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Appendix A

Logical preliminaries

A.1 Categorical syllogisms

In this section we give a brief refresher course on basic (non-modal) Aristotelian
syllogisms.

Syllogistic reasoning was first introduced by Aristotle in the Prior Analytics
[Ar84], and his method for proving validity of classes of syllogisms was to show
how they could be reduced, through a series of different types of conversion and
reductio, to one of a single set of four intuitively and obviously valid syllogism
types (called the “perfect syllogisms”). Syllogisms are ordered sets of three cat-
egorical claims, satisfying certain constraints which we will discuss below. A
categorical claim is one of the following four types of sentences:

A: All S are P E: No S is P

I: Some S is P O: Some S is not P

where S is a variable for a subject-term, such as ‘cat’, ‘horse’, etc., and P is a
variable for a predicate-term, such as ‘blue’, ‘running’, ‘horse’, etc. The first two
categorical claims in the ordered set are the premises, the last the conclusion.

In order for a set of three categorical claims to be called a syllogism there must
be exactly three distinct subject- and predicate-terms occurring in the set: One
must occur only in the premises, and the other two must occur in the conclusion
and exactly one premise. Take the following syllogistic form as an example:

All S are P .
All P are Q.

Therefore, all S are Q.

The predicate term of the conclusion, Q, is called the major term. The subject
term of the conclusion, S, is called the minor term. The term not occurring
in the conclusion is called the middle term. It is a convention that the premise
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1st figure 2nd figure

S P , P Q: S Q P Q, P S: S Q

Q P , S P : S Q P S, Q P : S Q

3rd figure 4th figure

Figure A.1: The four figures

containing the major term is always written first, though from a logical point of
view, the order of the premises makes no difference.

Aristotelian syllogisms can be divided into four figures1; the figure determines
the order of the terms in the premises and conclusion (see Figure A.1). Moods
are created from the figures by inserting one of the four copulae A, E, I, O into
each categorical proposition.

Since each figure has three slots and there are four different copulae, this
means there are 64 moods. Only 24 of these moods are valid. The medievals
gave mnemonic names to 19 of the 24 valid moods, where the vowels indicate
the copulae of the major premise, the minor premise, and the conclusion (in that
order), and the consonants indicate which of the four basic syllogism moods it
is to be converted into, and by which conversion methods. This list has been
extended in modern times to include names for all 24 of the valid moods. These
are [Lag04, §1]:

1st figure Barbara, Celarent, Darii, Ferio, Barbari, Celaront

2nd figure Cesare, Camestres, Festino, Baroco, Cesaro, Camestrop

3rd figure Darapti, Disamis, Datisi, Felapton, Bocardo, Ferison

4th figure Bramantip, Camenes, Dimaris, Fesapo, Fresison, Camenop

A.2 Kripke semantics

In this section we give a general introduction to Kripke semantics.
Kripke semantics formalize our informal ideas about both modality and tense

with the same type of structure, the Kripke frame.

Definition A.2.1. A Kripke frame is a pair F = 〈W,R〉, where W is a set and
R is a binary relation on W , called an accessibility relation.

1Both Aristotle and medieval authors considered there to be only three figures; the fourth
can be derived from the third through rearranging of the premises, and so is included for
completeness’s sake.
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•
t0

•
t1

•
t2

• t3

Figure A.2: An example Kripke frame.

The elements of W can be interpreted as times or as possible worlds, depending
on the context. The accessibility relation indicates which instants of time are
past or future with respect to the current instant or which worlds are consid-
ered “possible” with respect to a given world. We can represent Kripke frames
schematically, as in Figure A.2; the nodes are the members of W and the arrows
indicate R.

Kripke frames are turned into models by the addition of a valuation func-
tion, V . This function maps propositions (which we indicate by lower case Roman
letters p, q, r, etc.) to subsets of W . If w ∈ W and w ∈ V (p), then we write
w |= p and say that p is true at w. While V only gives information about the
truth values of simple propositions at worlds or instants, we can easily extend
this to give the truth values of more complex propositions, as follows:

w |= ¬p iff w /∈ V (p)
w |= p ∧ q iff w |= p and w |= q
w |= p ∨ q iff w |= p or w |= q
w |= p→ q iff w |= ¬p or w |= q

These definitions all involve only one world and thus correspond exactly to the
classical truth conditions for the boolean connectives. We can move beyond
propositional logic by adding modal operators of various kinds.

The truth conditions of the modal operators � ‘necessarily’ and ♦ ‘possibly’
are defined as:

w |= ♦p iff there is a v such that wRv and v |= p
w |= �p iff for all v such that wRv, v |= p

And those of the temporal operators, F (at some time in the future), P (at some
time in the past), G (at all times in the future), and H (at all times in the past)
are defined as:

w |= Fp iff there is a v such that wRv, v |= p
w |= Pp iff there is a v such that vRw, v |= p
w |= Gp iff for all v such that wRv, v |= p
w |= Hp iff for all v such that vRw, v |= p

We call P and H past-tensed operators and F and G future-tensed operators.
Notice that P and H are just the symmetric versions of F and G, and that H
and G can be defined as ¬P¬ and ¬F¬, respectively.
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property formula name

∀x(xRx) �p→ p reflexivity
∀x, y(xRy → yRx) �♦p→ p symmetry
∀x, y, z(xRy ∧ yRz → xRz) �p→ ��p transitivity
∀x, y, z((xRz ∧ yRz) → FPp→ (Pp ∨ p ∨ Fp) backwards linearity

(xRy ∨ yRx ∨ x = y))

Figure A.3: Some formulas which correspond to frame properties

A formula which is true at every world in a frame or a class of frames all
sharing a certain property regardless of the valuation function V is called valid
on that class of frames. The validity of certain modal formulas on a frame or class
of frames can be connected to properties of the R-relation on these frames. A list
of some common properties of R, their names, and formulas which correspond to
them can be found in Table A.3. The proofs of the correspondence between the
properties and the formulas can be found in any standard modal logic text book,
such as [ChaZa97, §3.5].

A.3 Quantified modal logic

Basic modal and temporal logics are propositional. In this section we consider
quantified modal logic. Fitting and Mendelsohn’s book [FittMe98] is the standard
text on the subject, and we follow their presentation below.

To extend the semantics given in the previous section, we extend Kripke frames
to quadruples FQ = 〈F, O,D, I〉 where O is a set of objects, (D) is a domain func-
tion assigning non-empty sets of objects to each world, and I is an interpretation
function which assigns each constant in the language to an object in each world
and each n-ary predicate to a set of n-tuples of objects in each world. Extended
frames FQ are turned into models with the addition of a valuation function V
assigning values to the free variables. (D) can either be a constant function on
W , in which case MQ is called a constant-domain model, or it can differ from w
to w, in which case it is called a varying-domain model. We stipulate that every
object in a world has a constant which is interpreted as that object; if we work
with finite domains, then we can always augment our language if required.

The two types of models each capture a different type of quantification, the
possibilist view of quantification and the actualist view, respectively. The question
immediately arises of which of these two types of models should be preferred, and
the answer is, as Fitting and Mendelsohn point out, that “it doesn’t matter. We
can formalize the same philosophical ideas either way, with a certain amount of
care” [FittMe98, p. 105]. Two pragmatic reasons to prefer constant-domain mod-
els are that they are formally simpler to define and to use, and they also “model
our intuitions about modality most naturally if we take the domain to consist
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of possible existents, not just actual ones, for otherwise we would be required to
treat every existent as a necessary existent” [FittMe98, p. 94]. If one wishes to
use varying-domain models, it is necessary, in order to address this problem, to
introduce an existence predicate, and to relativize all the quantifiers to only the
objects which exist at a certain world. It can be shown that if you introduce a
relativization of this kind, if a formula is a theorem of a varying-domain model,
its relativization is a theorem of a constant-domain model [FittMe98, prop. 4.8.2].

The interesting questions in quantified modal logic involve how the quantifiers
and the modal operators interact. Two different proposals for this interaction are
the Barcan formula and the Converse Barcan formula:

Barcan formula ∀x�ϕx→ �∀xϕx
Converse Barcan formula �∀xϕx→ ∀x�ϕx

(Their names come from the person to first investigate them in detail, Ruth Bar-
can Marcus. Technically speaking, these are not formulas but formula schemes,
with ϕ being substitutable for any formula, though we will continue to speak of
the singular “the Barcan formula”.) These formulas, like the ones in Figure A.3,
correspond to the frame properties of upwards monotonicity of D (the Converse
Barcan formula) and downwards monotonicity of D (the Barcan formula).

On variable-domain models, the Barcan formula is valid iff the domains are
anti-monotonic, and the Converse Barcan formula is valid iff the domains are
monotonic (cf. [FittMe98, props. 4.9.6, 4.9.8]). A logic which validates both the
Barcan formula and the Converse Barcan formula will have only constant-domain
models, with no object coming into or going out of existence.




