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CHAPTER4

Adiabatic Perturbation Theory

This chapter is devoted to the adiabatic perturbation theory. It is presented in a
different way from the standard presentations by a careful accounting of higher-
order terms. The idea is based on the time-scale separation which is usually
the case when a massive slow system interacts with a light fast system. In
the previous section the spin-boson model was employed to study the evolution
of an open quantum system. In this chapter we consider another category of
open systems in which the quantum system evolves much faster than its slow
classical surrounding environment. The Hamiltonian of the fast system then can
be considered as a function of the slowly varying parameters of the slow system.
The wavefunction of the fast quantum system is separated into fast and slow
components and the slow component is expanded in terms of a small parameter.
This parameter is defined as the ratio of the characteristic time scales of the two
systems. Within this time scale separation it is possible to determine the state
of the open quantum system.
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Adiabatic Perturbation Theory

4.1 Introduction

A recurrent theme in modern physics is to study the dynamics of an open
system, i.e., a system that interacts with its environment [54]. Depending
on the type of environment, there are different conditions under which this
procedure is possible. A group of methods, which goes under the name of
system-bath interaction, amounts to isolating a relatively small system in
contact to an equilibrium environment (thermal bath) [54]. This was the
subject of chapter 3. One of the main consequences of this approach is the
Langevin equation, which supplements the Newton equation of motion for the
small system by two additional forces: random conservative force and non-
conservative (i.e., non-Lagrangian), velocity-dependent friction force [54].

There is another set-up that allows studying the dynamics of an open
system. Here the essential condition is that the target system is much faster
than its environment [2, 3, 85, 86]. Separation of scales plays a fundamental
role in understanding the dynamical behavior of the hybrid (slow + fast)
systems. It is often possible to drive simple laws for certain slow variables
from the underlying fast dynamics whenever the scales are well separated.
As an example consider the spinning top. While the top rotates very fast,
the rotation axis is usually precessing much slower. The earth is an example
of a top where these time scales are well separated. It turns once a day, but
the frequency of precession is about 26000 years.
The prototype example in quantum mechanics is a molecule, i.e. a system
consisting of two types of particles with very different masses. Electrons are
lighter than nuclei by a factor at least 2000, depending on the type of nucle-
usand and are moving much faster than the nuclei. In this case the fast scale
is also the quantum mechanical time scale described by Planck’s constant ~
and the relevant energies. The slow scale is “slow” with respect to the fast
quantum scale. For the sake of clarity in the time-scale separation, we define
a dimensionless small parameter, ε, as the ratio of the characteristic time
scales of the two systems. By “the characteristic time” of the fast system
we mean the time over which the dynamical quantities associated to the fast
system change considerably, while the dynamical quantities associated with
the slow system experience a small change. In the adiabatic regime this pa-
rameter, ε, approaches zero. By adiabatic we mean the regime, where the
slow system evolves infinitely slowly in time. This situation is best described
by the adiabatic theorem which implies that a system prepared in the instan-
taneous eigenstate of a time-dependent Hamiltonian will remain close to the
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4.2. Slowly evolving systems

instantaneous eigenstate of the Hamiltonian provided that the Hamiltonian
changes sufficiently slowly [87–89]. The adiabatic theorem in quantum me-
chanics was developed in its early days and it is a useful and a powerful tool
for studying the dynamics of a quantum system where the Hamiltonian of
the system evolves very slowly (adiabatically) in time. The theory has lots
of applications, in the name of adiabatic approximation, in quantum physics
(Berry phase) [90], quantum control [91] and adiabatic quantum computa-
tion [92].
In the adiabatic regime, the effective dynamics for the slow degrees of free-
dom, e.g. for the nuclei, is known as Born-Oppenheimer approximation and
it is important for understanding the molecular dynamics. In this regime
the dynamics of the nucleus can be described by considering an effective
potential generated by one energy level of the electrons, while the state of
the electrons instantaneously adjusts to an eigenstate corresponding to the
momentary configuration of the nuclei.
The phenomenon that fast degrees of freedom become slaved by slow degrees
of freedom which in turn evolve autonomously is called adiabatic decoupling.
In the following two chapters we show that if the slow system, doesn’t evolve
infinitely slowly, i. e., ε is small but not zero, the effective dynamics of the
slow system can be described by additional forces exerted on it from the fast
quantum system. In doing so, we discuss the adiabatic perturbation theory
in section 4.3. Section 4.4 is devoted to the precision of this method. The
dynamics of the slow classical system is the subject of the next chapter.

4.2 Slowly evolving systems

Usually the Hamiltonian discussed in the quantum mechanical text books
does not depend on time. But in reality it does depend on time due to the
presence of the external or environmental factors. Therefore, it is important
to study time-dependent Hamiltonians in modeling the real quantum sys-
tems. One of the most interesting aspects of time-dependent Hamiltonians is
the occurrence of the geometric phase, which had been ignored in quantum
physics for half a century. It had not been forgotten but was thought to be
unimportant. In 1928, Fock showed that such a phase could be set to unity
by redefinition of the phase of the initial wave function . Although Fock’s
proof was limited to non-cyclic evolutions only, his conclusion was generally
accepted until around 1980 when Mead and Truhlar [93] and Berry [90] re-
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Adiabatic Perturbation Theory

considered cyclic evolutions.
In the quantum mechanical description of a physical system, one has a finite
or infinite dimensional Hilbert space of state vectors and a set of observables
described by linear operators acting on these state vectors. If a quantum sys-
tem is not isolated from its environment, the observables can be described
by operators that depend on a set of parameters, q = (q1, q2, . . . , qK), where
K is the number of degrees of freedom of the environment. Each value of q
characterizes a particular configuration of the environment. In particular, a
changing environment is described by time-dependent parameters, q = q(t).
For a quantum system in a classical environment, the parameters q label the
points of a smooth manifold M. Every change of the environment is then
described by a curve C : [0, T ] → M, with points q(t) ∈ C. The manifold
M is called the parameter space of the quantum system. The geometric
properties of the parameter space depend of the specifications of the system.
In general, the Hamiltonian is a smooth and single valued function of q ∈M.
By the smoothness of the Hamiltonian we mean that the eigenvalues and the
eigenvectors are smooth functions of q.
The evolution of the states of the quantum system in the external environ-
ment is described by the time-dependent Schrödinger equation

i∂t|Ψ〉 = Ĥ (q(t)) |Ψ〉, (4.1)

where ∂t = ∂
∂t

, and we set ~ = 1.
Here |Ψ〉 denotes the state vector which belongs to the Hilbert space H and
represents a pure state of the system. The general mixed state is described
by a density matrix ρ̂ whose evolution is given by the Liouville-von Neumann
equation

i∂tρ̂ =
[
Ĥ (q(t)) , ρ̂

]
. (4.2)

For the sake of simplicity, we shall assume the pure state case.
The adiabatic energy levels {Ek (q(t))}dk=1 and the corresponding eigen-vectors
{|k; q(t)〉}dk=1 are defined via the eigen-resolution of the Hamiltonian Ĥ (q(t))
at fixed values of q = (q1, . . . , qK):

Ĥ (q) |k; q〉 = Ek(q)|k; q〉, 〈k; q|l; q〉 = δkl, k = 1, . . . , d, (4.3)

where d is the total number of energy levels. By |k; q(t)〉 we mean the eigen
state |k〉 which depend on the time-varying set of parameters q(t).
We shall assume that the adiabatic energy levels are not degenerate.
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4.2. Slowly evolving systems

Given an environmental process along with a time parametrization q(t),
one obtains a time-dependent Hamiltonian

Ĥ (q(t)) =
d∑

k=1

Ek (q(t)) P̂k (q(t)) , (4.4)

where
P̂k (q(t)) = |k; q(t)〉〈k; q(t)|, (4.5)

are the time-dependent projectors corresponding to the eigenstates of Ĥ (q(t)).
We note that the adiabatic representation (4.3) has a gauge freedom:

|k; q(t)〉 → eiαk(q(t))|k; q(t)〉, (4.6)

where αk (q(t)) is an arbitrary single-values function of q = (q1, . . . , qK).
Hence all physical observables have to be gauge-invariant.

The qualitative sufficient condition for the time-scale separation is that
the characteristic time of the classical motion is much larger than ~

∆
, where

∆ is the minimal adiabatic energy gap: ∆ ≡ mink 6=l(|Ek − El|). 1

To reflect mathematically the fact of time-scale separation we shall write
the dependence of the quantum Hamiltonian on the classical coordinates as

H (q1(εt), q2(εt), . . .) , (4.7)

where ε is defined as a small dimensionless parameter representing the ratio
of the two time-scales.

ε¿ 1. (4.8)

The time-scale separation, i.e., condition (4.7), can be generated, e.g., by
a large mass M of the classical particle. Then the classical particle moves
slowly—provided that its initial velocity is small—and ε ∼ 1/

√
M . This

scenario of time-scale separation is normally met in chemical physics (heavy
classical nuclei versus light quantum electrons) [94] and semi-quantum grav-
ity [95].

In the Schrödinger equation (4.1) we shall assume that the initial state
|Ψ(0)〉 is an eigenstate:

|Ψ(0)〉 = |n; q(0)〉. (4.9)

1 This condition is sufficient, but not necessary for the validity of the time-scale sep-
aration and the consequent adiabatic approach, e.g., the latter can still hold if certain
level-crossings are allowed. We shall not consider this more general situation.
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Within the adiabatic approach the choice (4.9) does not imply any serious
loss of generality. We note that it is sufficient to take a single initial wave
vector and not a superposition of them, since any superposition will bring
in the adiabatic limit strong oscillations for non-diagonal elements of the
resulting density matrix. This will reduce the superposition to the mixture of
adiabatic eigen-vectors, which amounts to studying the consequences of (4.9),
and then taking the average over the index n with certain time-independent
weights.

In the following section we present adiabatic perturbation theory [96,97].
It is a method to solve the time-dependent Schrödinger equation (4.1) under
the time-scale separation (4.7) and the adiabatic assumption (4.8).

4.3 Adiabatic perturbation theory

The adiabatic theorem mentioned in section 4.1 yields an approximate solu-
tion and it seems natural to ask what will be the non-adiabatic corrections
to the solution provided by this approximation especially if the characteristic
time scale of the process is not too large.

In this section we study the higher order corrections to the adiabatic
wave-function up to any order for non-degenerate adiabatic wave-function.
The method we motivate here despite other methods is based on a careful
separation of the slow and fast components of the wave-function of the fast
quantum system which is under the influence of the slowly varying parameters
of its environment. To this end, we define the slow time-variable as

s
def
= εt.

As in any theory that is based on time-scale separation, we should start with
dividing the sought solution to the time-dependent Schrödinger equation with
the Hamiltonian (4.7) into fast and slow components:

|Ψ〉 = |ψn(ε, q(s)〉 eiαn(t), (4.10)

where

αn(t) ≡ −
∫ t

0

dτ En (q(ετ)) ,

is the dynamical phase.
eiαn(t) is the fast component of the sought solution since it changes fast, i.e.,
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4.3. Adiabatic perturbation theory

as ∼ eis/ε. Inserting (4.10) into (4.1) we get

iε|ψ̇n (ε, q(s))〉 =
[
Ĥ (q(s))− En (q(s))

]
|ψn (ε, q(s))〉, (4.11)

where dot is defined as differentiation with respect to the slow time s.
Now we expand the slow wave-function, ψn (ε, q(s)), in the powers of small
parameter ε:

|ψn (ε, q(s))〉 = eiγn(q(s))
[ |n; q(s)〉+ ε|n1; q(s)〉+ ε2|n2; q(s)〉+ . . .

]
, (4.12)

where

γn (q(s)) = i

∫ s

0

du 〈n; q(u)|ṅ; q(u)〉, (4.13)

is the Berry phase factor. We separated the Berry phase, γn (q(s)) out to facil-
itate further calculations and ensure the proper gauge-covariance. We notice
that 〈n; q(u)|ṅ; q(u)〉 is purely imaginary (due to the fact 〈n; q(u)|n; q(u)〉 =
1).

Substituting power series expansion (4.12) into (4.11) and comparing
terms of equal order of ε, we get a set of recursive equations

0 =
(
Ĥ (q(s))− En (q(s))

)
|n; q(s)〉, (4.14)

i|ṅ; q(s)〉 − i〈n; q(s)|ṅ; q(s)〉 |n; q(s)〉 = (4.15)(
Ĥ (q(s))− En (q(s))

)
|n1; q(s)〉,

i|ṅ1(s)〉 − i〈n; q(s)|ṅ; q(s)〉 |n1; q(s)〉 =(
Ĥ (q(s))− En (q(s))

)
|n2; q(s)〉, (4.16)

...,

or in general

i|ṅm−1; q(s)〉 − i〈n; q(s)|ṅ; q(s)〉|nm−1; q(s)〉 =(
Ĥ (q(s))− En (q(s))

)
|nm; q(s)〉. (4.17)

Eq. (4.14) holds automatically for the adiabatic regime, i.e., O(ε0).
To solve the higher order equations we introduce the projection operator

P̂ (q(s)) and its orthogonal complement Q̂ (q(s)):

P̂ (q(s)) (s) = |n; q(s)〉〈n; q(s)|, Q̂ (q(s)) =
∑′

k
|k; q(s)〉〈k; q(s)|,

P̂ + Q̂ = 1̂, P̂ Q̂ = Q̂P̂ = 0. (4.18)
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Adiabatic Perturbation Theory

where
∑′

k means the term k = n is excluded from the summation
∑d

k=1.

4.3.1 Post-adiabatic corrections

We start with deriving the first order correction to the adiabatic wave-
function. Then an analogous argument straightforwardly yields all higher
order correction as well.
In order to solve the first order equation (4.15), we operate the orthogonal
complement projector Q̂ (q(s)) from left to the both sides of (4.15). Since

Q̂ (q(s)) |n; q(s)〉 = 0, (4.19)

Q̂ (q(s)) Ĥ (q(s)) =
∑

k

′
Ek (q(s)) |k; q(s)〉〈k; q(s)|,

we get

i
∑

k

′|k; q(s)〉〈k; q(s)|ṅ; q(s)〉 = (4.20)

∑

k

′
∆kn (q(s)) |k; q(s)〉〈k; q(s)|n1; q(s)〉,

where we have defined

∆kn (q(s))
def
= Ek (q(s))− En (q(s)) . (4.21)

Since ∆k 6=n (q(s)) is non-zero, due to the non-degenerate adiabatic energy
level assumption, we get

〈k; q(s)|n1; q(s)〉 def
= c

[1]
k 6=n (q(s)) = −i〈k; q(s)|ṅ; q(s)〉

∆nk (q(s))
. (4.22)

Thus the projection of the first order correction to the adiabatic energy level
on Q̂, denoted by |n⊥1 ; q(s)〉, is defined as

|n⊥1 ; q(s)〉 def=
∑

k

′
c
[1]
kn (q(s)) |k; q(s)〉. (4.23)

where c
[1]
k 6=n (q(s)) is defined by (4.22).

The above expression means that the state makes transitions between its
energy levels during its evolution in contrast to the adiabatic regime. But
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4.3. Adiabatic perturbation theory

this is not the whole story, in order to define |n1; q(s)〉 completely we have
to derive its projection on P̂ (q(s)) as well. In doing so, we operate the
projection operator P̂ (q(s)) from the left on both sides of the second-order
equation (4.16). Keeping in mind that

P̂ (q(s)) (Ĥ (q(s))− En (q(s))) = 0, (4.24)

we get

〈n; q(s)|ṅ1(s)〉 − 〈n; q(s)|ṅ(s)〉〈n; q(s)|n1; q(s)〉 = 0. (4.25)

Therefore, calculating 〈n; q(s)|n1; q(s)〉 requires the calculation of
〈n; q(s)|ṅ1; q(s)〉. This can be done by differentiating with respect to the slow
time, s, both sides of the following identity:

|n1; q(s)〉 = P̂ (s)|n1; q(s)〉+ |n⊥1 (s)〉, (4.26)

and then multiplying both sides from left by 〈n; q(s)| from left:

〈n; q(s)|ṅ1; q(s)〉 =

d

ds
[〈n; q(s)|n1; q(s)〉] + 〈n; q(s)|ṅ; q(s)〉〈n; q(s)|n1; q(s)〉

+
∑

k

′
c
[1]
knq(s)〈n; q(s)|k̇(s)〉, (4.27)

where we have used the definition 〈k; q(s)|n1; q(s)〉 = c
[1]
kn (q(s)).

Inserting (4.27) into (4.25) yields

ċ[1]
nn (q(s)) = −

∑

k

′〈n; q(s)|k̇(s)〉c[1]
kn (q(s)) , (4.28)

where we define

c[1]
nn (q(s))

def
= 〈n; q(s)|n1; q(s)〉. (4.29)

Inserting the definition of c
[1]
k 6=n (q(s)) in the above expression we get

c[1]
nn (q(s)) = −

∑

k

′
∫ s

0

du〈n; q(u)|k̇; q(u)〉c[1]
kn (q(u)) =

− i
∑

k

′
∫ s

0

du
|〈k; q(u)|ṅ; q(u)〉|2

∆nk (q(u))
. (4.30)
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It is seen that c
[1]
nn (q(s)) is purely imaginary.

Summarizing the above calculations, we can write the first-order correction
to the adiabatic wave-function as

|n1; q(s)〉 = c[1]
nn (q(s)) |n; q(s)〉+ |n⊥1 ; q(s)〉, (4.31)

where |n⊥1 ; q(s)〉 is defined by (4.23) and c
[1]
nn (q(s)) is given by (4.30).

It is remarkable that for the first-order adiabatic correction equation (4.22),
which describes the transition to the other eigen energy levels in the post-
adiabatic regime, is well-known [2, 3]. It is certainly less known that the
consistent adiabatic perturbation theory generates another O(ε) term, i.e.,

c
[1]
nn (q(s)) [97, 98]. This term is purely imaginary and represents a memory

effect of the transitions to other energy levels during the evolution of the
quantum system. This term drops out from post-adiabatic corrections to the
averaged force.
Following an analogous argument, the higher order post-adiabatic corrections
to the wave-function, represented by |nm; q(s)〉, with m > 1, read

|nm; q(s)〉 = c[m]
nn (q(s)) |n; q(s)〉+ |n⊥m; q(s)〉, (4.32)

|n⊥m; q(s)〉 =
∑

k

′
c
[m]
kn (q(s)) |k; q(s)〉, (4.33)

where c
[m]
k 6=n (q(s)) is derived from the following recursive expression

c
[m]
k 6=n (q(s)) =

i〈n; q(s)|ṅ; q(s)〉 c[m−1]
k 6=n (q(s))− i〈k; q(s)|ṅm−1; q(s)〉

∆nk (q(s))
, (4.34)

and the scalar function c
[m]
nn (q(s)) is given by

ċ[m]
nn (q(s)) = −〈n; q(s)|ṅ⊥m; q(s)〉, (4.35)

c[m]
nn (q(s)) = −

∑

k

′
∫ s

0

du c
[m]
kn (q(u)) 〈n; q(u)|k̇; q(u)〉. (4.36)

Altogether |ψn(ε, (q(s)))〉 in (4.12) can be written as

|ψn(ε, (q(s)))〉 = eiγn(q(s))
∑

k

ckn (q(s)) |k; q(s)〉, (4.37)

where ckn (q(s)) is given by the following expansion over the small parameter
ε

ckn (q(s)) = δkn + εc
[1]
kn (q(s)) + ε2c

[2]
kn (q(s)) + · · · . (4.38)
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4.3. Adiabatic perturbation theory

The normalization condition of the wave-function implies relations between
the coefficients ckn (q(s)):

∑

k

|ckn (q(s)) |2 = 1, (4.39)

which should be satisfied at each order of ε. By separating the term regarding
to k = n in the above expression (4.39) for the first few orders we have

|cnn (q(s)) |2 = (4.40)

1 + ε
[
2<{c[1]

nn (q(s))}] + ε2
[
2<{c[2]

nn (q(s))}+ |c[1]
nn (q(s)) |2]

+ε3
[
2<{c[3]

nn (q(s)) + c[1]
nn (q(s)) c∗[2]

nn (q(s))}]

+ε4
[
2<{c[4]

nn (q(s)) + c[1]
nn (q(s)) c∗[3]

nn (q(s))}+ |c[2]
nn (q(s)) |2] + · · · ,

∑

k

′|ckn (q(s)) |2 = (4.41)

ε2
[
|c[1]
kn (q(s)) |2

]
+ ε3

[
2
∑

k

′<{c[1]
kn (q(s)) c

∗[2]
kn (q(s))}

]

+ε4

[
|c[2]
kn (q(s)) |2 + 2

∑

k

′<{c[1]
kn (q(s)) c

∗[3]
kn (q(s))}

]
+ · · · .

Inserting the expressions (4.41) and (4.42) into the normalization condition
(4.39) brings the following relations at the orders ε and ε2, ε3, and ε4 respec-
tively,

<{c[1]
nn (q(s))} = 0, (4.42)

2<{c[2]
nn (q(s))}+ 〈n1; q(s)|n1; q(s)〉 = 0, (4.43)

<{c[3]
nn (q(s)) + 〈n1; q(s)|n2; q(s)〉} = 0, (4.44)

2<{c[4]
nn (q(s)) + 〈n1; q(s)|n3; q(s)〉}+ 〈n2; q(s)|n2; q(s)〉 = 0, (4.45)

...

where we have used the expression of |n1; q(s)〉 given by (4.31) in (4.42), and
the expression for |nm; q(s)〉 for m = 2 and m = 3 given by (4.32) in (4.44)
and (4.45).
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4.4 Precision of the adiabatic approximation

The precision of the adiabatic approximation is studied in details by G. A.
Hagedorn and A. Joye [97]. They rigorously proved that the adiabatic pertur-
bation theory is correct up to exponentially small errors for time-dependent
Hamiltonians. They employed the standard Cauchy estimates in order to
estimate the error resulting from the truncation of the asymptotic expansion
of the wavefunction and proved that when the expansion is truncated after
an optimal number of terms, the resulting approximation , i.e., the difference
between the exact and the approximated solution, is exponentially accurate
as it is described in the following.
According to (4.12) let us define

|ψnN (ε, q(s))〉 = eiγn(q(s))

N∑
m=0

εm|nm; q(s)〉. (4.46)

Let {a} define the integer part of a real number a, and let we are given a
positive number g. Then it is shown that [97]:

∣∣ |ψ{g/ε}(ε, s)〉 − |ψexact(ε, s)〉
∣∣ ≤ C(g)e−Γ(g)/ε, (4.47)

where |ψexact(ε, s)〉 is the exact solution of the time-dependent Schrödinger
equation (4.11) and at the initial time

|ψ{g/ε}(ε, 0)〉 = |ψexact(ε, 0)〉, (4.48)

and where C(g) and Γ(g) are bounded positive functions of g. This result
implies that the precision of the adiabatic approximation is exponential over
ε.

4.5 Summary

In this chapter we considered a fast quantum system which is under the in-
fluence of a slowly evolving classical system. To describe the situation, we
represented the Hamiltonian governing the motion of the fast quantum sys-
tem as a function of slowly varying parameters of the classical system. We
defined a small dimensionless parameter ε as the ration of the time scales
of the two system and divided the sought solution of the time-dependent
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4.5. Summary

Schrödinger equation into fast and slow components. Within the adiabatic
perturbation theory we expanded the slow component over the small param-
eter ε and derived the higher order corrections. The results of this chapter
will be employed in the next chapter where we study the dynamics of the
slow classical system.
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