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A Complexity Analysis of the Verification

Algorithms

In Chapter 4 two verification algorithms of Modular BNs were discussed, namely the
detection algorithm in Algorithm 2 and the discovery algorithm in Algorithm 3. In
this section the worst case time complexity of these algorithms is analyzed. The time
complexity is measured with respect to the number of times the conditional mutual
information in Equation (2.11) or the normalized conditional mutual information in
Equation (2.15) needs to be computed, depending on the measure used. We refer to both
measures as the mutual information measure or just mutual information. We adopt the
following notation: n is the total number of BN modules that are combined to construct
a Modular BN, k denotes the maximum number of variables in a BN module and p
denotes the maximum number of shared variables between two BN modules in the
Modular BN.

A.1 The Detection Algorithm: Verification of Global I-mapness

The detection algorithm in Algorithm 2 is used to verify global I-mapness of a Modular
BN after each addition of a new module, i.e. a single extension step (see Definition 4.2).
When aModular BN contains a single module then the addition of a newmodule results
in computing themutual information (k−p)2 times. In case n > 2 themutual information
is (n − 1)(k − p)2 times computed. Thus the complexity is O(nk2 + np2), i.e. the detection
algorithm runs in linear time in the total number of BNmodules n and in quadratic time
with respect to the number of variables within a module k and the number of shared
variable between two modules p. However, it is plausible to assume that k is bounded
from above. Consequently, also p is bounded, since p < k. As a result of that, the worst
case time complexity of running the detection algorithm for a single extension step is
O(n).

The total number of times the mutual information measure must be computed to
verify global I-mapness, when fully constructing a Modular BN out of n BN modules,
can be expressed with the following recursive function:

f (n) = (n − 1)(k − p)2 + f (n − 1), n ≥ 2 (A.1)
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Note that f (1) = 0. We can rewrite equation (A.1) as follows

f (n) = (n − 1)(k − p)2 + (n − 2)(k − p)2+

(n − 3)(k − p)2 + . . . + 2(k − p)2 + (k − p)2
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Consequently, the total cost of verification of global I-mapness in aModular BNwith
n BNmodules is O(n2k2 + n2p2). When we again assume an upper bound for p and k the
cost for verification becomes O(n2).

A.2 The Discovery Algorithm: Discovery of Inter-module
Dependencies

The discovery algorithm in Algorithm 3 is used to discover inter-module dependencies
between different modules. Also here we first consider the complexity of running the
discovery algorithm after each addition of a new module. To discuss the complexity
some additional notation is required. Let’s represent the maximum number of edges
in E by q and the maximum number of variables in the computed Markov blanket
BLpattern(X) from Procedure 4.2 by s, where X can be any variable that appears in one of
the variable pairs in E. To eliminate a single edge we need to call 2s times the mutual
information measure, because there are 2s different subsets in BLpattern(X)

1. Therefore,
the cost to discover inter-module dependencies isO(q2s). Thus, the discovery algorithm
runs exponentially in size s of the Markov blanket. Please note, that in practice s is often
significantly smaller than the total number of variables defined in all the BN modules
of the Modular BN. The size of s depends on the structure of the local models and the
number of failed pairwise CIs in the detection algorithm. If only a few pairwise CI tests
failed and the variables of local modules are sparsely connected the size of s is small.
Moreover, in [dOP09b] several discovery algorithm speed-ups are discussed which can
significantly reduce the algorithm’s running time.

The total number of times the mutual information measure must be computed to
learn inter-module dependencies, when fully constructing a Modular BN out of n BN
modules, is (n − 1)q2s. Consequently, the worst case time complexity becomes O(nq2s).

1Note that, all possible subsets of a Markov blanket can be found through the powerset function [Gri99]
with complexity O(2s).


