆F(17) to the

energy dependent cosmic ray flux. For instance, ∆F(14) is the integral flux in the energy range

104.5 through 105.5 GeV. The flux therefore is given by

f (1014)= ∆F(14)
105.5 −104.5 . (7.30)
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Substitution of the value for ∆F(14) gives f (1014) = 2.5 ·10−9 m−2 sr−1 s−1 GeV−1. The other

fluxes are: f (1015)= 1.4 ·10−12, f (101616)= 3.0 ·10−15 and f (1017)= 4.9 ·10−18 m−2 sr−1 s−1 GeV−1.

Because of the non-linear relation between the flux and the energy a bin center correction is

applied:

fcorr(E)= fbin
f (E)

< f (E)> , (7.31)

where f (E)= E−γ and where the bin average is given by

< f (E)>= 1
Emax −Emin

∫ Emax

Emin

f (E)dE = E1−γ
min −E1−γ

max

(γ−1)(Emax −Emin)
, (7.32)

with Emin and Emax the bin edges. After the bin center correction the fluxes are f (1014) =
1.7 ·10−9, f (1015) = 9.4 ·10−13, f (1016) = 1.7 ·10−15 and f (1017) = 2.8 ·10−18 m−2 sr−1 s−1 GeV−1.

The relative errors are the same as for the integral fluxes. They fall within the marker size

when plotted in a cosmic ray energy flux diagram. The value of γ between two energy decades

follows from

γ= log10 f (E)− log10 f (10 ·E) . (7.33)

From the fluxes at the energies 1015 eV and 1016 eV the value γ= 2.7±0.4 is obtained. For the

fluxes at the energies 1016 eV and 1017 eV this is γ= 2.8±0.2. It slightly indicates an agreement

with the actual cosmic ray spectrum where the ‘knee’ is at about 1015.6 eV.

7.7 Iron spectrum

The previous analysis was entirely based on proton initiated showers. In reality cosmic rays

consist also of heavier elements. The first interaction will on average occur at a larger altitude.

As a consequence less particles will survive to the Earth’s surface. In the right panel of Fig-

ure 7.15 the shower size distribution for an iron initiated shower with the same energy and

zenith angle as taken for the proton initiated shower in the left panel. Less particles lead to

a smaller effective area and therefore to larger estimations for the cosmic ray fluxes. Ignoring

heavier elements causes underestimated cosmic ray fluxes. In order to get an idea of the in-

fluence of heavier primary nuclei we conduct the same analysis for iron primaries as we did in

the previous section for proton primaries. To this end we throw with 13 iron initiated showers,

one for each energy and zenith angle as shown in the Table 7.5.

The selection of showers and the throwing procedure is similar as for the proton. The results

are shown in Table 7.6. The estimated uncertainties are comparable to the ones for proton

initiated showers. The asymmetric distribution of shower sizes of proton initiated showers, see

Figure 7.15, was the reason for the transition of Table 7.3 to Table 7.4. However, the fluxes

from the effective areas as given in Table 7.3 are practically the same fluxes as for Table 7.4.
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1014 eV 1015 eV 1016 eV 1017 eV

15° 3.1 ·103 (9 ·102) 4.1 ·104 (2 ·104) 6.7 ·105 (3 ·105) 9.9 ·106 (3 ·106)

30° 2.3 ·103 (6 ·102) 2.6 ·104 (9 ·103) 3.7 ·105 (2 ·105) 5.3 ·106 (1 ·106)

45° 1.6 ·103 (3 ·102) 1.3 ·104 (3 ·103) 1.4 ·105 (4 ·104) 1.6 ·106 (4 ·105)

60° - - - 5.1 ·105 (5 ·104)

Table 7.5: Average Ne+µ for various energies and zenith angles at sea level for iron initiated showers; the
FWHM is in brackets. The mean is close to the center of the FWHM range.

Even the errors caused by the width of the shower size distribution are small, smaller than the

marker size. This is even more so for iron initiated showers since the shower size distribution

is smaller and more symmetrical than for proton initiated showers, see Figure 7.15. Uncer-

tainties are therefore left out of Table 7.6.

Fe n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8

17,15 5720 2588 1752 1220 1060 1092 1008 496
17,30 5628 2476 1572 1268 1164 828 712 340
17,45 4668 1984 1072 828 540 312 88 4
17,60 3228 841 230 67 8 2 0 0
16,15 2240 804 508 260 124 12 0 0
16,30 1960 624 308 116 44 0 0 0
16,45 1204 184 28 0 0 0 0 0
16,60 87 1 0 0 0 0 0 0
15,15 550 42 1 0 0 0 0 0
15,30 249 2 0 0 0 0 0 0
15,45 45 0 0 0 0 0 0 0
15,60 1 0 0 0 0 0 0 0
14,15 3 0 0 0 0 0 0 0
14,30 1 0 0 0 0 0 0 0
14,45 0 0 0 0 0 0 0 0
14,60 0 0 0 0 0 0 0 0

Table 7.6: Effective area in 100 m2 for iron initiated showers of different energies and different zenith
angles. The first and second number of the row entries are log10E0 [eV] respectively θ in degrees. For the
row entries (14,60), (15,60) and (16,60) estimated values are used).

Proceeding directly from Table 7.6 in a similar manner as for the proton initiated showers we

obtain the following system of equations:

4.75= 2.26 ·102∆F(14)+5.22 ·104∆F(15)+4.20 ·105∆F(16)+1.74 ·106∆F(17) . (7.34)
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7.81 ·10−2 = 2.18 ·103∆F(15)+1.11 ·105∆F(16)+6.77 ·105∆F(17) . (7.35)

1.63 ·10−2 = 48∆F(15)+5.29 ·104∆F(16)+3.70 ·105∆F(17) . (7.36)

4.65 ·10−3 = 2.20 ·104∆F(16)+2.68 ·105∆F(17) . (7.37)

1.67 ·10−3 = 9.56 ·103∆F(16)+2.10 ·105∆F(17) . (7.38)

6.32 ·10−4 = 5.76 ·102∆F(16)+1.57 ·105∆F(17) . (7.39)

2.76 ·10−4 = 1.17 ·105∆F(17) . (7.40)

8.23 ·10−5 = 5.22 ·104∆F(17) . (7.41)

The optimal solution is: ∆F(14)= 1.4 ·10−2, ∆F(15)= 2.7 ·10−5, ∆F(16)= 1.8 ·10−7 and∆F(17)=
1.9 ·10−9. It gives the following fluxes: f (1014) = 4.9 ·10−8, f (1015) = 9.5 ·10−12, f (1016) =
6.3 ·10−15 and f (1017) = 6.7 ·10−18 m−2 sr−1 s−1 GeV−1. After the bin center correction the cor-

rected fluxes are f (1014) = 3.3 ·10−8, f (1015) = 6.4 ·10−12, f (1016) = 3.6 ·10−15 and f (1017) =
3.8 ·10−18 m−2 sr−1 s−1 GeV−1.
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Figure 7.17: Cosmic ray energy spectrum. Gray are the fluxes as shown in Figure 1.1. Colored are the
fluxes, blue for proton assumed and red for iron assumed cosmic rays, derived from rates of coincidence
sizes observed at the Science Park Amsterdam site of HiSPARC.

In fig. 7.17 the fluxes are plotted for both the situation where all cosmic rays are assumed

to be protons and the situation where all cosmic rays are assumed to be iron nuclei. Taking
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Figure 7.17 literally, it implies the 1014 eV showers to be mainly proton initiated showers. For

1015 eV showers it indicates an increasing contribution of showers initiated by heavier ele-

ments, in agreement with existing galactic models for the explanation of the the cosmic ray

spectrum. For larger energies we can not draw any conclusions because of the vanishing dif-

ference between the fluxes for proton initiated showers and iron initiated showers.

7.8 Individual showers

In the foregoing sections the cosmic ray fluxes were estimated solely on the basis of observed

frequencies of coincidence sizes and Monte Carlo values for the effective areas. Instead one can

also reconstruct the energy of individual showers and collect the result in energy bins. Since

reconstructions of showers is inaccurate for small coincidence sizes, we will confine ourselves

to n > 5 coincidences. It can be readily assumed that they are caused by showers with en-

ergy larger than 1015.75 eV. For the reconstruction of individual showers we consider again the

period of 28 days between 2013-08-15, 00:00:00 through 2013-09-12, 00:00:00. From the 2394

showers (see Table 7.1) the reconstruction was successful in 2332 cases. The reconstructed core

positions are shown in Figure 7.18.
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Figure 7.18: The reconstructed core positions (red) for the 2332 showers as described in the text. The
yellow dots are the stations.
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n reconstr <1015.75 eV 1016 eV 1016.5 eV 1017 eV 1017.5 eV 1018 eV >1018.25 eV

6 1491 0 134 770 467 105 13 2

7 647 0 13 216 295 99 22 2

8 194 0 0 11 84 67 22 10

>5 2332 0 147 997 846 271 57 14

Table 7.7: Number of reconstructed energies for six-, seven- and eightfold coincidences. Data taken
between 2013-08-15, 00:00:00 and 2013-09-12, 00:00:00. The entry 1017 eV, for instance, stands for the
energy bin between 1016.75 and 1017.25 eV.

The reconstructed showers energies are tabulated in Table 7.7. The distributions of the recon-

structed energies for different coincidence sizes are shown in Figure 7.19.

1015 1016 1017 1018 1019
0

50

100

150

200

p

E [eV]

co
un

ts

Figure 7.19: The distribution of the reconstructed energies broken down to coincidence sizes 6 (red), 7
(green) and 8 (blue), and the total distribution (black) for the 2332 showers as described in the text.

Without the summation over the energies Equation 7.17 reads

νn j =
∑
k
∆F(log10 E j)An(E j,θk)g(θk) , (7.42)

where νn j is the frequency of showers with energy E j and coincidence size n. For reconstructed

energies the summation over the coincidence sizes is considered:

ν j =
∑
n

∑
k
∆F(log10 E j)An(E j,θk)g(θk) . (7.43)
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Here ν j is the frequency of showers with energy E j. The frequencies per second are the num-

bers in the last row of Table 7.7 divided by the number of seconds contained in 28 days. The

discrete integral fluxes now follow directly from

∆F(log10 E j)=
ν j∑

k
∑

n An(E j,θk)g(θk)
. (7.44)

The denominator of the latter equation are the Monte Carlo values obtained from randomly

thrown simulated showers. For this we will confine to the situation where the cosmic rays

are assumed to be protons. For the energies 1016 and 1017 eV the values are used as already

obtained, see Table 7.3. For the energies 1016.5 and 1017.5 eV additional throws are conducted.

The results for the four discrete energies are shown in Table 7.8.

p n = 6 n = 7 n = 8
∑

n An(E j,θk) g(θk)
∑

n An(E j,θk)g(θk)

17.5,15 1608 2088 2452 6148 0.48 2951

17.5,30 1584 1904 1876 5364 0.82 4398

17.5,45 1266 1216 632 3114 1.16 3612

17.5,60 98 14 2 114 1.42 162

17.0,15 1172 1272 632 3076 0.48 1476

17.0,30 972 968 252 2192 0.82 1797

17.0,45 420 132 16 568 1.16 659

17.0,60 0 0 0 0 1.42 0

16.5,15 584 232 24 840 0.48 403

16.5,30 333 84 9 426 0.82 349

16.5,45 9 0 0 9 1.16 10

16.5,60 0 0 0 0 1.42

16.0,15 80 4 0 84 0.48 40

16.0,30 8 0 0 8 0.82 7

16.0,45 0 0 0 0 1.16 0

16.0,60 0 0 0 0 1.42 0

Table 7.8: Effective area in 100 m2 for showers of different energies and different zenith angles. The first
and second number of the row entries are log10E0 [eV] respectively θ in degrees.

As before we apply the distribution correction. The corrected effective areas are shown in

Table 7.9.



156 Chapter 7. Shower data analysis

p n = 6 n = 7 n = 8
∑

n An(E j,θk) g(θk)
∑

n An(E j,θk)g(θk)

17.5,15 1610 2080 2400 6090 0.48 2923

17.5,30 1560 1890 1890 5340 0.82 4379

17.5,45 1230 1170 622 3022 1.16 3505

17.5,60 100 22 6 128 1.42 182

17.0,15 1135 1226 610 2971 0.48 1426

17.0,30 930 925 242 2097 0.82 1720

17.0,45 395 125 20 540 1.16 626

17.0,60 0 0 0 0 1.42 0

16.5,15 568 213 22 803 0.48 385

16.5,30 264 77 9 350 0.82 287

16.5,45 24 4 0 28 1.16 32

16.5,60 0 0 0 0 1.42 0

16.0,15 81 22 0 103 0.48 49

16.0,30 17 0 0 17 0.82 14

16.0,45 2 0 0 2 1.16 2

16.0,60 0 0 0 0 1.42 0

Table 7.9: Effective area in 100 m2 for showers of different energies and different zenith angles. The first
and second number of the row entries are log10E0(eV) respectively θ in degrees. The column entries are
the coincidence sizes.

Summing over the discrete zenith angles we obtain, for instance, for the energy bin 1016.5 eV:

∆F(16.5)= 4.12 ·10−4

38500+28700+3200+0
= 5.85 ·10−9 . (7.45)

In a similar way we obtain for the other energy bins ∆F(16) = 9.35 ·10−9, ∆F(17) = 9.27 ·10−10

and ∆F(17.5) = 1.02 ·10−10 m−2 s−1 sr−1. The corresponding fluxes are f (1016) = 7.69 ·10−16,

f (1016.5) = 1.52 ·10−16, f (1017) = 7.62 ·10−18 and f (1017.5) = 2.65 ·10−19 m−2 s−1 sr−1 GeV−1 re-

spectively. After the bin center correction these values are f (1016) = 6.6 ·10−16, f (1016.5) =
1.3 ·10−16, f (1017) = 6.5 ·10−18 and f (1017.5) = 2.3 ·10−19 m−2 s−1 sr−1 GeV−1 respectively. The

relative errors are 50 %, 25 % 15 % and 10 % respectively. If a structural overestimation (or

underestimation) of 40 % is also taken into account the errors are 65 %, 50 % 45 % and 40 %

respectively. Also here the errors are smaller than the marker size. The flux for 1016 eV is too

small. This is probably due to the spread of the distribution of the reconstructed energies. If

a shower in a certain energy bin is reconstructed, there is a probability for the reconstructed
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energy to arrive in a bin with larger or smaller energy. Since the flux in an energy bin is larger

than the flux in the next bin, the effect is a relatively large underestimation of the flux in the

lowest energy bin and a relatively small overestimation in the following bins. For this reason

the flux of the lowest energy is discarded. In Figure 7.20 the remaining three fluxes are added

to the fluxes shown in Figure 7.17.
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Figure 7.20: Cosmic ray energy spectrum. Gray are the fluxes as shown in Figure 1.1. Colored are the
fluxes derived from coincidence rates (blue, red, see Figure 7.17) and derived from the reconstruction of
individual showers (green) as observed at the Science Park Amsterdam site of HiSPARC.

Cosmic ray fluxes have been reconstructed from the HiSPARC data in two ways: by means of

observed coincidence rates and by means of binning reconstructed energies of individual show-

ers. Since the results of both methods are in agreement with the known energy spectrum, it

can be concluded that the cosmic ray fluxes as reconstructed from the HiSPARC data are close

to the ones obtained at other observatories.


