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Chapter 6

Coordinate systems for

wormholes

In all of the previous literature as well as in the previous chapter the wormhole

spacetimes of [76, 77] are described abstractly as quotients of a part of AdS3.

While this presents no loss of information, this description is abstract and requires

mastering prerequisite mathematical background in order to understand the prop-

erties of these spacetimes. One should contrast this with the case of the BTZ black

hole [107, 86] where one has an explicit metric containing the physical parameters

(the mass and angular momentum). The BTZ black hole also has an abstract

representation as a quotient of AdS3 but this has not been used as much as the

explicit metric description. With the hope that a more concrete description of the

wormholes would make them more readily accessible we derive in this chapter such

an explicit description where all parameters that determine the spacetime appear

explicitly in the metric.

6.1 Introduction and summary of results

We will see below how the wormholes can be described using a set of intuitive

coordinate charts which taken together completely cover the spacetime. Each

chart has the topology of a spacelike cylinder times a ‘time’ coordinate. The

coordinate systems are chosen in such a way that coordinate ranges are natural

and the structure of the spacetime appears explicitly in the metric. More precisely,

we mentioned that a wormhole spacetime based on a Riemann surface of genus g
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6. Coordinate systems for wormholes

M1

M3

M4

M5

M6

M7

M2

χ3

χ4

χ5

χ6

χ7

Figure 6.1: A fatgraph representing the wormhole spacetime sketched in figure 5.1.

with m circular boundaries is completely specified by 6g− 6+3m parameters and

we will see below that all these parameters explicitly appear in the metric on the

various charts.

The complete description of the spacetime can be summarized in an oriented triva-

lent fatgraph like the one in figure 6.1. This graph should have m outer edges

(ends) and 3g − 3 +m inner edges. With every outer edge we associate one pa-

rameter Mk and with every inner edge two parameters Mi, χi, where k=1, . . . ,m

and i=m+ 1, . . . , 3g−3+2m. This yields a total of 6g− 6 + 3m parameters, which

is indeed the correct number of moduli1. We now associate a coordinate chart to

every edge of the fatgraph and every such chart has a canonical metric on it. The

precise definition of the coordinate charts as well as the meaning of the orienta-

tion is given below. To complete the description we need to specify the transition

functions in the overlap regions and these are also given below.

Thus, the spacetime is described by the graph and two different metrics, one for

the outer charts and one for the inner charts. The metric in the kth outer chart

takes the form:

ds2k =
ρ2 +Mk

cosh2(
√
Mkτ̃ )

(−dτ̃2 + dϕ2) +
dρ2

ρ2 +Mk
. (6.1)

The corresponding (τ̃ , ρ, ϕ) coordinate system has coordinate ranges,

τ̃ ∈ R , ϕ ∼ ϕ+ 2π ,
cosh(

√
Mk τ̃)ρ√

ρ2 +Mk

> Zk , (6.2)

where Zk is defined explicitly in equation (6.88) below. These coordinates extend

beyond the future and past horizons, which lie at

ρ =
√
Mk| sinh(

√
Mk τ̃)| . (6.3)

1As we review in section 6.2, the parameters {MI , χi} (I = k, i) are directly related to the

Fenchel-Nielsen coordinates of the moduli space of the Riemann surface.
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6.2. Fenchel-Nielsen coordinates

As discussed in section 5.2, if we restrict ourselves to the region outside of the

horizons we may also put the metric in the static BTZ form,

ds2k = −(r2 −Mk)dt
2 +

dr2

r2 −Mk
+ r2dφ2 , (6.4)

with coordinate ranges, r > Mk, t ∈ R and φ ∼ φ + 2π. In these metrics Mk is

the parameter of the corresponding outer edge. The metric in the ith inner chart

is given by

ds2i =
1

cosh2(t)

(
− dt2 +

µ2
i dr

2

(µir + νi)2 + cos2(χi)
+Mi

(
1 + (µir + νi)

2
)
dψ2

− 2µi
√
M i sin(χi)√

(µir + νi)2 + cos2(χi)
dψdr

)
,

(6.5)

with coordinate ranges, r ∈ [−1, 1], τ ∈ R and ψ ∼ ψ + 2π. This is a time-

dependent metric of constant negative curvature which (as far as we know) has

not appeared before in the literature. The parameters Mi and χi are the param-

eters associated with the ith inner edge. The parameters µi, νi on the other hand

are functions of the M parameters, see the discussion in section 6.6.2. Note that

both metrics (6.1) and (6.5) have an explicit U(1) isometry, the transition func-

tions however do not respect this symmetry and the entire spacetimes is not U(1)

symmetric.

The remainder of this chapter is structured as follows. In section 6.2 we review

the Fenchel-Nielsen coordinates on the Teichmüller space of Riemann surfaces.

We then define in section 6.3 the upper half plane H as a surface in three-

dimensional Minkowski space and express some hyperbolic geometry results in

this parametrization. Afterwards we consider the explicit construction of a build-

ing block of a Riemann surface, a so-called ‘pair of pants’, in section 6.4. In section

6.5 we define the domains on which the charts are defined and we prove that they

cover the spacetime entirely. Finally in section 6.6 we introduce the definition of

the coordinate systems and the related fatgraph description. We will also compute

the coordinate ranges, the metric and the transition functions.

6.2 Fenchel-Nielsen coordinates

In this section we review the definition of the Fenchel-Nielsen coordinates on the

Teichmüller space of Riemann surfaces of genus g with m > 0 circular boundaries

(and no punctures). As we discussed in section 5.2, all such Riemann surfaces are

quotients of the upper half plane, from which they all inherit a canonical metric

of constant negative curvature.
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Figure 6.2: Defining Fenchel-Nielsen coordinates on a Riemann surface. We cut the

Riemann surface into pairs of pants along simple closed geodesics and assign lengths li
to all the edges of every pants plus a twisting parameter tj for every gluing involving two

pairs of pants.

It can be shown that in this metric there is precisely one smooth periodic geodesic

corresponding to every nontrivial primitive loop on the surface. After a little

counting one finds that one can pick a maximum of 3g − 3 + 2m of such periodic

geodesics that do not intersect each other, see figure 6.2 for an example. We then

cut the Riemann surface along these geodesics, i.e. we remove these geodesics from

the surface. This leaves us with 2g− 2 +m disconnected so-called ‘pairs of pants’,

that is Riemann surfaces of genus 0 with three circular boundary components, as

well as m annuli. The annuli correspond to the regions on the Riemann surface

between a periodic geodesic that is retractable into a boundary component and

the boundary component itself.

The Fenchel-Nielsen coordinates are now based on the idea that we can reconstruct

the complete Riemann surface from this collection of pairs of pants and annuli,

provided we also specify how to glue these ‘building blocks’ together. Therefore,

we can define coordinates on the Teichmüller space of Riemann surfaces of the

given type by specifying enough data to first of all construct the pairs of pants

and annuli that make up the original surface, plus some rules on how to glue them

together.

Let us begin with the description of the individual pairs of pants and annuli.

Using hyperbolic geometry we explain in section 6.4 how the pairs of pants are

completely described by only three real moduli which one may take to be the

strictly positive lengths of the periodic geodesics along which we made the cuts.
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6.2. Fenchel-Nielsen coordinates
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Figure 6.3: The twist parameter t is defined by the angle between two points p and q

that lie at the intersection of the dashed geodesics with a boundary circle.

A similar statement is true for the annuli: these are completely specified by giving

the length of the periodic geodesic as well. Since we cut along 3g−3+2m periodic

geodesics, we find that we can reconstruct the individual pairs of pants and annuli

by the specification of precisely 3g − 3 + 2m strictly positive lengths.

Next, we have to specify the way in which the various components are glued to-

gether. More specifically, we have to specify the angle that the various components

have to be twisted with before we perform the gluing. Notice that these angles

are actually only relevant when we glue two pairs of pants together, since twisting

an annulus is an isometry. The angles are defined as follows, see figure 6.3. On

every pair of pants we may define three distinguished geodesics, namely the short-

est non-intersecting geodesics that run from one boundary circle to another. A

given boundary circle of the pants intersects with two of these geodesics, say at the

points p and p′. (Figure 6.3 is drawn slightly distorted since these points actually

lie diametrically opposite of each other. This follows from a reflection isometry

of the pair of pants whose fixed points are precisely the three geodesics we just

defined.) Following the same reasoning on the other pair of pants we find two more

points, say q and q′, on this boundary circle. The twist parameter describing the

gluing is now precisely the angle between, say, p and q on the boundary circle.2

Since we cut along 3g − 3 + 2m geodesics, we have as many gluings to perform.

For precisely m of these we glue annuli to pairs of pants, which leaves us with

3g − 3 +m gluings between pairs of pants for which we need to specify an angle.

Adding these to the 3g − 3 + 2m lengths precisely gives the required number of

6g − 6 + 3m parameters. Indeed, it can be shown that these lengths and angles

provide good coordinates that cover the Teichmüller space of Riemann surfaces of

2A shift of 2π in the angles corresponds to an element of the mapping class group and therefore

to two different points in Teichmüller space. Strictly speaking, therefore, these angles take values

in R in order to properly parametrize the Teichmüller space. We will be rather loose in this

distinction.

177



6. Coordinate systems for wormholes

the given type, which is therefore isomorphic to (R+)3g−3+2m ×R3g−3+m. This is

then the Fenchel-Nielsen description of the Teichmüller space.

6.3 The hyperbolic plane

This section gives a brief introduction to the geometry of the hyperbolic plane

H . We present a number of results in hyperbolic geometry that will be used

extensively in the next sections. We refer to [108] for the derivation of the results

that are stated without proof below.

We will describe the hyperbolic planeH as the U = 0 slice of the AdS3 hyperboloid

given in equation (5.6). We therefore consider three-dimensional Minkowski space

M3 with coordinates (X,Y, V ) and with an inner product between vectors a =

(aX , aY , aV ) and b = (bX , bY , bV ) given as:

〈a|b〉 ≡ aXbX + aY bY − aV bV . (6.6)

We define hyperbolic two-space H as the upper sheet of a hyperboloid:

H = {w ∈M3 : 〈w|w〉 = −1 ∧ wz > 0}. (6.7)

As we described in section 5.2, the restriction of the Poincaré coordinates (5.11)

on AdS3 to this slice precisely maps it to the upper half plane with the metric

(5.4).

We may also project H bijectively onto the unit disk ∆, defined as

∆ = {z ∈ C : |z| < 1} , (6.8)

with the metric

ds2 =
dzdz̄

4(1 − |z|2)2 . (6.9)

The map between H and ∆ is stereographic projection through (−1, 0, 0) onto the

(X,Y ) plane:

(X,Y, V ) 7→ X + iY

V + 1
= z. (6.10)

Most of the computations below will be performed using the embedding (6.7) of

H into Minkowski space. The figures on the other hand will be based on the unit

disk or upper half plane description.
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6.3. The hyperbolic plane

Distances

The distance d(w1, w2) obtained from the metric onH between two points w1, w2 ∈
H is given by:

cosh
(
d(w1, w2)

)
= −〈w1|w2〉 , (6.11)

where indeed −〈w1|w2〉 ≥ 1 on H .

Rays

Given a point p with with 〈p|p〉 > 0, we define the associated spacelike ray [p] as

the line from the origin through p:

[p] = {λp : λ ∈ R} . (6.12)

With this definition, the homogenized inner product between two spacelike rays is

given by:

〈[p1]|[p2]〉 ≡
|〈p1|p2〉|√

〈p1|p1〉〈p2|p2〉
, (6.13)

where the right hand side can be calculated for any nonzero p1 ∈ [p1] and p2 ∈ [p2].

Below we often use a similar notation where a property of rays is given in terms

of a formula involving its elements. In such cases the corresponding formulas are

invariant under p1 7→ µp1.

We define p̂ ∈ [p] to be a unit vector associated to [p], so

〈p̂|p̂〉 = 1. (6.14)

Given [p] this defines p̂ only up to a sign which we leave undefined for now.

Geodesics

Geodesics in H are given by the intersection of the hyperboloid with a plane

through the origin. Such a plane is necessarily timelike and thus orthogonal to a

spacelike ray: given any ray [p], the geodesic in H associated to it is defined as:

C[p] = {w ∈ H : 〈w|p〉 = 0}. (6.15)

Both in the unit disk and in the upper half plane geodesics are circular arcs or

straight lines whose endpoints are at a right angle with respect to the boundary

of the plane. Examples of such geodesics are sketched in figure 6.4. We will need

two lemma’s concerning geodesics in H .

Lemma 6.3.1. C[p1] and C[p2] are disjoint geodesics in H with disjoint endpoints

if and only if 〈[p1]|[p2]〉 > 1.
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6. Coordinate systems for wormholes

Proof. Consider the line of intersection of the planes associated to C[p1] and C[p2].

This line, which we call [p12], is spacelike if and only if the two geodesics are disjoint

in H : if not so, then a p12 ∈ [p12] would lie in H or on its boundary and then the

geodesics C[p1] and C[p2] would meet exactly at that point. So we need to verify

that [p12], defined as:

〈p12|p1〉 = 〈p12|p2〉 = 0 (6.16)

is spacelike. Equation (6.16) solves to:

p12 ∈
[(
p1yp2z − p1zp2y, p1xp2z − p1zp2x,−p1xp2y + p1yp2x

)]
(6.17)

and one can use the invariance of the inner product under conjugation so that we

can pick for example p1 = (1, 0, 0) and check directly that:

0 < 〈p12|p12〉 ⇔ 〈[p1]|[p2]〉 > 1 (6.18)

provided p2 is spacelike but this was part of the assumption.

Now, given any two completely disjoint geodesics C[p1] and C[p2], there exists a

unique geodesic orthogonal to both of them, which from (6.16) is exactly C[p12].

A straightforward calculation then shows that:

cosh
(
D(C[p1], C[p2])

)
= 〈[p1]|[p2]〉 (6.19)

where D is the minimal distance in H between the two geodesics, so the distance

measured along C[p12]. Note finally that p̂1 and p̂2 both lie in and in fact form a

basis for the plane associated to C[p12] (i.e. the plane orthogonal to [p12]).

Consider now three geodesics in H . By definition, a separating geodesic divides

H so that the other two geodesics lie on the opposite halves.

Lemma 6.3.2. Suppose C[p1], C[p2] and C[p3] represent three non-separating

geodesics in H that are disjoint and have disjoint endpoints. Then

〈p1|p2〉〈p1|p3〉〈p2|p3〉 < 0 . (6.20)

Proof. Another way of seeing non-separability is that for example the geodesic

C[p12], joining C[p1] and C[p2], does not intersect C[p3]. Translated into the same

condition as in lemma 6.3.1, namely that the corresponding planes in M3 intersect

along a spacelike ray, this becomes:

〈p1|p3〉2 + 〈p2|p3〉2 − 2〈p1|p2〉〈p1|p3〉〈p2|p3〉 > 0 (6.21)
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6.3. The hyperbolic plane

and similar for cyclic permutations of the indices. Recalling the invariance under

pi 7→ µipi, we choose pi = p̂i and introduce new variables:

h12 ≡ 〈p̂1|p̂3〉〈p̂2|p̂3〉
〈p̂1|p̂2〉

, (6.22)

and similarly h13 and h23. Now suppose that 〈p1|p2〉〈p1|p3〉〈p2|p3〉 > 0. Since

the sign of all hij is the same as that of 〈p1|p2〉〈p1|p3〉〈p2|p3〉, this means that all

hij > 0 as well, and we can rewrite (6.21) as:

h13 + h23 − 2h13h23 > 0 , (6.23)

but lemma 6.3.1 tells us that 〈p̂i|p̂j〉2 > 1, translating into for example:

h13h23 > 1 (6.24)

and therefore either h13 > 1 or h23 > 1. Let us suppose, relabeling if necessary,

that h13 > 1. Rewriting (6.23), however, as:

(1 − h23)h13 + (1 − h13)h23 > 0 , (6.25)

one deduces that then h23 < 1 and similarly (by permuting the indices) one ob-

tains that h12 < 1. This falsifies h12h23 > 1, which follows from a permutation

of the indices of (6.24), so our assumption is false: we have hij < 0 and so

〈p1|p2〉〈p1|p3〉〈p2|p3〉 < 0 necessarily.

Hypercycles

Finally we need the notion of hypercycles. These are defined as:

L(p) = {w ∈ H : 〈w|p〉 = −1} , (6.26)

for a point p with 〈p|p〉 > 0. There is a natural map from hypercycles to geodesics:

L(p) 7→ C[p]. On the disk, this maps a hypercycle to the geodesic that has the

same endpoints as the hypercycle. Some hypercycles and their associated geodesic

are drawn in figure 6.4. Notice that hypercycles are also straight lines or circular

arcs in the upper half plane or the unit disk, but they do not intersect the boundary

at a right angle.

The distance D(L(p), C[p]) between any point on L(p) and C[p] is constant and

given by

sinh2
(
D(L(p), C[p])

)
=

1

〈p|p〉 (6.27)

as can be easily seen after conjugation so that for example p = (λ, 0, 0).
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6. Coordinate systems for wormholes

Figure 6.4: On the left, two geodesics in the unit disk. They are straight lines or

circle segments whose ends are orthogonal to the boundary of the disk. On the right, four

hypercycles (dotted) with their associated geodesic. In the hyperbolic metric, the distance

between points on a hypercycle and the associated geodesic is constant.

Isometries

The connected component of the identity of the isometry group of H is the same

as that of the subgroup of the isometries of M3 that fixes the origin, which is

SO(2, 1) ≃ PSL(2,R). We explained in section 5.2 how it acts via Möbius trans-

formations in the upper half plane description, see equation (5.3). In this chapter

we need its action in the hyperboloid description (6.7). To this end we use the

result [108] that every such an isometry is generated by two reflections in timelike

planes through the origin in M3, so via reflections in geodesics in H . Given a

geodesic C[p], a reflection is defined as:

η[p] : w 7→ w − 2p̂〈w|p̂〉 (6.28)

Both the embedding of H and the inner product (6.6) are invariant under this

orientation-reversing map, so the composition of two reflections is an orientation-

preserving isometry of H and:

η[p] ◦ η[p′] : H → H (6.29)

is an element of Isom0(H). Note the invariance p̂ ↔ −p̂ in the definition of η[p]
and also that η[p] leaves C[p] pointwise fixed.

We will only use the hyperbolic elements of Isom0(H), which are by definition those

isometries that have exactly two fixed points on the boundary of H . Consider such

an isometry and call it γ. The unique geodesic in H connecting its fixed points

is called the ‘axis’ of γ and is left invariant by this particular isometry. So if we

denote the axis by C[p]γ , then

γ(C[p]γ) = C[p]γ . (6.30)

Since γ is an isometry and hence preserves distances, it follows that γ also leaves
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6.4. Construction of a pair of pants

p
p′

γ(p)

γ(p′)

Figure 6.5: An isometry γ maps points along the flow lines from one fixed point towards

the other. In this figure, the fixed points are the open circles. Two points p, p′and their

image under γ are also drawn.

the corresponding hypercycles invariant and therefore

γ(L(p)) = L(p) , (6.31)

for all p ∈ [p]γ , so for every hypercycle with the same endpoints as C[p]. This

allows us to visualize the action of γ in H : repeated application of γ moves points

along the hypercycles, more and more away from one fixed point and towards the

other. That is why the fixed points are also called the ‘limit points’ of γ and the

hypercycles its ‘flow lines’. Notice that γ is not uniquely specified by its invariant

geodesic, since the distance with which γ moves points along the flow lines can

vary. Also, note that γn, n ∈ Z, so in particular γ−1, have the same axis and flow

lines as γ.

6.4 Construction of a pair of pants

In section 6.2 we reviewed how the Riemann surfaces relevant for the wormhole

spacetimes can be constructed by gluing together ‘pairs of pants’, which are by

definition Riemann surfaces with g = 0 and m = 3. In this section we review how

such a pair of pants can be constructed as a quotient of H . We refer to [83] for

more details.

Before we describe the explicit construction the following comment is in order.

The pairs of pants used in the Fenchel-Nielsen decomposition of section 6.2 were

bounded by a periodic geodesic and we glued semi-infinite annuli to the m ends

that extended to a boundary of the complete Riemann surface. In this section

we will actually describe ‘extended’ pairs of pants where such annuli are glued to

all three boundary components. We will however also explicitly find the location
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6. Coordinate systems for wormholes

of the three periodic geodesics that are retractable into these three ends. It is

therefore straightforward to remove these annuli and obtain an ‘amputated’ pair

of pants which is used as a building block in the Fenchel-Nielsen decomposition of

a more general Riemann surface.

6.4.1 Construction procedure

We mentioned in section 6.2 that a pair of pants is completely specified by the

lengths of the three periodic geodesics homotopic to the three boundary compo-

nents. For later convenience let us label these lengths as l12, l13 and l23. Given

those lengths we construct a pair of pants using the following procedure, see figure

6.6.

We first specify an arbitrary geodesic C[p1], for example with p̂1 = (1, 0, 0). Next,

we specify a second geodesic C[p2] which is disjoint from C[p1] and chosen such

that the hyperbolic distance between C[p2] and C[p1] equals l12/2. Using equation

(6.19) we find that this translates into the following condition for [p2]:

〈[p1]|[p2]〉 = cosh(l12/2) . (6.32)

This equation determines [p2] only partially and its remainder can be fixed ar-

bitrarily. In the example where p1 = (1, 0, 0) we can for example take p2 =(
cosh(l12/2), 0, sinh(l12/2)

)
.

We then construct a third geodesic C[p3] which is at a distance l13/2 from C[p1]

and at a distance l23/2 from C[p2]. It should furthermore be defined so that none

of the geodesics is separating and the three geodesics are ordered cyclically on the

disk. These demands completely fix C[p3]. In the example [p3] would be:

[p3] =
[(
c13 sinh(l12/2),

√
c212 + c213 + c223 + 2c12c13c23 − 1, c23 + c12c13

)]
(6.33)

where we defined cij = cosh(lij/2).

The covering group ΓP for the pair of pants is now generated by η[1] ◦ η[2] and

η[3] ◦ η[1] with η[i] denoting reflection in C[pi]. The pair of pants P is therefore

defined as:

P = H/ΓP . (6.34)

Notice that P is indeed completely specified by the three lengths lij .

To visualize this quotient we may construct a fundamental domain for P in H .

This is done by reflecting C[p3] and C[p2] in C[p1] using η[1], which using (6.28)

is defined as:

η[1] : w 7→ w − 2p̂1〈w|p̂1〉. (6.35)
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p1
p1

p2
p2

p3
p3

p12

p12

p13

p13 p23
p23

η[1](p2)

η[1](p3)

Figure 6.6: The fundamental domain for the complete pair of pants is shaded; each

geodesic is indicated by a corresponding vector. Opposite edges of the domain are to be

identified as prescribed by the arrows, yielding the pair of pants shown on the right. The

dotted line is a hypercycle associated to the geodesic C[p12] and a flow line of η[1] ◦ η[2].

It descends to a smooth closed curved on the pair of pants.

The domain bounded by C[p2], C[p3] and their reflected counterparts is then a

fundamental domain for P since one may obtain P by gluing the appropriate edges

together, see figure 6.6. In this figure the top arrows correspond to the generator

η[1] ◦ η[2] and the bottom arrows correspond to η[3] ◦ η[1].
Let us denote the geodesic orthogonal to both C[p1] and C[p2] as C[p12]. We

similarly define C[p13] and C[p23]. From direct computation it follows that η[i]◦η[j]
maps [pij ] to itself and therefore C[pij ] is the axis of η[i] ◦ η[j]. We sketched in

figure 6.6 how the C[pij ] then descend to P as the periodic geodesics retractable

into the boundary components of the pants. Their lengths on P are precisely the

lengths lij from which P is constructed. To obtain an amputated pair of pants

we have to cut off the surface along these geodesics. Notice furthermore that the

geodesics C[pi] are precisely the shortest non-intersecting geodesics between the

C[pij ] which we used in section 6.2 to define the Fenchel-Nielsen twist parameter.

Finally, η[1] is the discrete isometry of P discussed in section 6.2 which leaves the

C[pi] pointwise fixed.

Below we will need two more properties of the above construction. First of all,

using the disjointness of the C[pi] and a hyperbolic triangle inequality one may

directly find that C[p12] and C[p3] are disjoint and therefore, according to lemma

6.3.1,

〈[p12]|[p3]〉 > 1 . (6.36)

Similarly one obtains 〈[p13]|[p3]〉 > 1 and 〈[p23]|[p1]〉 > 1. Our second observation

is based on the fact that for example p1 and p2 are both spacelike but not collinear
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p1

p2

p3

p12

p13

p23
A

B

C

α

β

γ

Figure 6.7: Each of the letters α, β, γ, A,B,C indicates a length of one side of the

shaded hyperbolic hexagon.

and therefore span a two-dimensional plane in M3. Since p12 is orthogonal to this

plane and therefore does not lie in the plane (because it is not lightlike), the set

{p̂1, p̂2, p̂12} forms a basis for M3. A similar argument again holds for {p̂1, p̂3, p̂13}
and {p̂2, p̂3, p̂23}.

Hyperbolic identities

In the construction of a pair of pants we found six geodesics associated to the

spacelike rays [p1], [p2], [p3] and [p12], [p13], [p23]. Recall that for each ray [p] we

defined in equation (6.14) a unit norm vector p̂ which was defined up to an overall

sign. Let us now define:

cosh(A) = −〈p̂12|p̂13〉
cosh(B) = −〈p̂12|p̂23〉
cosh(C) = −〈p̂13|p̂23〉
cosh(α) = −〈p̂2|p̂3〉
cosh(β) = −〈p̂1|p̂3〉
cosh(γ) = −〈p̂1|p̂2〉 ,

(6.37)

and fix the signs of the p̂i and p̂ij such that all the above inner products are

negative. (The overall freedom to invert all the p̂i or all p̂ij together will be fixed

below.) The variables A,B,C, α, β, γ are then all real and we define them to be

positive. As shown in figure 6.7 these variables all correspond to specific geodesic

lengths associated to the above construction of the pair of pants. For example, we

find that γ = l12/2.

By definition the geodesics C[pi] and C[pij ] intersect each other orthogonally and
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therefore they bound a hyperbolic hexagon with all right angles, see figure 6.7.

The usual [108] identity for such a hyperbolic hexagon is:

sinh(A)

sinh(α)
=

sinh(B)

sinh(β)
=

sinh(C)

sinh(γ)
. (6.38)

Furthermore we find:

−〈p̂1|p̂23〉 = sinh(β) sinh(C) = sinh(B) sinh(γ)

−〈p̂2|p̂13〉 = sinh(γ) sinh(A) = sinh(C) sinh(α)

−〈p̂3|p̂12〉 = sinh(α) sinh(B) = sinh(A) sinh(β) .

(6.39)

This follows from the identity for a hyperbolic all-right pentagon [108], at least

up to an overall sign which we fix by using the freedom to invert all the p̂i we

mentioned above. From the above equations one may directly obtain that:

sinh2(A)

sinh2(α)
=

sinh2(B)

sinh2(β)
=

sinh2(C)

sinh2(γ)
=

cosh2(α) + cosh2(β) + cosh2(γ) + 2 cosh(α) cosh(β) cosh(γ) − 1

sinh2(α) sinh2(β) sinh2(γ)

and therefore:

cosh(A) =
cosh(β) cosh(γ) + cosh(α)

sinh(β) sinh(γ)

cosh(B) =
cosh(α) cosh(γ) + cosh(β)

sinh(α) sinh(γ)

cosh(C) =
cosh(α) cosh(β) + cosh(γ)

sinh(α) sinh(β)
.

(6.40)

These formulas will be used below.

6.5 Domains for the charts

In this section we will define the domains on which we will later define the coordi-

nate charts for the wormholes. To this end we will perform the following steps. We

first restrict ourselves to the U = 0 Riemann surface S = H/Γ and give an intuitive

description of the domains in subsection 6.5.1. The location of the domains in H

is discussed afterwards in subsection 6.5.2. We then make the definition mathe-

matically precise in subsection 6.5.3 and also compute the precise location of the

domains as a function of the Fenchel-Nielsen parameters. In subsection 6.5.4 we

prove that the domains indeed cover S entirely. Finally, we consider the extension

of the domains to the entire spacetime in subsection 6.5.5.
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6.5.1 Definition of the domains

The procedure to obtain the charts for the wormholes is sketched schematically in

figure 6.8 and it is described in words as follows. Just as in the Fenchel-Nielsen

description of S described in section 6.2, we begin by picking a maximal set of 3g−
3 + 2m primitive periodic geodesics. We now consider one geodesic and ‘thicken’

it, i.e. we define a small cylindrical neighborhood around the geodesic. More

precisely, this neighborhood is defined such that its boundary circles are the flow

lines or hypercycles discussed in section 6.3; we showed the image of one of these

flowlines on a pants P in figure 6.6. When we now try to extend this thickening

ever further we might eventually wrap another cycle and the cylinder will then

start to overlap with itself. We then stop the thickening when the boundary flow

lines just touch themselves, as indicated in figure 6.8. In the cases where the

periodic geodesic we consider is retractable into a boundary component we extend

the thickening on that end all the way to this boundary. Except for the BTZ black

hole, the other end of the cylinder is then never extendable to another boundary

component and pinches as usual.

φ

r

(a)

(b) (c)

Figure 6.8: (a) Charts are defined around a closed periodic geodesic on the Riemann

surface. (b) We begin by thickening this geodesic to obtain a cylinder. (c) We extend the

cylinder as far as possible, until the bounding circles just touch, in this case on the black

dots. We will eventually define coordinates (r, φ) as indicated, as well as a third time

coordinate which is not shown.

Application of this procedure to all the 3g−3+2m periodic geodesics on S results

in a set consisting of just as many domains. These domains come in two different

types, namely those where both boundary circles are pinched on S, which we
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call ‘inner domains’, and those where precisely one end extends to a boundary

component, which we call ‘outer domains’. An inner domain covers part of two

pairs of pants, whereas an outer domain covers an annulus and part of a pair of

pants. There are m outer domains and 3g − 3 +m inner domains.

We remark that the inner and outer domains we define here are not precisely the

inner and outer regions we defined in the previous chapter. Namely, the inner

and outer regions defined there were separated by the horizons, whereas the outer

domains we define here do extend beyond the horizons. The inner domains that

we define here never cross the horizons and therefore lie entirely in what we called

the inner region in chapter 5.

Consider now a single pair of pants within S. It intersects with precisely three

(inner or outer) domains which are defined around each of its boundary circles. Of

course, the domains overlap with each other on the pants but more importantly

we will show below that the entire pair of pants is covered by these three domains.

Since the domains also cover the m annuli completely, it follows that the entire

surface at U = 0 is covered by these domains. Below, we will use these domains as

the U = 0 slice of analogously defined three-dimensional coordinate patches, which

taken together cover the entire spacetime. We will then find a suitable coordinate

system on these patches to complete our description of the wormholes.

6.5.2 Lift to the hyperbolic plane

In figure 6.9 we sketched the lift of the domains of figure 6.8 to the universal

covering H . Let us label the periodic geodesic around which we define the chart

as C[p12]. Just as in figure 6.8 we suppose that on the complete surface S there

is a pair of pants on either side of C[p12] and we therefore define an inner domain

around it.

In figure 6.9a we give a fundamental domain for the two pairs of pants sketched

in figure 6.8. The lower half of the disk is the same as in figure 6.6, but the pants

is now amputated along C[p12] and the upper half of the disk contains the second

pair of pants. Notice that we also sketched the two distinguished geodesics which

end on C[p12] which we considered in figure 6.3. We label them as C[p1] on the

lower pair of pants and C[p′1] on the upper pair of pants. The distance between

their endpoints on C[p12] parametrizes a Fenchel-Nielsen angle as discussed in

section 6.2.

In figure 6.9b we begin the ‘thickening’ of the geodesic C[p12]. We define hyper-

cycles L(p12) and L(p′12) associated to points p12, p
′
12 ∈ [p12]. The shaded domain

in between these hypercycles will be covered by an inner chart. It descends to a
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cylindrical region on S because of the gluing as indicated by the arrows.

Finally, in figure 6.9c we stop the thickening on both sides once the cylinder starts

overlapping with itself. The resulting domain is then bounded by what we call

the critical hypercycles; these are the hypercycles which just touch themselves on

the quotient surface. We will denote them with L(p̃12) and L(p̃′12), as indicated

in figure 6.9. Notice that the point where L(p̃12) touches itself lies precisely on

C[p3] (which was defined in figure 6.6) and similarly L(p̃′12) lies on a corresponding

C[p′3]. This follows from the reflection symmetry in C[p1] but we will also give a

computational proof below.

L(p12)

L(p′12)

p12

p1

p′1

(a)

(b) (c)
L(p̃12)

L(p̃′12)

Figure 6.9: The lift to H of the construction of figure 6.8. (a) The shaded domain is

a fundamental domain for the two pairs of pants in H and the edges should be identified

as indicated by the arrows. (b) We define the cylindrical neighborhood as indicated. (c)

The critical hypercycles just touch themselves once we glue the edges as indicated by the

arrows.
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6.5.3 Computation of the critical hypercycle

To define the coordinate systems below we need to know the location of the crit-

ical hypercycles as a function of the Fenchel-Nielsen parameters of S. From the

above construction it should be clear that the location of for example the criti-

cal hypercycle L(p̃12) depends only on the shape of the pair of pants on which it

is defined and is independent of the shape of the adjacent pairs of pants or the

twisting angles with which they are glued together. We therefore restrict ourselves

to a single pair of pants P below, defined according to the procedure of section

6.4. The aim of this subsection is then to find a convenient expression for L(p̃12)

in terms of the Fenchel-Nielsen parameters l12, l13 and l23 of P . Corresponding

formulas for L(p̃13) and L(p̃23) can then be obtained using cyclic permutation of

the indices.

Definition as an intersection

Consider a pants P as a quotient ofH/ΓP as described in section 6.4. We discussed

in that section how the geodesics C[pij ] descend onto the pants as closed periodic

geodesics which are retractable into the three boundary components. Let us focus

on the geodesic C[p12]. The cyclic subgroup of Γ corresponding to this nontrivial

loop on the pants is generated by η[1] ◦ η[2] and we shall denoted it as 〈η[1] ◦ η[2]〉.
As we mentioned in 6.4, the nontrivial elements of this subgroup all have C[p12] as

their axis since η[1] ◦ η[2]
(
[p12]

)
= [p12]. The corresponding flow lines are denoted

L(p12) for p12 ∈ [p12] and also descend to smooth circles on the pants, freely

homotopic to C[p12] and lying at a constant distance from it.

We define a closed curve on P to be simple if it is not self-intersecting. Notice that

C[p12] is simple and this implies that the image of C[p12] under any element of

Γ\〈η[1] ◦ η[2]〉 is completely disjoint from itself. However its associated hypercycles

L(p12) are not necessarily simple. Indeed we sketched in figure 6.8 how at a certain

point the flow lines start intersecting with themselves. As mentioned above, we

define the critical hypercycle L(p̃12) to be the first flow line that is no longer

simple. In H this implies that there must be another element γc ∈ Γ\〈η[1] ◦ η[2]〉
for which the set:

γc(L(p̃12)) ∩ L(p̃12) (6.41)

consists of exactly one point. However, from the topology of the pants we see that

γc has to be η[3] ◦ η[1] and since η[1] leaves L(p̃12) invariant we find that the precise

condition becomes that

η[3](L(p̃12)) ∩ L(p̃12) (6.42)

consists of a single point. We indicated this point and its reflection in C[p1] with

black dots in figure 6.9.
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Computation

According to the previous paragraph p̃12 is defined such that there exists precisely

one ŵ ∈ H which solves

〈ŵ|p̃12〉 = 〈ŵ|p̃12 − 2p̂3〈p̃12|p̂3〉〉 = −1 (6.43)

Let us now compute both p̃12 and ŵ.

Lemma 6.5.1. The critical flow line L(p̃12) touches C[p3], so their intersection

on H consists of exactly one point.

Proof. Inner products are invariant under reflection and a reflection squares to the

identity, so we find

0 = 1 + 〈ŵ|η[3](p̃12)〉
= 1 + 〈η[3](ŵ)|η[3] ◦ η[3](p̃12)〉
= 1 + 〈η[3](ŵ)|p̃12〉
= 1 + 〈ŵ|p̃12〉 − 2〈p̂3|p̃12〉〈ŵ|p̂3〉
= −2〈p̂3|p̃12〉〈ŵ|p̂3〉 .

(6.44)

Now since C[p12] and C[p3] are disjoint we have 〈[p12]|[p3]〉 > 1 and so in particular

〈p̃12|p̂3〉 6= 0. Hence

〈ŵ|p̂3〉 = 0 , (6.45)

so indeed ŵ to (6.43) lies on C[p3]. The converse also holds: if 〈ŵ|p̂3〉 = 0 and

〈ŵ|p̃12〉 = −1, then ŵ lies on the reflection under η3 of L(p̃12). This implies that

L(p̃12) touches C[p3] since if it would intersect C[p3] at two points, it would also

intersect L(η[3](p̃12)) twice and hence not be critical.

As we mentioned above the lemma can also be proved using the reflection sym-

metry in C[p1].

Notice that p̃12 = λp̂12 for some nonzero λ so in order to find p̃12 it is sufficient to

know its norm. This can be found by recalling that in section 6.4 we demonstrated

that {p̂1, p̂2, p̂12} form a basis of M3 and we may therefore write ŵ = ap̂1 + bp̂2 +

cp̂12. The condition (6.43) together with the above lemma then imply:

c〈p̂12|p̃12〉 = −1 , (6.46)

as well as

a〈p̂1|p̂3〉 + b〈p̂2|p̂3〉 + c〈p̂12|p̂3〉 = 0 , (6.47)
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and since ŵ lies on H in M3 we also have:

a2 + b2 + c2 + 2ab〈p̂1|p̂2〉 = −1 . (6.48)

We find that there exists only one solution (a, b, c) whenever:

〈p̃12|p̃12〉 =
1

〈p̂12|p̂3〉2 − 1
. (6.49)

This equals:

〈p̃12|p̃12〉 =
sinh2(γ)

cosh2(α) + cosh2(β) + 2 cosh(α) cosh(β) cosh(γ)
, (6.50)

where we used the identities in section 6.4.1. Equation (6.50) is the formula we set

out to find: it expresses the norm of p̃12 in terms of α, β and γ which according to

the discussion below equation (6.37) are directly related to the lengths lij defining

P . The solution for ŵ is given by:

a = −c sinh(α) sinh(B)[cosh(α) cosh(γ) + cosh(β)]

cosh2(α) + cosh2(β) + 2 cosh(α) cosh(β) cosh(γ)

b = −c sinh(α) sinh(B)[cosh(β) cosh(γ) + cosh(α)]

cosh2(α) + cosh2(β) + 2 cosh(α) cosh(β) cosh(γ)

c =
−1

〈p̂12|p̃12〉
.

(6.51)

Equation (6.49) actually defines p̃12 up to inversion but picking the solution with

ŵz > 0 removes this freedom. The simple form of (6.49) also follows from the

observation that the length between C[p12] and L(p̃12) equals that between C[p12]

and C[p3], which is just how the critical flow line is defined.

6.5.4 Covering of a pair of pants

In this subsection we demonstrate that the domains defined above cover the entire

surface. To do so it suffices to prove that three domains can be used to cover a

single pair of pants entirely, since one may then glue the pairs of pants together

to obtain a covering of a more complicated Riemann surface.

The three domains on a single pair of pants P are bounded by critical hypercycles

L(p̃12), L(p̃13) and L(p̃23), with the latter two defined in a similar fashion as L(p̃12)

above. The domains lift to corresponding domains Eij in H which are obtained

as:

Eij = {w ∈ H : 〈w|p̃ij〉 < −1}. (6.52)
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In section 6.4.1 we fixed the signs of the p̂i and the p̂ij so that all inner products

in (6.37) are negative. The relative sign ambiguity between the p̂i and the p̂ij can

then be fixed by setting 〈p̂ij |p̃ij〉 > 0; this means that all p̂ij as well as p̂2 and p̂3

point away from the (amputated) fundamental domain of P defined in figure 6.6.

We can then define one half of the fundamental domain as:

D = {w ∈ H : 〈w|p̂i〉 < 0}. (6.53)

Notice that, depending on the overall sign of all the p̂i, D is the part of the shaded

domain to the left or to the right of C[p1] in figure 6.6. We will now prove the

following theorem.

Theorem 6.5.2. For the domains D and the Eij , the following holds:

(
E12 ∪E13 ∪E23

)
∩D = D (6.54)

so D is covered by the three Eij.

By the reflection symmetry in C[p1], it would follow from the theorem that the

whole fundamental domain is covered. Since a fundamental domain with edges

identified is equivalent to the original surface it follows that the pair of pants P is

then indeed covered completely by the three charts.

Proof. Let us first consider the boundary of D. We will only prove the lemma

below for the boundary component C[p3], but by cyclic permutation the lemma

applies to C[p1] and C[p2] as well.

Lemma 6.5.3. The line C[p3] is completely covered by the charts. Namely, the

intersection point of L(p̃12) with C[p3] is covered by both the chart bounded by

L(p̃13) and the chart bounded by L(p̃13).

Proof. Above, we found the unique point w onH where L(p̃12) and C[p3] intersect;

let us see whether it is covered by the chart bounded by L(p̃13), so whether:

〈w|p̃13〉 > −1. (6.55)

After a little calculation, we have:

−〈w|p̃13〉 =
cosh(β) cosh(γ) + cosh(α)

cosh2(α) + cosh2(β) + 2 cosh(α) cosh(β) cosh(γ)

〈p̂2|p̃13〉
〈p̂3|p̃12〉

(6.56)

so −〈w|p̃13〉 < 1 is certainly true if:

( cosh(β) cosh(γ) + cosh(α)

cosh2(α) + cosh2(β) + 2 cosh(α) cosh(β) cosh(γ)

〈p̂2|p̃13〉
〈p̂3|p̃12〉

)2

< 1 (6.57)
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but

〈p̂3|p̃12〉 = 〈p̂3|p̂12〉〈p̂12|p̃12〉 = − sinh(A) sinh(β)〈p̂12|p̃12〉 (6.58)

and substituting the expressions for the right hand side we found above, this

simplifies to:

(
cosh2(α)2 + 2 cosh(α) cosh(β) cosh(γ)

)

×
(
cosh2(α) + cosh2(β) + cosh2(γ) + 2 cosh(α) cosh(β) cosh(γ)

)
> 0 (6.59)

which is obviously true and therefore w is trivially covered by E13. Similarly, by

permuting α, β, γ we find that w is also covered by E23. But then the charts must

cover C[p3] completely, since they overlap on (a neighborhood around) w and since

both L(p̃13) and L(p̃23) intersect C[p3] only once.

Suppose now that the theorem is false so there would exist a small domain F ⊂ D

that is not covered by the Eij . Consider the boundary of F . Since by the previous

lemma the C[pi] are completely covered by the charts, no segment of any of the

C[pi] can be part of the boundary of F . Also, clearly F cannot extend to ∂H and

therefore F should be bounded by the critical flow lines only. Since the flow lines

are circle segments, it follows that F is bounded by a segment of all three flow

lines, i.e. F is a hyperbolic triangle. Consider now the segment of the boundary of

F that is part of L(p̃12): by the definition of F it is not covered by the two other

charts. We conclude that if F exists then there is a part of L(p̃12)∩D that is not

covered by E13 and E23.

Let us however take a closer look at the line segment L(p̃12) ∩ D. At the end

lying at C[p1], we know we are in E13 (because of the above lemma) but outside of

E23 (because L(p̃23) only touches C[p1]). If we now move towards ŵ on C[p3], we

apparently cross L(p̃23) and odd number of times, since we end up being also in

E23 at ŵ. Similarly, we must have crossed L(p̃13) exactly zero or an even number

of times. After ŵ, moving further towards C[p2], the same happens: we cross

L(p̃13) an odd number of times and L(p̃23) an even number of times. However,

since the flow lines are circles, they intersect at most twice in H and by symmetry

they can intersect at most once in D. (For example, the two intersection points of

L(p̃12) and L(p̃13) lie on both sides of C[p1] because of the reflection symmetry in

C[p1].) It follows that the aforementioned odd and even number of crossings are

necessarily one and zero. So if we repeat our route along L(p̃12)∩D, we first meet

L(p̃23) exactly once, then w, and then L(p̃13) exactly once.

However this order implies that we are already in E23 before we exit from E13 and

we remain there all the way up to C[p2]. Therefore L(p̃12) is completely covered

and our triangle F cannot exist; the theorem follows.
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6.5.5 Extension to the spacetime

So far we have restricted ourselves to the Riemann surface at U = 0 of the space-

time. Let us now consider the extension of the domains to nonzero U . Recall that

in the previous chapter we used the definition of AdS3 as (the universal covering

of) the quadric in R2,2 defined as:

〈w|w〉 − U2 = −1. (6.60)

In this notation w is again a vector in M3 and 〈.|.〉 is the inner product on M3 as

defined in equation (6.6).

Geodesics extend straightforwardly to geodesic planes on AdS3, namely as the

hyperplanes for which 〈w|p〉 = 0 for some spacelike p ∈M3 and for all U . We will

denote the associated hyperplanes also as C[p]. For hypercycles the extension to

nonzero U can be done as follows. We define the extension of a hypercycle L(p)

as the domain in AdS3 where

〈w|p〉 = −
√

1 − U2 (6.61)

for all |U | < 1, and we denote the plane so defined also as L(p). This extension is

chosen such that critical hypercycles remain critical also for nonzero U . Indeed,

by conjugating to a simple coordinate system one may explicitly check that (the

extension of) L(p̃12) touches C[p3] on any slice of constant U with |U | < 1. Notice

that these extended hypercycles do not extend beyond the plane at |U | = 1. The

same holds then for the inner charts as they are bounded by such planes.

6.6 Coordinate systems and fatgraph description

In the previous section we found three cylindrical domains that completely cover

the pair of pants. On an extended pair of pants they would form three outer charts

that cover the entire U = 0 space of the corresponding wormhole spacetime. We

may however also amputate the pair of pants and glue the ends to other pairs of

pants to construct a bigger Riemann surface. In that case we construct an inner

chart by gluing together two such (amputated) domains, as indicated in figure 6.8.

In this section we will define and analyze appropriate coordinate systems on these

domains. First of all, in subsection 6.6.1 we give the precise definition of the

coordinates, fix the coordinate ranges to certain ‘natural’ values and compute

the expressions for the metric. We will demonstrate in subsection 6.6.2 that the

parameters appearing in the metric contain all the necessary information about

the geometry of the spacetime. In subsection 6.6.3 we then use these parameters
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to describe the spacetime in terms of a fatgraph as we already sketched in figure

6.1. Finally we give the transition functions between the charts in subsection 6.6.4.

6.6.1 Definition of the coordinate systems

In this subsection we will define the coordinate systems on the inner and outer

domains.

Inner charts

Let us consider an inner chart defined around a periodic geodesic C[p12] as sketched

in figure 6.9c. It is bounded by two critical hypercycles which we label as L(p̃12)

and L(p̃′12). We use the above conventions for the signs of the inner products

between the p̂i and p̂ij and in addition we require that 〈p̂12|p̃12〉 > 0.

Recall that {p̂1, p̂2, p̂12} form a basis of M3. We may therefore parametrize a point

(w,U) on AdS3 using 〈w|p̂1〉, 〈w|p̂2〉, 〈w|p̂12〉 and U . The new coordinates (τ, r, φ)

on an inner chart are then defined as follows:

tanh(τ) = U

µr + ν =
−〈w|p̂12〉√

1 − U2

e2
√
M(φ−d) =

〈w|p̂1〉 + eγ〈w|p̂2〉
eγ〈w|p̂1〉 + 〈w|p̂2〉

.

(6.62)

We will shortly determine suitable values for the parameters µ, ν,
√
M,d. Notice

that τ is a natural timelike coordinate and that the surfaces of constant τ and r

are the extension to the entire spacetime of the flow lines of η[1] ◦ η[2]. Indeed one

may directly compute that η[1] ◦ η[2] in these coordinates takes the form

η1 ◦ η2(τ, r,
√
M(φ− d)) = (τ, r,

√
M(φ − d) + 2γ) . (6.63)

If we define: √
M =

2γ

2π
=
l12
2π

, (6.64)

then we recover the natural periodicity φ ∼ φ + 2π. Let us also require r to

run from −1 to 1 so the critical hypercycles are at |r| = 1. If we pick r = 1 to

correspond to the end defined by L(p̃12) then we obtain:

µ+ ν =
1

〈p̂12|p̃12〉
. (6.65)

On the other side of the chart we similarly find:

−µ+ ν =
1

〈p̂12|p̃′12〉
. (6.66)
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Equation (6.65) and (6.66) together fix µ and ν. Notice that 〈p̂12|p̃′12〉 < 0 since

we fixed p̂12 so that 〈p̂12|p̃12〉 > 0 and L(p̃′12) lies on the other side of C[p12]. This

implies µ > 0. Finally, we fix d so that the line φ = 0 corresponds to C[p1] (which

we recall is the geodesic orthogonal to both C[p12] and C[p13], see figure 6.9a).

This implies that:

d = −π/2 . (6.67)

If we choose C[p2] instead of C[p1] to be φ = 0, then we find d = +π/2, also

implying that for d = −π/2, C[p2] lies at φ = −π. The point ŵ on L(p̃12) where

this critical hypercycle pinches can then be shown to be given by:

±φ =
π

2γ
ln

[eγ cosh(α) + cosh(β)

cosh(α) + eγ cosh(β)

]
− π

2
(6.68)

plus or minus any multiple of 2π.

Using (6.37) and (6.60) we may find the identity:

〈w|p̂12〉2 + 1 − U2 =
1

sinh2(γ)
(〈w|p̂2〉 + eγ〈w|p̂1〉)(〈w|p̂2〉 + e−γ〈w|p̂1〉) , (6.69)

which can be used to find that the inverse transformation is given by:

U = tanh(τ)

〈w|p̂12〉 = − µr + ν

cosh(τ)

〈w|p̂1〉 = sinh(
√
M(φ− d) − γ/2)

√
(µr + ν)2 + 1

cosh(τ)

〈w|p̂2〉 = − sinh(
√
M(φ− d) + γ/2)

√
(µr + ν)2 + 1

cosh(τ)
.

(6.70)

We will use this inverse transformation to define the transition functions below.

To find the metric in the new coordinates let us conjugate with an element of

SO(2, 1) to set p̂12 = (0, 1, 0). Furthermore, the vectors p̂1 + eγ p̂2 and p̂1 + e−γ p̂2

are both null, orthogonal to p̂12 and have an inner product equal to −2 sinh2(γ).

We can therefore pick them to be (1, 0,−1) and sinh2(γ)(1, 0, 1), respectively. We

then find that (6.62) simplifies and in the Poincaré coordinates introduced in (5.11)

it becomes:

tanh(τ) =
t

y
, µr + ν =

x√
y2 − t2

, e2
√
M(φ−d′) = −t2 + x2 + y2 , (6.71)

for some d′ whose value we will not need here. Using the Poincaré metric (5.12)

we find that the metric takes the form:

ds2 =
1

cosh2(t)

(
− dt2 +

µ2dr2

(µr + ν)2 + 1
+M(1 + (µr + ν)2)dφ2

)
. (6.72)
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C[p1]

C[p′1]

φ=0

φ0

L(p̃12)

L(p̃′12)

ψ=0

Figure 6.10: Definition of the twisted coordinate ψ. The line φ = 0 coincides with C[p1]

on one side but C[p′1] on the other side lies at φ = φ0. We therefore define ψ such that

at the two ends of the charts ψ = 0 coincides with C[p1] and C[p′1]. As indicated these

boundaries of the charts are defined by the critical hypercycles L(p̃12) and L(p̃′12).

In this coordinate system we therefore not only have natural coordinate ranges

but the metric also features several parameters M,µ, ν which inform us about

the geometry at least in this local patch. We can however introduce one more

parameter which is related to the Fenchel-Nielsen twist described above.

Twisted inner charts

Our choice for d, using either C[p1] or C[p2], singles out one particular half of

the domain since we might just as well have set φ = 0 at C[p′1] or at C[p′2] (see

for example figure 6.9a where only C[p′1] is sketched.) Furthermore, from the

metric (6.72) we cannot read off the twisting parameter defined in section 6.2 that

determines how the pants are glued together. These issues can be avoided by

defining a ‘twisted’ coordinate ψ as we will now proceed to show. The procedure

is sketched in figure 6.10.

First, suppose that we have an inner chart with µ, ν,
√
M,d defined as before. In

particular, suppose that at the end where r = 1 we have the geodesic C[p1] at

φ = 0 and the geodesic C[p2] at φ = π. On the other side, there is also a pants

with a certain C[p′1] at, say, φ = φ0. Then the geodesic C[p′2] lies at φ = φ0 + π.

We now introduce the twisted coordinate ψ as:

e
√
Mψ−dt = e

√
Mφ sin(χ)(µr + ν) +

√
(µr + ν)2 + cos2(χ)√

(µr + ν)2 + 1
(6.73)
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with µ, ν,
√
M (and d) as before, but with the new parameters dt and χ defined

via:

e−dt =
sin(χ)(µ+ ν) +

√
(µ+ ν)2 + cos2(χ)√

(µ+ ν)2 + 1

= ecφ0
− sin(χ)(µ− ν) +

√
(µ− ν)2 + cos2(χ)√

(µ− ν)2 + 1
,

(6.74)

from which it follows that the lines ψ = 0 and ψ = π intersect the boundaries at

r = 1 and r = −1 exactly at the four geodesics C[p1], C[p2], C[p′1], C[p′2]. (We do

not need to explicitly solve for χ as a function of φ0, instead we simply take χ as

the input parameter.)

Notice that ψ has again periodicity 2π. We already presented the metric in the

twisted coordinate system in (6.5) and recall here that it takes the form:

ds2 =
1

cosh2(t)

(
− dt2 +

µ2dr2

(µr + ν)2 + cos2(χ)
+M

(
1 + (µr + ν)2

)
dψ2

− 2µ
√
M sin(χ)√

(µr + ν)2 + cos2(χ)
dψdr

)
.

(6.75)

We see that it features explicitly the twist parameter χ as well.

Notice that the parameters in the metric (6.75) contain all the information about

the geometry that is covered by the chart. For example, one may easily find that

the periodic geodesic around which we defined the chart lies at the point r = −ν/µ
and has length 2π

√
M . The angle χ reflects the Fenchel-Nielsen twist between the

pairs of pants and the parameters µ and ν are related to the shapes of these pairs

of pants: for example, the distance between the periodic geodesic and the pinched

hypercycle at r = 1 is

| ln
(µ+ ν +

√
(µ+ ν)2 + 1

ν +
√
ν2 + 1

)
| , (6.76)

and the distance to the hypercycle at r = −1 has the same form with the replace-

ment µ→ −µ.
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Outer charts

Let us now consider the outer domains. We define appropriate coordinates (τ̃ , ρ, ϕ)

as:

tanh(
√
Mτ̃ ) =

U√
〈w|p̂12〉2 + 1

ρ =
√
M〈w|p̂12〉

exp
(
2
√
M(ϕ− f)

)
=
eγ〈w|p̂1〉 + 〈w|p̂2〉
〈w|p̂1〉 + eγ〈w|p̂2〉

(6.77)

with parameters f,
√
M . We see that we are now not restricted to |U | < 1. The

inverse transformation is:

〈w|p̂1〉 = − sinh(
√
M(ϕ− f) + γ/2)

√
M−1ρ2 + 1

cosh(
√
Mτ̃ )

〈w|p̂2〉 = + sinh(
√
M(ϕ− f) − γ/2)

√
M−1ρ2 + 1

cosh(
√
Mτ̃ )

〈w|p̂12〉 =
ρ√
M

U = tanh(
√
Mτ̃)

√
M−1ρ2 + 1

(6.78)

Lines of constant τ̃ and r are again flow lines of the isometry η[1]◦η[2]. Furthermore,

the periodicity φ ∼ φ+ 2π can again be attained by choosing:

√
M =

2γ

2π
=
l12
2π

. (6.79)

We also choose

f = π/2 (6.80)

just like d for an inner chart: it implies that ϕ = 0 lies at C[p1]. Note that this

chart is defined on a single (extended) pair of pants and there is therefore no need

to introduce a twisted parameter.

This chart also is bounded by some critical hypercycle L(p̃12), so 〈w|p̃12〉 >

−
√

1 − U2, implying now the coordinate range:

cosh(
√
Mτ̃ )ρ√

ρ2 +M
>

−1√
1 + 〈p̃12|p̃12〉

(6.81)

After a suitable conjugation we find the new coordinates as a function of the

Poincaré coordinates as:

tanh(
√
Mτ̃ ) =

t√
y2 + x2

, ρ =
√
M

x

y
, e2

√
M(ϕ−h) = −t2 + x2 + y2 , (6.82)
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from which we obtain that the metric in these coordinates becomes (6.1), which

was:

ds2 =
ρ2 +M

cosh2(
√
Mτ̃ )

(−dτ̃2 + dϕ2) +
dρ2

ρ2 +M
. (6.83)

Notice that these coordinate systems extend beyond the future and past horizons,

which lie at the surfaces x = |t| or

ρ =
√
M | sinh(

√
Mτ̃ )| . (6.84)

The metric in the region outside of these horizons can be put back in BTZ form

(5.15) by the coordinate transformation:

r2 =
ρ2 +M

cosh2(
√
Mτ̃ )

, tanh(
√
Mt) =

√
1 +M/ρ2 tanh(

√
Mτ̃) , φ = ϕ.

(6.85)

Notice that the parameter M in (6.83) agrees with the BTZ mass M .

6.6.2 Parameters

The above charts can be combined to cover the wormhole spacetime completely.

More specifically, for a wormhole of genus g and with m boundaries, we can cover

the entire spacetime with 3g − 3 +m inner charts plus m outer charts. For every

inner chart we have four parameters, M,µ, ν, χ, and for every outer chart we have

a single parameter M . As we showed above, the angles χ and the parameters M

are directly related to the Fenchel-Nielsen twists and length parameters associated

to the periodic geodesics and should therefore completely determine the surface.

Indeed we saw in (6.65) and in (6.66) how the remaining parameters µ and ν

parameters can be expressed in terms of the Fenchel-Nielsen parameters of S.

In the new parametrization using the M and χ coordinates the precise relation

takes the following form. Consider a single amputated pair of pants in the Fenchel-

Nielsen decomposition of S. It is covered completely by using three different charts.

Suppose now that chart number 3 is an inner chart (with parameters µ3, ν3,M3, χ3)

and that it is the half with r > 0 that lies on the pair of pants under consideration.

Denote the M parameters in the other two charts as Mi with i ∈ {1, 2}. One then

finds from (6.65) and (6.50) the relation:

µ3 + ν3 =

√
C2

1 + C2
2 + 2C1C2C3

sinh(π
√
M3)

, (6.86)

with Ci = cosh(π
√
M i). A similar relation can be found at the other side of chart

number 3, which has r < 0 and lies on another pair of pants. Namely, using the
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parameters M ′
1 and M ′

2 of the two other charts on that pair of pants we find:

−µ3 + ν3 =

√
C′2

1 + C′2
2 + 2C′

1C
′
2C3

sinh(π
√
M3)

, (6.87)

with C′
i = cosh(π

√
M ′
i). Using these formulas, we can determine all the µ, ν

parameters in the inner charts if we are only given the M parameters in every

chart. This reduces the number of independent parameters to two per inner chart

and still one per outer chart, just as for the Fenchel-Nielsen description of the

surface.

Finally, we notice that the coordinate range (6.81) may in a similar notation be

written as follows:

cosh(
√
M3τ̃)ρ√

ρ2 +M3

> −
√

C2
1 + C2

2 + 2C1C2C3

C2
1 + C2

2 + C2
3 + 2C1C2C3 − 1

, (6.88)

where again the subscript indicates the chart under consideration and the coordi-

nate range is then valid for chart number 3.

6.6.3 Fatgraph description

To completely specify the spacetime we need to specify both the parameters and

the way the charts are glued together. This combinatorial data can be nicely

summarized in an oriented trivalent fatgraph as shown in figure 6.1. (In the usual

Fenchel-Nielsen description of the surface this combinatorial data is implicitly

specified, for example by using a reference surface. The description given below,

on the other hand, explicitly fixes the required combinatorial data and it is then

no longer necessary to use a reference surface.)

The data in the fatgraph is translated to the coordinate systems as follows. Every

edge represents a periodic geodesic and therefore a chart. Every vertex represents

a pair of pants. The orientation of the edges indicates the direction of increasing

r (and by convention always points outward for outer charts), and the ‘fattening’

is necessary to indicate how three charts come together on a pair of pants. If

we add to this fatgraph two parameters M,χ for every interior edge of the graph

and a single parameter M for every outer edge, then the wormhole spacetime is

completely specified.

At this point we should note that there are two discrete ambiguities in the above

definitions of the coordinates ψ and ϕ on the inner and outer charts that we have

not yet dealt with. Although these ambiguities do not affect the metric or the

coordinate ranges given above, they will affect the transition functions below and

therefore they should be fixed.
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0

00

0

0

0

π

π

π

π

π

π

ψ

r

r = +1

r = −1

Figure 6.11: Fixing the ambiguities in

the definition of ψ and ϕ.

The first ambiguity involves the direc-

tion of increasing ψ and ϕ. With the fat-

graph description this can be easily fixed

by fixing the handedness of the (r, ψ) or

(r, ϕ) coordinate system to be the same

in every chart.

The second ambiguity is the fact that

we have defined ψ or ϕ only up to an

overall shift by π. To see this, recall

that we decided that the point ψ = 0 or

ϕ = 0 would correspond to the point on

the boundary circle L(p̃12) where it in-

tersects C[p1] (as sketched in figure 6.10)

and by the reflection isometry the point

where it intersects C[p2] would then be

at ψ = π or ϕ = π. However the distinction between C[p1] and C[p2] is arbitrary

at this point and this leads to an ambiguity as to which point should correspond

to ψ = 0 and which one to ψ = π. This ambiguity can be fixed from the fatgraph.

We first demand that at an overlap between two charts the point where ψ = 0

on one chart corresponds to ψ = π on the other chart (and similarly for ϕ), as

indicated in figure 6.11. Furthermore, for an inner chart we should alternately

associate ψ = 0 and ψ = π to the four corners of the corresponding edge in the

fatgraph, which is indicated in figure 6.11 as well. This fixes the ambiguity up to

an overall shift of ψ or ϕ with π in all charts at the same time, which is however

irrelevant for the description of the manifold.

6.6.4 Transition functions

With all the ambiguities fixed, we may proceed to define transition functions on

the overlap between two different charts. We will see below how these follow from

a composition of the coordinate transformations (6.62) and (6.70).

An important subtlety is that we find different transition functions depending on

the gluings and the orientations of the charts. For example, if we consider the

vertex in figure 6.1 where we may go from chart 2 to chart 3 or chart 4, we find

different transition functions because we turn ‘right’ at the vertex if we go to chart

3, whereas we turn ‘left’ if we go to chart 4. As another example, the transition

functions between chart 2 and chart 3 (on both vertices) are different from those

between chart 5 and chart 6 because (again on both vertices) the orientation of

chart 3 and chart 6 are not the same. When we define the transition functions
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below we will have to take into account these different possibilities.

In the transition functions we will not use the ‘twisted’ coordinate ψ defined in

(6.73). Instead, we will use the coordinate φ which agrees with ψ at the bounding

circle of the chart where we define the transition function. Of course, it is not

hard to compose the transition functions with (6.73) and its inverse, or a similar

function when the transition takes place at r = −1.

Transitions between two inner charts

The complete set of possibilities for the transitions between two inner charts is

depicted in figure 6.12. As one may expect, the transition functions are almost

the same for either one of these possibilities and it is convenient to give them in a

general form with certain parameters ǫ, ǫ′, d and d′ whose value depends on these

possibilities and is given in the table in figure 6.12. Using these parameters, one

finds the transition functions as follows.

Inner - inner

Let us consider the overlap of two inner charts on a single pair of pants. We will

take them to be defined around the periodic geodesics C[p12] and C[p13], with

primed coordinates corresponding to the latter geodesic. One may then compose

the analogue of (6.62):

tanh(t′) = U

µ′r′ + ν′ = −ǫ′ 〈w|p̂13〉√
1 − U2

e2ǫ
′
√
M ′(φ′−d′)−β =

eβ〈w|p̂1〉 + 〈w|p̂3〉
〈w|p̂1〉 + eβ〈w|p̂3〉

(6.89)

with the inverse transformation (6.70):

U = tanh(t)

〈w|p̂12〉 = −ǫ µr + ν

cosh(t)

〈w|p̂1〉 = sinh(ǫ
√
M(φ− d))

√
(µr + ν)2 + 1

cosh(t)

〈w|p̂2〉 = − sinh(ǫ
√
M(φ− d) + γ)

√
(µr + ν)2 + 1

cosh(t)

(6.90)
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via the identities:

〈w|p3〉 = − cosh(β)〈w|p1〉 + sinh(β)
(
− sinh(A)〈w|p12〉

+
cosh(A)

sinh(γ)
[cosh(γ)〈w|p1〉 + 〈w|p2〉]

)

〈w|p13〉 =
sinh(A)

sinh(γ)
[cosh(γ)〈w|p1〉 + 〈w|p2〉] − 〈w|p12〉 cosh(A)

(6.91)

to eventually find the transition functions:

t′ = t (6.92)

−ǫ′(µ′r′ + ν′) = cosh(A)ǫ(µr + ν) − sinh(A)
√

(µr + ν)2 + 1 cosh(ǫ
√
M(φ − d))

e2ǫ
′
√
M ′(φ′−d′) =

ǫ(µr + ν) −
√

(µr + ν)2 + 1 cosh(ǫ
√
M(φ− d) − g)

ǫ(µr + ν) −
√

(µr + ν)2 + 1 cosh(ǫ
√
M(φ− d) + g)

,

where we defined:

cosh(A) =
cosh(π

√
M) cosh(π

√
M ′) + cosh(π

√
M ′′)

sinh(π
√
M) sinh(π

√
M ′)

(6.93)

and

sinh(A) sinh(g) = 1. (6.94)

Here M and M ′ denote mass parameters in the metric on the unprimed and the

primed chart between which we define the transition functions, and M ′′ denotes

the mass parameter from the metric of the third chart that joins this vertex. We

therefore have to inspect the metric of all three charts at the vertex in order to

obtain the transition functions between only two of these charts. The identities

(6.91) can be found by expanding w in the basis {p̂1, p̂2, p̂12} as well as in the basis

{p̂1, p̂3, p̂13} and using the hyperbolic identities presented in section 6.4.1.

Notice that the transition functions are not automatically periodic in φ or φ′;

they are in fact only valid for φ, φ′ ∈ [0, 2π). Of course, this is by no means a

restriction as this is sufficient to cover the entire chart. The other boundaries of

the domain of validity of the transition functions are obtained from the coordinate

ranges −1 < r < 1 and −1 < r′ < 1. For example, substituting r′ = 1 in the

second equation of (6.92) one finds an equality involving r and φ which defines

the boundary of the domain of definition of the transition functions.

Transitions involving outer charts

If the transitions involve outer charts we need the (τ̃ , ρ, ϕ) coordinate system.

Since we always pick the ρ coordinate to increase towards the boundary there

is no ambiguity on the orientation of this coordinate. We are however still left
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1

2

3 4 5 ǫ ǫ′ d d′

1 → 2 −1 +1 0 π

1 → 3 −1 +1 π 0

2 → 1 +1 −1 π 0

2 → 3 +1 +1 0 π

3 → 1 +1 −1 0 π

3 → 2 +1 +1 π 0

4 → 5 −1 −1 π 0

5 → 4 −1 −1 0 π

Figure 6.12: Possible transitions between inner charts. The transition functions are

by definition always taken from unprimed to primed coordinate systems: for example, in

the first line the unprimed coordinates in (6.92) are the coordinates in chart 1 and the

primed coordinates are those of chart 2.

with the left/right ambiguity and correspondingly need the discrete parameter f

associated to every outer chart. For the transition functions between two outer

charts we then find in a similar fashion as before,

ρ′ = −
√
M ′

M

(
cosh(A)ρ+ sinh(A) cosh(

√
M(ϕ− f))

√
ρ2 +M

cosh(
√
Mτ̃)

)

√
M tanh(

√
M ′τ̃ ′)

√
ρ′2 +M ′ =

√
M ′ tanh(

√
Mτ̃ )

√
ρ2 +M

e2
√
M ′(ϕ′−f ′) =

ρ cosh(
√
Mτ̃ ) +

√
ρ2 +M cosh(

√
M(ϕ− f) − g)

ρ cosh(
√
Mτ̃ ) +

√
ρ2 +M cosh(

√
M(ϕ− f) + g)

,

(6.95)

with the possible values of f and f ′ given in figure 6.13 and the same values of A

and g as before. The transition function on the second line is slightly implicit but

it is straightforward to plug in the solution for ρ′ of the first line and then solve

for τ̃ ′.

Similarly, between an inner and an outer chart we find,

ρ′ =

√
M ′

cosh(t)

(
cosh(A)ǫ(µr + ν) − sinh(A)

√
(µr + ν)2 + 1 cosh(ǫ

√
M(φ − d))

)

tanh(
√
M ′τ̃ ′)

√
ρ′2 +M ′ =

√
M ′ tanh(t)

e2
√
M ′(ϕ′−f ′) =

ǫ(µr + ν) −
√

(µr + ν)2 + 1 cosh(ǫ
√
M(φ− d) + g)

ǫ(µr + ν) −
√

(µr + ν)2 + 1 cosh(ǫ
√
M(φ− d) − g)

(6.96)
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1

2

3 4 5

6

f f ′

1 → 2 0 π

2 → 1 π 0

ǫ d f ′

3 → 1 +1 0 π

3 → 2 +1 π 0

5 → 4 −1 0 π

5 → 6 −1 π 0

ǫ′ f d′

1 → 3 +1 π 0

2 → 3 +1 0 π

4 → 5 −1 π 0

6 → 5 −1 0 π

Figure 6.13: Possible transitions involving outer charts. In this picture the charts 1,2,4

and 6 are outer charts and the charts 3 and 5 are inner charts. Conventions are as in

figure 6.12.

and conversely,

√
M tanh(t′) = tanh(

√
Mτ̃)

√
ρ2 +M (6.97)

ǫ′(µ′r′ + ν′)

cosh(t′)
=

√
1

M

(
cosh(A)ρ+ sinh(A) cosh(

√
M(ϕ− f))

√
ρ2 +M

cosh(
√
Mτ̃ )

)

e2ǫ
′
√
M ′(φ′−d′) =

ρ cosh(
√
Mτ̃) +

√
ρ2 +M cosh(

√
M(ϕ− f) + g)

ρ cosh(
√
Mτ̃) +

√
ρ2 +M cosh(

√
M(ϕ− f) − g)

Again, these transition functions are not obviously periodic in φ and ϕ are are only

valid in the interval [0, 2π) and the other boundaries are again found by inserting

the coordinate ranges −1 < r < 1 and (6.81) in the transition functions. One may

again compose the transition functions with (6.73) and its inverse to obtain the

transition functions for the twisted coordinate ψ on the inner charts.
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