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CHAPTER 5

BLACK HOLE MICROSTATES

Having developed several powerful technical tools in Chapters 3 and 4 we proceed now to
study the structure of these black hole microstates. We will be interested, in particular, in
understanding how quantum effects help resolve some classical paradoxes. In particular
we will show how the structure of the phase space implies that certain, nominally well-
behaved classical geometries, do not correspond to well-defined semi-classical states in
the quantum theory. The most interesting such examples are the scaling solutions of
Section 3.4.2. These have arbitrarily deep throats resembling very much the naive black
hole geometry but we will see that quantum effects stretching over macroscopic distances
conspire to destroy these throats.

Another paradox we will investigate is the Entropy Enigma of [9]. Here the (partial)
resolution of the enigma is not a consequence of quantum effects but merely of a more
careful analysis of the partition function associated to the classical solutions. It is of
interest as it suggests a phase transition in the dual CFT as a function of the total charge.
Understanding whether such transitions occur and their exact nature may shed light on
the correct structure of the thermal ensemble dual to a black hole and the super-selection
structure of the dual CFT.

Although the issues discussed here do not directly relate the question of black hole infor-
mation loss they nonetheless demonstrate the effectiveness of our techniques in resolving
classical (or semi-classical) paradoxes, of which information loss is an example, by us-
ing these tools to study the quantum structure of the black hole. Moreover in the course
of our analysis we will show, for the first time (to the author’s knowledge), that some
black hole microstates exhibit exotic characteristics such as quantum fluctuations across
macroscopic spatial regions. Such behaviour has been suggested as a resolution to the
information loss paradox and the emergence of such fluctuations here may be taken as a
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Chapter 5 - Black Hole Microstates

proof of concept.

5.1 QUANTUM STRUCTURE OF SOLUTIONS

Having determined the structure of the quantum states associated with the two and three
center solutions we can now investigate some potential problems with the classical solu-
tions that we expect to be resolved by quantum effects. For instance, although the three
center phase space appears to be non-compact for some choices of charges and moduli
this turns out not to be a problem since the symplectic volume of the phase space is fi-
nite. We show, moreover, that centers cannot move off to infinity once quantum effects
are taken into account. Likewise, as has already been observed in [70] and [9], scaling
solutions can develop an infinitely deep throat classically but we expect the quantization
of phase space to cap this throat off at some finite value and we find that this is indeed the
case.

To investigate these issues we would like to consider the expectation value of the harmonic
functions (3.2) defining the solutions. Of course this will depend on the particular state we
are considering and there are, in general, many possible states one can construct so making
any general statement is quite difficult. We do not, however, need detailed properties of
〈H(r)〉, only its behaviour in various asymptotic limits. We first discuss the non-compact
case and then turn to scaling solutions in the next section. In both instances our main
concern here will be the r dependence at the boundary of the solution space, which we
will be able to extract for a general pure state.

5.1.1 CENTERS NEAR INFINITY

Let us consider the two independent constraint equations (3.120) for the three center case
once more

a

u
− b

v
=

Γ12

r12
− Γ31

r31
= 〈h,Γ1〉 =: α (5.1)

b

v
− c

w
=

Γ31

r31
− Γ23

r23
= 〈h,Γ3〉 =: β (5.2)

where we have (re)introduced a hopefully obvious short-hand notation. We would like to
see when one center can move off to infinity. We will assume that a, b and c are non-zero.
In order to satisfy the triangle inequalities while taking at least one center to infinity we
must have either two or three of the distances u, v, and w become infinite. Let us, for
definiteness, try to set u and v to infinity which corresponds to centers 2 and 3 staying
a finite distance apart while center 1 moves off to infinity. From the constraint equation
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Figure 5.1: Possible locations for ~x1 are given above. The centers ~x3 and ~x2 sit at (0, 0) and
(0,−2) in the (x, z)-plane respectively and the different orbits represent different values of a/b. In
the figure above a/b < 1 and as a/b → 1 the orbit increases until it becomes the line z = −1

when a = b (not depicted).

its clear that this can only be done if α = 0. We can also consider the case when all
three centers move infinitely far apart, which can only occur if β = 0 as well, but this is
a somewhat trivial case as the angular momentum will then, by (3.19), vanish, as will the
symplectic form, so the space cannot be quantized without adding additional degrees of
freedom (momenta).

Thus we restrict to the case α = 0, β 6= 0 which gives

r12

r31
=
u

v
=
a

b
(5.3)

When translated into coordinates this equation defines an ellipse for the possible locations
of center 1 but it is easy to see from this that u and v must be bounded unless a = b, in
which case the orbit is not an ellipse but rather center 1 must lie on the plane between
centers 2 and 3. Hence all unbound three center solutions will be of this form (where
center 1 is fixed on the plane normal to the axis defined by the other two centers). Orbits
for various values of a/b are depicted in figure 5.1. Note that this proves our claim in Ap-
pendix B that for three centers “non-compactness” can only appear when the asymptotic
moduli are at threshold stability, as α = 0, a = b is exactly the definition of threshold
stability (as introduced in [3]) in different notation1.

Recall that
∑
p〈h,Γp〉 = 0 so if we define γ = 〈h,Γ2〉 then α = 0 implies β = −γ.

Using (3.19) we find that

~j =
β

2
r23 ẑ =

βw

2
ẑ (5.4)

1More precisely: a = b⇔ 〈Γ1,Γ2 + Γ3〉 = 0 and α = 0⇔ Im(Z1Z̄2+3) = 0.
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Chapter 5 - Black Hole Microstates

with the positive z axis defined by ~x3 − ~x2.

Let us consider the other equation

b

v
− c

w
= β = 1 (5.5)

where we rescale the coords so β = 1.2 Note that this forces c < 0 if we want to allow
v → ∞. b can be positive or negative but we will assume b < 0 for concreteness (this
will not alter the analysis).

Using the fact that r23/2 ≤ r13 ≤ ∞ we find

j+ =
|c|
2

j− = Min
( |c|

2
− |b|, 0

)
(5.6)

with j+ reached at r13 →∞ and j− at r13 = |c|/2− |b| (unless this is less than zero3).

We can now consider the expectation value of

H(r) =
1

|~r − ~r1| (5.7)

The asymptotic behaviour of this function is particularly important in the decoupling limit
considered in Section 3.2 since if r1 →∞ the classical solutions will no longer be asymp-
totically AdS3. Thus we would like to check if there are wave-functions for which 〈H(r)〉
does not decay as r−1. If such states exist they would spoil the asymptotics of our so-
lutions, particularly in a decoupled AdS3 limit, and it would be hard to interpret them
physically.

We are interested in studying wavefunctions localized near infinity so we could restrict
our attention to the states with the largest angular momentum, n = j+ − 1, but it turns
out to be tractable to study more general pure states φ =

∑
n,m cn,mψn,m (though we

will find contributions from n < j+ − 1 are more strongly suppressed near infinity as
suggested by figure 5.1, right). For this state the expectation value is given by

2We can permute the centers to force a positive sign since β appears in one of the three constraint equations
and −β on the other and we are free to use any two of the three.

3Since a = b, b = c/2 corresponds exactly to the beginning of the scaling regime and is, in fact, nothing
more than N = I/2 in the specific example of D6D6D0. Although we work here with j− > 0 it should not
matter much since the large n states we consider in this section have little support in the small j regime.
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〈φ|H(r)|φ〉 = C
∑

n′,m′,n,m

∫ ∞
r−1

h(r, r1) fn′,m′,n,m(r1) dr1 d cos θ dφ dσ (5.8)

h(r, r1) =
1

(r2 + r2
1 − 2rr1 cosα(θ, φ, σ))1/2

(5.9)

=

{ ∑∞
l=0 C(l)(θ, φ, σ) rl1

rl+1 r > r1∑∞
l=0 C

′
(l)(θ, φ, σ) rl

rl+1
1

r < r1
(5.10)

fn′,m′,n,m(r1) = e−2λj+(j+ − λj+)j+−N/2−1(λj+ − j−)N/2−j−gn′,m′,n,m(θ, φ, σ)√
(λj+)(j+ − j−) + 2j+(1− λ)(λj+ − j−)

λ(r1)2N+1

(r1 − b)2
(5.11)

λ(r1) =
r1

r1 − b (5.12)

Here N = n + n′ so j− ≤ N/2 ≤ j+ − 1 and ~r1 = ~r13 because ~x3 is at the origin.
The function fn′,m′,n,m = c∗n′,m′ cn,m ψ

∗
n′,m′ ψn,m dj/dr which we re-write in terms of

r1 using j = λ(r1)J+.4 Since we are only interested in the large r behaviour of this
function we can integrate out the angular dependence and also neglect constant factors
(both of which have been absorbed into the function g).

The integral splits into two parts given by r > r1 and r < r1. Since λ(r1) ∼ 1+b/r1+. . .
for large r1, in the second region we see that f(r1) ∼ r−1−(J+−N/2)

1 so, after performing
the angular integrals, we are left with

∞∑
l,k=0

C(l,k)r
l

∫ ∞
r

r
−l−k−2−(J+−N/2)
1 (5.13)

The expansion in k comes from expanding λ(r1) in powers of r−1
1 . Clearly the r1 > r

region only contributes negative powers of r to 〈H(r)〉.
In the region r1 < r we cannot expand λ(r1) since r1 may not be larger than |b| but we
can split this integral once more into two regions: r− ≤ r1 ≤ r̃ and r̃ < r1 ≤ r for some
r̃ � |b|. In the first region the integration domain is r-independent so the r dependence
is simply r−l−1. In the second region we can repeat the analysis for the r1 > r integral,
expanding λ in r−1

1 , and we find a similar greater than r−1
1 fall-off.

As was mentioned above, such configurations (with α = 0 and a/b = 1) lie on walls
of Threshold Stability discussed in Appendix B. In fact, our computation nicely agrees
with the fact that, as follows from the wall crossing formula [9], no states actually decay
when crossing such a wall of threshold stability. More loosely speaking, our calculation
roughly excludes the possibility of “states running off to infinity”. This is important e.g.

4Note that we have absorbed a factor of (r1 − b)−2 from the jacobian dj/dr1 into our definition of f(r1).
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in the consistency of the decoupling limit where the limit itself forces the moduli to a
wall of threshold stability for many charge configurations and we do not want this to spoil
the asymptotics of the solution. It is also more important in a more general context as
unbounded centers do not admit an easy physical interpretation.

5.1.2 INFINITELY DEEP THROATS

As described in Section 3.4.2, for certain choices of charge vectors there is a region in
the solution space corresponding to solutions where an infinitely deep throat develops in
spacetime [70, 9, 98]. Smooth solutions with arbitrarily deep throats are quite novel and
are particularly enigmatic in the context of AdS/CFT. An infinite throat suggests that the
bulk excitations localized deep in the throat will give rise to a continuum of states in the
dual CFT. This is not consistent with the finite entropy expected from black hole physics
and also what we know about the dual CFTs at weak coupling.

To make this connection with the dual N = (0, 4) CFT we uplift the 4-dimensional so-
lutions to 5-dimensions and take the decoupling limit described in Chapter 3. The quan-
tization procedure described in Chapter 4 will carry on mutatis mutandis to the uplifted
solutions because they have exactly the same solution space. We will start with a gen-
eral discussion but then specialize to a working example given by a three center D6D6D0
scaling solution where the charge of the D0 center, N , satisfies N > 〈Γ6,Γ6̄〉/2. We
begin with some details on the structure of scaling three-center solution spaces since, as
alluded to in section 4.3.3, there are some subtle differences in the geometry of scaling
and non-scaling solution spaces. After constructing the appropriate wave functions from
the Kähler geometry we will use them to estimate the depth of the throat. We will argue
that these throats get capped at some scale ε and that this also sets the mass gap for the
CFT. We will perform an estimate indicating that ε ∼ N/〈Γ6,Γ6̄〉 and argue that the cor-
responding mass gap in the CFT has the signature 1/c behaviour of a long-string sector
when ε is of order 1.

Note that, although we will work mostly with decoupled AdS3×S2 solutions (since here
the pathologies associated with these throats is most evident) the qualitative structure of
the analysis, with quantum effects capping off the throat, are not particularly sensitive to
the asymptotics of the solution so apply more generally.

QUANTIZING THE THREE CENTER SCALING SOLUTIONS

As was done in the non-scaling case we must first construct the appropriate polytope for
these solutions (see figure 4.1). The only property that differentiates these solution spaces
is that j− = 0 (this is the scaling point). As a result, the associated polytope differs
slightly from the non-scaling one; for instance, the first inequality in (4.25) is redundant.
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Figure 5.2: Normalized probability densities |ψm,n(j)| plotted as a function of j alone (neglecting
angular dependence) for some values of n with J− ≤ n ≤ J+ − 1. In this example J+ = 18 and
J− = 6. Note that as J− > 0 this solution space does not admit scaling solutions.

This may seem to be a small modification but it actually changes the topology of the
solution space, taking the limit from non-scaling to scaling corresponds to a blow down
with a non-contractible S2 vanishing. Furthermore as we will discuss later, the probability
densities at the boundary of solution space, j = j−, will have a very different behavior in
the j− = 0 case (figure 5.3) than in the j− 6= 0 case (fig 5.2). Note that in the scaling case
the polytope doesn’t satisfy the smoothness condition; this corresponds to the point j = 0
being the well known Z2 orbifold singularity of CP2

1,1,2. The presence of this orbifold
fixed point doesn’t seem too essential as the manifold can still be treated by toric orbifold
techniques (see appendix F).

Using the coordinates x = j and y = j cos θ as in section 4.3.3, the scaling solution’s
polytope is defined by

j+ − x ≥ 0 , x+ y ≥ 0 , x− y ≥ 0 (5.14)

The construction of the complex coordinates is achieved through the function g (see ap-
pendix F). We will only need an expression for their norm squared, which is given by

|z1|2 =
j2 sin2 θ

j+ − j , |z2|2 =
1 + cos θ
1− cos θ

. (5.15)

The wave functions must have a finite norm using the measure e−K, modified by fermionic
corrections as discussed in section 4.3.4. K, as usual, stands for the Kähler potential. It is
given by

K = j − j+ log(j+ − j) , (5.16)√
det
(
∂i∂j̄K

)
=

√
1 + cos θ
1− cos θ

√
2j+ − j
j+ − j . (5.17)
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Putting everything together gives the following form for ψn,m = zn1 z
m
2

|ψn,m|2 ∼
∫
e−j

√
2j+ − j (j+ − x)j+−1−n j2n+1

(1 + cos θ)n+(m+1/2) (1− cos θ)n−(m+1/2) dj d cos θ (5.18)

Requiring that the norm is finite imposes the following restrictions

0 ≤ n ≤ j+ − 1 , −n ≤ m+ 1/2 ≤ n (5.19)

So the number of states is given by
N = j2

+

Unfortunately, we cannot compare this prediction to wall-crossing because it is not clear
how to treat scaling solutions within the framework of the attractor flow conjecture [9].
On the other hand this proves the usefulness of the tools developed here as they provide
the only known way to compute the number of BPS states for scaling solutions.

Another important property that is worth mentioning is that the probability density, given
by the integrand of (5.18), vanishes at j = 0. This suggests that, although classically the
coordinate locations of the centers can be arbitrarily close together, quantum mechanically
this is not true any more. The probability that the centers sit on top of each other is zero
which implies that there is a minimum non-vanishing expectation value for the inter-
center distance. Since the depth of the throat is related to the coordinate distance between
the centers it follows that the throat will be capped off once quantum effects are taken into
account. In the following section we will study this phenomena quantitatively and make
some predictions for the depth of the throat and the corresponding mass gap in the CFT.

MACROSCOPIC QUANTUM EFFECTS

Before we analyse a specific type of scaling solution in some more quantitative detail let
us point out some general features of any three center solution space with a scaling point.
As long as we are interested in spherically symmetric quantities, e.g. sizes and distances,
we can neglect the angular part of (5.18) as it will drop out after normalization. For such
questions we can effectively use wave functions on j-space, which depend only on the
quantum number n and the value of j+. The corresponding probability densities are

〈n, j+; j|n, j+; j〉 =
e−jj2n+1(j+ − j)j+−n−1

√
2j+ − j∫ j+

0
e−jj2n+1(j+ − j)j+−n−1

√
2j+ − j dj

, (5.20)

These are plotted for n = 0, 5, 10, 15, 20 and j+ = 21 in figure 5.3 (left).

The state that interests us the most is the n = 0 state as this has the greatest support near
the classical scaling point, j = 0. Note that when there is no scaling point, i.e. j− 6= 0,
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Figure 5.3: (Left) Plot of the probability densities (5.20) for scaling solutions with j+ = 21.
The blue, orange, red, purple and green curves correspond to respectively n = 0, 5, 10, 15, 20.
(Right) Plot of the probability density corresponding to the lowest state n = 0 for the values j+ =

5, 50 (blue) and j+ = ∞ (green) where the curve at j+ = 50 is already barely distinguishable
from the limiting curve j+ = ∞ (see eqn. ( 5.22)). Note that the probability distribution vanishes
at j = 0.

the lowest state, with n = j−, peaks on j− (see figure 5.2). In the scaling case the lowest
state actually has zero support on j− = 0 (see figure 5.3, right). This seems to indicate
that the scaling solutions, supergravity solutions where all centers coincide in coordinate
space and j = 0, are not well defined classical solutions as they correspond to a point in
the phase space where no wave function has finite support. To get an idea of how well
this classical point can be approximated by a quantum expectation value we calculate 〈j〉
in the lowest state, |0, j+; j〉.
For a scaling solution space characterized by j+ this expectation value is given by

〈j〉j+ =
∫ j+

0

〈0, j+; j|j|0, j+; j〉dj =

∫ j+
0

e−jj2(j+ − j)j+−1
√

2j+ − j dj∫ j+
0

e−jj(j+ − j)j+−1
√

2j+ − j dj
(5.21)

In general this expression is not analytically tractable. We are, however, particularly in-
terested in the supergravity regime which coincides with j+ → ∞. In this limit the
expression can be simplified considerably by using the well know expression for the ex-
ponential, limj+→∞(1− j

j+
)j+ = e−j+ , giving

lim
j+→∞

〈0, j+; j|0, j+; j〉 = 4e−2jj , (5.22)

this is the green curve plotted in figure 5.3 (right). Using this limiting behaviour it is
straightforward to calculate that

〈j〉∞ = 1 . (5.23)

In other words, even in the lowest state the expected value of j is one quantum, i.e ~.
Moreover, because the depth of the throat grows very rapidly in the region j ∼ 0 many
macroscopically different configurations sit within the range 0 < j < 1 so, even though
j ∼ 1 is only one plank unit away from the scaling point the corresponding geometry
(expectation value of the metric) is very different.
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As further evidence for the formation of a cap we will also compute the behaviour of the
harmonic functions appearing in the metric in this same state. To make this computation
simpler we will work with the system introduced in section 5.1.1 (α = 0 and a = b but
now we take |b| > |c|/2) and we will also use the notation used in there. We will first be
interested in determining the r-dependence of the (expectation values of the) functions

h1(r) =
1

|~r − ~r1| h2(r) =
1

|~r − ~r2| (5.24)

where r1 and r2 have the same meaning as in section 5.1.1 (~r3 = −~r2 so we need only
work with one of them). Note that the functions hi(r) appear directly in the harmon-
ics {H0(r), HA(r), HA(r), H0(r)} but which harmonics they appear in depends on the
specific form of Γi (which we do not fix at this point).

To compute the r-dependence of hi(r) we proceed very much as in section 5.1.1, and
indeed the computation is mostly analogous,

hi(r, ri) =

{ ∑∞
l=0 C(l)(θ, φ, σ) rli

rl+1 r > ri∑∞
l=0 C

′
(l)(θ, φ, σ) rl

rl+1
i

r < ri
(5.25)

∫ j+

0

〈0, j+; j|hi(r)|0, j+; j〉dj =
1
L

∑
l

[
r−l−1

∫ r

0

C(l) r
l
i f(ri) dri

+ rl
∫ r̃

r

C ′(l) r
−l−1
i f(ri) dri (5.26)

+ rl
∫ r+

r̃

C ′(l) r
−l−1
i f(ri) dri

]
f(ri) = j(ri) e−2j(ri)

√
2J+ − j(ri) dj(ri)

dri
(5.27)

j(r1) ∼ r1

r1 − bj+ (5.28)

j(r2) ∼ r2 (5.29)

Here we are only interested in the regime r � |b| and we define r̃ such that r < r̃ � |b|.
r+ is defined by j(r+) = J+. We have also approximated (1 − j

J+
)J+ = e−j . The

factor of 1/L above is the normalization of the wavefunction which we will not need in
this particular computation. The “∼” in the last two equations reflects an ambiguity by a
constant prefactor that depends on the moduli at infinity (which we set to one in section
5.1.1 by rescaling the coordinates).

The integrals in (5.26) can be solved (in terms of Γ-functions) by expanding in r1/|b|
or r2/J+ yielding an answer in terms of a power-series in r. The lowest order term in
the series is a constant so we find 〈hi(r)〉 ∼ ai + bir

α with α > 0. This implies that
the harmonics in the metric have the same small r behaviour so for r ∼ 0, near the
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scaling point, we can evaluate the behaviour of the five dimensional metric (3.17) in the
decoupling limit and find the metric does not develop a throat.

CUTTING THE THROAT

Finally we would like to translate our insight above, that quantum mechanically one can-
not reach the scaling point, and hence no infinitely deep throat develops, into a rough
quantitative estimate of a mass gap in the dual CFT.

We will do this in the particular example of the D6D6D0 three center solution introduced
in section 3.4.4, which is scaling when N > I/2. In section 3.4.4 we considered the
non-scaling version of these solutions where N < I/2 and we considered multiple D0
centers; here we work with a single D0 center and scaling charges, but we will use the
notation of that section. Note that, from eqns (3.123)-(3.124), this system is actually a
particular instance of the general construction of section 5.1.1 since α = 0 and a = b

(in the notation of section 5.1.1). Thus our computation of the harmonic functions in the
previous subsection applies to this system.

The calculation will proceed in two steps. First, we want to estimate at which scale the
quantum smearing cuts off the naive infinite throat. Second, we will translate this scale
into a mass gap (in the dual CFT) by analysing a scalar field on a toy model geometry
with a throat cut off at this scale. The scale at which we expect a deviation from the naive
infinite throat is of the order of the minimum expected inter-center coordinate distance.
In the case of the D6D6D0 scaling solution j+ = I

2 and, furthermore, the angular mo-
mentum is related to the inter-center distances by (see the constraint eqns. (3.123) with
β = 1

4 for asymptotic AdS space [3])

r66̄ = 8j , r0 =
8jN
I − 2j

' 8j
N

I
, (5.30)

where, in the second expression, we have made a large I approximation. As these expres-
sions are linear in j we see that their expectation value in the n = 0 state is directly given
in terms of 〈j〉∞ = 1. So we find that quantum mechanically one expects the throat to be
cut of at a scale of order ε ∼ N

I > 1/2.

A nice check on this estimate is to determine the charge dependence of the constant term
in (the expansion of) 〈h(r)〉 in the r ∼ 0 limit since, by a small r expansion,

h(r) =
1

|~r − ~ri| =
1
ri

+O(r) (5.31)

Note that this leading, r-independent, term feeds directly into the metric at small r so is
a very relevant physical quantity to compute. A careful computation of this leading term,
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taking into account the normalization L in eqn. (5.26), yields

〈h1(r)〉 ∼ γ j+
|b| +O(r) (5.32)

with γ a small number of order one. For the D6D6D0 system this gives 〈ε−1〉 := 〈r−1
1 〉 ∼

I
N which confirms our previous computation. This shows that the estimate of ε is rela-
tively robust and does not depend very strongly upon which particular quantum expecta-
tion value we use to compute it. Moreover, as the metric and solutions are defined via the
harmonics this expectation value very directly relates to the quantum expectation value of
the metric.

Now that we have understood the charge dependence of ε we wish to translate this into
a mass gap in the dual CFT. The computation of the mass gap in terms of a scalar wave
equation on a capped-throat geometry is somewhat technical and has thus been relegated
to appendix E. Here we will quote the final result for the mass gap ∆(L0 + L̄0) in terms
of ε:

∆(L0 + L̄0) ∼ ε

c
>

1
2c
. (5.33)

with c = p3 = 6I , the central charge of the dual CFT. In the regime where N ≈ I/2 (so
the inequality above is saturated) this matches the expectation from the long string picture
that the lowest energy excitation in the CFT is of order 1/c (see e.g. [26]). Whether the
different scaling in the Cardy regime, N � I , reflects new physics of these solutions or
is an artifact of our toy model geometry (see appendix E) would be interesting to explore.

It would also be interesting to find an interpretation of the dependence of the mass gap on
the parameter ε ∼ N/I ∼ L0

c which seems closely related to h = (L0 − c/24)/c. We
will see in Section 5.3.1 that the latter plays an interesting role as an order parameter in
phase transitions in the dual CFT. Evidence is presented in Section 5.4.3 that this phase
transition is due to a large number of winding modes being turned on. Although this is
speculative, it might, itself, hint at a “long string” picture for the CFT at small h. It is
interesting that the result (5.33) might also hint at such a picture. In any case these results
and speculations only further highlight the importance of better understanding the dual
N = (0, 4) CFT (which is at least partially initiated in Section 5.4.3).

5.2 MACROSCOPIC QUANTUM FLUCTUATIONS FROM

ADS/CFT

That the quantum mechanics of scaling solutions would necessarily involve novel features
was recognized shortly after their study in the AdS/CFT context as it is in this context that
they present the most challenges. The existence of smooth, arbitrarily deep asymptotically
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AdS throats with low curvature everywhere seems to suggest the existence of a continuous
spectrum in the dual conformal field theory. As already mentioned, this would not agree
with the fact that large black holes are dual to thermal states and at the same time carry
finite entropy. It would also disagree with our knowledge of the spectrum of the D1-D5-P
CFT at weak coupling.

As presaged in [98, Section 6] resolving this would require quantum effects that extend
across large portions of classical, smooth solutions and this is precisely what we was find
in Section 5.1.2 by explicit computation. The emergence of such macroscopic quantum
fluctuations can be traced to the fact (first observed in [4]) that the phase space volume
of the system computed at weak coupling, for a system of weakly interacting D-branes,
does not increase as the branes backreact and generate an infinitely deep throat. This
follows naturally from supersymmetry but is nonetheless remarkable as it implies that the
quantized “cells” of the BPS phase space stretch across macroscopic volume as an infinite
throat forms. As such one might worry that this property is somehow an artifact of the
BPS nature of the solutions. Here we would like to present, as supporting evidence for this
phenomenon, a generic AdS/CFT based argument which uses some basic properties of the
solution space, especially the fact that it is a phase space, but which does not explicitly
rely on any supersymmetry.

To make an AdS/CFT based argument we of course require asymptotically AdS solutions
(which was not essential for the arguments of the previous section) which can be obtained
by taking an appropriate decoupling limit of the solutions. Thus we assume that the total
charge Γ =

∑
a Γa has vanishing D6 charge, which allows us to take the decoupling limit

and which allows us to generate a family of asymptotically AdS3×S2 solutions.

The essential observation is that generic harmonics in our solutions can be expanded
asymptotically as

H =
∑
a

Γa
|~x− ~xa| + h =

Γ
r

+ h+O
( |~xa|

r

)
(5.34)

where the terms of order zero in xa generate the base AdS3×S2 geometry (rather they
generate the geometry of an extremal BTZ black hole) and the subleading terms represent
a modification of this base geometry. AdS/CFT arguments relate the expectation values
of CFT operators in a particular state to subleading terms in a boundary expansion of
the geometry dual to the state. In our solutions it is the terms proportional to |~xa| that
generate these subleading terms in the expansion of the fields. For scaling solutions near
the scaling point all the centers can be arbitrarily close to the origin so |~xa| ∼ λ � 1.
As λ → 0 the solution develops an infinitely deep scaling throat that closely resembles
the naive black hole geometry and solutions in this region all have expectation values
proportional to some positive power of λ.

Because the solution spaces we are studying map to a symplectic submanifold of the full
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phase space they contain both configuration and conjugate momenta variables. Hence
we expect that these solutions can be parameterized, in the dual theory, by non-trivial
expectation values of both an operator, O, and its conjugate momentum conjugate, πO.
Heisenberg’s uncertainty principle, however, implies there will be an intrinsic variance in
measuring these expectation values

σOσπO ≥ 1 (5.35)

The crucial observation is that this bound on the variance is finite and independent of λ
so as λ → 0 (recall we are measuring expectation values in a state |λ〉 dual to a throat
parameterized by λ) there will be some approximate value, λc, for which the variance is
of the same order as either 〈O〉 or 〈πO〉. For such states |λ〉 we can no longer think of
the dual geometries as good classical solutions as an observer doing measurements would
not be able to distinguish geometries corresponding to the different values of λ and these
look macroscopically very different.

For instance, if we consider a dipole halo with only one D0 brane then from eqn. (3.125)
(and the definition of the coordinates) we see λ ∼ j ∼ θa so the depth of the throat
is controlled by the distance between the D6 and the D0. This can be measured in the
CFT by measuring Ĵ3 (referred to as J0 in Section 3.2.4). The conjugate variable in the
bulk is φa which parameterizes the phase space and also appears asymptotically in the D0
dipole moment, ~d0 (see e.g. eqn. (3.58)). For scaling solutions both of these asymptotic
coefficients will be first or higher order λ. Thus both Ĵ3 and its conjugate in the CFT will
have expectation values and also variances of this order (for small enough λ). Even if
we take the variance of 〈Ĵ3〉 to be very small in a state |λ〉 implying a fixed throat depth
the corresponding large variance in the dual operator implies that the location of the D0
is smeared in a circle around the origin at the bottom of the throat. Recall that because
of the warp factor the centers remain at a fixed, macroscopic, distance apart so the throat
ends in a large quantum foam rather than a classical cap.

It would clearly be interesting to explore this argument in more general cases, to make it
more quantitative and to examine its validity.

5.3 DEMYSTIFYING THE ENTROPY ENIGMA

From the discussion in section 3.3.3, it transpires that the entropy “enigma” is in fact
nothing but a supersymmetric version of a well known general instability phenomenon
in the (nonsupersymmetric) microcanonical ensemble on AdSp × Sq , first pointed out
in [99]: Schwarzschild-AdS black holes become thermodynamically unstable once their
horizon radius shrinks below a critical value of the order of the AdS radius — at this point
it becomes entropically favorable at the given energy to form a Schwarzschild black hole
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localized on the Sq . Related thermodynamical as well as dynamical instabilities were
studied in [100, 101, 102, 103, 104, 105, 106, 107, 108, 109] and other works.

We see something very similar here: when the BTZ black hole radius is lowered below
a critical value of the order of the AdS radius, it becomes thermodynamically unstable
— at this point it is entropically favorable at the given energy and total charge to form a
BMPV-type BPS black hole [110] localized on the S2, which is precisely the “enigmatic”
configuration studied in the Section 3.3.3. This is illustrated in fig. 5.4.

In particular, we see now that the statement that multicentered black holes dominate the
entropy in the small h regime is somewhat misleading. From the 4d point of view, the
(presumably) dominant solution described in section 3.3.3 is two centered, with one zero
entropy, pure fluxed D6 center; a naked timelike singularity. But from the 5d point of
view, there is really only one black hole, since the 4d D6 singularity lifts to smooth ge-
ometry. Thus, the dominant configuration remains a single black hole — just one that is
localized on the sphere.

To the best of our knowledge, this is the first instance of such an instability in a su-
persymmetric setting. The presence of supersymmetry makes it possible to write down
completely explicit solutions, which is not possible in general nonsupersymmetric cases
studied before. This might make explorations of this phenomenon as well as its dual CFT
description more tractable.

5.3.1 PHASE TRANSITIONS

As suggested by figure 3.4 and the discussion in the previous subsection, the micro-
canonical ensemble exhibits a phase transition in the p → ∞ limit. By microcanoni-
cal ensemble we mean more precisely here the statistical ensemble at fixed total charge
Γ = (0, pA, qA, q0) and fixed total energy saturating the BPS bound, but variable S2 an-
gular momentum. Thus we introduce a potential µ dual to say the 3-component J3. For
concreteness we further specialize to the situation of section 3.3.3, putting qA = 0 and
q0 = −hp3.

Let us assume that, as our analysis suggest, the entropy below a critical value h = hc
is indeed dominated by the black hole localized on the S2, while for h > hc it is domi-
nated by the BTZ black hole. Since the localized black holes have macroscopic angular
momentum, we see that in the limit p→∞ keeping µ fixed, we get

〈J3〉 = ±j∗(h) (h < hc), 〈J3〉 = 0 (h > hc) , (5.36)

where j∗(h) is the angular momentum of the most entropic configuration and the sign
is determined by the sign of µ. This is illustrated in fig. 5.5. If we assume either BTZ
or single sphere localized black holes dominate, the critical value is hc ≈ 0.00190622,
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and in the large p limit, we have a sharp first order phase transition, with order parameter
given by the angular momentum. However as we mentioned before, although we were
unable to find any, we cannot exclude the existence of more complicated, more entropic
multi-black hole / particle gas configurations which would push up hc, and perhaps even
smoothen the entropy and angular momentum as a function of h, changing the order of
the phase transition

We can also consider the “canonical” ensemble, trading −q0 for its dual potential β =
1/T while still keeping the qA fixed (say qA ≡ 0, which for simplicity of exposition we
assume for the rest of this section), and keeping the total energy at BPS saturation.5 As we
will see below, in the dual CFT, T has an interpretation as the “left-moving temperature”,
conjugate to (L0)cyl = H = hp3 = −q0 (see section 5.4.1), while the constraint of BPS
saturation can be enforced by taking the right-moving temperature T̃ → 0. Although T is
strictly speaking not a real temperature, we will use terminology as if it were. The relation
between h and T and the free energy are given by the Legendre transform

1
T

=
∂S

∂H
= − ∂S

∂q0
, F = H − TS .

For the BTZ black hole, (3.115) thus gives

h(T ) =
(2πT )2

24
, F (T ) = −π

2T 2

6
p3 . (5.37)

This means the BTZ black hole charge at thermal equilibrium is Γ(T ) = (0, p, 0,−h(T ) p3).
For the localized black holes of section 3.3.3 we get more complicated expressions. The
localized black hole charge and entropy in thermal equilibrium are, using the notation
(3.101):

S2 = π2T
(1− 2u)3/2 p3

3 (π2T 2 + 1)1/2
,

Γ2 =

[
1, (1− u),

u2

2
,

(1− 2u)3/2

3 (π2T 2 + 1)1/2
− u3

6
− u2

2
+ u− 1

3

]
. (5.38)

The resulting free energies as a function of T are shown in fig. 5.6. Again we see a
phase transition in the large p limit: above a certain temperature Tc, the BTZ black hole
minimizes the free energy due to its large entropy; below it the spinning global AdS3 ×
S2 vacuum (3.106) (with J3 = ±p312 ) takes over, as dumping energy into the reservoir
becomes entropically favorable. (Both phases will also contain a thermal gas of particles,
since we have coupled the system to a heat bath.) The free energy of the vacuum (u =

5As in the microcanonical ensemble we still allow the angular momentum J to vary and work at fixed µ, but
we will suppress this in the explicit formulae below — its only effect in the end at p → ∞ is to select a low
temperature ground state.
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1/2) is easy to compute as it has zero entropy: Fvac = Hvac = −p324 . By equating this
with the BTZ free energy we get the critical temperature:

Tc =
1

2π
(5.39)

(in units of 1/R).

This phase transition is nothing but (a BPS version of) the Hawking-Page transition [23].
Its existence in a supersymmetric context was observed already in [111], by examining
the elliptic genus of the Hilbert scheme of k points on K3 and its AdS3 × S3 ×K3 dual.
Here we see its physical origin more directly.

Note that again the angular momentum jumps: from 〈J3〉 = 0 at T > Tc to 〈J〉 =
±Jmax = ±p312 at T < Tc. The AdS-CFT correspondence therefore implies a phase
transition in the dual 1+1 dimensional CFT breaking the continuous SU(2)R symmetry.
This is not in contradiction with the Coleman-Mermin-Wagner theorem [112, 113], since
there is only a true phase transition in the strict limit p→∞. At any finite p, the combined
free energy is smooth.

In any case, we are led to conclude that BTZ black holes much smaller than the AdS
radius in fact do not provide stable classical (p → ∞) backgrounds representing macro-
scopic (thermodynamic) states in the CFT. This is just as well, as the opposite situation
would lead to various paradoxes. For example, according to the philosophy of the fuzzball
proposal (see Section 2.2 and [6, 26, 90, 91, 114]), the BTZ black hole, when it exists as
a proper classical geometry, should be obtained by coarse graining over all microstates
of given energy or temperature, consistent with its interpretation as a purely thermal state
[28]. However, when the BTZ black hole is small, it is hard to see how it could be the
result of coarse graining over the ensembles of multicentered configurations, which typi-
cally extend far beyond the BTZ horizon size.

We end this subsection by giving an alternative way to arrive at the critical temperature
(5.39). Let us start from the pure fluxed D6 − D6 system studied in section 3.3.2. Now
add a numberN of D0-branes (which according to (3.54) have to lie on the plane equidis-
tant from the D6 and D6). This is essentially the setup of [79] and the Dipole Halos of
Section 3.4.4. It was shown there that the D0-branes together with the D6 and anti-D6
can adiabatically6 collapse into a scaling solution (or abyss) which approaches the single
centered D4-D0 black hole arbitrarily closely, if and only if

N ≥ p3

12
, i.e. h =

N − p3

24

p3
≥ 1

24
.

This is in fact a direct consequence of the equilibrium constraints (3.54). In the AdS3×S2

picture, what we have is a gas of gravitons and other massless modes orbiting at constant

6By adiabatic we mean here by a evolution process with energy arbitrarily close to the BPS bound.
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radius in AdS3 and at fixed φ on the equator of S2, which can adiabatically collapse into
a BTZ black hole if h > 1

24 . From the relation (5.37) between T and h, this is equivalent
to T > 1

2π , coinciding with the critical temperature (5.39).

Thus, below the critical temperature Tc, there is a potential barrier preventing adiabatic
gravitational collapse of the system under consideration into a BTZ black hole, above Tc,
this is not the case. We leave the clarification of the deeper meaning of this coincidence
of critical temperatures, and its implications for the fuzzball proposal (for reviews see
[26, 114]) to future work.

5.4 INTERPRETATION IN THE (0, 4) CFT

We will now discuss the interpretation in the dual CFT of the Entropy Enigma and other
phenomena we observed.

5.4.1 TRANSLATION TO CFT

The quantum numbers of the decoupled solutions were given in section 3.2.4. In partic-
ular, L0 and L̄0 were given in (3.82), and we also defined reduced quantum numbers L′0
and L̃′0 in (3.85). In the regime L′0 � c

24 , the Cardy formula gives the microcanonical
entropy of the CFT:

SCardy = 4π
√

c

24
(L′0 −

c

24
) = 4π

√
− q̂0p3

24
= SBTZ , (5.40)

where c = p3, reproducing precisely the BTZ black hole entropy. Note that the regime
where sphere localized black holes come to dominate is at (L′0 − c

24 )/c � 1; this is the
opposite of the Cardy regime.

In both the microcanonical and the canonical ensembles we consider in the previous sec-
tion, we kept the M2 charge qA fixed and for simplicity we chose

qA = 0 . (5.41)

We will do this here too. In this case the distinction between reduced and original Virasoro
charges disappears, and we have the identifications

(L0)cyl = L0 − c

24
= −q0 = hc, (L̃0)cyl = L̃0 − c

24
= 0. (5.42)

This implies furthermore H = hc, explaining our notation q0 = −hc used in (3.112) and
in the definition of the canonical ensemble in section 5.3.1.

The regime of particular interest to us is h small and positive, which is where the phase
transitions are expected to occur based on the black hole picture.
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5.4.2 ENTROPY FOR L0 ∼ c
24

There are not too many tools available to determine the number of states in a CFT for
h = (L0 − c

24 )/c → 0. There is certainly no universal answer to this question, and in
addition the answer may depend on moduli and other parameters — after all, it is not
a protected quantity. In order for the N = (0, 4) CFT, which is dual to the geometries
we have been studying, to accommodate the sphere localized / multicenter solutions with
entropy S ∼ p3 = c near h→ 0, the number of states at small h in the CFT should grow
accordingly. One can view this as a prediction of AdS/CFT for the (presumably strongly
coupled) N = (0, 4) CFT.

The simplest possible model where one could investigate this question is in the CFT of c
free bosons, which has partition function Z := Tr qL0− c

24 = Zc1 where

Z1 = q−
1
24

∏
i>0

1
(1− qi) =

1
η(q)

. (5.43)

Then the coefficient of q0 can be estimated at large c by saddle point approximation.
Parametrizing q = e2πiτ :

d(0) =
∮
ec logZ1 dτ ≈ ec logZ1(τ∗) ,

∂ logZ1

∂τ
|τ∗ = 0 . (5.44)

The numerical solution to this is

τ∗ ≈ 0.523524, log d(0) ≈ 0.176491 c , (5.45)

so this indeed gives an entropy of order c = p3 at h = 0. Comparing to (3.116), we see
that the coefficient is different; of course there was no reason to expect it to be the same,
since the coefficient is model dependent. For example, replacing Z1 with a more general
weight w modular form

Z1(q) = a0q
b + a1q

b+1 + · · · , (5.46)

we can estimate (5.44) by writing Z1(τ) = a0(−iτ)−we−
2πib
τ + · · · which leads to

τ∗ ≈ 2πib
w

, log d(0) ≈ (log a0 − w(1 + log(2πb/w))) c . (5.47)

For this to be a good approximation we need e
−2πi
τ∗ = e−w/b � 1. For the free boson, we

have w = −1/2 and b = −1/24, so this is satisfied and indeed plugging in the numbers
gives log d(0) ≈ 1

2 (1 + log π
6 )c, reproducing (5.45) to very good accuracy.

In addition to similar saddle point approximations, a more refined analysis of the large
c growth of d(0) for various modular forms, using the Fareytail expansion, was done in
[115], and was in agreement with the simple estimates given here.
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Of course, since c is a measure for the number of degrees of freedom, it is hardly a
surprise that the entropy for a fixed nonzero amount of energy per degree of freedom
L0/c = 1/24 grows linearly in the number of degrees of freedom c. More interesting
would be to compute the actual proportionality constant. Despite the model dependence
of this number, (3.116) nevertheless suggests a universal number for all CFTs dual to
AdS3×S2×CY3 in the large c limit:

log d(0) =
π

18
√

3
c . (5.48)

As mentioned earlier, this universality might however be an artifact of our lack of imagi-
nation in finding more entropic configurations.

In theories in which a “long string” picture exists, we can count the number of states in
the long string CFT, which typically has reduced central charge ĉ = c/k and increased
excitation energy L̂0 = kL0. For k sufficiently large, we can then use Cardy even if the
original L0 was of the order of c/24, and we find

log d(0) =
π

6
c . (5.49)

This does not agree with (5.48), but clearly our analyses on both sides are far from con-
clusive at this point.

To make further progress, it is necessary to delve into the intricacies of the actual dual
CFTs. We will initiate this in the next subsection, improving the analysis of [27] by more
carefully identifying entropic modes important at small h.

5.4.3 THE MSW STRING

The MSW (0,4) 1+1 dimensional sigma model onW = R×S1 arising from wrapping an
M5 brane on W ×P with P a very ample divisor has the following massless field content
[27, 74, 116]:

• h0,2(P ) ≈ p3/6 complex non-chiral scalars zi arising from holomorphic deforma-
tions of P .7

• 3 real scalars ~x, the position in R3

• b2(P ) ≈ p3 real scalars from the reduction on P of the self-dual 2-form field b on
the M5:

b = bαΣα , (5.50)

7Consistent with our practice throughout this thesis, we suppress (large p) subleading corrections to various
Hodge numbers.
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where {Σα} is an integral basis of the space of harmonic 2-forms H2(P ). In such
a basis the scalars are periodic: bα ' bα + nα, nα ∈ Z. Furthermore they have to
satisfy the self-duality constraint

dbα ∧ Σα = ∗W dbα ∧ ∗PΣα , (5.51)

which implies there are b2+(P ) = 2h2,0(P ) + 1 ≈ p3/3 right-moving (∗W = +1)
degrees of freedom and b2− = h1,1(P )− 1 ≈ 2p3/3 left-moving (∗W = −1). The
left-right split depends on the deformation moduli zi and the background complex
and Kähler moduli.

• 4h2,0(P ) + 4 ≈ 2p3/3 real right-moving fermions ψκ. These pair up with the in
total 4h0,2(P ) + 4 real right-moving scalars, as required by (0, 4) supersymmetry.

Motion of the string is supersymmetric if and only if it is (almost) purely left-moving8 :

zi(τ, σ) = zi(τ + σ), bα(τ, σ) = bα(τ + σ)− 2(q · J̃)J̃α τ . (5.52)

Here q · J̃ = qAJ̃
A with qA the M2-charge and J̃ = J̃ADA proportional to the Kähler

form of X , normalized such that
∫
P
J̃2 ≡ 1. Furthermore the components J̃α are defined

by decomposing J̃ pulled back to P : J̃ = J̃αΣα. The reason for the presence of the
τ -dependent term on the right hand side is the fact that supersymmetry is nonlinearly
realized when q·J̃ is nonvanishing [27], which is related to the fact that q·J̃ is proportional
to the imaginary part of the central charge Z, and therefore that a different subset of four
supercharges out of the original eight is preserved for different q · J̃ . It is also closely
related to the difference between L0 and L′0 as discussed at the end of section 3.2.4.

In addition (5.52) is a solution to the equations of motion if and only if the selfduality
constraint (5.51) is satisfied. On the profile (zi(s), bα(s)), s ∈ S1 introduced in (5.52)
this constraint becomes the anti-selfduality condition

ḃα(s) Σα − (q · J̃)J̃ = − ∗ [(ḃα(s) Σα)− (q · J̃)J̃ ] . (5.53)

The dot denotes derivation with respect to s, and we used the fact that the right-moving
contribution in (5.52) automatically obeys the self-duality constraint (5.51). Harmonic
2-forms on P are anti-selfdual if and only if they are of type (1, 1) and orthogonal to J̃ .
Following appendix G of [9], the first condition can be written as

ḃα(s) ∂iΠα(z(s)) = 0 , (5.54)

while the second one is
ḃα(s) J̃α = q · J̃ . (5.55)

8As usual, the the extra winding term in bα can be written, using τ = 1
2

(τ + σ) + 1
2

(τ − σ) as the sum
of left-movers and right-movers, and the left-moving contribution can be absorbed in bα(τ + σ). We chose for
convenience a convention in which the winding term depends on τ only.
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Here Πα(z) is the period of the holomorphic 3-form on a 3-chain with one boundary on
the 2-cycle in P (z) Poincaré dual to Σα, and Jα is the integral of the Kähler form J over
the same 2-cycle.

SUPERSYMMETRIC SOLUTIONS

One could now try to get the BPS spectrum by quantizing this moduli space of super-
symmetric configurations. In general however this is a complicated system of coupled
equations.

Things simplify when we consider linearized oscillations around some arbitrary fixed
point (zi∗, b

α
∗ ). Because there are about p3 bα and p3/3 zi real degrees of freedom, (5.54)-

(5.55) will to lowest order just constrain the bα to lie on a 2p3/3-dimensional plane, while
δzi can oscillate freely. Hence we can think of this as in total p3 free bosonic modes. At
large L0, these oscillator modes will dominate the entropy, approximately reproducing
the BTZ entropy.

In addition, since they are periodic, we can allow the scalars bα to have nonzero winding
number kα in H2(P ); this corresponds to turning on worldvolume flux on the M5 (and in
particular these modes can therefore carry M2 charge). Still at fixed z∗, integrating (5.54)
over the S1 then gives the constraint

∂iW (z∗) = 0 , W (z) := kαΠα(z) . (5.56)

For generic z∗ and generic integral kα, this will not be satisfied. Only for kα in the
sublattice LX of H2(P,Z) pulled back from the ambient Calabi-Yau X , this will be
automatic (because these forms are always integral (1,1)).

Based on this and the fact that in the full M-theory, M2 instantons can interpolate between
winding numbers except those in LX , [27] rejected the possibility of turning on winding
numbers except for those in LX . However, at special points z∗, (5.56) will have solutions.
Indeed these equations can be viewed as a superpotential critical point condition for zi

(formally identical to the one obtained for D4 flux vacua in appendix G of [9]), and as
such it will have isolated critical points for sufficiently generic kα; all zi have become
effectively massive. Integrating (5.55) over S1 gives the constraint kα Jα = q · J . This
is automatically satisfied, because the winding modes are exactly the origin of the M2
charge, as they correspond to M5 worldvolume flux; in general one can read off from the
WZ terms in the M5-brane effective action that qA =

∫
P
DA ∧ kαΣα.

So, once we specify a winding vector kα, the string will still be supersymmetric when
located at a critical point z∗(k), and some or all of the zi zeromodes will be lifted. At the
semiclassical level, these are definitely valid supersymmetric ground states — and in fact
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there is a huge number of them, not quite unlike the landscape of string flux vacua. Instan-
tons might tunnel between them and mix the states quantum mechanically, but this does
not mean that they should not be considered; in particular when computing the Witten
index, all these semiclassical vacua must be summed over (with signs).

The contribution of these winding modes to −q0 = P = (L0)cyl − (L̃0)cyl is half the
topological intersection product:

∆P = −1
2
Qαβk

αkβ , Qαβ :=
∫
P

Σα ∧ Σβ . (5.57)

If in addition to (5.56) we also set q · J = 0 (for example by restricting to the qA = 0
sector), then kαΣα is anti-selfdual, and therefore ∆L0 = ∆P ≥ 0. Moreover, in the
notation of Section 3.2.4, we have ∆L′0 ≥ 0.

There are more complicated solutions to (5.54) possible, for example when we let the
string loop around a nontrivial closed path z(s) in the divisor moduli space and at the
same time on some loop in the bα-torus. This can give rise to complicated twisted sectors.
As stressed in [74], there will in general be monodromies bα → Mα

βb
β acting on the

b-torus when circling around the discriminant locus in the divisor moduli space. Hence
we should think of the target space of the string as a quotient of the total space of the
b-torus fibration over Teichmüller space by the monodromy group. Closed strings can
begin and end on different points identified by this group, leading to twisted sectors and
possibly long strings.

Finally, we can form bound states of the localized winding strings described above. For
example we can form a bound state of a closed string winding k1 at some z∗(k1) and one
winding k2 at z∗(k2), by connecting them with two interpolating pieces of string. Note
though that now the constraint (5.55) becomes important: indeed generically kα1 Jα 6=
kα2 Jα, so the string we just described cannot have constant ḃαJα and we do not get a
proper supersymmetric solution. It is conceivable however that in some cases at least
the string will be able to relax down to a BPS configuration for which ḃαJα is constant
everywhere.

This is reminiscent of brane recombination. Moreover, note that the condition of having
kα1 Jα = kα2 Jα corresponds to being on a wall of marginal stability for the two M5-branes
represented by the two strings. Hence there is an obvious candidate for the gravitational
interpretation of such configurations: they should correspond to the M5-M5 2-centered
bound states. It would be interesting to make this more precise.

STATISTICAL MECHANICS

In this subsection we will give a rudimentary analysis of the statistical mechanics of the
BPS sector of the MSW string, to see if we can reproduce some of the features we found
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on the black hole side.

We can roughly model the ensemble of winding and oscillator modes ignoring nonlinear-
ities, say in the qA = 0 sector, by the partition function

Z(q) = Tr qL0− c
24 =

(
ϑ3(q)
η(q)

)c
(5.58)

with c = p3. Here the theta function models the winding mode contributions and the
eta function the oscillator contributions.9 By numerical saddle point evaluation, the total
entropy and the (entropy maximizing) distribution of it over the oscillator and winding
modes at given h = (L0− c

24 )/c can be straightforwardly computed. The result is shown
in fig. 5.7. The inclusion of winding modes actually improves the match to the BTZ
entropy compared to the most naive model with only free oscillators; it is almost perfect
already slightly above the threshold. This can also be checked analytically: Because
Z(q) has weight 0, the total entropy computed by saddle point evaluation is exactly S =

4π
√

h
24c = SBTZ; for the free oscillator model, there are corrections.

We also see that at h = 0, there is still an entropy of order c = p3, and almost all of it is
in the winding modes. There are still no phase transitions in this model of course, since
the system is noninteracting.

ANGULAR MOMENTUM AND SU(2)R

Let us turn our attention now to the SU(2)R R-charge J3; the S2 angular momentum on
the gravity side, which appeared as an order parameter J3/p3 for the phase transition we
discussed. The only fields transforming nontrivially under SU(2)R are (i) the fermions,
transforming in the 2, but they are all rightmoving so cannot be excited except for their
zeromodes, and (ii) the position ~x transforming in the 3, but this represents only three
oscillators out of order c = p3, so one expects their contribution to the total R-charge
to be negligible in the thermodynamic limit p → ∞ (in the sense of their J3 having an
expectation value growing slower than p3).

So, where does the large angular momentum, J = p3

12 , of the L0 = 0 gravity solution
come from then? The answer is from the center of mass zero modes of the string. Since
shifting the bα by constants independent of the string coordinate s corresponds to a gauge
transformation, the only physical zero mode space is the deformation moduli spaceMP

of P . These bosonic zero modes together with the fermionic ones (which we can have

9Note that despite the fact that turning on winding modes is generically lifting zeromodes of zi, it is not true
that it also lifts the oscillator modes; in the presence of winding, it remains true that (5.54) reduces the number
of local fluctuation (oscillator) degrees of freedom by p3/3, so at our level of approximation the oscillator
mode counting is essentially unaffected by winding: the number of oscillating degrees of freedom remains
p3/3 + p3 − p3/3 = p3 = c.
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since they are independent of s) will give ground state wave functions in one to one cor-
respondence with harmonic differential forms onMP . The form number corresponds to
fermion number and therefore to R-charge — or in other words the SU(2)R is identified
with Lefschetz SU(2)R on cohomology (see for example [17] for a pedagogical expla-
nation). This is analogous to how angular momentum is produced in the D4-brane model
[9]. Since the moduli space MP = CP p

3/6 (where as before we are dropping terms
subleading to p3), this means the L0 = 0 ground states assemble into a spin J = p3

12

multiplet, exactly as expected from the gravity side.

Now, when we turn on some small L0, we expect from what we observed on the gravity
side that J will go down somewhat (see fig. 5.5). We propose the following picture of
how this happens on the CFT side. At very small L0, a small number of winding modes
will get turned on. This will typically freeze a small number of the moduli zi, reducing
the moduli spaceMP to a lower dimensional space. The maximal Lefschetz spin always
equals half the complex dimension n (this is the spin of the multiplet created by starting
with 1 and subsequently wedging with the Kähler form on the moduli space till the volume
is reached). Therefore the maximal J will go down. The higher L0, the more winding
modes get turned on, the smaller the dimension of the residual moduli spaces, and the
smaller J . Eventually when L0 becomes sufficiently large, so many winding modes will
be turned on that all moduli will generically be frozen, and the expectation value of J
becomes zero. This is in agreement with what we observe on the gravity side.

Again, this is only a rudimentary qualitative picture, and in particular too rough to be able
to address how phase transitions could arise. Perhaps a variant of the toy models of [117]
would be of help to make further progress. A more in depth analysis is left for future
work.

THE FIELD THEORY DESCRIPTION OF THE MSW STRING

One puzzle we have encountered several times has to do with the nature of the MSW
sigma model which describes the low-energy excitations of the wrapped M5-brane. This
sigma model is obtained from a suitable KK reduction of the M5-brane theory over the
four-cycle over which the M5-brane is wrapped. Classically, this sigma model is a (0, 4)
superconformal field theory, and the target space of the sigma model is the entire moduli
space of supersymmetric four-cycles in the Calabi-Yau manifold.

The puzzle is that on the one hand, field theory arguments suggest that this sigma model
also describes a quantum (0, 4) superconformal field theory which still probes the entire
moduli space of supersymmetric four-cycles, whereas the bulk analysis shows that not
all M5-brane bound states fit into a single asymptotically AdS3 × S2 geometry, which
strongly suggests that a quantum SCFT which captures the entire moduli space does not
exist.
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The field theory arguments are based on claims in the literature that, unlike (2, 2) sigma
models, (0, 4) sigma models are always finite [118, 119], in the sense that all renormal-
izations can be absorbed in finite field redefinitions, so that in particular the beta functions
vanish and the theory is conformal also quantum mechanically. However there are poten-
tial caveats [120], to which in turn some counterarguments have been given in [121]; see
also [122]. To the best of our knowledge, this issue remains not fully settled.

Perhaps our results shed some new light on this. As we observed in section 3.2.5 (see
also appendix D of [3]) , M5-M5 bound states will not fit in a single asymptotically
AdS3 × S2 geometry, but split in two (or more) separated AdS3 × S2 throats. At values
of the normalized Kähler moduli Y A sufficiently far away from the AdS attractor point
Y A = pA/U , they do exist as supersymmetric states of the MSW string, and we suggested
a possible explicit MSW string realization of them above. When moving the Y A to the
attractor point, all of these states decay. Hence they cannot be part of the CFT which is
dual to a single AdS3 × S2 geometry.

There are therefore, in our view, two possibilities:

1. The MSW sigma model is a quantum SCFT for all values of the Kähler moduli Y A.
If so, it is not equivalent to quantum gravity in asymptotic AdS3 × S2 × X , and
therefore presents a situation very different from the usual AdS-CFT lore. It is not
clear to us what the precise new prescription for a correspondence would be in this
case.

2. The beta function in fact does not vanish for Y A different from the attractor point
and the Y A undergo RG flow till they reach the attractor point, an IR fixed point.
Along the flow, the constituents of M5-M5 bound states (whose gravity description
is of the type studied in appendix D of [3]) decouple from each other; each of them
has its own IR fixed point corresponding to an AdS3 × S2.

The second possibility seems much more attractive to us, but would imply that the MSW
(0, 4) model does undergo RG flow. This need not be in contradiction with the finiteness
of (0, 4) models, since the relevant non-renormalization theorems assume that the sigma
model is weakly coupled and non-singular, and both assumptions are almost certainly
violated for the MSW (0, 4) model. The latter can become strongly coupled whenever
two-cycles in the moduli space shrink to zero volume (similar to what happens in the
D1-D5 CFT), and is most likely singular when the four-cycle self-intersects: intersecting
M5-branes support extra light degrees of freedom, coming from stretched M2-branes,
and these need to taken into account in a proper low-energy description. The classical
MSW CFT, however, does not take these additional light degrees of freedom into account,
and usually this gives rise to singularities in the incomplete low-energy theory. Finally,
the nontrivial interaction between the bα and zi modes leading to (5.54), will further
complicate the RG flow.
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It would be interesting to study this further.
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Figure 5.4: On the left a representation is shown of the single centered 4d black hole; this lifts to
the BTZ black hole (times S2) at the center of AdS3. Surfaces of constant spherical coordinate r in
R3 are indicated — these become the S2 fibers of AdS3 × S2. On the right one of the 2-centered
4d configurations of section 3.3.3 is depicted; this lifts to a BMPV-like black hole roughly localized
on the north pole of the S2 and at the center of AdS3. Surfaces of constant prolate spheroidal
coordinate ξ are indicated. As is clear from (3.106), these are the S2 fibers of AdS3 × S2 in the
zero size limit of the black hole at the north pole, i.e. the R vacuum. When the black hole has finite
size, the metric near it will be deformed to that of a BMPV black hole in 5 dimensions.
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Figure 5.5: Left: Entropy as a function of h in the limit p → ∞. Right: J3/Jmax as a function of
h (the branch depending on the sign of µ), for p→∞.
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Figure 5.6: Free energy F as a function of T in the limit p → ∞ for BTZ (fat red line) and
sphere localized black holes at different values of u ranging from 0 to 1/2. The bottom fat blue
line corresponds to u = 1/2, that is, AdS3 × S2 without black holes. The end points of the black
hole lines correspond to the 4d equilibrium separation and angular momentum becoming zero, i.e.
becoming indistinguishable from BTZ in the asymptotic region.
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Figure 5.7: Various entropies as a function of h, for h near 0 (left), and for a larger range of h
(right). The blue line is the total entropy derived from (5.58), the yellow line is the entropy in the
winding modes, the green line is the entropy in the oscillator modes, and the red line is the BTZ
entropy.
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