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Chapter 1

Introduction

1.1 One dimensional physics

In a first view, working on one dimensional models might look like a way to reduce
the size of the coordinate space and therefore to simplify the physics. Indeed the
behavior of free particles in one dimension is very similar to multi-dimensional sys-
tems but with a smaller phase space to handle. Actually, the reason for studying
the 1D world appears as soon as an interaction is switched on and reveals drastic
differences with the cases of higher dimensions. An excellent example of exotic
behavior, is the spin-charge separation of electrons. While in higher dimensions
the spin and the charge are usually carried by the motion of one particle, in one
dimension they do not follow the same dynamics and they evolve independently
[1, 2]. In most two and three dimension systems, the Fermi liquid theory success-
fully describes the behavior of interacting fermions [3]. It fails however to explain
the properties of 1D Fermi systems. The reason is that whereas the Fermi liq-
uid describes the highly correlated system with quasiparticles with essentially the
same properties as the free fermions [4], in one dimension the actual single-particle
propagator does not have any pole [5]. Therefore no single-particle excitation, such
as described by the Fermi liquid theory, exists and one has to look for combined
particle modes. Intuitively, it is not difficult to understand why the interactions
produce such a difference. In two or higher dimensions, the concept of almost free
quasiparticles is still valid and means that a particle can propagate in space al-
though this space is populated with obstacles such as static particles. Indeed, it
is always possible to exchange two particle positions while avoiding any contact.
On the contrary, in a one-dimensional system, this is not possible. Indeed, a par-
ticle on a line already populated with still standing particles, will not be able to
move along the line without coming into close contact and thus interacting with
the particles. Qualitatively, the only possibility is to bump all the particles and
therefore create a collective excitation. Furthermore, taking into account the influ-
ence of the neighbors as a mean-field, each particle is surrounded by no more than

9



1.2

two others, compared to two and three dimensions. Any ordered state is then less
likely to be found and moreover, long distance order can only exist at zero temper-
ature [6]. In consequence, no finite temperature phase transition can happen. In
the ground state, however, the modification of microscopic parameters can lead to
phase transitions and to long range orders.

In summary, one dimensional systems are strongly interacting and exhibit a col-
lective behavior. Furthermore, because the temperature does not yield any phase
transition, all the interesting physics takes place in the vicinity of the ground state,
at zero temperature [7].

1.2 Spin models on a lattice

In the perspective of understanding the magnetic properties of matter, microscopic
models which recreate magnetic degrees of freedom of atoms in crystal lattices
are studied. Following Weiss’s theory published in 1907 [8] which says that each
atom experiences a force proportional to the alignment of the other atoms of the
lattice, Ising showed in 1925 [9] that there exists no possibly large enough classical
force to produce ferromagnetism on an atomic chain. But in 1928 [10], Heisenberg
brought a new quantum mechanical interpretation of Weiss’s molecular force by
calculating the effects of the exchange between neighbors on the lattice and his
results successfully reproduce a ferromagnetic behavior.

Defining the simplest model of spin 1/2 on a one-dimensional lattice, one gives to
each site j of the lattice a spin Sj = σj/2, with σj = (σxj , σ

y
j , σ

z
j ) the vector of

Pauli matrices acting on the jth lattice site. The three components of the spin,
Sj = (Sxj , S

y
j , S

z
j ), therefore satisfy the commutation relations

[Sαj , S
β
k ] = iδj,kε

αβγSγj (1.1)

with εαβγ being the Levi-Civita symbol and δj,k the Kronecker delta which ensures
that two spins on different sites commute. Supposing that the spins only interact
with their nearest neighbors via spin-exchange process [10, 11], the evolution of the
spin chain is dictated by the general Hamiltonian [12, 13, 14]

H0 = J
∑
j

Sxj S
x
j+1 + Syj S

y
j+1 + ∆

(
Szj S

z
j+1 −

1

4

)
. (1.2)

Here J is a coupling constant and ∆ is an anisotropy parameter that allows to
vary the coupling along the z-axis. This one axis anisotropic Hamiltonian refers
to the general XXZ model and if one chooses ∆ = 1 it becomes the Heisenberg
(XXX) model. The constant term −∆

4 is added on each site in order that the
magnetic saturated state (with all spins aligned along z-axis) has zero energy. Two
different types of behavior occur depending of the sign of the coupling, supposing
∆ positive (the case of ∆ < 0 is discussed later). If J < 0, the energy is minimized
by a configuration with all the spins pointing in the same direction. The spin
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1.3

chain has therefore a ferromagnetic ground state. On the other hand, when J > 0,
the neighboring spins tend to point in opposite directions and the spin chain is
antiferromagnetic. To understand the effect of the anisotropy parameter, it is
helpful to first notice that one can write the first two terms of the Hamiltonian
Sxj S

x
j+1 + Syj S

y
j+1 = 1

2

(
S+
j S
−
j+1 + S−j S

+
j+1

)
with the spin lowering or spin raising

operators: S−j = Sxj − iSyj , S+
j = Sxj + iSyj . One can then interpret (1.2) in term of

z-spin hard core bosonic particles (known as quantum lattice gas [15, 16, 7]): the
first two terms are equivalent to a hopping process for a spin up or down, and the
last term Szj S

z
j+1 represents thus an interaction term between two neighbor z-spin

values. From this point of view, the prefactor ∆ allows one to tune the interaction
and in the limit of ∆ = 0, the model can be understood as free fermionic particles
via the Wigner-Jordan transformation [17]. In the other limit of ∆ → ∞, the
spins become static scalar values corresponding to the classical Ising model. We
complete the Hamiltonian with a term of Zeeman interaction between the spins
and a magnetic field along the z-axis h

H = H0 −
∑
j

hSzj . (1.3)

This coupling with the magnetic field allows one to tune the magnetization spins.

Different extensions of the XXZ model are possible [4]. One can, for instance,
include frustration by adding a next-nearest neighbor interaction term with a cou-
pling constant of opposite sign. The model can also include phonons-spin coupling
in the system and in this case the well-known spin-Peierls transition can occur.
However, a great interest stands in the understanding of the original XXZ model
because of its simplicity which hides a great underlying richness.

1.3 Spin chain regimes

The completed Hamiltonian (1.2, 1.3) introduced here-above contains three cou-
pling constants J,∆ and h, however, we can reduce by symmetry the analysis to
two parameters. The transformation, defined by

Sxj → (−1)jSxj , Syj → (−1)jSyj , Szj → Szj , (1.4)

conserves the commutation relations (1.1) and changes the coupling constants
J,∆ → −J,−∆. Therefore by putting J = 1 and varying −∞ < ∆ < ∞, we
access all the regimes with the use of the unitary transformation (1.4). For in-
stance the Heisenberg ferromagnetic model with J = −1,∆ = 1 is equivalent,
through the transformation, to the case J = 1,∆ = −1.

The properties and phases of the ground state have been extensively studied in
[18, 19, 20] and we can divide the parameter space into three distinct regions
[21]. As shown in figure 1.3, for ∆ < −1 and h > hsat. with hsat. = ∆ + 1,
the magnetization of the spin chain is saturated and all the spins are aligned in
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Figure 1.1: Phase diagram of the XXZ spin chain in a magnetic field h at zero
temperature and with J = 1.

a ferromagnetic order. Besides, for values ∆ > 1 and h < hspin-flop, the spin
chain is characterized by a finite staggered magnetization (〈∑j(−1)jSzj 〉 6= 0) and
consequently there is an antiferromagnetic order along the z-axis. As a consequence
of the absence of Goldstone bosons in 1D [22], the excitations of these two long
range ordered regimes are gapped. When h = hspin-flop, the antiferromagnetic order
is brought from the z-axis into the plane perpendicular to the field. In the region
in between, when the magnetic field exceeds the value of the spin-flop transition
hspin-flop (see [20, 23] for implicit formulation) or if ∆ ≤ 1, the antiferromagnetic
order disappears and the system enters the critical phase. Moreover, in this region
of the parameter space, −1 ≤ ∆ ≤ 1 and hsat. ≥ h ≥ hspin-flop, the energy level
are gapless and, in consequence, the quantum fluctuations break down all possible
long range order. This means that all kinds of correlations between spins go to
zero when the distance increases.

Although we are discussing here only the fundamental spin-1/2 model, it is inter-
esting to notice that the phase diagram described here above, depends on the value
of the spin S. For instance, Haldane showed [24, 25] that for integer S the cor-
responding XXZ model becomes gapped and therefore shows completely different
ground state properties than half-integer spins which, like the spin-1/2 case, have
a gapless ground state. Eventually, in the limit S → ∞ one recover the classical
Heisenberg spin model with anisotropy.

1.4 Integrability and diffraction

The exact meaning of integrability varies a lot if one considers classical mechanics
or quantum systems [7]. The Classical integrability is, contrarily to its quantum
counterpart, a very clear and well-understood concept. In the description of a
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n-body problem, one defines the Hamiltonian H(q,p) with q and p, n-vectors of
coordinates and momenta. If there exist n quantities L1, . . . , Ln which are first
integrals of motion:

{Li, H} = 0 , i = 1, . . . , n , (1.5)

with {. . . , . . .} the Poisson brackets and which are in involution i.e.:

{Li, Li} = 0 , ∀i, j , (1.6)

then it is possible to change coordinates into action-angle ones. After a transfor-
mation from the canonical coordinates (q,p) to the action-angle coordinates ω, L,
with ω a set of n cyclic coordinates, the new equations of motion are

dLi
dt

= −∂H
′

∂ωi
= 0

dωi
dt

= −∂H
′

∂Li
= Csti(L) . (1.7)

Here, the first equation vanishes because L are constants of motion and, in conse-
quence, the Hamiltonian is independent of the angular coordinates ω. In the second
line, the partial derivative of the Hamiltonian must be constant in ωi. Therefore,
the equations can be explicitly integrated and the solutions have a periodic motion
on the torus phase-space.

Therefore, the condition for the integrability of a n-body classical system is to
contain n first integrals of motion that allow one to solve the system exactly in
action-angle coordinates. Additionally, due to this cyclic trajectory in the phase-
space, ergodicity is absent of these integrable systems. The notion of integrability
then clearly divides classical models into two classes with significantly different
physics.

However, as pointed by Weigert in [26], the concept of integrability in quantum sys-
tems is ambiguous. Indeed, it is unclear how to translate the notion of independent
integrals of motion into quantum mechanics and taking classical limit of the sys-
tems is not helpful for this problem. Caux and Mossel review in [27] all the existent
definitions for the quantum integrability and give a new basis for a categorization
of the models. In comparison with the classical mechanics where the systems are
either integrable or not, it seems that the notion of quantum integrability is not so
direct and allows multiple degrees of integrability.

Instead of trying to define the integrability of a system such as the XXZ spin chain,
we analyze the scattering between particles as a consequence of the interaction and
we conclude which are the possible conditions on the solution.

Considering a one-dimensional periodic system of n bodies in interaction with a
finite range potential, we suppose that the size of the system L is much larger
than the potential range. Therefore, when the distances between the particles is
large enough, the asymptotic form of the wave function is a product of plane waves
defined by n asymptotic momenta k1, . . . , kn. For n = 2, we can deduce what
happens when particles are close and scatter. Through the laws of conservation,
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1.5

the result of this collision is either exchange or the conservation of the particle
momenta. Supposing they carry a momentum k1, k2 and energy ε1, ε2 respectively,
we illustrate the process here

{k1, k2} collision−→ {k1, k2} or {k1, k2} collision−→ {k2, k1} . (1.8)

The solution is therefore a combination of two terms with the original order and
the exchanged momenta :

Ψ(x1, x2) = Aei(k1x1+k2x2) +Bei(k1x2+k2x1), x1, x2 ∈ [0 : L[ (1.9)

with A and B two phases which contain the dephasing due to the scattering and
ensure that the wave function is symmetric or antisymmetric depending of the
statistics of the particles. For n > 2, the solution can not be generalized to all
kinds of interaction with finite range like for n = 2. A two body scattering with
the same result as illustrated in (1.8) is still possible when two of the n particles
get close enough to each other. However, other scattering processes including
more than two simultaneous interacting bodies may happen. The total momentum
and energy are still conserved but these two conditions are not enough anymore
to restrict the scattering to a direct and exchange process. Indeed, in addition
to these two outcomes, the particle momenta can also have a diffusive scattering
where they take n new other values ∈ [0 : 2π[ which satisfy the conservation laws.
We can sketch these m-body (m ≤ n) collisions by

k1, k2, . . . , km
collision−→ k′1, k

′
2, . . . , k

′
m

with k1 + . . . km = k′1 + . . . k′m and ε1 + . . . εm = ε′1 + . . . ε′m . (1.10)

The consequence of these higher body scattering is drastic because, unlike the case
n = 2, the wave function cannot be defined with a unique set of n conserved mo-
menta. However if the diffusive collision, where the number of scattering particles
is higher than the number of conservation laws, are absent from the model, or if
the number of conservation laws is equal to the number of particles, the solution
wave function takes the Bethe Ansatz form

Ψ(x1, . . . , xn) =
∑
P

A(P )ei(kP (1)x1+kP (2)x2+...+kP (n)xn), x1, . . . , xn ∈ [0 : L[

(1.11)
with P the permutations of the symmetric group Sn. In the XXZ spin chain model
with the Hamiltonian (1.2), the interaction occurs only between two particles, two
down spins on neighboring sites. The scattering is then non-diffusive and therefore
the model can be exactly solved by the Bethe Ansatz. As the interaction is ultra-
local, meaning only between two neighboring sites, the hypothesis of asymptotic
plane wave solutions stays true until the spin chain reaches the filling of one down
spin per two sites. Beyond this filling, we simply rotate the spins upside down
to have no more than an average of one spin down for two sites. We can apply
therefore the solution as well for the ferromagnetic case, where the density of down
spins is low, as for the antiferromagnetic regime in zero magnetic field where the
ground state is half-filled with down spins.
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1.5 Alternative methods

In one dimensional integrable models and particularly the spin chain, besides the
use of the Bethe Ansatz which results in an exact solution, multiple other methods
provide information on the correlations along the spin chain. We describe here-
after the Luttinger Liquid Theory and the Conformal Field Theory, two commonly
used analytical approaches in addition to two numerical techniques: the Density-
Matrix Renormalization Group and the Quantum Monte Carlo which have greatly
contributed to the understanding of the spin chain.

1.5.1 Luttinger Liquid

Trying to catch the phenomenology of the collective excitations in one dimensional
physics, the Luttinger Liquid describes the system with a free boson formulation.
As mentioned earlier, the XXZ spin chain can be mapped to a system of spin-less
fermions in interaction using the Wigner-Jordan transformation. Using that the
spectrum of these particles is linear at the Fermi surface, the problem is reformu-
lated in terms of free bosonic quasiparticles with the Hamiltonian

H =
1

2π

∫
dx
[
uK (∂xθ(x))

2
+
u

K
(∂xφ(x))

2
]

(1.12)

with φ(x) and θ(x) two bosonic operators which commute canonically [φ(x), ∂xθ(x
′)] =

iπδ(x− x′). Although the Luttinger liquid describes only the low energy behavior
of a one dimensional system, the method is non perturbative and applies to all in-
teraction strengths. A lot of one-dimensional gapless models can be characterized
by (1.12) but the parameters u and K are not universal and must be evaluated
for each microscopic model. Any correlation function of local operators (such as
Sz,−,+j in the spin chain models) can then be written in terms of φ(x) and θ(x)
and their asymptotic behavior explicitly calculated. For instance, Lake et al. in
[28] obtained good agreement the response function of neutron scattering in the
spin chain. Additionally, one can find also the calculation of a four spin correlation
function in the anisotropic spin chain [29]. Good introduction to the bosonization
and Luttinger liquid theory can be found in [30, 31, 4]

1.5.2 Conformal Field Theory

During second and higher order phase transitions, at criticality, the typical fluc-
tuation lengths of a system become infinite and there is thus an invariance under
scaling transformation. The Conformal Field Theory is a method which uses the
properties of the critical phase of two dimensional systems. For models with local
interactions, an immediate consequence of a scale invariance is the conformal in-
variance i.e.: the system is invariant under transformations which preserve angles
between intersecting curves. The conformal transformation group is large enough
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to extract informations about the correlations of the system exploiting the confor-
mal symmetries. For instance, the correlation functions in the Heisenberg model
at zero temperature are scaling invariant for long distance and the exponent of
the spin correlation can be related to the exponential decay of the correlations of
a model at the finite temperature. From a general point of view, the Conformal
Field Theory is a complementary method which allows one to export known results
from one model geometry to another. References [32, 33] give a nice introduction
and more specific details.

1.5.3 Density-Matrix Renormalization Group

This method developed during the last twenty years permitted to push further the
precision of numerical computations in low dimensional systems. The simulation,
inspired by the renormalization group method, is to split the Hilbert space in two
blocks where only the low energy states are computed and kept. A good introduc-
tion can be found in the recent reviews [34, 35]. A great advantage of this technique
is that, by the clever selection of low energy states, very big system sizes can be
reached and this allows one to get rid of the boundary effects. The calculation
of static correlation functions over the selected states is then straightforward and
recent developments allowed calculation of short time dynamic correlation func-
tion and finite temperature computation. [36] is a good example of Density-Matrix
Renormalization Group calculation in the Heisenberg spin chain where the authors
verify numerically a specific log correction to the spin correlation function. Us-
ing a time evolution algorithm, Bouillot et al. [37] calculated the dynamic spin
correlations in a Heisenberg spin ladder model at zero temperature.

1.5.4 Quantum Monte Carlo

Well known, the Quantum Monte Carlo (QMC) method is a statistical method
used to evaluate path integrals for the evaluation of observables. Working on fi-
nite systems but wanting to avoid boundary effects, one considers rather large sizes.
However, the size of the Hilbert space grows exponentially with the number of sites.
The QMC allows one to evaluate observables with a small sample of the configura-
tions in the Hilbert space. The Hirsh-Fye algorithm is a famous implementation of
QMC and probably one of the simplest [38]. Nevertheless, there are several diffi-
culties and disadvantages in the QMC. For fermionic systems, the antisymmetry of
the wave function yields the famous sign problem. It originates from the fact that
for fermions the weight of a configuration (given by the exponential of minus the
action) can be negative. Moreover, observables are calculated in imaginary time
which make the evaluation of dynamic quantities very difficult and the statistical
error over the quantities computed goes like 1√

s
with s the sample size (basically

proportional to the computation time). Nevertheless before the development of
more efficient numerical tools, QMC has been widely used in 1D system and one
can find in [39, 40, 41, 42] few examples of spin chain calculations.
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1.6 Spin chains in nature

Although one dimensional models might seem artificial in a three dimension world,
it is possible to find in nature cases where the degrees of freedom are almost reduced
to 1D and which realize quasi one-dimensional models. For magnetic systems, most
of the examples are found in atomic crystalline materials which contain a stack of
spin chains. The latter are in general insulators where electrons are localized on
the atoms. The spin lattice is realized when the outer shell electron is unpaired and
within Mott-insulator regime, its spin can be super-exchanged with other neigh-
boring atoms. A one-dimensional pattern can appear then in strongly anisotropic
insulators i.e.: if the spin-exchange coupling is much larger in one direction than
in the others. To avoid the effect of any inter chain coupling, we can tune the
temperature of the system high enough to decouple chains from each other but
lower than the coupling along the chain in order to have an effective realization of
a 1D spin chain at low temperature. Multiple examples of crystal insulators using
3d electrons of copper as spin degree of freedom exist. For instance the crystals
KCuF3, SrCuO3, CuPzN, LiCuVO4 are known 1D spin chain realization which
have been probed with neutron scattering [43, 28, 44, 45, 46, 47, 48] (see chapter
4). More examples can be found in [49].

However there are also other kinds of spin chain realizations. Organic conductors
can provide a 1D spin chain setup and, for instance, exhibit a spin Peierls transition
due to phonon-spin coupling [50]. Moreover, compounds with e.g. Ti can realize
spin chains with next nearest-neighbor coupling leading to a frustration effect [47].
Additionally, cold-atom constructions are able now to represent an effective Hub-
bard model. An optical lattice is filled up with Rb atoms and a pseudo-spin-1/2
is realized by two Zeeman levels of each atom in a magnetic field. At half-filling
and in the limit of strong atomic repulsion, the system becomes a Mott-insulator
with superexchange processes between the pseudo-spin of neighboring sites. The
construction of a 1D XXZ spin chain is then possible [51] and with the control of
single spin along the chain, [52, 53], one can hope that such a realization will soon
be able to probe the dynamics of the spin chain.

1.7 Contents of the thesis

We start the thesis by describing how to solve the Heisenberg spin chain with the
coordinate Bethe Ansatz and we create a catalog of the principal excitations. We
give then a short introduction to the algebraic Bethe Ansatz formalism and the
local representation of spin operators. With these tools, we present our original
results:

• We show that the response function of the K-edge Resonant Inelastic X-
ray Scattering experiment on a Heisenberg spin chain is the spin-exchange
correlation function.
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• In the finite spin chain, a determinant expression for the correlation function
of the two adjacent spin operators, S−j S

−
j+1 and Szj S

z
j+1, is given and the

corresponding sum rules and f -sum rules are calculated. We evaluate them
numerically and we analyze the contribution of each type of excitations.

• The spin-exchange correlation function is computed with the determinant
expressions and the response function is compared with a Inelastic Neutron
Scattering measurement in the same spin chain.

In a more detailed description, the thesis contains the following points.

In chapter 2, we follow the method introduced by Bethe to solve the isotropic
Heisenberg spin chain model and we give the Bethe equations and Bethe-Takahashi
equations which allow one to compute eigenstates. We then give a catalog of the
basic excitations above the ground state and we show their densities of states.

We introduce in chapter 3 the algebraic Bethe Ansatz. Within this formalism, we
explain how to construct the algebraic forms for the Bethe states and the local spin
operators. Afterwards we give the formula for the norm of a Bethe state and the
explicit reduction of the formula for states containing complex string configurations.
Eventually, we recall the determinant expression for the scalar product between two
states.

In chapter 4, the two experimental setups: Inelastic Neutron Scattering and Res-
onant Inelastic X-ray Scattering are presented. We first enumerate the necessary
ingredients for an inelastic neutron scattering measurement and we recall that the
response signal is proportional to the single spin operator dynamical structure
function. For the Resonant Inelastic X-ray Scattering, we describe the K-edge
scattering process in detail and we show how to determine the response function.
Being more specific, we give the result for the spin chain model which is the spin
exchange dynamical structure factor.

Using the formalism of chapter 3, we construct in chapter 5 first the determinant
formula for the form factor of the operators S−j S

−
j+1 and Szj S

z
j+1. With these re-

sults, we give an expression for the two corresponding correlation functions and
the sum rules: the integrated intensities and the first frequency moments. Af-
terwards, we compute, the map in momentum and energy of the two dynamical
structure factors at different magnetization and we analyze the contribution of each
type of excitations. The chapter 5 is based on the content of the preprint paper
cond-mat/1201.0867 (2012) (see the list of publications).

In chapter 6, we use the previous results for the Szj S
z
j+1 form factor in order

to compute the spin-exchange dynamical structure factor and we compute also
the corresponding sum rules. With a numerical evaluation, we compare then the
response functions of the Resonant Inelastic X-ray Scattering and of the Inelastic
Neutron Scattering. The results of this chapter have been published previously in
the paper Phys. Rev. Lett. 106, 157205 (2011) (see the list of publications).
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