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5. RANDOM MATRIX MODEL OF THE CHAOTIC
CAVITY WITH TIME REVERSAL INVARIANCE BROKEN

BY THE FEEDBACK LOOP

5.1 Introduction

It is not possible (not practical) to define a feedback loop in numerical sim-
ulation programs that use a finite difference method like Wave 3000. Thus,
this chapter will consider another approach that allows to obtain the NNSD
using the matrix model built specifically for the elastic cavity influenced by
the feedback loop. We shall use the agreement of the RMT statistics for
the unperturbed cavity (cavity not influenced by the feedback loop) with the
GOE model as an assumption. The main goal of the present chapter is to
obtain resonance frequencies of the cavity influenced by the feedback loop
when the resonances of the unperturbed cavity are known and obey GOE
statistics.

5.2 Derivation of the matrix to describe random matrix

statistical properties of the elastic cavity influenced by a

feedback loop

We start with the standard Navier-Cauchy wave equation [38] that describes
acoustic displacement field �u(�x, t) within a block of solid isotropic material.

ρ�̈u = (λ + μ)∇ (∇ · �u) + μΔ�u + �f(�x, t) (5.1)

Here ρ is the mass density, λ is the first Lamé parameter and μ is the
second Lamé parameter or shear modulus. �f(�x, t) is the force density related
to the excitation of the cavity waves by external forces (e.g. piezoelectric
transducers in experiments described earlier in this thesis). �x is a coordinate
inside the cavity and t is time. This equation implies that the elastic proper-
ties of the solid material (Lamé parameters) do not vary in space inside the
cavity (solid block).
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The wave equation 5.1 can be rewritten using c|| =
√

(λ + 2μ)/ρ and

c⊥ =
√

μ/ρ (the velocities respectively of the longitudinal and transverse

plane waves in infinite uniform space of the considered solid material):

�̈u

c2
||

=

⎛
⎝c2

|| − c2
⊥

c2
||

⎞
⎠∇ (∇ · �u) +

c2
⊥

c2
||
Δ�u +

�f(�x, t)

ρc2
||

Now let us consider the differential operator of this wave equation as the
sum of the time dependent (the inverse of the longitudinal wave speed squared
times the second derivative with respect to time) and the space dependent
(L̂) parts:

⎛
⎝ 1

c2
||

∂2

∂t2
− L̂

⎞
⎠ �u(�x, t) =

�f(�x, t)

ρc2
||

= �F (�x, t) (5.2)

Here L̂ ≡ (1− ξ)∇ (∇·) + ξΔ and ξ ≡ c2
⊥/c2

||.

In case of active feedback loop it is essential that �F is written in the form
dependent on the displacement field �u(�x, t) as �F (�u, �x, t).

Let us consider first the cavity without the external excitation forces and
without the feedback loop (�F = �0). In this case the separation of the time

and space variables is possible using the relation �u(�x, t) = T (t) �X(�x). This
allows using the form of the displacement field �u(�x, t) shown below to find

the eigenvalues corresponding to the eigenfunctions �ψn(�x) of the unperturbed
cavity.

�F = �0 : �u(�x, t) =
∑
n

(
Aneiωnt + Bne−iωnt

)
�ψn(�x)

Now after substituting this form of �u(�x, t) into the equation 5.2 we can
write down the eigenfrequencies and eigenfunctions of the unperturbed cavity
as eigenvalues and eigenfunctions of the operator L̂:

L̂�ψn = −k2
n
�ψn, k2

n =
ω2

n

c2
||

In our further simulation of the statistical properties of the cavity influ-
enced by the feedback loop we consider eigenfrequencies of the unperturbed
cavity ωn known and having statistical properties as of a sequence of GOE
eigenvalues.

The displacement field �u(�x, t) when excitation forces and feedback loop
are active can be represented in general as the sum of the eigenfunctions
�ψn(�x) of the unperturbed cavity with time dependent amplitudes ϕn(t):
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Fig. 5.1: Schematic of the cavity with an active feedback loop described by equa-
tion 5.4 or equation 5.5.

�u(�x, t) =
N∑

n=1

ϕn(t)�ψn(�x) (5.3)

The short excitation pulse and the feedback loop can be described as a
combined excitation force �F (�u, �x, t) of the following form:

�F (�u, �x, t) = �F0δ(t)δ(�x− A) + α̂�u(C, t− τ)δ(�x−D) (5.4)

The first term �F0δ(t)δ(�x − A) describes a short excitation pulse at the
moment t = 0 launched at point A (�x = A) similar e.g. to [42]. The
second term α̂�u(C, t−τ)δ(�x−D) describes the feedback loop: the oscillations
recorded at point C are played at point D (Fig. 5.1) after a delay time τ ,
which is a delay time of the signal travelling through the feedback loop. The
quantity α̂ is simply a matrix of proportionality coefficients.

However, it is natural to write the feedback loop term in a form given by
Eq. 5.5, where only the normal component of the displacement is received
(played) by the transducers at points C and D. This is actually the case for
the transducers used in the experiment discussed in the previous chapters.



5. Random matrix model of a cavity with a feedback loop 91

�F (�u, �x, t) = �F0δ(t)δ(�x−A) + α (�nC · �u(C, t− τ)) (δ(�x−D) · �nD) (5.5)

Here �nC and �nD are unit vectors normal to the surface of the cavity (solid
block) at points C and D respectively, where the transducers of the feedback
loop are connected. α here is a scalar proportionality coefficient.

Equation 5.4 (or equation 5.5) offers a possibility to add a feedback loop
to the wave equation 5.2. Now substituting the �u(�x, t) as sum (5.3) into (5.2)

with �F (�u, �x, t), given by (5.4) as the sum of the above-mentioned non-zero
excitation term and the feedback loop term, we get:

N∑
n=1

⎧⎨
⎩

⎛
⎝ϕ//

n (t)

c2
||

+
ω2

nϕn(t)

c2
||

⎞
⎠ �ψn(�x)

⎫⎬
⎭ =

= �F0δ(t)δ(�x−A) + α̂δ(�x−D)

⎛
⎝ N∑

j=1

�ψj(C)
{
ϕj(t)− ϕ

/
j (t)τ

}⎞
⎠ (5.6)

Here we assumed already τ << 1/ωn and wrote down the approximation

ϕj(t)− ϕ
/
j(t)τ instead of ϕj(t− τ).

Further we multiply both sides of the equation 5.6 by �ψk(�x) and inte-

grate over the volume of the cavity (solid block):
∫ �ψk(�x) · ...dV . The follow-

ing relations are used:
∫ �ψk(�x) · �ψn(�x)dV = δkn (Kronecker delta symbol),∫ �ψk(�x)δ(�x− A)dV = �ψk(A) and

∫ �ψk(�x)δ(�x−D)dV = �ψk(D). After tak-
ing the above stated relations into account we get the following system of
equations (k = 1..N) for the time dependent amplitudes ϕk(t):

ϕ
//
k (t) + ω2

kϕk(t)−
N∑

j=1

{
βkj

(
ϕj(t)− ϕ

/
j (t)τ

)}
= γkδ(t) (5.7)

Here γk = �F0c
2
|| �ψk(A). The βkj are defined as follows:

βkj = c2
|| �ψk(D)α̂ �ψj(C)

for the case of general proportionality coefficients α̂ (Eqn. 5.4). For trans-
ducers sensing only the component of the displacement normal to the surface
of the cavity (Eqn. 5.5) the βkj can be defined as follows:

βkj = αc2
||(�ψk(D) · �nD)(�ψj(C) · �nC)

Now equations 5.7 can be used to determine new eigenfrequencies of the
cavity (cavity under influence of the feedback loop). It is clear from Eqn. 5.7
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that when the feedback loop is absent (βkj = 0) only a collection of N
independent harmonic oscillator equations is left. The eigenfrequencies are
then the eigenfrequencies of the original cavity without the feedback loop.
However in case of non-zero βkj and τ equations 5.7 are coupled to each
other. This naturally leads to the new eigenfrequencies (denoted further as
υk) departing from original values ωk (eigenfrequencies of the cavity without
the feedback loop).

In the simple case of N equal to 1 and τ = 0 the influence of the feedback
loop is quite straightforward. Equations 5.7 take on the simple form:

ϕ
//
1 (t) + ω2

1ϕ1(t)− β11ϕ1(t) = γ1δ(t)

In this case the new resonance frequency is defined as υ2
1 = ω2

1−β11. The
solution for ϕ1(t), after applying the initial conditions ϕ1(−0) = 0, ϕ1(+0) =

0, ϕ
/
1(−0) = 0 and ϕ

/
1(+0) = γ1 at t = 0, when a delta pulse is applied,

takes the following form: ϕ1(t) = (γ1/υ1) sin(υ1t). The first derivative ϕ
/
1(t)

experiences a jump of γ1 at t = 0. This can be seen easily from integrating
both sides of the differential equation for ϕ1(t) over time within an arbitrary
small interval around t = 0.

It is possible to get a similar solution for N = 2 and τ = 0:

υ2
1/2 =

ω2
1 + ω2

2 − β11 − β22 ±
√

(ω2
1 − ω2

2 − β11 + β22)
2 − 4β12β21

2

ϕ1(t) =
(υ2

2 − ω2
1 + β11)γ1 + β12γ2

(υ2
2 − υ2

1)υ1

sin(υ1t)−(υ2
1 − ω2

1 + β11)γ1 + β12γ2

(υ2
2 − υ2

1)υ2

sin(υ2t)

ϕ2(t) =
(υ2

2 − ω2
2 + β22)γ2 + β21γ1

(υ2
2 − υ2

1)υ1
sin(υ1t)−(υ2

1 − ω2
2 + β22)γ2 + β21γ1

(υ2
2 − υ2

1)υ2
sin(υ2t)

So the new wave functions �̄ψ1 and �̄ψ2 corresponding to υ1 and υ2 are:

�̄ψ1 =

(
(υ2

2 − ω2
1 + β11)γ1 + β12γ2

Λ1 (υ2
2 − υ2

1) υ1

�ψ1(�x) +
(υ2

2 − ω2
2 + β22)γ2 + β21γ1

Λ1 (υ2
2 − υ2

1) υ1

�ψ2(�x)

)

�̄ψ2 =

(
−(υ2

1 − ω2
1 + β11)γ1 + β12γ2

Λ2 (υ2
2 − υ2

1) υ2

�ψ1(�x)− (υ2
1 − ω2

2 + β22)γ2 + β21γ1

Λ2 (υ2
2 − υ2

1) υ2

�ψ2(�x)

)

�u(�x, t) = Λ1 sin(υ1t) �̄ψ1(�x) + Λ2 sin(υ2t) �̄ψ2(�x)
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In case of τ > 0 equations 5.7 contain terms proportional to derivatives
of the functions ϕj(t). These terms correspond to damping terms in classical
mechanics. For example in case N = 1 and τ > 0 equations 5.7 take the
following form:

ϕ
//
1 (t) + β11τϕ

/
1(t) + ω2

1ϕ1(t)− β11ϕ1(t) = γ1δ(t)

The solution is then can be given as follows:

ϕ1(t) = γ1√
ω2

1
−β11−(β11τ)2/4

e−β11τt/2 sin(
√

ω2
1 − β11 − (β11τ)2/4t)

Equations 5.7 can be written in the full phase space fashion using addi-
tional functions ϕN+k(t) being the derivatives of ϕk(t):⎧⎪⎨
⎪⎩

ϕ
/
k(t) = ϕN+k(t)

ϕ
/
N+k(t) =

N∑
j=1
{(βkj − δkjω

2
k)ϕj(t)− βkjτϕN+j(t)}+ γkδ(t)

, k = 1..N

This can be written as the following matrix equation:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ϕ
/
1(t)

ϕ
/
2(t)
...

ϕ
/
N−1(t)

ϕ
/
N(t)

ϕ
/
N+1(t)

ϕ
/
N+2(t)

...

ϕ
/
2N−1(t)

ϕ
/
2N (t)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0 0
0 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 0 0
0 0 · · · 0 0

1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0
0 0 · · · 0 1

[βkj − δkjω
2
k] [−βkjτ ]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ϕ1(t)
ϕ2(t)

...
ϕN−1(t)
ϕN(t)

ϕN+1(t)
ϕN+2(t)

...
ϕ2N−1(t)
ϕ2N (t)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+

+

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
...
0
0

γ1δ(t)
...

γN−1δ(t)
γNδ(t)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(5.8)

The 2N x 2N matrix in equation 5.8 consists of the following 4 blocks:
matrix of zeros (top left), unit matrix of N x N size (top right), [βkj −
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δkjω
2
k] (bottom left) and [−βkjτ ] (bottom right), assuming that index k is

the number of the row and index j is the number of the column within the
block.

According to the theory of differential equations solutions for ϕk(t) in
equation 5.8 are linear combinations of exponents eλlt, where λl are eigenval-
ues of the 2N x 2N matrix in equation 5.8. It can be shown that in the ab-
sence of the feedback loop (βkj = 0) the eigenvalues of such a 2N x 2N matrix
take the following 2N values: −iωN ,−iωN−1, · · · ,−iω1, iω1, · · · , iωN−1, iωN ,
i.e. values of the resonant frequencies of the original cavity times imaginary
unit i and corresponding conjugated values. This is the case when equation
5.7 represents N independent harmonic oscillator equations.

When βkj and τ are taken as small nonzero values the eigenvalues of the
big matrix in equation 5.8 start to shift along the imaginary axis as well as
depart from this axis by acquiring also very small real part (but in such a
manner that conjugated eigenvalues are also eigenvalues). Positive imaginary
parts of the new eigenvalues are new resonant frequencies υk of the cavity
influenced by the feedback loop. The simulation described further will allow
us to see how the statistical properties of the new eigenfrequencies υk differ
from the statistical properties of the old eigenfrequencies ωk.

The above-mentioned very small real part of each eigenvalue governs the
slow decay or growth of the corresponding mode υk. This exponential growth
(damping) with the small real part of the eigenvalue as a growth (decay)
constant is caused by the feedback loop. As it has been calculated earlier in
this chapter, this growth (decay) constant in case N = 1 and τ > 0 is equal
to −β11τ/2, the product of the feedback coupling strength and the feedback
loop delay τ .

The natural damping of the modes is neglected in equations 5.8 and 5.7.
We assume it to be small and not affected sufficiently by the feedback loop
as long as K is small enough and as a consequence α and βkj are small
enough. This is the reason why the range of the values of amplification
K used in experiment, discussed in Chapter 4, is limited. The upper limit
for values of K arises from the fact that mode growth due to the feedback
loop can compensate the natural damping and cause the system to go to the
self-oscillation regime.

When amplification K is sufficiently large then the amplitude of one of
the modes can start quickly growing exponentially and eventually the system
can switch to the regime when the receiving transducer receives continuous
oscillation with a large amplitude at the self-oscillation frequency instead of
receiving decaying response composed out of many distinguishable modes at
different resonant frequencies.

βkj, which enters equations 5.8 and 5.7, is dependent not only on K
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(α ∝ K), but also on normal components of the wavefunctions (of the cavity
without feedback loop) at points C and D (points at which the transducers of
the feedback loop are connected). α in fact should be considered as α = Kζ ,
where ζ is related to the loss in piezoelectric transducers and efficiency of
coupling of the piezoelectric transducers glued at the points C and D in
experiment. So the range of experimentally available values of K should be
dependent also on the normal components of the wavefunctions at points C
and D, loss in piezoelectric transducers and efficiency of coupling of the glued
transducers.

5.3 Input parameters of the simulation and the simulation

procedure

The following simulation parameters are used:
1. Original frequencies ωk, uniformly distributed in the section [fAV −

0.5..fAV + 0.5] with GOE distribution of the frequency spacing. These are
obtained from eigenvalues of the large symmetric matrix (Fig. 5.2) and have
GOE statistical properties (Figures 5.3 and 5.4).

2. Time delay of the feedback loop τ . The value of this parameter is es-
timated from the measurements discussed in Chapter 2. It can be seen from
Figure 2.1 that the delay value can be estimated as less than a microsec-
ond. This parameter depends on how long the signal is delayed by travelling
through the feedback loop. The value of τ is considered reasonably smaller
than the period of oscillation for the studied resonant modes.

3. B, a parameter related to βkj, describes the strength of the influ-
ence of the feedback loop. βkj are defined by the wavefunction compo-

nents at points D and C. βkj = αc2
||(�ψk(D) · �nD)(�ψj(C) · �nC) = Bd(k)c(j),

where d(k) and c(j) are values proportional to the wave function compo-
nents along �nD and �nC at points D and C respectively. These values d(k)
and c(j) are taken as gaussian distributed (what is natural for chaotic wave
system) with standard deviation of 1. B is a scaling coefficient. So B =

αc2
||
√

< (�ψk(D) · �nD)2 >
√

< (�ψj(C) · �nC)2 >.
Parameters γk are not considered in the simulation for the reason that

they represent the strength of the excitation signal. Eigenfrequencies (as
with present feedback loop as without it) do not depend on the excitation
signal (γk do not appear in the 2Nx2N matrix: see equation 5.8).

Using the above mentioned ωk, B and τ as input for the 2Nx2N matrix
from equation 5.8 it is possible to calculate the positive imaginary parts of
the eigenvalues of this matrix, the new eigenfrequencies υk.

The new eigenfrequencies υk are approximately uniformly distributed in
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Fig. 5.2: Distribution of the eigenvalues of 5000x5000 random symmetric matrix
(agrees with Wigner’s semicircle law). Range of 1000 selected eigenvalues
used to obtain eigenfrequencies of the aluminum block without feedback
loop ωk is shown with the arrow.
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Fig. 5.3: NNSD for 1000 selected eigenvalues (see Figure 5.2) of 5000x5000 random
symmetric matrix, Poisson (exponential) distribution (solid curve) and
GOE model (dashed curve). There is naturally a full agreement with the
GOE curve.
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Fig. 5.4: SR (delta statistics) for sequence of 1000 eigenvalues of 5000x5000 ran-
dom symmetric matrix (squares). SR model for sequence of randomly
placed values (uncorrelated level sequence) and GOE model correspond
to dashed line and dashed curve respectively. Triangles illustrate the
same calculation for sequence of 1000 eigenvalues of 5000x5000 random
symmetric matrix when 25% of eigenvalues are randomly lost.
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the section [fAV− 0.5..fAV +0.5], the same as input eigenfrequencies ωk. A
very few of υk values ”jump out” of this section and this effect is neglected.
NNSD for the new eigenfrequencies υk, obtained for certain values of the
simulation parameters, are shown in Figures 5.5, 5.6 and 5.7.

It can be seen from NNSD shown in Figure 5.5, as well as from NNSD
obtained for other values of the simulation parameters (Figures 5.6 and 5.7),
that the number of small spacings increases and the number of average spac-
ings decreases due to the influence of the feedback loop. Such transformation
makes NNSD approach the Poisson (exponential) model. This is more or less
in agreement with data given in Figures 4.9 and 4.10.

5.4 Summary of random matrix model of the elastic cavity

influenced by a feedback loop

The model matrix, the eigenvalues of which give eigenfrequencies of the elas-
tic cavity influenced by the feedback loop, can be derived for small values of
τ (time delay of the signal travelling through the feedback loop). It can be
seen from the NNSD obtained due to this model matrix for different values
of simulation parameters that the number of small resonance spacings (rel-
ative to the average spacing) increases and the number of average spacings
decreases due to the influence of the feedback loop. This means that the
trend here is similar to the one found in Chapter 4 when distributions cal-
culated from experimental data were discussed. Increase in small eigenvalue
(resonance) spacings and decrease in average eigenvalue (resonance) spac-
ings makes the distribution closer to exponential (earlier referred as Poisson
model). However exact fitting of the distributions obtained from experimen-
tal data using the random matrix model discussed in the present chapter is

considerably complicated due to unknown factors (
√

< (�ψk(D) · �nD)2 > and√
< (�ψj(C) · �nC)2 >) involved in expression for the parameter B measuring

the strength of the influence of the feedback loop. And unknown fraction of
the lost (undetected) resonances can be also present in distributions obtained
from experimental data.

The considered random matrix model also shows that the feedback loop
may have influence on decay constants (linewidth, quality factor) of the in-
dividual resonances.
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Fig. 5.5: NNSD for the case of active feedback loop (shown as step like function)
obtained from statistical simulation as described in the present chapter.
The GOE model is shown by the solid continuous curve. The exact val-
ues of simulation parameters are shown above the figure. τ is the delay
time in the feedback loop, fAV is the average frequency in the considered
band and B is the parameter related to the strength of the influence of

the feedback loop, B ∝ K

√
< (�ψk(D) · �nD)2 >

√
< (�ψj(C) · �nC)2 > (ac-

cording to the definition given in the present section). Averaging denoted
by the brackets <> is performed over indices k and j (different wavefunc-
tions). C and D are points where the transducers of the feedback loop
are placed.
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Fig. 5.6: NNSD for the case of active feedback loop (shown as step like function)
obtained from statistical simulation as described in the present chapter.
The GOE model is shown by the solid continuous curve. The exact
values of simulation parameters are shown above the figure (the same
parameters as explained in the caption to Figure 5.5).
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Fig. 5.7: NNSD for the case of active feedback loop (shown as step like function)
obtained from statistical simulation as described in the present chapter.
The GOE model is shown by the solid continuous curve. The exact
values of simulation parameters are shown above the figure (the same
parameters as explained in the caption to Figure 5.5).


