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Summary

Pattern formation is a very lively field of research within the nonlinear sciences,
where the traditional disciplines of mathematics, physics, chemistry, and biol-
ogy merge, interact, and exchange ideas. Reaction-diffusion equations serve as
relevant, often simplified models within several branches of these fields. There-
fore, reaction-diffusion equations can be considered as the key prototype models in
which one can begin to develop a fundamental understanding of complex patterns.
From a mathematical perspective, reaction-diffusion equations are arguably the
most simple nonlinear partial differential equations that exhibit complex patterns.

Localized structures form a special class of solutions to these reaction-diffusion
equations. These structures are solutions remaining close to a trivial background
state (inactive), except in one or more localized spatial regions where the solu-
tions are active. Think for example about a heart. It is not beating constantly
(active): a beat is followed by a period of inactivity before it beats again. Another
example is a stern wave of a boat in still water. At the bow of the boat two stern
waves (active) propagate through the water, while the rest of the water remains
still (inactive).

In recent years, significant progress has been made in our mathematical under-
standing of the simplest localized structures. These being fronts and pulses that
are stationary, so not moving in time, or that are uniformly traveling, so move
with a constant speed, through a one-dimensional domain. In general, the behav-
ior of localized structures is less well-ordered: those structures interact with each
other and thus also move with different velocities. At present, there is a well-
developed theory that describes the interaction of fronts and pulses in the weak
interaction regime. In this regime these fronts or pulses are ‘far away’ from each
other, meaning, all components of the structure interact only through their trivial
background states mentioned above. However, there is no mathematical theory
that explains the interaction of fronts and pulses in the strong interaction regime,
where all the components of the fronts and pulses are close to each other. In that
regime, interesting behavior such as collision, repulsion, annihilation, and self-
replication of fronts and pulses can be observed. In between the weak and strong
interaction regimes lies a third regime, the semi-strong interaction regime, where
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certain components of the fronts or pulses interact via the background state, while
the remaining components interact strongly with each other. Understanding this
regime is a fundamental next step in furthering our understanding of how simple
one-dimensional localized structures interact.

In this thesis, we study the semi-strong interaction of simple localized struc-
tures. We do this by studying a three-component reaction-diffusion equation.
A scaled version of this equation, which is of activator-inhibitor-inhibitor-type,
has been introduced in the mid-nineties to describe the phenomena observed by
gas-discharge experiments. From a mathematical point of view this equation is
particular interesting because of the rich dynamics it exhibits and its relative
simplicity. The equation is singularly perturbed, and therefore it has a slow-fast
nature. The fast component is a well-known and well-studied bistable equation,
which is only weakly coupled to two linear slow equations. In conclusion, this
equation has only one nonlinear term. Localized structures of singular perturbed
problems typically interact with each other in a semi-strong fashion.

Before we can thoroughly study the interaction between multi-fronts and multi-
pulses, we first need to prove that those structures exist. This is shown in the
second chapter. We formally construct stationary one-pulses and two-pulses (also
called two-fronts and four-fronts) using geometric singular perturbation theory.
This construction is made rigorous by a geometric argument, which heavily re-
lies on the intersection of hyper-surfaces in a six-dimensional space. This way,
we show how the width of a one-pulse depends on the system parameters. We
also prove that for the existence of stationary two-pulses it is necessary that the
reaction-diffusion equation has a third component, the second inhibitor. More-
over, we show that the equation possesses uniformly traveling one-pulses. After
that, we analyze several bifurcations, for example the subcritical bifurcation of a
stationary one-pulse to a uniform traveling pulse, but also the saddle-node bifur-
cation of stationary one-pulses. Finally, we show several numerical simulations.
On the one hand these simulations back up the theoretical results, on the other
hand they give examples of the complex dynamics the reaction-diffusion equation
possesses.

We would like to point out that the methods used in this chapter, as well as
the methods used in the next chapter, are all general applicable. Therefore they
can also be used to construct more exotic localized structures of more complex
reaction-diffusion equations. However, in most cases this construction will not
lead to such explicit results as we have seen for the reaction-diffusion equation
at hand here. This is one of the reasons that makes this equation amenable to a
rigorous mathematical analysis.

In the third chapter, we analyze the stability of the localized structures con-
structed in the previous chapter. However, since the present Evans function
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theory is restricted to two-component slow-fast systems, we need to extend it in
such a way that it is also applicable for general slow-fast systems. With this new
theory we then determine the stability of the earlier constructed localized struc-
tures. For instance, the stability of the stationary one-pulses is determined by
its width and a few of the system parameters. Finally, we analyze the stability
of the various types of bifurcations. This way we prove that there is a region in
parameter space where the stationary one-pulse as well as the uniformly travel-
ing one-pulse are stable. Thus, we have a region where we have coexistence of
stationary stable one-pulses and uniformly traveling stable one-pulses. Note that
in this chapter we have to analyze a linear nonautonomous ordinary differential
equation, whereas we had to analyze a nonlinear autonomous ordinary differential
equation in the previous chapter.

In the last chapter, we study the semi-strong interaction regime. Using a renor-
malization group method, we derive a system of ordinary differential equations
describing the motion of the various fronts of a multi-front. Note that details
of this reduction method strongly depend on the problem at hand. In the final
part of this chapter, we analyze the system of ordinary differential equations. For
instance, we show that stationary multi-fronts only exist if they have an even
number of fronts. Likewise, we prove that uniformly traveling multi-fronts do
not exist in the case the solutions have an even number of fronts. Finally, we
study the multi-front dynamics in more detail for solutions with not too many
fronts. For example, we identify several, possibly attracting manifolds. We then
construct a uniformly traveling three-front, and we determine the stability type
of fixed points at infinity.




