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A PARAMETRISED VERSION OF MOSER’S MODIFYING
TERMS THEOREM

ABSTRACT. A sharpened version of Moser’s ‘modifying terms’ KAM theorem
is derived, and it is shown how this theorem can be used to investigate the
persistence of invariant tori in general situations, including those where some
of the Floquet exponents of the invariant torus may vanish. The result is
‘structural’ and works for dissipative, Hamiltonian, reversible and symmetric
vector fields. These results are derived for the contexts of real analytic, Gevrey
regular, ultradifferentiable and finitely differentiable perturbed vector fields. In
the first two cases, the conjugacy constructed in the theorem is shown to be
Gevrey smooth in the sense of Whitney on the set of parameters satisfy a
“Diophantine” non-resonance condition.

FLORIAN WAGENER

CeNDEF, Dept. of Quantitative Economics, University of Amsterdam
Roetersstraat 11, 1018 WB Amsterdam, The Netherlands

1. Introduction.

1.1. Object. Moser’s modifying terms theorem [23] is in essence an averaging re-
sult. On the phase space .# = T™ x R", it considers small deformations X of an
integrable vector field

0 0
X=w—+4 Ay—, zeT™ yeR", 1
o Ty y (1)
where w € R™ and A € gl(n,R) are constant and are assumed to satisfy so-called
Diophantine non-resonance conditions. The theorem says that if the deformation
is sufficiently small in some function norm, say

D<e=|X-X| <1

then there is a constant vector field

0 0
A=0— By)—
5, T (n+BYy) 9
with 6 € R™, i € R™ and B € gl(n,R), such that the following holds. If X, denotes
the modified vector field

Xo=X—A,
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2 FLORIAN WAGENER

then there is a conjugacy ®, e-close to the identity, for which

®.X0 = (1 O1y) 5 + (v + Os)) 5. )
In particular, the torus .7 = T™ x {0} is invariant under ®, Xy, and consequently
the torus ®~1(.7) is invariant under X,. The natural interpretation of the vector
field A is that it represents that part of the perturbation which cannot be removed
by successive averaging.

The object of the present article is to derive a modifying terms theorem for
parametrised families of vector fields, incorporating results on smoothness [28] and
Gevrey-regularity [25, 26] of parameter dependence that have been added to KAM-
theory since Moser’s article appeared. An extension to general Carleman (or ultra-
differentiable) classes is given as well. A second motivation is to make the result
a convenient tool for quasi-periodic bifurcation theory. In particular, the condition
imposed by Moser that ad4 should be semi-simple is removed, so that all situa-
tions can be treated for which the unperturbed invariant tori have several Floquet
exponents equal to zero. Recall that if a vector field is of the form of the right hand
side of equation (2), then the eigenvalues of A are called the Floguet exponents of
the invariant torus 7. As an application, we sketch the analysis of persistence of
tori in the quasi-periodic Bogdanov-Takens bifurcation.

The main result of the present article is to show the existence of a modifying terms
vector field A with the above properties, for small parametrised deformations X
of integrable vector fields X. Here the vector fields X and X can be restricted
to an admissible structure in the sense of [9], like Hamiltonian, volume preserving,
equivariant etc. The deformations are either real analytic, Gevrey-regular, ultrad-
ifferentiable or finitely (but sufficiently often) differentiable, and for each category
we find regularity properties of the conjugacy ® and the vector field A. In this way,
the results contribute to a resolution of problem 10 of Sevryuk’s list [33].

1.2. Related work. Invariant tori with one or more vanishing Floquet exponents
occur in the integrable versions of many bifurcation scenarios. In the context of a
degenerate Hopf bifurcation Chenciner [13] has investigated the saddle-node bifur-
cation of invariant quasi-periodic circles. His results have been extended by Broer,
Huitema, Takens and Braaksma [9], and, in the context of Hamiltonian vector
fields, by Hanfimann [18]. The scope of these studies is restricted to the case of a
one-dimensional normal space, in the general context, or a two-dimensional normal
space, in the Hamiltonian context. More recently, higher order degeneracies have
been studied as well [6, 19, 37].

For one-dimensional normal spaces, the Riissmann-Herman translated torus the-
orem is available, which is the discrete-time analogon of the modifying terms the-
orem. Recently, there modifying terms theorem has been applied in several set-
tings [15, 16].

Higher dimensional normal spaces have been treated extensively by other meth-
ods in the case of non-vanishing Floquet exponents; we refer the reader to [8, 9] and
the references there. The results reached in those investigations were restricted to
the case that all Floquet exponents are distinct; recently, this restriction has been
removed by the work of Hoo [20], which extended previous work of de Jong [17] and
Ciocci [14].

Poschel [28] demonstrated that the conjugacies of KAM theory depend differen-
tiable in the sense of Whitney on the parameters, even in the case that the original
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deformation is only finitely often differentiable. This has been strengthened by
Popov [25, 26] to Gevrey-regularity in the sense of Whitney if the deformation X
itself is real analytic (cf. also [12]). Popov [27] extended these results to Hamiltoni-
ans that are Gevrey regular. Much subsequent work has been done, taking especially
into account the Riissmann condition [38, 40, 41, 43, 42]. A simple derivation of
this kind of results has been given in [36]; the same method is used to obtain the
results on ultradifferentiable deformations in the present article.

1.3. Structure of the article. The next section, after introducing notation, states
the central ‘KAM-averaging’ theorem (theorem 2.3). In section 3 it is shown how
the results of [23] and [9] are corollaries of the theorem; moreover, a quasi-periodic
analogue of Arnol’d’s succinct ‘persistence of bifurcation’ result [1] is derived. The
proof of the central theorem occupies section 4.

2. Modifying terms. This section introduces notations used throughout the ar-
ticle, and states the modifying terms theorem.

2.1. Notations and definitions. Let (y1,y2) denote the standard Euclidean or
Hermitian inner product of two vectors in R™ or C", and let |y| denote the norm |y| =
max; |y;|. Let T™ be the standard m—torus R™/27Z™.

2.1.1. Vector fields and invariant tori. In the following, a family of objects is always
taken in the sense as a parametrised family, where the parameter takes values in
some subset of a finite dimensional vector space.

Let .# be a manifold. We consider small deformations of families of vector
fields X on . that leave a family of embedded tori .7 invariant. Let T.#Z, T.7
and and T #.# denote respectively the tangent bundle to .#, the tangent bundle
to 7 and the restriction of T.# to 7. The quotient To.#/T.7 is a smooth
vector bundle over .7, the normal bundle N of & . By the tubular neighbourhood
theorem, N.7 is diffeomorphic to an open neighbourhood U of .. Assuming the
normal bundel to be trivial, the diffeomorphism transfers vector fields on U to vector
fields on N7 =2 T™ x R"™; note that then 7 = T™ x {0}.

Accordingly, in the following families of vector fields X (p) on the phase space 4 =
T™ x R™ will be considered, where the parameter p takes values in a space & which
is an open and bounded neighbourhood of the origin of R?. Note that .# can still
be identified with the normal bundle N.7 of the torus 7.

A regularly parametrised family of vector fields p — X (p) is usually not distin-
guished from the equivalent vertical vector field X on .# x &. Recall that a vector
field is called vertical if the canonical projection of X to the tangent bundle T of
the parameter space & vanishes everywhere. A vertical vector field on .# x &2 is
typically written as

0 0

where z € T™, y € R™ and p € &. The set of all differentiable vertical vector fields
on . # x & is denoted by X.

2.1.2. Normal linear vector fields. It X € X is a vector field of the form (3), the
normal linear part NX of X is defined as

0

NX = f(x,O,p)% + (9(:1370,]9) + gg(x,Qp)y) o (4)
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Note that the flow of NX maps fibers of the normal bundle N.7 affinely to fibers;
“normal affine vector field” would perhaps be a more appropriate name, but we
stick to the convention introduced in [9]. Generally, a vector field L will be called
normally linear if it is equal to its normal linear part.

If X € X is such that the term g(x,0,p) in (4) vanishes identically, then X
is tangent to the torus 7, and 7 is invariant under the flow of X. Introduce
for ¢ > 0 the scaling diffeomorphism D.(x,y,p) = (z,e ty,p). If X is tangent
to 7, then lim.|o(D.).X = NX, and consequently

(D)X = NX + O(e).

Hence, without loss of generality, it can be assumed that the unperturbed vertical
vector field is normally linear.

2.1.3. Integrability. A vertical vector field X € X is called integrable, if it is equi-
variant with respect to the action © of the group T™ on .# x & that is given
as

@ﬂ(xayap) = (l’ + ﬁa yap)

for g € T™. Equivariance means that
(0p), X =X

for all 5. Consequently, if X is integrable, it can be written in the form

X=f(y7p)% +g(y,p)%y- (5)

Define the T™-average [f] of a function f defined on .#Z x & as

[f1(y,p) = - f(z,y,p)da;

here dz denotes the Haar measure on T™.
If X = f% + gg—y € X is any vector field, the integrable part [X] of X is given
as

[X] = [f](y,p)% + [g](y,p)g—y.

Note that with this definition, a vector field X is integrable if and only if X = [X].
A vector field X which is such that [X] = 0 is said to be mean-0. Any vector field
can be decomposed in an integrable part and a mean-0 part:

X =X+ (X = [X]).

2.1.4. Frequencies. An integrable vector field X of the form (5) can be written
uniquely as X = L+ @ with L = NX and @ = X — NX. The normal linear part L
of X is then of the form

0 0

L= w(p)% + (u(p) + A(p)y) 7 (6)

Note that if p(po) = 0, then the vector field X (pg) is tangent to .7, which is
consequently invariant.
The maps w : & — R™ and Q : & — R™ x gl(n, C), the latter given by

Q= (w,A),
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are called the internal frequency map and the (full) frequency map of X, respectively.
For a given frequency map 2, let

B) d
Lo = w(p)% + A(p)y@.

2.1.5. Structures. In order to describe families vector fields that admit certain sym-
metries, “admissible structures” are introduced, following [9, 23].

For every d > 0 and every vertical vector field X, define the Fourier trunca-
tion Ty X of X as

T.X = > Xi(y,p) ™™, where Xy(y,p)= [ X(z,y,p)e " ** da.
|k|<d Tm

An admissible structure is a pair (g, ), where g is the Lie algebra of a finite di-
mensional Lie group & C GL(n,R), and where h C X is an infinite dimensional Lie
algebra of vector fields on .#, such that g and h satisfy the following properties.
For every X € b, the normal linear vector field NX as well as the truncation 75X
is in b, for every d > 0. Moreover, the frequency map Q2 = (w, A) of an integrable
vector field in h takes values in R™ x g.

Let % be an open and bounded subset of .#, and let ® : % — .# be an
embedding. If for any X € b the vector field ®,.X is the restriction of a vector
field Y € b to ®(U), then ® is called a structure-preserving conjugacy associated
to h.

2.1.6. Versal unfoldings. A frequency map

Q= @,A): Y —R" xgl(n,C)
is a smooth wversal unfolding of Qq, if for every smooth deformation Q = (w, A)
of Qp (that is, for every smooth map p — Q(p) for which 2(0) = ) defined on an
open neighbourhood & of the origin of RY, the following holds. There is a smaller

neighbourhood & C & of 0 and there are maps ¢ : & — Y and C : & — GL(n,R),
such that (0) =0, C(0) = I and

2((p)) =wlp)  C)AR(P)CP)" = Ap). (7)

More generally,  is a versal unfolding of g in the Lie algebra R™ x g of the Lie
group T™ x &, if Qy € R™ x g, and if for every smooth deformation €2 of Q¢ taking
values in R x g, maps ¢ : & — ¥ and C : & — & can be found such that the
equations (7) hold.

The map 2 is called miniversal if the dimension of &2 is the smallest possible
for a versal unfolding (see [1], §30).

2.1.7. Diophanticity. For any k € Z™, let |k| = >_1", |k;|. Choose vp,x > 0. A
vector w € R™ is called (9, k)-Diophantine, or Diophantine for short, if

(&, w)| > 0|k ™", (8)

for all k € Z™\{0}. If Kk > m — 1 and if 7y > 0 is sufficiently small, the set of
(70, k)-Diophantine vectors has positive Lebesgue measure in R™.

For A € g, let @« = a4 be the vector of imaginary parts of the eigenvalues of A.
If A depends continuously on a parameter p, the components of o are assumed to
be arranged such that they depend continuously on p.
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For 79,7,k > 0, the frequency Q = (w,A) is said to be normally (vo,7,k)-
Diophantine, or normally Diophantine for short, if w is (7o, x)-Diophantine, and if
moreover o = 4 satisfies

(R, w) + (€ o] = (k] + €))7,

for all (k,¢) € Z™ x Z™ such that k # 0 and 0 < |[¢| < 2. This is indicated by
writing Q@ € ND, = ND.(70,7, ). Note that this definition does not depend on
the arrangement of the components of a.

Let 79,7, k > 0 be fixed. A frequency map €2 is quasi—periodically non—degenerate,
if Q unfolds ©(0) versally and £2(0) € ND. (70,7, k). For  a given quasi—periodically
nondegenerate frequency map, let

P ={pe P :Q(p) e ND.}.

2.1.8. Normal conjugacies. The vector field X is said to be normally conjugated to
a normal linear vector field L at a parameter value p, if there is a neighbourhood %
of 7 and a conjugacy ®(p) : # — .# such that

N(‘i’(p)*X(p)) = L(p).

Note that if L is tangent to 7, and X is normally conjugated to L, then X is
tangent to the torus ®~!(.7), and this torus is invariant under the flow of X.

Let 7o : .4 — R™ be the projection mo(x,y) = y. A conjugacy ® : A4 — M is
said to be of mean 7 if

/ 772-<I>*da::/ (mg 0 @ 1) (2,0)dx = 7.
@71(9) m

2.2. Differentiability classes. The modifying terms theorem stated below will
be proved for several differentiability classes.

2.2.1. Notation. Let ¥ C R™ be an open set, and let #” a normed vector space. For
a multi-index 8 € N™, the S-derivative DP f with respect to x € R™ of a |3|-times
differentiable function f is defined as

ol f
.. oz

2.2.2. Finitely differentiable functions. For ¥ and # as above, let f : ¥ — # be
a continuous function that satisfies for some 0 < s < 1 the inequality

|f(z) = f(y)] < Clx — vy, for all x,y € ¥.

Then f is Hélder continuous with exponent s. The smallest C' such that the equality
holds is the Holder norm || f||s of f. The space of Holder continuous functions f :
¥ — W with Holder exponent s is denoted by C* = C*(¥,#'). We write C*(¥)
for C*(¥,R).

Let [s] denotes the largest integer smaller than or equal to s € R. For s > 0 and
s # N, an s—times differentiable function is an [s] times continuously differentiable
function f : 7 — %, whose [s]-order partial derivatives DPf (where |3| = [s]) are
Holder continuous with exponent s — [s] on ¥". With the (recursive) definition of a
norm

DPf =

. = max ||D?
I7ler = max D7

the space of s—times differentiable functions is a Banach space, which will also be
denoted by C*®.

Cs—lsly
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2.2.3. Ultradifferentiable functions. Let a sequence
M= {Mj };?0:0

be given, with M; > 1 for every j. A smooth function f : ¥ — % is said to be in the
Carleman class CM of ultradifferentiable functions, if there are constants C,h > 0,
such that

sup IDPf| < Ch71PIM for every (€ N™. 9)

Let || f[|ca be the smallest constant C' for which these estimates are satisfied: this

defines the C’}JLW -norm of f, and with this norm C}JLW is a Banach space. Note that
if h1 < hg, then C}%I C C}Jl\/lf

If M, = k!, then CM is the class C¥ of real analytic functions, and CM is the
space C}’ of real analytic functions that can be extended to complex analytic func-
tions on a complex strip of width A in the imaginary direction. Since this class will
be used extensively in the following, the norm |[|.||ca is written as ||, in this case.

If My = (k!)#, with g > 1, then CM is the Gevrey class G#. The associated
Gevrey spaces are denoted by GJ'. Unlike the real analytic class, for every p > 1
there are functions in G} with compact support.

2.2.4. Whitney smoothness. The definitions of the function spaces just introduced
can be extended to cover functies f : % — # that are defined on closed sets F# C ¥,
by replacing partial derivatives D f with components fz of a Whitney jet (cf. [34]).
Let a collection of functions {fz}s : & — # be given such that fo = f and such
that the following consistency condition is satisfied for all 3:

B
falaty) = 3 fﬂ+g<x>%+o<|y|s-‘m>, 2,y € F.
[B|<s—|8]

At every interior point @ of . obviously fz(z) = DPf(z). Finite differentiability
and the smoothness classes CM are now defined for functions on closed sets in the
obvious way.

Whitney differentiable functions of a given smoothness class can be extended
from # to all of ¥'; however, the results in this direction are increasingly weaker
with increasing differentiability. For finite differentiability, there is a continuous
linear extension operator [34]; for smooth functions, extension can still be shown to
be a continuous operation [24]. Finally, Gevrey regular functions can be extended
to Gevrey functions of the same class, but in general not continuously [5].

2.2.5. Smoothness classes. The regularity of conjugacies and invariant tori in the
results below depends on the regularity of the data; to shorten the statement of
the theorem, the following formalism is introduced: the original vector field and its
perturbations (the “data”) will be in a smoothness class B, while mappings that
are constructed in the proof in the theorem will be in a less regular class B’, which
depends on the original class B. For each of the four B-classes C¥, G*, CM and C?,
we describe the corresponding B’'-class.

Let % be an open and bounded neighbourhood of .7 = T™ x {0}. Functions
in the B’-classes are always more regular in the phase variables (z,y) than in the
parameters p; we express this by positing that if f € B’, then for fixed values of p

fC,op) €BUZ W)
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and for fixed values of (z,y)
fz,y,.) € By(2' W);

by specifying B} and Bj, we specify B’. Note that since parameters are restricted
to the closed set &', the smoothness of the parameter dependence is always meant
in the sense of Whitney.

Let £ > 0 be a positive integer, which denotes the maximal degeneracy of a
normal eigenvalue of the unperturbed vector field X.

1. Analytic data. If B = Cy),, then for any ¢ > 0,
Bi=Cp, By =gl
2. Gevrey regular data. If B =G’ with p > 1, then for any ¢ >0
B =Gy, By=Gp,
where hy, ho > 0 are some constants, and where
n=1+p+¢  ra=1+Llu(x+1)+¢.

3. Ultradifferentiable data. If B = C}M (.# x &), the description of B’ is a little
intricate.
If f € CM, then for every multi-index a with |a| = s we have

sup | D*f| < Ch™° M.

Fix n > 0, and for every s € N let A\, = (s + 1)log Cy + nslog s + log M,

where Cy = max{c;/h,C} with ¢; the constant given in lemma 4.1 below.
Let Ay : [0,00) — R be the largest convex function such that A.(s) < A,

for s € N. Denote by L\, the Legendre transform of \,, which is given by

LA.(p) = max {p:v - )\*(x)};

x€[0,00)

see subsection 4.3.2 below.
We construct a function gp; as follows. For a fixed constant 1 < § < 2,
chosen in the course of the proof, let go = LA, (0) and let

g = min{ﬂgj_l,ﬁ)\* (log rj—l)}.
Finally, let gps be the largest convex function such that
gu(logr; ') < g;

for all j. Here r; = roa{ with 0 < a1 < 1 and rg > 0, which are also chosen
in the course of the proof. i
Then Bj and B are respectively the Carleman classes cM™Y and CM(Q)7
with
(1 L c (2 Lgn (€(k+1 c
M = gl efom(s+C) M® = gl efom (Llrt1+Q)s+C)

where ¢ > 0 is arbitrary, and where Cisa given constant.
4. Finitely differentiable data. Here B = C*, with s > (2n% + 3n)(k + 1) + 3.
Then for any fixed ¢ > 0

B/l — CS—(7L2+7L)H—2—<’ B/2 — C(s—(n2+n)n—2—g)/(€5+2).

Note that always B’ C C"*1.
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Remark 1. The conjugacies can be extended as maps, using the theorems men-
tioned above, to larger parameter sets; however, in general they will cease to be
conjugacies on these larger sets.

Remark 2. The size of the open neighbourhood of the unperturbed vector field X
for which the perturbation theorem below holds, will in general depend on the
constant .

2.2.6. Vector fields. Since all tangent bundles which will appear in this article are
trivial, a vector field X is identified with its component map F = (Fy, Fy) : A X
P — R™ x R"™ by setting X = Fl% + Fgg—y. The classes of vertical vector
fields whose components are of class B or B’ are denoted by X = X(.# x )
or X' = X'(% x P'), respectively. In particular, by X*, X* XM and X* are
respectively indicated the class of vector fields that are analytic, Gevrey regular,
Carleman regular and finitely differentiable. The norms || X||g of vector field X
in X are defined analogously to the function norms above.

2.3. Parametrised modifying terms theorem. In order to formulate the main
theorem, let the parameter space & C R™ x g x R9 be an open connected set.
Write p € 2 as p = (,p) = (@, 4,p), and let (g,h) define an admissible structure
of vector fields.

Main Theorem. Fiz Q¢ = (wo, Ag) € ND., and let a frequency map Q be given
as Qp) = Qo + Q. Let X € hN X be an integrable vector field with normal linear
part L. Then there exists an €y > 0 such that for any perturbation P € h N X
with ||P||g < Yoeo, the following holds.

There is an integrable vector field A € hN X', |A||lg < C||P|s, such that if Q €
ND,, then X + P — A is normally conjugated to Lq by a vertical mean—0 structure-
preserving conjugacy ® in B'. We have that ® is normally linear in y and that | ® —
id||gr < C||P||g for some C > 0.

The proof of this theorem is given in section 4.

3. Persistence of tori.

3.1. Perturbations of non-linear integrable families. We are interested in the
following situation. Let p — Q(p) = (w(p), A(p)) be a frequency map, defined on a
neighbourhood & of 0 € R?. Denote by Ag : R™ — R the linear map given by the
matrix A(0); introduce A;(p) = A(p) — A(0), such that

A(p) = Ao + A1(p),

and such that A;(p) = O(|p|).
Let 4/ and Z denote the kernel and the range of Ay, respectively. Choose
complementary subspaces 4 ¢ and Z° to .4/ and Z; that is,

N+ N =R+ R =R", N NANC=RN% ={0}.
Given these choices, there is a unique decomposition of a vector z € R" as a
sum z = 21 + 22 with 21 € #Z and 29 € #°. Define projections 7z and 7§, by
setting w2 = 21 and w5z = 2o; projections m 4 and 7, are defined analogously.
Let X € hN X be an integrable vector field of the form

X = (w0) + al00) 5 + (AP + ) 5
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where ¢; = O(|y|) and g2 = O(Jy|?). Note that we do not make any assumptions
on the matrix A(p) in terms of multiplicity or vanishing of eigenvalues, and that
therefore the “standard” KAM theorem, as for instance in [9], is not applicable.

If for 7 € R™ the torus 7, = T™ x {y = 7} is invariant under X, we have
necessarily that

A(p)T + g2(7,p) = 0. (10)

Introducing ¢ = 7¢,7 and v = 7 47, and projecting equation (10) on both #
and Z°¢, we obtain

Aop+ A1 (p) (1 + v) + 7azqe (1 + v,p) =0 (11)

and
75 (A1(p)(n+v) + g2(p +v,p)) = 0. (12)
Since Ag : A¢ — Z is invertible and since A;(p) = O(|p|), if p takes values in a
neighbourhood of 0, then equation (11) can be solved for = u(v, p) as a function
of v and p. Let
T =7(v,p) = p(v,p) +v.

Substitution in equation (12) yields a function f : A" x & — %€ such that if

0= f(v,p) = 71?/3(141(17)7'4'(12(7'717))7

then the vector field X has an invariant torus at y = 7(v, p).

In the statement of the following theorem a map F': ¥ X & — # ', where ¥ C R"
and where ¥ is any finite dimensional vector space, is said to be B’-smooth if
F(.,p) € B for fixed p and if F(r,.) € B} for fixed 7.

Theorem 3.1. (Quasi-periodic Lyapunov-Schmidt reduction)
There exists an ey > 0, independent of vo, such that for any P € hNX with ||P||g <
Yogo the following holds.

There is a smaller neighbourhood & of 0, a conjugacy O, : T"xR" — T™ xR",
afrequencymap@:@%l&mxg, and maps p: N X P — N, T N X P —
R”, f: N x P — %, both B —smooth, as well as maps p; : R* x & — R™,
P2t R" x P — R"™, p3 : R" x P — g, at least C" T -smooth, with the following
properties.

The map p = p(v,p), with v € A and p € P solves the equation

0:m[A(p)(quV)ﬂqu(uﬂLv,p)+pz(u+v,p) : (13)
The map T = 7(v,p) is of the form
7(v,p) = p(v,p) +v. (14)
The map f is of the form

F(v,9) = 75 [A@)T + aa(.) + pa(7,)]. (15)

The frequency map Q reads as

. 0
01) = ((0) + 01700+ pa(o0) AG) + G2 ) + () ).
Moreover

@ ~idls ~0 and [p,

cn+1 — 0
as ||P|lg — 0.
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Finally, if T = 7(v,p) and
f(Vv p) =0,
then ® is a mean-1 conjugacy that normally conjugates X + P to Lg at all param-
eters for which Q(p) s normally Diophantine.

Proof. The proof runs along the same lines as the example of the introduction.
Write Q@ = X — NX = ql% —|—q2g—y and set
X=X+4+P=Lo+Q+P.
Let U, : 4 x P — M x P be a localising transformation, given by
U, y,p) = (2,7 +y,p).
Introduce the localised vector field
Y =v,.X.

Its normal linear part takes the form
0
NY = ( : )7
w(p) +a(rp)) 5

¥ (f;(i); w(r)+ (40 + 520 ) o) 5
+N,,P.

Let Q = (&, A) € R™ x g, and introduce
N0
Ao = (@) + a(rp) — &) 5
8q2 ~ 0
+ (A0 + o) + (A0)+ G2 - 4)0) 5

Then
N(Y —Ag) = Ly + NV P.
Applying theorem 2.3 to Y — Ag yields that for || P||z = ¢ sufficiently small, there
is a B'-smooth integrable vector field
Ay =6(p,, Q)% + (u(p, 7, Q) + B(p,7, Q)y)%y,
such that ||A1]|g < Ce, and a B'-smooth conjugacy

(D_l(m>y;p7 T, Q) = ((E + Sol(xayap7 T, Q)7y + %02<m7y7p7 T, Q)) 3

such that
N®, (Y —Ag — A1) = Lg,. (16)
The modifying terms vector field A; can be extended, non-uniquely, to a vector
field defined for all Q that is at least C"*!, see [34], and which will also be denoted
by Al.
Putting A = Ag + A1, we want to determine a map 2 : 2 x R"* — R™ x g such
that if Q = Q(p7 7), then A = 0. Requiring that A = 0 is equivalent to the equations

w=w(p)+q(rp) —|—3(p7 Q), (17)
0= A(p)7 + q2(7,p) + iulp, ), (18)
A= a(p)+ 22, p) + B(p, ). (19)

dy
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Since the modifying terms are (C"1, Ce)-small, if € > 0 is sufficiently small, equa-
tions (17) and (19) can be solved for & and A, yielding

@(r,p) = w(p) + qi(7,p) + p1(7,p),

. 8(1

Ar.p) = Ap) + 5 1 (7:0) + pa(7.).

For p € A€ and v € A, set 7 = pu+ v. By applying w4 to both sides of equa-
tion (18), and recalling that A(p) = Ag + A1(p) with A;(p) = O(|p|), we obtain

0= Aop +mg (Ar(p)(n+v) + @2(p + v, p) + p2(1 + v, p)) - (20)
Note that Ag : A¢ — Z is invertible. By the implicit function theorem, we can

solve equation (14) for u = p(v,p). Substituting this function into equation (18)
and consequently applying 7%, to both sides yields, with 7 = u(v, p) + v:

0= £(r,p) = % [A) + r(r.0) + pa(r. )]
O

3.2. Corollaries. Note that in the situation of theorem 3.1, the linear map Ag
is invertible, then dim %°¢ = 0, and the equation f = 0 disappears. Moreover,
if 2 is a versal unfolding of Q(0), then so is Q, and the set of parameters p such
that Q(p) € ND. has positive Lebesgue measure.

3.3. Reduction of parameters. The previous results can also be applied to sit-
uations with few parameters. The reduction is based on the following result of
Pyartli.

Theorem 3.2. (Pyartli [29]). Let U be an open neighbourhood of a point q €
R™, and let a smooth map o : R™ — R™ (n > m) be given, parametrising a m—
dimensional submanifold S in R™. Assume that there is a curve § : (—e,e) — R™

with £(0) = ¢q, such that vi,--- ,Vp_m+1 span a (n — m + 1)-dimensional linear
subspace of Ty )R™ transversal to Ty q)S at a(q), where vj is given as
daof
v; = dtj (0)

If k >n? —n+1, and if v > 0 is sufficiently small, then the set
Us={z €U : [(k,a(x)) + ko| > v|k|™" for all k € Z™\{0}, ko € Z} .
has positive Lebesgue measure in U.

The significance of this theorem is expressed by the following, less precise, re-
formulation: if x > 0 is sufficiently large, then for a generic frequency map {2, the
inverse image Q~1(ND,) has positive Lebesgue measure.

Suppose 2 is a frequency map such that Q(0) € ND... It is always possible to find
a versal unfolding Q of 2(0), defined on another parameter space 3, such that € is
a subfamily of Q); that is, such that there is a map o : & — ¥ with the property
that

Q(p) = Qa(p))-
Hence, a given vector field X (p) = La(p) + Q(p) — only the parameter dependence
is made explicit — can be replaced by X(p, o) = L (0) + Q(p) with (p,0) € # x X.
By theorem 2.3, for every small perturbation P(p) there is an integrable vector
field &(p, o) such that X + P + 4 has an invariant quasi-periodic torus of mean 0
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whenever Q(J) € ND., since Qis quasi—periodically nondegenerate. Then, by using
that

X(p) = X(p,o(p)),

the conclusion is obtained that for a generic set of vector fields X, there is an
integrable vector field 8(p) = d(p,o(p)), such that the set of parameters p for
which X (p) + P(p) + d(p) has an invariant quasi-periodic torus of mean 0, has
positive Lebesgue measure in Z.

3.4. The quasi-periodic Bogdanov-Takens bifurcation. As an application
of theorem 3.1, we treat the persistence of invariant tori in the quasi-periodic
Bogdanov-Takens bifurcation [35, 3, 4, 10, 30, 11].

3.4.1. Integrable normal form. Recall that a Bogdanov-Takens singularity occurs if
a singular point, say x = 0, of a planar vector field Zj, has a multiple eigenvalue 0
with geometric multiplicity 1; that is, the linearisation has a nilpotent part. We
assume that Zjy is a member of a family of vector fields Z,,, parametrised by a two-
dimensional parameter o. If some nondegeneracy conditions are met, by a suitable
change of phase space and parameter space coordinates, the vector field can be
brougth into the form

0 0 1 0 0
P = < (Ul) * <0 02) vt (3/% +byly2> M(y’a)) oy’

where b = +1 and r = O(|y|3). Note that Z, is an unfolding of the nilpotent
singularity y = 0. We shall limit our attention to the case b = 1.

Consider now the integrable unfolding X, of the normally nilpotent invariant
torus J = {(x,y) € T™ x R?} of the vector field Xy, where

P 0 0 1 0 9
X, = —+ (-
o =w(y,0) 5+ ( (01) - (0 02) v (yf +ylyz> H(y’a)) Ay’

Introduce the standard basis vectors e; = (1,0) and e = (0,1). In terms of
subsection 3.1, we have

Ao) = (8 01 ) , ker A(0) =4 =Re; ranA(0) =% = Re;.
2
‘We choose
N =%° = Res.
Let m; and 75 be the projections on Re; and Res respectively. Then 7y = 74 = m1
and 7¢, = w5 = my.

3.4.2. Non-integrable perturbation. Consider a non-integrable perturbation X, + P,
of X,, where the perturbation term P, is such that | P, ||z < €.

We shall assume that the smoothness class B contains C®, where s > 0 is such
that B’ contains at least C*. For sufficiently small € > 0, theorem 3.1 ensures
the existence of a B’-smooth map ® and functions u, 7, f, p1, p2, p3, such that
lpillcs < Ce, and such that the following hold.

Writing p = (0,72), v = (11,0) and 7 = pu + v, the function 72 = 7(71,p) solves
equation (13), which takes the form

B 0 0 1 (51 0
0=m [— <01> + (0 02) (T2> + (712 +7172) +7r +P2]

=T +m [r(7,0) + p2(T,0)] .



14 FLORIAN WAGENER

We find that
To = 0+7’13771(T1,0) +Q01(T170'),

where 71 € C*73 and ||¢1]cs < Ce. Substitution into equation (15) yields the
function f, which is of the form

fr,0) =m [_ (o(')1> + (8 012) T (y% +Oy1yz) +r+p2}

= —01 + 71 + Ta(r + p2).
We find
fri,0) =7¢ — o1 + 112 + @2,
where 75 € C*73 and ||p2]|¢cs < Ce. The frequency map takes the form

Q(ﬁ,o) = (d}(ﬁ,a),fl(ﬁ,a))

_ 0 1 2
- (W(Tl,0,0'), (27_1 o9 +T1>> + 71113 + @3,

with 73 € C*~* and ||p3]|¢cs < Ce. We solve oy from the equation f = 0 to obtain
o1 = X(11,02) = 7§ + 1704(71,02) + Pa(71, 02), (21)

with n4 € C*3 and ||<p4||c3 < Ce.

Theorem 3.1 then allows us to conclude that if o7 = X(71, 02) and if Qis normally
Diophantine, then X, + P, has an invariant m-dimensional torus that is of the
form 7, = {(z,y) : y = (11,72) + ¢(x,y,0)}, where ||¢|lpr < Ce, with normal
dynamics Lg,.

3.4.3. Quasi-periodic saddle-node bifurcations of X, + P,. Let o] be a critical value
of the map

(11,02) — X(71,02),
corresponding to a critical point (75,03). Write o* = (0F,03). If Q(rf,0*) is

normally Diophantine, then ¢* is a quasi-periodic saddle-node bifurcation point. It
follows from (21) that the critical points of ¥ satisfy

71 =0+ @s5(02),
where ||¢s]lcr < Ce.

3.4.4. Quasi-periodic Hopf bifurcations. At parameters for which the normal fre-
quencies of an invariant m-torus are located on the imaginary axis, quasi-periodic
Hopf bifurcations can occur. The full normal form analysis is not given here, but it
runs along entirely standard lines. From the normal part A of the frequency map,
we obtain the conditions

T(T170'):t1‘/i:7'1 +02+T12776+<,06:O (22)
and
D(m,0) = det A = —27 + 207 + 7 > 0.

Note that necessarily at all quasi-periodic saddle-node bifurcation points ¢*, with
corresponding 71 = @5(03), we have

D(r{,0") = 0.
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Solving equation (22) for 71, we obtain
T = —02 + s(0);

substitution in (21) yields the locus of the quasi-periodic Hopf bifurcation points as
those parameter values o such Q(—o3 + g, 0) in normally Diophantine, for which

o1 = X(—02 + ¢s(0), 02),
as long as D(—o2 + ¢s,0) > 0. This yields

o1 =03 + 039 + Po.

These bifurcation curves are illustrated in figure 1.

02

FIGURE 1. Bifurcation diagram of the quasi-periodic Bogdanov-
Takens bifurcation

4. Proof of the main result. In this section the proof of theorem 2.3 is given.

4.1. Preliminaries. The vector field X mentioned in the statement of theorem 2.3
is defined on the phase space T™ x R", it is integrable, and it has normal linear
part Lo, where Q = (w, A). Hence, it is of the form

0 0

X = Z 4 g
(w+m@mﬂax+(y+@@mﬁay

with ¢1 = O(|y|) and g2 = O(Jy|?). The perturbation term P will be written as

0 0
P=mw%m%+m@%m@;

it satisfies || P||g < Yo€0- In the following the vector field X + P shall be denoted
by X. After scaling the time by ¢t = ~ot’, it may be assumed that the Diophantine
condition ND, is of the form ND.(1,v/v0, %), and that || P|z =€ < €o.

Note that the frequency map Q(p) = Qo + Q is a linear function of p.
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4.1.1. Multiple normal eigenvalues. For the following remarks, cf. [20, 7]. In order
to motivate the definition of the parameter domains below, we need some estimates
on the parameter dependence of eigenvalues in the case that the matrix Ay has
multiple eigenvalues.

Let f be the characteristic polynomial of A(p) = Ay + A; that is,

f(z,p) = det(A(p) — 2I).

If A € Cis an ¢-fold zero of f(z,0), then by the Weierstral preparation theorem
(see for instance [21], p. 155), there are unique analytic functions ¢(z,p), a;(p),
defined in a neighbourhood of (z,p) = (A,0), such that ¢(A,0) # 0, a;(0) = 0
fori=0,---,n—1, and

-1
(=N'=af+> aip)(z ="
i=0

The function g(z,p) = 1/q(z,p) is defined in a, possibly smaller, neighbourhood
of (A, 0), and

f(z,p) = g(z,p) ((Z - ‘

There are £ continuous functions zx(p), & = 1,---,¢, defined for p in an open
bounded neighbourhood U of 0, such that z;(0) = A and such that

4

-1
[1G - 20) = - N - Y ap)z - A
1=0

i=1

For z € CV, introduce the norm

2l = max Jail (23)
The functions z; satisfy
|z (p)| < Clp|"* (24)

for some C' > 0. To see this, assume (as we may) that U is the common domain
of definition for the functions a;(p) and zp(p). Since the a;(p) are analytic and
satisfy a;(0) = 0, there is a constant C’ > 0 such that |a;(p)] < C’|p| on U.
For |p| < 1/(¢C") and |z| > 1, it follows that

£—1

[z > 121 =D lai)l[=) > 0;

=0

consequently |zx(p)| < 1 if |p| < 1/(£C"), and then fx(zx(p),p) = 0 implies that

/-1
lze()|" < lai(p)] < £C'|p).
1=0

In turn, this implies inequality (24). We conclude that the eigenvalues of A(p) are
Hélder continuous as a function of p. The Hélder exponent is equal to 1/¢, where ¢
is the largest multiplicity of an eigenvalue of Ay. Moreover, for all p such that the
eigenvalues of A(p) are all different, they depend analytically on p.
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4.1.2. Parameter domains. Define the distance d between two points z,y € CV
as d(z,y) = |z — y|, where the norm [.| has been introduced in equation (23).
If 7 C CV, the distance of a point x to % is given as d(z,%) = infyeq d(z,y).
Define the open complex strip % + r of width r around a set % by

%—&—r:{zE(CN cd(z, %) <}

Let {d;} be a given sequence of positive real numbers, monotonically increasing
towards infinity. Let the set nd? C R™ x R™ of normally Diophantine frequencies
be the set of vectors (w, a), where « is of the form

o = (alv_ala"' aakv_akaov"' ?0)7
such that the conditions
[k, w)| > v0lk]", [(kyw) + (€ aa)| > ([k[+1€)7",

are satisfied for all (k,¢) € Z™ x Z" for which 0 < |k| < d;, |¢| < 2.

For given Q = (w,A) € T™ x g, let s be the vector of imaginary parts of
eigenvalues of A. Introduce the set NDZ C T™ x g of normally Diophantine 2 =
(w, A) by requiring that their frequency vectors (w, a4) are normally Diophantine.

Furthermore, if {p,} is a positive sequence that decreases monotonically to 0,
let NDZ(p;) C T™ x g be the set of Q = (w, A) such that their frequency vec-
tor (w,aa) satisfies |w — | + |aa — @l < p;, where (@,a) € nd?.

Note that

NDIFUC NDI, NDI*(p510) € NDi(p,),

and that

o o0

(] NDI = (1] ND(p;) = ND..

j=1 j=1
Finally, introduce

P(pj) ={p € 2|Qp) € NDi(p;)} .

and note that & (p;+1) C P(p;) and N32; P(p;) = .

Take p € &' and p € P\P(p;). Recall from subsubsection 4.1.1 that the
normal eigenvalues a4 (p) are Holder continuous with Holder exponent ¢, where ¢
is the highest algebraic multiplicity of an eigenvalue of Ag. Then

pj < |w(B) —w(p)| + aa(p) — aalp)| < Clp—p|"/*,

and |p— p| > pg/CZ. As a consequence, we have that

1
@/ + ng
4.1.3. Phase domains. Let % be an open subset of .#. An embedding ® : % x &
is called vertical over the parameters, if it acts as the identity on the space of
parameters, that is, if it can be written in the form ®(z,y,p) = (P,(x,y),p). In
the course of the proof, a sequence {®;} of vertical embeddings will be constructed
inductively, together with infinite sequences of complex domains {Z;} and {QJ}
The definitions of the domains are slightly different according to whether X is in
the real analytic class or not.
Let {r;},{p;},{7;},{p;} be geometrically decreasing sequences, which will be
chosen later on, but which are from the outset assumed to satisfy r; <7 and p; <
P1-

C gz(pj). (25)
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Let 7" be an open bounded real neighbourhood of 7 = T™ x {0}. If X is real

analytic, then there is some constant A > 0 such that X can be extended to an
analytic vector field on ¥+ 2h, which is an open neighbourhood of .7 in T¢ x C™
(where T = C™/27Z™). Let in this case % be the complex neighbourhood ¥ +h
of ¥; otherwise, if no analytic extension of X to a complex neighbourhood of ¥
exists, let % be equal to 7.

The domains ¥; and %; are defined in terms of % as follows

Di = D(rj,p;) = (% +15) x P(p;), (26)
Dj = D(75,p5) = (23)p(%) +75) X Z(pj)- (27)
In the following, also “intermediate” domains %41 C Zj49 C ¥; are needed.
For 0 < ¥ < 1, define first the convex combinations 74y = Ur;y1 + (1 — 9)r;
and pjy9 = U¥pj41 + (1 —9)p;, and then
Divo = D(Tj+0, Pjto)-
For analytic functions on some complex open set ¢, the norm

|f|ﬁ = Sup |f(xayap)|
%

is introduced; if 0 = (% + 01) x P (02) this is abbreviated to | f|s; if 0 = P14, it
is further abbreviated to |f];+s-

4.2. Structure of the proof. One of the main technical problems of the proof is
to deal with the smoothness of the vector field X in the non-analytic cases. We
shall work with analytic approximations: in the first part of the proof a sequence of
analytic vector fields {X ;} is constructed, where Xj is defined on 92]-, which tends

to X in an appropriate sense.

In the second part of the proof, coordinate transformations ®;, “modifying
terms” vector fields A; and auxiliary vector fields X;, A; and A; are constructed
inductively by the following “staircase construction”.

To set up the induction, choose

@1 : @1 — 921

as the identity (®1),(z,y) = (z,y), Ag = 0, and X; as the restriction of X; to 2.
Note that due to the assumptions r; < 71 and p; < p1, we have that 1 C %4, so
that ®; is well-defined.

At the beginning of the induction step, assume that an embedding

(I)j : Qj — 921,

a domain & of the form (27), and an integrable vector field A; defined on %; and
another vector field X; defined on %; are already determined.

During the induction step, an embedding

Vj: Djy1— 7

and vector fields Aj on 7, 1, and Ajand Ajy; on ®;(Z;4 1), are constructed simul-
taneously, such that the following two properties hold. First, the vector fields A4
and 3
Aj=Aj = Aj = @l
are integrable. Second, the vector field X; defined on %, that satisfies
VX=X, + A
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has the property that its normal linear part NX ; is much closer to Lo than NXj,
in a sense that will be made precise below. Note that, unlike the vector field Aj,
the vector field A; need not and in general will not be integrable.

The coordinate transformation ®;,; is then obtained by setting

(I)j+1 = (I)j 9] \I/j.

With the knowledge of ®;, 1, the domain @jﬂ is determined by (27), and the vector
field X1 is determined by setting

(@j41), Xj1 = Xj1 — Ajpa.
Finally, we show that the limits

Xj-N—X—-A X— X, @

;g — @

exist as j — oo, that NX = Lq, and that
. X =X — A
Remark 3. Necessary for these constructions is that for all j:
©(2;)C 25 i C P (%%) : (28)
The first inclusion ensures that the vector field X is defined on %;, and the second
ensures that A; i is defined on all of Z;;.

4.3. Approximation. In order to construct analytic approximations X ;j of X on
the complex domains @j, a modified version of Zehnder’s approximation technique
(see [39]) is used, which gives explicit information on the growth of constants that
depend on the degree of differentiability.

4.3.1. Finite differentiability. We need the following sharpened version of Zehnder’s
approximation lemma. A function f : R™ — R is called periodic with periods Tj,
i=1,.,n,if f(x+T;) = f(z) for all  and all i.

Lemma 4.1. Let f : R" — R be r—times continuously differentiable, and let {p; };?‘;0
be a monotonically decreasing sequence of positive real numbers. For every n €
(0,1), and for every j > 0, there exists an entire holomorphic function f; : C* — C,
taking real values on real vectors, such that

I1f5 = £l

cs—0 as j— oo, forald<s<rm,

and
|fi = fimtlp, < TN 05 111 £

2n
6
here ¢; = 2¢2 %) .

If f is periodic in its argument, then every f; can be chosen to be periodic with
the same periods.

cs, Jforeveryl <s<ry

The proof of lemma 4.1 follows [39] closely; the main difference is that C* bump
functions are replaced by Gevrey regular bump functions.

The construction of these bump functions is the content of the next lemma.
Then in lemma 4.1 the approximating functions are constructed by convolving f
with the inverse Fourier transform ¢ of Gevrey bump functions ¢. Estimates on
the derivatives of the smoothed functions are obtained in terms of the derivatives
of ¢. Finally, the smoothing is applied repeatedly in different directions.
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Lemma 4.2. Let 0 < n < 1. There exists an even, infinitely differentiable func-
tion ¥ : R — R, vanishing on the complement of the open interval (—2,2), taking
the value 1 on the closed interval [—1, 1], whose derivatives can be bounded as

) (@) < (;‘;) ()7, (20)

for all z € R, and all s > 0.

Proof. The function 1) is constructed by repeatedly convolving multiples of indicator
functions (see e.g. [22]).
Introduce a, = ¢ (k +1)7*~" and choose ¢ such that >, ,a, = 1. Since

oo 1 = 1 Sl |
———dx < — <1 —d
/0 (aﬁ+1)1+17 x—;(k—i—l)l'W — Jr/1 2l+m x,

it follows that ﬁ <c<n.

Introduce for a > 0 the function H, : R — R by

a~t for z € (0,a),
Ha(z) = { 0 otherwise.

The convolution u * v of two integrable functions u,v : R — R is given by
uxv = / u(z —y)u(y) dy;
R

we have that [, uxvdz = [, udz- [, vdz. Using the sequence ag, define a sequence
of functions

uk:Hao*Hal*"'*Hak;
and note that [, uy dz = 1 since [, H, dz = 1. It follows from theorem 1.3.5 of [22]

and the fact that > ap = 1 that the sequence {uy} converges uniformly to a smooth
function u : R — R with support in [0, 1], which is such that [, udz =1 and

)] < CEDT <2> (s,

c c
for all s € N. Note that u € G1*7.
The function v(t) = u(—x — 1) — u(z — 1) has support [—-2, —1J U [1, 2], it is odd,
and fR vdx = 0. Hence, its primitive
Y(x) = / v(t) dt

is even, vanishes for all z in the complement of [—2,2], and satisfies ¥(z) = 1
for |z| < 1. Moreover, for s > 1,

1/2\°
(s) ‘ <22\ (sni+n
@ <5 (2) e
and ¥ € G, Using ¢ > T = n/2 for 0 <n <1 yields the lemma. O
We can now prove lemma 4.1. The proof consists of three parts: first we define

holomorphic approximations f; of f; then we show that these converge to f as j —
00, and finally we demonstrate the bound on the difference |f; — f;—1].
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Proof. Let ¢ be equal to the function ¢ given by lemma 4.2, and let ¢ be its inverse
Fourier transform, given as

o) =5 [ eple)ae

— 00

The function ¢ is a Schwartz function, that is, |z|*$()(z) is bounded for every k, s >
0; as the Fourier transformation interchanges differentiation and multiplication with
a mononomial, the transformed function ¢ is a Schwartz function as well, and
hence ¢ and all its derivatives are integrable. Moreover, since ¢ is even, the function
¢ maps R onto itself, it satisfies [, ¢ dz = ¢(0) = 1, and as ¢ has compact support,
the function ¢ can be continued analytically to an entire function ¢ on C.

For t > 0, introduce ¢;(x) = t¢(tz); note that for every ¢t > 0 the function ¢,
has the same properties as those stated for ¢ in the previous paragraph. For every
bounded continuous real-valued function f on R, the analytic smoothing S;f of f
is defined by

Suf(z) = /R iz — y)f () dy. (30)

The analytic smoothing of f is an entire holomorphic function on C, taking real
values on real arguments. It is easy to verify that if f is periodic, then so is S; f, and
for functions f with bounded derivatives, smoothing commutes with differentiation:
for s € N with s < 7 we have S; f(*) = (S, f)(). The holomorphic approximations fi
are defined as

fi=8,11,

where {p;} is the given monotonic sequence.

Let 5 € [0,7), and introduce g = f[*, where [s] is the largest integer smaller than
or equal to s. We wish to show convergence of S;g to g as t — oo in the C*-norm,
where 0 < a = s — [s] < 7 — [s] = 3. For this, note that g € C°(R). Fix § > 0
arbitrarily.

For h > §, we have that

|(g — Seg)(x +h) — (g9 — Sig) (x)|
ha

/cpt(*y) (g(fﬂ +h)—gly+z+ h)) dy — /%(*y) (g(fﬂ) —g(y+ x)) dy'

—p

=t /| ) (Jote +2+5) — 9w+ m)| + o +9) ~ 9(a)]) dy

+h‘“/| 6<pt(y)(!g(x+h)}+|g(x+y+h)\+|g(w)|+!g(w+y)\)dy
y|>
58
< 2lglos iy +lgllesh™™ [ ey
ly|>d
< 6| fllero™".

For the first inequality, we used the fact that ¢, is even. The last inequality follows
by choosing t so large that the integral on the one but last line is made smaller
than 6°.
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For 0 < h < 4, the following straightforward estimates hold:
‘(9 — Stg) (x+h) — (g - Stg) (x)}
he
’g(x +h) —g(@)

IN

ha
< 2||gllesh® < 2| fllero" .

h(x

+/wt(_y)‘g(y+x+h)—g(y+$) dy

As ¢ > 0 was arbitrary, ||f — Sif|lcs — 0 as t — oco. This shows the first clause of
lemma 4.1.
To show the second clause, introduce functions y s and s by

1 . s
) = = [ et = w)lel* da. (1)

with the convention (—1)!' = 0! =1, and 9s(p) = 2sup|, <, Xs(y)-
Let p > 0, and let f € C"(R). The following two estimates are taken from [39].
It is shown there that

[1Sef = flleo <t *xs(0)|
|Sp*1f - Stf|p < tisd}s(l)Hf

cs (32)
Cs,y (33)

forall 0 <t < p~l.
We need an explicit bound of x,(y) for all |y| < 1. Using (31) and the fact that ¢
is the Fourier transform of ¢ yields:

1
Xs(y) = W/R

The inequality follows since the support of ¢ is contained in [—2, 2]. By splitting the
domain of integration over x, noting that the integrand is even in x, and repeated
partial integration over &, the following estimate is obtained:

2e%v 1 ;
Xs(y) < ﬁ /0 /R Pl (g) e ier dg‘ dz

2¢2Y <, )
= - 2(s+2) —igx
+ = 1)!/1 T /Rgo ©e dg‘ dz.

Restricted to the support of ¢, the integrands are estimated using (29) and 0 < n <
1, which yields

1

o / 2°p(€) €@y df‘ dz
T JR

/msgﬁ(f) elt” df‘ dz.
R

Ps(1) =2 ;Tlfl xs(y) < 2567 (1 + 3)4 (f})w (s (34)

Let p; be as in the statement of the lemma, and set f; = Spfl f. Combining the
estimate (34) with (33) yields

4096¢e? [4e?\° |

5= fimaly, < 25 (25) s
n n

It follows immediately from (30) and the definition of x4(y) that

sup [Sy £ (x)| < x0(0) sup | £ (x)].
R R

CS.
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Consequently
1S¢flles < x0(0)[| fllcs- (35)
Consider now a C" function f : R — R. To ease notation, let Sji» denote the
smoothing operator Sp;1 in the direction of x;. Introduce f; = SJ1 - S7f, and

estimate
F5 = Fialp, S1S}S2e S f = S1_1S2-- 87 fl,,
oS SIS — Sy SPEST A,
< a2 87 flles o+ i (DIISL - 57
< n(x0(0))" s (1)p5 1[I fllc
< n(xo0(0)" s (1)p5_1|If

The second inequality follows from (33) and the fact that the smoothing operators in
the different directions commute, and the final inequality follows from equation (35).
As x0(0) < 2! /n?, we obtain that

211\ " (4% .

This implies the lemma in the general case. O

Ca‘

Cs.

4.3.2. Legendre transformation. Using the approximation result obtained in 4.3.1,
we derive a variant that yields holomorphic approximations to functions in a Car-
leman class CM. As a preparation, some concepts from the theory of convexity are
recalled.

Let f : [0,00) — R be an increasing convex function. Define the Legendre
transform Lf of f as follows: for every p > 0, the value g(p) = Lf(p) is the
smallest ¢ such that

f(z) > px —qfor all z > 0.

and f(Z) = pT — g(p) for some T > 0. If equality holds and f is differentiable at Z,
then p = f(Z).
The function g is also convex. Moreover, if lim, o f(z)/z = oo, then the
gradient f'(x) = p of f tends to infinity as x — oo, g(p) is defined for all p > 0, and
Jim g(p)/p = oo

as well.
As an example we calculate the Legendre transformation of f(x) = ae® — cx,
which will be needed later. Since f is differentiable,

p=f'(z) =abe’® —c.
Solving for x yields that z = (1/b)log((p + ¢)/(ab)). We find g by substitution:

g(p)xpf(x)p“(logp”l). (36)

b ab
In general, if f is convex, left- and right-hand limits of the derivative f’ exist
at every point x > 0. The interval 0f(zo) = [limgyg, f'(x),limy |4, f/'(x)] is called
the subgradient of f. If the graph of f has a corner, that is, if z( is such that the
subgradient df(xg) has nonempty interior, then for p € 9f(zo):

9(p) = wop — f(x0)
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and g'(p) = zo.
Let {fn}>2, be an increasing sequence of real numbers. The largest convex
minorant f, of {f,} is the function f, : [0, 00) — R such that

. b—=x T—a )
f*(fL'> - a}lIJIEfN{bafa + mflh ifa<z< b} )
put differently, f. is that function for which the epigraph {(z,y) € R? |z > 0,y >
f«(x)} equals the convex hull of set formed of the points (i, f;) and the positive

vertical axis.

4.3.3. Ultradifferentiability. Lemma 4.1 will now be applied to elements of the Car-
leman classes CM. Let M = {M,} be the increasing sequence of positive real num-
bers M; defining the class. The space of C}!-smooth vertical vector fields on .# x 2
will be denoted by X,{VI.

From the definition of the Carleman classes (9), it follows that if f € CM, then

lflls < Ch™°M, for every s € N.

We obtain from lemma 4.1 that there exists a sequence of entire holomorphic func-
tions f;, converging to f in every C*-norm, and such that

|fj - fj—1|pj < C§+1(8!)"P§_1Ms

for all s, where Cy = max{ci/h,C}. Let 0 <7 < 1 be a given constant, and let ¢;
be as in lemma 4.1. Let X : [0,00) — R be any strictly increasing convex function,
such that for s € N

A(s) > A =log Cy + slog Cy + nlog s! + log M;. (37)

Note that we could take for A the largest convex minorant A, of the sequence {\;},
since for every other function \ satisfying the conditions we have A(s) > A (s). Tt
is however convenient, when dealing with the Gevrey class, to be able to work with
differentiable functions A.

Recall that the domains Z; are defined in terms of the decreasing sequence {r;}
in (26).

Lemma 4.3. The sequence {b;}32,, given by
b; = exp(—LA(logr; ),
satisfies for all s > 0
Jlinolo bj/r; =0,

and for any vector field X € XM | there is a sequence of approzimating holomorphic
vector fields X; such that

X = Xj-1lp, < 11Xl

Proof. Lemma 4.1 gives for X € XM a sequence of entire holomorphic vector
fields {X;} which converge uniformly to X in A for every s € N. Moreover,
there is the estimate

X = Xjoalp, <G ()Mot M| X ||y < 752y | X |,

which holds for every s € N. The left hand side of the inequality does not depend
on s.
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Let s; be the smallest value of s such that the right hand side of the inequality
is minimal, that is, such that for all s > 0:

T;il i) < i M)

Set
by =ri_4 Mo < i1 M),

Taking logarithms of this inequality yields that

A(s) > logb; + slog rj_l;
moreover, equality holds if s = s;. This is exactly the formulation of the Legendre
transform, and we find that

logb; = —LA(log 7"]7_11).
Since limg_,oc A(s)/s = 0o, we have that lim,_. LA(p)/p = co. Making use of the
fact that {r;} is a decreasing geometric sequence, we find for fixed s € N that

b logr Y, LA(logr: !
izexp(logrj1<s 8T (gjl) —0 asj—o0.
r

3 log 7“;1 log r;_ll

O

For the Gevrey class G), the constants M equal (s!)* with g > 1, and f can be
taken equal to

A(s) = (u+mn)slogs + (s +1)log ey,
for some 1 > 0. We find

1
logb; = —LA(log rjill) =-Cr; """ —logey,

where C = (p + n) e~ t-1ege1/(k+1) - Consequently
~ ~ R ~
%~ Kyoalp, <o (-0 77 ) 1Ky (39)

4.3.4. Application. Recall from subsection 4.1, that the vector field X can be writ-
ten in the form
X=Z+P=Lo+Q+P,

where Lg = w(p)% +A(p)yg—y, and where Q = ¢, (y,p)% +qQ(y,p)g—y is integrable
and such that NQ = 0. The map Lgq is real analytic; the (vertical) vector fields Q
and P are in the smoothness class X (4 x &).

In the case that X is itself real analytic, take Xj = X for all j.

For the other cases, lemmas 4.1 and 4.3 yield a sequence {b; }, which is determined
only by the smoothness class, and holomorphic vector fields Qj and P; of Q and P
respectively, defined on ﬁj, that satisfy

Q; = Qj—1lp, <bllQllcs, and [Py — Pj_ilp, <byl|P|ce. (39)

Here b; = c,rj in the case that B = C*, and b; is given by lemma 4.3 if B = cM.

Note that in general the normal linear part N@j of Qj will not vanish identically.
In both cases, define ) 3
Xj :LQ+Qj+Pj,
and note that the vector fields X ; are holomorphic and tend to X as j — oo. This
concludes the first stage of the proof.
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4.4. The induction step. This subsection treats the second stage of the proof,
the inductive construction of the embedding ®;4; and the vector fields X (it A
and A At the beginning of the construction, an embedding ®; : ; — @ and a
vector ﬁeld X, on Z; are given.

As sketched in subsection 4.2, the aim of the induction step is to construct an
embedding ®;,1 and an integrable vector field Aj, such that the normal linear part
of the vector field X4, that satisfies

(q)j-‘rl) Xjt1 = ]+1 A + A
is “much” closer to L = Lq = wax + Ay8 than NXj;. If X; is written as
Xj:L+Rj+Qj, (40)

where @); is such that NX; = L + R; and NQ; = 0, the ‘distance’ between N.X;
and L can be expressed by the size of R;. We shall demonstrate that |R;|; — 0
as j — oo; moreover, the speed of this convergence is linked to the smoothness of
the limiting embedding ® = lim;_, ®;.

4.4.1. Induction assumptions. We begin by stating the induction hypothesis pre-
cisely. It is assumed that embeddings ¥y, ..., ¥;_1, ®4, ..., ®; and vector fields X,
. Xj, A1, ..., Aj are already constructed as indicated in subsection 4.2. All em-
beddings and all vector fields are complex extensions of real analytic ones, taking
real values when restricted to real vectors.
To formulate the assumptions, introduce maps ¢, and 1; by setting ®; = idg, +¢;
and <I>i_1 = idg(9,) +¢i, and define maps (¢;), and (v;), taking values in T" x R"
by setting ¢i(z,y,p) = ((¢i)p(z,y),0) etc.

Hypothesis. There is a constant ¢ € (0,1), not depending on j, such that

|\Iji_id@i+1|i+1 < CTrit1, fOT 1<i<5 -1, (41)
and such that
2
T
[@ilis [Dili, | DYile,(2,) < ¢ — ——, (42)
T — Tit1

for all 1 < i < j. Moreover, there is a constant C > 0, also not depending on j,
such that for R; and Q; as in (40),
1 r§n2+n)ﬁ+3

|R;l; < ol
J

and |Q;l; < (2—277H)[Q1]1. (43)

Finally, the vector fields A; are integrable for all 1 <i < j — 1.

Note that the hypothesis holds for the case j = 1, with X; = X, and &, = idg, .

4.4.2. 4+’ and “’—notation. In order not to overburden the notation, so—called ‘4+'—
notation will be used. All indices ‘j’ are dropped, and indices ‘j + 1’ are replaced
by ‘+’. In this notation, the vector field X; +A; defined on Z; is written as X + A,
defined on D.

In the estimates below, also the so—called ‘-‘’—notation will be used. When-
ever s <- t is written, it is taken to signify s < Mt, where the constant M does not
depend on j.
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4.4.3. Inclusion of domains. According to the sketch of the proof given in 4.2, see
in particular Remark 3, we should have that 2, C ®(Z,) and ®(%) C Z. We shall
require a little bit more.

Recall that ¥ is a bounded real neighbourhood of & = T™ x {0}, and that %
equals the complex neighbourhood ¥ +h in the real analytic case, and ¥ otherwise.
Lemma 4.4. Assume that the inequalities

r42er <7, Ty < (1—c)(3r+ 574) (44)
are satisfied, together with the induction assumptions. Then the inclusions
Op(% +7) C (%) +T —cr and Pp (W) + Ty C (% +11)
hold true. Also, if
p+2ep<p, pr+2py<p and p<r, p<7T, (45)
then
P(ps) € P(p) € P (5= cp).

Proof. The second clause is immediate. The first clause is a direct consequence
of the induction hypothesis; this can be seen as follows. For the first inclusion,
take z = zg + 21 € % + r such that zp € % and |z;| < r. Then by the mean value
theorem, there is 9 € (0, 1) such that for zy = zg + Vz1:

D, (2) = Dp(20) + DPp(29)21 = Pp(20) + 21 + Dpp(29)21. (46)
Since
|21 + @p(z9)21| < T+ cr,

the condition 7 + 2¢r < 7 implies that ®,(z) € ®,(%) + 7 — cr.

To see the second inclusion, take z = zg + z1 € Z + r such that zg € %, z is on
the boundary of % +r, and that the norm |z1| of z1 is minimal, and therefore equal
to [z1] = 1. With the same notation as before, again (46) holds. We conclude that
the distance from ®,(z) to ®,(%) is bounded from below by

|z1| — max | Dey||z1] > (1 — ¢)|z1] = (1 — ) (37 + r4).
Consequently any point in the set ®,(% ) + 7+ is necessarily in the interior of the
set @p(% +1r1). O
2

We shall assume that {r;}, {7;}, {p;} and {p;} are decreasing geometric se-

quences; in particular, we set
Tézﬁzal, p%r:pi:a% (47)
oo poop

for some 0 < a1,a2 < 1, and write 7; = Fga{, ry = rga{, etc. In terms of these
constants, the inequalities (44) are equivalent to

To 1
14+2c<—<(1- —4+1]. 48
<=0 (5m+1) (18)
Necessarily the constant ¢ should be so small that
142¢ 1
< —+1

1—c 2a1
note that for any given aj, such a ¢ > 0 exists, since the left hand side of this
inequality tends to 1 as ¢ | 0.
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4.4.4. Form of the correction term. The vector field A on 2 is taken to be of the
form

~ 0 0
A—éax +(b+By)8y’
the ‘modifying terms’ §(p) € C™, b(p) € C" and B(p) € gc taking real values on
real vectors. Note that since A is integrable, the vector field Ay = A + A will be
integrable as well.

The vector field A on 2 is the image of A under the inverse of the already known
map P; it can be written in the form

0 0 0 0
-1
A=, (5f)x+(b+By)6y) _5ax+(b+By)ay + 0,

where O] < [Dv|g()(|0] + b + | B]).

4.4.5. Form of the conjugacy. The new conjugacy ® will be of the form &, = ®o;
given ¥, introduce

X=0U_1(X+A).
The conjugacy V is taken as the time-1 map e~Y of a real analytic average-0 vector
field —Y € b, defined on Z and written as

0 0 0 0
Y = _— _— = _— —_—
ugs vy = () g+ o(ep) + ()

Requiring Y to be of average—0 (over T™) is equivalent to require the coefficient
functions to satisfy [u]rm = 0 and [v]pm = 0, where [flpm = [, f(z)dz.
Recall that the Lie bracket of two vector fields Z; = al% + blg—y, oy = agg—z +
bgg—y is given as
(21,25 = (ma;; -Hh% - az% - 28;;1) %
( 0bs 0bs 0by 5‘b1) 0
+ |\ a1 45—

by— —as—=— —bo—
a8x+18y aQ@x 28y

oy’
We have U1 = exp(Y) and
X=U_1(X+A4)
=exp(Y).(L+R+Q+A)
=L+R+Q+A+[LY]+[R+AY]+[Q,Y]+S (49)

where

1
S = / (1 - 8)[[X =+ Aay]vy]exp(sY) ds.
0

The coefficient functions u, vy and v; of Y will be chosen as trigonometric polyno-
mials in x.

For any vertical vector field Z on 2, introduce the Fourier trunctation TyZ to
order d. That is, if Z = 3", _m Zi(y,p) €52 let

TaZ =Y Zi(y,p) ™).
|k|<d
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The vector fields A and Y are dete{mined by the requirement that they annihilate
the contribution of the term Ty R in Z; that is, they are taken to solve the homological
equation
[L, Y]+ TyN[Q, Y]+ Tq(R+ A) = 0. (50)
Note that this is an equation in h. Under the assumption that (50) holds, using (49)
and writing X = L + R+ Q with NX = L + R, it follows that
R=[R+A Y]+ (R+A+N[Q,Y] - Ty(R+A+N[Q,Y])) + NS,

In the next subsections, equation (50) is solved and estimates for R and Q are given.

4.4.6. Determining the conjugacy. The techniques of solving the homological equa-
tion (50) are mostly well-known and only brief indications are given. However, the
determination of the modifying terms 4, b and B requires some care.

Set TaR = [ + (90 + 19) 55, @ = @155 + ¢2 5, and

0 0
Tol = 85—+ (b+ By) 5 +T0

dy
0 0 <0 -~ 0

Here f(x,p), go(x,p) and gi(x,p) are trigonometric polynomials in x, taking real
values on real vectors; the functions 5, b and B are also trigonometric polynomials
in x; moreover, they depend analytically on p as well as on (4, b, B), and they satisfy
estimates of the form

18] < |DYla@n 0], bl < [D¥laa|bl, |B| < |DY|o@|Bl; (51)

the analytic functions ¢; and g satisfy g1 = O(|y|) and g2 = O(Jy|?).
Equation (50) can be split into three components:

ou dq1 _

w% +646 +Td<UO ay) =—f, (52)
v -

wa—xo —Avy +b+0b = —go, (53)
vy Ovg dg2\
&U_adAU1+B+B+Td< a +’UO ay> gi. (54)

Here adv; = [4,v1] = Av; — v1 A. In the following, we set

Td(voaa(;) and g2 = Td(ﬂha8 %22)
Equations (52)—(54) are solved in three steps. First vy and b will be determined
from equation (53), as functions of (x,p,d, B) and (p,d, B) respectively. Then ¢
and B will be determined from equations (52) and (54), and finally u and vy are
obtained from the same equations.

Equation (53) is equivalent to the following relations between the Fourier coeffi-
cients of vy and go:

+ vo

b+ [blrm = —goo,
i(k, w)vor — Avor = —gok — br, for 0< k] <d;
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recall that vgo = 0 since Y is average-0. The first equation is solved by using
the implicit function theorem together with the estimates (42) and (51), which
yields b = b(p, 8, B). Note that the estimate (59) below will imply that the second
equation can be solved on &, and that it yields an analytic solutions Ogg:

dor(p, 6, B) = — (i{k,w)I — A)~* (gok(p) + br(p, 8, b, B)) , (55)

for 0 < |k| < d, and vo, = 0 otherwise.
Averaging equations (52) and (54) leads to

5+ Blem + [@i)on = —fo

B+ [B]rm + [G2]pm = —g10
where everywhere b(p, 8, B) is substituted for b. Applying the implicit function
theorem again yields solutions 6 = §(p) and B = B(p). Substituting these in b

and Ogx, yields b(p) and vog(p).
Finally equations (52) and (54) are solved for the case 0 < |k| < d; this yields

_ Setantfi
vig = — (i{k,w)I — ada)™" (Bk + Qo +91k) : (57)

As before, estimate (59) and (60) imply that these solutions are bounded analytic
functions.

Note that the vector field Y = “gT; + (vo + Uly)g—y is a linear combination of
vector fields in b, and therefore Y € bh. (

4.4.7. Estimates. The truncation level d is chosen as follows

1 5 )“Jlfl
d=-— . 58
2 (Q’YOP (58)

We take pg sufficiently small as to ensure that d; > 2. Let (w, a4) be the frequency
vector of (w, A). Since p € P(p), the frequency vector can be written in the form
(w,a4) = (wo, g)+ (w1, 1) with (wp, ap) normally Diophantine and |wq |+]|a1] < p.
Hence, for 0 < |k| < d and |[¢| <2 < d,

li(k,w) + (¢, a)|

> L (|k| + |¢))~" — 2dp
Yo
> (k] + 6) ™ (] - p<2d>“+l)
> 2 (k| + 1) 7" (59)

Likewise, we obtain for 0 < |k| < d that
. Lo
ik, )l = 51k (60)

From estimates (59) and (60) it follows that on the open set P(p) the normal
Diophantine conditions hold for those resonances whose order k satisfies |k| < d.
As mentioned, this implies that all formal solutions given above are in fact well-
defined analytic functions.
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Recall that Cramer’s rule allows us to express the inverse of a matrix A as
A7l = (det A)71 A%,

where A* is the adjoint of A, that is, the matrix whose (i, j)’th element is the minor
of the matrix obtained from A by removing the i’th row and the j’th column. We
have to invert the linear maps i(k,w)l — A and i{k,w)] — ads. If \j; i =1,--- |n
are the eigenvalues of A, then the eigenvalues of these maps are

i(k,w)I —A\; and i{k,w)l — (A;; — Ai,) Tespectively,

for i,i1,i2 € {1,--- ,n}. The matrix elements of the adjoint to these maps contain
terms with at most n factors (k,w) in the first case, and n? such factors in the
second case.

Using Cramer’s rule, and Riissmann’s technique to obtain optimal estimates
(cf. [31, 32]), for b and vy the following inequalities are obtained:
|R| R

< - d'—

3
b <- |R[, |voly <-d oy ey

Using these, a second application of Cramer’s rule and Riissmann’s estimates yields
for u, vy, 6 and B:

1o <. g RI041QD plr
2 (r— r%)(r — r%)”” prstl
d"|R|(1+ Q) |R|
<- <. d”i’
‘U|g (rfr%)(rfri)”“(ré 77,%)& r(n+1l)r+1
Bl <. g RIO41QD _ R
2 r(ri —ri)(r—ri)ns prRt2’
4 2 4
R|(1+Q)) > |R|
<. dn2+n ‘ <. d" +n .
lorlg r(ry —r)(r —ry)me(ry — ) r(n?+n)rs+2

The factor (r—r 1 ) in the denominator of the estimates of § and u is due to estimating
the derivative of ¢; with respect to y, and the factor » in the denominators of
estimates of B and v; is due to the fact that g; is the derivative of TR with respect
to y, evaluated at y = 0. In the same estimates the factors (7“% — 7“%) stem from
derivatives of vy and ¢o, respectively. Finally note that the relation ry — ry <-r
has been used repeatedly, for ¥ — 9’ >
The estimates can be combined in

R

r(n24n)r+17

1
i

R

rnn—i—l :

Y]s < dmtm Al < d" (61)

4.4.8. Mapping of domains. The following result is needed in the estimates below.

Lemma 4.5. There is a Cy > 0 such that if the constant C in (43) satisfies C > Cy,
then

]__
W —id]z, [0 —id]z < (s — 1) (62)

In particular, ¥V(24) C D1 and \I/(.@%) CPs.
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Proof. The first inequality of (61) reads as [Y[s < Cyd™ 7| R| fr(W )R+l where O
does not depend on j. Set Cy = 4C1(1 —¢)/(1 — a1). Since r = (r —r4)/(1 — a1),
using induction assumption (43) yields

|R| <&2 Col 1—c

m_ CT <6§(T—T+)T<

Y]y < Crd (rg =7

For small values of ¢

|exp(—tY) —id|z =

¢
/ Yoexp(—sY)ds| <t|Y]s.
0 z *

Take z € 7. The largest value of ¢ such that exp(—tY’)(z) is still contained in Zs
is at least equal to 1, since |Y|% <rr—Ty =TT This implies

W —id|z, 97" —id|z = |exp(£Y) —id|: < (rg —7r4)r, (63)

T
8

which in turn implies (62). The inclusions follow from this and the fact that 0 <
r <l O

4.4.9. The remainder. Estimates are needed for |R|; and |Q|;. Recall that
R=[R+AY]+(R+A+N[Q,Y]-Ty(R+ A+ N[Q,Y])) + NS,
with § = [/(1 — s)[[X + A, Y],Y] o exp(sY) ds, and
Q=Q+[Q,Y]-N[Q,Y]+S—NS.

First, using (61), hypothesis (43) on @, Cauchy’s estimate of derivatives of analytic
functions, and Taylor’s formula:

R+AY R+ Al IVl AR 4
|[ +A, ”+<' rs — Ty ’ ,’,,(n2+2’n)l<r‘r3| ‘ ) (6 )
1
QY3 drn
HQ;Y] _N[va]‘+<' rs _rjr ’ T(TL2+TL)K,+2‘R|' (65)
1

The terms S and NS are estimated in the same way, using (43) and additionally
lemma 4.5:

1
1], <- / (191X +2,Y] Y]] _ds
’ dr . g2n’+2n 2n®+3n
< (T% B 7%)72 <1 + prrtl |R|> r(2n2+2n)r+2 |RI* < W‘RF’
(66)
J2n*+3n
NS < IRP. (67)

) T(2n2 +3n)k+3
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Estimating the decay of Fourier coefficients of analytic functions f : 2 — C with
the Paley-Wiener estimate |fy,| < |f]e~"*I, we obtain:

’R+ A+ N[Q,Y] - Tu(R+ A+ N[Q,Y])L

= | D (Be+ Ay + N[Q,Y]g) ")

|k|>d +
|Q||Y|§ —(rg—r1)lk]
< 74 g
<5 (imeian + )
|k|>d 8
dr+n (7’7 —r4)€ cm—1
< (n2+n)fc+2 |/ € d§

—d(rz—ry) m—1
dn +n e g oo t
. R “d dt
< r(”2+")”+2| | rr =Ty /o ‘ ( " rT — T+>
dn2+n+m—1 e—d(rg —r+) —(m—1)
<- |R| i e (1 + (d(rg — r+)) ); (68)

in the last estimate the inequality (a +b)™ <- a™ 4+ b™ has been used.
At this point we make an assumption on the growth rates of the geometric
sequences {r;} and {p;}. We require that:

0<ap<aftt <1. (69)

This is equivalent to requiring d(r% —ry) ~dr — oo as j — oo. Under this
assumption, combining inequalities (64)-(68) yields:

. 2n2 +3n 5
|R|+ <. e |R| <|R| +r (n +2n)/{dm 1-n“—2n 77‘d(1 al)/8> , (70)
. 2n2 “+3n
Q- Ql+<- W|R|~ (71)

4.4.10. Determining the new vector field. The next step is to determine the vector
field X1 = L+ R4+ + @4, and to give estimates for Ry and Q1. We set &, = oW,
and define:
Xi = (@71, (X4 +A).

Since X = (@;1) (X + A), the difference X, — X equals (@ _1)* (Xy - X).

Recall that X, — X and X — X are defined on 2, = (®, (%) +74) x P(py)
and 91 = (% +r4+) X P(p4) respectively, and that @, (% —|—r+) COpy (%)+74—
cry, by virtue of lemma 4.4. The new ‘remainder’ R, equals by definition

Ry =NX; - L=(NX; —NX)+ (NX - L) = N(®"). (X4 — X) + R,
and using (70) we have
Ty, o ~ .
|Ry|p < ==Xy — X5, +|Rly
T+
<- ‘X_._ — X|@+

d2n2+3n

+ (R (|R| + (0 20ngnton®=2n grd(=a)/s) (79

r(2n2+3n)n+3
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Likewise, using (71), we find that

~ _ d2n2+3n
Q4]+ < \Q|+|X+*X|@++W|R\- (73)

4.4.11. The induction hypothesis. The induction hypothesis of subsection 4.4.1 has
to be verified for j + 1. Note that the geometrically decreasing sequences 7; etc.
have not yet been fully specified; only a number of conditions — (47), (48), (69) —
have been given which they have to satisfy. We give here for every statement in the
induction hypothesis sufficient conditions.

Condition (41) is vacuous if j = 1. We have to show that it holds for ¢ = j, if the
induction hypothesis is satisfied for i < j; that is, we have to show that |¥ —id|; <
cry. Tt follows from (48) and (63) that

rf1

U —id[ < (rz —ry)r = 3 <(11 - 1) .

Therefore (41) is certainly satisfied if

To 1
5 (a1 - 1) <c (74)
for given c¢, this condition can always be satisfied if g is chosen sufficiently small.
Condition (42) is for j = 1 trivially satisfied, since ®; = id and ¢, and ¥ vanish
identically. For ¢ = j 4+ 1 the condition can be written as
T+
1— a1 '

|94 l45 [Dog |, DYy |4 < c—

Details are given only for the estimate of D1, the others being easier. Note first
that

Yr=07"'—id=T"'od ' —id= (T ' —id) o @ + (&~ —id).

By placing the condition (1 + ¢)ry <r 15 on ¢, or equivalently, by demanding that

1 /1
e ( ) , (75)
we ensure that ®~! maps the domain 2, inside 25 /16; NOW we can estimate the

derivative of U~! — id on this domain.

D[4 < DU~ id) 12 DB, + D@ —id)

U1 —id|z
< . (1+c—>+D¢|+
rz —Tris
8 1
<(1- 1 — —
( c)r( +c 1—a1) c o
Ty ry —7rT
<(1—-¢c —
( C)T+c 1—a1 1—(11
<(1—02)r+c—17+a1—
T+
<c-— .
¢ 1—&1

The first part of condition (43) is satisfied for j = 1 if the size ¢ of the initial
perturbation is sufficiently small; the second part can be satisfied by choosing ¢
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sufficiently small. To show that these conditions hold for j + 1, if they hold for j,
is the subject of the next subsection.

Excepting this last verification, we have the following conditions on the se-
quences {r;}, {75}, {p;}, {p;}, {d;} (conditions (47), (48), (69) and (75), together
with the condition that py > 0 is small enough to imply d; > 2:

e T+ g, PP
- - ) ~ - b

T r p p

70 1
142e<2<(1l=¢)(=—+1),
+ 2¢ o ( C)(2a1+>
0<ay<aft <1,

1 1
0 —|—-1]).
<e<qs(2-1)

If 7o and a; are given, then as, ¢ and 7y can always be found such that these
inequalities all hold. Note therefore that we are always free to choose ry and a,
provided g > 0 and 0 < a; < 1.

4.5. Smallness of the remainder term. The sequences r; = roa{ and p; = poaé
have now to be determined in such a way that |R;11];41 < |R;|;; in the next
subsection, this will be shown to ensure that the embeddings ®; = ¥y 0---0¥;_;
converge to an embedding ®., that has the properties stated in theorem 2.3. Note
that from this point onwards, the ‘+’- and ‘-’-notations are dropped.
Inequality (72) reads then as
[Rjtilje1 < ClXju1 — Xlp,
2n2+3n ( 2 ) )
J n“4+2n)kK —1-n?—92n —r.d.(1— 8
+CW‘RJ|J (lRJ|J+TJ d;n " ne i ]( (11)/ )
J
(76)
where the constant C does not depend on j. Recall that the truncation level is
defined in (58), which reads as

. ,
() ()

d; = = astt . it

! 2<270P0 2 (77)

We introduce € = || P||g. There are several cases, depending on the smoothness
class of the original perturbed vector field X = X + P. If X is real analytic,
then X; = X for all j, and the first term in (76) vanishes. If X fails to be real
analytic, there is an approximating holomorphic sequence X ; satisfying

[ Xj1 = Xjlp,,, < ebjen,

where the b; are given by lemmas 4.1 or 4.3. In particular, if X is Gevrey regular,
approximations can be found for which the quantity log 1/b; increases exponentially
in j. If X is not Gevrey, but still in some Carleman class, then log1/ b; increases
slower than exponentially, but faster than any linear function in j. Finally, in the
finitely differentiable class, the sequence log 1/b; increases linearly with j.

For each of these four cases, a sequence {0;} will be determined that decreases
monotonically towards 0, such that, under appropriate conditions,

|Rj‘j < (Sj for all j € N. (78)
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First, we make some definitions that will hold for several of the cases considered
below. If a; € (0,1) is fixed, we choose az € (0,a%") such that

l<pd Y o

+1

asy
With this choice, and setting

To

1 1 v o\ ot
C()Zg’f’odo(l—al):ﬁ(l—al) ( ) Wv

270
we have that

e midi(1=a)/8 _ oo (—coa{a;j/(”“)) = exp (—co¥) .

4.5.1. Case one: real analyticity.

Lemma 4.6. Let X € Xy be real analytic. If eg > 0, ro > 0 and po > 0 are
sufficiently small, and if §; = ce™" for 0 < & < &g, then (78) holds for all .

Proof. Recall that 0 < e < g9. We proceed by induction. It is given that |Rplo < €.
With the induction assumption |R;|; < ce™ | inequality (76) reads as

2 2 —
[Rjrili _ o i ce-2AF | J T (1mcots) (80)
ceo—BItt T(2n2+3n)n+3 T(n2+n)n+3 ’

J J

where cg = rodo(1—a1)/8. For given sequences d; and r;, the first term in this sum
can be made smaller than 1/2 by choosing e¢ > 0 sufficiently small.

The second term is of the form ef(), where f(z) = logCy + zloga — AB*,
with A = ¢g + 1 — 8 and « only depending on ay, as, kK, m and n, but not on r
and pg. Computing f’, we see that this concave function, restricted to x > 0, takes

its maximum at
1 1 1 loga
Ty = og | — ,
log 3 & Alog g

if loga/log 8 > A, otherwise at z, = 0.

If we take pg sufficiently small, and, by (79), consequently ¢y and A sufficiently
large, the second case occurs; the value of the maximum is then f(0) = log Cy — A.
It follows that

n’+n+m—1 ) n?+nt+m—1
dj eﬁj (*1700+,3> < dO —co—1+03
(n?2+n)k+3 —  (n?4n)k+3 !
T'j 7'0

Note that by fixing r¢ and taking py sufficiently small, again by invoking (79) the
right hand side can be made smaller than 1/2. Tt follows that we can make the right
hand side of (80) smaller than 1, uniformly in j, by taking €g > 0 and pg sufficiently
small. 0

4.5.2. Case two: Gevrey regularity. If X is in the Gevrey class X/', we can find

an holomorphic approximating sequence X; such that equation (38) holds, that is,
such that for some n > 0

8 - _
|Xjr1 — Xjlp,,, <Ceexp (—C’rj ”+2"> .

We take a; € (0,1) and ag € (0,a™") such that § = afl/(“Hn) = al/a;/('{ﬂ) < 2.
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Lemma 4.7. Let X be in the Gevrey class X/, taken >0 and §; = ce P with0 <
e<eg. If e >0, rg >0 and po > 0 are sufficiently small, then (78) holds.

Proof. The proof resembles that of the previous lemma. Using (38), inequality (76)
reads as

[Rj+1lj+1 cCe? (C'ro_ﬁ—ﬁ)

BT
d2n2+3n ) n?+n+m—1 ( )
_ I (248 N ¢l B BN RV
+ Cr(2n2+3n)m+3 ge + ¢ T(n2+n)/€+3 € !
J J

where ¢y = rodp(1—ay)/8. The first term can be made smaller than 1/3 by taking rg
sufficiently small. It follows exactly as in the proof of lemma 4.6 that if ¢ > 0, rg > 0
and pg > 0 are sufficiently small, the other two terms are both smaller than 1/3,
making the right hand side is smaller than 1, uniformly in j. O

4.5.3. Case three: ultradifferentiability. If X is in the Carleman class X, that is,
if it is infinitely differentiable but not Gevrey regular, let {\} be the sequence given
in (37), and let A\, : [0,00) — R be its largest convex minorant.

We construct a function gps as follows. Let go = £A.(0) and let

g; = min{ﬂgj_l,[,/\* (log rj_l)}, (81)

Finally, let gps be the convex function whose epigraph equals the convex hull of
the points (log r;l,gj) and the half-line {(0,g9 +t)|t > 0}. Then gps is a convex
minorant of £\, which moreover satisfies

gu(logrily) < Bgar(logri ).

Since gps is a minorant of LA, it follows from lemma 4.3 that there is an ap-
proximating sequence X; such that

X . — X.|=~ —gm(logryt)
| X 41 XJ|D,-+1 <ce i,

The sequence {o;} given by o; = gM(logr;_ll) has by construction of gp; the
property that 041 < Bo; for all j. Note that it follows from lemma 4.3 that o;
increases faster than any linear function of j.

Lemma 4.8. Let X € X,ﬁw, n > 0 and set §; = Cace™ %, where 0 < ¢ < €.

If Cy > 0 is chosen sufficiently large, and ¢g > 0, 7o > 0 and py > 0 are small,
then (78) holds.

Proof. As before; inequality (76) reads as

. _ v .| 2n2+3n
|Rj+1‘j+1 C|Xj+1 X]‘D]url ce j (ajJrl_QUj)
C —0j41 C —0jt1 + 2 (2n2+3n)n+3ge
e e 9 e e !
n2+n+m71 ( )
J oj+1—05—cofd’
+ Cir(nun)n% e .

J

If we choose C; = 3C), the first term is at most equal to 1/3. By the choice of
the o, we have 041 — 20 < (8 —2)0; < 0; as a consequence, the second term on
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the right hand side can be made smaller that 1/3, uniformly in j, if &9 > 0 is taken
sufficiently small. Moreover, since o; < 0¢/3’, we have that

Oj+1 — 05 — cod < cofy’ ((5—61)00 - 1) < —%Oﬁja (82)
0

where the last inequality follows from taking py sufficiently small, hence c¢q suffi-
ciently large. The third term can now be made smaller than 1/3 by choosing pg
sufficiently small, thereby making cy as large as is required. O

4.5.4. Case four: finite differentiability. In the case that X € X', we obtain from
lemma 4.1 that

|Xj+1 — Xj|ﬁj+1 < 037";8.

Ifs>N%E (2n? + 3n)(k + 1) + 3, then a < al. For s > N, we take ay < a"™' so

close to af ™! such that the interval

2n2+3n

2n2%43 3
I— (a‘f,ag n®+3n)r+ ay " ) C (af)ai\/)
is not empty, and we choose a3 € I.

Lemma 4.9. Let X € X*, take n >0 and §; = zza%, with 0 < & < eg. Ifeg >0,
ro > 0 and py > 0 are sufficiently small, then (78) holds.

Proof. As before; equation (76) can in this final case be written as

j+1 2n2+3n J
Riiql; as\’ d a
7|J1|J1<C’ r8<1> te 0 >

y 2 2 2
€a§+1 as asr(()Zn +3n)k+3 a(12n +3n)f@+3ag2n +3n)/(k+1)
R .
n”+n+m—1 n24ntm— J )
dy (n®4n)r+3 "R —cof?
+ Ry aq Qo as e .
asgrgy

The first two terms on the right hand side are decreasing geometrical series, which
can each be made smaller than 1/3, uniformly in j, by choosing €9 > 0 and ¢ > 0
sufficiently small. The third term can be made smaller than 1/3 by choosing py > 0
sufficiently small, thereby making cy as large as is required. O

4.6. Convergence. Let 7o = (;2, 7.

Lemma 4.10. For X in one of the four smoothness classes X<, X", XM and X*,
where s > (2n2+3n)(k+1)+3, let the hypotheses regarding the smallness of €g, 0, po
and 1/Cy of the corresponding lemma 4.6-4.9 be fulfilled. Then there is a conju-
gacy Poo 1 Doo — M x P, such that

O — by asj— o0,

together with at least its derivatives up to order smaller than (n®+n)k+2 with respect
to the phase variables, uniformly on Ps; we have that | P — id||p < C||P| 5.
Moreover,

Aj— A asj— oo,
[Asollzr < C||Plls and NOZL(X + As) = L. Additionally, we have the following.
Let ¢ > 0 be a fixed constant.
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1. If X € X is real analytic, then ® is real analytic in the phase variables
and @ and Ao are Gevrey Gy -regular in the parameters, where

v=1+0k+1)+C.

2. If X e X' is Gevrey regular, then ®o, is G¥*-regular in the phase variables
and ®o, and Ay are G¥2-reqular in the parameters, where

vi=1+p+¢ ve=1+0u(k+1)+C.

3. IfX e XM let DY = D‘(J‘m1 y)D§‘2. Then there are constants C1,Cay > 0 such
that
sup | D@ | < C11+|04\a! eLam (Jar|+e(r+140)|az|+C2)
An analogous estimate holds for A
4. If X € X°, then the conjugacy oo is Cs—(WHn)r=2=C jn the phase direction
and C(s=(*+1)r=2=0)/(t(x+1)) jpn the parameter direction; the modifying terms
vector field Ao is 5t =2=Q/W+D) 4 the parameters.
In particular, the conjugacy is at least CW+2m(s+D+n*tn+l yp 4pe phoge
direction and C™t1 in the parameter direction; the modifying terms vector field

is at least C2"*Y) in the parameters.

Proof. In this proof, we use a series of constants Cy,Cs,--- that are unrelated to
any constants of the same name used earlier. On the domains 2,1, the following
estimates obtain:

[®j1 — By, = B0 0, — @ 0idg,, |,
< |D<I> |j+3 |e i _1C19J+1|j+1
|(D|J dn +n dn +n
SOmH—QTWMMHé Cfmmmﬁ@@m- (83)

In the second inequality, we have used (61). From this, it follows that
n +n
[Pj1lj41 S 1 — Dyl + [R5]; < (1 + C2m ) D515
T

and consequently that

j—1 dn 24n
@U<I11+@7ﬁ%ﬁi 11
=1
Since ®; = id, and as a consequence of lemmas 4.6-4.9, for every smoothness class
the product on the right hand side can be bounded by some constant C3, uniformly
in j. Inequality (83) then implies that
n2+n

@41 — D5 05 (84)

]H—Crﬁmﬁﬁ
"
From this and the form of J; given in the respective lemma 4.6-4.9 it follows that
the infinite sum on the right hand side of
Do —id =By —id+ > (Dju1 — D —
j=1 3:1
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converges absolutely and uniformly on the intersection 2., = ﬂ;’il 9;, and the
limit ®, is therefore at least continuous there.

Let a = (a1, a2) = (af,af, as) € N™ x N” x N? be a multi-index, and let D* =
Dy i qu‘ ! Dg2. The derivative D*®., will exist on P, in the sense of Whitney, if
the series

oo

D*(Poo —id) = Y (D@11 — D®)) (85)

Jj=1

converges uniformly on D,. To see this, take

DY, — D*®;_4|.,, < CH*?lal 15— %5l
AR (rj = rjy)leal(ph — pb, )l
9;

lal y
< Cs a'r|a1|+(n2+n)n+2 [asle
j Pj

In the first inequality, we used (25). Set
A= (laa| + (n® +n)k +2)loga;* + £|as|logas
then A > 0 and

|DY®; — D*®;_4| .., < Cllarelosdt4i for all ;. (86)

j+1

4.6.1. Finite differentiability. In the finitely differentiable case, §; = 5a§, and the
right hand side of this inequality is a decreasing geometric series if and only if log agl >
A. Choosing a3 = ai{, and ag = a'f+1+<, for some ¢ > 0, this condition reads as

| + (n® +n)k + 2+ las|(k +1+() <5 C.
As ¢ > 0 was arbitrary, this is implied by
lo | + (k4 1)]az| < s — (n* +n)k — 2.

This inequality describes exactly the anisotropic differentiability (in the sense of [28])
of the conjugacy in the presence of a multiple normal eigenvalue of multiplicity .
We find that for all « satisfying this inequality that

|DY(P@oo —id) |00 < Cye.
4.6.2. A lemma. We need the following result a couple of times.

Lemma 4.11. Let g : [0,00) — R be an increasing convex function, and let f = Lg
be its Legendre transformation. Then

o0
Y o9l < °
=1 ¢

Proof. By definition of the Legendre transformation,

f(1)
-1

9(p) = max{pz — f(z)};
in particular, taking x = 1 and p = 7,
9(j) =z j— f(1).
The result follows from this. O
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4.6.3. Real analyticity and Gevrey reqularity. In the real analytic and the Gevrey
cases (see lemmas 4.6 and 4.7), we have that ax = (a1/B8)"!. Put g(p) = P —
Ap +loge™! and note that g(j) = —(logd; + Aj) for all j € N. Remark that g is
a convex function, and using (36) it follows that its Legendre transform f = Lg is
equal to

r+ A x4+ A
fz)= og 5 ( g ogd 1) +loge. (87)
Using lemma 4.11, it follows that
STID®; — Dy, <Oty o1 < cftlatel ), (88)
j=1 j=1
With equation (87), this yields that
logar ! Llogay
o || 1+ 25— ) ezl 14+ —2
D (o — id)| o0 < £ CI (Jor| + [cr2]) 1 (15 ) el (14555 ) (89)

In the analytic case, the domain Z., contains an open complex strip around the
real phase space, so the inference that ®, is real analytic in the phase directions
follows directly from the boundedness of |® |- For the regularity of the parameter
dependence, take ¢ > 0 sufficiently close to 0 and set a; = e~¢. Then

1+

loga, ! loga;
60&21 ZolgGQ _1<1+€(f'€+1)+777
log 3 —(+ 7 logay

and we see P, is G¥-regular in the parameter direction if v > 1+ ¢(k + 1). Note
that this generalises the result of Popov [25, 26] to the case of multiple normal
eigenvalues.

In the Gevrey case, we have that log 3 = loga; ' /(1 + 7). From (89) we infer
that ®.,, as well as all its derivatives in the parameter direction, is G* regular in
the phase variables, and ®,, together with its derivatives in the phase variables
is G¥2-regular in the parameters, with

vi >14+p, and ve>1+pl(k+1).

4.6.4. Ultradifferentiability. The final case occurs if X is ultradifferentiable, but not
Gevrey regular. Equation (86) reads then as

|D*®, — D*®; 4|, < eCoCllate 47 for all j. (90)

j+1
Recall that
oj =gm(—logrj_1) =gum ((] —1)loga;* + logrgl)
for all j. Introducing
9(p) = gu(plogay’ +logrg') — A(p+1),
the estimate of equation (90) can be written as
|D®, — Da¢j,1|j+1 < ECgle‘a! e 90D for all j.

Analogously to 4.6.3, the convergence of the sum can be expressed in terms of the
Legendre transformation Lg of g.
Note that if ¢ is an increasing convex function, the Legendre transformation of

h(p) = g(ap +b) —cp—d
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is equal to

+d.

a a

Lh(z) = Lg (

Using this relation with a = log al_l, b = log 7"51, ¢ = A and d = A and recalling
that the Legendre transform is involutive (i.e. £L2g = g), we see that

:c+A) logry*

a:+c>_bx+c

Lg(x) = Ly ( S(z 4+ A) + A

loga;* - logay

If ¢ > 0 is fixed and if we take ag = a7, then
£9(1) = Laar (loal + £ + 1+ Q)] + Cro ).
Finally, we obtain
IDY(®og — id)|ae < £CoCI ot eLorr (Jar[+L(s+1+O) 02| +Cr0) (91)

4.6.5. Convergence of the modifying terms. The estimates for A follow entirely
analogously from the fact that 21 C <I>j(@j+%), which implies that A; = ®;,A;
is well-defined, and that
_ dn
1Ajl5,,, < 1258l y < Cral D51 118544 < Cl3|q)j|jfmf+§ 95,
J
which ensures the absolute and uniform convergence of

A = iAj.
j=1

Since moreover
- dn
a9 o~ < . J .
|Dp AJ|@j+1 = Cl4|q)a|a I ‘a2|géj7
Ty Pj

it follows analogously to the proof of the convergence of D“®; that

D? Ao =Y DS2A;.
j=1
converges absolutely and uniformly on Do = ﬂjoil _@j. O

This concludes the proof of theorem 2.3.
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