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ABSTRACT
This tutorial presents an analytical derivation of univariate and bivariate moments of numerically 
weighted ordinal variables, implied by their latent responses’ covariance matrix and thresholds. Fitting 
a SEM to those moments yields population-level SEM parameters when discrete data are treated as 
continuous, which is less computationally intensive than Monte Carlo simulation to calculate transforma-
tion (discretization) error. A real-data example demonstrates how this method could help inform research-
ers how best to treat their discrete data, and a simulation replication demonstrates the potential of this 
method to add value to a Monte Carlo study comparing estimators that make different assumptions about 
discrete data.
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Although structural equation modeling (SEM) was originally 
developed for normally distributed data, it has since been 
extended to accommodate discrete data (Jöreskog, 1990; 
B. Muthén, 1984). The latent response variable (LRV) inter-
pretation of a probit model for binary outcomes or cumulative 
probit for ordinal outcomes (Agresti, 2010) can be exploited to 
preserve the interpretation of standard SEM parameters, albeit 
with the caveat that interpretations apply to normally distrib-
uted LRVs assumed to underlie the observed discrete variables. 
Before such developments – and even since – SEMs have 
frequently been applied to Likert-scale data by simply treating 
them as though their response scales were continuous.

The question of whether ordinal variables have sufficient 
categories to approximate continuity has persisted, with dec-
ades of Monte Carlo simulation studies comparing methods 
that treat ordinal data as discrete or continuous (Bandalos, 
2014; Barendse et al., 2015; Chen et al., 2020; DiStefano, 
2002; Jia & Wu, 2019; Lei & Shiverdecker, 2020; Li, 2016a, 
2016b; Liu & Thompson, 2020; Olsson, 1979b; Rhemtulla et al., 
2012; Sass et al., 2014; Stark et al., 2006; W. Wu et al., 2015). In 
such studies, a population SEM is specified from which con-
tinuous data are generated, then discretized using a threshold 
model (explained below). Although treating ordinal data as 
continuous (i.e., omitting the threshold model from a fitted 
SEM) does not generally allow unstandardized population 
parameters to be recovered, it is possible to derive the expected 
values of SEM parameters if discrete data were treated as 
continuous (Olsson, 1979b).

In this tutorial, we explain how to derive an expected covar-
iance matrix – as well as other moments (means, skew, kurto-
sis) – of discrete variables that are treated as continuous, given 
a specified (or model-implied) covariance matrix of LRVs and 
their accompanying thresholds used to discretize normal data. 

To be clear, we do not propose an estimation method in this 
paper. Instead, we describe a way to more fully inform how 
estimates can be compared between estimators that rely on 
different assumptions (i.e., maximum likelihood estimation 
assumes numeric data are meaningful values on a continuum, 
whereas categorical least-squares estimators assume a latent 
continuum underlies the discrete observations). This method 
has potential value for researchers designing Monte Carlo 
simulations that compare discrete- and continuous-data esti-
mators of ordinal indicators. Such studies frequently use para-
meter bias as an evaluation criterion. Bias is the difference 
between a true parameter (ϑ) and its average estimated value 
across samples of data (�ϑ), but because there is an expected 
value (at the population level) of the parameter when treating 
data as continuous (~ϑ), bias could be decomposed into two 
components:

(1) Bias due to transformation1 (i.e., to misspecification of 
a SEM that does not account for discretization): ϑ � ~ϑ.

(2) Bias due to estimation (i.e., whatever bias would be 
present even if the analyzed data were continu-
ous): ~ϑ � ϑ̂.

Thus, the total bias would be: 

ðϑ � ~ϑÞ þ ð~ϑ � ϑ̂Þ ¼ ϑ � ϑ̂; (1) 

but either component could be of individual interest.
In published studies that utilize a threshold model to discretize 

normal data, authors tend to prioritize recovering the data- 
generating parameters for the normal LRV, thus using total bias 
as a criterion for evaluating competing methods. However, an 
LRV’s location and scale can only be fixed to arbitrary values or 
identified by placing arbitrary constraints on thresholds, whereas 
the location and scale of an observed ordinal variable are 
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determined by the numeric values assigned to each category. 
Because unstandardized parameters are not comparable between 
solutions on observed and latent response scales, Monte Carlo 
studies tend2 to calculate bias of standardized parameter estimates 
(Bandalos, 2014; Chen et al., 2020; Jia & Wu, 2019; Li, 2016a; Liu 
& Thompson, 2020; Rhemtulla et al., 2012), although authors do 
not always explicitly state this (DiStefano, 2002; Lei & 
Shiverdecker, 2020; Li, 2016b; Olsson, 1979b).

Such Monte Carlo studies also frequently manipulate skew 
and (excess) kurtosis when ordinal data are treated as contin-
uous. Most studies manipulate nonnormality of the observed 
response scale only via (a)symmetry of thresholds (Bandalos, 
2014; Li, 2016b; Sass et al., 2014), but Rhemtulla et al. (2012) 
additionally manipulated the nonnormality of the LRV scale, 
which can bias even the polychoric correlation (and SE) esti-
mates among LRVs (Foldnes & Grønneberg, 2020). Although 
authors typically report the thresholds used to discretize the 
data, sometimes with corresponding skew and excess kurtosis 
(Bandalos, 2014; Sass et al., 2014), details are rarely provided 
(e.g., “The desired levels of skewness and kurtosis were 
obtained by categorizing the data at appropriate values of the 
standard normal distribution through manipulation of the 
threshold parameters”; Bandalos, 2014, p. 108). We show 
how to analytically determine the expected skew and (excess) 
kurtosis of a discrete numeric distribution, given a known 
probability distribution of the discretized LRV.

Expected discrete-data covariance matrices could also assist 
applied researchers to decide whether their discrete data could 
be treated as continuous with minimal attenuation of standar-
dized coefficients, given the LRV interpretation is valid. Some 
uncertainty exists between 5 and 7 categories where Likert 
scales may or may not yield substantially attenuated standar-
dized estimates of factor loadings, depending largely on the 
distribution of thresholds (Li, 2016b; Rhemtulla et al., 2012) 
and distribution of LRVs (Li, 2016a; Rhemtulla et al., 2012). 
After verifying the tenability of the normality assumption for 
LRVs (Raykov & Marcoulides, 2015), researchers could specify 
population values for their hypothesized model parameters 
assuming continuity (i.e., in terms of LRVs). Using their sam-
ple’s thresholds to derive the expected (co)variances among 
discretized variables, they could fit their hypothesized model(s) 
to that population-level covariance matrix and compare the 
estimates (free of sampling error) to their specified parameters. 
Following the description of the method, we provide an illus-
trative real-data application to demonstrate this. A similar 
procedure could be used to conduct sensitivity analyses (e.g., 
varying the distributional form of the LRVs) or power analyses 
(Satorra & Saris, 1985) if ordinal data were treated as 
continuous.

Finally, the method we illustrate here underlies the deriva-
tion of reliability estimates for composites of ordinal scale 
items (Green & Yang, 2009; Maydeu-Olivares et al., 2007). 
Some researchers have also proposed reliability (Zumbo et al., 
2007) or generalizability (Vispoel et al., 2019) coefficients that 
are only defined in reference to the LRVs, calling into ques-
tion their usefulness in practice (Chalmers, 2018). The 
method we illustrate can be used to compare reliability 

coefficients for observed- and latent-response scales at the 
population level (i.e., free from sampling error), which 
could also be useful for Monte Carlo designs in which 
researchers want to control or manipulate reliability across 
conditions (e.g., Meade et al., 2008).

Before we describe the procedure to derive continuous-data 
moments for discrete variables, we briefly introduce SEMs for 
normal and discrete observed variables. After describing the 
procedure, we illustrate its use in a real-data application and 
a Monte Carlo simulation study.

SEM for normal and discrete data

Because the description of our method revolves around specifying 
population parameters for a SEM, we begin with a brief descrip-
tion of the modified LISREL parameterization that is employed by 
lavaan (Rosseel, 2012) and Mplus (L. K.Muthén & Muthén, 1998– 
2017), along with the threshold model used to link the standard 
SEM for LRVs to observed discrete responses. The method we 
describe in the following section can easily be adapted to other 
parameterizations of (mean and) covariance structure analysis 
(e.g., reticular action models; McArdle & McDonald, 1984).

The measurement-model component of SEM expresses 
“manifest” indicator variables y as a linear function of 
a (typically smaller) set of latent variables η, and the structural 
component allows latent variables to affect each other: 

y ¼ νþ Ληþ ε; (2) 

η ¼ αþ Bηþ ς: (3) 

In the measurement model (Eq. 2), ν is a vector of indicator 
intercepts; Λ is a matrix of factor loadings (linear regression 
slopes) relating indicators to latent variables; and ε is a vector 
of indicator residuals. In the structural model (Eq. 3), α is 
a vector of latent-variable intercepts; B is a matrix (with diag-
onal constrained to zero) of linear regression slopes relating 
latent variables to each other; and ς is a vector of latent-variable 
residuals.

Indicator residuals are assumed to be uncorrelated with 
latent residuals, but each may covary among themselves and 
are assumed multivariate normally distributed: 

ε , MVNð0;ΘÞ and ς , MVNð0;ΨÞ: (4) 

The marginal mean and covariance structure (MACS) of 
observed indicators is assumed to be a function of the SEM 
parameters above, collected in the vector ϑ: 

EðyÞ ¼ μðϑÞ ¼ νþ ΛðI � BÞ� 1α;
VarðyÞ ¼ ΣðϑÞ ¼ ΛðI � BÞ� 1ΨðI � BÞ� 10Λ0 þΘ;

(5) 

with identity matrix I whose dimensions match B. Sample 
estimates μðϑ̂Þ ¼ μ̂ and Σðϑ̂Þ ¼ Σ̂ of the model-implied 
MACS in Equation 5 are obtained by plugging in sample 
estimates of the corresponding parameters. Estimation rou-
tines involve minimizing the discrepancy between the model- 
implied MACS and their corresponding observed counterparts 

2An exception is W. Wu et al. (2015), who assessed bias with regard to a scale composite, whose location and scale are determined by the observed response scale.
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(i.e., the vector of sample means �y and the sample covariance 
matrix S). For example, maximum likelihood (ML) estimates 
are obtained by minimizing the discrepancy function: 

FML ¼ logjΣ̂j � logjSj þ traceðSΣ̂� 1
Þ � p

þ ð�y � μ̂Þ0Σ̂� 1
ð�y � μ̂Þ; (6) 

where p is the number of variables in y. If continuous data 
deviate from multivariate normality, FML yields consistent esti-
mates of ϑ, but robust SEs and test statistics are needed to 
maintain nominal CI coverage and Type I error rates (Savalei, 
2014).

Given the assumptions in Equation 4, the standard SEM in 
Equations 2 and 3, as well as the ML discrepancy function in 
Equation 6, are appropriate for normally distributed indica-
tors. When observed indicators are measured using binary or 
ordinal scales, the SEM can be appended with a threshold 
model that links any observed discrete response x with 
a normally distributed LRV y, to which the SEM still applies. 
Note that this would only be appropriate when it can validly be 
assumed that there is an underlying continuum that was simply 
discretized by the design of the measurement instrument (e.g., 
by using a Likert scale). The threshold model is a nonlinear step 
function: 

X ¼ c if τc <Y � τcþ1; (7) 

with C þ 2 thresholds forming boundaries around C þ 1 con-
tiguous regions of a normal distribution, corresponding to C þ
1 categories. To illustrate, a scale with C þ 1 ¼ 4 categories 
(e.g., 0 = never, 1 = seldom, 2 = often, 3 = always) would have 
C ¼ 3 thresholds (e.g., τ1 would be the point on the underlying 
continuum beyond which subjects stop indicating “never” and 
start responding “seldom”). Because the normal distribution is 
unbounded, τ0 ¼ � 1 and τCþ1 ¼ þ1 by definition, and only 
the remaining C thresholds are estimable.

The normal-theory SEM appended with the threshold 
model in Equation 7 is equivalent to specifying a probit 
model linking each x to η, for which marginal ML can be 
used to estimate ϑ. However, unweighted and (diagonally) 
weighted least-squares estimators have become quite popular 
as less computationally intensive alternatives to marginal ML 
(B. O. Muthén & Asparouhov, 2002), albeit potentially more 
restrictive when estimating polychoric correlations with 
incomplete data (Chen et al., 2020). Following from the LRV 
interpretation, least-squares estimation for discrete-data SEM 
is a three-stage process:

1. Estimate standardized thresholds for each discrete x from its 
univariate marginal contingency table, assuming its underlying 
LRV y is a standard-normal variable.

2. Given the thresholds estimated in Step 1, estimate the 
polychoric3 correlation between each pair of discrete outcomes 
from the pair`s bivariate marginal contingency table, assuming 
bivariate normality. If there is a mixture of discrete and continuous 
outcomes, polyserial4 correlations are estimated between each dis-
crete–continuous pair of variables, and the sample correlations 

among continuous outcomes are used to complete the matrix, 
rescaling correlations to covariances using sample SDs of contin-
uous outcomes.

3. Fit a standard SEM to the matrix from Step 2 as input data, 
optionally along with sample means of continuous variables (stan-
dardized means of LRVs are assumed zero by definition). 
Thresholds are also model parameters, and can be constrained to 
identify intercepts and (residual) variances of LRVs in the SEM, 
making it possible to link response scales across groups or repeated 
measures (B. O. Muthén & Asparouhov, 2002; H. Wu & Estabrook, 
2016).

Least-squares estimation in Step 3 treats estimates from Steps 1 
and 2 as known, so SEs and test statistics must be adjusted to 
account for their uncertainty (Jöreskog, 1990; Wirth & 
Edwards, 2007). Olsson (1979a) and Olsson et al. (1982) pro-
vide details about Steps 1 and 2.

Transforming SEM parameters from LRV to ordinal 
metric

In this section, we illustrate how to obtain expected values of 
SEM parameters when treating ordinal data as continuous. We 
use the simple structural regression model depicted in Figure 1 
as an example to work through five steps:

1. We specify SEM population parameters and calculate the 
model-implied means and covariance matrix for y using 
Equation 5, represented by μLRV and ΣLRV.

2. We specify population thresholds that would discretize 
latent y variables.

Figure 1. Path diagram depicting a 2-factor SEM with 4 normally distributed 
indicators. Any unstandardized population parameters not depicted in this dia-
gram are fixed to zero.

3In the special case that both variables are binary, this is called the tetrachoric correlation.
4In the special case of a binary variable, this is called the biserial correlation.
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3. We assign a numerical weight to each ordinal category, 
reflecting the numerical value of a discrete x variable when 
treated as interval-level data.

4. We show how to analytically derive the expected means 
(μOrd) and covariance matrix (ΣOrd) implied by the specified 
thresholds and numerical weights. Furthermore, we show how 
to derive marginal third- and fourth-order moments (i.e., skew 
and kurtosis) of numerically weighted ordinal x variables.

5. We fit a SEM to μOrd and ΣOrd that corresponds to the 
population model for LRVs, which provides population-level 
expected parameters (i.e., without sampling error) when treat-
ing x variables as continuous. Functions of those parameters 
analogously represent population-level expectations (e.g., 
model-based reliability coefficients, indirect effects).

We provide5 annotated R syntax and output to reproduce all 
steps in the file “Supp1-TechnicalDetails.pdf” on the Open 
Science Framework (OSF).

Step 1: Specify SEM for LRVs

Our population SEM has two factors (the first factor predicts 
the second factor), each with two indicators. Population values 
for all nonzero parameters are depicted in Figure 1. Using 
Equation 5, the population means and covariance matrix are: 

(RLRV) given in the lower triangle (in bold). Note that the 
correlations in RLRV correspond to Pearson zero-order correla-
tions among variables that would not be discretized, but cor-
respond to polychoric correlations among variables that would 
be discretized, or to polyserial correlations between combina-
tions of normal and discretized variables.

To verify these model parameters can be reproduced when 
fitting an appropriately specified model to μLRV and ΣLRV, we 
used ML in lavaan with an arbitrary N ¼ 100. Using the 
configuration in Figure 1 with y1 and y3 as reference indicators, 
we fixed their loadings to 1 and intercepts to 0 for identifica-
tion, freely estimating the loadings and intercepts of y2 and y4. 
All factor and indicator (residual) variances were estimated, as 
well as factor means and the regression of η2 on η1. Model fit 

was perfect, χ2ð1Þ ¼ 0, the unstandardized model parameters 
were identical to those in Figure 1, and the standardized solu-
tion verified that the population slope β2;1 ¼ 0:5 is already in 
a standardized metric because Var(η2) ¼ β2

2;1 þ ψ2;2 ¼ 1.

Step 2: Specify thresholds

For each variable we intend to discretize, we must next specify 
the C thresholds in Equation 7 that would be used to discretize 
any sample data drawn from the population in Equation 8. For 
the sake of illustration, we will discretize variables y1–y4 into 3, 
4, 5, and 6 categories, respectively. This requires C ¼ 2, 3, 4, 
and 5 thresholds, respectively.

Thresholds can be chosen directly using such criteria as 
(un)evenly spaced categories (e.g., Rhemtulla et al., 2012) or 
indirectly by first specifying probabilities per category that 
yield a desired marginal distribution of x (i.e., the probability 
mass function of the categorical distribution; Li, 2016a, 
2016b). We do the latter to illustrate the extra step of deriving 
thresholds from probability distributions. From an applied 
perspective, this might also be a more intuitive way to choose 
thresholds because one can easily imagine (or draw a picture 
of) a distribution of response categories. Categories that are 

more likely to elicit a response will have more weight (higher 
bars in a histogram) relative to other categories. The most 
difficult requirement would be that the probabilities of each 
category must sum to 1, but any arbitrary category weights 
can be transformed to probabilities by simply dividing by the 
sum of weights. For example, assigning weights of 5, 7, and 1 
implies that the highest category is relatively rare, whereas the 
lowest category is only somewhat less likely than the middle; 
dividing by (5þ 7þ 1 =) 13 yields probabilities of π1 ¼ :385, 
π2 ¼ :538, and π3 ¼ :077, respectively.

For indicators x1–x3, we chose probabilities that 
yielded symmetric unimodal distributions that look approxi-
mately normal. The probabilities are displayed at the top of 
each category’s bar in Figure 2. For x4, we chose probabilities 

μLRV ¼

0
0
0
0

2

6
6
4

3

7
7
5þ

1 0
1 0
0 1
0 1

2

6
6
4

3

7
7
5

1 0
0 1

� �

�
0 0

0:5 0

� �� �� 1 1
� 0:5

� �

¼

1
1
0
0

2

6
6
4

3

7
7
5;

ΣLRV ¼

1 0
1 0
0 1
0 1

2

6
6
4

3

7
7
5

1 0
0 1

� �

�
0 0

0:5 0

� �� �� 1 1 0
0 0:75

� �
1 0
0 1

� �

�
0 0

0:5 0

� �� �� 10
1 0
1 0
0 1
0 1

2

6
6
4

3

7
7
5

0

¼

2 1 0:5 0:5
0:5 2 0:5 0:5

0:25 0:25 2 1
0:25 0:25 0:5 2

2

6
6
4

3

7
7
5;

(8) 

5OSF project located at https://osf.io/s8tdh.
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that yielded an asymmetric, positively skewed distribution 
whose mode was the lowest category, resembling a half- 
normal or Pareto distribution. Asymmetric thresholds can 
exacerbate attenuation of standardized factor loadings, in 
which case 7 rather than five categories is considered suffi-
cient to treat as continuous (Rhemtulla et al., 2012).

The C thresholds between C þ 1 categories are quantiles in 
a univariate normal distribution with the LRV’s μ and σ in 
Equation 8. For example, y1 has μ ¼ 1 and σ ¼

ffiffiffi
2
p

. To find the 
thresholds, one must first calculate the cumulative probabilities by 
summing the probabilities of all categories below each threshold. 
For example, x1 has C ¼ 2 thresholds, with (left-tail) cumulative 
probabilities of 25% and (25% + 50% =) 75%, respectively. 
Likewise, x2 has C ¼ 3 thresholds, with cumulative probabilities 
of 17%, (17% + 33% =) 50%, and (17% + 33% + 33% =) 83%, 
respectively.

Once cumulative probabilities below each threshold are 
calculated, the thresholds themselves can be found using 
almost any general statistical software package – for 
example,6 the qnorm() function in R. Above each bar in 
Figure 2, that category’s upper threshold is displayed. The 

upper threshold of the highest category is þ1, so Figure 2 
instead displays the lower threshold (with inequality sign 
switched), which is redundant with the threshold displayed 
above the previous category’s bar.

It is important to note that the thresholds in Figure 2 are 
not the standardized thresholds (τ�) that would be estimated 
from observed contingency tables (i.e., Step 1 of least-squares 
estimation, before estimating polychoric correlations). 
Because the LRV distributions are latent (i.e., without 
a location or scale), they are arbitrarily assumed standard 
normal; thus, standardized thresholds are estimated, then 
used to estimate polychoric correlations (again, assuming 
all LRV variances = 1). There is no reason to struggle to 
specify SEM parameters that yield a standardized population 
ΣLRV, but thresholds in Figure 2 could be transformed to z 
scores using the familiar formula: 

τ� ¼
τ � μ

σ
: (9) 

If, however, only standard-normal quantiles were available 
(e.g., using tables that frequently appear in appendices of 

Figure 2. Probability mass functions for ordinal x variables. Corresponding normally distributed LRVs (y1–y4) have marginal means and variances implied by the 
population model in Figure 1. Marginal probabilities are at the top of each bar, and upper thresholds are shown above each bar (except the lower threshold is shown 
above the highest category’s bar). Numerical weights assigned to each category are shown on the x-axis.

6Other examples include NORM.INV in Excel, IDF.NORMAL in SPSS, and QUANTILE in SAS.
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statistics textbooks), unstandardized thresholds could be 
derived by inverting Equation 9: 

τ ¼ μþ ðτ� � σÞ: (10) 

Step 3: Assign numerical weights to ordinal categories

Once thresholds have been chosen (or derived from chosen 
probabilities), no more population parameters would be 
needed to simulate ordinal data for a Monte Carlo study. 
However, to treat ordinal data as continuous, a numerical 
weight wc must be assigned to each category c ¼ 0; . . . ;C. 
Weights for Likert scales are typically sequential integers 
beginning with 1, as we use for x3 and x4 in our example (see 
the x axes in Figure 2). However, some (e.g., binary) scales use 
0 as the lowest category (as we use for x2), and nothing prevents 
using negative numbers (as we use for x1).

Equally spaced category weights reflect the (perhaps strong) 
assumption that the ordinal categories can be treated as inter-
val-level data, which would be consistent with the choice to 
treat ordinal data as continuous. Depending on the content of 
an indicator’s scale description, unequal widths might also be 
justified. For example, Agresti (2007, p. 42) provided an exam-
ple of a discretized frequency outcome (average number of 
drinks per day), for which categories were labeled “0,” “<1,” 
“1–2,” “3–5,” and “ � 6”. Agresti (2007) quite reasonably 
assigned w0 ¼ 0 to “0” and assigned midpoints (i.e., 
w1 ¼ 0:5, w2 ¼ 1:5, and w3 ¼ 4) of the ranges represented in 
the second, third, and fourth categories. The final category had 
no upper limit (so no midpoint), but w4 ¼ 7 was assigned 
because very large latent frequencies were assumed rare.

Step 4: Calculate moments for numerically weighted 
ordinal variables

Sample means are calculated by summing scores, then dividing 
by the sample size N, which is equivalent to summing the ratio 
of each score to N: 

�y ¼
1
N

XN

i¼1
yi ¼

XN

i¼1

yi

N
:

Because ordinal data consist of relatively few discrete values, 
we can multiply each value by the number of observations with 
that value, then divide that product by N 

�x ¼
XN

i¼1

xi

N
¼
XC

c¼0

nc

N
wc ¼

XC

c¼0
π̂cwc; (11) 

where π̂c is the sample proportion (an estimate of category c’s 
probability) and nc is the number of observations in category c. 
Populations are infinite, but what Equation 11 shows is that 
sample sizes are not needed to calculate the population mean of 
ordinal x variables because we specified the population prob-
abilities πc in Step 2.

The same principle applies to higher-order moments. The 
mean is the first raw moment of a distribution; the variance is 
the second central moment; and skewness and kurtosis are the 
third and fourth standardized central moments, respectively. 

Because the normal distribution has kurtosis = 3, excess kur-
tosis is frequently reported relative to 3. Univariate parameters 
for ordinal data with numerical weights are calculated as: 

EðxÞ ¼ μ ¼
PC

c¼0
ðπc � wcÞ;

VarðxÞ ¼ σ2 ¼
PC

c¼0
πcðwc � μÞ2;

SkewðxÞ ¼ γ1 ¼

PC

c¼0
πcðwc� μÞ3

σ3 ;

KurtosisðxÞ � 3 ¼ γ2 ¼

PC

c¼0
πcðwc� μÞ4

σ4 � 3:

(12) 

Note that μ must be calculated first because it is used to 
calculate higher-order central moments; likewise, σ must be 
calculated second because it is used to standardize the third 
and fourth moments.

To illustrate, we show the calculations of the first two 
moments for x1, using numerical weights and probabilities 
for each category shown in Figure 2: 

μ1 ¼ :25ð� 1Þ þ :50ð0Þ þ :25ð1Þ ¼ 0;
σ2

1 ¼ :25ð� 1 � 0Þ2 þ :50ð0 � 0Þ2 þ :25ð1 � 0Þ2 ¼ 0:50;
(13) 

so σ1 ¼
ffiffiffiffiffiffiffiffiffi
0:50
p

¼ 0:71. All four univariate population 
moments in Equation 12 for each discretized LRV are shown 
in the left half of Table 1.

Bivariate moments between ordinal variables
Covariance is a bivariate (mixed) central moment calculated 
similar to variance, but instead of summing the squared devia-
tions of each category weight from the mean (weighted by 
marginal probabilities πi), we sum the cross-products across 
all combinations of categories for a pair of variables (weighted 
by joint probabilities πi;j). Adding a superscript to differentiate 
category weights w1

c for x1 and w2
c for x2: 

Covðx1; x2Þ ¼ σ12 ¼
XC1

i¼0

XC2

j¼0
πi;jðw1

i � μ1Þðw
2
j � μ2Þ; (14) 

with i indexing categories 0; . . . ;C1 of x1 and j indexing cate-
gories 0; . . . ;C2 of x2.

Just as marginal probabilities of an ordinal x variable are 
determined from the cumulative probabilities of its corre-
sponding LRV distribution, joint probabilities of a pair of 
ordinal x variables are determined from cumulative probabil-
ities of their bivariate LRV distribution. Figure 3 illustrates how 

Table 1. Univariate and bivariate population moments for discretized latent 
response variables.

Univariate               Bivariate               

μ1 σ2 γ1 γ2 Variable x1 x2 x3 x4

0.00 0.71 0.00 –1.00 x1 0.50 0.29 0.17 0.22
1.50 0.96 0.00 –0.96 x2 0.43 0.93 0.24 0.31
3.00 1.10 0.00 –0.50 x3 0.21 0.22 1.20 0.73
2.52 1.49 0.76 –0.44 x4 0.21 0.22 0.45 2.23

The leftmost 4 columns contain univariate moments: μ = means (i.e., μOrd), σ = 
standard deviations, γ1 = skewness, and γ2 = excess kurtosis. The rightmost 4 
columns contain the lower-triangle correlation matrix (i.e., ROrd in bold font) 
and upper-triangle (including diagonal) covariance matrix (i.e., ΣOrd).
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the LRVs y1 and y2 are discretized into C1 ¼ 3 and C2 ¼ 4 
categories, respectively, with their respective thresholds inter-
secting to form a two-way contingency table. The joint prob-
abilities in each cell are calculated from bivariate-normal 
cumulative probabilities of each variable’s upper and lower 
thresholds (Olsson (1979a), p. 447, eq. 4): 

πi;j ¼ Φ2
μ;Σðτ

1
i ; τ

2
j Þ � Φ2

μ;Σðτ
1
i� 1; τ

2
j Þ � Φ2

μ;Σðτ
1
i ; τ

2
j� 1Þ

þ Φ2
μ;Σðτ

1
i� 1; τ

2
j� 1Þ; (15) 

where Φ2
μ;Σðτ1

i ; τ2
j Þ is the bivariate-normal cumulative distribu-

tion function (CDF) with parameters μLRV and ΣLRV, up to 
thresholds τ1

i and τ2
j .

To illustrate, consider the probability π0;2 in Figure 3, whose 
upper thresholds demarcate the partition of the bivariate- 
normal distribution represented in the first righthand term of 
Equation 15 (i.e., all area below and to the left of that cell’s top- 
right corner). The second and third righthand terms in 
Equation 15 subtract cumulative probabilities below and to 
the left of (respectively) the same cell’s lower thresholds. 
Because the portion of bivariate density contained within 
cells π� 1;0 and π� 1;1 is subtracted twice, the cumulative prob-
ability is added back by the final righthand term in Equation 15 
to compensate. The heat map underlying cells in Figure 3 
shows that the highest-density portions of the bivariate- 
normal LRV distribution are contained within cells with great-
est πi;j. The right half of Table 1 shows ΣOrd (upper triangle) 
and the corresponding correlations (ROrd) in the lower triangle, 
calculated using the assigned weights in Figure 2, each πi;j from 
Equation 15, and each μ from Equation 12.

Bivariate moments between mixed variables
These methods can also be applied when the outcome is com-
prised of both continuous and discrete data. In this case, the 
population correlations (RLRV) would comprise a mixture of 
polychoric, polyserial, and Pearson correlations. Given 
a discrete variable x1, with weights ω, thresholds τ, and derived 
variance σ2

Ord, its polyserial correlation ρLRV with a continuous 
variable (i.e., on x1’s LRV scale) can be converted to a point- 
polyserial correlation ~ρ (i.e., treating x1’s ordinal scale as con-
tinuous; Olsson et al. (1982), p. 340, eq. 11): 

~ρ ¼ ρLRV �

PC
c¼1 ϕμ;σðτc� 1Þðwc � wc� 1Þ

σOrd
; (16) 

where ϕ is the normal (not cumulative) probability density 
function with parameters μLRV and σLRV. If consecutive inte-
gers are chosen for the weights, then Equation 16 simplifies 
because ðwc � wc� 1Þ reduces to 1 for all c, so the term can be 
dropped.

Although we do not focus on mixed variables for the 
remainder of the tutorial, we briefly illustrate how to obtain 
a population point-polyserial correlation. Suppose that we 
measured y3 using a continuous response scale, but x1 was 
still measured with an ordinal 3-point scale. The polyserial 
correlation between y3 and LRV y1 is ρ3;1 ¼ 0:25 (Eq. 8), 
which we convert to a point-polyserial correlation using 
Equation 16 with the thresholds and weights for x1 in 
Figure 2, ordinal-scale σ1;Ord ¼

ffiffiffiffiffiffi
0:5
p

in Table 1, and LRV 
distribution with μ1;LRV ¼ 1 and σ1;LRV ¼

ffiffiffi
2
p

(Eq. 8):a 

Figure 3. Contingency table of joint probabilities πi;j for x1 and x2, with bivariate normal density of LRVs (y1 and y2) depicted in the background (darker gray indicates 
higher probability density). Marginal probability distributions are depicted as smooth histograms on each axis, with marginal probabilities and numeric weight 
displayed between thresholds (dotted lines).
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~ρ3;1 ¼ 0:25

�
ϕ1;

ffiffi
2
p ð0:046Þ � ð0 � ð� 1ÞÞ þ ϕ1;

ffiffi
2
p ð1:954Þ � ð1 � 0Þ

ffiffiffiffiffiffiffiffiffi
0:50
p

¼ 0:159:
(17) 

To convert ~ρ3;1 to a polyserial covariance, simply multiply it by 
the SDs of x1 and y3: ~ρ3;1ð

ffiffiffiffiffiffi
0:5
p

Þð
ffiffiffi
2
p
Þ, which in this case is 

simply ~ρ3;1. Our R syntax shows how to obtain an entire matrix 
among ordinal x1 and x2 indicators of the first factor but 
continuous y3 and y4 indicators of the second factor.

Step 5: Fit SEM to ordinal moments

Once μOrd and ΣOrd have been obtained, one can fit any 
SEM using them as input data. Following our example at 
the end of Step 1, we fit an (otherwise) appropriately 
specified model using the same specifications, sample size, 
and estimator as when the model was fit to μLRV and ΣLRV. 
Because location and scale parameters depend on the arbi-
trary category weights chosen in Step 3, unstandardized 
results are not comparable. Table 2 presents standardized 
solutions for covariance-structure parameters using ΣLRV 
and ΣOrd as input. Consistent with previous simulation 
results, expected standardized factor loadings for ΣOrd 
were attenuated relative to ΣLRV, more so for fewer cate-
gories. Although x4 had the most categories, the asym-
metric thresholds led to greater attenuation than for x2 or 
x3. In contrast, the structural parameter β2;1 was only neg-
ligibly attenuated (Li, 2016a, 2016b; Rhemtulla et al., 2012).

Illustrative analyses

In this section, we provide brief illustrations of how this 
method could potentially add value to analyses of real data. 
Subsequently, we illustrate the added value it can bring to 
simulation studies comparing estimators that rely on dif-
ferent assumptions about the discrete data.

Real-data application

Numerous simulation studies have investigated under what 
conditions ordinal data could provide unbiased estimates of 
standardized factor loadings and structural coefficients. 
Although there is strong agreement on certain conditions 
(e.g., binary outcomes should not be treated as continuous), 
delineations are less firm in others (e.g., 5–7 categories, 
depending on patterns of asymmetry in thresholds). For 
researchers whose data characteristics do not yield a clear 
choice, the method described here could assist in making 
a decision. By specifying hypothetical population parameters, 
researchers can calculate the expected differences in (standar-
dized) parameters and assess whether the amount of transfor-
mation error would be tolerable.

To demonstrate, we utilized six indicators of emotional 
well-being from the 2012 Dutch sample (N ¼ 1845) of 
Round 6 of the European Social Survey (ESS Round 6: 
European Social Survey, 2014). This is a subset of the data 
used by Jak and Jorgensen (2017), which included data from 
multiple countries in addition to The Netherlands (also mod-
eled by Huppert et al., 2009, to earlier ESS data). One case’s 
observations were missing for all six indicators, so only N ¼
1844 observations were analyzed. Additional incomplete data 

Table 3. CFA estimates discrepancies and transformation bias for ESS data.

Parameter Real-data estimates �DWLS as �LRV �LRV from parameters

# #̂MLR #̂DWLS (#̂MLR –#̂DWLS) � 100
#̂DWLS

%ð Þ #Ord (#Ord –#̂DWLS) � 100
#̂DWLS

%ð Þ #LRV #Ord (#Ord –#̂LRV) � 100
#̂LRV

%ð Þ

λ1;1 0.804 0.855 –0.051 –5.985 0.793 –0.062 –7.222 0.80 0.750 –0.050 –6.188
λ2;1 0.791 0.850 –0.059 –6.895 0.790 –0.060 –7.039 0.60 0.656 0.056 9.316
λ3;1 0.265 0.278 –0.013 –4.749 0.279 0.000 0.179 0.35 0.365 0.015 4.272
λ3;2 0.341 0.393 –0.052 –13.175 0.336 –0.057 –14.406 0.35 0.287 –0.063 –18.136
λ4;2 0.729 0.848 –0.119 –14.056 0.724 –0.124 –14.613 0.80 0.698 –0.102 –12.795
λ5;2 0.706 0.786 –0.079 –10.116 0.702 –0.084 –10.639 0.70 0.605 –0.095 –13.509
λ6;1 0.588 0.646 –0.058 –8.962 0.574 –0.072 –11.163 0.60 0.509 –0.091 –15.156
ψ2;1 0.709 0.724 –0.015 –2.083 0.702 –0.022 –3.070 0.70 0.659 –0.041 –5.923

Only standardized factor loadings and factor correlation are shown.

Table 2. Continuous-data SEM parameters and transformation bias.

Population � Discrepancy

Parameter (#) �LRV �Ord #Ord � #LRVð Þ � 100
#LRV
ð%Þ

λ1;1 0.707 0.639 –0.068 –9.60
λ2;1 0.707 0.667 –0.040 –5.63
λ3;2 0.707 0.677 –0.030 –4.30
λ4;2 0.707 0.658 –0.049 –6.95
θ1;1 0.500 0.591 0.091 18.29
θ2;2 0.500 0.555 0.055 10.95
θ3;3 0.500 0.542 0.042 8.41
θ4;4 0.500 0.567 0.067 13.41
Ψ1;1 1.000 1.000 0.000 0.00
ψ2;2 0.750 0.753 0.003 0.40
β2;1 0.500 0.497 –0.003 –0.61

Parameters correspond to the path diagram in Figure 1. Standardized solutions 
are presented because normal indicators and ordinal indicators have different 
metrics due to arbitrary category weights. Mean structures excluded because 
locations are not comparable between μLRV and μOrd, also due to arbitrary 
category weights.
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were accommodated using full-information ML estimation 
(FIML) when data were treated as continuous or pairwise 
deletion when data were treated as ordinal.

Both estimators converged on proper solutions,7 and the 
first set of columns in Table 3 compares the standardized factor 
loadings and factor correlation between estimators. Compared 
to using DWLS to rely on the LRV assumption, factor loadings 
are 5–15% lower when treating indicators as continuous with 
(robust) ML, whereas the factor correlation is only 2% lower 
under ML. These discrepancies could be attributed at least 
partly to transformation bias, which could already inform 
a researcher’s decision about whether to draw inferences 
given the LRV assumption. However, discrepancies might be 
smaller or larger in other samples drawn from the same popu-
lation, so the researcher’s decision would depend on arbitrary 
differences between statistically comparable samples. 
Discrepancies could also be attributed at least partly to pairwise 
deletion making a more restrictive missing-completely-at- 
random assumption relative to FIML’s missing-at-random 
assumption (Lei & Shiverdecker, 2020). We can use the pro-
posed method8 to ascertain how much transformation bias 
could be expected irrespective of sampling error or the addi-
tional random process of missing data.

When the DWLS estimator converges on a solution (as 
in this case), a researcher could simply treat the polychoric 
correlations implied by those estimates as though they were 
the population correlation matrix, as well as assume that 
data would be discretized using the observed standardized 
thresholds. The second set of columns in Table 3 show the 
expected transformation errors are similar to the observed 
discrepancies between estimators. This is not surprising and 
might indicate the limited value this method could add 
when deciding whether to treat discrete data as continuous. 
Future simulation research could be designed to reveal the 
degree to which expected transformation errors are more 
stable than discrepancies between different estimators of the 
same data.

However, it might not be ideal (or even possible) to use 
DWLS estimates as population parameters when calculating 
expected transformation errors. First, doing so would reify the 
estimated parameters, when the true parameters would cer-
tainly differ to varying degrees from sample estimates. Second, 
DWLS might not converge on a(n) (im)proper solution (e.g., in 
small samples), in which case a researcher might not even have 
the option of comparing DWLS and (robust) ML estimates. In 
the latter case, it could still be informative to demonstrate how 
much attenuation could be expected from ML relative to 
DWLS estimates with discrete indicators. Finally, even when 
DWLS converges, it could be more informative to explicitly 
choose different combinations of factor loadings and thresh-
olds to serve as a sensitivity analysis of expected transformation 
error under different conditions. Such a sensitivity analysis 
might be particularly useful when researchers are considering 
the potential effects of collapsing categories (e.g., due to sparse 
data or because some categories are not used in one of multiple 
groups; DiStefano et al., 2021; Rutkowski et al., 2019).

In our ESS example, we specified moderate-to-high stan-
dardized loadings (0.6–0.8) within each factor, and we crossed 
this with moderate (for Factor 1’s indicators) and extreme 
asymmetry of thresholds (for Factor 2’s indicators); we speci-
fied moderate asymmetry and cross-loadings of 0.35 for the 
multidimensional indicator. The final set of columns in Table 3 
reveal that analyzing discretized data as continuous could yield 
both higher and lower (standardized) factor loadings when 
asymmetry is moderate, whereas extreme asymmetry yields 
only lower loadings. More substantial expected transformation 
error was generally associated with greater asymmetry and 
lower loadings. If a researcher could not obtain DWLS results 
for their data, they could provide (robust) ML results and use 
this information to explain how the DWLS results could be 
expected to differ if available. Furthermore, simulations have 
shown the same conditions that yield substantial transforma-
tion error can lead to other types of problems (e.g., low cover-
age rates for parameters and inflated Type I errors for model 
fit; Rhemtulla et al., 2012), so this information could inform 
researchers whether to interpret (robust) ML results conserva-
tively in the absence of DWLS for comparison.

Monte Carlo simulation study

To demonstrate the added value this method could bring to 
simulation studies, we replicated one condition from 
Rhemtulla et al. (2012), who compared robust ML to 
unweighted least-squares for categorical indicators, which 
is equivalent to DWLS but replaces the diagonal weight 
matrix with an identity matrix. We chose one of the con-
ditions that yielded large discrepancies between robust ML 
and ULS results. The population model was a two-factor 
CFA with five normally distributed latent-response indica-
tors per factor. For each factor, the standardized loadings 
ranged from 0.3 to 0.7 in increments of 0.1, the factor 
correlation was 0.3, and two extremely asymmetric thresh-
olds (τ1 ¼ 0:58, τ2 ¼ 1:13) discretized each LRV into three 
categories. We simulated 1000 samples of N ¼ 100, which 
was also the sample size used when fitting the continuous- 
data CFA to the expected moments of the discretized 
population. R syntax and output for all analyses in this 
section are provided on the OSF (https://osf.io/s8tdhlink) 
in the file “Supp3-replicateRhemtulla2012.pdf.”

Rhemtulla et al. (2012, Table 1, Figures 1–2) reported the 
empirical skew and kurtosis in each of 60 data-generating 
conditions, estimated using an asymptotically large sample of 
N = 1,000,000 observations to minimize sampling error. The 
first advantage of the method proposed here is that it yields 
expected skew and kurtosis without measurement error, and 
that it can do so more quickly. Using R (version 4.1.0 R Core 
Team, 2021) on a Macintosh laptop with a 2.6 GHz Intel Core 
i7 processor, simulating the large sample in our one condition 
and calculating skew and kurtosis took 1.896 s of elapsed time, 
whereas deriving error-free skew and kurtosis from the popu-
lation moments took only 0.063 s of elapsed time. One could 
extrapolate that for all 60 conditions, the analytical approach 

7R syntax and output for all analyses in this section are provided on the OSF (https://osf.io/s8tdhlink) in the file “Supp2-RealDataExample.pdf”.
8The method is implemented in the function lrv2ord(), part of the R package semTools (Jorgensen et al., 2020).
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presented here would require <4 s to obtain (without sampling 
error) what would require almost 2 min by simulating large 
samples – admittedly, a minor advantage.

Using the analytically derived moments of discretized data, 
Figure 4 shows the expected transformation error (asterisks, 
free of sampling error) closely matches the “bias” reported by 
Rhemtulla et al. (2012, see first column of the table on p. 4 of 
their online supplement) for this condition, depicted as hor-
izontal line segments. Thus, a computationally intensive simu-
lation might not be necessary for researchers solely interested 
in investigating transformation error (attenuation due to dis-
cretization). However, researchers are typically interested in 
more than accuracy of point estimates, such as uncertainty 
(e.g., CI coverage, SE bias), model fit (e.g., Type I error rates 
for test statistics), or missing-data methods (e.g., deletion and 
imputation methods, two-stage or full-information estima-
tors). When such methods require Monte Carlo simulation to 
estimate frequency properties, the analytical approach can still 
have value insofar as decomposing transformation error from 
estimation bias (Eq. 1).

Discussion

Our tutorial demonstrated how to derive the uni- and 
bivariate moments of numerically weighted discrete data, 
given their thresholds and LRV covariance matrix. We also 
demonstrated that fitting a hypothesized SEM to these 
analytically derived moments is a simple numerical proce-
dure for obtaining expected values of parameters that 
would result from an analysis treating the data as contin-
uous. This straightforward process works for models that 
include both measurement and structural components, as 
well as combinations of discrete and continuous data. 
Consistent with previous Monte Carlo studies (Li, 2016a, 
2016b; Rhemtulla et al., 2012), our applications 

Figure 4. Monte Carlo results replicating one condition from Rhemtulla et al. (2012).
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transformation error (i.e., using the expected parameters in
the discrete scale rather than the LRV scale as a reference).
Figure 4 shows the total relative bias of ML estimates (red
dashed line) are generally much lower than the population
expectations or the analogous quantities derived from what
Rhemtulla et al. (2012) reported. Most disturbing is that the
factor correlation estimates were much more underestimated
than expected. ML(M) and ULS(MV) estimation bias was also
substantially more negative than expected. Despite N¼ 100
not being asymptotically large enough to yield consistent esti-
mates, the discrepancies from population expectations might
motivate a researcher to investigate whether something unex-
pected went wrong with the simulation—another added value
of using the proposed method—but that goes beyond the
scope of mere illustration.

Our rates of nonconvergence and Heywood cases using

top tables on pages 2 and 3 of their online supplement),
who used Mplus. But given convergence on a proper solu-
tion in >80% of samples, our replication is sufficient for the
purposes of illustration. We calculated the total bias—com-
parable to the bias reported by Rhemtulla et al.
(2012),—under (robust) ML and (categorical) ULS, but we
calculated relative bias by dividing the difference by the
population parameter (i.e., a percentage). Additionally, we
calculated relative bias of ML estimates in terms of

lavaan differ from Rhemtulla et al. (2012, reported in the 



demonstrated that both fewer categories and asymmetric 
thresholds resulted in greater attenuation of measurement 
model parameters, yet negligible bias of structural 
parameters.

However, the procedure we described assumes bivariate 
normality of LRVs, given the use of a multivariate-normal 
CDF. In contrast to a probit link, a logit link is quite popular 
for its real-world interpretability through transformation to an 
odds ratio, but would assume LRVs follow a logistic distribu-
tion (Agresti, 2007), whose current implementations unfortu-
nately carry restrictive limitations on the size and distribution 
of correlation and scale parameters (Kotz et al., 2000). 
A promising alternative is the student-t approximation 
(Hahn & Soyer, 2005), but further evaluation is needed to 
assess its suitability in this context. Additionally, our numerical 
procedure provides only expected parameter values, but eval-
uating SEs and model fit statistics is often of equal interest. 
However, the conditions which lead to greater parameter bias 
(smaller N and C, greater asymmetry of thresholds, LRVs 
deviate greater from normality) are those that lead to greater 
SE bias and inflation of Type I errors for fit statistics 
(Rhemtulla et al., 2012). So investigating discrepancies as in 
Table 2 could still be useful for researchers deciding whether to 
treat data there as continuous or discrete.
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