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Chapter 1

Introduction

Mathematical modelling of real-life systems is widely used in different applied
fields of science. Models are often based on certain known laws (rules) for the pro-
cesses under consideration. Depending on those rules, a deterministic model can
be a set of (non)linear differential equations, such as Ordinary Differential Equa-
tions (ODEs), Partial Differential Equations (PDEs), Delay Differential Equations
(DDEs), etc., or combinations of these. Additionally, algebraic relations can be
coupled to differential equations resulting in a system of Differential Algebraic
Equations (DAEs). The analytical solution of the model can be found very rarely
and therefore, one often needs to compute a numerical solution by using various
numerical techniques.

A mathematical model, to be meaningful, is expected to describe the phe-
nomenon in a sufficiently accurate way. In addition to that, it is desirable for a
model to be an analytical and predictive tool. Analytical means that the model
can be used for a better understanding of the underlying mechanism of a system.
So, understanding a model leads to understanding the real system. Predictive
implies that the model is able to simulate experiments before actually performing
them or to predict the system behaviour in the situations that cannot be dealt
with experimentally.

Mathematical models usually have a number of parameters. Some parame-
ters are known from the literature or can be directly obtained from experiments.
However, in many cases parameters are not known and cannot be measured. On
the other hand, other quantities (observables) involved in the model, such as state
variables or combinations thereof, can be quantified in experiments. Then, the
unknown parameters can be estimated by fitting model outputs to the data.

Parameter estimation or data fitting typically starts with a guess about param-
eter values and then changes those values to minimize the discrepancy between
model and data using a particular metric which is called a cost function (or fitness
function). This inverse problem has a number of pitfalls. The first question is
whether the parameters for the mathematical model can be identified uniquely
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2 Chapter 1. Introduction

assuming that for all observables continuous and error-free data are available.
This is the subject of a priori identifiability or structural identifiability analysis
of the mathematical model [1].

When the mathematical models are nonlinear in the parameters, the fitness
function may have many local minima that do not correspond to its lowest value.
Although local search methods, like gradient-based algorithms, are efficient op-
timizers [2] for nonlinear least-squares problems once a sufficiently good initial
guess for the parameter values is available, they can get trapped in one of the lo-
cal minima rather than finding the global minimum. On the contrary, global search
methods, like Simulated Annealing (SA) [3] explore the whole search space but
have slow convergence. The latter is very crucial for large-scale problems. Sequen-
tial application by using a global search method followed by a local gradient-based
technique allows to find the global minimum precisely and fast [4].

Finally, given a particular set of experimental data, and one particular ac-
ceptable model parameterization obtained by a parameter estimation procedure,
does not mean that all obtained parameters can be trusted. After the minimum
has been found, an a posteriori or practical identifiability study can show how
well the parameter vector has been determined given a data set that is possibly
sparse and noisy. That this part of model fitting should not be underestimated
is shown by Gutenkunst et al. [5]. For all 17 systems biology models that they
considered, the obtained parameters are sloppy, meaning not well-defined. It is
shown that the sloppiness is an intrinsic property of such models and cannot be
removed by using more comprehensive and more accurate data. On the other
hand, one could argue that often the precise value of a parameter is not required
to draw qualitative conclusions [6].

The main application field for the mathematical models studied in this disser-
tation lies in developmental biology. Genetic regulation plays a fundamental role
in the developmental processes, such as the body plan formation of an organism.
The insect body plan consists of repeating units called segments. Segment deter-
mination happens at the early developmental stages. The main focus here is on the
fruit fly Drosophila melanogaster for which the boundaries of segments are deter-
mined during the blastoderm stage of development [7]. Segment determination is
controlled by a relatively small set of segmentation genes. The whole segmentation
gene network has a hierarchical structure whose levels consist of gap, pair-rule,
and segment-polarity genes [8, 9]. In such a regulatory cascade, genes from the
upstream layer are involved in the regulation of the genes from the downstream
layer; additionally, genes from the same level are regulating each other as well.
The gap gene system is of a particular interest in this hierarchy. It constitutes the
first zygotic step in the segmentation gene network. The expression of gap gene
domains are initially established by maternal input. These spatial domains fur-
ther change dynamically due to the influence from the terminal maternal system
and most importantly due to the regulatory interactions between gap genes. In
turn, gap genes are involved in the regulation of pair-rule and segment-polarity
genes from downstream layers. The latter establish a segmental pre-pattern of
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gene expression by the onset of gastrulation. Although the gap gene system has
been studied extensively using genetic and molecular approaches [10] (and refer-
ences therein), still understanding of the underlying mechanism of formation of
gap gene expression patterns remains incomplete. This is not an unusual situ-
ation; not all questions can be answered experimentally. In some cases, genetic
evidences result in ambiguities for interactions between the genes in a regulatory
network. These remaining blanks can be filled by using mathematical models of
regulatory networks.

Mathematical modelling has been proven to be a powerful tool to study reg-
ulatory networks. Among many different approaches, we restrict ourselves to the
case where a model is given by a system of nonlinear ODEs (lattice-differential
equations), a so-called ‘connectionist’ model of development proposed in [11]. The
time evolution of gene products is described with a sigmoid function to model ge-
netic regulation, a decay term, and a simple difference formula to model diffusion.
A connection matrix consisting of numbers (‘weights’) is used to model the regula-
tory influences in the input of the sigmoid regulation function. Extensive research
has been done using this model to study the gap gene system in the early devel-
opment of the Drosophila [10, 12–15]. Some analytical results on the behaviour
of this model are presented in [16]. This model is also studied in the continuous
version, as a reaction-diffusion PDE system [17]. With the connectionist model
and available quantitative expression data for all relevant genes involved in the
gap gene network [18, 19], regulatory interactions between gap genes have been
successfully inferred using different optimization methods. Obtained results have
given significant insight into the functioning of the gap gene system, i.e. the un-
derlying mechanism of spatio-temporal pattern formation of gap gene products.
However, conclusions in all previous works have been based on the values of es-
timated parameters only and the important link, the identifiability analysis of
inferred regulatory parameters, is missing. This has a serious implication as all
conclusions can be unreliable.

We note that the derivation of the connectionist model [11] for modelling
regulatory networks is based on a number of assumptions (simplifications) and
therefore, such a model has limitations because it cannot capture many important
details of development. In order to overcome this, the model has to be extended.
Undoubtedly, there will be a price to pay. More detailed models will have larger
complexity and their numerical integration as well as the parameter estimation
procedure may give rise to real numerical challenges.

An important limitation of the connectionist model is that cells are modelled
as static discrete lattice sites on a grid. In a developmental process gene expression
patterns in space and time are leading to various biomechanical responses of the
cells, like cell migration, adhesion, growth, death, etc. The responses, in turn,
can influence the gene expression pattern. For example, a migrating cell may
change the spatial gene expression pattern or in cell division the components of
the mother cell may be unequally distributed over the daughter cells which can
also affect the gene expression pattern. In many cases a simple connectionist
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model will not be sufficient to explain the development of a spatio-temporal gene
expression pattern in an aggregate of migrating cells and a more elaborate, cell-
based, model is required to capture the coupling between gene expression patterns
and moving cells.

The protein synthesis in the connectionist model is assumed to be instanta-
neous. This is clearly a simplification of the biological system as the transcription
of genes and the translation of mRNA into proteins take some time. Neglecting
these details has resulted in an artificially high level of gene products in the model
outputs at early stages of time integration when the standard connectionist model
has been applied for the gap gene system in Drosophila [10, 12]. Time delays in
the production of proteins have to be incorporated in order to have a more real-
istic model to correctly describe early gap gene expression and regulation. This
will change the connectionist model into a system of DDEs. For parameter es-
timation and the practical identifiability analysis in the resulting DDE models a
detailed investigation is needed as the model solution can be nonsmooth in the
model parameters [20].

1.1 Parameter Estimation

In this section1) we shall briefly present different aspects of parameter estimation
which will be used throughout the thesis (for a detailed description see Chapter 2).
The methodology is illustrated on the basis of a simple enzymatic reaction.

1.1.1 Problem definition

For ease of presentation, we consider a model given by the system of ODEs of the
general form 2):







dy(t, θ)

dt
= f(t,y(t, θ),u(t), θ), 0 < t ≤ T,

y(t, θ) = y0(θ), t = 0,

(1.1.1)

where t denotes time, the m-dimensional vector θ contains all unknown parame-
ters, y is an n-dimensional vector containing the state variables (e.g. concentra-
tion values), u are the externally input signals, and f is a given vector function,
differentiable with respect to t, y and θ. When components of the initial state
vector y0 are not known, they are considered as unknown parameters, so y0 may
depend on θ. Assume that the parameter vector θ should satisfy (non)linear
constraints:

c(t,y(t, θ),u(t), θ) ≥ 0, 0 < t ≤ T. (1.1.2)

1) Part of this section is based on the journal publication [21].
2) The presented material is also applicable to systems of DAEs, discretized PDEs and DDEs.
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Let us assume that N measurements for the state variables 3) in (1.1.1) are
available. Each measurement, which we denote by ỹi, is specified by the time ti
when the ci-th component of the vector y is measured. The corresponding model
value for a specific parameter vector θ is denoted by yci

(ti, θ). We assume that
a true solution θ∗ exists for which (1.1.1) is a sufficiently accurate mathemati-
cal description approximating reality. In this case, the difference |yci

(ti, θ
∗) − ỹi|

is solely due to experimental errors. The vector of weighted discrepancies be-
tween the model values and the experimental values is denoted by Y(θ). The
m-dimensional optimization problem is given by the task to minimize some mea-
sure, S(θ), for the weighted discrepancy Y(θ). By far the most used measure is
the Euclidean norm or the sum of weighted squares:

S(θ) =

N
∑

i=1

(yci
(ti, θ) − ỹi)

2

σ2
i

= YT (θ)Y(θ), (1.1.3)

see [22]. This measure results from the maximum likelihood estimator (MLE)
theory under the assumption that the experimental errors are independent and
normally distributed with standard deviation σi and zero mean. When these as-
sumptions do not hold, other measures might be used like the sum of the absolute
values. The MLE theory then does not apply and the statistical analysis in the
Section 1.1.2 does not hold.

1.1.2 Identifiability and Determinability

Whether the parameters for the mathematical model can be found is dependent
on (a) the mathematical model; (b) the significance of the data; and (c) the
experimental errors. In the following, we assume that the model is properly scaled
such that both the parameter values and the state variables are of the same order
of magnitude. Otherwise, a proper scaling should be applied to the model.

A priori identifiability

A parameter is globally identifiable if it can be uniquely determined given the
input profile u(t) and assuming continuous and error-free data for the observables
of the model. If there is a countable number of solutions the parameter is locally
identifiable; it is unidentifiable if there exist uncountable many solutions. A model
is structurally globally/locally identifiable if all its parameters are globally/locally
identifiable.

It is advisable to always perform an a priori analysis to determine a priori
global identifiability of the model. However, for realistic situations (i.e. nonlin-
ear models of a large size) it is very difficult to obtain any results with known
techniques.

3) The problem can be formulated in the same way when other quantities, such as the
combinations of state variables in (1.1.1), are measured.
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A posteriori identifiability

Practical or a posteriori identifiability analysis studies whether the parameters
can be determined with the available, noisy, experimental data. The difficulty
in estimating the parameters in a quantitative mathematical model is not so
much how to compute them, but more how to assess the quality of the obtained
parameters because this not only depends on how well the model describes the
phenomenon studied and on the existence of a unique set of parameters, but also
on whether the experimental data are sufficient in number, sufficiently significant
and sufficiently accurate. With respect to the first two requirements, a sufficient
and significant amount of data, it is clear that, whatever method one uses to fit
a model with experimental data: to estimate m unknown parameters, one needs
at least m experimental values. On the other hand, it is not necessary to have
experimental data for all state variables involved in the model at all possible time
points, often only a few measurements for the right observable at significant times
are needed. The last question, sufficiently accurate data, is related to the fact
that measurement errors imply that we do not have precise data points to fit our
model with, but that each point represents a whole cloud of possible data values,
implying also that the inferred parameters are not point-values but are contained
in a cloud. Depending on the model, the cloud of possible parameter values varies
in size and shape and can be much larger than the original uncertainty in the data.

The most applied method [23, 24] to study the uncertainty in the parameters is

to compute the sensitivity matrix J(θ̂) = ∂Y(θ̂)
∂θ , where θ̂ is the parameter estimate

obtained by minimizing (1.1.3). This can be done either by finite differencing or

by solving the variational equations 4). How close the estimate θ̂ is to the true
parameter vector θ∗ is expressed by the (1−α)-confidence region for θ∗, given by:

(θ∗ − θ̂)T
(

JT (θ̂)J(θ̂)
)

(θ∗ − θ̂) ≤ rσ, (1.1.4)

with rσ = m
N−mS(θ̂)Fα(m, N − m), where Fα(m, N − m) is the upper α part of

Fishers distribution with m and N−m degrees of freedom. The (1−α)-confidence
region implies that there is a probability of 1−α that the true parameter vector θ∗

lies in this ellipsoid that is centered at θ̂ and has its principal axes directed along
the eigenvectors of JT (θ̂)J(θ̂). The length of the principal axes is proportional to

the reciprocal of the corresponding singular values of JT (θ̂)J(θ̂). Note that this
is a linear analysis, and local both with respect to θ and to the given data points.

Now, the practical identifiability of parameters can be assessed in different
ways. First, if the model has only two or three parameters it can be done by
visual inspection of the ellipsoidal region. For high-dimensional problems this is
not possible. But inspecting the eigenvectors and the singular values of the Fisher
information matrix JT (θ̂)J(θ̂) can reveal the identifiability or unidentifiability of

4) Variational equations are obtained by taking the derivative of the system (1.1.1) with

respect to the parameters. This results in m ODE systems in the variables
∂y(t,θ)

∂θi
, i = 1, . . . , m.
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the parameters or linear combinations of them (for a detailed description see
Chapter 2). Finally, there are a number of easy-to-compute indicators. Assuming
that all other parameters are exact, a confidence interval for a specific parameter
is the intersection of the ellipsoidal region with the parameter axis. This is the
dependent confidence interval:

△Dθi =
rσ

√

(

JT (θ̂)J(θ̂)
)

ii

. (1.1.5)

The independent confidence interval is given by the projection of the ellipsoidal
region onto the parameter axis:

△Iθi = rσ

√

(

(

JT (θ̂)J(θ̂)
)−1

)

ii

. (1.1.6)

If dependent and independent confidence intervals are similar and small, θ̂i is well-
determined. In case of a strong correlation between parameters, the dependent
confidence intervals underestimate the confidence region, whereas the indepen-
dent confidence intervals overestimate it. Another way to obtain information
about the correlations between parameters is to look at the covariance matrix
cov = (JT J)−1. The correlation coefficient of the i-th and j-th parameter is
given by:

ρij =
covij√

coviicovjj
. (1.1.7)

Determinability

Practical unidentifiability, i.e. parameter sloppiness, indicated for instance by
large confidence intervals, is a serious problem when the models are used to extract
certain information from the solution of the inverse problem and the precise values
of parameter estimates are important for that. However, in the models of gene
networks, which will be discussed in the next section, the regulatory influences
are represented by regulatory weights. Although these parameters are in principle
allowed to take any real value, the sign of the weight has a specific biological
implication. It indicates how a certain gene regulates another gene in the network.
Therefore, the precise values of those parameters are not always important as long
as they have certain characteristics, like being positive or negative.

If a posteriori identifiability analysis results in a parameter uncertainty range
which lies in the characteristic range we call this parameter (qualitatively) deter-
minable. Note that for those parameters which have to be determined quantita-
tively, i.e. having no specific characteristics, determinability refers to a posteriori
identifiability.
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1.1.3 Example

On the basis of a very simple artificial example [25] we show the influence of the
experimental data on the parameter determinability. Consider the mathematical
model for the simple enzymatic reaction:



























d[S]

dt
= −k1[E][S] + k2[C]

d[C]

dt
= k1[E][S] − k2[C] − k3[C]

[E] + [C] = [E0] + [C0]

(1.1.8)

with as state variables the concentrations of the substrate [S], the enzyme [E],
and complex [C]. Suppose the initial concentration of the state variables, [S0],
[E0] and [C0] is known, and the concentration of [C] is measured rather precisely
at regular time points t = 1, . . . , 20. For this example, the measurements are
generated artificially by adding an independent, normally distributed perturbance
with zero expectation and a fixed variance to the model results (red +-marks in
Figure 1.1). The initial parameter values are θ = (k1, k2, k3) = (6, 0.8, 1.2). With
these parameter values, the model results are given by the solid lines in the left
plot in Figure 1.1. Fitting the model to these measurements with the Levenberg-
Marquardt method [26] results in the parameter vector θ̂ = (0.683, 0.312, 0.212)
(for the model results, see Figure 1.1, right).
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Figure 1.1: Model results for initial (left) and final (right) parameter vector, black:
[S], red: [C], green: [E]; and measurements of [C]: red +.

We define the discrepancy of the model with respect to the data:

e(θ) = (c(ti, θ) − c̃i)i=1,...,N (1.1.9)

the vector of the differences between the ith data value, c̃i, which is the measured
concentration of [C] at time ti, and the corresponding value from the model,



1.1. Parameter Estimation 9

c(ti, θ). In the present example, the sensitivity matrix J is an N × 3 matrix, with
N = 20. For this simple three-parameter problem, one can easily visualize the
confidence region (1.1.4) and we can see from the left plot in Figure 1.2 that the

true parameter vector lies in a small disc around θ̂, implying that we can estimate
all three parameters with a reasonable accuracy by measuring only the complex
(or any of the two other concentrations in this case). With 95% confidence, all
parameters can be estimated with one digit accuracy and k3 even with two digits.
Using only three well-chosen time-points for measuring (t = 1, 2, 20), the axes-
length of the ellipsoid increases with a factor of about 4, but still all parameters
can be determined reasonably well. Suppose now that it is not possible to measure
before time t = 6 but that we take 20 samples of the complex at regular times
from t = 6, . . . , 20. Suppose also that the same parameter vector θ̂ results from
minimizing the least squares error eT e. In this case, the confidence region gives
much more reason for distrusting the result. As can be seen in Figure 1.2 (right),
the true parameter vector now lies in a long elongated cigar and especially for
k1 and k2 we can not even trust the order of magnitude. It is clear that it is
not easy to a priori give an indication whether experimental data are sufficient
in number and sufficiently significant. With three lucky data points, one can
estimate three parameters, but 20 data points in a region where nothing happens
are not sufficient.

Figure 1.2: Confidence region △k (cf. (1.1.4)) in parameter space around com-
puted parameter vector (origin in the plots) and its projection on the parameter
planes. The region contains the true parameter vector with a 95% probability.
Left: 20 measurements at t = 1, . . . , 20; right: 20 measurements at time points
distributed uniformly over [6,20].

Next, we examine the influence of experimental noise, (i.e. whether the exper-
imental data are sufficiently accurate). Because rσ is proportional to the variance
of the measurement error distribution, the principal axes of the ellipsoidal con-
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fidence region are proportional to the standard deviation. Roughly speaking:
reducing the (standard deviation of the) error by a factor of two, implies that a
parameter, or combination of parameters, can be determined more accurately by
a factor of two. This means that to shrink the ellipsoidal confidence region for
the t > 6 experiment (Figure 1.2, right) such that it results in the same accuracy
as the experiment with measurements between 1 and 20, one has to reduce the
variance of the experimental error beyond reasonable experimental accuracy. Fi-
nally, if we just look at the computable information from the Fisher matrix we
get for the confidence intervals (1.1.5)-(1.1.6):

Exp. △D(k1) △D(k2) △D(k3) △I(k1) △I(k2) △I(k3)
[1,20] 0.033 0.028 0.005 0.076 0.067 0.005
[6,20] 0.074 0.047 0.004 2.217 1.267 0.060

The correlation matrices for the two cases are:

R20 =





1 0.9 −0.37
−0.9 1 −0.45
−0.37 −0.45 1



 R6 =





1 0.999 −0.997
−0.999 1 −0.996
−0.997 −0.996 1





(1.1.10)
This simple to compute information shows that, for the second case, the param-
eters are strongly correlated and the model is not identifiable.

1.2 Modelling of Developmental Regulatory Net-

works

Different formalisms have been used to describe genetic regulatory networks.
Among them are directed graphs, Bayesian networks, ODEs, PDEs, stochastic
equations, qualitative equations, Boolean networks, etc. For a review of various
models and simulation aspects we refer to [27]. Here we restrict ourselves to some
models using differential equations.

1.2.1 Connectionist model of development

Assume that Nc cells are arranged in a row equally distanced from each other.
Consider the gene network consisting of Ng genes which regulate each other.
Assume that these genes are additionally regulated by Ne external inputs, like
maternal protein. Denote the time-varying concentration of the product of gene
a and the concentration of the external protein e in cell i by ga

i and ge
i , respec-

tively. The connectionist model describes the change in concentrations of each
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gene product in each cell over time by the following system of ODEs [11]:

dga
i

dt
= RaΦa





Ng
∑

b=1

W b
agb

i +

Ne
∑

e=1

Ee
age

i + ha



 (genetic regulation)

−λaga
i (decay)

+Da

(

ga
i+1 − 2ga

i + ga
i−1

)

(diffusion)

(1.2.1)

As can be seen from the model, the change in gene product concentration is
supposed to depend on three factors.

The first term describes the genetic regulation. W and E are the matrices of
genetic regulatory coefficients whose elements characterize the influence of gene
product b and external protein e on gene product a, respectively. Regulatory
parameters represent repression (if < 0), activation (if > 0) or no interaction (if
≈ 0). It is important to note that the regulatory parameters are independent of
the cell number i, so the “machinery” for the genetic regulation is the same in
every individual cell. ha summarizes the effect of general transcription factors on
gene a, and Ra is the maximum rate of synthesis from gene a. Φ is the sigmoid
function

Φ(x) =
1

2

(

x√
x2 + 1

+ 1

)

. (1.2.2)

Its aim is to prohibit negative influence by inhibitors and to provide saturation
for activators. The second term describes the decay of gene products, and the
third term the exchange of gene products between neighboring cells (diffusion).

The connectionist model (1.2.1) has been used to simulate the gap gene net-
work in the early development of the Drosophila [10, 12–15]. For this system also
the continuous version of (1.2.1), given by the reaction-diffusion PDE system

∂ca(x, t)

∂t
= RaΦa





Ng
∑

b=1

W b
acb(x, t) +

Ne
∑

e=1

Ee
age(x, t) + ha





−λaca(x, t) + Da
∂2ca(x, t)

∂x2
,

(1.2.3)

has been used [17].
Model (1.2.1), despite of its simplicity, has been proven to be a suitable tool

to study the gap gene system. This is apparently due to an exceptional prop-
erty of the Drosophila blastoderm. At the early developmental stages when the
segment determination occurs the blastoderm is a syncytium, so that nuclei are
not yet surrounded by membranes and therefore, the cell-cell signaling can be ne-
glected [12]. Cellularization of the syncytial embryo occurs at later stages when
the segments are determined. Therefore, the simple connectionist model (1.2.1)
is sufficient to describe such a biological system in a consistent way.
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Finally, we note that the model (1.2.1) is formulated for the case when cells are
arranged in a row, i.e. when the gene expression pattern is a function of position
along one spatial axis. However, this is not a severe restriction. The model can
be easily extended to higher-dimensional spatial domains.

1.2.2 Cell-based model

Here, we propose a cell-based model for simulating regulatory networks that is ca-
pable of quantitatively reproducing spatial and temporal gene expression patterns
in developmental processes. This model is a generalization of (1.2.1). It distin-
guishes between the genetic regulation which takes place inside the cells (species g)
and the diffusion of gene products (species c) through the organism. Mathemat-
ically speaking this amounts to a continuum-discrete hybrid model where dis-
crete objects exchange species with the surrounding environment modelled as a
continuum. Inside the cells one has genetic regulation and decay (biochemical
reactions). We assume that the concentration inside these cells is homogeneous
(no diffusion). Outside the cells species only diffuse and decay. The exchange
of gene products between the cells and the extracellular matrix is described by a
secretion/absorption function. The complete model reads:

Intracellular For the gene products g in all cells i = 1, . . . , Nc

dga
i (t)

dt
= RaΦa





Ng
∑

b=1

W b
agb

i +

Ne
∑

e=1

Ee
age

i + ha



 (genetic regulation)

−λaga
i (decay)

− 1

|∂Vi|

∫

∂Vi

Sa (ga
i , ca(x(S), t)) dS, (secretion/absorption)

(1.2.4)

where ∂Vi denotes the surface of the cell i.

Extracellular matrix For the gene products c in the domain Ω

∂ca(x, t)

∂t
= ∇ · (Da∇ca) (diffusion)

−λ′
aca (decay)

+

Nc
∑

i=1

Vi

|∂Vi|
δ(∂Vi,x)Sa(ga

i , ca(x, t)) (secretion/absorption)

(1.2.5)

where Vi denotes the volume of the cell i, δ(Γ,x) is a delta function with support
on Γ:

∫

ℜd

δ(Γ,x)f(x)dx =

∫

Γ

f(X(S))dS, X(S) ∈ Γ.
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The secretion/absorption function Sa models membrane processes. It can take
a simple linear form, such as Sa(ga

i , ca(x, t) = α (ga
i − ca(x, t)) with α being a

constant, or it can be represented in some nonlinear form.

This model additionally can be coupled with a biomechanical model of cell
aggregates, so that spatial and temporal morphogen gradients stemming from the
genetic regulation simulation can influence the states of the cells within the cell
aggregate, and/or lead to: cell migration, cell-layer-contraction, adhesion, growth,
secretion of skeletal elements, and programmed cell death.

The numerical approximation of model (1.2.4)-(1.2.5) is not trivial. A sub-
stantial difficulty for the numerical integration of the coupled system lies in the
computation of the solution of the PDE system (1.2.5). This is caused by the sin-
gular reaction source terms, singular in the sense that within the spatial domain
the source is defined by a Dirac delta function expression on a lower dimensional
surface.

1.2.3 Model with delays

In the derivation of model (1.2.1) it is assumed that protein synthesis occurs
instantaneously. However, it is known that it takes time from the start of the
transcription to the final moment when the protein is produced. In order to have
a more realistic description of this procedure, time delay in protein production
has to be incorporated in (1.2.1).

The following DDE model has been proposed in [28]:

dga
i

dt
= Ra θ(t − τa) Φa





Ng
∑

b=1

W b
agb

i (t − τa) +

Ne
∑

e=1

Ee
age

i (t − τa) + ha





−λaga
i (t) + Da

(

ga
i+1(t) − 2ga

i (t) + ga
i−1(t)

)

,
(1.2.6)

where τa is the time lag representing delay in the protein production corresponding
to gene a, θ(t) = 0 during mitosis (no synthesis) and θ(t) = 1 otherwise. Using
this model for the gap gene network in the Drosophila embryo, fitting the gap
gene data has not given satisfactory results. It is not clear, whether that failure
is due to the model itself which is still missing important steps in the protein
production process or due to identifiability issues.

A new model has been developed [29], which distinguishes between time delays
for transcription and translation. Additionally, this model includes the mRNA
concentrations as state variables. The change in mRNA concentrations ga

i is
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prescribed by the DDEs:

dga
i

dt
= Ra θ(t − τα

a ) Φa





Ng
∑

b=1

W b
aGb

i (t − τα
a ) +

Ne
∑

e=1

Ee
aGe

i (t − τα
a ) + ha





−λaga
i (t),

(1.2.7)
where Ga

i denotes the concentration of the product of gene a in nucleus i and τα
a

accounts for transcriptional delay. The change in protein concentrations is given
by:

dGa
i

dt
= αaga

i (t − τβ
a ) − λ̃aGa

i (t) + Da

(

Ga
i+1(t) − 2Ga

i (t) + Ga
i−1(t)

)

, (1.2.8)

where τβ
a accounts for translational delay.

Both delay models (1.2.6) and (1.2.7)-(1.2.8) have a discontinuous right-hand
side. As a consequence, their solutions are nonsmooth in parameters and therefore
they need special attention, especially regarding the validity of the determinability
analysis.

1.3 Outline of the thesis

This thesis is the compilation of four articles. These articles are self-contained and
the corresponding chapters can be read separately. As we already emphasized,
modelling and inferring regulatory networks is the central study subject in this
thesis.

Chapter 2: Parameter estimation and determinability analysis applied to
Drosophila gap gene circuits, M. Ashyraliyev, J. Jaeger, J.G. Blom, BMC Systems
Biology 2:83 (2008).

In this chapter, we present the methodology for parameter estimation and the
determinability analysis. We apply that to study determinability of regulatory
interactions in the gap gene network in early Drosophila embryos using a standard
connectionist model (see Section 1.2.1 of this chapter).

Chapter 3: Parameter estimation for a model of gap gene circuits with time-
variable external inputs in Drosophila, M. Ashyraliyev, CWI Report, MAS-E0904
(2009). This report contains background for the paper Gene circuit analysis of
the terminal gap gene huckebein by M. Ashyraliyev, K. Siggens, H. Janssens,
J.G. Blom, M. Akam, J. Jaeger accepted for publication in PLoS Computational
Biology.

In this chapter, we further investigate the gap gene system by reformulating
the network. In contrast to the gap gene network considered in Chapter 2, we
implement the products of upstream genes as time-variable external inputs, in-
cluding a protein Huckebein which has been missing in the network in all previous
studies of the gap gene system. We show that with the reformulated network the
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determinability of the regulatory parameters significantly improves. Addition-
ally, we illustrate that for data fitting the Weighted Least Squares (WLS) sum is
a more suitable measure than the Ordinary Least Squares (OLS) sum which has
been used in all previous studies.

Chapter 4: On the numerical solution of diffusion-reaction equations with sin-
gular source terms, M. Ashyraliyev, J.G. Blom, J.G. Verwer, J. Comp. Appl.
Math 216, pp. 20-38 (2008).

In this chapter, we present a numerical study for reaction-diffusion problems
having singular reaction source terms. These type of problems arise when the
cell-based model is used for simulating regulatory networks (see Section 1.2.2 of
this chapter). We emphasize that the focus of Chapter 4 is entirely numerical and
that in this chapter no genuine biological model is used.

Chapter 5: On parameter estimation for delay models with discontinuous right-
hand sides, M. Ashyraliyev, CWI Report, MAS-E0908 (2009).

In the final Chapter 5, we study delay models with discontinuous right-hand
side. These type of problems arise when the model of regulatory networks incor-
porates a delay in the protein production (see Section 1.2.3 of this chapter).




