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3. SIMULATION OF ELASTIC WAVES IN THE CAVITY

3.1 Introduction

We found a relatively high fraction of lost resonances in the experimental
results in the previous chapter. So additional evidence is required to con-
firm that the sequences of resonances in the studied aluminum cavity can
indeed be modeled by GOE statistics. In this chapter we will investigate
the spectral statistics in the aluminum cavities for the full elastic wave so-
lutions using simulated cavity responses. The simulations were performed
using the program Wave3000 [48] that has been developed by Kaufman et
al. to calculate ultrasonic responses in complex solid materials using an opti-
mized adaptive finite difference method in the time domain. The simulations
enable an efficient and direct way to study the influence of e.g. the position
of transducers on the statistics of the resonance frequencies (fluctuations in
resonance spacing distributions and spectral rigidity).

For comparison, the calculated responses are analyzed in the same way as
the experimentally obtained results in the previous chapter. The sequences
of resonance frequencies obtained from the spectral density of the simulated
responses are used to calculate the NNSD and SR. The simulated results are
compared to the predictions [3, 4] of RMT for chaotic systems with time
reversal symmetry (GOE model).

3.2 The samples and simulation

The exact model representations (Fig. 2.2) of the cavities used in the experi-
ments discussed in Chapter 2 were defined as input to the Wave3000 program
[48].

The sound velocities for the aluminium used in the experiments of Chap-
ter 2 were estimated as 6.41 km/s and 3.20 km/s for longitudinal and trans-
verse waves respectively. Therefore the corresponding wavelengths ranges
of the chosen frequency band 200..450 kHz used in the measurement are ap-
proximately 1.6d..0.7d in wavelength of the longitudinal wave and 0.8d..0.35d
in wavelength of the transversal wave. Very small damping in aluminum was
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Fig. 3.1: Measured (left) and simulated (right) cavity responses at certain positions
of the source and receiver.

included in the material properties used in the simulation. However the effect
of it is not possible to notice in the typical simulated cavity response shown
in Fig. 3.1.

The following simulation parameters were used: elastic modulus E = 7.2
1010 Pa and Poisson ratio ν = 0.33, what corresponds to transverse and
longitudinal wave velocities 3200 m/s and 6410 m/s respectively. The time
step used was 0.0301 μs and grid size was 0.2 mm. This corresponds to a
total of 106 grid points and 166113 time steps.

3.3 Simulation results

Responses of the cavities to short excitation pulses were simulated for nine
different positions of the source and receiver. Fig. 3.1 shows examples of
the measured (discussed in Chapter 2) and simulated cavity responses. The
details of the cavity geometries, the coupling to the environment, and the
exact response of the transducers are too complex to expect a detailed match
between experiment and simulation. In particular the reverberation time is
much shorter in the experimental results. However, the statistical properties
of the spectra should be the same.

The spectral densities of the cavity responses were calculated, resonances
were identified and the staircase functions N(f) were determined. Then the
spectral statistics (NNSD and SR) was calculated for each sequence of reso-
nances in the same way as in the previous (experimental) chapter. The NNSD
and SR were averaged then over different resonance sequences corresponding
to different positions of the source and receiver.

To verify the simulation parameters, a simulation of the symmetric cubic
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metal block (without well drilled in it or corner removed) has been done.
Fig. 3.2 shows spectral densities of the responses of the symmetric cubic
aluminum block simulated for the aluminum parameters mentioned above.
Three different curves given in Fig. 3.2 correspond to different receiver po-
sitions. The comparison to the resonance frequencies obtained by Demarest
[46] is also given in Fig. 3.2. The resonance frequencies listed in Demarest
[46] are used at the value of the Poisson ratio ν = 0.33 and a transverse wave
velocity equal to 3200 m/s, what corresponds to the aluminum used in the
experiment (discussed in the previous chapter) and simulation.

It can be seen, however, from the spectral density of the responses of
the symmetric cube that a few small sharp peaks are present (although not
represented in all three spectral density curves in Fig. 3.2) in addition to
much better pronounced peaks identified as resonances studied in work [46]
by Demarest. These small peaks can be an artifact of the simulation. Such
spurious modes in higher frequency band may influence the statistics of res-
onances and therefore cause the departure from the random matrix model.

3.4 Discussion of the results: Nearest Neighbor Spacing

Distribution and Spectral Rigidity determined from

simulation

The NNSD calculated from the spectral density of the simulated responses
of cavity Nr. 2 is shown in Fig. 3.3. Error bars shown in Fig. 3.3 appear
from averaging the distribution over different positions of source and receiver
(nine different positions). The simulation does not show the effect of miss-
ing resonances, something inherently present in the experiment (Chapter 2).
However the NNSD determined from simulation shows larger repelling of res-
onant frequencies than in the GOE model distribution. We see from Fig. 3.3
that the NNSD determined from simulation has higher peak value while both
the NNSD from simulation and the GOE model distribution are normalized
to the unit area under the curve. The NNSD calculated from the spectral
density of the simulated responses of cavity Nr. 1 shows similar behavior.

The SR (Δ) calculated from the simulated responses for cavity Nr. 2 is
shown in Fig. 3.4. Error bars in Fig. 3.4 appear from averaging the SR over
different positions of source and receiver (nine different positions). Calculated
SR is in agreement with the GOE model. However, unlike the dependence
determined from experiment, the simulation data gives a bit lower values of
the SR than predicted by the model. This is better shown in Fig. 3.5. The SR
calculated from simulation for each particular position of source and receiver
is shown in Fig. 3.5. We see that these dependencies either exactly coincide
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Fig. 3.2: Spectral densities of the responses of the symmetric cubic aluminum block
simulated by Wave3000 program. Curves 1, 2 and 3 correspond to dif-
ferent positions of the receiver. Vertical lines (4) represent lowest reso-
nances of the cubic block of aluminum according to [46]. Capital letters
D, T, S and F refer to the initial of the group to which the vibration
mode belongs [46]: ’dilation’, ’torsion’, ’shear’ and ’flexure’. A lower
case subscript refers to the subgroups: s refers to ’symmetric’, a refers to
’antisymmetric’ and d refers to ’doublet’. An additional subscript orders
the modes in certain subgroup by frequency (1,2,3...).
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Fig. 3.3: NNSD calculated for cavity Nr. 2 from responses obtained in Wave3000
simulation program for different positions of source and receiver (round
signs with error bars). Exponential (Poisson) distribution corresponding
to random division of the frequency band into intervals by resonances
and distribution due to GOE model are shown as dashed curves.
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Fig. 3.4: Spectral rigidity for cavity Nr. 2 (round signs with error bars). From
responses obtained in Wave3000 simulation program. Spectral rigidities
corresponding to random division of the frequency band into intervals by
resonances and GOE model are shown respectively as dashed line and
dashed curve without error bars.
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Fig. 3.5: Spectral rigidity for cavity Nr. 2. From responses obtained in Wave3000
simulation program. Different curves with signs in this picture show
results for different positions of source and receiver. Spectral rigidities
corresponding to random division of the frequency band into intervals by
resonances and GOE model are shown respectively as dashed line and
dashed curve without signs.
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with GOE model for frequency bands 2L < 10savg or take lower value.

3.5 Conclusions

Simulation with the Wave3000 program allows satisfactory reproduction of
the cavity responses. The spectral density of the response of the symmetric
cubic aluminum resonator (without well drilled in it or corner removed) allows
a correct identification of 10 consequent resonances of the cubic resonator as
given by the analytical model [46].

The simulated acoustic wave dynamics shows noticeably larger repelling
of resonances than determined from the responses in the experiment. The
NNSD determined from the simulation data is better peaked around average
value than predicted by the GOE distribution. SR averaged over frequency
bands 2L smaller than 10savg has a bit lower value than predicted by the
GOE model. The behavior of NNSD and SR due to a fraction of lost reso-
nances in GOE model is not found in the case of the Wave3000 simulation
(unlike for NNSD and SR determined from experimental data discussed in
Chapter 2).

In particular, SR determined from the spectra of the Wave3000 simulated
responses satisfactory follows the GOE curve for averaging over bands 2L of
size of 2 to 10 average spacings. The corresponding SR determined from
experimental data (discussed in Chapter 2) has larger values than given by
the GOE model and significantly deviates from the GOE curve: it falls above
the GOE curve and agrees with GOE model with the lost levels. The reduced
spacing value corresponding to the maximum of NNSD determined from the
Wave3000 simulated responses is close to that of the pure GOE distribution
(without the lost resonances). The only discrepancy between the GOE model
and NNSD determined from simulated responses is the actual height of the
maximum of NNSD obtained from simulated responses. This can not be
explained satisfactory at the moment.

But it can be seen from the spectral density of the responses of the sym-
metric cube that small sharp peaks are present in addition to large (much
better pronounced) ones that have been identified with 10 consequent known
elastic resonances from work [46] for the Poisson ratio of 0.33 corresponding
to aluminum. These small sharp peaks, that can be artifact of the simulation,
can alter the distribution when identified as resonances. So the departure
from the GOE distribution can happen if such peaks are present in the higher
frequency band and are counted as resonances. But it is important to men-
tion that NNSD determined from simulated responses in present chapter
does not behave as GOE distribution with randomly added resonance fre-
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quencies (considered in Chapter 1). So if the small peaks, being the artifact
of the simulation, are present in higher frequency band used to study statis-
tics then they appear around real cavity resonances in non-random fashion.
This implies that they can be for example higher harmonics of the identified
resonances that appear due to some kind of numerical nonlinearities.

Indeed NNSD and SR calculated from the responses simulated with Wave3000
program do not require accounting for the fraction of lost resonances to be
fitted with predictions for the GOE statistics. So the sample is suitable
for further studies of the resonance statistics in case of broken time rever-
sal invariance. However the lost resonances remain an experimental issue
(discussed in Chapter 2) that can make the outcome of the experiment less
clear.

NNSD and SR have still noticeable error bars arising from the different
positions of source and receiver on the surface of the samples. The NNSD
and SR as well as sequences of resonances used in calculation are different
for different positions of the transducers on the surface of the sample. This
was also observed in the analysis of the experimental data (Chapter 2). But
in Chapter 2 different sequences of resonances for different positions of the
transducers can be explained by the fraction of lost resonances. In present
chapter obviously the error bars of NNSD and SR appear for a different
reason (e.g. small peaks in spectral density that can be an artifact of the
simulation).


