
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Adjacent spin operator correlations in the Heisenberg spin chain

Klauser, A.M.

Publication date
2012

Link to publication

Citation for published version (APA):
Klauser, A. M. (2012). Adjacent spin operator correlations in the Heisenberg spin chain.
[Thesis, fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:23 May 2023

https://dare.uva.nl/personal/pure/en/publications/adjacent-spin-operator-correlations-in-the-heisenberg-spin-chain(a3c3ad28-f747-4f55-ad14-5cbe9bfc1c9e).html


Chapter 2

Spectrum of the Heisenberg
spin chain and classification
of its eigenstates

We describe in this chapter the method introduced by Bethe to solve the isotropic
Heisenberg spin chain model. This introduction follows first the main lines of the
intuitive development given in [54] to find the eigenstates of the system. We then
explain and describe the classification of the basic excitations above the ground
state and we compute their densities of states.

2.1 Metallic atom chain model

Addressing the problem of the atomic chain with two levels which interact, Bethe
[55] determines the eigenstates and energy levels of the system. The two levels can
represent the spin- 1

2 of the outer shell electrons in the metal atoms. Considering
the lattice spacing between two atoms to be large, the hopping of the outer shell
electron towards the neighboring sites is weak. However, these little electronic
motions give rise to an interaction between spins on neighboring sites: the spin
superexchange [56, 11]. We describe therefore the same spin dynamics as the
Hubbard model in the Mott-Hubbard limit:

1. Two aligned neighbor spins carry an energy equal to the coupling constant J
and two opposed neighbors lower the energy by J .

2. Neighbor spins can exchange their z-spin eigenvalue with an amplitude J/2.

3. All the individual spins interact with an external magnetic field along z-axis
h via the Zeeman effect.
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2.2

This description for a periodic N -sites chain results in a dynamics dictated by the
Hamiltonian [10]

H = J

N∑
j=1

Sj · Sj+1 −
JN

4
− hSzj (2.1)

where Sj is the spin vector on the site j which has the three components Sxj ,

Syj and Szj . Each component acts on the
⊗N

j=1C
2 Hilbert space and is defined as

Sαj =
⊗j−1

i=1 1⊗ ~
2σ

α
⊗N

i=j+1 1 with σα the Pauli matrices. The sign of J allows one
to differentiate between the ferromagnetic (J < 0) and antiferromagnetic (J > 0)
chain and in order to avoid boundary effects, the system is chosen periodic. The
constant term JN/4 is added in order to have the ferromagnetic ground state as
reference state with energy zero. An important property of this Hamiltonian is the
conservation of the total spin and total z-component of the spin i.e.:

[H,S] = 0 , [H,Sz] = 0 (2.2)

with total spin operators Sz =
∑
j S

z
j and S =

∑
j Sj and we write their respective

eigenvalues Stot
z and Stot.

2.2 Diagonalization

The conservation of the magnetization by the Hamiltonian allows one to describe
the eigenstates of the system by a superposition of basis states with a fixed Stot

z =
N
2 −M . With |0〉 being the so-called pseudo-vacuum state where all the spins point
upwards, we can write a state of M localized down flipped spins as |j1j2 . . . jM 〉 =
S−j1S

−
j2
. . . S−jM |0〉 where S−ji is the spin lowering operator on the site ji. Therefore,

the most general expression for a state of Stot
z magnetization is

|M〉 =
∑
{j}

Ψ(j1, j2, . . . , jM )|j1j2 . . . jM 〉. (2.3)

The sum runs over the
(
N
M

)
sets {j} where j1 < j2 < . . . < jM . The goal here is to

diagonalize the system or equivalently to find Ψ({j}) such that

H
∑
{j}

Ψ({j})|{j}〉 = E
∑
{j}

Ψ({j})|{j}〉 (2.4)

with E the energy of the eigenstate. If we look at the action of the Hamiltonian
on one state of a given {j} we have

H|j1 . . . jM 〉 = J

N∑
j=1

[
1

2

(
S−j S

+
j+1 + S+

j S
−
j+1

)
+

(
Szj S

z
j+1 −

1

4

)
− hSzj

]
|{j}〉

=
J

2

∑
{j′}
|{j′}〉 − J

{
# ↑↓ +# ↓↑

2
+ h

(
N

2
−M

)}
|{j}〉. (2.5)
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2.3

The sum of off-diagonal elements runs over all the sets {j′} which corresponds to
all the possible configurations where one of the positions in {j} is moved left or
right: {j′1, . . . , j′M} = {j1, . . . , jα−1, jα± 1, jα+1, . . . , jM} ∀α if jα± 1 6= jα±1 . The
diagonal elements ofH contain the number of opposed neighbor spins (# ↑↓ +# ↓↑)
which is nothing else than the number of possible transitions from{j} to {j′}. In
(2.4), all basis states being orthogonal, the prefactor of a state must be equal on
both side and with (2.5), we write the equality for the prefactor of the state with
|j1 . . . jM 〉: ∑

{j′}

(
Ψ({j′})−Ψ({j})

)
=

2E + h(N − 2M)

J
Ψ({j}) . (2.6)

Before going further, it is important to notice that the sum includes only the
allowed configurations where

0 ≤ j′1 < j′2 < . . . < j′M ≤ N + 1. (2.7)

The periodicity condition imposes j′M −N < j′1 and one must then identify

Ψ(0j′2 . . . j
′
M ) = Ψ(j′2 . . . j

′
MN), Ψ(j′1 . . . j

′
M−1(N + 1)) = Ψ(1j′1 . . . j

′
M−1). (2.8)

2.3 Solutions

For M = 1, the equations (2.6) simplify to

Ψ(j + 1) + Ψ(j − 1)− 2Ψ(j) =
2E + h(N − 2)

J
Ψ(j) . (2.9)

A solution of this equation is the plane wave amplitude: Ψ(j) = eijk with 0 ≤ k <
2π and the energy

E

J
= cos(k)− 1− h

J

(
N

2
− 1

)
, k = 2π

1

N
, 2π

2

N
, . . . , 2π (2.10)

where the value of k are imposed by periodic boundary conditions and taken in the
first Brillouin zone. In the case of two down flipped spins, M = 2, the equations
(2.6) split into two cases: if j1 + 1 = j2 then

Ψ(j1 − 1, j2) + Ψ(j1, j2 + 1)− 2Ψ(j1, j2) =
2E + h(N − 4)

J
Ψ(j1, j2)(2.11)

and if j1 + 1 < j2,

Ψ(j1 − 1, j2) + Ψ(j1 + 1, j2) + Ψ(j1, j2 − 1) + Ψ(j1, j2 + 1)

=

(
2E + h(N − 4)

J
+ 4

)
Ψ(j1, j2). (2.12)
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2.4

Making an Ansatz in the form of a two-particle plane wave Ψ(j1, j2) = A12e
ik1j1+ik2j2+

A21e
ik1j2+ik2j1 (0 ≤ k1, k2 < 2π), we find that

E

J
= cos(k1) + cos(k2)− 2− h

J

(
N

2
− 2

)
. (2.13)

If we define scattering phases by Aab
Aba

= −eiψa,b , from the coupled equations (2.11)

and (2.12) the dephasing reads

eiψa,b =
ei(ka+kb) − 2eika + 1

ei(ka+kb) − 2eikb + 1
. (2.14)

Finally the solution wave function up to a global arbitrary phase is

Ψ(j1, j2) = eik1j1+ik2j2+ i
2ψ12 − eik1j2+ik2j1+ i

2ψ21 . (2.15)

Trying to solve (2.6) for a general M becomes very complicated since one needs to
write an equation for each case where two down spins are neighbors. A better way
is to proceed with the decoupling of the equations (2.6). First one needs to expand
the definition of the Ψ(j1 . . . jM ) to the domain

0 ≤ j′1 ≤ j′2 ≤ . . . ≤ j′M ≤ N + 1 (2.16)

where two coordinates can coincide. In consequence, one can rewrite (2.6) into

M∑
α=1

(
Ψ(j1, . . . , jα − 1, . . . , jM ) + Ψ(j1, . . . , jα + 1, . . . , jM )− 2Ψ(j1, . . . , jM )

)
=

2E + h(N − 2M)

J
Ψ(j1, . . . , jM ). (2.17)

But in order to keep the validity of the equations (2.6), one must impose that the
terms added in (2.17) vanish. For instance, if two down spins are neighbors, then
jα + 1 = jα+1 and one must constrain

Ψ(j1, . . . , jα, jα, . . . , jM ) + Ψ(j1, . . . , jα + 1, jα + 1, . . . , jM ) =

2Ψ(j1, . . . , jα, jα + 1, . . . , jM ) . (2.18)

With this last condition applied to all the value of α = 1, . . . , N , the sets of
equations (2.17) and (2.6) are equivalent.

2.4 Bethe Ansatz and scattering equations

The equations (2.17) are factorisable in each coordinate and therefore satisfied by
the multiple plane wave function: ei(k1j1+...+kM jM ) with 0 ≤ ki < 2π and the
resulting energy is

E

J
=

M∑
i=1

(cos(ki)− 1)− h

J

(
N

2
−M

)
. (2.19)
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2.4

Bethe Ansatz for the overall wave function is a combination of all the energy
degenerate plane wave functions i.e.:

Ψ(j1, . . . , jM ) =
∑
P∈SM

(−1)[P ]A(P )ei
∑M
i=1 kP (i)ji (2.20)

where the sum runs over all the permutations P of the order M symmetric group
SM and (−1)[P ] is the sign of the permutation that we include from now on in
the factor A(P ) for the sake of brevity. Each rearrangement of the {kα} by a
permutation carries a weight A(P ) which we calculate explicitly by the use of
(2.18). Plugging the Bethe Ansatz in the equations gives∑

P∈SM
A(P )

(
ei(kP (α)+kP (α+1)) − eikP (α+1) + 1

)
· eikP (1)j1+...+i(kP (α)+kP (α+1))jα+...+ikP (M)jM = 0 . (2.21)

As one sums over all SM , one can act with transposition of the element α and α+1,
Pα,α+1, in front of P and the overall sum will stay the same since (PPα,α+1) ∈ SM .
We can then write∑

P∈SM
A(P )

(
ei(kP (α)+kP (α+1)) − eikP (α+1) + 1

)
· eikP (1)j1+...+i(kP (α)+kP (α+1))jα+...+ikP (M)jM

=
∑
P∈SM

A(PPα,α+1)
(
ei(kP (α+1)+kP (α)) − eikP (α) + 1

)
· eikP (1)j1+...+i(kP (α+1)+kP (α))jα+...+ikP (M)jM . (2.22)

This equality must be true for all {j} and α such that jα+1 = jα+1. Moreover, one
can identify on both sides the terms in the sum which have the same combination
of kP (i) and ji i.e., after simplification

A(P )
(
ei(kP (α)+kP (α+1)) − eikP (α+1) + 1

)
= A(PPα,α+1)

(
ei(kP (α+1)+kP (α)) − eikP (α) + 1

)
(2.23)

and we find the equality

A(P )eiψP (α+1),P (α) = A(PPα,α+1) (2.24)

with eiψα,β the scattering phase defined in (2.14). All permutations can be ex-
pressed as a product of transpositions and therefore every P in SM can be con-
nected to another P ′ by one transposition. Summing over all permutations is
then equivalent to the sum of all possible transposition paths in SM and using the
equality above for all P and α, the solution, up to a phase, is found to be [54]

A(P ) = (−1)[P ]e
i
2

∑
α<β ψP (α),P (β) . (2.25)
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2.5

The Bethe wave function then reads

Ψ(j1, . . . , jM ) =
∑
P∈SM

(−1)[P ]ei
∑M
i=1 kP (i)ji+

i
2

∑
α<β ψP (α),P (β) . (2.26)

The fermionic character in such a wave function, consequence of (2.18), appears
in the fact that if kα = kα+1, the wave function vanishes. As we consider a finite
spin chain, the boundary conditions play a non negligible role in the solutions of
the system. However, in order to avoid boundary effects, we choose the periodic
boundary conditions and we see that this condition allows one to determine the set
of rapidities {k}.
We impose the periodicity condition over the wave function following a simple
reasoning. For a given permutation P , if we take the coordinate of a down spin and
we translate it along the spin chain by N sites, we must recover the same amplitude
of the wave function. If we extend the definition of Ψ to values ji = 0, 1, . . . , 2N ,
this condition reads

Ψ(. . . , jα−1, jα, jα+1, . . .) = Ψ(. . . , jα−1, jα+1, . . . , jM , jα +N) . (2.27)

Since one moves the spin with rapidity kα along the chain, every scattering with one
of the M−1 down spins with rapidity kβ adds a phase −e−iψP (α),P (β) . Additionally,
the wave function takes a phase e−ikP (α)N due to the space translation and we can
rewrite the translated wave function as

Ψ(j1, . . . , jα−1, jα+1, . . . , jM , jα +N) =

e−ikP (α)N (−1)M−1e−i
∑
β 6=α ψP (α),P (β)Ψ(j1, . . . , jM ) . (2.28)

With (2.27) applied to all α = 0, . . . ,M , we can then omit the permutation and
write the periodicity condition for all the rapidities as

eikαN = (−1)M−1e−i
∑
β 6=α ψP (α),P (β) . (2.29)

These equations are known as scattering equations since the term e−i
∑
β 6=α ψP (α),P (β)

can be represented as a product of 2 particles S-matrices.

2.5 Bethe equations and Orbach parametrization

Taking the logarithm of (2.29), we have a set of explicit equations for {k} namely
the Bethe equations:

kα =
2π

N
Iα −

1

N

∑
β 6=α

ψP (α),P (β) (2.30)

with, for N even, I1, . . . , IM a set of distinct integers for odd M and half-integers for
even M . The set of quantum numbers {Iα} is equivalent through these equations to
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2.6

the set of rapidities {kα} to parametrize an eigenstate. The existence of solutions
for (2.30) has been discussed in [18] and for the thermodynamic limit in [57]. It
has been found that the set of quantum numbers for the ground state is {I0

k =
k − M+1

2 }, k = 1, . . . ,M .

Orbach’s change of variable [14] quite simplifies the scattering term of the Bethe
equations (2.30). By the parametrization kα = π − 2atan(2λα) with the variables
λα ∈ C, the Bethe equations read

atan(2λα) =
π

N
Iα +

1

N

∑
β

atan(λα − λβ) . (2.31)

The maximum value of a quantum number is calculated by taking the limit of one
rapidity going to infinity in (2.30):

lim
λa→∞

(
atan(2λα)− 1

N

N∑
l=1

atan(λα − λβ)

)
=
π

2
− π(M − 1)

2N
. (2.32)

The boundary under which the quantum numbers must stay is therefore I1
∞ =

N−M+1
2 . The solutions for real rapidites are conveniently described by the sets of

quantum numbers which follow these simple rules:

1. They belong either to integers or half integers depending on M .

2. They must be all distinct to have no coinciding rapidities (and therefore
vanishing wave function).

3. Their values are bounded by the equations (2.30).

There exists states with coinciding quantum numbers but this represent few ex-
traordinary cases. Therefore, generally, all the possible combinations of Iα which
fulfill these three conditions correspond to an eigenstate of the system with the
energy and momentum

E = −J
M∑
α=1

1/2

1/4 + λ2
α

− h(
N

2
−M), P = πM +

2π

N

M∑
α=1

Iα (mod 2π). (2.33)

A more complete description of the ground state and excited states for either zero
or finite magnetization is given in sec.2.8 and moreover solutions including complex
rapidities and infinite rapidities are discussed hereafter.

2.6 Bethe-Takahashi equations and complex solu-
tions

The solutions of (2.30) are not restricted to real rapidities only but, as Bethe
mentioned in his seminal work [55], there exist self-conjugate complex solutions
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2.7

which can be interpreted as bound states of down spins which also satisfy the
Bethe equations. Bethe [55] made the conjecture, completed later by Takahashi et
al. [58], that such complex rapidities form string structures which are

λj,aα = λjα +
i

2
(nj + 1− 2a) + iδj,aα (2.34)

with a = 1, . . . , nj , nj being the string length and the string deviation δ
nj ,a
α . Here

α is an index that runs from 1 to Mj where Mj is the number of nj strings (strings
of length nj) and j = 1, . . . , Ns where Ns is the total number of different possible
lengths. With the string structure hypothesis, the set of eigenstates constructed
was assumed to be unique and complete [58]. Unfortunately, it turned out that
this hypothesis is not always right, although it can be shown that generally the
string deviations vanish exponentially with system size. However exceptions do
exist. For instance, in spin chains with more than 21 sites and filled with two down
spins, the string hypothesis fails to predict the correct set of solutions and there
are O(

√
N) unconventional solutions made of coinciding quantum numbers [59].

Besides, the number of complex solutions is less that the one constructed from
the string hypothesis and other kinds of complex solutions appear but the global
difference over the Hilbert space remains O(

√
N) [60, 61].

In the presence of string solutions with vanishing deviations the Bethe equations
(2.31) become undetermined. The remedy is to rewrite the Bethe equations only in
terms of the real centers λ

nj
α of the strings to obtain the Bethe-Takahashi equations

[58]:

Nθnj (λ
j
α)−

Ns∑
k=1

Mk∑
β=1

Θnj ,nk(λjα − λkβ) = 2πIjα (2.35)

where

θnj (λ) = 2atan (2λ/nj)

Θnj ,nk(λ) = (1− δj,k)θ|nj−nk|(λ) + 2θ|nj−nk|+2(λ)

+ . . .+ 2θnj+nk−2(λ) + θnj+nk(λ) (2.36)

and Ijα are the set of quantum number corresponding to strings of length nj which
take integer values if Mj is odd and half-integer if the number of nj strings is even.

The momentum of a state can then be generalized to include states containing
strings and is written as function of the new set of quantum numbers {Ijα}:

P = π

Ns∑
j=1

Mj −
2π

N

Ns∑
j=1

M∑
α=1

Ijα (mod 2π). (2.37)

2.7 Spin of the eigenstates and infinite rapidities

In the isotropic spin chain the total spin operator
(∑

j Sj

)2

commutes with the

Hamiltonian and therefore the eigenstates have a well-defined total spin value Stot.
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2.8

Moreover, the eigenstates created with the Bethe Ansatz are highest-weight with
respect to the global su(2) algebra i.e. the states constructed with M rapidi-
ties have the spin eigenvalues Stotz = Stot = N

2 − M [54]. In order to access
eigenstates with Stotz < Stot, one must act on a Bethe state with the global spin

lowering operator S−q=0 = 1√
N

∑N
j=1 S

−
j . These lower weight states are actually

also Bethe solutions but they include infinite rapidities. Indeed the Bethe equa-
tions allow rapidities to go to infinity (λα → ∞, kα → 0) and from (2.26), one
notices that a state with M rapidities of which M ′ tend to infinity can be written

|{λ1, . . . , λM−M ′ ,∞, . . . ,∞︸ ︷︷ ︸
M ′

}〉 =
(
S−0
)M ′ |{λ1, . . . , λM−M ′}〉. This eigenstate is no

longer highest-weight but has Stot = N
2 −M+M ′ and Stotz = N

2 −M . The norm of
a state which contains one infinite rapidity can easily be expressed by commutation
of spin operators as

N({λ,∞}M ) =
1

N

∑
i,j

〈{λ}M−1|S+
i S
−
j |{λ}M−1〉

=
1

N

∑
i,j

2δi,j〈{λ}M−1|Szi |{λ}M−1〉

=
N − 2M + 2

N
N({λ}M−1). (2.38)

We supposed that there is no other infinite rapidity in {λ}M−1 and therefore it is
highest-weight. We used then that

∑
i S

+
i |{λ}M−1〉 = 0 and we replaced

∑
i S

z
i by

its eigenvalue. We proceed the same way for two infinite rapidities and the norm
then is

N({λ,∞,∞}M =
1

N2

∑
i,j,k,l

〈{λ}M−2|S+
i S

+
j S
−
k S
−
l |{λ}M−2〉

=
1

N2

∑
i,j,k,l

(
2δjk〈{λ}M−2|S+

i S
z
j S
−
l |{λ}M−2〉+ 〈{λ}M−2|S+

i S
−
j S

+
k S
−
l |{λ}M−2〉

)
=
N − 2 (M − 1)

N
N({λ,∞}M ) +

2

N2

∑
i,j,k

〈{λ}M−2|S+
i S
−
j S

z
k |{λ}M−2〉

=
2 (N − 2M + 4) (N − 2M + 3)

N2
N({λ}M−2).

(2.39)

We give here only specific formulas which are useful for the calculation we achieve,
but it is possible to give more general expressions.

2.8 Catalog of excitations

We give in this section a catalog of the excitations that occur in the XXX spin chain
for a better understanding of the correlation. We divide the description of the ex-
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2.8

Figure 2.1: Combinations of quantum numbers corresponding to the ground state
and several excited states (see text for description) in the N = 16 spin chain.

cited states into two parts: zero and non-zero magnetic field, since the polarization
modifies drastically the combinatorics of the states above the ground state. The
identification of the states is made with the use of the quantum number {Ijα} (see
(2.31)), and the dynamics of the spin chain is described by the combinatorics of
those numbers. The requirement of real solutions of the Bethe equations |λi| <∞,
imposes boundaries on quantum numbers which are [58]

|Ijα| < Ij∞ =
1

2

[
N + 1−

Ns∑
k=1

Mk (2 min(nj , nk)− δj,k)

]
. (2.40)

We proceed therefore for zero and finite magnetic field with the description of the
type of excitations above the ground state.

2.8.1 Excitations at h = 0

In the case of zero polarization, the ground state quantum numbers occupy all the
allowed vacancies for finite real rapidities, i.e. {I1

α = α− M+1
2 }, α = 1, . . . ,M . The

creation of excitations requires therefore to either move a rapidity to ∞, create a
string or to remove rapidities.

String excitations

The creation of a bound state by the formation of an n string state allows vacancies
in the quantum numbers for real rapidities. The string state so created is non-
dispersive since there is only one accessible quantum number, but the holes created
in the set {I1

α}, denoted “spinon” quasiparticles [62], have a continuum spectrum of
excitations. The presence of the complex rapidities imposes via the Bethe equations
the number of spinons created and for each n string, there are 2n − 2 spinons in
the solution. As notation, we use, e.g. 2sp1s2 for a state with 2 spinons and one 2
string or 6sp1s21s3 for 6 spinons accompanied by a 2 string and a 3 string.
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2.8

0

1

2

3

4

0 π 2π

ω
[J

]

k

spinon

(a) Spinon spectrum (b) 2sp. . .

(c) 4sp. . . (d) 6sp. . .

Figure 2.2: For N = 128, M = 64, we show in (a) the DesCloizeaux-Pearson
spectrum of 1 spinon and in (b), (c), (d) the densities of states corresponding
of states containing 2,4 and 6 spinons. The . . . represents any additional static
quasiparticle like ∞, 1s2,1s3 which does not contribute to the density of states.

Spin raising and infinite rapidities

We describe here two processes which create spinons by removing quantum numbers
from the ground state.

First, if one acts with a local spin raising operator, i.e.: S+
j , the spin chain will

change sector from M = N/2 to M ′ = N/2 − 1 in an excited state with Stot =
Stotz = 1. Regarding the Bethe solutions, this is equivalent to removing one number
from the set {I1

α}. The quantum numbers go then from integers to half integers or
vice versa, and consequently each spin raising creates two spinons. We denote this
excitation with 2sp, 4sp, . . . for two, four and higher number of spinons.

Second, the Bethe equations allow one to send rapidities to infinity and then to
remove the respective quantum numbers. Similarly to the spin raising operation,
this creates a pair of spinons for each rapidity sent to infinity but contrarily to
the spin lowering operation, the excited has Stot

z = 0 but Stot = 1. The infi-
nite rapidity is actually equivalent to a global spin raising operation:|{λ,∞}M 〉 =

1√
N

∑
j S
−
j |{λ}M−1〉 where |{λ,∞}M 〉 belongs then to a higher spin sector but
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Figure 2.3: For N = 128, M = 16, we present (a) the artificial spectra of 1h, 1p
and 1s2 and (b),(c),(d),(e),(f) are the densities of states corresponding to the type
of excitation mentioned in the label.

with the same Stot
z . These states are described in detail in section: 2.7 and they

contribute to other spin sectors (see 5.2.4). The notation we use is 2sp∞, 4sp2∞, . . .
for excitations of one, two, etc. number of infinite rapidities.

For the three different kinds of excitations described above, the quasiparticles cre-
ated, spinons, have always the same dispersion relation and therefore the spectra
are identical even though the states are actually different. Although they always
come in pairs, we show in figure 2.2(a) the 1sp spectrum calculated by Cloizeaux
and Pearson in [63]. This allows one to understand more easily the density of states
(DOS) shown in the three other graphs of figure 2.2. For instance, the 2sp. . . DOS
represents all the linear combinations of two spinon spectra. The DOS is centered
in q = π because the two spinons are accompanied by a 1∞ or 1s2 of momentum
π (see (2.37)). However, as already mentioned above, the infinite rapidities and,
for M = N/2, the n string bound states are static and, consequently, their only
contribution to the DOS is a shift of π in momentum. We include them by . . . in
the description of figure 2.2.
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Figure 2.4: For N = 128, M = 32, we present (a) the artificial spectra of 1h, 1p
and 1s2 and (b),(c),(d),(e),(f) are the densities of states corresponding to the type
of excitation mentioned in the label.

2.8.2 Excitations at h > 0

In presence of a magnetic field, the ground state of the spin chain is polarized,
Stot
z > 0, and therefore there are N − 2M vacancies in the quantum numbers.

Similarly to the h = 0 case, the lowest energy state forms a Fermi like sea in the
quantum numbers: {I1

α = α − M+1
2 }, α = 1, . . . ,M , although there are vacancies

between the highest/lowest quantum numbers and the boundaries:M−1
2 + 1 < Ij∞.

We discuss here three excitations that can occur above the ground state.

Particle-hole

Due to the presence of vacancies in the quantum numbers, it is possible to take a
quantum number of the ground state and move it to higher value. One creates this
way a pair of quasiparticles: a hole left in the Fermi sea and a particle evolving
above the Fermi surface. We write in this article these excited states by ipih for i
particle-hole pairs.
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Spin raising

Similarly to the h = 0 case, acting with a spin raising operator S+
j on the spin

chain, removes one rapidity and creates a hole in the Fermi sea. However, although
the change in numbers of rapidities increases also the number of vacancies above
the Fermi sea, we only count as quasiparticle the holes below the Fermi surface.
Therefore, applying i spin raising operators on the ground state creates an excited
state with i holes belonging to the sector M ′ = M − i and that we simply denote
ih. In finite magnetic field, the creation of infinite rapidities is still admissible by
the Bethe equations and gives similar hole quasiparticles but as discussed in 5.2.4,
the form factors of such states decay like the inverse of the spin chain length.

String excitations

Excited states can be created by forming a string structure in the rapidities. In
contrast to h = 0, we consider here hole quasiparticles and a n string leaves n holes
in Fermi sea of rapidities. Moreover, the boundary In∞ is of O(N) and then much
bigger than at h = 0. Therefore the string states have dynamics that contribute
to the spectrum. The notation we use for a i string state is ih1si. Having multiple
strings in one solution is also allowed but does not carry significant signal for the
calculation we are interested in.

We show in the figures 2.3(a), 2.4(a) and 2.5(a), the artificial dispersion relations
of 1p, 1h and 1s2 quasiparticles. We call them artificial spectra because these
quasiparticles are accompanied by others, forming the continuum of excitations,
and it is physically impossible to isolate one of them. In the other graphs of figures
2.3, 2.4 and 2.5, the DOS for different type of excitations are plotted. The choice of
the states is related to their contribution to the correlation function calculated in
chapter 5; we have chosen the types of excitations which carry most of the signal.

In this chapter we covered the diagonalization of the Heisenberg spin chain with
the coordinate Bethe Ansatz. After the construction of eigenstates of the system,
we have described the different kinds of excitations that occur above the ground
state and we have shown their densities of state.
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Figure 2.5: For N = 128, M = 48, we present (a) the artificial spectra of 1h, 1p
and 1s2 and (b),(c),(d),(e),(f) are the densities of states corresponding to the type
of excitation mentioned in the label.
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