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CHAPTER1

Introduction

One of the main goals of modern technology is to design and control the
microscopic world. Quantum information, quantum chemistry and quan-
tum thermodynamics are some aspects of this general trend. Manipulating
quantum systems is an important issue in these fields. Simple quantum me-
chanical systems are the main objects in quantum information. Since in
many situations only two states of a system are important in this subject,
two state systems are the best candidates. Some examples are the ground
state and first excited state of an electron in an atom; the mutually exclu-
sive polarization states of a photon (horizontal and vertical if it is linearly
polarized, or left and right if it is circularly polarized), the respectively up
and down states (when only the spin degree of freedom is considered) of a
spin-1

2
particle possessing a magnetic moment which can be influenced by

some external magnetic field. The Hilbert space of all these examples can
be spanned by two basis states and all operators in the Hilbert space can be
combined from the 2 × 2 Pauli matrices. From the mathematical point of
view any two-level system with non-degenerate energy levels can be described
by the same 2 × 2 matrices and thus is analogous to a spin-1

2
system. The

determination of the unknown state of a spin-1
2

system is one of the most
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Introduction

important issues in the field of quantum information. In doing so, one needs
to measure the spin components in three different directions. As currently
described in many textbooks, the z-component of the spin of of a spin-1

2
sys-

tem, can statistically be determined by means of a repeated Stern-Gerlach
experiment. In this process, the x and y component of the spin are destroyed
as a consequence of the non-commutation property of the spin operator in
the transversal directions. Likewise, the state of any two-level system can
be determined only through measurement of three linearly independent ob-
servables which do not commute and cannot be simultaneously measured.
In chapter 2 we address this issue and show that it is possible to identify
the state of a two-level system by simultaneous measurements. In particular,
we show that the unknown state of such a system can be determined indi-
rectly by means of a set of measurements performed simultaneously on the
system itself and an auxiliary system which is called assistant. We let the
system which is initially in an unknown state interact with the assistant with
initially a known state. After some elapsed time we perform simultaneous
measurements of an observable of the system of interest and an observable
of the assistant. We show that this process enables us to recover the ini-
tial state of the system. In chapter 2 we study two cases: both employing
another two-level system, for solid state applications, and a single mode of
electromagnetic field as an assistant, for quantum optics applications.

In manipulating quantum systems, controlling their interaction with the
surrounding environment is an important issue. This is best addressed in the
subject of open quantum systems. An open system is nothing more than one
which has interactions with some environment. The dynamics of a closed
system is described by a unitary transformation. A natural way to describe
the dynamics of an open system is to regard it as arising from an interaction
between the system of interest and an environment, which together form a
closed system. This is a recurrent theme in modern physics. Depending
on the type of environment, there are different conditions under which this
procedure is possible. A group of methods, which goes under the name
of system-bath interaction, amounts to isolating a quantum system with a
few degrees of freedom in contact with an equilibrium environment (thermal
bath) which usually is considered to have many degrees of freedom. One
of the main consequences of this approach is the appearance of a Langevin
equation, which supplements the Newton equation of motion for the quantum
system by two additional forces: a random conservative force and a non-
conservative (i.e., non-Lagrangian), velocity-dependent friction force.

12



In chapter 3 we focus on the spin-boson model which describes the dynamics
of a two-level system coupled to a thermal bath modeled by a set of harmonic
oscillators. Employing this model we study the dynamics of a pulsed spin-1

2

system in the presence of another spin-1
2

system located at some distance
from it. We show that although the spins are considered non-interacting,
the presence of the bath yields the polarization transfer among them. More
precisely, the back reaction of spins on the bath induces the polarization
transfer. Here the presence of the bath is crucial since it is the only interactive
component between the spins. This is in contrast with the usual school of
thought in spin-boson model were the bath is considered to be a hindrance.

The quantum back reaction force plays an important role in another area
in physics, namely, quantum-classical approximations. It provides a straight-
forward derivation route, in which one starts with a fully quantum treatment
and takes the classical limit for some degrees of freedom. This provides a
powerful scheme that facilitates understanding and manipulating the micro-
scopic world. Quantum-classical approximations are particularly useful when
one can easily identify quantum and classical subsystems by mass, energy,
time scale. This is another set-up that allows studying the dynamics of an
open system. In chapters 4 and 5 we consider a quantum system coupled to
a classical system and identify the two systems by a time scale separation.
Chapter 4 is devoted to the evolution of the fast quantum subsystem. In this
chapter we employ the adiabatic perturbation theory based on time scale
separation and derive higher order corrections to the adiabatic wave func-
tion in terms of a small parameter ε. We define ε as the small ratio of the
characteristic times of the quantum over the classical system, respectively.
According to the adiabatic theorem a quantum system under the influence
of its surrounding environment remains in its instantaneous eigenstate if the
environment which is acting on it evolves slowly enough and if there is a gap
between the initial eigenvalue and the rest of the energy spectrum.
Our ultimate goal is to understand the nature of the back reaction force
exerted by the quantum system on its classical environment. This is the sub-
ject of chapter 5. In this chapter we study the dynamics of the slow classical
system by adiabatically excluding the fast quantum system. We try to under-
stand to which extent the ensuing dynamics of the slow classical system can
be described by autonomous Lagrangian-generated equations for the classi-
cal coordinates. For the quantum-classical dynamics it is well known that in
the leading order the influence of the quantum system on the classical one
can be described by the Born-Oppenheimer potential energy term [1]. It was
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shown by Berry and Robbins that in the first order of ε one gets an effective
magnetic field, which manifests itself as the velocity-dependent term in the
classical Lagrangian [2]. Recently, Goldhaber has shown that in the second
order ε2 one gets in the Lagrangian an additional kinetic energy term, i.e., a
quadratic form in slow velocities [3].
What happens in the next orders? In particular, how far we can continue
the expansion over ε, still keeping the classical system Lagrangian? Most im-
portantly, are there new physical effects essentially related to post-adiabatic
corrections?

Here we answer these questions. It appears that at every order over ε
one can derive Lagrange equations for the dynamics of the classical system.
However, there is an important difference between the orders ε and ε2 and
all successive orders. At the order ε3 the classical dynamics is Lagrangian,
but the Lagrangian starts to depend on the higher-order time-derivatives of
the classical coordinates: While the classical Lagrangians normally depend
on the coordinates and their first-order time-derivatives (velocities), at the
order ε3 we get a Lagrangian that is a functional of the classical coordi-
nates, velocities, and accelerations. Moreover, in the third order of ε, the
Lagrangian depends linearly on the classical accelerations.
This fact is of conceptual relevance. Classical physics is essentially based on
the Newton’s second law that equates acceleration to the force, which de-
pends only on coordinates and velocities. As a consequence, the trajectory
of the classical motion is fixed via initial coordinates and initial velocities.
In its turn, the Newton’s second law is generated by a Lagrangian, which de-
pends on coordinates and velocities. Dependence on higher-order derivatives
in the Lagrangian implies a number of essential changes in the kinematics of
the classical system: the momentum of the classical system depends on the
acceleration, while the full angular momentum tensor is a sum of the usual
orbital part and a term that can be interpreted as the spin of the classical sys-
tem. In the simplest non-trivial case this spin is proportional to the squared
velocity of the classical particle. We show that this implies the existence
of the zitterbewegung effect, where the momentum of the classical particle
(system) is governed by the projected time-derivative of the spin. So far
the zitterbewegung effect was known only in the physics of relativistic Dirac
electron, while we show the same effect appears in a purely non-relativistic
slowly evolved classical system due to its coupling to a fast quantum sys-
tem. It appears now that this effect is a part of the physics generated by
higher-order post-adiabatic corrections. Similar dependence on higher-order
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derivatives is expected at higher orders εn with n ≥ 4, though in this thesis
we restrict ourselves to deriving the effective classical Lagrangian up to the
order ε4.
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