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CHAPTER 7

CONCLUSIONS

In the following, we will try to summarize the important lessons that we learned
while applying the fuzzball ideas to the D1-D5 and N = 2 four-dimensional super-
gravity 1/2-BPS black holes. We will also discuss some open issues and possible
future directions of research.

7.1 SO FAR SO GOOD

The application of the fuzzball ideas to the D1-D5 and N = 2 four-dimensional
1/2-BPS black holes has taught us many interesting lessons. Before discussing the
most important ones, let us point out some potential misconceptions that may arise
when talking about fuzzball ideas. The first one among these misconception is to
litterally identify smooth geometries with the microstates of black holes. As we have
seen explicitly, smooth geometries, as classical solutions define points in the phase
space of a theory (since a coordinate and a momentum define a history and hence
a solution; see section 2.3 for more details) which is isomorphic to the solution
space. In combination with a symplectic form, the phase space defines the Hilbert
space of the theory upon quantization. While it is not clear that direct phase space
quantization is the correct way to quantize gravity in its entirety, this procedure
when applied to the BPS sector of the theory, seems to yield meaningful results that
are consistent with AdS/CFT.

As always in quantum mechanics, it is not possible to write down a state that corre-
sponds to a point in phase space. The best we can do is to construct a state which
is localized in one unit of phase space volume near a point. We will refer to such
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states as coherent states. Very often, but not always, the limit in which supergrav-
ity becomes a good approximation corresponds exactly to the classical limit of this
quantum mechanical system, and in this limit coherent states localize at a point in
phase space (see chapter 4). It is in this sense, and only in this sense, that smooth
geometries can correspond to microstates. Clearly, coherent states are very special
states, and a generic state will not admit a description in terms of a smooth geometry.

To define our black hole states, we quantized a restricted set of supergravity solu-
tions that preserve the same amount of supersymmetries. But such a restriction of
quantization does raise the question of its validity. In some instances, a subspace of
the solution space corresponds to a well defined symplectic manifold and is hence a
phase space in its own right. Quantizing such a space defines a Hilbert space which
sits in the larger Hilbert space of the full theory. Under some favorable circum-
stances, the resulting Hilbert space may be physically relevant because a subspace
of the total Hilbert space can be naturally identified with this smaller Hilbert space.
That is, there is a one-to-one map between states in the Hilbert space generated
by quantizing a submanifold of the phase space and states in the full Hilbert space
whose support is localized close to this submanifold.

For instance, in determining BPS states we can imagine imposing BPS constraints
on the Hilbert space of the full theory, generated by quantizing the full solution
space, and expect that the resulting states will be supported primarily on the locus
of points that corresponds to the BPS phase space; that is, the subset of the solution
space corresponding to classical BPS solutions. It is therefore possible to first restrict
the phase space to this subspace and then quantize it in order to determine the BPS
sector of the Hilbert space.

Another lesson we uncovered was that, string scale curvature and large quantum
fluctuations are not confined to the region around the singularity. For example the
N = 2 four dimensional 1/2-BPS black holes do show signs of large quantum fluc-
tuations, see section 6.6. Such a behavior will generally appear whenever there are
some regions of phase space where the density of states is too low to localize a coher-
ent state at a particular point as follows. Recall that the symplectic form effectively
discretizes the phase space into ~-sized cells. Since a quantum state can be local-
ized at most in one such cell, it is not possible to localize any state to a particular
point within the cell. Hence all states that belong to the same cell should be treated
as describing the same quantum state, where, the possible differences between the
former states are attributed to quantum fluctuations. One then naturally concludes
that in general all the points in a given cell should correspond to classical solutions
that are essentially indistinguishable from each other at large scales. It is possible,
however, for a cell to contain solutions to the equation of motion that do differ from
each other at very large scales. In such situations, the size of quantum fluctuations
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that differentiate between different points in this cell turns out to be macroscopic.

Thus, even though the black hole solution satisfies the classical equations of motion
all the way to the singularity, this does not necessarily imply that this solution will
correspond to a good semi-classical state with very small quantum fluctuations, once
quantum effects are taken into account.

7.2 LOOKING TO THE FUTURE

On top of the lessons we learned from our study of a class of BPS black holes that
emerge in string theory, we stumbled also on some puzzles that clearly need further
investigation. The first puzzle has to do with the mismatch of the number of states
with the entropy of N = 2 four-dimensional 1/2-BPS black holes, that we found
using either the quantization of a special class of black hole states, or free excitations
of the fields of a particular N = 1 five-dimensional supergravity estimate (section
6.5). Such a mismatch raises the following question: can we account for the missing
states by looking at other classes of supergravity solutions? Or by going higher in
dimensions like ten or even eleven dimensions? Or is this the best supergravity can
do? As things stand right now, we do not know the answer to such questions. The
only certain thing is that if we include all closed strings states, we should recover the
right entropy. Unfortunately, we do not know how to proceed in this direction for
the moment. However, we are inclined to believe that most probably, supergravity
will not be able to offer enough states to account for the entropy of these class of
black holes.

If we really need stringy states, one cannot help himself but wonder what is the
content of the fuzzball proposal in such a situation. A possibility would be that
the fuzzball proposal is the statement that the closed string description of a generic
microstate of a black hole, while possibly highly stringy and quantum in nature, has
interesting structure that extends all the way to the horizon of the naive black hole
solution, and is well approximated by the black hole geometry outside the horizon.

More precisely, the naive black hole solution is argued to correspond to a thermody-
namical ensemble of pure states. The generic constituent state will not have a good
geometrical description in classical supergravity; it may be plagued by regions with
string-scale curvature and may suffer large quantum fluctuations. These, however,
are not restricted to the region near the singularity but extend all the way to the
horizon of the naive geometry. This is important as it might shed light on informa-
tion loss via Hawking radiation from the horizon as near horizon processes would
now encode information about this state that, in principle, distinguishes it from the
ensemble average.
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On the conceptual level, one would like to understand what possible concrete predic-
tions one can make in the fuzzball framework. As an example, it will be very inter-
esting to understand what will an observer falling into a black hole see. At present,
we cannot answer this question. The fuzzball picture of a black hole does suggest
that the observer will gradually thermalize once the horizon has been passed, but
the rate of thermalization remains to be computed. It would be interesting to do
this and to compare it to recent suggestions that black holes are the most efficient
scramblers in nature [177, 178, 179].
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