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CHAPTER 3

MULTICENTERED SOLUTIONS

In chapters 3-5 we will turn our attention to a large class of classical supergravity solutions
in four and five dimensions. These solutions furnish a laboratory within which we attempt
to address several of the issues raised in chapter 2. The solutions look asymptotically like
a black hole with the same total charge. We would like to understand their relation to the
black hole microstates as this may yield insight into the spacetime structure of the latter.

To this end we first use AdS/CFT techniques to determine if these solutions can be related
to black hole states via the duality between (string theory in) the near-horizon geome-
try and the dual CFT. Using this correspondence we can relate the geometries to semi-
classical states in the dual CFT and might hope to study the CFT itself to learn about
more quantum (i.e. less classical) states.

Another, more direct, approach to understanding the relation between these classical ge-
ometries and the quantum black hole microstates is to quantize this restricted class of
solutions directly and study the resultant BPS states. While the original geometries are
of course classical the BPS states are essentially phase space densities (the analog of
wavefunctions) and need not be semi-classical objects.

The second approach will be the subject of Chapter 4. In this chapter we will focus on the
classical solutions and their decoupling limits.

3.1 FOUR AND FIVE DIMENSIONAL SOLUTIONS

We begin with a brief review of multicentered solutions of N = 2 supergravity in 4
dimensions and their lift to (N = 1 solutions in) 5 dimensions. The four dimensional the-
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Chapter 3 - Multicentered Solutions

ory is obtained by compactifying IIA on a proper SU(3) holonomy Calabi-Yau manifold
X , the five dimensional theory from compactifying M-theory on the same Calabi-Yau
manifold. In the regime of interest to us, we can restrict to the cubic part of the IIA
prepotential.

The multicentered solutions are determined by specifying a number of charges, Γa, and
their locations, ~xa, in the spatial R3. These charged centers correspond in the 10 di-
mensional picture to branes wrapping even cycles in the CY3. There are 2b2 + 2 inde-
pendent such cycles in homology, with b2 the second Betti-number of X , each giving
rise to a charge in 4d sourcing one of the 2b2 + 2 vector fields of the N = 2 super-
gravity. We will often denote the charges by their coefficients in a basis of cohomology,
i.e. Γ = (p0, pA, qA, q0) = p0 + pADA + qAD̃

A + q0 dV , where the DA form a ba-
sis of H2(X,Z), the D̃A make up a dual basis and dV is the unit volume element of X;∫
X
dV ≡ 1.

The moduli of the Calabi-Yau appear as scalar fields in the 4d/5d effective theories. In
the solutions we will be considering the hypermultiplet moduli will be constant (and will
mostly be irrelevant) while the moduli in the vector multiplets will vary dynamically in
response to charged sources. An important boundary condition in these solutions is then
the value of these vector multiplet moduli at infinity.

Our review of these solutions will be concise, as they are discussed in great detail in
e.g. the references [59, 40, 9] (see also [34][32]). We will recall the split attractor flow
conjecture, which relates the existence of solutions at particular values of the moduli at
infinity to the existence of certain flow trees in moduli space. A short discussion of the
concept of marginal stability, distinguishing between proper marginal stability and what
we call threshold stability will also be included.

3.1.1 FOUR DIMENSIONAL SOLUTIONS

Our starting point is the set of multicentered solutions of [59, 60, 40]. The solutions are
entirely determined in terms of a single function Σ, which is obtained from the charge
(p0, pA, qA, q0) single centered BPS black hole entropy S(p0, pA, qA, q0) by substituting

Σ :=
1
π
S(H0, HA, HA, H0) , (3.1)

where

H ≡ (H0, HA, HA, H0) :=
∑
a

Γa
√
G4

|x− xa| − 2Im(e−iαΩ)|r=∞ , (3.2)

and we will often denote the constant term in the harmonics by h

h := −2Im(e−iαΩ)|r=∞ . (3.3)
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Chapter 3 - Multicentered Solutions

Here G4 is the four dimensional Newton constant (i.e the Einstein-Hilbert action is of the
form SEH

4 = 1
16πG4

∫ √−g4R4). We keep this dependence on G4 explicit for now as it
will be important when we take the decoupling limit. The Γa in the 2b2 + 2 harmonic
functions take values in Hev(X,Z), the integral even cohomology of the Calabi-Yau X ,
eiα is the phase of the total central charge, Z(Γ), and Ω is the normalized period vector
defining the special geometry.

Z(Γ) = 〈
∑
a

Γa,Ω〉 , eiα =
Z

|Z| (3.4)

Γa is the charge vector of the center at position ~xa. The constant term of the harmonic
functions is such that Σ|r=∞ = 1.

The solutions are now given by the following four dimensional metric, gauge fields and
moduli 1:

ds2 = − 1
Σ

(dt+
√
G4 ω)2 + Σ dxidxi ,

A0 =
∂ log Σ
∂H0

(
dt√
G4

+ ω

)
+ ω0 , (3.5)

AA =
∂ log Σ
∂HA

(
dt√
G4

+ ω

)
+AAd ,

tA = BA + i JA =
HA − i ∂Σ

∂HA

H0 + i ∂Σ
∂H0

,

The off diagonal metric components can be found explicitly too [40] by solving

? dω =
1√
G4

〈dH,H〉 , (3.6)

where the Hodge ? is on flat R3. The Dirac parts AAd , ω0 = A0
d of the vector potentials

are obtained by solving

dω0 =
1√
G4

? dH0 , (3.7)

dAAd =
1√
G4

? dHA . (3.8)

Again the Hodge star ? is on flat R3. Asymptotically for r →∞ we have2

ds2 = −dt2 + d~x2, A = 2 Re (e−iαΩ)|∞ dt√
G4

+Ad|∞ (3.9)

1We will work for the moment in conventions where we take c = ~ = 1 but keep dimensions of length
explicit. The formulae here can be compared with those of e.g. [40] by noting that there the conventionG4 = 1

was used. For more information concerning the conventions and different length scales used in this paper, see
appendix A.

2HereAd includes both ω0 andAAd .
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Chapter 3 - Multicentered Solutions

The above form of the solution holds for any prepotential. However it still requires finding
the entropy function S(p, q) which in general cannot be obtained in closed form. If we
take the prepotential to be cubic, which is tantamount to taking the large volume limit in
IIA, we can be more explicit. First, the period vector becomes Ω = − eB+iJq

4J3
3

, considered

as an element of Hev(X,R). Furthermore [61, 62],

A0 =
−L
Σ2

(
dt√
G4

+ ω

)
+ ω0

AA =
HAL−Q3/2yA

H0Σ2

(
dt√
G4

+ ω

)
+AAd ,

tA =
HA

H0
+
yA

Q
3
2

(
iΣ− L

H0

)
,

Σ =

√
Q3 − L2

(H0)2
, (3.10)

L = H0(H0)2 +
1
3
DABCH

AHBHC −HAHAH
0 ,

Q3 = (
1
3
DABCy

AyByC)2 ,

DABCy
AyB = −2HCH

0 +DABCH
AHB .

The entropy function Σ will play a central role in the discussion that follows. At the hori-
zon of one of the bound black holes this function will be proportional to the entropy, i.e.
Σ(H)|(x→xa) = G4

|x−xa|2 Σ(Γa) +O(
√
G4

|x−xa| ) where πΣ(Γa) = S(Γa) is the Bekenstein-
Hawking entropy of the ath center3.

Finally there are N − 1 independent consistency conditions on the relative positions of
the N centers, reflecting the fact that these configurations really are bound states and one
can’t move the centers around freely. These conditions arise from requiring integrability
of (3.6). They take the simple form

〈H,Γs〉|x=xs = 0 , (3.11)

or written out more explicitly4

√
G4

∑
b 6=a

〈Γa,Γb〉
rab

= 〈h,Γa〉 , (3.12)

3Note that the entropy formula for black holes involving D6-charge is rather involved and might appear
singular as H0 (or p0) goes to zero, see (3.10). This is however not the case and by analysing the formula in an
expansion around small H0 one finds that the leading term is the non-singular entropy function for a black hole

without D6-charge, Σ =

q
DABCH

AHBHC

3
(DABHAHB − 2H0), as expected.

4For brevity we use unconventional notation here: by
P
s6=r we mean a sum over all s different from r

whereas
P
s 6=r denotes a doubles sum over all s and r such that s and r are different.
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Chapter 3 - Multicentered Solutions

where rab = |xab| = |xa−xb| and the h are the constant terms in the harmonic functions
given in (3.3). Note that, as these depend on the asymptotic values of the scalar fields, the
equilibrium distances between the different centers do so as well.

Since there are N − 1 independent position constraints, the dimension of the moduli
space modulo the center of mass translations will generically be 2N − 2. Thus this space
is always even dimensional which is good as we will eventually show that it is, in fact, a
phase space.

3.1.2 FIVE DIMENSIONAL SOLUTIONS

In [62] (see also [37, 63, 38, 64, 65, 66, 34, 35]) these solutions were lifted to five dimen-
sions via the connection between IIA and M-theory on a circle. These solutions were also
independently discovered directly in five dimensions in [32][34]. The five dimensional
solution can be expressed in terms of the four dimensional one as (see appendix A for
more details about notations and conventions):

ds2
5d = Ṽ

2/3
IIA `25

(
dψ +A0

)2
+ Ṽ

−1/3
IIA

R̂

2
ds2

4d ,

AA5d = AA +BA
(
dψ +A0

)
, (3.13)

Y A = Ṽ
−1/3
IIA JA , ṼIIA =

DABC

6
JAJBJC =

1
2

(
Σ
Q

)3

.

Here ψ parametrizes the M-theory circle with periodicity 4π and we define, in terms of
the 11d Planck length l11 and the physical asymptotic M-theory circle radius R,

`5 :=
l11

4πṼ 1/3
M

, R̂ =
R

`5
, (3.14)

where ṼM = VM/l
6
11 is the M-theory volume of X in 11d Planck units. The reduced 5d

Planck length `5 is related to the 4d Newton constant G4 by

`35 = RG4 (3.15)

and we have the relation R̂ = 2 Ṽ 1/3
IIA |∞. Note that unlike the M-theory volume in 11d

Planck units, which is in a hypermultiplet and hence constant, the IIA volume in string
units varies over space. Our normalizations are chosen such that asymptotically we have
the metric

ds2
5d|∞ =

R2

4
(
dψ +A0

)2
+ d~x2 − dt2 , (3.16)

A0 = −2 cosα∞
dt

R
+ p0 cos θ dφ ,
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Chapter 3 - Multicentered Solutions

where A0 was obtained from (3.9), and we recall that eiα is the phase of the total central
charge. Recall that p0 is the total D6-charge of the solution which, for our decoupling
analysis (and in fact through-out most of this thesis), we will take to be zero.

The five dimensional vector multiplet scalars Y A are related to the M-theory Kähler mod-
uli by JAM = Ṽ

1/3
M Y A. Here ṼM = VM

l611
is the volume of the internal Calabi-Yau as

measured with the M-theory metric. This is constant throughout the solution as it is in a
hypermultiplet and hence decoupled. For more details about all the different length scales
and the relation between M-theory and IIA variables in our conventions see appendix A.

For practical computations it is often useful to express the metric (3.13) above more ex-
plicitly in terms of the functions (3.10):

ds2
5d = 2−2/3Q−2

[
−`25 (H0)2

(√
R

`35
dt+ ω

)2

− 2`25 L
(√

R

`35
dt+ ω

)
(dψ + ω0)

+ `25 Σ2(dψ + ω0)2

]
+ 2−2/3R

`5
Qdxidxi . (3.17)

Finally, note that by construction, all these five dimensional solutions have a U(1) isome-
try along the ψ direction. They are therefore not the complete set of five dimensional BPS
solutions.

3.1.3 ANGULAR MOMENTUM

Let us briefly recall some relevant properties of these multicentered solutions.

The first new feature with respect to single black holes is that, as shown in [59], they carry
an angular momentum equal to

~J =
1
2

∑
a<b

〈Γa,Γb〉 ~xab
rab

. (3.18)

Note that Dirac quantization of the charges is equivalent to half integral quantization of
the angular momentum of a two centered solution. This angular momentum is associated
to SO(3) rotations in the three non-compact spacelike dimensions and should not be
confused by the momentum around the M-theory circle (which, in the four dimensional
picture, corresponds to the D0-charge q0).

As angular momentum will play an important role in this part of the thesis, providing
a natural coordinate on the solution space, we will derive some more useful ways of
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Chapter 3 - Multicentered Solutions

expressing it. Multiplying the condition (3.18) by xa and then summing over the different
centers shows that

J =
1
2

∑
a

〈h,Γa〉xa . (3.19)

By using the fact that
∑
a〈h,Γa〉 = 0 one can rewrite the last expression as

J =
1
2

∑
a,a6=b

〈h,Γa〉xab . (3.20)

Starting from this formula we can show that the size of the angular momentum can be
compactly written in terms of the inter-center distances rab. Squaring (3.20) gives

J2 =
1
4

∑
a,a6=b

∑
c, c 6=b

〈h,Γa〉〈h,Γc〉xab · xcb . (3.21)

Now we can use that for any three points labeled by a, b, c there is the relation xab ·xcb =
1
2 (r2

ab + r2
cb − r2

ac) and a little more algebra reveals that

|J | = 1
2

√
−
∑
a<b

〈h,Γa〉〈h,Γb〉 r2
ab . (3.22)

3.1.4 SOLUTION SPACES

Another important property of a configuration with a sufficient number of centers is that
although the centers bind to each other there is some freedom left to change their re-
spective positions. These possible movements can be thought of as flat directions in the
interaction potential. Equation (3.12) constrains the locations of the centers to the points
where this potential is zero. As for a system with N centers there are N − 1 such equa-
tions for 3N − 3 coordinate variables (neglecting the overall center of mass coordinate)
there is, in general, a 2N −2 dimensional moduli space of solutions for fixed charges and
asymptotics. This space may or may not be connected and it may even have interesting
topology. We will refer to this as the moduli space of solutions or solution space; the lat-
ter terminology will be preferred as it is less likely to be confused with the moduli space
of the Calabi-Yau, in which the scalar fields tA take value. The shape of this solution
space does, in fact, depend quite sensitively on where the moduli at infinity, tA|∞, lie in
the Calabi-Yau moduli space (as the latter determine h on the RHS of eqn. (3.12)). We
will return in more detail to the geometry of the solution space in section 3.4 and to its
quantization in Section 4.3.

The space-time corresponding to a generic multicenter configuration can be rather com-
plicated as there can be many centers of different kinds. Some properties of the 5 di-
mensional geometry have been discussed in the literature, e.g. [32, 38, 34, 62] and we
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won’t repeat the details here. A basic understanding will be useful when considering the
decoupling limit so we shortly summarize some points of interest. The four dimensional
solutions are defined on a space that is topologically R4. When lifted to five dimensions,
however, a Taub-NUT circle is fibred over this space, pinching at the location of any
center with D6-charge. The resultant space typically has non-contractible two-spheres
extending between centers with D6 charge and has been referred to as a “bubbling solu-
tion” [32]. Generically, a D4 charged center will lift to a black string unless it also caries
D6-charge in which case it lifts to what locally looks like a BMPV black hole at the center
of 5 dimensional Taub-NUT [37]. The topology of the horizon at a given center is that of
an S1-bundle over S2 of degree p0

a, i.e. S1 × S2 for p0
a = 0 and S3/Z|p0a| otherwise.

Finally let us mention a symmetry of the solutions (which is closely related to the one
observed in [65][38]) given by the following shift of the harmonic functions:

H0 → H0 ,

HA → HA + kAH0 , (3.23)

HA → HA +DABCH
BkC +

1
2
DABCk

BkCH0 ,

H0 → H0 + kAHA +
1
2
DABCH

AkBkC +
1
6
DABCk

AkBkC(H0) .

Under which the metric and the constraint equations are invariant and the gauge field is
transformed by a large gauge transformation

AA → AA + kAdψ . (3.24)

3.1.5 SMOOTHNESS AND ZERO-ENTROPY BITS

The multicenter solutions of sections 3.1.1 have played an important role in understand-
ing the structure of the BPS Hilbert space of N = 2 supergravity (in 4d) [59, 67, 9]
and have also had related mathematical applications [68, 69]. More recently the five di-
mensional versions of these solutions came to prominence within the Mathur program
of understanding black hole microstates as a result of [34, 32]. In this context we are
interested in large families of smooth solutions because, as discussed in Chapter 2, such
families provide various windows into the quantum structure of the theory, either as phase
spaces which can be quantized yielding quantum states as described in section 2.3 or as
duals to semi-classical states in a CFT as in section 2.4 (if the solutions in the family are
asymptotically AdS). In either case it is important that the solutions be suitably smooth
or entropy-less. Such solutions are often be referred to as “microstate geometries” though
this unfortunate terminology is not intended to suggest that the classical solution neces-
sarily corresponds to a black hole microstate. Rather, as we will see later, quantizing the
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space of such solutions as a phase space provides a set of quantum states that may or may
not be semi-classical.

Although it is perhaps not entirely a priori clear what solutions we should include in
defining the phase space of a our supergravity theory a natural criteria is that the solutions
be non-singular in some sense which we will attempt to make precise. The reasoning
for this is as follows. Singular supergravity solutions are only meaningful if stringy ef-
fects resolve or smooth out the singularity yielding a consistent solution to the full string
theory. Although this is not something we generally have control over we will often use
indirect arguments to determine which singularities are acceptable and which are not.
For instance, we will occasionally have recourse to consider solutions with singularities
coming from D0 branes and we allow these because these branes are believed to be good
solutions to the full (closed) string theory. We have, moreover, an alternative open string
formulation which suggests that such solutions are completely consistent. From this de-
scription we know that there is very little entropy associated with a single D0 so we argue
that stringy effects will smooth out the geometry rather than generating a horizon. This
is important as solutions with horizons have an associated entropy and are better thought
of as an effective description of an ensemble of states (quantum or semi-classical) rather
than a semi-classical state.

Let us now apply this philosophy to our multicentered solutions. Recall that the function
Σ appearing in the metric in (3.5) is known as the entropy function. When evaluated at
~xa it is proportional to the entropy of a black hole carrying the charge of the center lying
at ~xa. This follows from the Bekenstein-Hawking relation and the fact that Σ determines
the area of the horizon of a possible black hole at ~xa. If this area is zero then the center at
~xa does not have any macroscopic entropy and, if the associated geometry does not suffer
from large curvature in this region, then there is no reason to believe stringy corrections
will change this.

The prototypical example of such geometries have centers with charges of the form Γ =
(1, p/2, p2/8, p3/48) corresponding to a single D6 branes wrapping the Calabi-Yau with
all lower-dimensional charges induced by abelian flux. A configuration with a single
such center can be spectral flowed (see e.g. [65, 3]) to a single D6 brane with no flux
and hence no additional degrees of freedom in the Calabi-Yau; thus “integrating out”
the Calabi-Yau degrees of freedom does not generate an entropy and the associated five
dimensional solution is smooth. As discussed in [35, 70], “zero-entropy bits” can also
be D4 and D2-branes with flux or D0 branes. Generically they can carry a “primitive”
charge vector, i.e. some number of D6-branes with fractional fluxes such that the induced
D2, D4 and D0 brane charges are all quantized, but have no common factor. Note that if
the D6-brane charge is N > 1, the solution is not strictly smooth – there is relatively mild
orbifold singularity (R4/ZN ) in the five-dimensional theory. It was shown in [34, 35]
that, in classicalN = 8 supergravity, such zero entropy smooth centers carry charges that
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are half-BPS. The half-BPS nature of the charge vector follows from smoothness.

Five-dimensional multicenter configurations with every center constrained to be of the
above form have been studied in [32, 71, 34, 35] and numerous other works by the same
authors. Note that the associated four dimensional solution can have singularities associ-
ated to Kaluza-Klein reduction on a non-trivial S1 fibration. This high-lights an important
distinction: while the entropy, determined by replacingHA in the definition of Σ(H) with
ΓA, is a duality invariant notion, the smoothness of the resulting supergravity solution is
not (see e.g. [72]). Thus we will often generally assume that solutions with all centers
that are “zero-entropy bits” (in the sense of vanishing “microscopic” entropy) are can-
didate “microstate geometries” even though they may have naked singularities in some
duality frames. As suggested above a more fundamental criteria is provided by the open
string formulation of the solutions. If this analysis suggests that a singular center does not
carry additional (e.g. non-Abelian) degrees of freedom then we expect stringy effects to
smooth it out. This allows us to distinguish between configurations such as small black
holes which have vanishing horizon area and genuine zero-entropy bits such as D0 branes.

3.1.6 THE SPLIT ATTRACTOR FLOW CONJECTURE

So far we have reviewed a class of 4 and 5 dimensional solutions. These solutions are
relatively complicated and it is non-trivial to determine if they are well-behaved every-
where. In particular one should be concerned about the appearance of closed timelike
curves or singularities. If the entropy function, Σ, which involves a square root, becomes
zero or takes imaginary values in some regions the 4d solution is clearly ill behaved; this
is equivalent to closed timelike curves in the 5d metric as discussed in [38] and [32]. One
can on the other hand show that if Σ2 > ωiω

i everywhere then there can be no closed
timelike curves [34]. This is a rather complicated condition to check for a generic mul-
ticenter solution however and furthermore it is sufficient but not necessary; the condition
could be violated without closed timelike curves appearing. In [59] and [9] a simplified
criteria was proposed for the existence of (well-behaved) solutions which we will now
relate.

In [59] a conjecture is proposed whereby pathology-free solutions are those with a corre-
sponding attractor flow tree in the moduli space. This conjecture was first posed for the
multicentered four-dimensional solutions of Section 3.1.1.

Recall that the four dimensional moduli, tA(~x) = BA(~x) + iJA(~x), are the complexi-
fied Kähler moduli of the Calabi-Yau. The relation between these moduli and their five
dimensional counterparts can be found in [37] [3]. To each charge vector, Γa, we can
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associate a complex number, the central charge, as

Z(Γa; t) := 〈Γa,Ω(t)〉 Ω(t) := − et√
4
3J

3
(3.25)

Note that, since tA is a two-form, Ω is a sum of even degree forms. The phase of the
central charge, α(Γa) := arg[Z(Γa; t)], encodes the supersymmetry preserved by that
charge at the given value of the moduli. The even form Ω is related, asymptotically, to the
constants in the harmonics (which define both the 4-d and 5-d solutions) as given in (3.3).

An attractor flow tree is a graph in the Calabi-Yau moduli space beginning at the moduli at
infinity, tA|∞, and ending at the attractor points for each center. The edges correspond to
single center flows towards the attractor point for the sum of charges further down the tree.
Vertices can occur where single center flows (for a charge Γ = Γ1 + Γ2) cross walls of
marginal stability where the central charges are all aligned (|Z(Γ)| = |Z(Γ1)|+ |Z(Γ2)|).
The actual flow of the moduli tA(~x) for a multi-centered solution will then be a thickening
of this graph (see [59], [9] for more details). According to the conjecture a given attractor
flow tree will correspond to a single connected set of solutions to the equations (3.11), all
of which will be well-behaved. An example of such a flow is given in figure 3.1.

The intuition behind this proposal is based on studying the two center solution for charges
Γ1 and Γ2. The constraint equations (3.11) imply that when the moduli at infinity are
moved near a wall of marginal stability (where Z1 and Z2 are parallel) the centers are
forced infinitely far apart

r12 =
〈Γ1,Γ2〉
〈h,Γ1〉 =

〈Γ1,Γ2〉 |Z1 + Z2|
2 Im(Z̄2Z1)

∣∣∣∣
∞

(3.26)

In this regime the actual flows in moduli space are well approximated by the split attractor
trees since the centers are so far apart that the moduli will assume single-center behaviour
in a large region of spacetime around each center. Thus in this regime the conjecture is
well motivated. Varying the moduli at infinity continuously should not alter the BPS state
count, which corresponds to the quantization of the two center moduli space, so unless
the moduli cross a wall of marginal stability we expect solutions smoothly connected to
these to also be well defined. Extending this logic to the general N center case requires
an assumption that it is always possible to tune the moduli such that the N centers can be
forced to decay into two clusters that effectively mimic the two center case. There is no
general argument that this should be the case but one can run the logic in reverse, building
certain large classes of solutions by bringing in charges pairwise from infinity and this
can be understood in terms of attractor flow trees. What is not clear is that all solutions
can be constructed in this way. For more discussion the reader should consult [73].

Although this conjecture was initially proposed for asymptotically flat solutions, when we
consider the decoupling limit of the multicenter solutions in the next section we will see

41



Chapter 3 - Multicentered Solutions

that the attractor flow conjecture and its utility in classifying solutions can be extended to
AdS space.

For generic charges the attractor flow conjecture also provides a way to determine the
entropy of a given solution space. The idea is that the entropy of a given total charge is
the sum of the entropy of each possible attractor flow tree associated with it. Thus the
partition function receives contributions from all possible trees associated with a given
total charge and specific moduli at infinity. An immediate corollary of this is that, as
emphasized in [9], the partition function depends on the asymptotic moduli. As the latter
are varied certain attractor trees will cease to exist; specifically, a tree ceases to contribute
when the moduli at infinity cross a wall of marginal stability (MS) for its first vertex,
Γ→ Γ1 + Γ2, as is evident from (3.26).

For two center solutions one can determine the entropy most easily near marginal stability
where the centers are infinitely far apart. In this regime locality suggests that the Hilbert
state contains a product of three factors5 [9]

H(Γ1 + Γ2; tms) ⊃ Hint(Γ1,Γ2; tms)⊗H(Γ1; tms)⊗H(Γ2; tms) (3.27)

Since the centers move infinitely far apart as tms is approached we do not expect them
to interact in general. There is, however, conserved angular momentum carried in the
electromagnetic fields sourced by the centers and this also yields a non-trivial multiplet of
quantum states. Thus the claim is thatHint is the Hilbert space of a single spin J multiplet
where J = 1

2 (|〈Γ1,Γ2〉| − 1).6. H(Γ1) andH(Γ2) are the Hilbert spaces associated with
BPS brane excitations in the Calabi-Yau and their dimensions are given in terms of a
suitable entropy formula for the charges Γ1 and Γ2 valid at tms.

Thus, if the moduli at infinity were to cross a wall of marginal stability for the two center
system above the associated Hilbert space would cease to contribute to the entropy (or the
index). A similar analysis can be applied to a more general multicentered configuration
like that in figure 3.1 by working iteratively down the tree and treating subtrees as though
they correspond to single centers with the combined total charge of all their nodes. The
idea is, once more, that we can cluster charges into two clusters by tuning the moduli
and then treat the clusters effectively like individual charges. We can then iterate these
arguments within each cluster. This counting argument mimics the constructive argument
for building the solutions by bringing in charges from infinity and is hence subject to the
same caveats, discussed above.

Altogether the above ideas allow us to determine the entropy associated with a partic-
ular attractor tree, which, by the split attractor flow conjecture corresponds to a single

5Since attractor flow trees do not have to split at walls of marginal stability, there will in general be other
contributions toH(Γ1 + Γ2; tms) as well.

6The unusual−1 in the definition of J comes from quantizing additional fermionic degrees of freedom [17]
[4].
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Γ

Γ4

Γ1

Γ2

Γ3

Figure 3.1: Sketch of an attractor flow tree. The dark blue lines are lines of marginal stability, the
purple lines are single center attractor flows. The tree starts at the yellow circle and flows towards
the attractor points indicated by the yellow boxes.

connected component of the solutions space. The entropy of a tree is the product of the
angular momentum contribution from each vertex (i.e. |〈Γ1,Γ2〉|, the dimension of Hint)
times the entropy associated to each node.

|〈Γ3,Γ1 + Γ2〉| |〈Γ1,Γ2〉|Ω(Γ1) Ω(Γ2) Ω(Γ3) (3.28)

In Chapter 4 we will show that it is possible, in the two and three center cases, to quantize
the solution space directly and to match the entropy so derived with the entropy calculated
using the split attractor tree. This provides a non-trivial check of both calculations.

Before proceeding we should mention an important subtlety in using the attractor flow
conjecture to classify and validate solutions. Certain classes of charges will admit so
called scaling solutions [70] [9] which are not amenable to study via attractor flows.
These solutions are characterized by the fact that the constraint equations (3.11) have
solutions that continue to exist at any value of the asymptotic moduli. We will discuss
these solutions in greater detail in the section 3.4.2 but it is important to note here that the
general arguments given in this section (such as counting of states via attractor flow trees)
do not apply to scaling solutions.

3.2 DECOUPLING LIMIT

As outlined in the introduction, we want to study the geometries dual to states of M5-
branes wrapped on 4-cycles with total homology class pADA, in the decoupling limit
R/l11 → ∞, VM/l611 fixed. A convenient way to take the limit is to adapt units such
that R remains finite — for example R ≡ 1 — while `5 → 0 (note that l11/`5 is fixed
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Figure 3.2: In this figure the (50B1, J1, J2) subspace in moduli space is shown. The blue surface
is a wall of marginal stability (which is always codimension 1). The central red line is the attractor
flow for a single center solution with the same total charge as the two center. The pink surface
shows the values the moduli take in the two center solution.

because VM/l611 is fixed). Then the dynamics of finite energy excitations of the M5 are
described by a (0,4) supersymmetric 1+1 dimensional nonlinear sigma model with target
space naively7 given by the classical M5 moduli space, the MSW string [27, 74], decou-
pled from bulk and KK modes. For example, Kaluza-Klein excitations along the 4-cycle
decouple as their mass is of order V −1/6

M , which scales to infinity.

We wish to find out how multicentered solutions with total charge (0, pA, qA, q0) behave
when we take this limit. The IIA Kähler moduli JA are related to the normalized scalars
Y A as JA ∼ R

`5
Y A, hence J → ∞. For two centered solutions involving D6-charges,

the equilibrium separation following from the integrability condition (3.11) asymptotes to

|~x1 − ~x2| = 〈Γ1,Γ2〉
2 Im(e−iαZ1)|∞

`
3/2
5√
R
∼ 〈Γ1,Γ2〉

R2
`35, (3.29)

where we used that for total D6-charge zero, α→ 0 when J →∞, while Z1 ∼ iJ3/2 ∼
i(R/`5)3/2.

To keep the coordinate separation finite in the limit `5 → 0, we should therefore rescale
all coordinates as

~x = `35~x. (3.30)

7As discussed in the introduction and further in section 5.4.3, the precise M5-brane interpretation of the
decoupling limit is rather mysterious and still poses various puzzles.
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The finite~x region then has the expected properties for a decoupling limit. First, as we will
see, at finite values of ~x, the metric converges to an expression of the form ds2 = `25 ds2

with ds2 finite. Finite fluctuations of ds2 thus give rise to finite action fluctuations — the
`25 metric prefactor cancels the `−3

5 in front of the Einstein-Hilbert action [56]. Similarly,
M2-branes wrapping the M-theory circle and stretched over finite ~x intervals have finite
energy. Finally, the geometry becomes asymptotically an S2 bundle over AdS3 at large
r = |~x| → ∞:

ds2 ≈ dη2 + eη/U (−dτ2 + dσ2) + U2
(
dθ2 + sin2 θ (dφ+ Ã)2

)
, (3.31)

Ã = J
Jmax

d(τ − σ) (3.32)

AA5d ≈ −pA cos θ (dφ+ Ã) + 2DABqB d(σ + τ) , (3.33)

Y A ≈ pA

U
. (3.34)

where U := ( 1
6DABCp

ApBpC)1/3 and we made the change of coordinates (r, t, ψ) →
(η, τ, σ) to leading order given by:

η := U log
R2r

U
, τ :=

t

R
, σ :=

ψ

2
− t

R
. (3.35)

Notice that the normalized Kähler moduli Y A and the U(1) vectors AA are fixed at at-
tractor values determined by the M5 and M2 charges. The flat connection Ã determines
the twisting of the S2 over the AdS3 base; J is the S2-angular momentum of the solution
and Jmax := U3

2 is its maximal value for given p. Note that going around the M-theory
circle in the new coordinates corresponds to

σ → σ + 2π, (3.36)

with all other coordinates fixed. Parallel transport of the S2 along this circle produces a
rotation ∆φ = J

Jmax
2π around its z-axis (which is the axis determined by the direction

of the four dimensional angular momentum). Because Ã ∼ d(σ − τ), the sphere simi-
larly gets rotated in time, resulting in angular momentum proportional to the amount of
twisting around the S1. Since the S2 descends from the spatial sphere at infinity in four
dimensions, this equals the 4d angular momentum of the 4d multicentered solution. In
the dual CFT, it translates to SU(2)R charge.

The σ → σ + 2π circle smoothly connects to the asymptotic M-theory circle in the orig-
inal asymptotically flat geometry. Fermions must be periodic around this circle, as an-
tiperiodic fermions would produce a nonzero vacuum energy. Therefore we have periodic
boundary conditions for the fermions on the AdS3 boundary circle, so the supersymmetric
black hole configurations we are describing must correspond to supersymmetric states in
the Ramond sector of the boundary CFT.

45



Chapter 3 - Multicentered Solutions

It is not true, however, that all multicentered solutions with total charge (0, pA, qA, q0)
give rise to such asymptotic AdS3×S2 attractor geometries8 in the decoupling limit. For
example D4-D4 2-centered solutions (i.e. p0

1 = p0
2 = 0) turn out to have equilibrium sepa-

rations in the original coordinates scaling as |~x1−~x2| ∼ 〈Γ1,Γ2〉`5. The different scaling
compared to the case with nonzero D6-charges is due to the fact that now argZ1 → 0 in
the decoupling limit. In the rescaled coordinates (3.30) the separation diverges, so these
multicentered solutions therefore do not fit in the asymptotic AdS3 × S2 × X attractor
geometry associated to the total M5 charge pA. Rather, they give rise to two mutually
decoupled AdS3 × S2 ×X attractor geometries associated to the two individual centers.
More elaborate configurations of this kind are possible too, for instance consisting of
two clusters each with zero net D6-charge, but containing themselves more centers with
nonzero D6-charge. The centers within each cluster will have rescaled coordinate sepa-
rations of order 1, while the mutual separation between the clusters diverges like `−2

5 in
these coordinates.

These D4-D4 type BPS bound states exist in regions of Kähler moduli space separated
from the overall M5 attractor point Y A = pA/U by a wall of marginal stability. They
correspond to ensembles of BPS states of the MSW string which exist at certain values
of the Y A but not at the attractor point. Their interpretation in the AdS-CFT context is
therefore less clear — we will return to this in section 5.4.3.

In the following we wish to focus on solutions which do correspond to a single asymptotic
AdS3 × S2 in the decoupling limit, and in particular find practical criteria to determine
when this will be the case. We will proceed by rescaling coordinates as in (3.30) and
carefully studying the behavior of the solutions when `5 → 0. As the explicit form of
the multicenter solutions is rather complicated we will first make the dependence on `5
more clear by pulling it out through a rescaling of the variables in section 3.2.1. After this
rescaling the dependence on `5 will simply be an overall factor in the metric as described
above and a dependence left in the equilibrium distance between the centers and the con-
stant terms of the harmonic functions. Once we have this simple form we will take the
decoupling limit by sending `5 → 0. We calculate the asymptotics and some quantum
numbers in sections 3.2.3 and 3.2.4 and finally we will discuss when the decoupling limit
is well defined (in the sense that we do get a single asymptotically AdS3 × S2 geometry
when `5 → 0) in section 3.2.5.

3.2.1 RESCALING

As discussed above, to take the decoupling limit we want to work with the rescaled coor-
dinates, xi,

xi = `35 xi . (3.37)

8Despite the nontrivial twist of the S2, we will still loosely refer to the asymptotic geometry as AdS3 ×S2.
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Furthermore we want to extract a factor of `5 out of the 5d metric. As the multicen-
ter solutions are rather complicated we will here first simplify the dependence on `5 by
redefining various quantities. In the rescaled coordinates it is natural to define rescaled
harmonic functions, H,

H = `
3/2
5 H =

∑
a

Γa√
R |x− xa|

− 2`3/25 Im(e−iαΩ)|∞ . (3.38)

It is not difficult to verify that all functions appearing in (3.10) are actually homogenous
under the rescaling of the coordinates and harmonic functions given above. For instance

yA(H) = `
−3/2
5 yA(H) ,

Q(H) = `−3
5 Q(H) , (3.39)

L(H) = `
−9/2
5 L(H) ,

Σ(H) = `−3
5 Σ(H) .

The scaling of ω is a little more subtle. Here one has to take into account that the ? scales
as well since the flat 3d metric scales as `−6

5 under the coordinate rescaling. This implies

?x = `
3(3−2p)
5 ?x , (3.40)

for the ? acting on a p-form . So from its equation of motion (3.10) we see that

ω(H, dx,
√
G4) = `

−3/2
5 ω(H, dx, R−1/2) , (3.41)

where the factor `3/25 out of
√
G4 = `

3/2
5√
R

is essential.

Note that the 4d metric from (3.5) scales as

ds2
4d(H, dx,

√
G4) = `−3

5 ds2
4d(H, dx, R−1/2) . (3.42)

Finally there are also some fields that remain invariant under the rescaling:

tA(H) = tA(H) (3.43)

ω0(H, dx,
√
G4) = ω0(H, dx, R−1/2) (3.44)

A(H, dx,
√
G4) = A(H, dx, R−1/2) . (3.45)

It is clear from the discussion above that the whole solution transforms homogeneously
under the rescaling of the coordinates and the redefinition of the harmonic functions.
In fact our solutions in rescaled coordinates take exactly the same form as the original
solutions in Section 3.1, with the only changes being the replacement of

√
G4 withR−1/2

and H with H everywhere. For the readers convenience we provide the explicit rescaled
form of the solutions in Appendix C.

47



Chapter 3 - Multicentered Solutions

The 5d metric in these coordinates now has a prefactor `25

1
`25
ds2

5d = 2−2/3Q−2

[
−(H0)2(

√
Rdt+ ω)2 − 2L(

√
Rdt+ ω)(dψ + ω0)

+ Σ2(dψ + ω0)2

]
+ 2−2/3RQdxidxi . (3.46)

Otherwise, the only appearance of `5 is through the harmonic functions H in (3.38). It
enters there in two ways. First, through the constant terms

− 2`3/25 Im(e−iαΩ)|∞ , (3.47)

where it is important to recall that Ω|∞ also depends on `5 as JA∞ is related to `5 by 4J3
∞

3 =(
R
l5

)3

. Secondly, the equilibrium positions xi of the charged centers are determined by
the consistency condition

〈Γa,H〉|xa = 0 . (3.48)

By this equation they depend on the constant part of the harmonics and thus `5. We will
elaborate in detail on this dependence in the next subsection when we consider the `5 → 0
limit.

From this point onwards we will always be working with rescaled coordinates (unless we
explicitly state otherwise). Hence, for notational simplicity we will revert to original
notation (e.g. Σ, ds2

4d, x, H) though we will be referring to the rescaled expressions (e.g.
Σ(H), ds2

4d(H, dt, dx, R−1/2), x, H). Hopefully this will not lead to excessive confusion.

3.2.2 DECOUPLING

Having rewritten our solutions in a rescaled form where the `5 dependence is transparent
(see e.g. (C.5)) we can consistently take the decoupling limit, `5 → 0, while keeping
R, t, xi, ψ, ṼM and Γi fixed. As mentioned before, in the rescaled variables `5 only ap-
pears through the constants in the harmonic functions so taking the limit `5 → 0 will leave
the whole structure of the solution invariant except for replacing the harmonic functions
by their limiting form. Changing `5 also effects the equilibrium distances of the centers,
xa, in the solution due to the appearance of the constant terms in the constraint equation
(3.12). In general the equilibrium distances will vary in a rather complicated (and not
unique) way. Some interesting examples will be discussed explicitly in section 3.4.

Let us now examine the dependence on `5 in the small `5 regime. The constant terms of
the rescaled harmonic functions are

h = −2`3/25 Im(e−iαΩ)|∞ , (3.49)
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where Ω = − eB+iJq
4J3
3

and JA|∞ = R
2l5
Y A|∞. We can write those constant terms in an

expansion for small `5 as

h0 = h0
(4)

`45
R5/2

+O(`65) ,

hA = hA(2)

`25√
R

+ hA(4)

`45
R5/2

+O(`65) , (3.50)

hA = h
(2)
A

`25√
R

+ h
(4)
A

`45
R5/2

+O(`65) ,

h0 = −R
3/2

4
+ h

(2)
0

`25√
R

+ h
(4)
0

`45
R5/2

+O(`65) ,

where the leading terms are9

h0
(4) = 8

pY B − qY
pY Y

|∞ ,

hA(2) = Y A∞ , (3.51)

h
(2)
A = (Y B)A|∞ +

Y 2
A

pY 2
(qY − pY B)|∞ ,

h
(2)
0 =

1
2
Y B2|∞ +

BY 2

pY 2
(qY − pY B)|∞ + 2

(qY − pY B)2

(pY 2)2
|∞ .

So in the limit `5 → 0 all the constants in harmonics are sent to zero except for the one in
the D0 harmonic H0 which reads

h0 → −R
3/2

4
. (3.52)

The equilibrium distances also depend on the asymptotic moduli through (3.11). These
constraints can be written in the form∑

b

〈Γa,Γb〉√
R |xa − xb|

= −〈Γa, h〉 . (3.53)

So from the behavior (3.52) we see that in the decoupling limit `5 → 0 the consistency
conditions (3.11) become ∑

b

〈Γa,Γb〉
|xa − xb| = −p

0
a

4
R2 . (3.54)

9To keep the formulas in (3.50) readable we suppressed the various indices and contractions, these formulas
should all be read as e.g. XY Z = DABCX

AY BZC , (XY )A = DABCX
BY C , XY = XAY

A .
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Summarized, the decoupling limit corresponds to replacing the harmonic functions by

H0 =
∑
a

p0
a√

R |x− xa|
,

HA =
∑
a

pAa√
R |x− xa|

, (3.55)

HA =
∑
a

qaA√
R |x− xa|

,

H0 =
∑
a

qa0√
R |x− xa|

− R3/2

4
.

Furthermore the equilibrium distances are now determined by the equations (3.54).

Note that this limit is similar to the usual near horizon limit, but not quite the same, since
we are not simply dropping all constant terms from the harmonic functions. A similar
situation was encountered for instance in [75], where a similar decoupling limit is defined
for the three charge super tubes.

It is useful to note that although under the decoupling limit the D0 constant goes to a
fixed non vanishing value, this constant can, however, be removed by the following formal
transformations

H0 → H0 +
R3/2

4

L → L+
R3/2

4
(H0)2 (3.56)

t → v = t− R

4
ψ

As this is the only effect of the constant term in the D0-brane harmonic function, we can
set it to zero while replacing t by v = t − R/4 ψ and making a shift in L at the same
time. This is sometimes technically convenient.

3.2.3 ASYMPTOTICS

Now that we have implemented the decoupling limit we want to study the new asymptotics
of these solutions. This is completely determined by the asymptotics of the harmonic
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functions. For r →∞ the harmonic functions (3.55) can be expanded as

H0 → R−1/2 e · d0

r2
,

HA → R−1/2

(
pA

r
+
e · dA
r2

)
, (3.57)

HA → R−1/2

(
qA
r

+
e · dA
r2

)
,

H0 → R−1/2

(
q0

r
+
e · d0

r2

)
,

where we have put the constant in H0 to zero by the procedure explained at the end of the
last subsection. In our notation

d :=
∑
a

Γa xa (3.58)

is the dipole moment and ~e = ~x
r , r = |x|, is the normalized position vector that gives the

direction on the S2 at infinity. Note that for H0 the dipole term is leading as we take the
overall D6 charge zero; the same is true for HA if the total D2 charge is zero. As we will
only consider cases of non-vanishing overall D4 charge here the dipole term is always
subleading.

In studying the asymptotics of the physical fields it will be most straightforward to work
in a coordinate system where d0 lies along the z-axis. In this case

e · d0 = cos θ|d0| , (3.59)

with the standard spherical coordinates (θ, φ). To simplify the notation we will often
write just d0 for |d0|; it should be clear from the context when the vectorial quantity is
intended and when the scalar. Note that the different dipole moments don’t have to align
so in general there is no simple expression for e.g. e · dA in this coordinate system.

In the decoupled geometry the d0 plays a distinguished role as it is proportional to the
total angular momentum of the system. To see this we start from the stability condition in
the decoupled theory, (3.54), multiply by xb and sum over b (note that this still is a vector
identity):

J =
1
2

∑
a 6=b

〈Γa,Γb〉xb
|xa − xb| =

R2

8

∑
a

p0
axa =

R2

8
d0 . (3.60)

From the above asymptotic expansion of the harmonics (3.57), we can determine the
asymptotic behavior of all the fields and functions appearing in our solution. First, let us
determine the large r expansion of the functions yA. These are given in the form of a
quadratic equation which can be solved in a 1/r expansion as

yA = HA −H0DABHB − 1
2

(H0)2DFADFBCD
BDHDD

CEHE +O(
1
r4

) , (3.61)
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where we defined
DAB = (DABCH

D)−1 . (3.62)

Armed with this expression for yA we compute

DABCy
AyByC = DABCH

AHBHC − 3H0HAHA

+
3
2

(H0)2HAD
ABHB +O(

1
r6

) .
(3.63)

We can now evaluate the 1/r expansion of the coefficient Σ2

Q2 appearing in front of dψ2 in
the metric

Σ2

Q2
=
(
HAD

ABHB − 2H0

)(DABCH
AHBHC

3

)−1/3

+O(
1
r

) . (3.64)

The expansion of L is straightforward, and the expansion for Q follows directly from
(3.63). The last non-trivial expansions to be calculated are those of ω and ω0. For those
the following result is convenient: for any vector ni ∈ R3 one has

d

(
εijkn

irjdrk

r3

)
= − ∗3 d

(
niri

r3

)
. (3.65)

In particular we find that

ω0 = −εijk (d0)irjdrk

r3
+O(

1
r2

) = − sin2 θd0

r
dφ+O(

1
r

) , (3.66)

where in the last equality we used our choice to take the z axis to be along the D6 dipole
moment d0. We will not need the explicit form of ω because its leading term goes like
O(r−2). This follows from the asymptotic form of the equations of motion

dω =
√
R ?

(
−h0dH

0 +O(
1
r4

)
)
, (3.67)

where we have once more shifted the D0 constant term to zero; see the end of section
3.2.2 for the details.

We are now ready to spell out the asymptotic expansion of the metric. We start from
(3.46), use the expansions computed above and replace t by v to compensate for shifting
the D0 constant h0. The result one gets up to terms of order10 O( 1

r ) is

ds2
5d =− rR

U
dvdψ +

U−4

4

[
−R2(d0)2dv2

+ 2R
(
e · dADABCp

BpC

3
− pAqAd

0 cos θ
3

)
dvdψ +Ddψ2

]
(3.68)

+ U2 dr
2

r2
+ U2

(
dθ2 + sin2 θ (dφ+ Ã)2

)
+O(

1
r

) .

10In this power counting we considerO(dr) = O(r).
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Here we introduced the notation

v = t−R/4ψ , U3 =
p3

6
,

D =
p3

3
(
DABqAqB − 2q0

)
, Ã =

J

Jmax

2v
R
.

(3.69)

We used the relation between the D6-dipole moment d0 and the angular momentum J

given by (3.60) and the fact that there is a maximal angular momentum Jmax = U3

2 .
Note that π2D = S(Γt)2, so D is the discriminant of the total charge. With a coordinate
transformation to a new radial variable ρ one can show that the angular dependent part in
the second term of 3.68 is really further subleading. The coordinate ρ is given by

ρ2

4U2
= −U

−4

2
R

(
e · dADABCp

BpC

3
− pAqAd

0 cos θ
3

)
+
R

U
r . (3.70)

In this new radial coordinate the expansion in large ρ takes the following form

ds2
5d = − ρ2

4U2
dvdψ +

U−4

4
[−R2(d0)2dv2 +Ddψ2

]
+ 4U2 dρ

2

ρ2
(3.71)

+U2
(
dθ2 + sin2 θ (dφ+ Ã)2

)
+O(

1
ρ2

) .

Using the expansion formulas derived above it is straightforward to calculate the asymp-
totics of the gauge field and the scalars. Putting everything together we see that the solu-
tion asymptotes to

ds2
5d = − ρ2

4U2
dvdψ +

U−4

4
[−R2(d0)2dv2 +Ddψ2

]
+4U2 dρ

2

ρ2
+ U2

(
dθ2 + sin2 θ (dφ+ Ã)2

)
+O(

1
ρ2

) , (3.72)

AA5d = −pA cos θdα+DABqBdψ +O(
1
ρ2

) , (3.73)

Y A =
pA

U
+O(

1
r2

) . (3.74)

It is clear that the metric is locally asymptotically AdS3×S2 with RAdS = 2RS2 = 2U .
We have kept track of some subleading terms as they will be important in reading off
quantum numbers in the next section. Note that we have in fact a nontrivial S2 fibration
over AdS3 described by the flat connection Ã = J

Jmax
( 2dt
R − dψ

2 ). As Ã depends on the
time coordinate we see that as time progresses the sphere rotates, implying the solution
has angular momentum as expected. In the same way, going once around the M-theory
circle, i.e. ψ → ψ + 4π, induces a rotation of 2πJ

Jmax
along the equator11 of the S2.

The explicit coordinate transformation bringing the above metric in the form (3.31) after
dropping the subleading terms will be given below.

11Remember we chose the canonical “z-axis” of our spherical coordinates along the total angular momentum
of the solution.
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3.2.4 CFT QUANTUM NUMBERS

In this subsection we will perform an analysis of the asymptotic conserved charges of the
decoupled solutions. As we now have an asymptotic AdS geometry we can use the well
developed technology for these spaces. In our case of AdS3 a nice review can be found
in [76]. The asymptotic charges as determined from the supergravity side can later be
compared to various quantum numbers in the boundary CFT.

To proceed we first rewrite everything asymptotically in terms of a three dimensional
theory on AdS3 by reducing over the asymptotic sphere spanned by (θ, φ). Reducing five
dimensional N=1 supergravity over the S2 will result in a three dimensional theory with
an SU(2) gauge group in addition to gravity (in an AdS3 background) and theU(1) vector
multiplet fields that descend from five dimensions. The metric of the reduced theory is

ds2
3d = − ρ2

4U2
dvdψ +

U−4

4
[−R2(d0)2dv2 +Ddψ2

]
+ 4U2 dρ

2

ρ2
. (3.75)

This can be put it into a standard form for the asymptotic expansion around AdS3 by the
coordinate transformations

ρ2 =
e
η
U 4U2

R
, dv = −R

2
dw̄ , dψ = 2dw . (3.76)

These are related to the coordinates τ, σ we used in (3.31)-(3.34) by w = σ + τ , w̄ =
σ − τ . After Wick rotating τ → iτ , these become the standard conjugate holomorphic
coordinates on the boundary cylinder, with periodicity 2π. The metric reads

ds2
3d = dη2 + e

η
U dwdw̄ +

1
U4

(
Ddw2 − R4(d0)2

16
dw̄2

)
, (3.77)

which has the standard form ds2
3d = dη2 +(e

2η
RAdS g

(0)
ij +g

(2)
ij )duiduj . We can now apply

the formulas [76]:

T grav
ww =

1
8πG3RAdS

g(2)
ww , (3.78)

T grav
w̄w̄ =

1
8πG3RAdS

g
(2)
w̄w̄ .

In our case this becomes12

T grav
ww =

D
8πU3

, (3.79)

T grav
w̄w̄ =

−R4(d0)2

8π 16U3
.

12We used G3 =
`35

2R2
S2

. Note furthermore that the definitions (3.78) are given in unrescaled variables so

that both RAdS and RS2 carry a factor `5. Thus when rescaling gij → `25gij all factors of `5 drop out of the
energy momentum tensor. This is as expected since we defined our limit in such a way as to ensure that these
energies stay finite as `5 → 0.
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Apart from the metric, there are also gauge fields: the SU(2) gauge field coming from the
reduction of the metric on S2 and the U(1) vectors of the 5d supergravity. These gauge
fields do contribute to the asymptotic energy momentum tensor because the 5-dimensional
action contains a Chern-Simons term involving them. Here we will just present the results
of the derivation that is detailed in appendix D. The contribution of all the different gauge
fields to the energy momentum is given by

T gauge
ww =

1
4π

[
(pA qA)2

p3
− (qADABqB)

]
,

T gauge
w̄w̄ =

1
4π

(pA qA)2

p3
+
R4

8π
(d0)2

16U3
.

(3.80)

So by combining (3.79) and (3.80), we see that the total energy momentum tensor is:

Tww =
1

4π

(
(pA qA)2

p3
− 2q0

)
, Tww̄ = 0 , Tw̄w̄ =

1
4π

(pA qA)2

p3
. (3.81)

The Virasoro charges (L0)cyl and (L̃0)cyl on the cylinder are obtained from the energy-
momentum tensor as

(L0)cyl =
∮
dw Tww =

(pA qA)2

2p3
− q0 ,

(L̃0)cyl =
∮
dw̄ Tw̄w̄ =

(pA qA)2

2p3
, (3.82)

where the contour integral is taken along a contour wrapped once around the asymptotic
cylinder, i.e. w → w + 2π. These are related to the standard Virasoro charges on the
z = eiw-plane by the transformations

L0 = (L0)cyl +
c

24
, L̃0 = (L̃0)cyl +

c

24
, (3.83)

with c the Brown-Henneaux central charge:

c =
3RAdS

2G3
= p3. (3.84)

These are exactly the quantum numbers of the BPS states of the dual CFT in the Ramond
sector as determined in [16, 77], confirming our earlier assertion under (3.36). Naively
one might have thought that the BPS condition would require L̃0 = c/24. That this is
not so follows from the particular structure of the (0, 4) theory under consideration. It
has, besides the usual (0, 4) superconformal algebra, several additional U(1) currents, as
well as additional right-moving fermions — these are superpartners of the center of mass
degrees of freedom of the original wrapped M5-brane description. As was analyzed in
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[16, 77], the BPS conditions involve the right-moving fermions in a non-trivial way, and
this modifies the BPS bound into L̃0 ≥ (pA qA)2

2p3 + p3

24 , consistent with our result above.

Often, it is more convenient to work with different but closely related quantum numbers,
L′0 and L̃′0, and similarly (L′0)cyl and (L̃′0)cyl, which are obtained from the original ones
by subtracting out the contributions of the zero modes of the additional currents, so only
the oscillator contributions remain. In our case they are given by [16]:

L′0 −
c

24
= (L′0)cyl = −q̂0 := −(q0 − 1

2
DABqAqB) ,

L̃′0 −
c

24
= (L̃′0)cyl = 0 . (3.85)

These reduced quantum numbers are in many cases more convenient. They are spectral
flow invariant, and when we want to use Cardy’s formula to compute the number of states
with given U(1) charges, we can simply use the standard Cardy formula with L0, L̃0

replaced by L′0, L̃
′
0. The reduced quantum numbers also have a simple interpretation

in the AdS/CFT correspondence. They represent the contributions to L0, L̃0 from the
gravitational sector, ignoring the additional contributions from the gauge fields.

The total energy and momentum, in units of 1/R, are given by

H = (L0)cyl + (L̃0)cyl =
(pA qA)2

p3
− q0, P = (L0)cyl − (L̃0)cyl = −q0 , (3.86)

and the reduced energy and momentum by

H ′ = (L′0)cyl + (L̃′0)cyl = −q̂0, P ′ = (L′0)cyl − (L̃′0)cyl = −q̂0 = H ′ . (3.87)

The energy H can be seen to equal the BPS energy E = |Z|√
G4

of a D4-D2-D0 particle in
a 4d asymptotically flat background with JA → ∞pA, BA = 0, with the diverging part
subtracted off. The reduced energy is the same but now at BA = DABqB .

Finally, the SU(2)R charge can be read off from the sphere reduction connection appear-
ing in the metric (3.31). In general it is given by

JI0 =
∮
dw̄

2π
JIw̄ =

c

12

∮
dw̄

2π
AIw̄ . (3.88)

Details are given in appendix D. Thus the SU(2)R charge equals the four dimensional
angular momentum:

J0 =
R2d0

8
= J , (3.89)

where we used (3.60). This is as expected, since the S2 descends from the spatial sphere
at infinity in four dimensions.
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Figure 3.3: This figure is an example of an attractor tree that exists in flat space but that will not
survive in the decoupling limit, because the starting point of the split flow will move towards J =∞
and hence cross a wall of marginal stability and decay.

3.2.5 EXISTENCE AND ATTRACTOR FLOW TREES

Not all choices of charges Γa give rise to multicentered solutions in asymptotically flat
space at finite R/`5. Of those which do, not all survive the decoupling limit R/`5 →∞.
And of those which survive, not all give rise to a single AdS3 × S2 throat.

As reviewed in section 3.1.6, in four dimensional asymptotically flat space, the well sup-
ported split attractor flow conjecture states there is a one to one correspondence between
attractor flow trees and components of the moduli space of multicentered solutions. In
particular, the existence of flow trees implies the existence of corresponding multicen-
tered configurations, which can be assembled or disassembled adiabatically by dialing
the asymptotic moduli according to the flow tree diagram. By the uplift procedure we
followed, the same correspondence holds for five dimensional solutions asymptotic to
R1,3 × S1 with a U(1) isometry corresponding to the extra S1.

The 4d Kähler moduli scalars JA are related to the five dimensional normalized Kähler
scalars Y A and the radius R of the circle by

JA =
R

2`5
Y A (3.90)

and the four dimensional B-field moduli BA equal the Wilson lines around the S1 of the
five dimensional gauge fields. Asymptotically R1,3×S1 solutions surviving the R/`5 →
∞ limit thus correspond to 4d flow trees surviving the JA → ∞Y A limit. Figure 3.3
gives an example of a class of flow trees not surviving in this limit.

Now, not all asymptotically R1,3×S1 configurations surviving in the limit fit into a single
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AdS3×S2 throat. For example D4-D4 bound states have center separations of order p3 `5
in the original coordinates (see appendix D of [3]) , whereas multicentered configurations
which do fit into an asymptotic AdS3×S2 throat have separations of order p3`35/R

2. The
diverging hierarchy between these distance scales in the decoupling limit R/`5 → ∞ is
manifest in the rescaled consistency condition (3.54) in the decoupling limit: for two D4
centers (or more generally clusters) with non-vanishing mutual intersection product, the
(rescaled) equilibrium separation is infinite.

To understand this more systematically let us consider the fate of attractor trees in the
decoupling limit. Looking at the asymptotics (3.31)-(3.34) of the decoupled solutions,
we see that the value of Y A at the boundary of AdS is proportional to pA, and that the
θ-averaged Wilson line 1

4π

∮
AA5d, equals DABqB . This suggest asymptotic AdS3 × S2

solutions correspond to 4d attractor flow trees with starting point at the “asymptotic AdS3

attractor point”
BA + iJA = DABqB + i∞pA. (3.91)

As a test of this suggestion, note that, as pointed out in [9], this eliminates flow trees
initially splitting into two flows carrying only D4-D2-D0 charges, and therefore config-
urations of two D4 clusters with nonvanishing intersection product, which as we just
recalled indeed do not fit in a single AdS3×S2 throat in the decoupling limit. To see this,
it suffices to compute for Γa = (0, pAa , q

a
A, q

a
0 ) at BA = DABqB , JA = ΛpA, Λ→∞:

〈Γ1,Γ2〉Im(Z1Z̄2) = −3
8

(pA1 q
2
A − pA2 q1

A)2 +O(Λ−1) < 0. (3.92)

This inequality (valid when 〈Γ1,Γ2〉 6= 0) implies that the initial point can never be on
the stable side of a wall of marginal stability, and hence a flow tree with this initial split
cannot exist. Initial splits involving nonzero D6-charge on the other hand are not excluded
in this way, consistent with expectations.

Thus, we arrive at the following

Conjecture: There is a one to one correspondence between (i) components of the moduli
space of multicentered asymptotically AdS3×S2 solutions with a U(1) isometry and (ii)
attractor flow trees starting at JA = pA∞ and BA = DABqB .

In what follows we will refer to this special point in moduli space as the AdS point. It is
worth pointing out that the AdS point may lie on a wall of threshold stability,13 as defined
in appendix B, for which the inequality (3.92) may become an equality. As discussed

13Note that it cannot lie on a wall of marginal stability Γ → Γ1 + Γ2: if the constituents have nonzero D6-
charge, these D6-charges have to be opposite in sign, so in the J →∞ limit, the central charges cannot possibly
align; if the constituents have zero D6-charge, (3.92) shows that their central charges cannot align either if their
intersection product is non-vanishing.
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there, the solution space becomes non-compact in this case, in the sense that constituents
can be moved off to infinity — in this case to the boundary of AdS. An example is given by
(B.3): since the overall D2-charge vanishes, the AdS point lies on the line B = 0, which
is a line of threshold stability for splitting off the D0. The flow tree becomes degenerate
as well, as it splits in a trivalent vertex. Keeping this in mind, the flow tree picture remains
valid.

Finally, we should comment on our choice of B-field value for the AdS point. In general,
the actual value of BA at the boundary of AdS depends on the angle θ with the direction
of the total angular momentum:

BA|∂AdS =
1

4π

∮
A5d = DABqB − cos θ

J

2Jmax
pA. (3.93)

Hence there is a significant spread of the actual asymptotic value of the B-field, propor-
tional to the total angular momentum, which moreover grows with p. Although natural,
it is therefore not immediately obvious that picking the average value (or equivalently the
value at θ = π

2 ) as starting point is the right thing to do, and this is why our conjecture
above is not an immediate consequence of the split attractor flow conjecture.

3.3 SOME DECOUPLED SOLUTIONS

To explore what AdS/CFT can tell us about the states dual to the solutions introduced in
Section 3.1.2 we will briefly describe the decoupling limit for some simple, but interest-
ing multicentered configurations. The first example is rather straightforward as we show
how the well known case of a single centered black hole/string fits in our more general
story. Afterwards we discuss two 2-center systems of interest. First, we show that the
decoupling limit of a purely fluxed D6−D6 bound state is nothing but global AdS3×S2

and we discuss the link of this interpretation with spectral flow in the CFT. Second we
analyze configurations leading to the Entropy Enigma of [9] in asymptotic AdS space. In
the Section 5.3 we will show how the Entropy Enigma translated to 5d coincides with a
well know instability of small AdS black holes.

Note that from here on we put R ≡ 1.

3.3.1 ONE CENTER: BTZ

In the case of a single black string we expect to reproduce the standard BTZ black hole
(times S2) as the decoupled geometry [28]. As a check on our results we show that this
is indeed the case and that the entropy of the BTZ black hole corresponds to the one of
the 4d black hole/5d black string we took the decoupling limit of. Given an M5M2P
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black string of charge (0, pA, qA, q0) one can easily calculate that the metric (3.46) in the
decoupling limit is

ds2 =
r

U

[
−dtdψ +

1
4

(
1 +

1
rU3

(
S

π

)2
)
dψ2

]
+
U2dr2

r2
+ U2dΩ2

2 , (3.94)

where

S = 4π

√
−q̂0p3

24
, q̂0 = q0 − 1

2
DABqAqB , (3.95)

is the entropy of the 4d black hole. It is clear that this is indeed of the asymptotically local
AdS3×S2 form as found above. But in this case the full geometry, including the interior,
is actually locally AdS3×S2. To see this perform the coordinate transformation

ψ = 2(t+ α) , r = U(ρ2 − ρ2
∗) and ρ∗ =

S

πU2
, (3.96)

to put this metric (3.94) into its well known BTZ form:

ds2 = − (ρ2 − ρ2
∗)

2

ρ2
dt2 +

4ρ2U2

(ρ2 − ρ2
∗)2

dρ2 + ρ2(dα+
ρ2
∗
ρ2
dt)2 + U2dΩ2

2 . (3.97)

This is the geometry of a sphere times an extremal rotating BTZ black hole and as is well
known [78], this can be viewed as a quotient of AdS3×S2. Calculating the Bekenstein
Hawking entropy of this BTZ black hole we find:

SBH =
2πρ∗
4G3

= S , (3.98)

in agreement with our expectations.

Note that the horizon topology is S1 × S2, so from the 5d point of view we have a black
ring.

3.3.2 TWO CENTERS: D6−D6 AND SPINNING ADS3×S2

The first new configurations appear by taking the decoupling limit of 2-center bound
states. As follows from the constraint (3.54), only 2-centered solutions where the centers
carry (opposite) non-vanishing D6 charge exist in asymptotic AdS3×S2 space. Such
centers sit at a fixed distance completely determined by their charges:

r12 =
−4〈Γ1,Γ2〉

p0
1

. (3.99)

In general in the bulk the solution is now fully five-dimensional, mixing up the asymptotic
sphere and AdS geometries in a complicated way.
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The simplest two centered configuration is that of a bound state of a pure D6 and D6
carrying only U(1) flux, say F = ±p2 . The two charges are then:

Γ1 = e
p
2 = [1,

1
2
,

1
8
,

1
48

] ,

Γ2 = −e− p2 = [−1,
1
2
,−1

8
,

1
48

] , (3.100)

where we introduced the following notation for (D6,D4,D2,D0)-charges:

[a, b, c, d] := (a, b pA, cDABCp
BpC , dDABCp

ApBpC) . (3.101)

We now show that the lift of such a 2-centered configuration in the decoupling limit yields
rotating global AdS3×S2. In this limit the harmonic functions are:

H0 =
1

|x− x1| −
1

|x− x2| ,

HA =
pA

2

(
1

|x− x1| +
1

|x− x2|
)
, (3.102)

HA =
DABCp

BpC

8

(
1

|x− x1| −
1

|x− x2|
)
,

H0 =
p3

48

(
1

|x− x1| +
1

|x− x2|
)
− 1

4
.

The equilibrium distance, solution to (3.54), is given by:

|x1 − x2| =
2 p3

3
=: 4U3 . (3.103)

After a change of coordinates (see also [79]):

|x− x1| = 2U3(cosh 2ξ + cos θ̃)

|x− x2| = 2U3(cosh 2ξ − cos θ̃) (3.104)

t = τ (3.105)

ψ = 2(τ + σ) ,

and letting φ be the angular coordinate around the axis through the centers (so the coor-
dinates (2ξ, θ̃, φ) are standard prolate spheroidal coordinates), the metric takes the simple
form:

ds2 = (2U)2(− cosh2ξ dτ2 + sinh2ξ dσ2 + dξ2)

+U2(sin2θ̃ (dφ+ Ã)2 + dθ̃2) ,
(3.106)

where
Ã = d(σ − τ). (3.107)
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The general asymptotic form (3.31) is obtained from this by the coordinate transformation
ξ = η

2U − lnU , θ̃ = θ and taking η →∞.

This metric describes an S2 fibration over global AdS3, with connection Ã. The connec-
tion is flat except at the origin, where it has a delta function curvature singularity. Hence
this is essentially a particular case of the geometries considered in [80, 81].14 The twist
of the sphere around the AdS3 boundary circle σ → σ + 2π is given by the Wilson line∮
Ã. In this case the twist equals a 2π rotation, in accordance with our general consid-

erations under (3.36) and the fact that the angular momentum J = p3/12 is maximal.
Translated to the CFT, this means we have maximal SU(2)R charge. Moreover, as ex-
plained under (3.36), fermions are periodic around the AdS3 boundary circle σ → σ+2π,
so this geometry corresponds, in a semi-classical sense, to a maximally charged R-sector
supersymmetric ground state.15

Since the twist amounts to a full 2π rotation of the sphere, the Wilson line can be removed
by a large gauge transformation, that is, a coordinate transformation on the S2,

φ→ φ′ = φ+ σ − τ , (3.108)

which brings the metric to trivial AdS3 × S2 direct product form, with Ã′ = 0. In
general, large gauge transformations of the bulk act as symmetries (or “spectral flows”)
of the boundary theory — in general they map states to physically different states. Here in
particular this large gauge transformation will affect the periodicity of the fermions, since
a 2π rotation of the sphere will flip the sign of the fermion fields. The fermions are then
no longer periodic, but antiperiodic around σ → σ + 2π — we are now in the NS sector
vacuum of the theory, consistent with the symmetries of global AdS3 with Ã = 0.16

In the dual (0, 4) CFT, this transformation acts as spectral flow generated by the SU(2)R
charge J3

0 . The charges discussed in section 3.2.4 transform under this symmetry as [84]:

L0 → L0 ,

L̃0 → L̃0 + 2εJ3
0 +

c

6
ε2 , (3.109)

J3
0 → J3

0 +
c

6
ε ,

with ε = 1/2 and c = p3. According to our general results (3.82) and (3.89), we get for

14For the case of AdS3 × S3 × Z, i.e. the (4,4) D1-D5 CFT, these geometries were further studied in detail
in [82, 83].

15There is of course a 2J + 1 dimensional space of such ground states in the CFT. Correspondingly, on the
gravity side, a spin J multiplet is obtained by quantizing the 2-particleD6−D6 system [17, 9], or equivalently
the solution moduli space. This and related topics are studied in the companion paper [4].

16Spelled out in more detail, for a fermion field ψ, we have in the old coordinates ψ(σ, φ, . . .) = ψ(σ +

2π, φ, . . .). Expressed in the new coordinates, this boundary condition is ψ(σ, φ, . . .) = ψ(σ + 2π, φ′ +

2π, . . .) = −ψ(σ + 2π, φ′, . . .), where in the last equality we used the fact that φ′ parametrizes rotations of
the sphere.
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Figure 3.4: In the upper left figure, the flow tree for the maximally entropic 2-centered configuration
at h = 0 is shown (i.e. u = 1/3). The other three figures show the total entropy as a function of
h for a number of uniformly spaced values of u between 0 and 1/2, at three different zoom levels
(and different u-spacings). The fat red line is the entropy of the BTZ black hole with the same total
charge.

the original geometry L0 = 0, L̃0 = p3/24, J3
0 = −p3/12. Applying the above spectral

flow, we obtain L0 = 0, L̃0 = 0, J3
0 = 0, as expected for the NS vacuum.

More general geometries corresponding to states in the NS sector, at least in the case
of axially symmetric solutions, can be obtained by applying the spectral flow coordinate
transformation (3.108) to the R sector solutions we have constructed.

3.3.3 ENIGMATIC CONFIGURATIONS

In [9] it was shown that there are some regions in charge space where the entropy cor-
responding to given total charges (with zero total D6 charge) is dominated not by single
centered black holes, but by multicentered ones. This phenomenon was called the Entropy
Enigma. For a short summary see [85].

Interestingly, these enigmatic configurations always survive the decoupling limit, because
their walls of marginal stability are compact, with the stable side on the large type IIA
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volume side. This is to be contrasted with the 4d asymptotically flat case at fixed values of
the asymptotic Kähler moduli; in this case, because the unstable region in Kähler moduli
space grows with p, the enigmatic configurations always disappear when p → ∞ as the
asymptotic moduli will eventually become enclosed by the wall of marginal stability. In
this sense, they are most naturally at home in the decoupled AdS3 × S2 setup under
consideration, where they persist for all p.

In [9] section 3.4, a simple class of examples was given, consisting of 2-centered bound
states with centers of equal entropy. However, this configuration is not the most entropic
one for the given total charge: the total entropy can be increased by moving charge from
one center to the other. The maximal entropic configuration is obtained when all entropy
is carried by one center only; this can be traced back to the fact that the Hessian of the
entropy function of a single black hole has some positive eigenvalues, making multi-
black hole configurations generically thermodynamically unstable as soon as charges are
allowed to be transported between the centers.

We have not been able to find other, more complicated configurations, involving more
centers, with more entropy.

Thus we consider two charges Γi = (p0, pA, qA, q0)i of the form

Γ1 = −e−up =
[
−1, u,−u

2

2
,
u3

6

]
(3.110)

Γ2 = p− h p3 − Γ1 =
[
1, (1− u),

u2

2
,−h− u3

6

]
, (3.111)

where we used the notation (3.101). The total charge of this system is

Γ = (0, pA, 0,−h p3) = [0, 1, 0,−h] . (3.112)

If the bound state exists, the angular momentum (3.18) and rescaled equilibrium separa-
tion (3.54) between the centers are, respectively

J =
1
4

(u2 − 2h)p3 , |~x1 − ~x2| = 2(u2 − 2h)p3 . (3.113)

The entropy is given by

S2c = S1 + S2,

S1 = 0, S2 =
π

3
p3

√
8( 1

2 − u)3 − 9( 1
3 − h− u+ u2

2 )2 . (3.114)

To get a bound state in the decoupling limit, the equilibrium separation in (3.113) must
of course be positive and the expression under the square root in (3.114) must be non-
negative. A more detailed analysis using attractor flow trees shows that if we also require
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u ≥ 0, these conditions are necessary and sufficient. (The latter condition is necessary to
prevent the wall of marginal stability to be enclosed by a wall of anti-marginal stability.)

The minimal possible value of h is − 1
24 , reached at u = 1

2 , where Γ2 = eup. This corre-
sponds to the pure fluxed D6 − D6 of section 3.3.2. The maximal value of h attainable
by the configurations under consideration is 9/128 ≈ 0.07.

The entropy for a single center of the same total charge (the BTZ black hole of section
3.3.1) is given by

S1c = 4π

√
−q0p3

24
=
π
√

2h p3

√
3

. (3.115)

One way of phrasing the Entropy Enigma is that in the limit p→∞ keeping q0 fixed, the
2-centered entropy is always parametrically larger than the 1-centered one,17 as the former
scales as p3, while the latter scales as p3/2. More generally this 2-centered parametric
dominance will occur whenever h = −q0/p

3 → 0. A short computation starting from
(3.114) shows that in this limit, the maximal 2-centered entropy is reached at u = 1/3,
with entropy and angular momentum

S2c =
π p3

18
√

3
≈ 0.100767 p3 , J =

p3

36
=
Jmax

3
. (3.116)

Indeed this entropy is manifestly parametrically larger than S1c when h → 0. More pre-
cisely the crossover point between one and two-centered dominance is at hc ≈ 0.00190622.
This is illustrated in fig. 3.4. The phase transition this crossover suggests will be discussed
further in section 5.3.1.

We should note that we have only analyzed a particular family of 2-centered solutions
here. A slight generalization would be to let both centers have nonzero entropy. However
this turns out to give a lower total entropy for the same total charge — for example in the
symmetric 2-centered case described in [9], the maximal attainable entropy is S = π p3

48 .
Similarly for other generalizations such as sun-earth-moon systems (see [9]), we were
unable to find configurations with higher entropy. We cannot exclude however that they
exist. If so, this would affect the precise value of the crossover point hc, but not its
existence.

All of these 2-centered solutions have nonvanishing angular momentum, except in the de-
generate limit of coalescing centers, when u2 = 2h. In this case the entropy is always less
than the single centered one, as it should be to not violate the holographic principle. One
might therefore suspect that the Entropy Enigma disappears when restricting to configu-
rations with zero angular momentum. This is not the case, however. A simple example
of a multicentered solution with zero angular momentum but entropy S ∼ p3 is obtained
as follows. Instead of one particle of charge Γ1 = −e−up orbiting around a black hole of

17Note that if q0 > 0, there is no single centered black hole, so then this statement is trivially true.
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charge Γ2 = Γ − Γ1, consider k > 1 particles of charge Γ1(u) = −e−up orbiting on a
halo around a black hole of charge Γ′2(k, u, h) = Γ(h)−kΓ1(u). Then by positioning the
particles symmetrically on their equilibrium sphere around the black hole, we get config-
urations of zero angular momentum, but with entropy still of order p3 at large p. This can
be extended quantum mechanically: quantizing these configurations using the technology
introduced in Chapter 4 (see also [17, 9, 4]), we get a number of spin zero singlets from
tensoring k spin j single particle ground states.

Note that the entropy of the k-particle configuration at given u and h can be related to that
of our original k = 1 solution by

S(k, u, h) = S(Γ′2(k, u, h)) =
1
k
S(Γ′2(1, ku, k2h)) =

1
k
S(Γ2(ku, k2h)) . (3.117)

The equilibrium separation between a Γ1(u) particle and the Γ′2 core, for given h and u,
does not depend on k, so

x12(k, u, h) = x12(1, u, h) =
1
k2
x12(1, ku, k2h) . (3.118)

From these relations, we can immediately deduce the existence conditions and maximal
entropy configuration for k > 1 particles using the results for the k = 1 case derived
above. In particular we see that the entropy is maximized at u = 1/3k, and for e.g. h = 0
equal to

S(1+k)c =
1
k
· π p

3

18
√

3
. (3.119)

Note that due to the factor k in the denominator, the k ≥ 2 (possible spin zero) configu-
rations are thermodynamically disfavored compared to the k = 1 (necessarily spinning)
configurations.

3.4 SOME SOLUTION SPACES

So far we have restricted our attention to one or two center configurations where the con-
straint equations (3.11) are essentially trivial. As mentioned in section 3.1.4 the solution
space is 2N − 2 dimensional so the two center case is two dimensional. For two centers
the inter-center separation is fixed by the constraint equation (see e.g. eqn. (3.99)) but
we still have the freedom to rotate the axis defined by the two centers giving an S2 as the
solution space (this is discussed further in section 4.3.2). For three centers the constraint
equations do not completely fix the distance between the centers and there is generally
a more complicated space of solutions. Some of these spaces can be characterized by
particular limit points. Scaling solutions spaces are characterized by containing so called
scaling solutions: solutions for which the inter-center coordinate space separation goes
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to zero. Another class of solutions enjoys the particular property of being (naively) non-
compact in that certain centers are allowed to go to infinity. We will review these here for
reference and then discuss their physics in more detail in the following chapters. We will
also describe more intricate “Dipole Halo” solutions with an arbitrary number of centers
that are nonetheless tractable. The latter have been considered in connection with black
holes [79] and we will have reason to revisit them later.

3.4.1 THREE CENTER SOLUTION SPACE

The three center solution space is four dimensional. Placing one center at the origin
(fixing the translational degrees of freedom) leaves six coordinate degrees of freedom but
these are constrained by two equations. This leaves four degrees of freedom, of which
three correspond to rotations in SO(3) and one of which is related to the separation of the
centers.

The constraint equations take the form

a

u
− b

v
=

Γ12

r12
− Γ31

r31
= 〈h,Γ1〉 =: α

b

v
− c

w
=

Γ31

r31
− Γ23

r23
= 〈h,Γ3〉 =: β (3.120)

in a self-evident notation. The nature of the solution space simplifies considerably if either
α or β vanish so let us first consider this case (if both vanish there is an overall scaling
degree of freedom and the centers are unbound). For definiteness we will take α = 0; we
also have

∑
p〈h,Γp〉 = 0 which implies 〈h,Γ2〉 = −β. Thus from (3.19) we find

~J =
β

2
r23ẑ (3.121)

with ẑ a unit vector in the ~x3 − ~x2 direction.

The solution has an angular momentum vector J i directed between the centers 2 and 3 and
the direction of this vector defines an S2 in the phase space which we will coordinatize
using θ and φ. The third center is free to rotate around the axis defined by this vector (since
this does not change any of the inter-center distances) providing an additionalU(1), which
we will coordinatize by an angle σ, fibred non-trivially over the S2. Finally the angular
momentum has a length which may be bounded from both below and above and this
provides the final coordinate in the phase space, j = | ~J |.
This construction is perhaps not the most obvious one from a spacetime perspective but,
as we will see in the next chapters, these coordinates are the natural ones to use when
quantizing the solution space as a phase space. When α = 0 it is clear from (3.121) that
j is a good coordinate on the solution space but this is not immediately obvious for the
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more complicated case of α 6= 0. This is nonetheless true and, as shown in Appendix A
of [4], this is always a good coordinatization of the three center solution space (though for
α 6= 0 the relation between (j, σ, θ, φ) and the coordinates ~xp is not as straightforward).

The quantization of these solutions is particularly interesting in certain cases where clas-
sical reasoning leads to pathologies. Before proceeding with quantization we will first
briefly review these solutions.

3.4.2 SCALING SOLUTIONS

As noted in [70] and [9], for certain choices of charges it is possible to have points in the
solution space where the coordinate distances between the centers goes to zero. Moreover,
this occurs for any choice of moduli so it is, in fact, a property of the charges alone.

Three center examples of such solutions occur as follows. We take the inter-center dis-
tances to be given by rab = λΓab +O(λ2) (fixing the order of the ab indices by requiring
the leading term to always be positive). As λ → 0 we can always solve (3.120) by
tweaking the λ2 and higher terms (we are no longer restricting to α = 0). The leading
behaviour will be rab ∼ λΓab but clearly this is only possible if the Γab satisfy the triangle
inequality. Thus any three centers with intersection products Γab satisfying the triangle
inequalities have this scaling property.

We will in general refer to such solutions as scaling solutions meaning, in particular,
supergravity solutions corresponding to λ ∼ 0. The space of supergravity solutions con-
tinuously connected (by varying the ~xp continuously) to such solutions will be referred to
as scaling solution spaces. We will, however, occasionally lapse and use the term scaling
solution to refer to the entire solution space connected to a scaling solution. We hope
the reader will be able to determine, from the context, whether a specific supergravity
solution or an entire solution space is intended.

These scaling solutions are interesting because (a) they exist for all values of the moduli;
(b) the coordinate distances between the centers go to zero; and (c) an infinite throat
forms as the scale factor in the metric blows up as λ−2. Combining (b) and (c) we see
that, although the centers naively collapse on top of each other, the actual metric distance
between them remains finite in the λ → 0 limit. In this limit an infinite throat develops
looking much like the throat of a single center black hole with the same charge as the total
charge of all the centers. Moreover, as this configuration exists at any value of the moduli,
it looks a lot more like a single center black hole (when the latter exists) than generic non-
scaling solutions. As a consequence of the moduli independence of these solutions it
is not clear how to understand them in the context of attractor flows; the techniques we
develop in Chapter 4 provide an alternative method to quantize these solutions that applies
even when the attractor tree does not.
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Unlike the throat of a normal single center black hole the bottom of the scaling throat
has non-trivial structure. If the charges, Γa, are zero entropy bits as described in section
3.1.5 (e.g. D6’s with abelian flux) then the 5-dimensional uplifts of these solutions will
yield smooth solutions in some duality frame and the throat will not end in a horizon but
will be everywhere smooth, even at the bottom of the throat. Outside the throat, however,
such solutions are essentially indistinguishable from single center black holes. Thus such
solutions have been argued to be ideal candidate “microstate geometries” corresponding
to single center black holes. In [9] it was noticed that some of these configurations, when
studied in the Higgs branch of the associated quiver gauge theory, enjoy an exponential
growth in the number of states unlike their non-scaling cousins which have only polyno-
mial growth in the charges.

3.4.3 BARELY BOUND CENTERS

We will be brief here as such configurations are not discussed further in this thesis (though
they are interesting and were treated in section 7 of [4]). For certain values of charges and
moduli it is possible for some centers to move off to infinity. Although this would normal
signal the decay of any associated states (as happens, for instance, for two centers at a
wall of marginal stability [59]) it turns out that this is not always the case. In particular,
it is important to distinguish between cases when centers are forced to infinity (marginal
stability) versus those where there is simply an infinite (flat) direction in the solution
space (threshold stability; see Appendix B). Although the first case clearly signals the
decay of a state, in the second case, when centers move off to infinity along one direction
of the solution space but may also stay within a finite distance in other regions of the
solution space, it is still possible to have bound states, as was demonstrated in [4]. Quite
essential to this argument is the fact that in some cases, although the solution space may
seem naively non-compact (in the standard metric on R2N−2), its symplectic volume is
actually finite and it admits normalizable wave-functions (whose expectation values are
finite). There are also cases with unbound centers where the symplectic form on the
solution space is degenerate and, in such cases, it is not clear if there is a bound state.
Such cases are not amenable to treatment by the methods developed here.

3.4.4 DIPOLE HALOS

So far we have restricted our analysis to some solutions with two or three centers. In
Chapter 6 we will have recourse to study solutions with many more centers. Solution
spaces corresponding to a large number of centers are only amenable to treatment using
methods developed in this thesis if they have a particular, highly symmetric, structure.
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In this section we will study an example of such a symmetric solution space. We con-
sider the D6-D6-D0 system, which seems closely related to the microstates of the D4-D0
black hole [79]. There exist such configurations with a purely fluxed D6-D6 pair and an
arbitrary number of anti18-D0’s. Depending on the sign of the B-field these D0’s bind to
the D6 or D6 respectively. When we take the B-field to be zero at infinity the system is at
threshold and the D0’s are free to move in the equidistant plane between the D6 and anti-
D6. This system and its behaviour under variations of the asymptotic moduli is studied in
detail in appendix B.

In Chapter 6 we will be interested in counting the number of states arising from such
configurations. As this number is independent of the asymptotic moduli (as long as we
don’t cross a wall of marginal stability) we are free to choose them such that the solution
space has its simplest form. The solution space (and particularly the symplectic form
on it) is easiest to analyse at threshold which, in our example, corresponds to B|∞ = 0
so we work at this point. More specifically we will work at the AdS point as we will
ultimately be interested in such configurations in asymptotically AdS3×S2 spaces. Thus
the asymptotic moduli, h, assume their decoupled value

h =
(

0, 0, 0,−R
3/2

4

)
(3.122)

with only the D0 constant, h0, non-vanishing.

For a set of D0’s with charges Γa = {0, 0, 0,−qa} with all the qa positive and
∑
a qa =

N , bound to a D6, Γ6 = (1, p2 ,
p2

8 ,
p3

48 ), and D6, Γ6̄ = (−1, p2 ,−p
2

8 ,
p3

48 ), the constraint
equations take the following form at threshold:

− qa
x6a

+
qa
x6a

= 0 (3.123)

− I

r66̄

+
∑
a

qa
x6a

= −β (3.124)

Here I = −〈Γ6,Γ6〉 = p3

6 is given in terms of the total D4-charge p of the system and
β = 〈Γ6, h〉 with I, β > 0. From the first line we indeed see the D0’s lie in the plane
equidistant from the D6 and D6, as we are at threshold, and so we can simply write
xa := x6a = x6a.

We will find a set of coordinates on this space which are very natural from the perspective
of quantization. In particular, the symplectic form (4.9) we introduce in Chapter 4 takes a
nice form in these coordinates. We define an orthonormal frame (û, v̂, ŵ) fixed to the D6-
D6 pair, such that the D6-D6 lie along the w axis and with the D0’s lying in the u-v plane.
Rotations of the system can then be interpreted as rotations of the (û, v̂, ŵ) frame with

18In our conventions it is anti-D0’s that bind to D4 branes. We will however often just refer to them as D0’s.
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Figure 3.5: The coordinate system used to parameterize the D6-D6-N D0 solution space. The
coordinates (θ, φ) define the orientation of the (û, v̂, ŵ) axis with respect to the fixed, reference,
(x̂, ŷ, ẑ) axis. The D6-D6 lie along the ŵ axis (with the origin between them) and the D0’s lie on
the û-v̂ plane at an angle φa from the û-axis. The radial position of each D0 in the û-v̂ plane is
encoded in the angle θa (between ~x66 and ~x6a).

respect to a fixed (x̂, ŷ, ẑ) frame. We will parameterize these overall rotations in the stan-
dard fashion by two angles, (θ, φ). We can furthermore specify the location of the a’th D0
with respect to D6-D6 pair by two additional angles, (θa, φa). The first angle, θa, is the
one between ~x66 and ~x6a, while φa is a polar angle in the u-v plane (see figure 3.5). Our
2N + 2 independent coordinates on solution space are thus {θ, φ, θ1, φ1, . . . , θN , φN}.
The standard Euclidean coordinates of the centers are then given in terms of the angular
coordinates by

~x6 =
j

β
ŵ û = cosφ x̂− sinφ ŷ

~x6 = − j
β
ŵ v̂ = sinφ cos θ x̂+ cosφ cos θ ŷ − sin θ ẑ

~xa =
j tan θa

β
(cosφaû+ sinφav̂) ŵ = sinφ sin θ x̂+ cosφ sin θ ŷ + cos θ ẑ

The angular momentum, j(θa, φa), is a function of the other coordinates rather than an
independent coordinate (when N = 1 it can be traded for θ1), and is given by

j =
I

2
−
∑
a

qa cos θa . (3.125)

In case N ≥ I/2, which we will refer to as the scaling regime, it is possible to combine
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a sufficient number of centers and form a scaling throat. To see that in the scaling regime
the centers can approach each other, let us place all the D0 charge at one center so q1 = N

and consider solutions of the form

x66̄ = λ I +O(λ2) x61 = λN +O(λ2) (3.126)

For small λ solutions of this form can always be found so long as N ≥ I/2; the latter
requirement coming from the fact that x66̄ and x61 are coordinate separations and must
satisfy triangle inequalities. As λ → 0 the coordinate distance between the centers goes
to zero and the centers coincide in coordinate space. In physical space, however, warp
factors in the metric blow up generating a deep throat that keeps the centers a fixed metric
distance apart even as λ→ 0. Outside of this arbitrarily deep throat the solutions is almost
indistinguishable from a D4D0 black hole. This regime is thus of great physical relevance
and e.g. in [79] it was conjectured to correspond to the deconstruction of a D4D0 black
hole.

This is discussed further in Chapter 6.
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