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Chapter 3

Real-time correlation

functions

In this chapter we consider a number of concrete applications of the real-time

gauge/gravity prescription. The examples below are meant to illustrate the ap-

plicability of the prescription for computing time-ordered, retarded or Wightman

correlation functions in a variety of backgrounds directly from the bulk theory.

Notice that such correlation functions sometimes differ only by the form of their iǫ

insertions (or other analyticity properties). Although such factors of iǫ are often

inserted by hand, in QFT they can be obtained from a formal derivation which

was briefly discussed in appendix 2.A. Any first-principles real-time gauge/gravity

prescription should therefore also be able to correctly determine these iǫ insertions

via bulk computations. The examples below show that our prescription indeed pro-

duces iǫ insertions that are always in agreement with field theory expectations (as

described in appendix 2.A), which provides a nontrivial check of the prescription.

3.1 Examples involving global AdS3

For the first set of examples we will consider a two-dimensional CFT with a holo-

graphic dual defined on a cylinder with metric

ds2 = −dt2 + dφ2 (3.1)

and a contour for the CFT which consists of the φ circle times a path C in the

complex time plane, with C being piecewise horizontal or vertical. The discussion
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3. Real-time correlation functions

can be extended straightforwardly to a CFT in d dimensions, but we restrict

ourselves to d = 2 for now. Various possibilities for C are indicated on the left of

figure 3.1. We will compute the two-point function for operators inserted on all

three of the contours drawn in figure 3.1.

As we mentioned in section 2.2 in the previous chapter, the general idea is to ‘fill

in’ the entire field theory contour with bulk spaces. In the case when all sources

vanish along C, one can fill each horizontal segment of C with a segment of empty

Lorentzian AdS3 and each vertical segment with a segment of Euclidean AdS3.

The metric on the Lorentzian segments is of the form:

ds2 = −(r2 + 1)dt2 +
dr2

r2 + 1
+ r2dφ2 (3.2)

and the Euclidean metric can be obtained by the replacement t = −iτ . In this

metric, surfaces of constant t or τ have vanishing extrinsic curvature and the

induced metric is independent of the signature of the spacetime metric. Therefore,

the matching conditions for gravity are satisfied if we glue the Euclidean and

Lorentzian segments together along such surfaces. The complete bulk solution

MC consisting of Lorentzian and Euclidean segments glued together along these

constant t or τ surfaces therefore satisfies all the matching conditions and can be

taken as a filling for the given contour. We have drawn such fillings schematically

on the right of figure 3.1. Note that these ‘piecewise AdS’ spacetimes may not be

the only bulk solutions for the given class of contours, a point which we will come

back to when we discuss black holes.

By switching on boundary sources, we can perturb such backgrounds, with the

provision that the matching conditions are satisfied for the perturbations as well.

In the two examples below, we will add a massive scalar field in the bulk and

compute a contour time-ordered two-point function of the dual operator. We will

work in the approximation in which the scalar field is free and propagates without

backreaction.

3.1.1 Generalities

Before considering specific contours, we first discuss some generalities regarding

the solutions to the Klein-Gordon equation that are valid for each Lorentzian and

Euclidean segment separately.

We start from the action

S =
1

2

∫
dd+1x

√
−G(−∂µΦ∂µΦ −m2Φ2) , (3.3)
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3.1. Examples involving global AdS3
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Figure 3.1: On the left, various contours in the complex time plane. The vertical

segments in the first two contours should be thought of as extending to infinity, yielding

a vacuum state on the corner. The circles in the third contour should be identified; it

is then a thermal contour. The crosses represent an example of the operator insertions

we consider. On the right, we sketch the spacetimes consisting of piecewise Euclidean

(E) and Lorentzian (L) AdS3 that fill the given contours. One should impose matching

conditions on the hypersurfaces between the segments.

with d = 2 and the metric Gµν given by (3.2). As usual, we have m2 = ∆(∆ − 2)

with ∆−1 = l ∈ {1, 2, . . .}. The mode solutions to the Klein-Gordon equation are

of the form

e−iωt+ikφf(ω,±k, r) , (3.4)

with

f(ω, k, r) = Cωkl(1+r2)ω/2rkF ((ω+k+1+l)/2, (ω+k+1−l)/2; k+1;−r2) , (3.5)

where F is a hypergeometric function and Cωkl is a normalization factor chosen

such that the coefficient of the leading term as r → ∞ equals 1. For large r the

solution behaves as

f(ω, k, r) = rl−1 + . . .+ r−l−1α(ω, k, l)[ln(r2) + β(ω, k, l)] + . . . (3.6)

with

α(ω, k, l) =
((ω + k + 1 − l)/2)l((ω − k + 1 − l)/2)l

l!(l − 1)!
,

β(ω, k, l) = −ψ((ω + k + 1 + l)/2) − ψ((−ω + k + 1 − l)/2) , (3.7)
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3. Real-time correlation functions

ω

Figure 3.2: The dots represent poles in complex frequency space and a contour should

be specified to avoid those poles.

where (a)n = Γ(a+ n)/Γ(a) is the Pochhammer symbol and ψ(x) = d ln Γ(x)/dx

is the digamma function. In the expansion (3.6) we omitted terms of lower powers

of r and some terms polynomial in ω and k (which would lead to contact terms in

the 2-point functions given below).

For r → 0, which is in the interior of the spacetime, the hypergeometric function

in (3.5) is approximately one and only the solutions with k > 0 remain regular.

The admissible mode solutions therefore take the form:

e−iωt+ikφf(ω, |k|, r) , (3.8)

and we will only use these modes in what follows.

Let us now construct a bulk-boundary propagator out of these modes, which is a

solution to the bulk equations of motion which tends to a delta-function source on

the boundary. Since the leading coefficient in (3.6) equals one in Fourier space,

such a bulk-boundary propagator can be obtained by a simple integral over ω and

a sum over k of these modes. However if the frequency equals

ω = ω±
nk ≡ ±(2n+ |k| + 1 + l) , n ∈ {0, 1, 2, . . .} , (3.9)

then the digamma functions become singular and the term α(ω, |k|, l)β(ω, |k|, l)
in the radial expansion of the modes has a pole. To obtain a well-defined bulk-

boundary propagator, one needs to specify a contour in ω-space around these

poles, for example the contour sketched in figure 3.2. Notice that at this point the

choice for a specific contour is completely arbitrary. The difference between two

contours would be a sum over residues:

g(ωnk, k, r) =

∮

ωnk

dωf(ωnk, k, r)

= r−l−1α(ωnk, k, l)
(∮

ωnk

dωβ(ω, k, l)
)

+ . . .

= r−l−14πi α(ωnk, |k|, l) + . . . ,

(3.10)

where the contour integral is defined as counterclockwise for ω−
nk and clockwise

for ω+
nk, so that g(ω+

nk, |k|, r) = g(ω−
nk, |k|, r) and α(ω+

nk, |k|, l) = α(ω−
nk, |k|, l). We
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3.1. Examples involving global AdS3

see that the poles only occur at normalizable order in the radial expansion of the

modes (indeed, the first terms in this expansion are always local so they cannot

contain poles in frequency space). The modes g(ωnk, |k|, r) are therefore called the

normalizable modes.

These normalizable modes can in fact be added at will (so not just as residues)

to any solution without changing the leading term in the radial expansion of the

solution. The most general solution (without specifying any initial or final data)

therefore involves an arbitrary sum over these modes. For general boundary data

φ(0)(t, φ) it is thus of the form

Φ(t, φ, r) =
1

4π2

∑

k∈Z

∫

C

dω

∫
dt̂

∫
dφ̂e−iω(t−t̂)+ik(φ−φ̂)φ(0)(t̂, φ̂)f(ω, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±nke
−iω±

nk
t+ikφg(ωnk, |k|, r) ,

(3.11)

with so far arbitrary coefficients c±nk (provided the sum converges). For conve-

nience, let us fix the contour C to be of the Feynman form sketched in figure 3.2,

since any different contour can also be implemented by changing the normalizable

modes. As we show in detail below, the initial and final data, so the other segments

and matching conditions, will eventually completely fix the c±nk.

Below, we will often make use of the following observation. To the past of all

the sources we have t − t̂ < 0 in (3.11) and the contour of the ω-integral can be

closed in the upper half of the complex frequency plane. The choice for a Feynman

contour implies that we pick up the poles at the negative frequencies only, which

we repeat are just the normalizable modes. The solution can then be fully written

as a sum over normalizable modes,

Φ =
1

4π2

∞∑

n=0

∑

k∈Z

e−iω
−

nk
t+ikφφ(0)(ω

−
nk, k)g(ωnk, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±nke
−iω±

nk
t+ikφg(ωnk, |k|, r) ,

(3.12)

which is to be expected by completeness of the normalizable modes. Similarly, to

the future of all the sources, we can deform the contour in the lower half plane

and pick up the residues at the positive frequencies.

Next, consider the solution on the Euclidean segments. The metric on these seg-

ments takes the form:

ds2 = (r2 + 1)dτ2 +
dr2

r2 + 1
+ r2dφ2 . (3.13)
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3. Real-time correlation functions

One can obtain the Euclidean mode solutions by a replacement of the form t =

−iτ in the Lorentzian mode solutions. We will set all sources to zero along the

Euclidean segments, so the solutions there will always consist of normalizable

modes only:

ΦE(τ, φ, r) =
∑

±

∑

k∈Z

∞∑

n=0

d±nke
−ω±

nk
τ+ikφg(ωnk, |k|, r) , (3.14)

with to be determined coefficients d±nk. Note that, if a contour extends all the

way to τ → ∞, then we also require finiteness of the solution in this limit. This

corresponds to the absence of any sources at this point. Such a condition directly

implies that all the d−nk are zero, whereas the d+
nk are still unconstrained. The

converse statement holds for a contour extending to τ → −∞. Notice that if

the bulk had been the entire Euclidean AdS space then τ would extend to both

plus and minus infinity and therefore all the d±nk would be zero, corresponding to

the fact that with zero sources the unique regular solution on Euclidean AdS is

identically equal to zero. In our case the sources are zero but we only consider

a segment (or half) of the space, so solutions that would be excluded are now

allowed because they are only singular at the other part of the space.

This finishes the introduction of the solutions on the various segments; we will now

consider specific contours and demonstrate how the matching conditions determine

the coefficients of the normalizable modes.

3.1.2 Time-ordered two-point function

Let us consider the contour in figure 3.1a. According to standard QFT results the

path integral with operators inserted on the crosses in the figure should result in

a time-ordered two-point function. We shall now see how this can be reproduced

using the gauge/gravity dictionary.

As indicated on the right of figure 3.1a, the contour is ‘filled’ with a Lorentzian

solution (with the metric (3.2)) which is sandwiched between two Euclidean ‘caps’

(whose metric is given in (3.13)). We pick a time coordinate t on the Lorentzian

segment which runs from 0 to T . The Euclidean time coordinates are denoted τ

and we have −∞ < τ < 0 on the ‘initial cap’ and 0 < τ <∞ on the ‘final cap’.

In the previous subsection we discussed how the most general solution on the

Lorentzian segment takes the form (3.11) where we fixed the contour C to be

of the form sketched in figure 3.2. Similarly the most general solution on the

Euclidean segments takes the form (3.14) with all d+
nk = 0 for the initial cap and

all d−nk = 0 for the final cap. The undetermined coefficients c±nk and d±nk are not
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3.1. Examples involving global AdS3

determined by the radial boundary data alone and parametrize the freedom to add

an arbitrary normalizable solution.

Let us now impose the matching conditions discussed in section 2.2.1. Without

loss of generality we may suppose that near the matching surface at t = 0 and

t = T the sources vanish smoothly. The Lorentzian solution near these surfaces

can then be written as a sum over normalizable modes as in (3.12). For the case

at hand we find:

ΦL(t ∼ 0, φ, r) =
1

4π2

∞∑

n=0

∑

k∈Z

e−iω
−

nk
t+ikφφ(0)(ω

−
nk, k)g(ωnk, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±nke
−iω±

nk
t+ikφg(ωnk, |k|, r) , (3.15)

ΦL(t ∼ T, φ, r) =
1

4π2

∞∑

n=0

∑

k∈Z

e−iω
+
nk
t+ikφφ(0)(ω

+
nk, k)g(ωnk, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±nke
−iω±

nk
t+ikφg(ωnk, |k|, r) .

We begin with the matching near the initial surface τ = t = 0. The first matching

is the continuity equation:

ΦL(t = 0, φ, r) = ΦE(τ = 0, φ, r) . (3.16)

Substituting (3.15) and (3.14) with all d+
nk = 0 we find an equality between two

sums over normalizable modes. However since the different modes g(ωnk, |k|, r)
are orthogonal (up to the symmetry g(ω+

nk, k, r) = g(ω−
nk, k, r)) one can in fact

equate the coefficients of the various modes. The first matching condition then

results in:
1

4π2
φ(0)(ω

−
nk, k) + c−nk + c+nk = d−nk . (3.17)

The second matching condition involves matching the conjugate momenta in such

a way that we obtain C1 continuity in the complex time plane. Using t = −iτ we

directly obtain that for the initial surface one should demand:

−i∂tΦL(t = 0, φ, r) = ∂τΦE(τ = 0, φ, r) . (3.18)

Substituting the solutions we find

− 1

4π2
ω−
nkφ(0)(ω

−
nk, k) − ω−

nkc
−
nk − ω+

nkc
+
nk = −ω−

nkd
−
nk , (3.19)

which we may combine with (3.17) to find that c+nk = 0. Similarly one may check
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3. Real-time correlation functions

that the matching conditions at t = T lead to:

1

4π2
φ(0)(ω

+
nk, k)e

−iω+
nk
T + c−nke

−iω−

nk
T = d+

nk

ω+
nk

1

4π2
φ(0)(ω

+
nk, k)e

−iω+
nk
T + ω−

nkc
−
nke

−iω−

nk
T = ω+

nkd
+
nk ,

(3.20)

which in turn determine c−nk = 0 and then also all the d±nk follow directly from the

above equations. Therefore the bulk solution on all the segments is completely

fixed by the matching conditions. We remark that, had we chosen any other

contour C in (3.11), we would have found nonzero values of some of the c±nk,

effectively throwing us back to the Feynman contour of figure 3.2.

According to the prescription (2.10) the one-point function in the presence of

sources is just as in Euclidean signature given by a functional differentiation of

the on-shell action with respect to the source:

〈O(x)〉φ =
−1√−g(0)

δ

δφ(0)
Iren[φ(0);C] (3.21)

with Iren[φ(0);C] the renormalized on-shell action integrated along the contour of

figure 3.1a. As we demonstrated in section 2.3, the gluing of different solutions

does not affect the usual prescription that this renormalized one-point function is

given by the renormalized radial conjugate momentum. In particular, analogous to

(1.117) in Euclidean signature, we obtained (2.36) for a one-point function inserted

along a Lorentzian segment. For the case at hand this results (up to contact terms)

in:

〈O(x)〉φ = −2lφ(2l) =
l

4π2i

∑

k

∫

C

dωφ(0)(ω, k)e
−iωt+ikφα(ω, |k|, l)β(ω, |k|, l) ,

(3.22)

where φ(2l) is the term of order r−1−l in the radial expansion of the solution and

the right-hand side is obtained by substituting the expansion (3.6) into (3.11)

with all the c±nk = 0. After a second functional differentiation we find that the

time-ordered two-point function is given by:

〈0|TO(t, φ)O(0, 0)|0〉 =
l

4π2

∑

k

∫

C

dωe−iωt+ikφα(ω, |k|, l)β(ω, |k|, l) . (3.23)

The dependence of the bulk solution on the contour C directly enters in the bound-

ary two-point function and this is how we indeed recover the standard Feym-

nan prescription leading to time-ordered QFT correlators. We emphasize again

that the contour C was completely fixed by the matching to the caps. The fre-

quency integral along C is equivalent to integrating over the real axis while shifting
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3.1. Examples involving global AdS3

τ0 t1

t2τ3

Figure 3.3: The in-in contour we use to compute a Wightman function. We choose a

time coordinates that increases in the direction of the arrows.

ω → ω(1+iǫ). The Fourier transform in (3.23) can then be performed by deforming

the contour and picking up the residues. We obtain:

〈0|TO(t, φ)O(0, 0)|0〉 =
l2/(2l+1π)

[cos(t− iǫt) − cos(φ)]l+1
. (3.24)

This is the expected form for a time-ordered two-point function on a cylinder. As

we will see below, the normalization coefficient agrees with the standard AdS/CFT

normalization of 2-point functions as well.

3.1.3 Wightman functions

Our next example is the computation of a vacuum-to-vacuum two-point function

using an in-in formalism. As explained in section 2.1, the in-in formalism in

particular allows for the computation of Wightman functions directly from a path

integral. In our case, we can do the same holographically.

Let us therefore consider the contour sketched in figure 3.1b, given again in figure

3.3. It runs from i∞ to 0, then to T (with T real and positive), then back to

the origin and then to −i∞. As we outlined above and sketched on the right of

figure 3.1b, for such a contour we consider a filling that consists of two Lorentzian

AdS3 spacetimes between two Euclidean AdS3 caps. These four space(time)s will

be denoted as Mi, with i running from 0 to 3. We will use a subscript i also on

other quantities to distinguish on which of the Mi they are defined. Sometimes, in

order to avoid confusion with other subscripts, we will put this subscript in square

brackets, writing for example c[i].

This time we will use real contour-time coordinates. We then split the contour-

integrated action in (2.9) into the following combination:

−
∫ 0

−∞
dτ0LE(Φ0)+i

∫ T

0

dt1LL(Φ1)−i
∫ 2T

T

dt2LL(Φ2)−
∫ ∞

0

dτ3LE(Φ3) , (3.25)
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3. Real-time correlation functions

with the Lagrangians

LL(Φ) =
1

2

∫
d2x

√
|G|(−∂µΦ∂µΦ −m2Φ2) ,

LE(Φ) =
1

2

∫
d2x

√
|G|(∂µΦ∂µΦ +m2Φ2) .

(3.26)

We use a contour time coordinate on every segmentMi whose direction is indicated

in figure 3.3. We glue the surface given by τ3 = 0 to that given by t2 = 2T , and

similarly the surfaces t1 = T to t2 = T and t1 = 0 to τ0 = 0.

A full list of matching conditions is now given by continuity of the fields, plus

continuity of their derivatives with appropriate signs. These signs are easily found

by equating the conjugate momenta obtained from functional differentiation of the

on-shell actions as we showed in section 2.3. One obtains:

−∂τ0Φ0(τ0 = 0) − i∂t1Φ1(t1 = 0) = 0

+i∂t1Φ0(t2 = T ) + i∂t2Φ2(t2 = T ) = 0

−i∂t2Φ2(τ2 = 2T ) + ∂τ3Φ3(τ3 = 0) = 0 .

(3.27)

We will consider the case of a nonzero source φ(0)[1] only on the conformal boundary

of M1. In that case Φ1 is given by (cf. (3.11)):

Φ1(t1, φ, r) =
1

4π2

∑

k∈Z

∫

C

dω

∫

M1

dt̂

∫
dφ̂e−iω(t1−t̂)+ik(φ−φ̂)φ(0)[1](t̂, φ̂)f(ω, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±[1]nke
−iω±

nk
t1+ikφg(ωnk, |k|, r) , (3.28)

with C again a Feynman contour and to be determined coefficients c±[1]nk. We

again take the source to vanish near t1 = 0 and t1 = T so near these hypersurfaces

we may (just as in the previous example) perform the ω-integral and write the

solution as a sum over normalizable modes:

Φ1(t1 ∼ 0, φ, r) =
1

4π2

∞∑

n=0

∑

k∈Z

e−iω
−

nk
t1+ikφφ(0)[1](ω

−
nk, k)g(ωnk, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±[1]nke
−iω±

nk
t1+ikφg(ωnk, |k|, r) , (3.29)

Φ1(t1 ∼ T, φ, r) =
1

4π2

∞∑

n=0

∑

k∈Z

e−iω
+
nk
t1+ikφφ(0)[1](ω

+
nk, k)g(ωnk, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±[1]nke
−iω±

nk
t1+ikφg(ωnk, |k|, r) .
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3.1. Examples involving global AdS3

Since there is no source on the other segments, the solutions Φ0, Φ2 and Φ3 are

all just sums over normalizable modes. For Φ2 we obtain:

Φ2(t2, φ, r) =
∑

±

∑

k∈Z

∞∑

n=0

c±[2]nke
−iω±

nk
t2+ikφg(ωnk, |k|, r) . (3.30)

For M0 we can again only allow for modes of the form e+|ω|τ0, since τ0 extends to

−∞. Similarly, since τ3 → ∞ on M3, the modes there are of the form e−|ω|τ3. We

thus find that

Φ0(τ0, φ, r) =
∑

k∈Z

∞∑

n=0

c[0]nke
ω+

nk
τ0+ikφg(ωnk, |k|, r) ,

Φ3(τ3, φ, r) =
∑

k∈Z

∞∑

n=0

c[3]nke
−ω+

nk
τ3+ikφg(ωnk, |k|, r) .

(3.31)

We will now impose the matching conditions and use again the orthogonality of

the normalizable modes g(ωnk, |k|, r) to impose this condition ‘mode-wise’. The

first matching between M1 and M0, which is Φ1(t1 = 0, φ, r) = Φ0(τ0 = 0, φ, r),

then yields

c[0]nk =
1

4π2
φ(0)[1](ω

−
nk, k) + c+[1]nk + c−[1]nk , (3.32)

and the second matching condition, which is the first equation in (3.27), becomes

−ω+
nkc[0]nk −

1

4π2
ω−
nkφ(0)[1](ω

−
nk, k) − ω+

nkc
+
[1]nk − ω−

nkc[1]nk = 0 . (3.33)

Recalling that ω+
nk = −ω−

nk and combining the two matching conditions, we find

that

c+[1]nk = 0 , (3.34)

which is the statement that there are no positive frequencies to the past of the

sources.

Similarly, from the matching conditions between M2 and M3, one deduces

c+[2]nk = 0 , (3.35)

so on M2 we can only allow for negative frequencies with respect to t2. Then, from

the matching condition between M1 and M2, we see that frequencies should be

inverted on M2: positive frequencies on M1 become negative frequencies on M2

(with respect to t2) and vice versa. Therefore, on M1 there can only be positive

frequencies close to t1 = T . Indeed, working out the details results in

c−[1]nk = 0 , (3.36)
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3. Real-time correlation functions

which, combined with (3.34), completely fixes the c±[1]nk on M1 to be zero. We

obtain again the Feynman prescription for the bulk-boundary propagator on M1,

which is reassuring: using the in-in instead of the in-out formalism should not have

changed our result of the previous subsection and indeed we found that it did not.

The solution is now completely fixed and one may compute all of the c±[2]nk and

the c[0]nk and c[3]nk using the matching conditions. For the Wightman function,

we will only be interested in the solution on M2 for a source on M1, so we will only

need the c±[2]nk. Equation (3.35) already fixed half of them, and the first matching

condition between M1 and M2 yields

c−[2]nk =
1

4π2
φ(0)[1](ω

+
nk, k)e

−2iω+
nk
T . (3.37)

With the solutions determined, consider the one-point functions. Just as in the

previous example we use the result of section 2.3 which states that the renormalized

one-point function in the presence of sources is given by the renormalized radial

conjugate momentum, leading specifically to the equations (2.36) and (2.37). For

the case under consideration, we thus obtain

〈O[i](x)〉 =
i√−g(0)

δ

δφ(0)[i]
(−S0 + iS1 − iS2 − S3 + Sct) = −2lφ(2l)[i](x) , (3.38)

with φ(2l)[i] the term of order r−l−1 in the radial expansion of Φi.

We are in particular interested in the Wightman function. Using the QFT result

of section 2.1 we find that we may obtain it as:

〈O(x)O(x′)〉 = 〈TCO[2](x)O[1](x
′)〉

=
i√−g(0)

δ

δφ(0)[1](x′)
〈O[2](x)〉

= −2li
δφ(2l)[2](x)

δφ(0)[1](x′)
.

(3.39)

With the solution Φ2 we found above, we obtain

φ(2l)[2](x) =
i

π

∑

k∈Z

∞∑

n=0

α(ωnk, |k|, l)e−iω
+
nk

(2T−t2)+ikφ
∫

M1

dt̂dφ̂eiω
+
nk
t̂−ikφ̂φ(0)[1](t̂, φ̂) .

(3.40)

Using t = 2T − t2 and taking the functional derivative, we get:

〈O(x)O(x′)〉 =
2l

π

∑

n≥0

∑

k∈Z

e−iω
+
nk

(t−t′)+ik(φ−φ′)α(ω+
nk, |k|, l) . (3.41)
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3.1. Examples involving global AdS3

This expression satisfies some standard checks that are expected for a Wightman

function, namely it vanishes for ω < 0 and the coefficients are real and positive

definite, see appendix 2.A. Evaluating the summations, we find

〈O(x)O(x′)〉 =
l2/(2lπ)

[cos(t− iǫ) − cos(φ)]l+1
, (3.42)

which has poles when t− iǫ is real, so it is analytic in the lower half plane, also as

expected.

3.1.4 Thermal AdS

Let us now consider the thermal contour indicated in figure 3.1c. We again take

t1 to run from 0 to T on M1, t2 to run from T to 2T on M2, and τ to run from 0

to β on M3. The novelty here is that we glue the part with τ = β to the surface

with t1 = 0 in order to obtain a thermal state. The action splits into:

i

∫ T

0

dt1LL[Φ1] − i

∫ 2T

T

dt2LL[Φ2] −
∫ β

0

dτLE [Φ3] . (3.43)

Again, we consider a source living only onM1 and solve the Klein-Gordon equation.

The general expressions for Φ1 and Φ2 (without specification of initial and final

data) are exactly the same as before and are given by the equations (3.28) and

(3.30). We can also use the expressions (3.29) for Φ1 when t ∼ 0 or t ∼ T . Since

the τ coordinate on the Euclidean segment has a finite range we may allow for

both positive and negative frequencies on this segment. The most general purely

normalizable Euclidean solution is then:

Φ3(τ, φ, r) =
∑

±

∑

k∈Z

∞∑

n=0

c±[3]nke
ω±

nk
τ+ikφg(ωnk, |k|, r) . (3.44)

The full list of matching conditions is now

Φ1(t1 = T ) = Φ2(t2 = T ) ∂tΦ1(t1 = T ) = −∂tΦ2(t2 = T )

Φ2(t2 = 2T ) = Φ3(τ = 0) i∂tΦ2(t2 = 2T ) = ∂τΦ3(τ = 0)

Φ1(t1 = 0) = Φ3(τ = β) −i∂tΦ1(t1 = 0) = ∂τΦ3(τ = β) ,

which, after some algebraic manipulations, results in

c±[1]nk =
1

4π2
φ(0)[1](ω

±
nk, k)

1

eβω
+
nk − 1

. (3.45)
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3. Real-time correlation functions

The nonzero c±[1]nk directly enter into the two-point function and we get

〈TO[1](x
′)O[1](x)〉β =

l

2π2i

∑

k∈Z

∫

C

dωe−iω(t−t′)+ik(φ−φ′)α(ω, |k|, l)β(ω, |k|, l)

+
2l

π

∑

±

∑

k∈Z

∞∑

n=0

α(ωnk, |k|, l)
eβ|ω

±

nk
| − 1

e−iω
±

nk
(t−t′)+ik(φ−φ′) , (3.46)

with the subscript β indicating the temperature. As in the ‘free-field’ approx-

imation, we find the sum of the zero-temperature Feynman propagator and a

heat-bath contribution. Also, notice the symmetry x ↔ x′. After rewriting the

thermal contributions as geometric series, one readily finds that this expression

becomes

〈TO(x)O(x′)〉β =
∑

n∈Z

l2/(2lπ)

[cos(t− iǫt+ inβ) − cos(φ)]l+1
, (3.47)

which satisfies the KMS condition, so it corresponds to a thermal two-point func-

tion indeed. It is a sum over images of the zero temperature result, reflecting the

fact that Euclidean thermal AdS is obtained by identifications in the time direction

of Euclidean global AdS.

One can actually arrive more directly at (3.47) by using the relation between ther-

mal AdS and global AdS to first obtain the Euclidean correlator by a sum over

images and then analytically continue to real-time. This was the way (3.47) was

obtained earlier in [63]. Of course, the iǫ insertions then have to be fixed by hand.

The emphasis in this and the previous examples is on the fact that we can un-

ambiguously arrive at equations like (3.47), including the correct iǫ insertions, by

employing a Lorentzian signature gauge/gravity dictionary and without assuming

any special properties of the background under consideration.

3.2 Poincaré coordinates

For our next example we consider a CFT in d-dimensional Minkowski (Minkd)

spacetime. As is well known, Minkowski spacetime is conformally isometric to an

open region of the Einstein static universe, R×Sd−1. Thus the correlators for the

CFT in Minkowski spacetime can be obtained from those of the Einstein universe

(as we demonstrate for d = 2 in subsection 3.2.5). We explained in section 1.4.3

that boundary Weyl transformations are a specific class of bulk diffeomorphisms

and therefore a similar procedure can be done holographically.

Nevertheless, it is still interesting to directly compute the correlators in Minkowski

spacetime, not least because this is the typical background for most QFT compu-

tations. Furthermore, for a CFT on Minkd to be exactly equivalent to the theory
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3.2. Poincaré coordinates

on R × Sd−1 the boundary conditions of all QFT fields at infinity of Minkd must

be the ones dictated by the theory on R × Sd−1. One may however wish to study

the QFT on Minkd with fields satisfying different boundary conditions at infinity.

For example, the ground state of a conformally coupled scalar φ on R × Sd−1 has

necessarily 〈φ〉 = 0 because of the curvature coupling of the scalar. The same

theory on Minkd however allows for ground states with non-vanishing 〈φ〉, since

in this case the curvature coupling vanishes. In such cases the nonzero scalar vev

spontaneously breaks conformal invariance. This is described in the bulk by do-

main wall spacetimes containing additional bulk fields capturing the vevs of gauge

invariant operators. One can extend the methods described here to apply to the

computation of real-time correlators along holographic RG flows, extending the

Euclidean computations in [64, 65], but we shall not discuss this in detail here.

Instead we will compute vacuum-to-vacuum amplitudes for the CFT without vevs.

To this end, we consider the field theory path of figure 2.1a, but with Rd−1 as the

spacelike part of the boundary manifold. We can compactify the entire contour

by adding a single point, resulting in the boundary geometry shown in figure 3.4a.

The Lorentzian segment is cut off at finite initial and final times t = ±T . Below

we holographically compute a time-ordered two-point function for a CFT in this

background.

3.2.1 Bulk spacetime

As before, the first step is to find a suitable bulk manifold that fills in the contour.

We begin with the Lorentzian segment of the contour. In the absence of any sources

and vevs, it is filled in with a segment of empty AdSd+1 in Poincaré coordinates:

ds2 =
dz2 − dt2 + d~x2

z2
. (3.48)

The Poincaré coordinate system covers only a part of all of AdSd+1, as indicated

in figure 3.4b. We will however cut off the bulk manifold along the hypersurfaces

t = ±T and therefore we will not need the rest of the AdSd+1 spacetime anyway.

The Lorentzian segment with the above metric and −T < t < T will be referred

to as M1 below.

The two Euclidean segments can be filled with Euclidean AdSd+1, whose metric

can be obtained from (3.48) by the replacement t = −iτ . We again need only

a part of these spaces and cut off the Euclidean solutions along hypersurfaces of

constant τ . More precisely, we call M0 the Euclidean manifold with the metric

ds2 =
dz2 + dτ2

0 + d~x2

z2
(3.49)
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3. Real-time correlation functions

and τ0 < 0. Similarly, we take M2 the Euclidean manifold with the τ2 > 0 and

the same metric (3.49) with the replacement τ0 → τ2.

Next, we glue the three components together by gluing the surface given by τ0 = 0

on M0 to the surface t = −T on M1, and the surface τ2 = 0 to the surface t = T on

M1. One may easily verify that the matching conditions for gravity are satisfied,

since the induced metric on surfaces of constant t or τ is the same and these surfaces

are totally geodesic. We conclude that the combination of M0, M1 andM2 satisfies

all the holographic boundary data as well as all the matching conditions, and so

it can serve as the background around which we study perturbations below.

(a) (b)

t

t
t=−∞

t=∞

t=−T

t=T

Figure 3.4: (a) The geometry used for the computation of the two-point function in

Minkd. The Lorentzian manifold is cut off at slices given by t = ±T , to which the darker

shaded Euclidean caps are glued. (b) The Poincaré coordinate system covers only a part

of AdSd+1. Both the global AdS time and the Poincaré time run upward. The planes

t = ±∞ bound the coordinate system.

3.2.2 Solutions

We will again obtain a time-ordered two-point function of a scalar operator of

conformal weight ∆ = d
2 + l, with l ∈ {1, 2, . . .}, which is dual to a bulk scalar field

of mass m2 = ∆(∆ − d). As we did in the previous examples, we take the scalar

field to propagate freely and without backreaction.
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3.2. Poincaré coordinates

On M1 the action for the scalar field is again (3.3), this time with the metric

(3.48). Solutions to the equations of motion satisfy the Klein-Gordon equation:

zd+1∂z(z
−d+1∂zΦ) + z2

�0Φ −m2Φ = 0 . (3.50)

We already discussed the solutions to this equation in Euclidean signature in sec-

tion 1.5. Let us now revisit this analysis for a Lorentzian signature metric. After

separation of variables we find modes labeled by (ω,~k):

e−iωt+i
~k·~xzd/2Kl(qz) , e−iωt+i

~k·~xzd/2Il(qz) . (3.51)

For spacelike momenta q2 = −ω2+~k2 > 0, these modes are unambiguously defined.

For timelike momenta q2 < 0, we have to consider possible branch cuts. First of

all, we put the square root in defining q =
√
q2 just above the negative real axis.

We indicate this by using

qǫ =

√
−ω2 + ~k2 − iǫ . (3.52)

Second, Kl has a branch cut along the negative real axis, which is however unim-

portant since | arg(qǫz)| ≤ π/2. Finally, Il has no branch cut since l is an integer.

To select the right solution on M1, we should look at the asymptotics. They take

the form:

zd/2Kl(qz → 0) = Γ(l)
zd/2−l

2l+1ql
+ . . .

zd/2Il(qz → 0) =
1

Γ(l + 1)

zd/2+l

2lq−l
+ . . .

zd/2Kl(qz → ∞) =

√
πzd−1

2q
e−qz + . . .

zd/2Il(qz → ∞) =

√
zd−1

2πq
[eqz + e−qz−(l+ 1

2 )πi] + . . .

(3.53)

For spacelike momenta q2 > 0 we find that finiteness as z → ∞ selects zd/2Kl(qz)

as the only correct solution, just as in section 1.5. On the other hand, for timelike

momenta no linear combination of the solutions remains finite as z → ∞, which

means that any solution that does remain finite as z → ∞ should be obtained as

an infinite sum over the modes. Furthermore, from the asymptotics as z → 0, we

find that the modes zd/2Kl(qǫz) ∼ zd/2−l correspond to sources on the conformal

boundary, whereas the zd/2Il(qǫz) ∼ zd/2+l are the normalizable modes.

For timelike momenta qǫz = −i|q|z and we will henceforth rewrite the modified

Bessel function of the first kind using Il(−i|q|z) = e−iπl/2Jl(|q|z). Although we
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3. Real-time correlation functions

could also have rewritten Kl(−i|q|z) = (iπeilπ/2/2)H
(1)
n (|q|z), we do not do so

below, since zd/2Kl(qǫz) is needed for both spacelike and timelike momenta. We

emphasize that Kl(qǫz) is unambiguously defined for all real q2.

Next, consider the manifolds M0 and M2, both with the Euclidean metric (3.49)

and 0 < τ < ∞ and −∞ < τ < 0, respectively. Although we will mainly work

in position space below, we will for completeness present the mode solutions here

as well. First of all, the mode solutions on M0 and M2 are obtained by the usual

substitution t → −iτ in the Lorentzian modes (3.51). Since we will not switch

on any sources on these segments, the solutions on M0 and M2 need to be purely

normalizable. As we just showed, this implies that only the modes zd/2Jl(|q|z)
with q2 < 0 are allowed. Furthermore, since no operators are inserted at the

points τ → ±∞, we will also request finiteness of the solution in this limit. This

implies a restriction to negative frequencies on M0 and to positive frequencies on

M2. More explicitly, the solutions on these segments are built up from the modes

e|ω|τ0+i
~k·~xzd/2Jl(|q|z) on M0 ,

e−|ω|τ2+i~k·~xzd/2Jl(|q|z) on M2 ,
(3.54)

with −ω2+~k2 < 0. Since the individual modes diverge as z → ∞, we should again

sum an infinite number of these modes in order to get a solution that vanishes also

at this point.

3.2.3 Bulk-boundary propagator

The next step is to compute a bulk-boundary propagator, which we denote by

X(t, ~x, z). We will consider the propagator for a source on the conformal boundary

of M1 only. Let us first investigate the solution on M1. Inspired by the Euclidean

bulk-boundary propagator, we may try:

X1(t, ~x, z) =
1

(2π)d

∫

C

dω

∫
d~k e−iωt+i

~k·~x 2l+1qlǫ
Γ(l)

zd/2Kl(qǫz) . (3.55)

The iǫ-prescription is equivalent to a Feynman contour C in the ω-plane around

the branch cuts which we show in figure 3.5. The expression (3.55) is not obviously

convergent as z → ∞. However, we can perform the Fourier transform by closing

and deforming the contour. The iǫ-prescription tells us which branch cuts we pick

up and the corresponding position-space expression is equal to

X1(t, ~x, z) = iΓ(l)Γ(l +
d

2
)π− d

2
zl+

d
2

(−t2 + ~x2 + z2 + iǫ)l+d/2
, (3.56)

which clearly converges for large z.
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ω

−k

k

Figure 3.5: The contour around the branch cuts (wavy lines) in the complex frequency

plane used to define a bulk-boundary propagator.

As in the previous section, this bulk-boundary propagator is not unique without

imposing initial and final conditions. Indeed, one may always add a normalizable

solution, which we will denote as Y (t, ~x, z). Notice that we know that normalizable

solutions on M1 exist from our discussion of the previous section, where we used

global coordinates. In the previous subsection we found that Y (t, ~x, z) must be a

linear combination of the modes zd/2Il(qǫz) with q2 < 0, which we write as

Y1(t, ~x, z) =
1

(2π)d

∫
dω

∫
dk e−iωt+i

~k·~xθ(−q2)c[1](ω,~k)zd/2Jl(|q|z) , (3.57)

with further constrains on c[1](ω,~k) by requesting finiteness for z → ∞ that we

will not work out here. To reiterate, without initial or final conditions such nor-

malizable solutions can be added at will to our suggested bulk-boundary propa-

gator (3.55), so the normalizable solutions parametrize the ambiguity in the bulk-

boundary propagator. In particular, any different iǫ-prescription than the one we

fixed above can be implemented by changing these c[1](ω,~k).

3.2.4 Matching

With the solutions on M1 specified, let us now discuss the matching. We will show

that the matching conditions imply that X1(t, ~x, z) is the right bulk-boundary

propagator and that no normalizable solution can be added since Y1(t, ~x, z) can

never be matched to a regular and normalizable solution on M0 and M2.

We begin with the matching conditions between M0, M1 and M2:

Φ1(t1 = T, ~x, z) = Φ2(τ = 0, ~x, z) i∂t1Φ1(t1 = T, ~x, z) + ∂τΦ2(τ = 0, ~x, z) = 0

Φ1(t1 = −T, ~x, z) = Φ2(τ = 0, ~x, z) −i∂t1Φ1(t1 = T, ~x, z) − ∂τΦ2(τ = 0, ~x, z) = 0 .

(3.58)

Let us now show that we can find solutions X0 and X2 on M0 and M2 that can

be matched to X1. This is straightforward in position space, where we can verify
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3. Real-time correlation functions

that the expressions

X0(τ0, ~x, z) = iΓ(l)Γ(l +
d

2
)π− d

2
z

d
2 +l

(−(−T − iτ0)2 + ~x2 + z2 + iǫ)l+d/2
,

X2(τ2, ~x, z) = iΓ(l)Γ(l+
d

2
)π− d

2
z

d
2 +l

(−(T − iτ2)2 + ~x2 + z2 + iǫ)l+d/2
,

(3.59)

satisfy the equations of motion on all of M0,M2 and are normalizable. Further-

more, they actually satisfy the matching conditions as well. To see this, notice that

the (+iǫ)-insertions in the denominators of (3.59) are not necessary for nonzero

τ , but they are necessary to ensure that (3.59) are well-defined (distributions) on

the initial and final hypersurfaces given by τ0 = 0 and τ2 = 0. With the given

iǫ-insertions, we can compare (3.59) to (3.56) and one readily verifies that the

matching conditions are satisfied.

Let us now show that one could not have picked any other iǫ-insertions (−iǫ, +iǫt,

etc.) on the Lorentzian side. If we would have done so, the matching conditions

would directly dictate a corresponding change in (3.59). However, such a change

in the Euclidean solutions is not allowed, because any other iǫ-insertion in (3.59)

would give a singularity in either X0 or in X2. For example, if we would replace

the +iǫ with −iǫ on M2, then X2 would be singular at τ2 = ǫ/2T , around the

point given by ~x2 + z2 = T 2 and thus this solution should be discarded. We

conclude that the iǫ-insertion in (3.56) is the only one that moves the singularity

everywhere away from the contour.

It remains to show that (3.56) is the indeed the unique bulk-boundary propagator

by demonstrating that there are no matching Euclidean solutions for the normal-

izable solution (3.57). Using the normalizable modes we found above, the solution

on M0 should necessarily be of the form

Y0(τ0, ~x, z) =

∫
dω

∫
d~k e|ω|τ0+i

~k·~xθ(−q2)c[0](|ω|, ~k)zd/2Jl(|q|z) , (3.60)

for some coefficients c[0](|ω|, ~k). A similar expression holds for the solution on M2:

Y2(τ2, ~x, z) =

∫
dω

∫
d~k e−|ω|τ2+i~k·~xθ(−q2)c[2](|ω|, ~k)zd/2Jl(|q|z) . (3.61)

Consider now the matching conditions, for example the continuity condition be-

tween M1 and M2:

Y1(T, ~x, z) = Y2(τ0 = 0) . (3.62)

Although this is an equality between two integrals, the modes zd/2Jl(|q|z) are

orthogonal, ∫ ∞

0

dz z−1Jl(|q|z)Jl(|q′|z) = cδ(|q| − |q′|) , (3.63)
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with c a constant. We can therefore equate the integrands (up to ω ↔ −ω), which

results in

c[1](ω,~k) + c[1](−ω,~k) = c[0](|ω|, ~k) . (3.64)

The other matching conditions can be imposed in a similar way and they ultimately

determine c[1](ω,~k) = c[0](ω,~k) = c[2](ω,~k) = 0. There is thus no normalizable

solution and the bulk-boundary propagator X(t, ~x, z) is unique.

3.2.5 Two-point function

As for the computation of the time-ordered two-point function, the only difference

with the Euclidean case are the iǫ-insertions in the bulk-boundary propagator,

which in Fourier space corresponds to the replacement q → qǫ. Just as for AdSd+1

in global coordinates, these enter directly in the two-point function which, up to

contact terms, is then given by:

〈TO(q)O(−q)〉 =
i(−1)l

22l−1Γ(l)2
q2lǫ log(qǫ/µ) . (3.65)

As expected, its analytic continuation to Euclidean signature coincides precisely

with the renormalized Euclidean two-point function (1.123). The iǫ insertion we

obtained holographically corresponds again to the Feynman contour of figure 3.5

around the branch cuts, signifying time-ordering indeed. In position space, we find

〈TO(x)O(0)〉 =
1

(2π)d
i(−1)l

22l−1Γ(l)2

∫
e−iωt+i

~k·~xq2lǫ log(qǫ/µ)

=
2lΓ(l+ d/2)

πd/2Γ(l)
R 1

(−t2 + ~x2 + iǫ)l+
d
2

, (3.66)

and the iǫ-insertion agrees with [66].

Normalization

Let us compare the normalization of the time-ordered two-point function on the

cylinder with that on two-dimensional Minkowski space. We start from the time-

ordered two-point function on the cylinder given in (3.24):

〈TO(x)O(0)〉 =
l2/(2lπ)

[cos(t− iǫt) − cos(φ)]l+1
, ds2 = −dt2 + dφ2 ,

and apply the coordinate transformation t = u− v, φ = u+ v, after which we find

〈TO(x)O(0)〉 =
l2/(22l+1π)

[sin(u− iη) sin(v + iη)]l+1
, ds2 = 4dudv ,

103



3. Real-time correlation functions

where now η = ǫ(u − v). We then Weyl transform and use covariance of the

two-point function:

〈TO(x)O(0)〉 =
2l2/π

[tan(u− iη) tan(v + iη)]l+1
, ds2 =

dudv

cos2(u) cos2(v)
,

where we should remember that the two-point function is multiplied by two Weyl

factors; one evaluated at x and one at 0. For −π/2 < u, v < π/2, we can rewrite

the denominator using

tan(u−iη) tan(v+iη) = tan(u) tan(v)+iǫ(u−v)[tan(u)−tan(v)] = tan(u) tan(v)+iǫ′

with ǫ′ positive and constant. Finally, using x + y = tan(u) and x − y = tan(v),

we obtain

〈TO(x)O(0)〉 =
2l2/π

[−y2 + x2 + iǫ′]l+1
, ds2 = −dy2 + dx2 ,

and the normalization is indeed the same as in (3.66) evaluated at d = 2.

3.3 Higher-point correlation functions

In this subsection, we briefly discuss how real-time higher-point correlation func-

tions can be computed with our prescription. We take an interacting scalar field

with potential

V (Φ) =
1

2
m2Φ2 +

λ

3
Φ3 + . . . (3.67)

so that the equation of motion becomes:

�Φ −m2Φ − λΦ2 = 0 . (3.68)

This equation can be solved perturbatively. We first compute the sequence:

�Φ{0} −m2Φ{0} = 0 ,

�Φ{1} −m2Φ{1} = λΦ2
{0} ,

�Φ{2} −m2Φ{2} = λΦ2
{1} ,

. . .

(3.69)

where Φ{0} satisfies the radial boundary data and Φ{i} with i ≥ 1 vanish asymp-

totically. The full solution is then obtained as:

Φ = Φ{0} + Φ{1} + Φ{2} + . . . (3.70)
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To compute the series Φ{i}, we need to compute the bulk-bulk propagator Z. This

propagator satisfies

(�G −m2)Z(x, x′) =
−1√
−G

δd+1(x − x′) (3.71)

and vanishes asymptotically. In terms of Z(x, x′), we find:

Φ{i+1}(x) = λ

∫

M

dd+1x′
√
−GZ(x, x′)Φ2

{i}(x
′) . (3.72)

In our case, the bulk manifoldM splits into multiple parts and we need to integrate

the bulk-bulk propagator against Φ{i} on the various segments. The bulk-bulk

propagator therefore also splits in multiple components depending the segment

that x and x′ lie on. We will indicate this by a subscript. For example, Z[12](x, x
′)

denotes the bulk-bulk propagator with x on M1 and x′ on M2. Equation (3.72)

then becomes:

Φ[j]{i+1}(x) = λ
∑

k

∫

Mk

dd+1x′
√
−GZ[jk](x, x

′)Φ2
[k]{i}(x

′) , (3.73)

with the sum over all of the components Mk. Of course, Z[jk] is homogeneous on

Mj if j 6= k. Also, we will explicitly see below that Z[jk](x, x
′) = Z[kj](x

′, x).

Let us now find this matrix of bulk-bulk propagators. These bulk-bulk propa-

gators need to satisfy the matching conditions, since then so will all the Φ{i}
and consequently also Φ. (Our derivation of the matching conditions for a scalar

field in section 3.1 was independent of the potential V [Φ], so the matching con-

ditions are unchanged by the interaction terms.) For concreteness, consider the

bulk spacetime of the previous subsection, with a Lorentzian segment M1 sand-

wiched between two Euclidean segments M0 and M2. The matching conditions

become important when we move x from, say M1 to M0 while keeping x′ fixed.

For example, we get

Z[11](t1 = −T, ~x, z; t′1, ~x′, z′) = Z[01](τ0 = 0, ~x, z; t′1, ~x
′, z′) ,

−i∂tZ[11](t1 = −T, ~x, z; t′1, ~x′, z′) − ∂τZ[01](τ0 = 0, ~x, z; t′1, ~x
′, z′) = 0 ,

(3.74)

just as in (3.58), and all the other matching conditions are similar.

The uniqueness of the bulk-bulk propagator is clear from the previous subsec-

tion, where we showed that there is no normalizable homogeneous solution that

satisfies the matching conditions. As for existence, the bulk-bulk propagator for

Lorentzian AdS in Poincaré coordinates is already known, see for example [11] and

the references therein, where one may find that

Z[11](x, x
′) = Z[ξ11] , (3.75)
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with ξ11 an AdS-invariant function,

ξ11 =
(z − z′)2 − (t− t′)2 + (~x− ~x′)2 + iǫ

z2 + z′2 − (t− t′)2 + (~x− ~x′)2
(3.76)

and Z given by

Z[ξ11] =
2−∆Γ(∆)

πd/2Γ(∆ − d
2 )Γ(2∆ − d)

(
1 − ξ11

)∆

F (
∆

2
,
∆ + 1

2
; ∆ − d

2
+ 1; [1 − ξ11]

2) ,

(3.77)

with F (a, b; c; z) the hypergeometric function and m2 = ∆(∆ − d). This solution

is regular except when ξ11 → 0. Analytically continuing t, t′ to M0 or M2 by the

replacement t = −T − iτ0 or t = T − iτ2 yields other ξij , and the iǫ-insertions

again ensure that these ξij satisfy the matching conditions when either x or x′

moves from one segment to the other. So if we define

Z[ij](x, x
′) = Z[ξij ] , (3.78)

then the various Z[ij] satisfy (3.71), the matching conditions, and vanish asymptot-

ically. Therefore, the full matrix of bulk-bulk propagators can be obtained by this

analytic continuation. Just as for the bulk-boundary propagator, the matching

conditions uniquely fix the iǫ-insertions to be those in equation (3.76).

Again, these iǫ-insertions enter directly into the higher-point correlation functions.

These are obtained as usual by further functional differentiation of the renor-

malized one-point function. For example, for a time-ordered vacuum-to-vacuum

three-point function with all three arguments on M1 we obtain

〈TO(x1)O(x2)O(x3)〉 = (2∆ − d)
δ2φ(2∆−d)(x1)

δφ(0)(x2)δφ(0)(x3)

∣∣∣
φ(0)=0

, (3.79)

with φ(2∆−d) the coefficient of the normalizable mode (of order z∆) in the z-

expansion of Φ, and the source φ(0) should be set to zero after the functional

differentiation. Given the bulk solution, the procedure to obtain these correlation

functions is therefore just as for Euclidean metrics, except for the replacement

t→ t− iǫt (so −t2 → −t2 + iǫ).

3.4 Stationary black holes

The thermal contour drawn in figure 3.1c admits another possible bulk solution,

which corresponds to an eternal black hole. In this section, we will use this filling

to compute the time-ordered two-point function for an operator dual to a free

scalar field moving in the black hole background. We will again work in d = 2, so
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PSfrag tL1

tL2

tR1

tR2

τ0

τ3

Figure 3.6: The contour we use for the black hole. The circles should be identified.

the bulk spacetime is the static three-dimensional BTZ black hole. The rotating

black hole will be discussed in the next subsection.

Below, we will actually use the deformed contour of figure 3.6 rather than the

contour of figure 3.1c. As we will see shortly, this has the advantage of ‘opening

up’ the second boundary of the black hole spacetime as well. In the next subsection,

we describe a bulk manifold that fills in this deformed contour. Afterwards, we

proceed by switching on a scalar field and holographically compute correlation

functions.

3.4.1 Bulk spacetime

Consider the eternal Lorentzian massive non-rotating BTZ black hole, whose Pen-

rose diagram is given in figure 3.7a. The black hole splits into four parts, which

we denote by L, R, F and P. On either part the metric is

ds2 = −(r2 − r2+)dt2 +
dr2

(r2 − r2+)
+ r2dφ2 . (3.80)

If necessary, we will use a subscript like L or R to indicate the corresponding part

of the spacetime. Notice that time runs backward on R. The mass and temperature

of the black hole are given by

M =
r2+
8G3

, T =
r+
2π

. (3.81)

(Recall that we set the AdS radius to one, ℓ2 = 1.) To simplify the notation, we

make the coordinate transformation

t =
t′

r+
, r = r′r+ , φ =

φ′

r+
, (3.82)

after which the metric reads

ds2 = −(r2 − 1)dt2 +
dr2

(r2 − 1)
+ r2dφ2 , (3.83)
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L

R

F

P

(a) (b)

tL tR

Figure 3.7: (a) The Penrose diagram for the eternal BTZ black hole. The arrows

indicate the direction of time. In the diagram, every point represents a circle. The

horizons, which are the solid diagonal lines, separate the spacetime in four regions labelled

by L, R, F and P. (b) We cut off the spacetime along the dotted lines and keep the part

in between them.

where we have dropped the primes. Note that the periodicity of φ has now changed

to

φ ∼ φ+ 2πr+ . (3.84)

At the very end of the computation we will return to standard conventions.

To use this spacetime as a filling for (a part of) the contour of figure 3.6, we first

have to cut it off along an initial slice, which we take to be the tL = tR = 0 slice, as

well as a final slice, which we choose to be the rF = r̂ slice, with r̂ < 1 a constant.

These segments are the (blue) dotted and the (red) dashed lines of figure 3.7a,

respectively. As is shown in figure 3.7b, we keep the segment in between these

surfaces. Notice that tL > 0 but tR < 0 on this segment. We will need two copies

of the segment, which we denote by M1 and M2.

Next, consider the Euclidean solution with the metric

ds2 = (r2 − 1)dτ2 +
dr2

(r2 − 1)
+ r2dφ2 (3.85)

and with periodicities

τ ∼ τ + 2π , φ ∼ φ+ 2πr+ . (3.86)

Topologically, this solution is D2 × S1, with D2 a two-dimensional disk and the

S1 is parametrized by φ. As shown in figure 3.8, we will cut it in half along the

hypersurface given by τ = 0 and τ = π, and keep the part given by 0 < τ < π.
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(a) (b)

τ

τ = 0 τ = π

Figure 3.8: (a) The Euclidean BTZ black hole, where again every point represents a

circle. Euclidean time τ runs as indicated. (b) We cut off the spacetime along the dotted

line given by τ = 0 and τ = π and keep the lower part.

We will again need two copies of this part, which we denote as M0 and M3. In

figure 3.8b, we have drawn these spacetimes as half a disk.

We now glue the four manifolds together as shown in figure 3.9. Notice that M0

is glued to M1 such that the part with τ = 0 is glued to the part with tL = 0,

and the part with τ = π is glued to the part with tR = 0. The same holds for the

gluing between M2 and M3.

Let us verify that the matching conditions for gravity are satisfied. First of all,

the fact that M1 and M2 are identical means that the matching conditions for

gravity are trivially satisfied along their gluing surface, which is the (red) dashed

line in figure 3.9. In fact, we could have glued M1 and M2 along any spacelike bulk

hypersurface extending all the way to the two radial boundaries (and disjoint from

the surfaces tL = tR = 0), and the matching conditions would still be satisfied.

For the matching between the Euclidean and the Lorentzian segments, one may

directly see from the metrics (3.83) and (3.85) that any surface of constant t

or τ has the same induced metric. One may also use reflection and translation

symmetry to find that the extrinsic curvature of such slices must vanish. Therefore,

the matching conditions for gravity are satisfied for this gluing, too. Finally, by

passing to a coordinate system that is regular everywhere at the gluing surface,

one may verify that there are no problems at the coordinate singularity at r = 1,

either.

The manifold sketched in figure 3.9 is similar to a construction presented in [39],

where the initial state for an eternal Lorentzian black hole was given by half a

Euclidean black hole. However the real-time prescription where dual states are

represented by Euclidean manifolds can only be made precise if one includes a sec-
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M0

M1 M2

M3

tL1 tL2tR1 tR2

τ0 τ3

Figure 3.9: The four components M0, M1, M2 and M3 are glued together to create a

manifold that fills the contour of figure 3.6. The direction of the various time coordinates

is the same as in figure 3.6.

ond copy of the manifold of [39] and glues it to the first copy along some late-time

hypersurface, leading precisely to the construction in figure 3.9. In field theory,

this second copy corresponds to the backward-going segments of the contour and

the specification of the final rather than the initial state. The two copies are in

this case identical, precisely because the initial and final field theory states are

identical as well.

Let us now turn to the matching conditions for a scalar field. The overall action

(3.3) can be split into a separate piece for each segment:

iS1 − iS2 − S0 − S3 . (3.87)

Continuity and the saddle-point approximation for the combination of actions

(3.87) determines the matching conditions to be:

Φ1(r = r̂) = Φ2(r = r̂) i∂rΦ1(r = r̂) − i∂rΦ2(r = r̂) = 0

Φ1(tL = 0) = Φ0(τ = 0) −i∂tΦ1(tL = 0) + ∂τΦ0(τ = 0) = 0

Φ1(tR = 0) = Φ0(τ = π) i∂tΦ1(tR = 0) − ∂τΦ0(τ = π) = 0 (3.88)

Φ2(tL = 0) = Φ3(τ = 0) i∂tΦ2(tL = 0) + ∂τΦ3(τ = 0) = 0

Φ2(tR = 0) = Φ3(τ = π) −i∂tΦ2(tR = 0) − ∂τΦ3(τ = π) = 0 .

Incidentally, one may have wondered why the second set of horizontal line segments

in figure 3.6 points to the left rather than to the right. This can be seen from the

matching conditions (3.88): as one may verify they correspond to C1 continuity

110
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in the complex time plane only if the contour has the shape of figure 3.6. One

may also verify that a replacement tR2 → −tR2 has no effect on the shape of the

contour.

3.4.2 Mode solutions

We can now turn to the computation of two-point functions. We start by finding

mode solutions to the Klein-Gordon equation,

�GΦ −m2Φ = 0 , (3.89)

on the various components. As usual, m2 = ∆(∆ − 2) and we assume ∆ = 1 + l

with l ∈ {1, 2, . . .}. In Lorentzian signature, we find two possible solutions, which

we denote by ψ±,

ψ± = e−iωt+ikφf(±ω, k, r) , (3.90)

with a radial part given by

f(ω, k, r) = Cωkl

(
1 − 1

r2

)iω/2
r−l−1

× F (
i

2
(ω − k) +

1

2
(1 + l),

i

2
(ω + k) +

1

2
(1 + l); iω + 1; 1 − 1

r2
) , (3.91)

with F (a, b; c; z) a hypergeometric function and

Cωkl =
Γ( i2 (ω + k) + 1

2 (1 + l))Γ( i2 (ω − k) + 1
2 (1 + l))

Γ(iω + 1)Γ(l)
(3.92)

chosen such that the coefficient of the leading behavior of f(±ω, k, r) as r → ∞
equals one. The asymptotic expansion of the modes is given by

ψ± = e−iωt+ikφ
(
rl−1 + . . .+α(±ω, k, l)r−l−1[ln(r2) + β(±ω, k, l)] + . . .

)
, (3.93)

with

α(ω, k, l) = (−1)l
( i2 (ω + k) + 1

2 (1 − l))l(
i
2 (ω − k) + 1

2 (1 − l))l

l!(l− 1)!
,

β(ω, k, l) = −ψ(
i

2
(ω + k) +

1

2
(1 + l)) − ψ(

i

2
(ω − k) +

1

2
(1 + l)) + local ,

(3.94)

where the local terms we omitted from β(ω, k, l) originate from the expansion

of the prefactor (1 − 1/r2)iω/2 up to the relevant order. Such local terms lead

to contact terms in the two-point function and will be omitted. The similarity

between the modes (3.91) and (3.5) is not accidental: one may verify that the

backgrounds with the metrics (3.83) and (3.2) are related by analytic continuation
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in complex (t, r, φ)-space, and so are the corresponding mode solutions in these

backgrounds. Since the behavior of the modes in the interior of the spacetime is

different, we will not use this fact here.

Near the horizon both modes oscillate infinitely rapidly. To see this, we transform

to Poincaré coordinates, given by

tanh(t) = − y
x
, r2 =

x2 − y2 + z2

z2
, e2φ = x2 − y2 + z2 , (3.95)

which brings the metric to the form

ds2 =
1

z2
(dx2 − dy2 + dz2) . (3.96)

With this definition the future and past horizons on the L quadrant are mapped

to x = −y and x = y, respectively. Taking the near-horizon limit x ± y → 0, we

find

ψ± = Cωkl exp
(
∓ iω

2
ln(x± y)2 + i(k ∓ ω)φ

)
(1 + . . .) . (3.97)

We can create modes that are well-defined almost everywhere on the Lorentzian

segments via analytic continuation across the horizons, in the way specified by

Unruh [67, 68], see also [41]. Depending on whether we analytically continue from

L to R via the lower or the upper half of the complex y plane, an extra factor of

eπω or e−πω should be added to the L mode to produce an R mode. Since this is

the case for both ψ+ and ψ−, we find four different combinations:

φ++ =

{
e−iωt+ikφf(ω, k, r) on L

e−iωt+ikφ+πωf(ω, k, r) on R

φ+− =

{
e−iωt+ikφf(ω, k, r) on L

e−iωt+ikφ−πωf(ω, k, r) on R

φ−+ =

{
e−iωt+ikφf(−ω, k, r) on L

e−iωt+ikφ+πωf(−ω, k, r) on R

φ−− =

{
e−iωt+ikφf(−ω, k, r) on L

e−iωt+ikφ−πωf(−ω, k, r) on R .

(3.98)

These modes form a complete set both on L and on R, and can thus be used to

decompose any solution. In particular, solutions that are regular at the horizons

can be obtained as an infinite sum over these modes.

Finally, on the Euclidean solutions M0 and M3, the mode solutions are as usual

obtained by the replacement t → −iτ in the ψ±. In this case, there is no need
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for an analytic continuation, and we find two rather than four solutions, which we

denote by φ±:

φ± = eωτ+ikφf(±ω, k, r) . (3.99)

Going through the same arguments as before, one finds that these modes also

oscillate infinitely fast near the horizon.

3.4.3 No normalizable solution

Let us now show the absence of a normalizable solution satisfying the matching

conditions. This would imply uniqueness of any solution satisfying given radial

boundary data.

We begin on M1 where we write

Y1 =
∑

k

∫
dω(c[1]++φ++ + c[1]+−φ+− + c[1]−+φ−+ + c[1]−−φ−−) , (3.100)

with the c[1]±± some functions of ω and k. Notice that the sum is over r+k ∈ Z

to comply with the periodicity (3.84). The solution looks different in the various

regions. Using (3.98) we obtain

Y1,L =
∑

k

∫
dωe−iωt+ikφ[(c[1]++ + c[1]+−)f(ω) + (c[1]−+ + c[1]−−)f(−ω)] ,

Y1,R =
∑

k

∫
dωe−iωt+ikφ[(c[1]++e

πω + c[1]+−e
−πω)f(ω)

+(c[1]−+e
πω + c[1]−−e

−πω)f(−ω)] , (3.101)

where here and below we suppress the k, r arguments from f(ω, k, r) for notational

simplicity. By substituting the asymptotic behavior (3.93) of the modes, we find

that Y1 is normalizable on both L and R if

c[1]++ + c[1]−− + c[1]+− + c[1]−+ = 0 ,

(c[1]++ + c[1]−+)eπω + (c[1]+− + c[1]−−)e−πω = 0 .
(3.102)

Similarly, on M2 we consider

Y2 =
∑

k

∫
dω(c[2]++φ++ + c[2]+−φ+− + c[2]−+φ−+ + c[2]−−φ−−) (3.103)

and the same argument as above leads to the the same conditions (3.102) but with

c[1]±± replaced by c[2]±±. Besides satisfying the same radial boundary data, the

matching conditions between M1 and M2 imply that Y1 and Y2 also have the same
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initial data on the matching surface. Since the solution on either M1 or M2 is

uniquely specified by boundary and initial data, we find that c[2]±± = c[1]±±.

On the Euclidean parts M0 and M3 the solution should be a linear combination

of the Euclidean modes (3.99). We write it as

Y0 =
∑

k

∫
dωeωτ0−ikφ[c[0]+f(ω) + c[0]−f(−ω)] ,

Y3 =
∑

k

∫
dωeωτ3−ikφ[c[3]+f(ω) + c[3]−f(−ω)] .

(3.104)

As for Y1 and Y2, the demand for normalizability implies

c[0]+ + c[0]− = 0, c[3]+ + c[3]− = 0 . (3.105)

We now impose the matching conditions (3.88) between the Euclidean and the

Lorentzian solution. Using the orthogonality of the normalizable modes, this leads

to algebraic relations between the individual coefficients c[i]± and c[j]±±. In par-

ticular, the matching conditions between M0 and M1 determine

c[1]+− = 0 , (3.106)

while those between M2 and M3 fix

c[1]−+ = 0 . (3.107)

Using (3.102) we conclude that all the c[1]±± = 0 and thus no normalizable solution

exists.

3.4.4 Bulk-boundary propagator

We will now find the bulk-boundary propagator for a delta-function source at (t̂, φ̂)

on the L part of M1. Since we have just shown the absence of any normalizable

solution, any bulk-boundary propagator that satisfies the matching conditions is

guaranteed to be unique. Let us therefore make an educated guess and consider a

solution X1 on M1 that contains only the modes φ++ and φ−−:

X1 =
1

4π2r+

∑

k

∫
dωeiωt̂−ikφ̂(a[1]++φ++ + a[1]−−φ−−) , (3.108)

with new coefficients a[1]±± which are to-be determined functions of ω and k.

Again, to comply with the periodicity of φ given in (3.84), we need r+k ∈ Z

as well as the extra prefactor of 1/r+ to normalize the boundary delta function.
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Notice that we already split off a factor eiωt̂−ikφ̂ from a[1]++ and a[1]−−. On the

two regions R and L, our ansatz takes the following form:

X1,L =
1

4π2r+

∑

k

∫
dωe−iω(t−t̂)+ik(φ−φ̂)[a[1]++f(ω) + a[1]−−f(−ω)] , (3.109)

X1,R =
1

4π2r+

∑

k

∫
dωe−iω(t−t̂)+ik(φ−φ̂)[a[1]++e

πωf(ω) − a[1]−−e
−πωf(−ω)] .

As we mentioned above, we put a delta-function source on (t̂, φ̂) on the conformal

boundary of L and no sources on the conformal boundary of R. Substituting the

asymptotics (3.93), such boundary conditions for X1 lead to

a[1]++ + a[1]−− = 1 ,

a[1]++e
πω + a[1]−−e

−πω = 0 .
(3.110)

Notice that these conditions already fix the solution on M1 to be:

a[1]++ =
−1

e2πω − 1
, a[1]−− =

e2πω

e2πω − 1
. (3.111)

In passing, we mention that it is not manifest that X1 is finite at the horizons. To

check this, one substitutes the near-horizon expansion (3.97) of the modes and then

computes the ω-integral by contour deformation. One finds that an iǫ-insertion is

necessary to ensure convergence and to regulate the lightcone singularity. (A subtle

point is that the a[1]++ and a[1]−− both have a pole at ω = 0, but the residues

cancel each other so the contour can be freely deformed around this singularity.)

The sum over k can be computed using similar methods as we employ for the two-

point function below and the computation then shows that after the iǫ insertion

X1 is regular at all the horizons indeed. Notice that the light-cone singularity is

expected; we found a similar singularity when we wrote down the position-space

expression (3.56) in Poincaré coordinates. It can be removed by integrating the

delta function on the boundary against a smooth source.

Let us now verify that we can find normalizable solutions on M0, M2 and M3 such

that the matching conditions are satisfied, so that X1 is indeed the bulk-boundary

propagator on M1. We start with the matching solution X0 on M0. It should be

a linear combination of the modes φ±,

X0 =
1

4π2r+

∑

k

∫
dωeωτ+ikφeiωt̂−ikφ̂(a[0]+f(ω) + a[0]−f(−ω)) . (3.112)

Let us consider the following coefficients:

a[0]+ = a[1]++ , a[0]− = −a[1]++ = a[1]−− − 1 , (3.113)
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with a[1]±± as given above. As one may directly verify by substituting the asymp-

totic behavior (3.93) (now with t = −iτ), the solution X0 is normalizable since

a[0]+ + a[0]− = 0. Notice furthermore that 0 < τ < π on M0. Therefore, despite

the factor eωτ , the ω-integral is still convergent along the real axis on M0, because

a[0]± ∼ e−2πω for large positive ω.

To verify that the matching conditions are satisfied between M0 and M1, notice

that the difference between the Euclidean and the Lorentzian solution on L,

X1,L(t = 0) −X0(τ = 0) =
1

4π2r+

∑

k

∫
dωeiωt̂−ikφ̂φ−− = 0 (3.114)

since t̂ > 0, so one can deform the contour in the upper half of the complex ω-

plane where φ−− has no poles even at normalizable order. (Actually, near the

horizon, it is the oscillating behavior of radial part of the modes that determines

where to deform the contour to. Since this is still the upper half plane, the

difference vanishes there as well.) A similar argument shows that the second

matching condition on L as well as the both matching conditions on R are also

satisfied.

Next we consider the solution on M2,

X2 =
1

4π2r+

∑

k

∫
dω e−iωt2+ikφeiωt̂−ikφ̂(a[2]++φ++ + a[2]+−φ+−

+ a[2]−+φ−+ + a[2]−−φ−−) .

(3.115)

Since the radial boundary data on M1 and M2 are now different, we cannot use

the argument used earlier for the normalizable solution Y to argue that a[2]±± is

the same as a[1]±± and we have to compute a[2]±±.

To begin with, notice that the matching between M1 and M2 takes places on the

F component of the black hole as indicated in figure 3.7. Starting from the L

quadrant one must cross the future horizon but not the past horizon to arrive at

the F quadrant. Therefore, the modes φ++ and φ+−, which become singular at

the future horizon, acquire an additional factor of e±πω as we move from L to F.

However, the modes φ−± become singular only at the past horizon and do not get

such a factor. These factors should be included both on M1 and M2 and show up

in the matching conditions:

a[2]+−e
−πω + a[2]++e

πω = a[1]+−e
−πω + a[1]++e

πω =
−eπω

e2πω − 1
,

a[2]−+ + a[2]−− = a[1]−+ + a[1]−− =
e2πω

e2πω − 1
.

(3.116)
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3.4. Stationary black holes

These two equations, together with those arising from normalizability on both

sides of M2, completely fix the a[2]±± to be:

a[2]++ = 0 , a[2]+− =
−e2πω
e2πω − 1

,

a[2]−+ = 0 , a[2]−− =
e2πω

e2πω − 1
, (3.117)

and we have found a normalizable solution X2 on M2 that matches to the solution

X1 on M1.

Finally, we need to verify that we can obtain a normalizable solution X3 on M3

that matches to X2. Since X2, in contrast with X1, is already fully normalizable,

X3 can be easily obtained by a simple analytic continuation of the solution on

X2. Just as for M0, one may again verify that the ω-integral in X3 is convergent

along the real axis, that X3 is normalizable and that the matching conditions are

satisfied.

Thus, the bulk-boundary propagatorX1 can be matched to normalizable solutions

on all segments. Since there are no solutions that are everywhere normalizable,

we have obtained the bulk-boundary propagator for the black hole filling of the

contour of figure 3.6. The same bulk-boundary propagator was actually writ-

ten down in [41], where it was obtained by imposing boundary conditions at the

horizon which are natural from considerations of quantum field theory in curved

space [68]. We have now derived that this is indeed the correct bulk-boundary

propagator for the real-time gauge/gravity dictionary.

3.4.5 Two-point functions

In this subsection we will compute the time-ordered and Wightman function for

real times. By looking at figure 3.6, we find that we need operator insertions on

the L component of either M1 or M2, because these segments lie along the real

time axis. To simplify the notation we omit the subscript L, which should be

understood in all formulas in this subsection.

As we explained in section 2.3, the one-point function in the presence of sources

is again just the normalizable component φ(2l) of the bulk-boundary propagator,

times a factor −2l which is fixed by holographic renormalization. Completely

analogous to the analysis in section 3.1, this normalizable component φ(2l) can

be read off by substituting (3.93) in the solution X1,L or X2,L. The two-point
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function computation is again completely analogous, and we find

〈TO(x)O(x′)〉 = 〈TCO[1](x)O[1](x
′)〉 =

li

2π2r+

∑

k

∫
dωe−iω(t−t′)+ik(φ−φ′)×

[a[1]++α(ω, k, l)β(ω, k, l) + a[1]−−α(−ω, k, l)β(−ω, k, l)] . (3.118)

We recognize the structure of a time ordered propagator at finite temperature [51].

Such a propagator is of the form

∆(ω, k) = −n(ω)∆A(ω, k) + (1 + n(ω))∆R(ω, k) , (3.119)

with n(ω) the Bose-Einstein distribution,

n(ω) =
1

eβω − 1
, (3.120)

and ∆R and ∆A are the retarded and advanced thermal propagators, which should

be analytic functions in the respectively upper and the lower half of the complex ω

plane, see appendix 2.A. Since β = 2π in our coordinates, we find a[1]++ = −n(ω).

The structure of (3.118) thus agrees with expectations.

To obtain a position-space expression, choose t′ = 0 and t > 0. This allows us

to perform the ω-integral by deforming the contour to the lower half plane and

picking up the poles. These poles come from β(−ω, k, l) and from the a++ and

the a−−. The former have poles at the quasinormal frequencies,

ω = ω±
nk ≡ −i(2n+ l + 1) ± k , (3.121)

and the latter have poles at ω = −im with m ∈ {1, 2, . . .} (the apparent pole at

ω = 0 in α++ and α−− has zero residue).

Afterwards, we compute the sum over k as follows. We first use Poisson resum-

mation to replace the sum by an integral and a sum over images φ ∼ φ + 2πr+p

with p ∈ Z. The integral can again be done via contour deformation, replacing

it by an infinite sum over residues as well. One then finds that the sum over the

poles at ω = −im vanishes and we are left with the sum involving the quasinormal

frequencies only,

(−1)l+12l

πΓ(l)Γ(l + 1)r+

∑

±

∞∑

n=0

∞∑

m=1

(±1)e−i(2n+l+1±m)(t−iǫt)+imφ×

Γ(1 + n+ l ±m)Γ(1 + n+ l)

Γ(1 + n±m)Γ(1 + n)
, (3.122)

where the iǫ factor is uniquely fixed by requesting convergence away from contact

points and we suppressed the aforementioned sum over images. This expression
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3.4. Stationary black holes

can be evaluated without too much difficulty and adding the sum over images

(remembering that the Poisson resummation yields an extra factor of r+), we

finally get

〈TO(x)O(0)〉 =
∑

m∈Z

l2/(2lπ)

[− cosh(t− iǫt) + cosh(φ+ 2mπr+)]l+1
. (3.123)

This computation was done using the metric in (3.83) where the mass of the

BTZ entered through the periodicity of the angular coordinate (3.84). To restore

standard conventions, we now perform the diffeomorphism t → r+t and φ→ r+φ

followed by a Weyl transformation so that the boundary background metric is

ds2 = −dt2 + dφ2 with φ ∼ φ + 2π. Implementing these transformations in the

two-point function we obtain

〈TO(x)O(0)〉 =
∑

m∈Z

(2πT )4l+4l2/(2lπ)

[− cosh(2πT t− iǫt) + cosh(2πT (φ+ 2mπ))]l+1
, (3.124)

where we reinstated the temperature T given in (3.81). This correlator satisfies the

KMS condition and is a sum over images in the φ direction. It was obtained earlier

via an analytic continuation of the Euclidean correlator in [69]. As discussed in

more detail in [63], it is related to the thermal AdS two-point function by a double

analytic continuation. This can directly seen from (3.123), where the substitution

t → iφ̂ and φ → it̂ yields precisely (3.47) (up to iǫ insertions which then have to

be inserted by hand). This is the real-time manifestion of the fact that Euclidean

thermal AdS3 and Euclidean BTZ, which are both filled tori, are related by an S

transformation of the boundary torus.

Let us also write down the Wightman function, which can be obtained following

the same steps as in section 3.1.3:

〈O(x)O(x′)〉 = 〈TCO[2](x)O[1](x
′)〉 =

−li
2π2r+

∑

k

∫
dωe−iω(t−t′)+ik(φ−φ′)×

[a[2]+−α(ω, k, l)β(ω, k, l) + a[2]−−α(−ω, k, l)β(−ω, k, l)] . (3.125)

We can again obtain a position-space expression by closing the contour and picking

up the poles, which results in

〈O(x)O(0)〉 =
∑

m∈Z

(2πT )4l+4l2/(2lπ)

[− cosh(2πT t− iǫ) + cosh(2πT (φ+ 2mπ))]l+1
. (3.126)

Finally, the retarded two-point function is of the form

i∆R(x, 0) ≡ θ(x)〈[O(x),O(0)]〉 = 〈TO(x)O(0)〉 − 〈O(0)O(x)〉 . (3.127)
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From the above expressions, we find that it is analytic in the upper half of the

complex ω-plane and vanishes for t < 0. Actually, it has support only on the

forward lightcone, which agrees with QFT expectations. Notice also that there

is no need to insert iǫ’s in the frequency-space expressions, since the poles in the

complex frequency plane all have non-zero imaginary part. Such behavior however

cannot arise in a CFT with a discrete energy spectrum, at least at finite N , where

one expects that retarded correlators have poles on the real axis. Reconciling this

behavior with expectations from the AdS/CFT correspondence is still an open

issue; we refer to [39, 63] for discussions of this point.

Let us finally remark that the retarded two-point function (3.127) can also be

shown to be related to purely ingoing boundary conditions at the horizon [41],

leading eventually to a recipe as presented in [40]. The derivation of this recipe

from the current perspective is presented in more detail in the next chapter.

3.5 Rotating black holes

In the previous examples, we started with a CFT contour and obtained a corre-

sponding bulk solution by the condition that it ‘filled’ this contour. In this section

we will do the converse. We will start from a Lorentzian solution and look for

Euclidean solutions that can be matched to it. This then leads to a specific CFT

contour corresponding to the combined solution.

Let us discuss the practical use of this procedure. As discussed in section 2.1, the

parts of the solution associated with vertical segments of the contour are directly

related to the initial and final state or density matrix of the field theory. The

same information is in principle also encoded in the asymptotics of the solution,

since from those one can compute the holographic 1-point functions and from them

in principle one can reconstruct the dual state. Typically, it is not very easy to

extract the dual state starting from the vevs. The real-time methods discussed

here present a new tool, namely given a Lorentzian solution one looks for Euclidean

solutions that can be matched to it. One then uses this information to infer the

holographic interpretation of the solution.

In this subsection we illustrate how this is done using the rotating BTZ black hole

[70, 71]. This discussion readily generalizes to higher dimensional rotating AdS-

Kerr black holes [72, 73, 74]. As one may expect, the contour turns out to be a

thermal contour with a chemical potential for angular momentum. Furthermore,

this example illustrates a number of additional issues as it provides a concrete

example of the use of a complex metric.
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3.5. Rotating black holes

3.5.1 Lorentzian solution

The metric for the three-dimensional rotating BTZ black hole [70, 71] is given by

ds2 = −(r2 − r2+ − r2−)dt2 + r2dφ2 + 2r+r−dtdφ +
r2dr2

(r2 − r2+)(r2 − r2−)
, (3.128)

with φ periodic,

φ ∼ φ+ 2π . (3.129)

The mass, angular momentum and temperature of the black hole are related to

r+ and r− via

M =
r2+ + r2−

8G3
, J =

r+r−
4G3

, T =
r2+ − r2−
2πr+

. (3.130)

It is convenient to use (t̂, φ̂, r̂) coordinates:

t̂ = r+t+ r−φ ,

φ̂ = r−t+ r+φ ,

r̂2 =
r2 − r2−
r2+ − r2−

.

(3.131)

Then the metric becomes

ds2 = −(r̂2 − 1)dt̂2 +
dr̂2

r̂2 − 1
+ r̂2dφ̂2 , (3.132)

with the periodicity condition

(t̂, φ̂) ∼ (t̂+ 2πr−, φ̂+ 2πr+) , (3.133)

with r− and r+ real, and we consider 0 ≤ |r−| < r+ but not the extremal case

where |r−| = r+.

We consider an eternal rotating BTZ black hole with two radial boundaries. The

rotating BTZ black hole has a Penrose diagram that can be extended indefinitely

to the future and the past, across the various horizons [71]. We will however cut off

the spacetime along a spacelike hypersurface extending from one radial boundary

to another, just as for the static BTZ example of the previous subsection. We thus

explicitly avoid these extra regions and the singularities.

3.5.2 Euclidean solution

To find a boundary contour corresponding to this spacetime, we will first look for

a Euclidean solution that is to be matched to the Lorentzian solution across some
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initial hypersurface. Usually, in passing to the Euclidean version of a rotating black

hole we not only make the replacement t = −iτ , but also analytically continue the

angular momentum parameter (which is J or r− in our case) to imaginary values.

This way, the Euclidean metric one obtains is real. We will however show that

the matching conditions are only satisfied for a complex Euclidean metric, given

in coordinates (τ, r, ϕ) by

ds2 = (r2 − r2+ − r2−)dτ2 + r2dϕ2 − 2ir+r−dτdϕ +
r2dr2

(r2 − r2+)(r2 − r2−)
, (3.134)

with coordinate ranges we make precise below. We now discuss this metric in

more detail. First of all, the Einstein equations are still satisfied for the complex

metric, since they are satisfied for any real or complex r−. Second, a coordinate

singularity arises at the horizons. Insisting on a nondegenerate metric, a (complex)

coordinate transformation near the horizon shows that the necessary periodicity

in Euclidean time that avoids such a singularity is

(τ, ϕ) ∼ (τ +
2πr+
r2+ − r2−

, ϕ+
2πir−
r2+ − r2−

) , (3.135)

which notably involves a translation in the imaginary ϕ direction. To comply

with this periodicity, we will take the Euclidean manifold M0 to be defined as

follows. We first introduce MC by extending the coordinates (τ, r, ϕ) to complex

values, with the periodicities as above. The metric (3.134) should then be seen as

a nondegenerate holomorphic (2, 0)-tensor on MC. Within MC, we take M0 to be

the submanifold given by real τ and r, but Im(ϕ) = τ(r−/r+). Notice that M0

has three real dimensions. The metric restricts to M0 as a complex tensor and the

volume element is a three-form which we can integrate along M0. If we introduce

ϕ̂ = φ− ir−
r+

τ , (3.136)

then τ , r and ϕ̂ are real on M0 and therefore constitute an ordinary real coordinate

system on M0. In these coordinates the periodicity becomes

(τ, ϕ̂) ∼ (τ +
2πr+
r2+ − r2−

, ϕ̂) (3.137)

and ϕ̂ ∼ ϕ̂+ 2π as well. However, the boundary metric in (τ, ϕ̂) coordinates is no

longer diagonal. Since this will complicate the analysis below, we continue to use

the complex ϕ coordinate instead.

3.5.3 Matching

Let us now glue the ‘Euclidean’ and the Lorentzian manifolds together. We will

first match the manifolds along a slice of constant t or τ away from the horizon.
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Afterwards, we will deal with the subtleties introduced by the horizon.

We begin with the first matching condition. On the Lorentzian side, we find that

the induced metric on a slice of constant t is given by:

hABdx
AdxB = r2dφ2 +

r2dr2

(r2 − r2+)(r2 − r2−)
. (3.138)

On the Euclidean side, we find exactly the same metric on a slice of constant τ ,

with the replacement φ→ ϕ, and therefore the first matching condition is satisfied.

Let us now discuss the matching of the canonical momenta. On the Lorentzian

side the extrinsic curvature (defined as usual with a real outward pointing unit

normal) is

LKABdxAdxB =
2r+r−√

(r2 − r2+)(r2 − r2−)
drdφ (3.139)

and on the Euclidean side we obtain

EKABdxAdxB =
2ir+r−√

(r2 − r2+)(r2 − r2−)
drdφ . (3.140)

A short computation then shows that the second matching condition is satisfied

as well, including the factor of i. Finally, the ‘corner’ matching condition which

we discussed in section 2.4 is also satisfied.

Notice that a complex metric is already needed in the first matching condition,

i.e. the continuity equation for the induced metric hAB. Had we continued r−
to imaginary value on the Euclidean side so that the bulk metric is real, the

induced metrics on the matching surface would not be the same (because the

factor 1/(r2 − r2−) in (3.138) would become 1/(r2 + r2−)). The fact that the metric

is complex is therefore not directly related to the factor of i appearing in the

matching conditions for the conjugate momenta.

The matching conditions should also be satisfied at the horizons. Based on the

example of the static BTZ black hole, one may consider using half a period of the

Euclidean solution and matching the surface given by τ = 0 to tL = 0 and the

surface given by τ = πr+/(r
2
+ − r2−) to tR = 0. However, moving from τ = 0 to

τ = πr+/(r
2
+ − r2−) on M0 also involves an extra shift in the complex ϕ direction.

Therefore, a correct matching can be obtained by setting φL = ϕ on the matching

surface at L, and φR = ϕ + πir−/(r2+ − r2−) at R. One may then verify that the

matching condition are satisfied at the horizon by transforming to a coordinate

system that is nonsingular at the horizon. Since ∂ϕ is a Killing vector, the gravity

matching conditions for the background were insensitive to the extra twist in ϕ.
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Im(t)

Im(φ)

Re(t)

Figure 3.10: The contour for the boundary CFT that corresponds to a rotating black

hole does not only lie in the complex t plane, but also extends into the complex φ plane.

The circles should be identified.

However, for a scalar field the first matching condition becomes

Φ0(τ = 0, ϕ = 0, r) = Φ1,L(tL = 0, φ = 0, r) ,

Φ0(τ =
πr+

r2+ − r2−
, ϕ =

πir−
r2+ − r2−

, r) = Φ1,R(tR = 0, φ = 0, r) .
(3.141)

which is clearly sensitive to the twist in ϕ.

We have shown that (half of) M0 with the metric (3.134) can be matched to the

Lorentzian rotating BTZ black hole. We can therefore also glue two Euclidean

and two Lorentzian spacetimes in the same manner as shown in figure 3.9 for the

BTZ black hole. Analyzing then the boundary of this combination of spacetimes,

we can finally read off the boundary contour corresponding to the rotating BTZ

black hole: it is the contour of figure 3.10. This is the same contour as in figure

3.6, except that the vertical segments involve a shift in the imaginary φ (or ϕ)

direction of total magnitude 2πr−/(r2+ − r2−). Let us now interpret this result in

field theory.

First of all, notice that the boundary metric on the vertical segments is already

complex, as can be verified by using real coordinates for the boundary ofM0 via the

coordinate transformation (3.136). This is in fact consistent with the anticipated

result that this contour corresponds to a CFT at finite temperature and with non-

zero chemical potential for angular momentum. Namely, for such an ensemble the

density matrix is

ρ = exp(−β(H + µPφ)) , (3.142)

where H is the Hamiltonian and Pφ is a translation in φ. At the level of the

path integral, such an ensemble corresponds to a contour that not only evolves in

the imaginary time but also in the imaginary φ direction. From the periodicity

(3.135), we immediately read off:

β =
2πr+
r2+ − r2−

µ =
r−
r+

. (3.143)
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Of course, if one works purely in Euclidean time, one may also analytically continue

µ, r− and J and then both the boundary and the bulk metric would be real. Our

aim here was to develop a real-time formalism and this led to complex metrics

both in the boundary theory and in the bulk spacetime.

Let us finish this section with a brief comment on the use of complex (but non-

degenerate) metrics in quantum gravity. First, it has been argued in the past (see

for example [57]) that use of complex metrics after Wick rotation might be essen-

tial for a path integral over metrics. Second, saddle-point approximations often

involve a deformation of the integration contour to a point in the complex plane,

even if the integral originally is along the real axis. One particularly elementary

example where this happens is a discretized vacuum-to-vacuum path integral for

the harmonic oscillator, where the initial and final vacuum wave functions require

such a contour deformation. Finally, complete reality of the bulk metric can no

longer be maintained when one studies perturbations, as the iǫ insertions that

follow from our prescription necessarily yield a complex graviton propagator.

3.6 Conclusion

In this chapter we holographically computed a number of real-time correlation

functions using the prescription that we presented in chapter 2. The first two

examples involved the holographic computation of a vacuum time-ordered and

Wightman function. Although their functional form was already known, we were

able to compute both of them completely holographically, without analytic contin-

uation or insertion of iǫ factors by hand; instead, our computation provided for all

the right signs and iǫ insertions. We then computed a two-point function in real-

time thermal AdS. In this computation, we used the same Lorentzian background

but different initial data, which highlights the importance of properly defining the

initial and final boundary conditions.

The prescription can be used to compute higher-point functions as well and we

explicitly demonstrated how to do such computations in an AdS background. This

discussion straightforwardly extends to any other Asymptotically (locally) AdS

bulk spacetime. It is worth mentioning that our prescription resulted in a bulk-

bulk propagator which is already of quantum-mechanical nature (i.e. Feynman

rather than retarded). This shows that the bulk fields are path-integral quantized

and the Euclidean caps provide the proper initial and final states. The prescription

thus naturally incorporates QFT in curved space and it is not necessary to quantize

perturbations by hand again.

A real-time thermal contour can also be ‘filled’ with an eternal black hole space-
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time. Despite the presence of singularities and horizons, we demonstrated how

the initial and final conditions could again be unambiguously specified via Eu-

clidean caps. This procedure extends to rotating black holes, where the analytic

continuation is more subtle. In our case, the reality conditions of the bulk fields

and factors of i that arise in passing from real to imaginary time agree with QFT

arguments, where the situation is well-understood. In particular, this procedure

led to a complex bulk (and boundary) metric in the case of a rotating black hole.

The correlators we computed in the various examples were largely known from ear-

lier work, where they were obtained using special properties of the backgrounds

and analytic continuation. The emphasis here was on the coherent derivation of

these results using the new real-time prescription: statistical factors and appropri-

ate iǫ insertions in 2-point functions all follow uniquely from solving the matching

conditions.
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