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Chapter 7

Conclusion

Through this dissertation we have introduced in chapters 2 and 3 the coordinate
Bethe Ansatz and the Algebraic Bethe ansatz; we have described the formalism
needed for the form factor calculation in chapter 5 and we have made a catalog of
the type of excitations that we have used in the numerical evaluation of the three
DSFs in chapter 5 and 6.

Chapter 4 has been devoted to two experimental setups: Inelastic Neutron Scat-
tering and K-edge Resonant Inelastic X-ray Scattering; we have explained how the
signal measured in each experiment is described by the single spin DSF (for INS)
and the spin-exchange DSF (for RIXS).

In chapter 5, we have shown the construction of the S−j S
−
j+1 and Szj S

z
j+1 form

factors and we have used these results to construct the adjacent spin operator
correlation functions S−−++(q, ω) and S4z(q, ω). Then, the corresponding sum
rules have been calculated and we have evaluated the two correlation functions
numerically in an isotropic spin chain with 400 sites. The resulting signals were
analyzed with the catalog of excited states described in section 2.8 and among other
results, we find a large contribution of the 4-spinon states in the S4z(q, ω) DSF.
Moreover, we have shown that in some regions of the momentum-energy space, the
signal can be attributed to 4-spinon excitations and clearly distinguished from the
2-spinon signal. However, presently, no experimental setup allows one to measure
such an observable. One can imagine though that a slightly different RIXS setup
would be able to perturb the spin coupling in an anisotropic way and therefore
would result in a response function combining the spin-exchange DSF plus the
S4z(q, ω) DSF. We can also trust that if a single spin could be addressed [52] in
realizations of spin chains with a Bose gas in an optical lattice [51], it might be
possible to control two neighbor spins instantaneously, and therefore to measure
an adjacent spin operator correlation function.

Besides, the S−−++(q, ω) and S4z(q, ω) DSFs have a non-vanishing signal at low
energy. Following the work in [99] where the size scaling of the form factor at the
low energy singularities is calculated, it would thus be possible to extract similarly
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7.0

the scaling relation prefactor in order to pin down the asymptotic value of adjacent
spin operator the correlation function.

In chapter 6, we have determined the response function of K-edge RIXS measure-
ment and we have compared it with INS signal. The spin-exchange DSF propor-
tional to the RIXS response has revealed the same shape as the INS single spin
DSF and is made of almost only the 2-spinon signal. Nevertheless, at low energy
the weight vanishes and makes the comparison with low energy effective results al-
most impossible. The upcoming calculation of the spin-exchange correlations with
the non-linear Luttinger Liquid theory [98] might however provide results we could
compare with ours. These latter results for the Heisenberg spin chain can also be
related and possibly extended to slightly different systems e.g. 1D cuprates with
doping [100].

More generally, the results of this thesis can be extended in different manners.
The results of chapters 5 and 6 are in principle compatible with a computation at
finite temperature. However, as we pointed out in section 5.2.3, the Szj S

z
j+1 matrix

elements between two string states could not be successfully expressed and this is
a necessary step for the S4z(q, ω) computation at finite temperature.

It would also be interesting to apply these results to more realistic models such as
coupled spin chains or system with a small phonon-spin coupling. Although, it is
not known how this diffusive perturbation might break down the integrability of
the system and make the Bethe Ansatz method inapplicable.

The development of the numerical t-DMRG method should provide a new tool
capable of computing similar correlation functions for small time. However one
disadvantage is that the original DMRG method does not differentiate between type
of excitated states and it is then difficult to understand the underlying excitations
and their contributions similarly to what we have done here.

We tried to give in this thesis a clear pattern and simple explanations for the
construction of the DSF in the Heisenberg spin chain at zero temperature. It
allows someone to follow the same path and construct the form factors of different
operators like any combination Sai S

b
i+1 with a, b = z,+,− or more complicated ones

including more next neighboring spin operators. The limitations are principally
numerical since every Szj operator adds a factor N to the total computation load

and S+
j , a N2 factor. Moreover, the expressions for the form factors have been

expressed for a general anisotropy and can easily be implemented for the evaluation
of S4z(q, ω) or S−−++(q, ω) in the massless regime ∆ < 1 and massive ∆ > 1.
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