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CHAPTER 4

QUANTIZATION

Before proceeding to our study of the black hole Hilbert space using AdS/CFT we would
like to introduce another, complementary, picture and its associated technology. Namely
we will be interested in directly quantizing the solutions introduced in sections 3.1.1 and
3.1.2, something we can do because the BPS phase space associated to these supergrav-
ity solutions is finite dimensional and is not subject to the subtleties generally associated
with quantizing gravity. What’s more the structure of the phase space is (in some fortu-
itous cases) particularly amenable to quantization via the well developed mathematical
procedure of geometric quantization. In order to employ this procedure it will be very
helpful to develop an open string picture of these solutions as was first done in [17]. Cer-
tain essential structures, such as the symplectic form on phase space, are much easier to
determine in this open string picture.

4.1 OVERVIEW

As discussed in Section 2.3 there is, in general, a one-to-one map between the phase space
and the solution space of a theory. In order to be able use this map to quantize a space
of solutions, such as those described in Chapter 3, we need to determine its symplectic
form which is induced from the supergravity Lagrangian. The idea is quite simple; one
first determines the symplectic structure on the full space of solutions to the supergravity
equations of motion, which takes the form

Ω =
∫
dΣl δ

(
∂L

∂(∂lφA)

)
∧ δφA , (4.1)
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Chapter 4 - Quantization

where L is the relevant supergravity Lagrangian. Here, the integral is over a Cauchy sur-
face, φA represents a basis of the fields that appear in the Lagrangian and it is assumed
that the Lagrangian does not contain second and higher order time derivatives. The in-
duced symplectic form on the space of BPS solutions is then simply the restriction of
(4.1) to that space.

In general, there is no guarantee that the symplectic form so obtained is non-degenerate.
If it turns out to be degenerate then we should have included further degrees of freedom
to arrive at a non-degenerate symplectic form. This happens for example when all centers
are mutually BPS, i.e. if all inner products 〈Γp,Γq〉 vanishes. In this case the symplectic
form, as we will see below, is identically zero, and the BPS solution space is therefore
better thought of as being a configuration space. In order to obtain a non-degenerate
symplectic form, we could try to include, for example, small velocities for the centers
[86]. It is not clear, however, whether this can be done while saturating the BPS bound.

It may sound surprising that generically these BPS solutions spaces carry a non-degenerate
symplectic form, since they are all time-independent. Crucially, the solutions we consider
are stationary but in general not static. Stationary solutions do carry non-trivial momen-
tum despite being time-independent and this is what gives rise to the non-trivial symplec-
tic form. As a consequence of this we will see that the Hilbert space decomposes into
angular momentum multiplets. The symplectic form (4.1), when evaluated on a family of
static solutions, will simply vanish.

The idea to quantize spaces of BPS supergravity solutions using the restriction of (4.1)
was successfully applied in [42][43][55] (see also [50] for an extensive list of older ref-
erences and [51][52][53] for more recent, similar work). However, when we try to apply
similar methods to the space of multicentered black hole solutions, the expressions be-
come very lengthy and tedious and we run into serious technical difficulties due to the
complicated nature of the multicentered solutions. We will therefore proceed differently
and try to derive the required symplectic form from a dual open string description of the
supergravity solutions.

From the open string point of view, which is appropriate for small values of the string cou-
pling constant, black hole bound states correspond to supersymmetric vacua of a suitable
quiver gauge theory. The connection between the supergravity solutions and gauge theory
vacua becomes clear once we study the Coulomb branch of the gauge theory. For simplic-
ity we will assume that all centers have primitive charges; the extension to non-primitive
charges is straightforward, as the supergravity solutions are not specifically sensitive to
whether charges are primitive or not.

In this section we determine the symplectic form of the theory explicitly for the three
center case and show it to be non-degenerate (with some important exceptions where
degenerations have a clear physical interpretation) and proceed to count the number of
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Chapter 4 - Quantization

states in this moduli space via geometric quantization. The estimated number of states at
large charge nicely matches the expected number of states from the wall-crossing formula
given in [9].

Motivated by a non-renormalization theorem [17] and the exact agreement of our state
counting with Denef and Moore’s wall-crossing formula we propose that the same sym-
plectic from should be derivable from the super-gravity action following the logic in [42]
(see also [53] and references therein). Actually a structure similar to the quiver quantum
mechanics symplectic form emerges from the gauge field contribution of the supergravity
action. So we may propose the following conjecture: the other putative terms contributing
to the symplectic form from supergravity cancel or only change the normalization 1.

Note that it is not a priori clear that our moduli space of solutions corresponds to a full
phase space rather than a configuration space. The fact that the solution spaces are always
even, (2N − 2), dimensional is a positive indication that they are indeed phase spaces as
is the fact that the symplectic form is non-degenerate in the two and three center cases.
Moreover, when degenerations do occur they have well-defined physical meaning further
supporting this claim.

4.2 OPEN STRING PICTURE

Ultimately our goal will be to study the moduli space of our solutions using a symplectic
form which is derived from the quiver quantum mechanics action of multiple intersecting
branes in the coulomb branch [17]. To do so we first review an open string description of
these multicenter solutions.

The material presented here is an incomplete review of relevant parts of the elegant paper
[17] to which the reader is directed for more details.

4.2.1 QUIVER QUANTUM MECHANICS

When embedded within string theory the multicenter solutions of sections 3.1.1 are be-
lieved to incorporate the backreaction of a large number of D-branes wrapping cycles of
a Calabi-Yau at large string coupling. Such objects can be alternatively understood in an
open string picture as boundary conditions for the open string end-points (see e.g. [87]).
The physics of D-branes is determined by the dynamics of the open strings ending on
them. At low energies it is well-approximated by restricting to the zero modes of these
strings yielding a weakly coupled gauge theory living on the D-brane world-volume with
the gauge coupling related to the string coupling, gs.

1The last possibility is seen for example in [42].
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Chapter 4 - Quantization

Let us consider the concrete case of several branes wrapping different cycles on the
Calabi-Yau, which we denote by their associated charge vector Γa. As in [17] we will first
consider D3-branes in IIB as the brane picture and string intersections are more straight-
forward in this context. As we will ultimately dimensionally reduce to a 0+1 dimensional
quiver quantum mechanics in the non-compact spacetime, with the intersection product
〈Γa,Γb〉 as the only CY data we keep, the resulting theory also describes the mirror IIA
setup.

The theory on each brane has several kinds of bosonic excitations: adjoint scalars en-
coding fluctuations of the brane inside the CY, adjoint scalars describing fluctuations in
the non-compact directions and gauge fields on the brane world-volume. On the brane
intersections there are bi-fundamental scalars from zero-modes of strings stretched be-
tween the branes. On the D3-brane lives an N = 1 SYM theory in 4-d which can be
dimensionally reduced along the Calabi-Yau cycle resulting in an N = 4 theory in 0+1
dimensions. This theory has two kinds of multiplets: a vector multiplet (aa, ~xa, Da, λa)
for each brane Γa and κab = 〈Γa,Γb〉 chiral2 multiplets (φα, Fα, ψα) for each pair ab
with α = 1, . . . , κab. The former arise from strings with both ends on the same brane
while the latter arise from strings stretched between two branes.

The vector multiplet contains a 0+1 dimensional gauge field, aa, three scalars, ~xa, de-
scribing motion of the brane in the transverse R3, an auxiliary field Da, as well as
fermions. If Γa wraps a non-rigid 3 cycle in the Calabi-Yau then there are additional
vector multiplets encoding the fluctuations of the brane in the Calabi-Yau but, for the pur-
pose of our analysis here, we will neglect these. In so doing we are assuming that the
low-energy theory factorizes into a spacetime contribution and a contribution from the
Calabi-Yau degrees of freedom. The fact that one-loop effects including only the non-
compact degrees of freedom match perfectly onto the supergravity theory suggests that
this factorization indeed holds.

Since we are interested in connecting to supergravity we will consider primitive branes
described by abelian gauge theories. Whenever we treat non-primitive branes in subse-
quent chapters we essentially restrict our attention to the diagonal degrees of freedom.
Since a direct connection to supergravity is only possible in the coulomb branch of the
theory we can neglect the non-Abelian degrees of freedom.

The Lagrangian for this theory is then the sum of a chiral and a vector part which schemat-
ically take the following form [17]

2More precisely, κab is an index measuring the difference in the number of chiral and anti-chiral modes but
we assume that mass terms generically lift any non-chiral modes so we are left with only κab chiral modes.
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LV =
∑
a

ma

2
(~̇x2
a +D2

a + 2iλ̄aλ̇a)− θaDp

LC =
∑
α:a→b

|Dtφα|2 − (|~xa − ~xb|2 +Db −Da)|φα|2 + |Fα|2 + iψ̄αDtψα

− ψ̄α(~xb − ~xa) · σψα − i
√

2(φ̄αψαε(λ2 − λ1)− (λ̄2 − λ̄1)εψ̄αφα)

The covariant derivative Dt = ∂t + i(Ab − Aa) couples φα to the gauge fields on a and
b branes and ma = |Z(Γa)|/lP is the mass for the brane a in 4-d plank units. The θa
are Fayet-Iliopoulos parameters whose value is related to the phase of the central charge,
Z(Γa) (i.e. a function of Γa and the CY moduli). An intuitive explanation for this is
that they contribute to the mass φa when the auxiliary field Da is integrated out and the
former is proportional to the “angle” between intersecting branes. There are in principle
also superpotential terms for the chiral multiplets but, as we are ultimately interested in
the theory with these multiplets integrated out, we do not bother with them here (we are
ultimately interested in the first order terms involving only the vector multiplets and, as
we will see, these are essentially fixed by supersymmetry).

4.2.2 THE COULOMB BRANCH

The theory described above has an very interesting vacuum structure which is explored
in great depth in [17]. Although classically the theory only has a coulomb branch when
θa = 0, quantum effects renormalize the ground state energy generating zero-energy
ground states in the coulomb branch even at non-zero values of θa. Put another way, inte-
grating out the chiral matter (stretched strings), whose masses are controlled by |~xa− ~xb|
and the θa, generates a potential for the vector multiplets which has supersymmetric min-
ima. Moreover, as we will demonstrate below, this potential has minima corresponding
precisely to the solution to (3.12) once the appropriate identifications between supergrav-
ity and gauge theory quantities are made. Although this is a beautiful story we will only
need one small aspect of it for this thesis and so we direct the interested reader to [17] for
more details.

Fortunately, as demonstrated in [17], the vacuum structure of the coulomb branch can
essentially be deduced from supersymmetry alone. We will only need recourse to full
theory, including chiral multiplets, to relate constants in the coulomb branch theory to the
original D-brane theory. This is because supersymmetry alone constrains the low-energy
effective action for N abelian vector multiplets to take the form

L =
∑
a

(−Ua(x)Da + ~Aa(x) · ~̇xa) + fermions + higher order terms, (4.2)
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where Ua and ~Aa are functions of the ~xa satisfying

∇aUb = ∇bUa =
1
2

(∇a × ~Ab +∇b × ~Aa). (4.3)

Note that the ~Aa(x) are vector-valued functions on the world-line and are not related to
the gauge fields aa in the vector multiplet.

This form of the action is determined by requiring that it is invariant under supersymmetry
(see [17] for the supersymmetry transformation rules). The solutions to (4.3) are given in
terms of harmonic functions. In particular we find that

Ua = 〈Γa, H(xa)〉 (4.4)

where H = θ +
∑
a

Γa
|x−xa| and the pole at x = xa in H does not contribute to (4.4).

We therefore see that except for the tree-level constant term θ, there are only one-loop
contributions to Ua and Aa. Supersymmetry prohibits higher loop contributions to Ua
and Aa.

From the supersymmetry transformation rules [17] it is clear that supersymmetric solu-
tions must satisfy ~̇xa = 0 and Da = 0 so such solutions are governed completely by the
first order part of the Lagrangian in (4.2) whose form is completely fixed by supersymme-
try. Fortunately, this first order part also determines the symplectic form as follows from
the general definition of the latter

Ω =
(
δL

δφ̇

∣∣∣∣
φ̇=0

)
∧ δφ

when restricted to the supersymmetric, φ̇ = 0, solution space. Thus we only need Ua
and Aa to match the gauge theory to supergravity and to extract the symplectic form, and
since they do not receive higher loop corrections we can safely extrapolate the results
from the gauge theory regime at small gs to the supergravity regime at large gs.

Given (4.2), the space of supersymmetric vacua of the gauge theory is given by the solu-
tions of the D-term equations Ua = 0. These are identical to the supergravity constraint
equations (3.11), (3.12), as θa can be identified with the intersection of Γa and the con-
stant term in the supergravity harmonic functions.

4.2.3 SYMPLECTIC FORM FROM QUIVER QM

The symplectic form then follows immediately by restricting
∑
a δ~xa ∧ δ ~Aa obtained

from (4.2) to the solution space
⋂
a{Ua = 0}. This symplectic form is independent of gs

and must therefore agree with the symplectic form obtained from supergravity.
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Phrased in terms of the supergravity solution, the symplectic form becomes

Ω̃ =
1
2

∑
a

δxia ∧ 〈Γa, δAid(xa)〉. (4.5)

where Ad is the “spatial” part of the 4d gauge field defined in (3.5). Notice that

δAid(xa) = (δAid(x))|x=xa + (δxka∂kAid(x))|x=xa . (4.6)

To proceed further we denote

fa =
1

|~x− ~xa| . (4.7)

With some work, one can show that

δAd =
∑
a

Γaεijkδxia ∂jfa dx
k (4.8)

Using the above form of δAd and the fact that ∂kAid(x) can be replaced by 1
2 (∂kAid(x)−

∂iAkd(x)) = 1
2Fkid (x) we finally obtain for the symplectic form

Ω̃ =
1
4

∑
a6=b

〈Γa,Γb〉εijk(δ(xa − xb)i ∧ δ(xa − xb)j) (xa − xb)k
|~xa − ~xb|3 . (4.9)

Note that the overall translational mode does not contribute to this symplectic form.

The symplectic form (4.9) applies for any number of centers but it must still be restricted
to the solution space defined by the constraint eqns. (3.12). Since these spaces are quite
complicated we will only be able to analyse this restriction for the two and three center
case and some simple examples with arbitrary number of centers.

4.3 QUANTIZATION

In Section 3.4.1 we described the solution space of three-centered solutions. Here, we
will describe the quantization of these solution spaces using the symplectic form (4.9).
It turns out that the structure of the solution space is determined to a large extent by
the symmetries of the problem. Recall that we already removed the overall translational
degree of freedom from the solution space, which we can do for example by fixing one
center to be at the origin, e.g. ~x1 = 0, or by fixing the center of mass to be at the origin.
The translational degrees of freedom and their dual momenta give give rise to a continuum
of BPS states, but this continuum yields a fixed overall contribution to the BPS partition
function. By factoring out this piece we are left with the reduced BPS partition function,
and the quantization of the solution space we consider here yields contributions to this
reduced BPS partition function.
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4.3.1 THE SOLUTION SPACE AS A PHASE SPACE

We would now like to quantize the BPS solution space defined by eqns. (3.11) as a phase
space. In order to do so we need to ensure that the symplectic form (4.9) is closed and
non-degenerate on this space implying that the latter is indeed a (sub)phase space.

Ideally, we would demonstrate these properties for Ω̃ in general but the second property
(non-degeneracy) depends on the structure of the solution space (and in fact does not hold
in some degenerate cases as we will see) so we will only be able to demonstrate it for
the two and three center cases. As previously mentioned it is not a priori evident that the
solution spaces are phase spaces so in principle Ω̃ might have been degenerate on all these
spaces.

A direct calculation suffices to show that dΩ̃ is closed as a two-form on the solution space

dΩ̃ ∼
∑
a6=b

〈Γa,Γb〉
|xab|

(
εijk − 3

εlijx
k
abx

l
ab

|xab|2
)
δxiab ∧ δxkab ∧ δxjab = 0 (4.10)

The last equality is most easily worked out in a coordinate basis. Non-degeneracy will
follow in the two and three center case from the explicit form of the symplectic form
as computed below. Before doing so it will be useful to highlight a general structure
that emerges as part of any such solution space; namely, the overall rotational degrees of
freedom.

Besides the overall translational symmetries, the constraint equations (3.12) are also in-
variant under global SO(3) rotations of the ~xa. These rotations do appear in a non-trivial
way in the symplectic form. Indeed, if we insert δxia = εijknjxka, which corresponds to
an infinitesimal rotation around the ~n-axis3, in Ω̃ we obtain

Ω̃ =
1
4

∑
a6=b

〈Γa,Γb〉εijkεilmn
l(xa − xb)mδ(xa − xb)j (xa − xb)k

|~xa − ~xb|3

= niδJ i (4.11)

where J i are the components of the angular momentum vector (see Section 3.1.3)

J i =
1
4

∑
a 6=b

〈Γa,Γb〉 x
i
a − xib
|~xa − ~xb| (4.12)

The fact that the symplectic form takes the simple form in (4.11) is not surprising. This
is merely a reflection of the fact that angular momentum is the generator of rotations.
Fortunately, this simple form completely determines the symplectic form in the two and
three-center case.

3In other words, we compute ıX Ω̃ with X the vector field
P
a ε
ijknjxka

∂
∂xia

.
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4.3.2 TWO-CENTER CASE

The two-center case is easy to describe. There is only a regular bound state for 〈Γ1,Γ2〉 6=
0 and 〈h,Γp〉 6= 0, and the constraint equations immediately tell us that x12 is fixed and
given by

x12 =
〈h,Γ1〉
〈Γ1,Γ2〉 . (4.13)

In other words, ~x1 − ~x2 is a vector of fixed length but its direction is not constrained.
Thus the solution space is consists of all possible orientations of this vector and can be
parameterized by two angles (θ, φ) defining an S2.

Since the solution space is simply the two-sphere the symplectic form must be propor-
tional to the standard volume form on the two-sphere and this is indeed the case. In terms
of standard spherical coordinates it is given by

Ω̃ =
1
2
〈Γ1,Γ2〉 sin θ dθ ∧ dφ = |J | sin θ dθ ∧ dφ. (4.14)

We can now quantize the solution space using the standard rules of geometric quantization
(see e.g. [88] [89]). We introduce a complex variable z by

z2 =
1 + cos θ
1− cos θ

e2iφ (4.15)

and find that the Kähler potential corresponding to Ω̃ is given by

K = −2|J | log(sin θ) = −|J | log
(

zz̄

(1 + zz̄)2

)
. (4.16)

The holomorphic coordinate z represents a section of the line-bundle L (over S2, the so-
lution space) whose first Chern class equals Ω̃/(2π). The Hilbert space consists of global
holomorphic sections of this line bundle and a basis of these is given by ψm(z) = zm.
However, not all of these functions are globally well-behaved. For example, regularity at
z = 0 requires that m ≥ 0, and to examine regularity at z = ∞ one could e.g. change
coordinates z → 1/z and use the transition functions of L to find out that m ≤ 2|J |.
Equivalently, we can directly examine the norm of ψm by computing

|ψm|2 ∼
∫
dvol e−K|ψm(z)|2 (4.17)

where dvol is the volume form induced by the symplectic form. In our case we therefore
find

|ψm|2 ∼
∫
d cos θ dφ (1 + cos θ)|J|+m(1− cos θ)|J|−m (4.18)

and clearly ψm only has a finite norm if −|J | ≤ m ≤ |J |. The total number of states
equals 2|J | + 1. This is in agreement with the wall-crossing formula up to a shift by 1.
We will see later that the inclusion of fermions will get rid of this extra constant.
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The integrand in (4.18) is a useful quantity as it is also the phase space density associated
to the state ψm. According to the logic in [90, 91] the right spacetime description of one
of the microstates ψm should be given by smearing the gravitational solution against the
appropriate phase space density, which here is naturally given by the integrand in (4.18).
We will come back to this point later, but observe, already, that since there are only 2|J |+1
microstates, we cannot localize the angular momentum arbitrarily sharply on the S2, but
it will be spread out over an area of approximately π/|J | on the unit two-sphere. It is
therefore only in the limit of large angular momentum that we can trust the description of
the two-centered solution (with two centers at fixed positions) in supergravity.

4.3.3 THREE CENTER (NON-SCALING) CASE

We now return to the symplectic form (4.11). In the three-center case, we expect four
degrees of freedom. As discussed in section 3.4.1, three of those are related to the possi-
bilities to rotate the system, whilst the fourth one can be taken to be the size of the angular
momentum vector | ~J |. The specific form of (4.11) strongly suggests that these are also
the variables in which the symplectic form takes the nicest form.

We therefore take as our basic variables J i and σ, where σ represents an angular coor-
dinate for rotations around the ~J-axis. Obviously, σ does not correspond to a globally
well-defined coordinate, but rather should be viewed as a local coordinate on an S1-
bundle over the space of allowed angular momenta. Ignoring this fact for now, the rotation
δxip = εiabnaxbp that we used in (4.11) corresponds to the vector field

Xn =
niJ i

|J |
∂

∂σ
+ εijknjJk

∂

∂J i
. (4.19)

The second term is obvious, as ~J is rotated in the same way as the ~xa. The first term
merely states that there is also a rotation around the ~J-axis given by the component of n
in the ~J-direction. The final result in (4.11) therefore states that

Ω̃(Xn,m
i ∂

∂J i
) = nimi Ω̃(Xn,

∂

∂σ
) = 0. (4.20)

It is now easy to determine that

Ω̃(
∂

∂J i
,
∂

∂Jj
) = εijk

Jk

|J |2 , Ω̃(
∂

∂J i
,
∂

∂σ
) = − J

i

|J | . (4.21)

Denoting | ~J | as j, and parameterize J i in terms of j and standard spherical coordinates
θ, φ, the symplectic form defined by (4.21) becomes

Ω̃ = j sin θ dθ ∧ dφ− dj ∧ dσ. (4.22)
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However, we clearly made a mistake since this two-form is not closed. The mistake was
that σ was not a well-defined global coordinate but rather a coordinate on an S1-bundle.
We can take this into account by including a parallel transport in σ when we change J i.
The result at the end of the day is that the symplectic form is modified to

Ω̃ = j sin θ dθ ∧ dφ− dj ∧Dσ (4.23)

with Dσ = dσ −A, and dA = sin θ dθ ∧ dφ, so that A is a standard monopole one-form
on S2. A convenient choice for A is A = − cos θ dφ so that finally the symplectic form
can be written as a manifestly closed two-form as4

Ω̃ = −d(j cos θ) ∧ dφ− dj ∧ dσ. (4.24)

This answer looks very simple but in order to quantize the solution space, we have to
understand what the range of the variables is. Since θ, φ are standard spherical coordinates
on S2, φ is a good coordinate but degenerates at θ = 0, π. The magnitude of the angular
momentum vector j is bounded as can be seen from (4.12). By carefully examining
the various possibilities in the three-center case (see appendix A of [4]), one finds that
generically j takes values in an interval j ∈ [j−, j+], where j = j− or j = j+ only if
the three-centers lie on a straight line. An exceptional case is if j− = 0 implying that the
three-centers can sit arbitrarily close to each other (see appendix A of [4]). Note that this
latter case corresponds exactly to the scaling solutions described in section 3.4.2.

As we mentioned above, at j = j− and j = j+ the centers align, and rotations around the
~J-axis act trivially. In other words, at j = j± the circle parametrized by σ degenerates.
Actually, we have to be quite careful in determining exactly which U(1) degenerates
where. Fortunately, what we have here is a toric Kähler manifold, with the two U(1)
actions given by translations in φ and σ, and we can use results in theory of toric Kähler
manifolds from [92] (see also [93] and Appendix F) to describe the quantization of this
space.

We start by defining x = j and y = j cos θ to be two coordinates on the plane. Then the
ranges of the variables x and y are given by

x− j− ≥ 0, j+ − x ≥ 0, x− y ≥ 0, x+ y ≥ 0. (4.25)

Together these four5 inequalities define a Delzant polytope in R2 which completely spec-
ifies the toric manifold (see Appendix F). At the edges a U(1) degenerates and at the
vertices both U(1)’s degenerate. The geometry and quantization of the solution space
can be done purely in terms of the combinatorial data of the polytope (see figure 4.1).

4This result can be re-derived in a more straightforward but tedious way as a special case of the Dipole Halo
quantization in Chapter 6.

5In the case j− = 0 the first equation is redundant and is not part of the characterization of the polytope.
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y = j cos θ

x = jj− j+

y = j cos θ

x = jj+

Figure 4.1: (Left) The polytope for j− = 0 corresponding to CP2
(1,1,2). (Right) The polytope for

j− > 0. This corresponds to the second Hirzebruch surface, F2, a blow-up of CP2
(1,1,2).

We have to distinguish two cases. First, when j− = 0, which corresponds to a scal-
ing point inside the solution space, our toric manifold is topologically CP2

(1,1,2). In the
case j− > 0, where a scaling point is absent, the solution space becomes the blow-up of
CP2

(1,1,2), which can be identified as the second Hirzebruch surface F2. These statements
can all be verified by e.g. constructing the normal fan to the relevant polytopes.

For the purpose of quantizing the system we will assume that j− > 0; we will return
to the case of j− = 0 in section 5.1.2. Thus the results of the rest of this section only
apply for j− > 0. Furthermore we assume that all three centers carry different charges; if
two centers carry identical charge one needs to take into account their indistinguishability,
quantum mechanically, and take a quotient of the corresponding solution space. We won’t
consider this possibility in this section but come back to it in detail in Chapter 6 when we
consider the Dipole Halo system.

The construction of canonical complex coordinates is done by constructing a function g
as

g =
1
2

[(x− j−) log(x− j−) + (j+ − x) log(j+ − x)

+(x− y) log(x− y) + (x+ y) log(x+ y)] (4.26)

which is related in an obvious way to the four inequalities in (4.25). Then the complex
coordinates can be chosen to be exp(∂xg + iσ) and exp(∂yg + iφ). Explicitly, and after
removing some irrelevant numerical factors, the complex coordinates are

z2 = j2 sin2 θ

(
j − j−
j+ − j

)
e2iσ

w2 =
(

1 + cos θ
1− cos θ

)
e2iφ (4.27)
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and the Kähler potential ends up being equal to

K = j− log(j − j−)− j+ log(j+ − j) + 2j. (4.28)

Again, a basis for the Hilbert space is given by wave functions ψm,n = zmwn. Note that,
as in the two center case, these wave functions are, by construction, sections of a line
bundle, L, whose curvature is given, once more, by Ω̃/(2π).

To find the range of n,m we look at the norm

|ψm,n|2 ∼
∫
e−2r (j+ − r)j+

(r − j−)j−

(
r2 sin2 θ

(
r − j−
j+ − r

))n
(

1 + cos θ
1− cos θ

)m
r dr d cos θ dφ dσ. (4.29)

This is finite if j− ≤ n ≤ j+ and −n ≤ m ≤ n. Not surprisingly, these equations are
identical to the original inequalities that defined the polytope, and the number of states is
equal to the number of lattice points in the polytope; notice that this is not quite identical
to the area of the polytope. In our case that number of points is

N = (j+ − j− + 1)(j+ + j− + 1). (4.30)

This connection holds quite generally for toric Kähler manifolds. As in the two center
case fermionic contributions will correct both the state count, (4.30), and the phase space
measure, (4.29); this will be discussed in the next section.

The integrand in (4.29) can once more (as in the two center case) be viewed as a phase
space density against which the supergravity solution has to be smeared in order to find
the gravitational dual of each microstate [90] [91].

4.3.4 FERMIONIC DEGREES OF FREEDOM

From the open string point of view [17] we know that (4.30) is incorrect and that we
must include fermionic degrees of freedom in order to account for all the BPS states (e.g.
in the two center case). This is because, in the open string description, the centers are
described by N = 4, d=1 supersymmetric quiver quantum mechanics (QQM) with the
position of each center encoded in the scalars of a vector multiplet and the latter also
includes fermionic components (the λa of Section 4.2) which must be accounted for in
any quantization procedure.

Since we expect to see the same number of BPS states in both the open and closed descrip-
tion and since the bosonic phase spaces in both cases match exactly (and the symplectic
forms agree in view the non-renormalization theorem discussed above) we may ask what
the closed string analog of the fermions in the QQM is?
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Consider our phase space: the coordinates, xa, subject to the constraint (3.12), parameter-
ize the space of purely bosonic BPS solutions but, for each such solution, we may still be
able to excite fermions if doing so is allowed by the equations of motion. If we consider
only infinitesimal fermionic perturbations of the bosonic solutions then the former will
always appear linearly in the equations of motion, acted on by a (twisted) Dirac operator.
Thus fermions which are zero modes of this operator may be excited without altering the
bosonic parts of the solution (to first order).

Determining the actual structure of these zero modes is quite non-trivial. A natural guess
is that the bosonic coordinates of the centers must be augmented by fermionic partners
(making the solution space a superspace) as is argued in [94] [95] where there is no
potential. The fact that the bosonic coordinates are constrained by a potential complicates
the problem in our case so we will simply posit the simplest and most natural guess and
justify it, a posteriori, by reproducing the necessary correction to match the open string
picture, the explicit two center and halo quantization of [17], as well as the split attractor
conjecture [9].

Thus we will posit that the full solution space is actually the total space of the spin bundle
over the Kähler phase space described in Section 4.3.3. The correct phase space densities
are now harmonic spinors on the original phase space. This is natural from a mathematical
point of view [96] and can be argued physically as follows.

The space of solutions in the open string picture is spanned by letting the bosonic coordi-
nates take their allowed, constant, values and setting the fermionic coordinates to zero (we
are neglecting the center of mass degrees of freedom). We could of course try to restrict
the symplectic form to this space, and then quantize, but this would miss the possible
non-trivial topology of the fermionic vacuum. Therefore we will proceed in a different
way as follows.

We start with the full classical phase space of the quiver quantum mechanics including all
the fermions. Next we are going to impose the constraints

〈Γa, H(xa)〉 = 0 (4.31)

which will restrict xa to take values in the bosonic solution space. The constraint (4.31),
however, is not invariant under all supersymmetries but only half of them. We can there-
fore impose (4.31) supersymmetrically as long as, at the same time, we remove half the
fermions. The resulting system still has two supersymmetries left which one could, in
principle, work out explicitly. If we assume that the solutions space is Kähler (which
may in fact be a consequence of the two remaining supersymmetries), the resulting su-
persymmetry transformations will necessarily look like those of standard supersymmetric
N = 2 quantum mechanics on a Kähler manifold. Notice that so far we have not used the
symplectic structure for the fermions at all.
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Though it would be interesting to work this out in more detail, we finally expect that,
after geometric quantization of the supersymmetric quantum mechanical system, the su-
persymmetric wave-functions will be L-valued spinors which, at the same time, are zero-
modes of the corresponding Dirac operator.

Recall (see e.g. [97]) that on a Kähler manifoldM there is a canonical Spinc structure
where the spinors take values in Λ0,∗(M). To define a spin structure we need to take a
square root of the canonical bundle K = ΛN,0(M) and twist Λ0,∗(M) by that. We also
need to remember that the coordinate part of the wave functions were sections of a line
bundle, L. Thus altogether the spinors on the solution space are given by sections of

L ⊗ Λ0,∗(M)⊗K1/2. (4.32)

The Dirac operator is given by
D = ∂̄ + ∂̄∗ (4.33)

and we have to look for zero modes of this Dirac operator. These are precisely the har-
monic spinors onM and therefore the BPS states correspond to H(0,∗)(M,L ⊗K1/2).
By the Kodaira vanishing theorem, H(0,n)(M,L ⊗ K1/2) vanishes unless n = 0 if we
take L to be very ample, which it is for large enough charges. Thus, finally, the BPS states
are given by the global holomorphic sections of L ⊗K1/2. The only difference with the
previous purely bosonic analysis is that the line-bundle is twisted by K1/2.

To find the number of BPS states we can therefore follow exactly the same analysis as
in the bosonic case. We just have to make sure that in the inner product we use the
norm appropriate for L ⊗ K1/2. This can be accomplished by inserting an extra factor
of (det ∂i∂j̄K)−1/2 in the inner product. For example, for the two-sphere, this introduces
an extra factor of (1 + cos θ)−1 in the integral, reducing the number of states by one
compared to the purely bosonic analysis. This is in perfect agreement with [17].

For the three-center case (and more generally for toric Kähler manifolds) we find, after
some manipulations, that

(det ∂i∂j̄K)−1/2 ∼ exp
(∑

i

∂g

∂xi

)√
det
[

∂2g

∂xi∂xj

]
(4.34)

in terms of the function g given for the three-center case in (4.26). To get this relation we
used that K is the Legendre transform of g (see Appendix F). Evaluating this explicitly
for the three-center case yields an extra factor

1
j+ − j

√
1 + cos θ
1− cos θ

a(j) (4.35)

with
a(j) =

√
j(j+ − j−) + 2(j+ − j)(j − j−) (4.36)
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This result indicates that, in the presence of spinors, we should take n integral and m
half-integral with −n ≤ m + 1

2 ≤ n and j− ≤ n ≤ j+ − 1. Then, the total number of
normalizable wave-functions becomes

N = (j+ − j−)(j+ + j−) (4.37)

which does not have the unwanted shifts anymore!

For completeness let us provide the modified form of the norm for a wave function, in-
cluding fermionic corrections,

|ψm,n|2 ∼
∫
e−2j (j+ − j)j+−1

(j − j−)j−

(
j2 sin2 θ

(
j − j−
j+ − j

))n
(

1 + cos θ
1− cos θ

)m+ 1
2

a(j) j dj d cos θ dφ dσ. (4.38)

Note that this is only the norm for non-scaling solutions with j− > 0. The norm for
wave-functions on solution spaces with a scaling point (j− = 0) is given in section 5.1.2.

4.3.5 COMPARISON TO THE SPLIT ATTRACTOR FLOW PICTURE

In the previous subsections we computed the number of states corresponding to the po-
sition degrees of freedom of a given set of bound black hole centers. The approach we
developed amounts essentially to calculating the appropriate symplectic volume of the
solution space. To count the total number of BPS states of a given total charge one needs
to take into account the fact that the different black hole centers may themselves carry in-
ternal degrees of freedom and that there may be many multicenter realizations of the same
total charge. In the special case, however, when all the centers correspond to zero entropy
bits without internal degrees of freedom the position degrees of freedom should account
for all states. In this case it is interesting to compare the number of states obtained in our
approach, using geometric quantization, with the number obtained by considering jumps
at marginal stability as in [9] (see also section 3.1.6).

To make this comparison we use the attractor flow conjecture which states that to each
component of solution space there corresponds a unique attractor flow tree. Given a com-
ponent of solution space we can calculate its symplectic volume and hence the number of
states. Given the corresponding attractor flow tree we can calculate the degeneracy using
the wall crossing formula of [9]. To determine which attractor tree corresponds to which
solution space (as needed to compare the two state counts) we will have to assume that
part of the attractor flow conjecture holds. Although this might seem to weaken the com-
parison we should point out that the attractor flow tree has no inherent meaning outside
the context of the attractor flow conjecture thus the need to assume the latter to relate the
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former to our solutions is not surprising. Moreover, the attractor flow conjecture (defined
in [59][73]) is distinct from (and weaker than) the wall crossing formula (defined in [9])
which relies on it.

As mentioned before (around eqn. (4.18); see also the section about the addition of
fermions), in the two center case we get a perfect agreement between the two calcula-
tions. This is not so surprising because both approaches are, in fact, counting the number
of states in an angular momentum multiplet with j = 1

2 〈Γ1, Γ2〉 − 1
2 . Furthermore, there

is no ambiguity in specifying the split attractor tree. Things become more interesting in
the three centers case where there are now naively three attractor trees for a given set of
centers. According to the attractor flow conjecture only one tree should correspond to any
given solution space. It is possible to match solution spaces to attractor trees if we are
willing to assume part of the attractor flow conjecture.

Let us consider the three center attractor flow tree depicted in figure 3.1. For the given
charges, Γ1, Γ2, and Γ3, there are, in fact, many different possible trees but, in terms of
determining the relevant number of states, the only thing that matters is the branching
order. In figure 3.1 the first branching is into charges Γ3 and Γ4 = Γ1 + Γ2 so the
degeneracy associated with this split is |〈Γ4,Γ3〉| and the degeneracy of the second split
is |〈Γ1,Γ2〉| giving a total number of states

Ntree = |Γ12| |(Γ13 + Γ23)| (4.39)

where we have adopted an abbreviated notation, Γij = 〈Γi,Γj〉 and have dropped the
factors of Ω(Γa) in (3.28) (because we are only interested in the spacetime contribution
to the state count so we consider centers with no internal states).

To compare this with the number of states arising from geometric quantization of the so-
lution space, (4.37), we need to determine j+ and j−. As mentioned in Section 4.3.3 (see
also Appendix A of [4]), j+ and j− correspond to two different collinear arrangements
of the centers and, in a connected solution space, there can be only two such configura-
tions. To relate this to a given attractor flow tree we will assume part of the attractor flow
conjecture; namely, that we can tune the moduli to force the centers into two clusters as
dictated by the tree. For the configuration in figure 3.1, for instance, this implies we can
move the moduli at infinity close to the first wall of marginal stability (the horizon dark
blue line) which will force Γ3 very far apart from Γ1 and Γ2. In this regime it is clear that
the only collinear configurations are Γ1-Γ2-Γ3 and Γ2-Γ1-Γ3; it is not possible to have
Γ3 in between the other two charges. Since j+ and j− always correspond to collinear
configurations they must, up to signs, each be one of

j1 =
1
2

(Γ12 + Γ13 + Γ23) (4.40)

j2 =
1
2

(−Γ12 + Γ13 + Γ23) (4.41)
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j+ will correspond to the larger of j1 and j2 and j− to the smaller but, from the form of
(4.37), we see that this will only effectN by an overall sign (the state count depends only
on the absolute value of N ). Thus

N = ±(j1 − j2)(j1 + j2) = ±Γ12 (Γ13 + Γ23) (4.42)

which nicely matches (4.39).

Of course to obtain this matching we have had to assume the attractor flow conjecture
itself (in part) so it does not serve as an entirely independent verification. Another draw-
back of this argument is that it is not applicable to the decoupling limit described in [3]
where the asymptotic moduli, tA, are fixed to the AdS-point [3]. However, it is possible
to circumvent this limitation by gluing an asymptotic flat region to the interior geometry.
This can always be done by choosing the moduli in the new added region to be equal to
the asymptotic moduli, tAdS, of the original solution. The physicality of such gluing relies
on two important observations. The first one is that far away the centers behave like a
one big black hole with charges the sum of all charges carried by the centers. The second
important ingredient is that tAdS is equal to the attractor value of the moduli associated
to this big black hole. Doing so we are back to the asymptotic flat geometry where we
have the freedom to play the asymptotic moduli once again. This is the same argument
used in [3][69] to generalize the existence conjecture from asymptotic flat solutions to the
decoupled limit.

Our result here provides another non-trivial consistency check for the conjecture that there
is a one-to-one map between split-attractor trees and BPS solutions toN = 2 four dimen-
sional supergravity [9]. By explicitly evaluating (4.30), we find it is the product of two
contributions exactly as predicted by the split attractor flow conjecture. Using geometric
quantization it is clear that the three-center entropy always factorizes into a product of
splits along walls of marginal stability matching an attractor flow tree (the only reason
we need to assume part of the attractor flow conjecture for the matching is to determine
which particular tree). This is strong evidence in favor of the fundamental underpinning
of the attractor flow conjecture: namely, that by tuning moduli it is always possible to
disassemble multicenter configurations pairwise.

Let us make some further remarks on the results derived here. The scaling solutions cor-
responding to λ → 0 have j− = 0 even if the centers don’t align at this point. Therefore
the connection to the wall crossing formula breaks down. The procedure of geometric
quantization itself, however, does not seem to suffer any pathologies for these solutions.
The curvature scales always stay small allowing us to trust the supergravity solutions.
Thus one can see the resulting degeneracy as a good prediction. Although the symplectic
form seems to degenerate at j = j− this is, in fact, nothing but a coordinate artifact as
can be seen from studying the polytope associated with scaling solutions.

For fixed j± the Hilbert space is finite dimensional and it is not possible localize the cen-

90



Chapter 4 - Quantization

ters arbitrarily accurately. Thus the supergravity solutions can only be well approximated
in the large j± limit. In Section 5.1.2 we will study the nature of “classical” states defined
in this limit. We will be interested in particular in the boundary of the solution spaces
where classical pathologies such as infinitely deep throats or barely bound centers (see
[3]) moving off to infinity may appear. We will show that quantum effects resolve these
pathologies since there is less then one unit of phase space volume in the pathological
regions (even for large finite charges) so the pathologies are purely classical artifacts.
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