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1 Glasses : Introduction

1.1 Introduction

Figure 1.1: Different forms of glass. (a) Libyan desert glass formed possibly
due to meteoritic impact. (b) Obsidian glass formed due to cooling down of
volcanic lava. (c) Glass sponges under the ocean whose skeleton is made of
silica. (d) Man made titanium based metallic glass.

Glasses are amorphous solids that exist in both natural and man made
forms. A few types of glasses are shown in Fig.1.1. There are various
routes for the formation of a glass [1]. Normally, they are obtained by
rapidly cooling a liquid so that its viscosity increases dramatically, by
as much as 17 orders of magnitude, without any pronounced change in

1



2 1. Glasses : Introduction

material structure. This transition from a liquid to a disordered solid is
termed glass transition. The principle of making glasses was known to
man for several millennia. In fact, the earliest production of glass dates
back to the Bronze-age Egypt, roughly between 1500 and 1000 BC [2, 3].
Although it is one of the oldest artificial materials utilized by man, new
discoveries and applications continue to appear. Traditional applications
of glasses and glass science include, e.g., metallic glasses for making golf-
club heads, optical fibers or glass ceramics—and of course glass is still
extensively used for windows and containers, not to mention the beautiful
artworks based on a thousand-year old tradition. Such wide applications
arise naturally due to their exceptional mechanical properties. Generally,
glasses have a large shear modulus at room temperature, but are easily
deformable and moldable to different shapes at higher temperatures.

Figure 1.2: Different soft-glassy materials. (a) Colloidal glasses made of
PMMA particles [4]. The diameter of the particles is σ ∼ 1.3µm (b) Granular
particles (mustard seeds) that are typically around 1mm in diameter [5]. (c)
Emulsion made of water and oil mixture [6]. (d) Foam made of large bubbles.
This is a multiphase material that has air trapped inside liquid bubbles [6].

Understanding glasses is one of the grand challenges of condensed
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matter physics. Despite the progress, there is no well-accepted theory.
The glasses pose deep fundamental questions from a theoretical perspec-
tive because the standard statistical mechanics tools are sometimes not
sufficient to understand the slow dynamics. Additionally, simulating
in the computer the dynamics of microscopically realistic materials on
timescales that are experimentally relevant is not an easy task, even
with modern computers. Finally, the field is constantly stimulated by
new, and sometimes quite beautiful, experimental developments to pro-
duce new types of disordered materials, or to obtain more microscopic
information on the structure and dynamics of glassy systems.

Over the last few decades, the study of glasses has acquired a broader
meaning. Nowadays glasses encompass all those amorphous systems that
have relaxation timescales of the order of, and often much larger than,
the typical duration of an experiment or a numerical simulation. Such a
generic definition allows a large number of systems to be categorized as
glassy materials [7]. For example, one could be interested in the physics of
disordered high-Tc superconducting materials in ’hard’ condensed mat-
ter, charge density waves or spin glasses, dense packing of colloidal par-
ticles, emulsions, foams, and granular materials, proteins, etc in ’soft’
condensed matter. Glass physics thus covers a remarkably broad range
of time and length scales, as illustrated by Fig.1.2. All these materials ex-
hibit, in some part of their phase diagram, some sort of glassy dynamics
such as aging, rejuvenation, heterogeneous dynamics, etc.

In this thesis we have performed experiments using hard sphere col-
loidal glasses to understand flow and relaxation of such a glass. We study
its response to an external stress by imposing a constant shear rate. The
intention of this chapter is to outline the experimental and simulation
developments in this and related systems.

1.2 Phenomenology of the glass transition

When liquids are cooled below their freezing temperature Tm, molecular
motion slows down. If the liquid is cooled sufficiently fast, crystallization
can be avoided Fig. 1.3(a) [8]. Eventually molecules will rearrange so
slowly that they cannot adequately sample configurations in the available
time allowed by the cooling rate. The liquid’s structure therefore appears
’frozen’ on the laboratory timescale (for example, minutes). This falling
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Figure 1.3: (a) Temperature dependence of a liquid’s volume v or enthalpy
h at constant pressure. Tm is the melting temperature. A slow cooling rate
produces a glass transition at Tga; a faster cooling rate leads to a glass tran-
sition at Tgb [8]. (b) Viscosity of various glass forming liquids on approach to
the glass transition temperature Tg. The inverse temperature on the x−axis
is scaled by Tg. Strong liquids exhibit approximate linearity (Arrhenius be-
haviour), while fragile liquids exhibit super-Arrhenius behaviour [8].

out of equilibrium occurs across a narrow transformation range where
the characteristic molecular relaxation time becomes of the order of 100
seconds, and the rate of change of volume or enthalpy with respect to
temperature decreases abruptly (but continuously) to a value comparable
to that of a crystalline solid. The resulting material is a glass. The
puzzling fact about the transition from liquid to glass is that it does not
seem to be associated with any simple structural change of the system
[1, 8, 9].

The slower a liquid is cooled, the longer the time available for con-
figurational sampling at each temperature, and hence the colder it can
become before falling out of liquid-state equilibrium. Consequently, Tg
increases with cooling rate [10]. The properties of a glass, therefore, de-
pend on the process by which it is formed. In practice, the dependence of
Tg on the cooling rate is weak, and the transformation range is narrow,
so that Tg is considered as an important material characteristic. Another
definition of Tg is the temperature at which the shear viscosity reaches
1013 poise. Figure 1.3(b) shows the viscosity of various glass-forming
liquids on approaching the glass transition temperature Tg [1].
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The slowing down of the particle motion on approach to the glass
transition is well captured by the intermediate scattering function F (q, t),
which is a dynamic observable correlating the density fluctuations over
a time interval t

F (q, t) =

〈
1

N
ρq(t)ρ−q(0)

〉
. (1.1)

Figure 1.4 shows F (q, t) measured using neutron scattering in super-

Figure 1.4: Temperature evolution of the intermediate scattering function
F (q, t) normalized by its value at time equal to zero for supercooled glycerol
[11]. Temperatures decreases from 413K to 270K from left to right. The solid
lines are fit with a stretched exponential fits with appropriate exponents.

cooled glycerol, for a wave number q = 1.44Å−1, at different temperatures
[11]. The temperature decreases from the left curve to the right curve.
At higher temperatures, in the liquid phase, the density fluctuations de-
cay quickly, however, with decreasing temperature the fluctuations relax
quickly to a plateau followed by a second, much slower, relaxation. The
plateau is due to a fraction of density fluctuations that are frozen on in-
termediate timescales, but eventually relax during the second relaxation.
The latter is called ’α-relaxation’, and corresponds to the structural re-
laxation of the supercooled liquid. A qualitative description of such tran-
sitions is often based on the free energy landscape picture [8, 12]. In this
paradigm, a large number of local minima of the free energy exists. The
glass transition occurs when the energy barrier becomes so large that the
thermal activation is not sufficient to explore the energy landscape over
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experimentally accessible timescales. The system gets literally trapped
in one of the minima.

1.2.1 Glass transition in colloids and grains

Colloidal suspensions

Figure 1.5: Relaxation timescale τα for hard spheres in experiments (black
circles) and simulations (open triangles), respectively in units of τ0 = 1s and
τ0 = 7× 104 Monte-Carlo steps [13].

Colloids are particles with sizes of the order of a few ten nanometers
to micrometers that are suspended in a solvent. The solvent, which is
at equilibrium at temperature T , renders the short-time dynamics of the
particles Brownian. Hard sphere colloidal systems have been used in-
creasingly to mimic atomic systems [14]. However, it is the volume frac-
tion, φ = 4

3
NπR3/V , where N is the number of particles, R is the radius

of particles and V is the total volume, that is the tuning parameter in col-
loids, as is the temperature or the pressure in atomic systems. When the
volume fraction is low, particles display free Brownian motion. However,
when at higher volume fraction the motion of particles gets increasingly
frustrated, the system exhibits a kinetic slow down. A colloidal glass
transition occurs at a packing fraction of φ = 0.58 [14, 15]. The precise
value of the packing at which the glass transition occurs is much debated.
However, what is known is that at higher packing fractions the relaxation
time of the system exceeds typical experimental timescales. Figure 1.5
shows the volume fraction dependence of the structural relaxation time
for hard sphere colloidal suspensions made of PMMA. Clearly, the re-
laxation timescales become large beyond φ = 0.58. Understanding how
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much and to what extent the glassiness of colloidal suspensions is related
to one of molecular liquids is an active domain of research [16].

Figure 1.6: Scaled relaxation time, τ/
√
m/pσ, versus scaled temperature

T/pσ3 for the harmonic potential (black), the Hertzain potential [red (medium
gray)], the hard-sphere potential [magenta (light grey)], and the Weeks-
Chandler-Anderson potential [blue (dark grey)]. Black solid curve is the Vogel-
Fulcher fit [16]. Blue-dashed curve is a fit to the Elmatad-Chandler-Garrahan
[17] form: y = 3.1 exp[0.064(x−1 − 4.72)2]

A recent simulation has shown that the colloidal glass transition is
equivalent to its molecular counterpart [16]. Figure 1.6 shows the scaled
relaxation time τ/

√
m/pσ against the scaled temperature T/pσ3, where

σ is the diameter and m is the mass of the particles, and p is the pres-
sure, for systems with different interaction potentials. The data for hard
spheres correspond to the filled circles in magenta. Surprisingly, all the
curves collapse on to a single master curve.

Granular particles

Driven granular particles are another class of systems that displays and
shares very similar properties with the glass transition of molecular liq-
uids. If colloids are considered as siblings of molecular liquids, then
grains are some more distant relatives. The reason is that grains are
macroscopic objects and, as a consequence, do not have any thermal mo-
tion. A granular material is therefore frozen in a given configuration if
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no energy is injected into the system. However, it can be driven into a
steady state by an external force, such as shearing or vibrating. A few
examples of such experiments are the cyclic shear of bi-disperse granular
materials [18, 19, 20, 21] and air-driven granular beads [22]. These ex-
periments have surprisingly revealed that even granular particles exhibit
slow dynamics with increasing packing fraction that is the hallmark of
glassy dynamics. The dynamics in steady state is quite different in nature
from both the equilibrium dynamics of colloids and molecular liquids:
energy is continuously injected into the system and subsequently dissi-
pated. Therefore, time-averaged observables cannot be obtained from an
equilibrium Boltzmann measure. Actually, the steady state probability
distribution is generally unknown. Despite these facts, the steady state
dynamics of granular systems at high density show remarkable similari-
ties with the ones for colloids and molecular liquids. First, the timescales
for relaxation of the density fluctuations and for diffusion of a tagged
particle increase very rapidly when the density is increased, without any
noticeable change in the structural properties. It is now established that
many phenomenological properties of the glass transition also occur in
granular assemblies [22].

1.3 Jamming phase diagram

Colloidal suspensions and granular particles have been used extensively
as model systems to understand the glass transition [21, 22, 24, 25]. Go-
ing beyond the mere analogy and understanding how much these different
physical systems are related is a very active domain of research. Actually,
since the underlying dynamics and microscopic properties are so different
between liquids and grains, it would be highly non trivial to find that
the microscopic mechanism responsible for the corresponding glass tran-
sitions are the same or even very similar. This very question has been
asked in a visual manner by Liu and Nagel [23] who rephrased it in a
single picture, now known as a ’jamming phase diagram’, Fig.1.7. By
building a common phase diagram for glasses, colloids and grains, they
asked whether the glass and jamming transitions of molecular liquids, col-
loids and granular media are different facets of the same ’jammed’ phase.
In this unifying phase diagram, a jammed ’phase’ (or jammed phases) can
be reached either by lowering the temperature in molecular liquids, or
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Figure 1.7: A possible phase diagram for jamming. The jammed region, near
the origin, is enclosed by the depicted surface. The line in the temperature-
load plane is speculative, and indicates how the yield stress might vary for
jammed systems in which there is thermal motion [23].

increasing the packing fraction or decreasing the external drive in colloids
and granular media. This picture has rejuvenated the topic of glasses by
stimulating new theories, simulations and experiments [26, 27, 28, 29].
However, the connection between dynamic arrest observed in molecular
liquids, hard-sphere colloids and grains is far from understood.

1.4 Heterogeneous dynamics in quiescent glasses

Due to the long relaxation time of glasses, a part of density fluctuations
are frozen. Understanding these fluctuations has been a central difficulty
for making theoretical advances. Both the liquid and the glass have dis-
ordered structure, so even if all molecules in the system are identical,
they experience different local environments [31]. In the liquid, these
differences can be neglected to a large extent: every particle has on av-
erage a similar environment. So, the behavior of the system could be
inferred from that of a typical particle in a typical environment. Thus,
for example, microscopic properties, such as the rate with which par-
ticles diffuse in the liquid, are directly related to bulk properties, such
as the viscosity. However, as the glass transition is approached, it be-
comes increasingly difficult to characterize ’typical’ particles and ’typical’
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Figure 1.8: Dynamic heterogeneity for Weeks-Chandler-Anderson mixture in
two dimensions. The pictures are renderings of the mobility field κ(r, 0; ∆t) for
typical equilibrium trajectories particles. The rendering shades each particle
according to the size of the particle’s displacement from its initial position. If
the i− th particle’s displacement is nil, i.e., |ri(∆t)− ri(0)| = 0, the particle is
pictured as white. As the particle displacement grows, the particle acquires an
increasing shade of gray, becoming completely black when |ri(∆t)− ri(0)| > σ
[30].

environments because the dynamics of the system become spatially het-
erogeneous. Within a given interval of time, some particles may move
distances comparable to their size, while others remain localized near
their original positions. Thus, on these time scales, we can refer to
these as ’mobile’ and ’immobile’ particles. Of course, on long enough
time scales, ergodicity ensures that particles become statistically iden-
tical. The dynamic heterogeneity is illustrated beautifully in Fig. 1.8,
where the authors have studied the time evolution of the mobilities of
the particles interacting through the Weeks-Chandler-Anderson poten-
tial [30]. The mobility κ(r, 0; ∆t) is obtained from the displacements,
|ri(∆t) − ri(0)|, of individual particles. The particle displacements are
represented by different grey levels in Fig.1.8. If the i− th particle’s dis-
placement is nil, i.e., |ri(∆t)−ri(0)| = 0, the particle is pictured as white.
As the particle displacement grows, the particle acquires an increasing
shade of gray, becoming completely black when |ri(∆t)−ri(0)| > σ. This
shows that the regions of higher activity coexist with the regions of lower
activity.

Dynamic heterogeneity occurs in a wide range of systems. The appear-
ance of dynamical heterogeneity in vibrated granular systems, colloids,
and computer simulations of repulsive disks is compared in Fig. 1.9 [7].
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Figure 1.9: Three examples of dynamical heterogeneity [7]. In all cases, the
figures high-light the clustering of particles with similar mobility. (Left) Gran-
ular fluid of ball bearings, with a colour scale showing a range of mobility
increasing from blue to red [22]. (Centre) Colloidal hard sphere suspension,
with most mobile particles highlighted [24]. (Right) Computer simulation of
a two-dimensional system of repulsive disks. The colour scheme indicates the
presence of particles for which motion is reproducibly immobile or mobile,
respectively from blue to red [32].

The most striking feature of all these images is that the particles with
different mobilities appear to form clusters. This observation suggests
that structural relaxation in disordered systems is a nontrivial dynamical
process. Over the last decade, it has become clear from experiments and
computer simulations that a variety of glassy systems display the kind of
clusters shown in Fig.1.9. The origin of the heterogeneous dynamics in
glasses remains to be understood.

1.5 Heterogeneous dynamics in sheared glasses

The study of the deformation of amorphous materials is an area of in-
tense research that has developed largely independently of the advances
in quiescent glasses. The standard plasticity or rheology approach to un-
derstand the visco-elastic properties of an amorphous material is based
on macroscopic constitutive equations [33, 34]. These equations relate
the stress and strain (or strain history) in the system from a continuum
perspective. However, the notion of dynamical heterogeneities becomes
important when one tries to understand the macroscopic deformation
in these materials from a microscopic perspective. A few important
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questions that have received considerable attention are: how to iden-
tify microscopic heterogeneities that would in some respect play the role
assigned to dislocations in the flow of crystalline materials. What governs
the dynamical activity of such heterogeneities, how do they interact with
each other, and how do they organize on larger scales. The pioneering
experiments of Argon and Kuo [35] using bubble rafts established the
notion of ”shear transformations”, which are localized regions in space
and time where the deformation occurs. Such local yield events have
been very clearly identified in experiments on bubble rafts, in colloidal
systems [36], as well as in various atomistic simulations of low temper-
ature deformation [37, 38, 39, 40]. They are now believed to constitute
the elementary constituent of plastic deformation in amorphous solids.
However, their cooperative organization is far from being understood,
although a number of models based on this notion of elementary event
have been developed and studied analytically at the mean field level or
numerically [37, 41, 42, 43, 44, 45, 46].

Figure 1.10: Deformation of a amorphous solids in athermal quasi-static sim-
ulations [38, 39]. (a) Stress vs strain curve. Note the smooth, roughly linear
elastic segments interrupted by the discrete plastic events in the inset. (b)
The radial projection of the non-affine displacement

The quasi-static deformation of athermal systems has received wide
attention [38, 39, 40, 47, 47, 48, 49, 50, 51, 52, 53]. A typical stress
versus strain curve of a simulated deformation experiment is shown in
Fig. 1.10(a). The inset of Fig. 1.10(a) is a magnified view of stress fluctu-
ations. The stress in the system increases linearly for small strains until
it reaches a yield point that marks the onset of steady plastic deforma-
tion in the system. The fluctuations in these systems have been shown to
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be critical in nature [48, 54]. Various studies have attempted to correlate
the macroscopic stress fluctuations to the fluctuations at the particle level
[38, 39, 40, 47, 47, 49, 50]. It was observed that the deformation occurs
via elementary events that have a quadrupolar structure often referred to
as ’shear transformations’. Figure 1.10(b) shows the radial projection of
the non-affine displacement, which is the real space structure of a local-
ized plastic event. Generally, a stress drop event, such as the one shown
in the inset of Fig.1.10(a), is typically associated with an avalanche that
is a cascade of many quadrupolar events [39]. Figure 1.11 illustrates an
avalanche that extends over the full system size. These simulations and
various others that have shown similar results were performed at zero
temperature. The important question here are: what happens when the
temperature and the shear rate in the system is finite? Does the thermal
noise kill the long range correlations? These questions are one of the
motivations for us to perform shear experiments using colloidal glasses
that are very good examples of Brownian systems.

Figure 1.11: Particle displacements which occur during the entire plastic event.
Individual arrows have a uniform length of 0.5 and a shading which is linear
in the amplitude of the displacement [39].

1.6 Density of states of glasses

Another way to understand the elastic response of glasses, and emerging
plastic rearrangements is through their density of states. The density
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Figure 1.12: Density of states G(ω) of polyisobutylene plotted as G(ω)/ω2

against ω2. Filled and open circles indicate the data obtained 10K and
50K,respectively. The dashed line indicates the contribution of the sound
wave [55].

of states of glasses has been a topic of great interest for a long time.
According to the Debye model for solids, the density of states of low
frequencies scales as D(ω) ∝ ω(d−1), where d is the dimensionality of the
system [56, 57]. However, glasses show an excess of low frequency modes
that is not predicted by the Debye model. This anomalous behavior of
the density of states in glasses has been studied - for instance in organic
polymer glasses (polyisobutylene) using inelastic neutron-scattering mea-
surements [55], Fig.1.12. The horizontal dashed line in Fig.1.12 shows
the Debye model’s prediction; apparently, the density of low frequency
modes deviates significantly from this model.

With recent advances in imaging techniques such as confocal microscopy,
and colloidal science, it has been possible to visualize the structure of
these low frequency modes directly in experiments on colloidal glasses
[4, 58, 59, 60], Fig.1.13. The low frequency modes are quasi-localized
in glasses [60]. Recent simulation studies have argued that the hetero-
geneity of dynamics observed in Fig.1.9 arises from these quasi-localized
modes [32, 61]. These points will be discussed in detail in Chapter.6.
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Figure 1.13: Structure of the low frequency modes in colloidal glasses [4, 58].
The two dimensional eigenvector fields of two low frequency modes for a the
volume fraction φ = 0.60. The quasi-localized nature of the modes is evident
from these images.

1.7 Present thesis

This thesis presents experimental measurements of the deformation of
hard sphere colloidal glasses. The colloidal glasses provide a unique op-
portunity to visualize the microscopic fluctuations in a deformed glass
over a range of shear rates in the slowly driven and strongly driven
regimes. We deform the colloidal glass by subjecting it to a constant
shear stress and focus on studying its macroscopic and microscopic re-
sponse. The outline of the chapters in the thesis is given below.

Chapter 2: We begin with a general discussion on the colloids and
present the phase diagram of colloidal hard spheres. The preparation
method of the colloidal glass is discussed in detail. The shear cell used
for shearing the glass is described in detail followed by the imaging tech-
niques for identifying the individual particles and reconstructing their
trajectories in time. The definition of different observables to under-
stand the physics of the deformation of glasses is outlined.

Chapter 3: In this chapter we describe different modes of macroscopic
deformation observed in colloidal glasses. We also visualize the micro-
scopic fluctuations of the local strain and non-affine displacements during
the homogeneous and inhomogeneous flows. We study how the shear af-
fects the mobility and the structural properties of the glass. By defining
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a mobility order parameter we show that shear banding is reminiscent of
a first order transition in both space and time.

Chapter 4: We study the spatial correlations of strain and non-affine
displacement fluctuations. A three dimensional visualization of the strain
and non-affine displacement correlations is provided to elucidate their
symmetry. We explain the emergence of shear bands based on the sym-
metry change of the strain correlations. The angular averaged spatial
correlation function of the non-affine displacement is studied at different
shear rates to establish the robustness of the power-law scaling associ-
ated with it. Finally, the spatial correlations of the different definitions
of non-affine displacement are compared.

Chapter 5: In this chapter, we study the anisotropy of the microscopic
fluctuations in sheared colloidal glasses. The skewness of the non-affine
displacements in the shear direction is analyzed for different shear rates.
Further, we decompose the strain correlations studied in Chapter 4 using
circular harmonics. The projections of different harmonics are analyzed
to understand symmetries of the strain and non-affine correlations. We
also use angular bins to study the direction dependent scaling of the
strain and non-affine displacements in the homogeneous and inhomoge-
neous flow.

Chapter 6: Here we use the normal mode analysis to study the vibra-
tional modes in a quiescent colloidal glass. The vibrational modes are
used to understand the structural origin of rearrangements that lead to
the relaxation of a glass. The method of normal modes is outlined. We
construct spatial maps of the average particle participation ratios for the
lowest frequency modes. This is compared with the regions where the
particle rearrangements occur. Finally, we explain a connection between
the plastic rearrangements in the sheared and the quiescent glass.
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2.1 Colloids

Colloids are nanometer to micron sized particles that are dispersed in a
continuous phase. Colloidal systems are ubiquitous in nature in various
forms. A few familiar examples are fogs, mists, smokes where fine liquid
droplets are dispersed in a gas - aerosols, dispersions of fat in an aque-
ous phase - milk, emulsions, paint, mud, slurries, where solid particles
dispersed in a liquid medium -sols. An illustration of the length scales
of various materials that fall in the colloidal domain is shown in Fig.2.1
[62]. We investigate colloidal particles suspended in a liquid; because of
their small size, these particles exhibit Brownian motion. The simplest
form of such a colloidal suspension consists of hard spherical particles
that exhibit no interaction until they touch. This hard-sphere interac-
tion, in the presence of thermal fluctuations, is sufficient to produce a
variety of phases such as fluid, crystalline and glassy states of matter.
These phases are analogous to the states of matter observed in atomic
and molecular physics, but occur over much larger length scales, and
longer time scales [14]. The relatively large length scales, and long time
scales make it easy for these phases to be studied in real-space and real
time. Therefore quantities that are experimentally difficult to observe in
atomic systems can be measured with relative ease in colloidal systems
through the use of direct imaging techniques, such as confocal microscopy
[63, 64], or indirect imaging techniques, such as light scattering [65, 66]
as well as rheology [67].

17
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Figure 2.1: The colloidal domain : the dimensions and typical examples of
materials that fall in the colloidal size range [62].

2.2 Hard Sphere Colloids

The simplest model colloidal system is that of mono-disperse, Brownian
hard spheres. These hard spheres are non-interacting as long as they do
not touch, and infinitely repulsive on contact. The parameter that deter-
mines the phase behavior of hard sphere systems is the volume fraction
of the spheres, φ, given by

φ =
N × Vp
Vtot

where N is the number of particles, Vp = (4/3)πa3 is the volume of a
single particle of radius a and Vtot is the total volume of the continuous
phase and all the particles.

The time scale in colloidal systems can be defined from the perspec-
tive of the particles. In the dilute limit when the particles exhibit free
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Brownian motion, the mean square displacement < r2 > of the particles
increases linearly with time

< r2 >= 6Dτ, (2.1)

where D is the diffusion coefficient. The diffusion coefficient for a spheri-
cal particle in a dilute solution is given by the ratio of the thermal energy
kBT and the frictional drag f , on the particles.

D =
kBT

f
,where (2.2)

f = 6πη0a. (2.3)

Here, kB is the Boltzmann constant, T is the absolute temperature, η0 is
the solvent viscosity and a is the particle radius. The time required by
the particle to move its own size defines the characteristic time scale for
the colloidal suspension, which is often referred as Brownian time scale
τB

τB =
πη0a

3

kBT
. (2.4)

The above relation is valid for very dilute systems under quiescent con-
ditions. It does not include any body forces acting on the particle such
as gravity or mechanical or thermal convection. It also neglects the hy-
drodynamic interactions between the particles that may influence the
diffusion and the effective viscosity by several orders of magnitude. In-
teractions in more concentrated suspensions can be taken into account
by substituting the effective viscosity of the material η for the solvent
viscosity [67].

τ =
πηa3

kBT
(2.5)

The difference between Equations (2.4) and (2.5) can be significant.
Hence, increasing the concentration can lead to a wide range of timescales
in colloidal suspensions [14].

2.2.1 Phase behavior of hard-sphere colloids

The phase behavior of mono-disperse colloidal suspensions as a function
of φ is shown schematically in Fig. 2.2 [14, 68]. At low volume fractions,
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Figure 2.2: Phase diagram of uniformly sized hard spheres: various phases of
hard spheres as a function of volume fraction [14, 68].

the system behaves like a dilute gas, that is, there are no structural cor-
relations in the system. As φ is increased, there is short-range order
in the particle positions just as in a fluid. At φf ∼ 0.49, the freezing
volume fraction, the system phase separates into coexisting fluid and
crystalline phases. Above φm ∼ 0.54, the crystal is the thermodynam-
ically stable phase. The crystal becomes more and more dense until it
reaches a maximum close packing configuration at φ ∼ 0.74. The phases
described above are equilibrium phases, where the eventual configura-
tion of the system is determined by equilibrium thermodynamics, that
is, the free energy of the system acquires a minimum. This phase be-
havior was confirmed experimentally by Pusey and van Megen (Fig. 2.3)
using suspensions of sterically stabilized PMMA particles (polymethyl
methacrylate) [14].

However, the hard sphere systems can also exhibit non-equilibrium
behavior. For example, rapid condensation of a hard-sphere fluid to
φg = 0.58 results in a meta-stable, kinetically trapped state known as
a glass, and this volume fraction is termed the glass transition volume
fraction [15]. This state persists until φcp ∼ 0.64, the random close
packed volume fraction, which is the maximum volume fraction that a
large, random collection of spheres can attain without crystalline order.

In this thesis, we study hard-sphere colloidal glasses as a model sys-
tem for amorphous materials. Dynamic light scattering experiments have
shown the dynamic slow down of the suspension on intermediate time
scales, and diffusive behavior on long time scales [69, 70, 71]. This dy-
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Figure 2.3: Phase diagram of colloidal hard spheres : various phases of colloidal
hard spheres as function of volume fraction [14].

namic slow down was accurately described with the mode coupling the-
ory, at a slightly lower volume fraction φg = 0.52 [72, 73, 74]. These
studies have made colloidal glasses a prominent model system for the
study of glasses in general.

2.2.2 Stabilization of hard-sphere colloids

In the present experiments we have used sterically stabilized polymethyl-
methacrylate particles to study hard sphere glasses. The PMMA is
synthesized by the bulk polymerization of MMA(methyl methacrylate)
monomers. They are transparent and colorless thermoplastic particles
that are hard and stiff. The NBD dye is added to the particles during
the synthesis, so that they are visible under laser light. The dielectric
nature of PMMA particles in a solvent gives rise to short-range attractive
van der Waals force between the spheres. So, when two particles come
closer they tend to stick to each other leading to irreversible aggregation.
Here, by matching the refractive index of the solvent with that of the
particles, the van der Waals forces are made very small. In addition, a
stabilizing mechanism is used to create a positive potential barrier be-
tween the particles to avoid flocculation. One of the ways to achieve
this is steric stabilization [75, 76] of the particles where a protective layer
of polymer/macro molecules are grafted on the surface of the PMMA
spheres. Interactions between these layers of two adjacent particles re-
sults in a repulsion between the surfaces strong enough to suppress the
van der Waals attraction. The present set of particles with a diameter of
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about 1.3µm are sterically stabilized by a layer of poly-12-hydroxystearic
acid (PHSA). Thus the repulsive potential arising due to the interpene-
tration of polymer layers are relatively steep giving rise to ’hard-sphere’
like interaction.

2.3 Sample Preparation

We prepare a glass using suspensions of PMMA particles that are 1.3µm
in diameter. They are suspended in a mixture of Cis-Decaline and Cyclo-
Heptyl Bromide with a volume ratio of 1 : 3 in order to match closely
the density and index of refraction of the particles with the solvent. The
density matching of the particles and the solvent is needed to avoid sed-
imentation of the particles. The refractive index matching provides a
nearly transparent sample making it suitable to visualize the individual
particles in the bulk of the suspension using an optical microscope. We
add the organic salt TBAB (tetrabutyl ammonium bromide) to the sus-
pension to further screen the possible residual charges. The quantity of
salt added is based on the 1mM concentration that is to be achieved. The
buoyancy-matching is very sensitive to temperature changes; the thermal
expansion coefficient of the solvent exceeds that of PMMA by about a
factor of ten and a decalin-CHB mixture of a given composition will
therefore match the particle density only in a very narrow temperature
range. We exploit this fact to prepare suspensions of different volume
fractions by centrifuging the suspension at a speed of ∼ 5000rpm, and
at a temperature T > 35◦C, above the buoyancy matching temperature,
to create a sediment that has a volume fraction close to random close
packing (φrcp ∼ 0.64). A sample of desired volume fraction is obtained
by diluting the sediment at φrcp using the density matched solvent. We
typically prepare samples in the range φ = 0.58− 0.60 to study colloidal
glasses.

2.4 Shear cell set-up

We probe the visco-elastic properties of glasses by imposing a constant
shear rate, which is of the order of the inverse relaxation time (∼ 10−5s−1)
of the glass. We use a home-built shear cell to apply small shear rates up
to a total strain of 140% to the colloidal glass. The shear cell is designed
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Figure 2.4: (a) An image of the shear cell mounted on the Carl Zeiss LSM-5
confocal microscope. (b) An image of the external frame that holds the piezo
electric device, the translation stage and the shear cell.(c) A two dimensional
section of the shear cell that shows an arrangement of a metal bellow and two
parallel plates. The reservoir of colloidal particle is contained in the bottom
plate. (d) An image of the roughened cover glasses that are used as boundaries,
colloidal particles and the dimensions of the field of view.

to be mounted directly on the confocal microscope. Figure 2.4(a) shows
a real image of the shear cell and the confocal set-up. The shear cell has
an external frame that is assembled using a set of screws and springs;
this arrangement provides a rigid frame for mounting the piezoelectric
translation stage, and for securing the cell Fig.2.4(b). A schematic cross
section of the cell in Fig.2.4(c) shows an arrangement of two parallel
boundaries and a reservoir of colloidal sample. The cell essentially has
two components - a T shaped top plate and a bottom plate that has a hole
drilled through it. The top plate of the cell is fixed to the piezoelectric
translation stage and the bottom plate is fixed to the frame, Fig.2.4(b).
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A piece of cover glass, whose surface is made rough by sintering a layer
of poly-disperse PMMA particles onto it, shown in Fig.2.4(d), is glued to
the top and the bottom plates. This prevents boundary induced crystal-
lization, and ensures a no-slip condition at the boundaries. The hole in
the bottom plate holds a reservoir of colloidal sample of approximately
400µl. The top boundary, which is at the free end of the cylindrical part
of the top plate, is immersed in this pool of colloidal suspension. A metal-
lic bellow, see Fig.2.4(c), is used to provide a flexible coupling between
the top and the bottom plates, and to isolate the colloidal suspension
from the environment, thereby preventing evaporation.

A voltage of 0 − 150 v is applied to the piezoelectric device using a
digital oscilloscope, to linearly displace the top plate by 0 − 100 µm;
this differential motion of the plates imposes a uniform shear rate on
the colloidal sample confined between them. By adjusting the distance
h between the boundaries, using the set screws, and ramping the voltage
linearly from 0 v to 150 v, during a time duration of t sec, we achieve
a shear rate of γ̇ ∼ 100/(h ∗ t). The coordinate axes of the system are
defined with respect to the direction of shear, as shown in Fig.2.4(d); the
x− axis aligns with the direction of displacement of the top boundary,
the y− axis aligns with axis of shear, and the z− axis aligns with the
shear gradient direction.

2.5 Confocal Microscopy

2.5.1 Optical Microscope

Optical microscopy, also referred to as “light microscopy”, uses visible
light and a system of lenses to magnify images of small objects that are
otherwise invisible to the naked eye. It started with the simple experi-
ments of two Dutch spectacle makers, Zaccharias Janssen and his father
Hans in the year about 1590. The modern optical microscope has evolved
through the contributions of various scientists like Gallieo Galleli, Anton
Leeuwenhoek and Robert Hooke in sixteenth century. Today it has be-
come a powerful visualization tool in the domain of micron and submicron
length scales for a wide variety of disciplines like Biology, nanophysics
and microelectronics. Nevertheless, visualizing deep inside a sample like
biological tissues or dense colloidal suspensions remain difficult by a con-
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ventional optical microscope due to multiple scattering events leading to
blurred images and certain artifacts. These issues were first addressed
by Marvin Minsky in the 1950s who provided the basic foundation of
confocal microscopy as elaborated in the section below.

2.5.2 Laser Scanning Microscope

Figure 2.5: Principle of a confocal microscope. The rays that are not emanat-
ing from the focal plane are eliminated by the pinhole aperture.

In order to image in three dimensions, Marvin Minksky proposed a
two-fold solution - point by point illumination of the sample to mini-
mize aberrant rays of scattered light, as well as introduction of a pinhole
aperture in the image plane eliminating all those rays emitted other than
from the focal plane, thus creating a better quality image than wide field
imaging where the whole object is illuminated at the same time, Fig.2.5.
The light rays emerging from the pinhole are finally measured by a detec-
tor such as a photomultiplier tube. Now, constructing the image of the
whole specimen in 2D or 3D requires scanning over a regular raster in the
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specimen. While the first confocal microscopes used a translating stage,
modern day confocal microscopes use lasers as light sources and scan it
across the sample to visualize each point inside it- this is called Laser
scanning Confocal Microscopy (LSCM) [77, 78]. In the present study we
use a LSCM (Carl Zeiss, LSM5) with a high speed line scanning tech-
nique to obtain images of the fluorescent colloidal samples under study.
The use of fluorescent particles further gives higher contrast as a filter
blocks everything except the fluorescent wavelength.

2.5.3 Resolution

Figure 2.6: Resolution of microscope. (a) The airy disc of a single particle.
(b) The overlapping airy discs of two closely spaced particles. (c) Rayleigh
limit for identifying two particles as different objects.

The resolution of any optical system is the ability to clearly distin-
guish two separate points, or objects, as singular, distinct entities. In a
confocal microscope, the image of a point-like source is a three dimen-
sional pattern known as point spread function (psf) due to the diffraction
through the circular aperture (pinhole). The transverse cross-section of
the psf on the image plane is an Airy disc, Fig.2.6(a), whose size de-
pends on the numerical aperture of the objective lens as well as on the
wavelength of the light source. Generally, two closely spaced luminous
points in the sample plane result into overlapping discs leading to an in-
tensity distribution with two peaks as shown in Fig. 2.6(b). A minimum
separation is required between the discs to create a reasonable ’dip’ in
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between, for the peaks to be resolved -this sets the maximum resolution
of the microscope. Following Rayleigh criteria this separation is the full
width half maximum (FWHM), FWHM of the airy disc (when the first
minimum of an airy disc aligns with the central maximum of the second
one) leading to a dip of roughly about 26%, Fig.2.6(c). For the optical
setup of most commercially available confocal microscopes this separa-
tion in the lateral direction is about 200nm. It is important to note that
the precision of determining the position of an imaged object is different
from the above discussed resolution. The position of an isolated fluores-
cent point-like source corresponds to the ’center of mass’ of its spatially
extended airy disc image. If the disc is about N pixel wide and each
pixel is M micrometers across, the center of the disc can be estimated to
Y ∼ M/N accuracy, which is higher than the optical resolution. In the
present study this uncertainty in detecting the position of a fluorescent
particle is close to ∼ 30nm.

2.5.4 Data acquisition

We image the colloidal particles in the shear cell using an objective that
has a magnification of 63x and a numerical aperture of 1.4. The Zeiss
LSM 5 microscope uses a line scanner to illuminate a section of the
sample line by line, at a maximum of 120 frames per second (fps). The
depth of the focal plane, Z, is controlled by a piezo-element mounted
on the objective of the microscope. For 3D imaging, a z−stack of 2D
images are acquired by rapidly varying the height of the objective using
the piezo and simultaneously taking 2D images at each z. We typically
image a 108× 108× ∼ 70µm3 volume by taking 450 images at a spacing
of 0.15µm in the z direction. At a scan speed of 10fps, it takes 45 s to
acquire a z− stack. We typically acquire 1 − 2 stacks every minute to
follow individual particles during structural relaxation, which is of the
order of 105s. For 2D imaging, we fix the position of the objective such
that its focal plane is, at least, 20µm away from the boundaries, and
acquire a time series of images. Typically, the images are acquired at a
rate of 10− 20 fps to follow the short time behavior of particles in their
nearest neighbor cages.
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2.6 Particle dynamics

Image processing

The first step in the particle tracking algorithm is the accurate identifica-
tion of particle positions. The most widely used algorithm in the colloids
community is that of Crocker and Grier [79], with relevant software in the
public domain [80]. The algorithm identifies the particles based on the
assumptions that they appear as bright spherical spots against a dark
background, and the intensity maxima of the spots correspond to the
center of the particle. Since we have used PMMA particles that are la-
beled with fluorescent dye, they appear as bright spots in the raw images.
The undesired noise in the images is eliminated using a spatial band pass
filter, which removes long wavelength contrast gradients and also short
wavelength pixel to pixel noise. The particles are initially identified by
locating the local intensity maxima in the filtered images. The particle
coordinates are then refined to get the positions of the particle centers
with a high accuracy by applying a centroiding algorithm which locates
the brightness weighted center of mass (centroid) of the particles. With
this refinement procedure the coordinates of the particle centers can be
obtained with sub-pixel resolution down to less than 1/10 of the pixel
size.

Figure 2.7: Image processing of confocal images.

An illustration of the above mentioned algorithm for locating the par-
ticle centers is shown in Fig. 2.7. A small section of the original confocal
microscope images shown in Fig. 2.7(a), is filtered using a bandpass filter,
Fig. 2.7(b), and particle centers are located using the intensity maximum
and centroiding technique Fig. 2.7(c). A similar technique is employed to
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locate the particle centers in 3D. We now use these particles centers to
compute the pair correlation function g(r), which is defined as the prob-
ability of finding a particle at a distance r from a particle at the origin,
in a supercooled colloidal fluid and a colloidal glass, Fig.2.8. The peak
structure in the pair correlation function reveals the short-range order in
the liquids and the glasses.

Figure 2.8: Pair correlation function of a supercooled colloidal fluid and a
colloidal glass. The circular symbols indicate the supercooled fluid, while the
triangles are for a glassy sample.

Particle tracking

Using the image processing techniques described in the previous section,
the particle centers are identified in all the images. The positions of
the particles are then linked to construct trajectories that describe the
particle motion. We use the algorithm devised by Crocker and Grier
[79] for linking the particle positions. The algorithm is based on the
minimization of the sum of the squared displacements of particles in
two successive frames. Given the position of a particle in a frame, and
all the new positions in the following frame, the algorithm reduces the
complexity by considering only those particles that are in a range rt from
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the old position. When 0 < rt < σ/2, where sigma is the diameter of a
particle, the number of possible locations of the particle in the new frame
is reduced to one. Any particle with no match in the successive frame
is considered to be lost. Such particles are generally detected at the
boundaries of the imaged volume where the particle moves in and out of
the field of view. The algorithm repeats these steps for successive frames
to link the particle positions and to construct the particle trajectories.

During a shear experiment, the images are acquired at various stages of
the deformation to capture both the transient and steady state response
of the system. At low shear rates, γ̇ ∼ 10−5s−1, we typically acquire a
z−stack every 1 minute for a total time duration of 25 minutes. However,
at higher shear rates, we reduce the time between subsequent z−stacks
to 30 seconds. Above a certain shear rate, acquiring 3D data is no longer
feasible because the particles between successive stacks move more than
a particle radius. This imposes a limit on the maximum shear rate to
acquire 3D images.

2.6.1 Particle motion in a quiescent colloidal glass

Figure 2.9: A typical trajectory of a particle in a colloidal glass (φ = 0.59).
The image shows the cage motion and cage jump of a single particle.

A typical trajectory of a particle in a dense colloidal glass, tracked
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over a time interval of t = 1200 s at φ = 0.59, is shown in Fig.2.9. The
particle exhibits a caged motion on short time scales; however, over long
time scales, it diffuses by moving from one cage to the other.

2.6.2 Analysis of particle motion in sheared colloidal
glasses

In this section we outline the definition of local strain and non-affine
displacement that are used in the rest of the thesis to understand the
physics of sheared colloidal glasses.

Local strain and non-Affine displacement

When a crystals (with a simple unit cell) is subject to homogeneous de-
formation, the particle displacements are affine, but in amorphous solids
they are highly non-affine. A very simple illustration of affine and non-
affine deformation is shown in Fig. 2.10. In an affine deformation, the
local strain of the particles, relative to their neighbors, is the same and
equal to the externally imposed strain Fig. 2.10(a), whereas in non-affine
deformation, the local strain is heterogeneous, Fig. 2.10(b). The non-
affine displacements are typically of the same order of magnitude as the
relative affine displacements of neighboring particles, and therefore can-
not be considered a small correction: ignoring them, or treating them as a
perturbation, yields highly inaccurate estimates for macroscopic material
properties such as the elastic moduli [38, 39, 50, 81].

Figure 2.10: Affine (a) and non-affine (b) deformation.

In this thesis, we investigate both the affine and non-affine components
of deformation in a colloidal glass. To determine the affine component, we
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follow all particle trajectories and identify the nearest neighbors of each
particle as those separated by less than r0, the first minimum of the pair
correlation function. This is illustrated in two dimensions in Fig.2.11;
the thick lines and the dashed lines indicate particle positions at time t
and t+ δt, respectively, and the reference particle is colored in red, while
its neighbors are colored blue. The change of nearest neighbor vectors
(arrow lines) over a time interval δt could be related using an affine
transformation Γ. The best affine transformation Γ is determined in such
a way that it minimizes the quantity D2, which is defined as the mean-
square difference between the actual displacements of the neighboring
molecules relative to the central one and the relative displacements that
they would have if they were in a region of uniform deformation Γ [37].
That is, we define

D2(t, δt) =
∑
n

∑
i

(
rin(t)− ri0(t)−

∑
j

(δij + Γij)×
[
rjn(t)− rj0(t)

])2

(2.6)
where the indices i and j denote spatial coordinates and the index n runs
over all the neighbors, n = 0 being the reference particle. rin(t) is the ith
component of the position of the nth particle at time t. We find the Γij
that minimizes D2 by calculating

Xij =
∑
n

[
rin(t)− ri0(t)

]
×
[
rjn(t− δt)− rj0(t− δt)

]
, (2.7)

Yij =
∑
n

[
rin(t− δt)− ri0(t− δt)

]
×
[
rjn(t− δt)− rj0(t− δt)

]
, (2.8)

Γij =
∑
k

XikY
−1
kj − δij. (2.9)

The minimum value of D2(t, δt) is then the local deviation from affine
deformation or the non-affine deformation during the time interval [t −
δt, t. This quantity is referred to as D2

min in the rest of the thesis. It
has been reported to be an excellent metric of plasticity that detects the
local irreversible shear transformations [37]. The local strain tensor εij
is obtained from the symmetric part of the deformation tensor

εij =
1

2
(Γij + ΓTij), (2.10)
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where the superscript T denotes the transverse. The strain tensor εij is
of third order, and its diagonal terms give the dilation components and
the non-diagonal terms give shear components of deformation.

Figure 2.11: Computing the local strain. The red color indicates the reference
particles and the blue color indicates its neighbors.

Determination of non-Affine displacement using global deformation

Other definitions of non-affine deformation exist in the literature [52],
and they are briefly described here. A comparison between them is made
in chapter.3 of the thesis. The non-affine displacement of a particle is a
measure of its diffusive motion after subtracting the convective contribu-
tion due to mean shear flow. It is defined as

∆rnai (t1, t2) = ri(t2)− ri(t1)− γ̇
∫ t2

t1

dt′yj(t
′)ex (2.11)

where γ̇ is the shear rate and ex is the unit vector in the x (flow) direction.
The diffusive behavior follows as〈

(∆rna(0, t))2
〉

= 6Dt. (2.12)
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Displacement fluctuations

A full characterization of the displacement field requires not only a dis-
tinction between the affine and non-affine components, but also a dis-
tinction between a continuous field and a fluctuating part. Motivated
by the ideas in classical mechanics and kinetic theory, Goldberg and co-
workers [52] have defined fluctuations of the displacement and studied
their correlations. We incorporate these ideas to define a coarse grained
displacement field, which is continuous, and a fluctuating part that is
obtained by subtracting the continuous displacement from the actual
particle displacement. The coarse grained displacement field (Eq.2.13)
and fluctuation (Eq.2.14) are obtained as follows :

U(r, t1; t2) =
1

n

n∑
i=1

∆ri(t1, t2)Φ(r− ri(t1)), (2.13)

∆rfi (t1, t2) = ∆ri(t1, t2)−U(ri, t1; t2), (2.14)

where n in Eq.2.13 is the number of particles in the system and Φ is a
coarse graining function. We have used a rectangular function, which
can be written as a sum two Heaviside functions (H(x)), as the coarse
graining function.

Φ(R) = H(R + r0)−H(R− r0) = H(r20 −R2), (2.15)

where r0 is the first minimum of the pair correlation function.



3 Deformation modes of
colloidal glasses

3.1 Introduction

When an amorphous material is subjected to an external stress, it can
exhibit macroscopic flow. This flow can be homogeneous across the ma-
terial; however, the flow often localizes, making the material unstable
and ultimately fail. While flow instabilities are known for a long time in
geology, apparent as landslides, recent results indicate that shear band-
ing is a general phenomenon that occurs in a far wider range of amor-
phous materials ranging from molecular glasses to suspensions to foams
and emulsions [82]. For molecular glasses, thermally activated relaxation
processes lead to homogeneous flow of the glass at small applied stress
[41, 42]. However, at large applied stress, these relaxation processes do
not occur sufficiently fast, and to sustain the applied shear rate, the
glass separates into bands that flow at different shear rates. However,
the mechanism of their formation remains unclear.

3.2 Deformation of glasses

The earliest ideas on the deformation of glasses have originated from the
theoretical and experimental studies of metallic glasses [41, 42]. To a
great extent these studies were motivated by the theory of plastic defor-
mation of crystals, which is based on the dynamics of dislocations [83].
The dislocations in crystals are line defects in the crystal lattice. When a
crystal is deformed, the plastic deformation occurs by slip along a lattice

35
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plane within an area bounded by the dislocation. This slip leads to an
irreversible shear deformation inside the dislocation loop, and the long-
range elastic strain field induced by the dislocation loop carries this shear
to the boundaries, where the shear is applied. In analogy, in metallic
glasses, shear transformation zones, which are localized regions (in space
and time) of material where the plastic activity takes place, emerged as
key to understanding the deformation of glasses [41, 42]. Experiments
and simulations [36, 37, 38, 39, 41] have shown that very similar local-
ized events occur in various dense amorphous materials, so these ideas
have been extended to study the flow of colloidal glasses and granular
materials. We briefly discuss these ideas here.

Figure 3.1: Schematic deformation map of a metallic glass. The various modes
of deformation are indicated [42].

The mechanical testing of metallic glasses reveals two modes of defor-
mation: homogeneous flow, where each volume element in the material
contributes to the deformation, and inhomogeneous flow, where the de-
formation is localized to a few very thin bands [42]. Based on the ex-
perimental data compiled from various compression tests, Spaepen [42]
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developed an approximate picture of the deformation map of metallic
glasses, which is shown in Fig. 3.1. The map shows stress on the y− axis
and temperature on the x−axis; the regions of homogeneous and inho-
mogeneous flow are labelled in the map. According to the map, at low
stresses or higher temperatures, the deformation is homogeneous and it
is very close to Newtonian viscous flow. However, at higher stresses the
deformation becomes localized to thin bands. This localization is often
attributed to a local softening of the material.

3.2.1 Theoretical models of deformation

Figure 3.2: Erying’s picture of activated transition. The rearrangements of
atoms and the energy barrier in the absence of shear (a) and in the presence
of shear (b).

Eyring’s model

The microscopic picture of a shear transformation, which is the building
block of plastic deformation in metallic glasses, is illustrated in Fig.3.2(a)
and (b). A shear transformation occurs as a result of the rearrangement
of atoms. The positions of the atoms before and after the rearrangement
are assumed to be positions of relative stability, i.e. local free energy min-
ima. In the absence of any external force, the activation energy for going
from one minimum to another is obtained from the thermal fluctuations,
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and the atomic jumps are likely to occur equally in all the directions.
However, when an external force is imposed, the energy barrier in the
direction of force is reduced, therefore the atomic rearrangements are
biased in the direction of the applied force, which leads to a flow. An
illustration of the energy barrier in the absence and the presence of an
applied shear stress τ is illustrated on the right side of Fig. 3.2(a) & (b),
respectively. If ∆ε0 is the strain resulting from a transformation, then
the rate of deformation γ̇ according to the transition is

γ̇ = ∆ε0(R+ −R−), (3.1)

where R± are the rates of forward and backward moves. In the presence
of an applied stress σ, the rates of forward and backward moves are
expressed as

R± = ω0exp [(−E0 ± σΩ0)/kT ] , (3.2)

with ω0 is a microscopic attempt frequency and Ω0 is the activation vol-
ume, which is typically 5−10 particles. Therefore, the rate of deformation
can be written as [84]

γ̇ = 2ω0∆ε0exp

(
−E0

kT

)
sinh

(
Ω0τ

kT

)
. (3.3)

Spaepen’s model

An important ingredient of the above formulation is the distribution of
free volume, which is the volume available for each atom to move around
without disturbing the neighboring atoms. The shear transformations
are likely to nucleate in regions that have a large free volume because of
the weak coupling to the surrounding region. The larger the free volume,
the more likely the particle undergoes a rearrangement. According to
the free volume model proposed by Spaepen [42], the deformation rate
can be expressed as

γ̇ = ∆fexp

(
−ε0ν

∗

νf

)
exp

(
−E0

kT

)
sinh

(
Ω0τ

2kT

)
, (3.4)

where ∆f is the fraction of the sample that is undergoing deformation,
ν∗ is the atomic volume and νf is the average free volume of an atom.
The first term in the above expression, ∆fexp(ε0ν

∗/νf ), is an estimation
of the fraction of potential sites that undergo a transformation, based on
the free volume distribution in the system.
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3.2.2 Argon’s model

Argon [41] made an important addition to Eyring’s model by arguing
that the shear transformation zones can be viewed as inclusions that
are elastically coupled to the surrounding medium. This was a major
improvement over previous models, based on the Eyring model, that
assumed shear transformations as independent events. Argon postulated
that a flip occurs when a zone elastically deforms up to some critical
strain, in the range of ∼ 2 − 4% [84, 85], at which it becomes unstable.
As discussed by Eshelby [86, 87] a shear transformation of this type in a
spherical region of size Ω0 results in increments of elastic strain energy
∆ε and strain ∆ε0

∆ε =
7− 5ν

30(1− ν)
µ∆ε20Ω0, (3.5)

where µ is the shear modulus. Therefore, the deformation rate for this
model can be expressed as

γ̇ = 2ω0∆ε0exp

(
−∆ε+ E0

kT

)
sinh

(
Ω0τ

kT

)
. (3.6)

3.2.3 Shear localization

According to the models proposed by Spaepen and Argon [41, 42], at
lower stress levels, the shear transformation zones are nucleated in regions
that have large free volume. However, at higher stress levels, an atom is
able to push the neighboring atoms to create free volume, thus leading to
local dilation. Competing with this is a relaxation process, which tends
to annihilate the extra free volume by diffusing the surrounding atoms.
When the creation of free volume is fast and the annihilation due to
relaxation is slow, the sheared regions could retain a large component of
free volume leading to localized softening. Such instabilities have been
argued to lead to shear bands in the system.
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3.3 Experimental investigations of shear trans-
formation zones

3.3.1 Bubble rafts

A bubble raft containing a disordered arrangement of bubbles of different
sizes was used as analog of metallic glasses [35]. The rafts were sheared
and they were photographed to follow the bubble motion. Reconstruction
of the images revealed that when the rafts are sheared they changed shape
by a collection of very local shear transformations. The transformations
were in the nature of either relatively equiaxed regions of about 5 bubble
diameters undergoing complex internal rearrangements or are in the form
of two-dimensional slip patches involving sharp shear translations of two
adjacent nearly close packed bubble rows. An idealization of these two
types of shear transformations are shown in Fig .3.3(a),(b). These were
the first direct visualization experiments of two dimensional model glasses
that showed localized deformations.

Figure 3.3: Idealization of the two types of shear transformations observed
in the sheared rafts: (a) a diffuse shear transformation; (b)a dislocation pair
formation [35]. (c) Shear strain and dilation field of a sheared bubble raft.
The magnitudes of the shear strains and dilation are presented as vertical and
horizontal spikes, respectively.

The bubbles were tracked in time and the local shear strain and dilation
were computed using the technique of finite differences. Typical fields of
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shear strain and dilation are shown in Fig.3.3(b). The shear strain and
dilation are plotted as vertical (positive upward) and horizontal (positive
toward the right) bars, respectively. Examination of such fields revealed
that positive shear strains are normally associated with an increment of
dilation.

3.3.2 Colloidal glasses

Figure 3.4: (a) & (b) Formation of shear transformation zones in sheared
colloidal glasses. The strain values of the particles are coded using colors. The
arrows indicates the location of formation of a STZ during a strain increment
γ = 0.03. The radial lines (dotted) in (b) shows the positive and negative
strain regions around the STZ. (c) The strain field around a circular inclusion
in an elastic matrix, which is often referred as Eshelby solution [86, 88].

The deformation of colloidal glasses was earlier investigated by Schall
and coworkers [36] using silica particles. The authors presented direct
real-space visualization of structural rearrangements that govern the flow
of glasses. The local shear strain on each particle was determined by
tracking the motion of individual particles using confocal microscopy.
The spatial map of the shear strain was observed to be heterogeneous;
the plastic deformation indeed occurred in certain localized zones that
were typically a few particle diameters wide. We present reconstructions
of local shear strain in Fig.3.4(a),(b) to show the strain patterns before
and after the formation of a shear transformation zone (STZ), respec-
tively [36]. The red spheres in Fig.3.4(b) indicate high local shear strain
associated with the formation of the shear transformation zone. During
the time step in which the shear transformation zone was formed, four
zones of negative shear strain surrounded the center region, shown in red
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in Fig.3.4(b). Such a fourfold symmetric strain distribution was argued
to be characteristic of the distortion of an elastic matrix around a volume
that undergoes a shear transformation [86]. A numerical solution of the
elastic field outside a circular inclusion is shown in Fig. 3.4(c) [88].

3.4 Flow of colloidal glasses

We study the flow of a colloidal glass by imposing shear at constant rates.
By varying the applied shear rate, we observe two modes of deformation:
a homogeneous flow at low shear rates and an inhomogeneous flow at
higher shear rates. These results are summarized in the form of a one-
dimensional deformation map as a function of shear rate in Fig. 3.5.
When the shear rate is low, the rate of thermally activated jumps is
sufficient to give rise to a homogeneous flow. However, beyond a critical
shear rate γ̇c ∼ 6 × 10−5s−1, the thermally activated processes do not
occur sufficiently fast, and to sustain the applied shear rate, the glass
separates into bands that flow at different shear rates.

Figure 3.5: Deformation map of colloidal glasses at a volume fraction φ = 0.60.
The flow is homogeneous at low shear rates, and inhomogeneous beyond a
critical shear rate. For our system the critical shear rate is γ̇ ∼ 6× 10−5s−1.
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The deformation map in Fig. 3.5 demonstrates the macroscopic de-
formation in the system. At a critical shear rate the system separates
into bands that flow at largely different shear rates i.e., particles in the
bands have largely different mobilities. This transition from homoge-
neous flow to inhomogeneous flow indicates a dynamic transition. To
gain a deeper understanding of this transition, we investigate the mi-
croscopic dynamics of the particles by decomposing their motion into
affine and non-affine components. The best affine strain tensor and the
non-affine displacement of a particle are computed using the formulation
outlined in Chapter 2. In three dimensions, the strain tensor is of third
order; its off-diagonal terms are the shear components and the diagonal
terms are the normal strain components in the system. Our focus will
be mainly on the shear component εxz, the shear component in the plane
of shear (Fig. 3.7(a)), and the dilation components. We investigate the
spatial patterns of these quantities to develop an understanding of the
shear banding transition.

Further, we define a dynamic order parameter based on the mobilities
of the particles. We show that the shear banding transition can be inter-
preted as a dynamic first-order transition that occurs in space and time
dimensions.

3.4.1 Homogeneous flow

The relaxation time (τα) of the colloidal sample (φ = 0.60) under quies-
cent conditions was measured from the mean square displacement of the
particles, ∆r2(t) = 〈|r(t)− r(0)|2〉, which is shown in Fig. 3.6. On aver-
age a particle diffuses its own radius with in a time interval τα ∼ 20000s,
which we refer to as the relaxation time of the system. We observe a
homogeneous flow of the glass at a shear rate of γ̇ ∼ 10−5s−1, which is
lower than the inverse relaxation time 1/τα of the system. A plot of the
x− displacements of all the particles as a function of height, Fig. 3.7(b),
shows a linear profile, which indicates homogeneous deformation. We
track the motion of particles over a time interval of 300 s and compute
the local strain tensor and the non-affine displacement. An instance of εxz
in a 5µm thick section, parallel to the xz plane, is shown in Fig.3.8 (a).
The magnitude of the shear strain εxz of particles is indicated with color
: red and blue colors indicate positive and negative strain, respectively.
Despite the homogeneous macroscopic deformation, the local strain dis-
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Figure 3.6: The mean square displacement of the particles of the colloidal
sample (φ = 0.60) under quiescent condition. The black dotted lines is a
line of slope unity. The time scale to diffuse a distance (σ/2)2µm2 is around
τα20000s, where σ is the particle diameter.

plays a strong heterogeneity, which is a hallmark of glassy flows. The red
spots, marked using white circles in Fig. 3.8(a), are high activity zones
that are often referred to as shear transformation zones (STZ).

Figure 3.7: Homogeneous flow at low shear rate. (a) The co-ordinate axes and
the direction of shear are shown. The x− displacements of all the particles
have plotted as a function of height between the boundaries.

Current theoretical models of plasticity [37, 42, 45] assume random
occurrences of STZs. However, in a dense system such as a glass the STZs
may influence each other. This is evident from the strain distribution
around a STZ in Fig. 3.4. The formation of a STZ is observed to trigger
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Figure 3.8: Reconstruction of εxz in a 108 × 108× ∼ 5µm3 section. The
strain is computed after a time interval of ∆t = 120 s (a) and ∆t = 360s at
γ̇ = 1.5 × 10−5s−1. White and black circles denote the STZs formed over a
time interval ∆t = 120s, 360s, respectively.

similar events in its neighborhood. Such spatio-temporal correlations
are evident in the strain patterns shown in Fig. 3.8(a),(b). The figures
show two instances of strain distribution that are computed over a time
interval of δt = 120 sec (Fig. 3.8(a)) and δt = 360 sec (Fig. 3.8(b)), using
the same initial configuration of particles. The white circles in Fig. 3.8(a)
highlight the STZs that were created during a time interval of δt = 120s,
and the black circles in Fig. 3.8(b) show the new STZs, in addition to the
old ones. A comparison of Figs. 3.8(a),(b) reveals that most of the new
STZs are created in the neighborhood of the existing STZs. We explore
such dynamic correlations in Chaps.4 and 5.

We now focus on the non-affine displacement D2, a scalar metric of
plasticity. A reconstruction of the spatial distribution of D2 in a 5µm
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Figure 3.9: Reconstruction of D2 (a) and the number of neighbors each particle
has lost (b), in a 108× 108× ∼ 5µm3 section, for particles tracked over a time
interval of ∆t = 300 s at γ̇ = 1.5×10−5s−1. The D2 (a) and neighbors lost(b)
are both represented using color.

thick section, parallel to the xz plane, is shown in Fig.3.9(a). The mag-
nitudes of D2 are represented with colors : blue color indicates zero
and red color indicates the maximum value on the scale. Similar to
the shear strain ε, the non-affine displacement D2 is localized in space,
and the zones with high non-affine displacements highlight the regions
where particles have undergone irreversible rearrangements [37]. We fur-
ther elucidate the relation between D2 and irreversible rearrangements
of particles by computing the number of neighbors lost by each parti-
cle. Generally, a particle undergoes an irreversible rearrangement when
it looses a certain number of neighbors during a transformation. The
neighbors of each particle at any instant of time t can be identified using
the method of Delaunay tessellation [89]. We then compare the neighbors
of each particle at time t and t + δt. This directly gives us the number
of neighbors lost or changed around a particle over a time interval δt.
We show a reconstruction of the neighbor loss over a time interval of
δt = 300s in Fig.3.9(b), for the same set of particle configurations used
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in Fig.3.9(a). The number of neighbors lost has been shown with col-
ors: blue indicates a loss of one neighbor and red indicates a loss of four
neighbors. From comparison of the two images in Fig.3.9, it is evident
that D2 indeed captures the irreversible rearrangements in the system.

Comparison of non-affine displacements and displacement fluctua-
tions

In Chapter 2, we introduced various definitions of non-affine displace-
ment, and displacement fluctuations. Here we compare the non-affine
displacements defined by Eq. 2.6 and Eq. 2.11, and the displacement
fluctuations defined by Eq. 2.14, to demonstrate their similarities and
differences. A reconstruction of D2, (∆rna)2 and (∆rf )2 in a 5µm thick
section, parallel to the xz plane, are shown in Fig.3.10(a),(b) and (c),
respectively. Surprisingly, all the definitions succeed in capturing the
zones of high activity, STZs, in the system. We defer the discussion on
spatial correlations of the non-affine displacements and the displacement
fluctuations to Chapter 4.

3.4.2 Inhomogeneous flow

When we impose a shear rate of γ̇ = 1 × 10−4s−1, the glass separates
into two bands that flow at different shear rates. The x− displacement
profile in Fig. 3.11 shows the coexistence to two bands that are flowing at
different shear rates. We interpret the region above z = 27µm as the high
shear band and the region below z = 23µm as the low shear band. The
dark dashed lines in in Fig. 3.11(a) denote the boundaries of the high and
low shear band. Linear fits of the displacement profile yield strain rates
of γ̇ = 2.2×10−4s−1, for the high shear band, and γ̇ = 4×10−5s−1 for the
low shear band, which differ by a factor of five. The different shear rates
in the bands should lead to different mobilities of particles in the bands.
This is evident from the mean square displacement of the particles in
the bands shown in Fig. 3.11(b), which clearly displays higher diffusivity
of particles in the high shear band (red squares in Fig. 3.11(b)). We
further substantiate this difference by presenting reconstructions of the
distribution of εxz and D2 in Figs. 3.12(a) & (b). Highly non-affine shear
transformations accumulate in the upper part, thereby concentrating the
shear deformation in this band. Often in our experiments the high shear
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Figure 3.10: Reconstruction of the non-affine displacements defined by D2

(a) and ∆rna2 (b), and the displacement fluctuation ∆rf
2

(c), in a 108 ×
108× 5µm3 section at γ̇ = 1.5× 10−5s−1. The irreversible rearrangements are
captured successfully in all the definitions.

band is observed near the top boundary. We associate this observation
with the asymmetry of the boundary conditions : the colloidal sample
rests in the bottom plate, whereas the top plate extends over only a part
of the area (see Fig. 2.4(c)). Therefore, the top boundary is smaller.
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Figure 3.11: (a) The displacements in the shear direction ∆x is presented as
a function of the height z at a shear rate γ̇ = 1 × 10−4s−1. The dark lines
separate the high and low shear bands. Linear fits to the high and low shear
bands suggests shear rates of γ̇ = 2.2×10−4s−1, 4×10−5s−1, respectively. (b)
The mean squared displacement (MSD)(Eq.) of the particles in the high and
low shear bands. Diamonds and circles are used to distinguish the MSD of
particles in high and low shear bands, respectively.

Structural properties of the bands

Changes in the visco-elastic response can be induced by small structural
changes that lower the glass viscosity. To investigate those, we determine
the radial distribution function g(r) separately for the high and low shear
band. g(r) indicates the probability of finding two particles separated
by r. We plot g(r) separately for both bands in Fig.3.13. Remarkable
overlap is observed.

Next, we investigate density changes that are induced due to local
dilation. We divide the field of view into 3µm thick sections perpendic-
ular to z and determine the height-dependent particle density ρ(z) from
the number of particles in each slice and the volume of the slice. We
also determine the height-dependent dilation, ∆V(z), by averaging the
local dilation per particle, ∆V = 1/3 (εxx + εyy + εzz), over all particles
in the slice. We plot the density and dilation as a functions of height z
in Figs.3.13(b) & (c),respectively. While the data in Fig.3.13(c) shows
considerable dilation fluctuations for z > 30µm, no net change in the
density is observed in Fig.3.13(b). This constant density reflects the con-
stant volume boundary condition of the experiment conducted at fixed
plate separation. These results demonstrate that no obvious structural
differences can be observed between the high and low shear bands, in



50 3. Deformation modes of colloidal glasses

Figure 3.12: Reconstruction of εxz(a) and D2 (b) in a 108 × 108× ∼ 5µm3

section at γ̇ = 1×10−4s−1. The population of the STZs in the upper is higher
compared to the lower band.

contrast to the results of the strain correlations.
The height dependent density and dilation gives information about the

average changes that occur at given height z. To understand the local
variations, we show 80×80×5µm3 reconstructions of the distribution of
∆V in the shear band for two different time intervals in Figs.3.14(a) and
(b). Blue spheres indicate particles whose neighborhood experiences a
local compression, while red spheres indicate particles with local dilation.
The appearance of pronounced regions of red and blue particles indicates
the existence of both dilating as well as compacting zones. Dilation and
compaction occurs with roughly equal frequency and equal maximum
amplitude of ∼ 0.3, indicating that there is no net change in the glass
density. Zones of dilation and compaction are often observed to occur
next to each other (Fig. 3.14(b) indicating a mere exchange of volume
between neighboring regions. These local density changes can be driven
by the applied shear.

According to the free volume models proposed by Argon and Spaepen
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Figure 3.13: (a)Pair correlation function of the low shear band (blue dots)
and the high shear band (red squares) are shown.(b) The density (top right)
the dilation (bottom right) values as a function of the height between the
boundaries.

[41, 42], the formation of an STZ is associated with significant dilation.
To test these ideas, we study the relation between local dilation and lo-
cal shear. We plot reconstructions of the distribution of shear strain εxz
in Figs.3.14(c) and (d). Both reconstructions show an excess of yellow
and red regions indicating the net positive strain of the sheared glass.
By comparing the distribution of dilation, Figs.3.14(a) and (b) with the
distribution of shear strain, Figs.3.14(c) and (d), we notice a weak cor-
relation between regions of dilation and regions of shear. This is further
quantified by computing the Pearson’s correlation coefficient Cr [90]

Cr =

∑
i(εxz − εxz)(∆V −∆V )√∑

i(εxz − εxz)2
∑

i(∆V −∆V )2
, (3.7)

where the summation is over all the particles in the section shown in
Fig. 3.14 and the bar denotes the mean of a quantity. The correlation
coefficient Cr takes values from −1 to 1. Values of −1 and 1 denote,
respectively, strong negative and positive correlation, while zero indicates
no correlation between the variables. Using the expression Eq. 3.7, we
obtain a value of Cr ∼ 0.01. This clearly demonstrates a very weak
correlation between the shear strain εxz and the dilation ∆V .
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Figure 3.14: Distribution of dilation and shear strain in the high shear
band (γ̇ = 2.2 × 10−4s−1). Color indicates the value of local dilation
∆V = 1/3 (εxx + εyy + εzz) (a,b) and local shear strain εxz (c,d). a,b 7µm thick
reconstructions of the distribution of ∆V after δt = 140s (a) and δt = 210s
(b) of shear. c,d Reconstructions of the distribution of εxz after δt = 140s (a)
and δt = 210s (b) of shear. All sections are taken at a height z = 40µm.

3.5 Shear banding : coexistence of dynamic
phases

3.5.1 Dynamic order parameter

To investigate the nature of the coexisting shear bands, we identify a
suitable order parameter to characterize the particle dynamics. We seek
to establish an analogy between the shear banding transition and equilib-
rium phase transitions. Equilibrium phases are characterized by typical
values of their order parameter. Examples of order parameters are the
density for gas-liquid coexistence, or the magnetization for paramagnetic-
ferromagnetic transitions. Coexisting phases are distinguished from one
another by typical values of the order parameter. As an example, let us
consider the liquid-vapour transition. According to Gibbs’ statistical me-
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Figure 3.15: Phase coexistence of liquid and vapor mixture. The system
manifests an equilibrium first-order phase transition at pressure p = p∗. At
conditions of phase coexistence, the volume distribution function, Pp(V ) is
bimodal. The distribution function has peaks at Nv1 and Nv2, where v1 and
v2 are the volume per particle in the liquid and vapor phase, respectively [91].

chanics of equilibrium phase transitions [92], for a system of N particles
at a pressure p, the volume V is taken as an order parameter and the mi-
crostates are the points in configuration space, x = (r1, r2, ..., rN), where
the vector ri denotes the position of the particle i. Different phases, such
as liquid and vapor, are distinguished from one another by the typical size
of V . The two phases: liquid and vapor, are distinguished by the typical
size of volume V occupied by a number of molecules in these phases. The
system undergoes a first-order phase transition at some pressure p = p∗.
At this value of the pressure, two phases coexist with respective volumes
per particle v1 and v2. The distribution function for the order param-
eter V at p = p∗ is bimodal, as shown in Fig.3.15. The two peaks in
the distribution function, Pp∗(V ), correspond to the volumes of the two
equilibrium phases, Fig.3.15 [91].

In contrast to equilibrium situations, in which macroscopic quantities
are time independent, however, the flowing glass evolves in time. In fact,
Fig.3.11(b) suggests that the major difference between the shear bands
is their dynamic evolution in time. To account for this time evolution,
we go beyond the traditional equilibrium approach and include time as
an extensive variable to define a dynamic order parameter [30, 91]. This
allows us to identify broken symmetries in space-time in analogy to equi-
librium phase transitions that manifest as broken symmetries in space.
Similar to equilibrium systems, the coexisting dynamic phases should be
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Figure 3.16: Distribution of squared displacements ∆r2, taken over time in-
tervals of ∆t = 360s (circles) and ∆t = 840s (diamonds).

distinct from one another by distinct values of the dynamic order pa-
rameter. At phase coexistence, the distribution of such dynamic order
parameter should show two distinct peaks.

To compute a dynamic order parameter for our system, we take ad-
vantage of the full three-dimensional particle trajectories. We first sub-
tract the mean flow that is superimposed on the particle motion. For
each time step, we subtract the height-dependent average displacement
〈∆r(t)〉z from the displacement of each particle to obtain its diffusive
motion ∆r′i(t) = ∆ri(t) − 〈∆r(t)〉z. We use these diffusive trajectories
∆r′i(t) to identify a proper dynamic order parameter. As a first attempt,
we determine the distribution of squared displacements ∆r′2i . We show
the frequency of ∆r2 values as a function of the normalized squared dis-
placement ∆r2/ < ∆r2 > for two different time intervals in Fig. 3.16.
The data indicates a single decay for both time intervals; no bimodal dis-
tribution is observed that would indicate the coexistence of two dynamic
phases. Next, we determine the total time-integrated squared displace-
ment [91],

K = ∆t
N∑
i=1

τ∑
t=0

|∆r′i(t+ ∆t)−∆r′i(t)|2, (3.8)

which is extensive in both space and time. We determine values of K
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for sub-ensembles by dividing the field of view into 0.5µm thick sections
perpendicular to the z-direction and calculating the value of K for each
section. Each section contains roughly 2000 particles. For each particle,
we determine the time-integrated displacement by adding its squared
displacements over all time intervals ∆t during the observation time τ .
Here, ∆t is the time between subsequent image stacks. We then add the
time-integrated squared displacements of all particles in a given section,
and we assign the total time-integrated squared displacement to the sec-
tion under consideration. This way, we obtain values of K for ∼ 1000
sections.

3.5.2 Co-existence of dynamic phases

Figure 3.17: Probability distribution function of K values. a-d, Distribution of
order parameter values K, determined for observation time intervals τ = 105s
(b) 315s (c), 665s (d) and 805s (e).
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We plot the frequency of K values as a function of the normalized
magnitude K/ < K > in Figs. 3.17a-d. Remarkably, with increasing ob-
servation time, two peaks emerge and sharpen. These peaks demonstrate
the coexistence of two dynamic phases in four-dimensional space-time. At
short observation times or small spatial extensions of the system, strong
fluctuations dominate, and the peaks are not resolved. With increas-
ing observation time, however, two peaks become distinct and sharpen,
indicating the coexistence of two dynamic phases.

These two peaks are directly connected to the coexisting shear bands.
To elucidate this, we determine distributions of K separately for z <
23µm and z > 28µm, and plot these distributions together with the full
distribution in Fig. 3.18. Both distributions, the distribution obtained
for the lower band (turquoise bars) as well as that obtained for the upper
band (red bars) show perfect overlap with the peaks of the bimodal distri-
bution of the full sample. We conclude that the two peaks of the bimodal
distribution demarcate K values of the high and low shear bands, indi-
cating that the two bands can be considered different dynamic phases. In
our case here, the driving field for this transition has been an externally
applied shear.

Figure 3.18: Order parameter distribution in shear band and static band.
Distribution of the order parameter K after τ = 805s for horizontal sections
within z = 0 − 50µm (blue bars), z = 0 − 25µm (turquoise bars), and z =
25− 50µm (red bars).
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3.6 Conclusions

Our experiments show that colloidal glasses can be used as models to
study the dynamics of a glass that is subjected to a shear deforma-
tion. Similar to metallic glasses, the colloidal glasses display two dif-
ferent modes of deformation : a sudden transition from homogeneous to
inhomogeneous deformation happens above a critical shear rate γ̇c. At
low shear rates, every particle in the bulk of the material undergoes plas-
tic deformation. However, beyond a critical shear rate, which is of the
order of the inverse relaxation time of the system τα, the glass separates
into bands that flow at different rates. We have shown that this shear
banding results from the accumulation of STZs into a band.

The STZs are successfully captured using a scalar non-affine displace-
ment D2. In contrast to the assumptions of conventional plasticity theo-
ries, we find that shear transformations do not occur independently, but
display spatio-temporal coupling. The network of positive and negative
strain zones are a direct consequence of the solid-like elastic properties
of the colloidal glass. The formation of a shear transformation induces a
complex quadrupolar strain field around it. This influences neighboring
sites and can trigger new STZs.

The transition from homogeneous to inhomogeneous flow occurs at a
critical shear rate γ̇ = 6× 10−5s−1 ∼ τ−1α . The shear bands do not show
any obvious differences in their structural properties : the pair correlation
function of both bands overlap perfectly, the height dependent density
and the dilation profiles do not show any clear signatures of local dilation.
This implies that the structure of the glass is least affected due to shear,
for the range of low shear rates (γ̇ ∼ 1.5× 10−5 − 1× 10−4s−1) explored
in our experiments. The spatial distributions of the local shear strain εxz
and the local dilation ∆Vxz shows only a weak correlation between them.
These results are surprising in view of the suggestions made by Argon
and Spaepen [41, 42].

We show that the difference between the bands lies in their dynamics.
Motivated by recent studies [30, 91], we define a dynamic order parameter
that is extensive in both time and space. On the basis of this dynamic
order parameter, we show that shear banding is reminiscent of a dynamic
first order transition that occurs in space and time.
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4
Long-range strain

correlations in sheared
colloidal glasses

Glasses behave as solids due to their long relaxation time; the origin of
this slow response remains a puzzle. Growing dynamic length scales due
to cooperative motion of particles are believed to be central to the un-
derstanding of such slow response and the emergence of rigidity [93, 94].
However, for quiescent glasses, the size of the cooperatively rearrang-
ing regions has never been observed to exceed a few particle diameters
[95, 96], and the observation of long-range correlations that are signatures
of an elastic solid has remained elusive. Here, we provide direct exper-
imental evidence of long-range correlations in a dense colloidal glass by
imposing an external stress on the system, forcing structural rearrange-
ments that make the glass flow. We identify long-range correlations in
the fluctuations of microscopic strain, and elucidate their scaling and
spatial symmetry. The long-range correlations are observed to lead to
inhomogeneous flow when the flow becomes so fast that the structural
rearrangements can no longer occur through spontaneous thermal fluc-
tuations.

59
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Figure 4.1: Static structure factor of liquid (T = 270K) and glassy (T = 160K,
T = 4) polybutadiene at ambient pressure is plotted vs. wave-vector, as
obtained from the neutron scattering measurement [97, 98].

4.1 Correlations in glasses

4.1.1 Static two point correlations

Various atomic or polymeric liquids, when cooled rapidly form an amor-
phous solid known as a glass [1]. On approach to the glass transition,
a liquid does not display any perceptible change in structure, however,
the dynamics slows down dramatically [9]. A simple static measure of
the structure is the two-point correlation function or the structure factor,
which is defined as

S(q) =

〈
1

N
ρqρ−q

〉
, (4.1)

where the Fourier component of density is written as ρq =
∑N

j=1 exp (iq.rj),
with N the number of particles and rj the position of the particle j.
The structure factor gives information about the density fluctuations on
length scales 2π/|q|. However, the change of S(q) in the vicinity of the
glass transition is unremarkable, with no hint of a growing length scale.
In real space, this correlation function is referred as pair correlation func-
tion, which was introduced in Chap. 2. A direct measurement of S(q)
at different temperatures in a polybutadiene polymer glass former using
neutron scattering is shown in Fig. 4.1 [97, 98].
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4.1.2 Dynamic four-point correlations

Simple static correlations, such as the ones discussed in the previous sec-
tion, are not helpful in understanding the slowing down of the system.
Major changes at the glass transition, however, do occur in the dynamics
of the particles. The determination of dynamic quantities requires mea-
surement in both time and space. To understand the spatio-temporal
dynamics, an observable called mobility ci(t, 0) is defined to measure
how far a particle i moves in a time interval t [7, 99]. A corresponding
mobility field is conveniently defined as :

c(r; t, 0) =
∑
i

ci(t, 0)δ(r− ri). (4.2)

Then, the spatial correlations of the mobility are naturally captured
through the correlation function

G4(r; t) = 〈c(r; t, 0)c(0; t, 0)〉 − 〈c(r; t, 0)〉2 , (4.3)

which is dependent only on a single time t and a separation distance
r = |r|, as long as the average is taken at equilibrium in a translational
invariant system [7]. The analogy with fluctuations in critical systems
becomes clear in Eq.4.3 if one considers the mobility field c(r; t, 0) as
playing the role of the order parameter for the glass transition. The
mobility ci(t, 0) can often be expressed as a two-point function over a
distance 2π/q

ci(t, 0) = oi(q, t)oi(−q, 0), (4.4)

where oi(q, t) = exp(iq.ri(t)) is the Fourier component of the density of
the system. Moving from a particle notation oi(q, t) to a field notation
oi(x; t, 0), one arrives at [7, 99]

G4(r; t) = 〈o(r; q, t)o(r;−q, 0)o(0; q, t)o(0;−q, 0)〉−〈o(r; q, t)o(r;−q, 0)〉2 .
(4.5)

This correlation function is quartic in the operator o, so it is known as
a four-point correlation function. It measures correlations on a length
scale r, associated with motion between time zero and time t; it depends
additionally on the length scale q used in the definition of the particle
mobility ci(t, 0). Since structural relaxation typically involves particle
motion over a distance comparable to the particle size σ, one typically
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chooses q << 1/σ and studies the remaining t and r dependence. This
function then characterizes the dynamic heterogeneity in glasses, and
allows the language of field theory and critical phenomena to be used
in studying dynamical fluctuations in glassy systems. By analogy with
critical phenomena, if there is a single dominant length scale ζ4 then one
expects that for large r, the correlation function decays as

G4(r; t) ∼
A(t)

rp
exp (−r/ξ4(t)), (4.6)

with p an exponent whose value is discussed below. It is natural to define
the susceptibility associated with the correlation function

χ4(t) =

∫
drG4(r; t). (4.7)

The dynamic susceptibility χ4(t) is the non-equilibrium analogue of the
thermodynamic susceptibility that measures the size of the fluctuations.
The size of the fluctuations is directly related to the size of the coopera-
tively moving clusters of particles [7, 99].

4.2 Numerical and experimental investigation
of dynamic correlations

Dynamic correlations have been studied in quiescent glasses both in simu-
lation and experiments [21, 22, 95, 100, 101, 102]. We first briefly describe
some of the results to gain an overview of the existing understanding of
dynamic correlations in various systems.

4.2.1 Simulation studies

For supercooled liquids, the dynamic susceptibility χ4(t) has been mea-
sured by molecular dynamics, Brownian and Monte Carlo simulations in
different liquids [94, 102, 103, 104, 105, 106, 107]. The qualitative behav-
ior is similar in all cases. An example of the measurement of χ4(t) and
the associated length scale ξ4(t) is shown in Fig.4.2(a)&(b), respectively,
for a Lennard-Jones liquid [105]. The susceptibility χ4(t) and the length
scale ξ4(t) first increases, has a peak on a timescale close to structural
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Figure 4.2: Dynamic correlations in computer simulations of supercooled liq-
uids using Lennard-Jones interactions [105]. Time and temperature depen-
dence of (a) χ4(t) and (b) ξ4(t). As T decreases, the peak in χ4(t) and ξ4(t)
monotonically increases and shifts to longer time. Both χ4(t) and ξ4(t) attain
a maximum at t ∼ τmax4 .

relaxation timescale (τα) and then decreases. The most important infor-
mation extracted from the temperature evolution of χ4(t) is that, at least
in the range available to the numerical simulations, the value of the peak
typically increases from a high temperature value that is of order unity,
and goes up by at most 2 orders of magnitude at the lowest temperatures
for which the system can be equilibrated. This suggests that dynamics
becomes increasingly spatially correlated when T decreases. Dynamic
correlations were originally proposed to study cooperative motion on
the approach to the glass transition [94, 94, 100, 101, 103, 108, 109].
However, over the last decade, the four-point correlation function G4(r)
(Eq.4.3) has been used extensively to study the cooperative length scales
in sheared amorphous solids [49, 110, 111, 112]. An example of the four-
point correlation function measured in athermal, quasi-static simulations
of the deformation of amorphous solids is shown in Fig. 4.3 [49]. The
spatial correlations of the non-affine displacements are shown for various
system sizes in Fig. 4.3. These results indicate that there is no charac-
teristic length scale due to the elastic nature of the system, and the only
relevant scale is the system size.
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Figure 4.3: Spatial correlations of the non-affine displacements in athermal,
quasi-static simulation of deformation in amorphous solids [49]. The separa-
tion distance δ on the x-axis is scaled by the system size Lbox.

Figure 4.4: Measurement of dynamic susceptibility in dense colloidal suspen-
sions using dynamic light scattering [13]. The peak of χ4(t) is shown as a
function of the volume fractions. The inset shows the peak of χ4(t) as a
function of the structural relaxation time τα.
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4.2.2 Experimental studies

In experiments, dynamic correlations have been measured in hard-sphere
colloidal suspensions using the technique of dynamic light scattering
[13, 95]. Examples of the susceptibility χ4(t) and the associated correla-
tion length ξ4(t) measured by Brambilla and co-workers [13] are shown in
Fig.4.4. These results are qualitatively similar to what has been observed
in simulations [94, 102, 103, 104, 105, 106, 107]. Direct observations of
particle motion can be made in dense colloidal glasses using confocal
microscopy. The four-point correlation function G4(r) was measured us-
ing the displacement of the particles in quiescent colloidal glasses [96].
However, these authors did not discuss the dynamic nature of the corre-
lation function G4(r). Other examples of experimental determinations of
dynamic correlations are excited granular materials [21, 113] and coarsen-
ing foams [114]. The results obtained in all these cases are again broadly
similar for the time dependence of χ4(t).

4.3 Probability distribution of non-affine dis-
placement fluctuations

In order to understand the correlated dynamics in glasses, we begin with
the investigation of the probability distribution function of non-affine
displacements ∆rna, which is defined according to Eq. 2.11. It suffices
to analyze only the component in the shear direction, ∆xna. As dis-
cussed previously, the correlations in glasses are time dependent because
they are strongly out of equilibrium. To illustrate this time dependence,
we determine non-affine displacements over different time intervals. In
Fig.4.5(a), we show the probability distributions of non-affine displace-
ments obtained at a shear rate of γ̇ = 1 × 10−5s−1 and φ = 0.60. The
probability distributions are normalized such that they have zero mean
and unit variance, and the maximum of the function is set to unity. The
circular and square symbols in Fig.4.5(a) are used to distinguish differ-
ent time intervals ∆t = 120 s, 1440 s, respectively, that are used for
computing the non-affine displacements, and the dark dashed line is a
Gaussian distribution with zero mean and unit variance. Apparently, the
probability distributions show strong deviations from a Gaussian distri-
bution. We quantify this deviation from Gaussianity using the fourth
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(a)
(b)

Figure 4.5: (a) Probability distribution function of the non-affine displace-
ment in the shear direction ∆xna, obtained at a shear rate of γ̇ = 1× 10−5s−1

and φ = 0.60. The distribution are normalized such that the mean is zero,
the variance is unity and the maximum of the function is unity. Different
symbols denote different time intervals used for computing the non-affine dis-
placements, and the dark-dashed line is a Gaussian distribution of zero mean
and unit variance. (b) The kurtosis κ4 of the probability distribution functions
are presented as a function of time.

moment of the distribution, which is referred as kurtosis. The kurtosis
of a distribution is defined as :

κ4 =

{
1

3N

N∑
i=1

[
∆xnai −∆xna

σ

]4}
− 1, (4.8)

where ∆xna is the mean and σ is the standard deviation of the dis-
tribution. For a Gaussian distribution κ4 is zero. The kurtosis of the
probability distributions of the non-affine component ∆xna is shown in
Fig.4.5(b) as a function of time interval. Interestingly, the kurtosis ex-
hibits a maximum at ∆tm = 180 s, which implies that correlations are
the strongest at short times. This is related to the fact that arrested
dynamics at short time intervals give rise to strong correlations in the
system. Similar experimental observations about the probability dis-
tribution functions have been made for quiescent and sheared colloidal
glasses in other experiments [24, 115] .
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4.4 Spatial correlations of shear strain and non-
affine displacement

In this section, we define spatial correlations of microscopic strain and
non-affine displacement to investigate the cooperative motion in sheared
colloidal glasses. The spatial correlation functions of the microscopic
fluctuations are defined as :

CA(δr) =
〈A(r + δr)A(r)〉 − 〈A(r)〉2

〈A(r)2〉 − 〈A(r)〉2
, (4.9)

where A is a microscopic observable, and angular brackets denote en-
semble averages. A comparison of equations.(4.9) and (4.3) reveals the
similarities in their definitions, and also point to the fact that local strain
and non-affine displacements are the dynamic observables in our analysis.
This definition allows us to visualize the spatial correlations not only as a
function of distance δr, but also as a function of angle between two points.
It is to be noted that the spatial correlations in glasses are time dependent
because the dynamics evolve in time. They depend on the time interval
δt that is used for computing shear strain and non-affine displacements
and the local strain. The study of probability distributions, in the previ-
ous section, showed strongest correlation for short times. Therefore, we
focus on short time dynamics to study spatial correlations.

Figure 4.6: Reconstruction of shear strain εxz (a) and non-affine displacement
D2 (b) in a 108× 108× ∼ 5µm3 section. The ε and D2 are obtained from the
displacements observed over time interval of ∆t = 120 s.
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Figure 4.7: (a),(c) and (d) Color coded representations of the spatial correla-
tion function of the shear strain Cε in various planes. A section of Cε in the
xz plane at y = 0 (a), the xy plane at z = 4 (c) and the yz plane at x = 4
(d). (b) The angle dependent correlation of shear strain in the xz plane.

We first investigate the spatial correlations in the homogeneous flow
that was observed at a shear rate of γ̇ = 1 × 10−5s−1. For the con-
venience of understanding, we present spatial maps of the shear strain
component εxz and D2, in a 5 µm thick section parallel to the xz plane,
in Figs.4.6(a) and (b), respectively. The network of high and low strain
regions in Fig.4.6(a) is a direct consequence of the strong spatial correla-
tions. To substantiate this point, we compute the spatial correlations of
the shear strain fluctuations using Eq.4.9. Correlations in the x-z plane
are obtained by taking δr = (δx, 0, δz); a corresponding color coded rep-
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resentation of the correlation function Cεxz is shown in Fig.4.7(a). Re-
markably, the correlation function shows a four-fold pattern at its center,
which is reminiscent of the strain response of an elastic material to an
ellipsoidal inclusion [86]. These observations strongly establish the elas-
tic nature of colloidal glass, and the fact that shear transformation zones
are similar to Eshelby’s inclusions [86]. The angular dependence of the
strain correlations in Fig.4.7(a) is apparent from the color coding. To
highlight this feature, we average Cε within angular wedges around the
horizontal (circles), vertical(square), and diagonal(diamond) directions,
and plot the corresponding angle-specific correlation function versus r in
Fig.4.7(b) using different symbols.

In a similar way, we visualize the form of the correlation function Cε in
the xy and yz planes. Sections of the correlation function in the xy plane
at z = 4 and the yz plane at x = 4 are shown in Figs.4.7(b) and (c),
respectively. From the various sections, it is apparent that the central
region of the correlation function, which is often referred to as inclusion,
interestingly, has an ellipsoidal shape.

Figure 4.8: (a) A color coded presentation of the spatial correlation function of
the non-affine displacement CD2 in the xz plane at y = 0. (b) Angle-averaged
correlation function CD2

min
as a function of distance δr.

We now turn our discussion to the correlation of non-affine displace-
ments, whose spatial map in the xz plane is shown in Fig.4.6(b). As
discussed earlier, the non-affine displacement is representative of the dif-
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fusive motion in the system, and is a measure of plastic activity. The
localized nature of the plastic deformation in the material is evident
from the figure. We determine the spatial correlation function of the
non-affine displacement fluctuations, CD2 , using Eq. 4.9, and display a
color coded representation in Fig.4.8(a). In contrast to the shear strain,
the spatial correlation function of the non-affine component appears to
be isotropic. So, we average the correlation function over all the an-
gles in three dimensions, and present it as a function of distance δr in
Fig.4.8(b). A remarkable power-law decay is observed, which is trun-
cated at the vertical system size, δr/σ ∼ 50; thus the correlations span
the entire system. These results provide direct evidence of the existence
of long-range dynamic correlations in a slowly flowing glass, and high-
light the scale-free character of the non-affine rearrangements that gives
rise to plastic deformation. The scale invariance appears to be a generic
feature of elasto-plastic deformation in other materials: the dislocation
motion in crystals [116, 117, 118], and the aftershocks in earth quakes
[119] display similar scale-free patterns.

Figure 4.9: Inhomogeneous flow at γ̇ = 1×10−4s−1. (a) Particle displacements
along the shear direction during the time interval δt = 4 min. Dashed red
lines are linear fits to the shear profiles for z < zl = 23µm (low shear band)
and z > zh = 28µm (high shear band). (b) A 7µm thick reconstruction
of the distribution of incremental shear strain εxz during the time interval
δt = 7 min.

We probe the spatial correlations of strain and non-affine displacement
fluctuations by subjecting the glass to increasing shear rates. As reported
in the previous chapter, the flow remains homogeneous over a range of low
strain rates, however, beyond a critical strain rate of γ̇c ∼ 6×10−5s−1 we
observe a sudden transition to inhomogeneous flow. The glass separates
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into two bands that flow at different rates, as illustrated by the displace-
ment profile in Fig.4.9(a), obtained at a shear rate of γ̇ ∼ 1×10−4s−1. A
reconstruction of the shear strain distribution shows how the shear band
emerges: highly non-affine shear transformations accumulate in the up-
per part of the glass (Fig.4.9(b)).

Figure 4.10: Angle-averaged correlation function CD2
min

as a function of dis-

tance δr, for the low shear band (blue squares), the high shear band (yellow
diamonds), and for the homogeneous flow at γ̇ = 1.5 × 10−5s−1 (blue dots)
and 3×10−5s−1 (orange triangles). A least square fit to the data gives a slope
of α ∼ −1.3± 0.1 (dashed line).

We investigate the robustness of the scaling observed in Fig.4.8 by
determining CD2

min
(δr) separately for the high and low shear bands. The

resulting angle-averaged correlation functions are shown together with
those of homogeneous flow in Fig.4.10. A remarkable collapse of the
data is observed. While the magnitude of fluctuations in the two bands
differs largely, the normalized correlation function shows very similar
power law decay (Fig.4.10): the same scaling exponent applies to the
low and the high shear band, as well as to homogeneous flow. We find a
scaling exponent of α = 1.3±0.1 from the best fit to the data. Athermal
and quasi-static shear simulations of amorphous solids [38, 39, 40, 49, 52]
have shown similar long-ranged correlations; however, the effect of finite
shear rate and finite temperature on the statistical correlations between
shear transformations was unclear so far [120, 121, 122, 123]. Our results
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conclusively show long-range correlations even at finite shear rates, and
at finite temperatures.

Figure 4.11: (a) and (b) Angle-resolved spatial correlations of shear strain,
Cεxz(δr), in the x − z plane, for the low and the high shear bands shown
in Fig.4.9, respectively. Correlations are computed over a time interval of
δt = 3 min.

It is to be noted that the spatial correlations presented in Fig.4.10
were obtained using particle displacements observed over short durations.
This demonstrates that the bands appear similar on short time scales.
However, the fundamental difference between the two bands becomes ev-
ident when we investigate the particle dynamics as a function of time.
This aspect was exploited in chapter 3 to demonstrate shear banding as
the coexistence of dynamic phases. Here, we proceed along similar lines,
and compute the strain correlation Cε for the bands separately. Remark-
ably, the strain correlation function, Cε reveals a symmetry change in
the strain response. While for the low shear band, the central four-fold
symmetry is still predominant (Fig.4.11(a)), for the high shear band, this
symmetry is lost, and the pattern appears to be isotropic (Fig.4.11(b)).
This symmetry change reflects the transition from a solid to a liquid-
like response of the glass. A similar interpretation is given to fracture
surfaces of metallic glasses that display striking evidence of such a solid
to liquid transition [124]. Our colloidal glass then allows us to directly
visualize the strain correlations that cause this dynamic transition.
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Figure 4.12: Evolution of strain correlations during shear band formation.
Shear strain correlation function Cεxz before (a) and after (b) the manifesta-
tion of shear bands. The arrows in (a) indicate the strong correlation in the
direction of shear that lead to shear banding in later stages (b).

4.4.1 How do shear bands emerge?

To elucidate the emergence of shear bands, we follow the spatial cor-
relations of shear strain Cε during the initial stages of shear banding
(Figs.4.12(a) and (b)). The strain correlation function during the tran-
sient stage, before the shear bands manifest themselves (Fig.4.12(a),
shows a strong bias in the horizontal direction. This horizontal bias
signals the excitation of additional elastic modes at higher shear rates
that cause strong correlations between shear transformation zones in the
horizontal direction. This correlation lowers the effective resistance to
flow in the direction of shear, and thereby leads to shear bands in the
later stages of deformation (Fig.4.12(b)). These results highlight the
importance of long-range correlations in the shear banding of glasses.

Various numerical studies of the elasto-plastic behavior of amorphous
solids have focused on long-range correlations to understand the origin
of shear-banding [43, 44, 125]. Bulatov and Argon [125] used a 2D model
of amorphous solids, in which the plastic flow was treated as a stochastic
sequence of local inelastic transformations. The model was based on the
assumption that plastic flow in amorphous solids is a net result of individ-
ual plastic transformations. Their study demonstrated that the evolution
of non-random internal stresses due to long-range interactions between
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the shear transformations is as important as the dilatancy induced ef-
fects for understanding the formation of shear bands. Our observation
of long-range spatial correlations in colloidal glasses are indeed direct
experimental evidences of these ideas.

4.4.2 Scaling of different definitions of non-affine dis-
placement

Figure 4.13: Angle averages spatial correlation of the different definitions of
non-affine displacement. Different line types are used to distinguish non-affine
displacements. The thick line is D2, dash-dot line is ∆rf and dot line is ∆rna.

Various definitions of the non-affine displacement have been used in
the literature [52]. The most prominent definition of the non-affine dis-
placement (∆rna) is based on the deviation from global deformation. The
long-range nature of the spatial correlations of non-affine displacements
have been confirmed in athermal, quasi-static shear simulations. Here, we
compare the spatial scaling of fluctuations for various definitions of non-
affine displacements. We use the definitions of non-affine displacement
introduced in Chapter 2 to compute the spatial correlation functions in
a homogeneously flowing glass (γ̇ = 1.5 × 10−5s−1). Figure.4.13 shows
angle-averaged spatial correlations of non-affine displacement defined by
D2 (thick line), (∆rna)2 (dotted line) and (∆rf )2 (dash-dotted line). Sur-
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prisingly, all these definitions display a similar power-law decay that is
characterized by a unique exponent α = −1.2± 0.1. These observations
further underline the robustness of our results.

4.5 Conclusions

Our results establish the existence of long-range spatial correlations in the
flow of glasses. The four-fold symmetry of the shear strain fluctuations
reveals that shear transformations are similar to Eshelby’s inclusions [86].
The long-range interaction between the shear transformations gives rise
to scale-free correlations in glasses. In addition, the scaling exponent
remains constant over a range of shear rates, which demonstrates the
robustness of our observations. These results indicate the essential im-
portance of correlations between STZs that so far have not been taken
into account in mean field theories of plasticity, which assume the random
formation of STZs [37, 42, 45].

While our results for shear banding are obtained for colloidal glasses,
they should be generic to glassy flows. The formation of shear bands has
often been linked to strain softening of the material, caused by excess
dilation, that accompanies the formation of shear transformations [41,
42]. The direct imaging of strain correlations demonstrates that long-
range elastic correlations play a central role in the manifestation of such
instabilities.

Finally, the robust scaling that we observe suggests a naturally scale-
free flow and relaxation of glasses. We propose similar analysis of shear
flows in systems like granular, foams and emulsions to test the univer-
sality of the scaling exponent, and to determine the universality class of
the flow and relaxation of amorphous materials.
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5
Anisotropic scaling of
strain correlations in

sheared colloidal glasses

5.1 Introduction

Amorphous solids are ubiquitous in nature in various forms, and they
have a variety of industrial applications. However, our understanding of
the deformation of amorphous solids is far from satisfactory. Simulations
and experiments have so far established that amorphous solids flow as a
net result of localized rearrangements of particles, which are termed shear
transformation zones [35, 36, 37, 38, 40]. Most conventional theories of
plasticity are based on the notion that plastic events are uncorrelated
and random [37, 42, 45]. However, recent quasi-static shear simulations
of amorphous solids have revealed long-range correlations between the
shear transformations, that leads to formation of avalanches [38, 39, 54].
In addition, these simulations have revealed a strong anisotropic scaling
of the microscopic strain fluctuations [48]. However, real experiments
are generally performed at finite shear rates and finite temperatures; the
effect of such realistic conditions on the size of the plastic events and the
anisotropy of fluctuations have so far remained unclear [120, 121, 122,
123]. Much of our understanding of this topic stems from simulations,
that often suffer from limitations of system size and time scales. Here, we
use dense colloidal suspensions (φ = 0.60) to investigate the microscopic
strain and non-affine displacement fluctuations in large system sizes, at
finite temperatures and shear rates.

77
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Colloidal glasses offer the unique opportunity of studying the deforma-
tion of glasses over a range of shear rates. This allows us to investigate
fluctuations in the thermally activated (1/γ̇ > τα) and the strongly driven
(1/γ̇ < τα) regimes. In the thermal regime, the relaxation is dominantly
due to thermal activation; however, in the driven (athermal) regime, the
relaxation is dominated by shear induced events. Here, we investigate
the anisotropic features of the fluctuations and their spatial correlations
across these two regimes of flow in glasses.

5.1.1 Experimental and simulation studies of anisotropy

Various simulations and experiments have investigated the effect of shear
on the isotropy of the fluctuations. Some of the earliest simulations
were performed on supercooled liquids by Yamamoto and Onuki [110].
The authors showed that the mean square displacements in the x, y
and z directions are close to one another, Fig.5.1(a), indicating that the
mean displacement of the particles is isotropic. Experimental studies
using dense colloidal suspensions, similar to ours, but in the supercooled
regime, did not reveal any anisotropy either [126]. The authors identified
clusters of cooperatively moving particles based on the diffusive motion,
and estimated their spatial extent along various directions. The clusters
were reported to be isotropic, as shown in Fig.5.1(b).

Recently, fluctuations in sheared colloidal glasses were studied by Eisen-
mann and coworkers [127]. They define a Peclet number as the product
of the shear rate (γ̇) and the Brownian time scale (τB, Eq. 2.4), which
is in the range of 0.01 − 0.1 for their experiments. They reported the
size of the cooperatively moving regions as 3− 4 particle diameters, and
an absence of anisotropy over a decade of shear rates. The effect of
shear on colloidal suspensions was claimed to be equivalent to fluidizing
the system by raising the temperature. Similar conclusions about the
anisotropy were made in the experiments of sheared colloidal glasses by
Besseling and co-workers [115]. Their experiments probed the glass over
two decades of Peclet number, ranging from Pe ∼ 0.003−0.3. These Pe
numbers are once again based on the Brownian time scale.

In contrast to these studies, recent simulations of sheared supercooled
liquids have shown the existence of Newtonian and non-Newtonian regimes
[111]. In the Newtonian regime, the cooperative dynamics, studied us-
ing four point correlations, displayed strong heterogeneity in space, but
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Figure 5.1: (a) The mean square displacements of the x, y, and z components
in sheared supercooled liquids at various shear rates [110]. Different curves
denote different shear rates. They are very close to one another even in strong
shear γ̇τα. This demonstrates surprising isotropy of the distribution of the non-
affine displacements. The different curves correspond to different shear rates.
(b) Cluster extent in x, y, and z directions in sheared colloidal suspension
[126]. Particles with the largest non-affine motion D2

min are shown. Symbols
represent different volume fractions: φ = 0.51 (circles), 0.56 (triangles), and
0.57 (squares). Colors (from light to dark) represent different accumulative
strains γ = 0.3–0.9. The clusters are comprised of the top 20% of the particles
with the given characteristic.

remained isotropic. However, in the non-Newtonian regime, which is
marked by shear-thinning behavior, strong anisotropic cooperative mo-
tion of particles were reported. Athermal, quasi-static shear simulations
of two-dimensional amorphous solids have also revealed strong anisotropic
scaling of vorticity fluctuations [48]. An example of the spatial pattern
of vorticity (ω = ∂yux − ∂xuy) in 2D is shown in Fig.5.2(a); the angu-
lar dependence of ω is clearly visible. To highlight this angular depen-
dence, the authors computed the power spectrum S(q) of the Fourier
transform of ω in different directions (Fig.5.2(b)). The data shows that
the power spectrum exhibits always a power-law decay, however with
a direction-dependent exponent. This indicates that the vorticity field
exhibits anisotropic scaling.
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Figure 5.2: Deformation of a two dimensional amorphous solid in a computer
simulation [48]. (a)Gray scale image of the vorticity ω = ∂yux − ∂xuy, where
u is the displacement, of a strained 2D system in steady state. The gray
scale is linear and ranges from −0.2 (black) to +0.2 (white). (b) Variation
of log10S(q, θ) with log10(q) along different directions θ, where S(q, θ) is the
power spectrun of the Fourier transform ω(q) and θ is measured with respect
to the x− axis. The symbols are used to distinguish different directions.

5.2 Probability distribution function of non-
affine displacements

The relative significance of the thermal induced relaxation and shear in-
duced relaxation is captured by the Pećlet number, which is generally
defined as Pe = γ̇τB (Eq. 2.4). This relationship is relevant only in the
dilute limit. However, colloidal glasses are dense suspensions that ex-
hibit long relaxation time. To accurately capture the slow relaxation of
glasses, we have defined a modified Peclet number (Pe∗ = γ̇τα), which
is the product of shear rate and structural relaxation time. The ther-
mally activated regime corresponds to Pe∗ < 1, while the strongly driven
regime corresponds to Pe∗ > 1. Therefore, the critical number Pe∗ = 1
corresponds to the cross over from one regime to the other. We investi-
gate the effect of shear on the anisotropy of the microscopic fluctuations,
in both regimes, by studying the moments of the probability distribution
function (PDF) of the non-affine displacement (Eq.2.4).

We study the PDFs of the non-affine displacement in the shear direc-
tion, ∆xna, as this component is more likely to be affected by shear. The
normalized probability distribution functions (PDFs) of ∆xna for differ-
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Figure 5.3: Anisotropy of the non-affine displacements in the shear direction.
(a) Probability distribution function of ∆x at different shear rates. The distri-
bution are normalized such that the mean is zero, the variance is unity and the
maximum of the function is unity. The (∗) and (◦) symbols are for shear rates
γ̇ = 1.5×10−5s−1, 2.2×10−4s−1. Dark-dashed line is a Gaussian distribution
of zero mean and unit variance. (b) Skewness (κ3) of probability distribution
function of ∆x as a function of time interval ∆t, at various shear rates.

ent shear rates are shown in Fig.5.3(a). We have focussed on the shear
rates γ̇ = 1.5×10−5s−1, 2.2×10−4s−1 that correspond to Pe∗ = 0.3, 4.4,
respectively. Since the flow is inhomogeneous beyond a critical shear
rate γ̇c, we have considered only the high shear band that flows at
γ̇ = 2.2 × 10−4s−1 (Fig. 3.11(a)). The PDF of ∆x in Fig. 5.3 ap-
pears symmetric for γ̇ = 1.5 × 10−5s−1. However, at a higher shear
rate γ̇ = 2.2× 10−5s−1, the PDF is asymmetric; the positive tails decay
faster than the negative tails. These results apparently indicate that the
fluctuations of ∆xna are anisotropic in the strongly driven regime.

We further quantify the asymmetry of the distributions by studying
their skewness. Skewness is the third moment of a probability distribu-
tion, which is defined as

κ3 =
1

N

N∑
i=1

[
∆xnai −∆xna

σ

]3
, (5.1)

where σ is the standard deviation and ∆x is the mean of the distribution.
The skewness value can be positive or negative. Qualitatively, a negative
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skewness indicates that the tail on the left side of the PDF is longer than
the right side. A positive skewness indicates that the tail on the right
side is longer than the left side. A zero value indicates that the values are
relatively evenly distributed on both sides of the mean, typically but not
necessarily implying a symmetric distribution. We have computed the
skewness of the PDF of ∆xna as a function of time interval ∆t over which
the displacement ∆xna is evaluated. This is shown in fig.5.3(b) at various
shear rates. It is to be noted that γ̇ = 4×10−4, 2.2×10−4s−1 correspond
to the high and low shear bands shown in Fig.3.11(a), respectively. The
value of κ3 for γ̇ = 1.5 × 10−5, 3 × 10−5s−1 and 4 × 10−5s−1 fluctuates
around zero. However, at a higher shear rate, γ̇ = 2.2×10−4s−1, the value
κ3 is significantly negative, which distinctly demonstrates the anisotropy
of fluctuations. These results are revealing, especially, when we examine
the Peclet number corresponding to different shear rates. The shear
rates γ̇ = 1.5× 10−5, 3× 10−5s−1, 4× 10−5s−1, 2.2× 10−4s−1 correspond
to Pe∗ = 0.3, 0.6, 0.8, 4.4. Evidently, the fluctuations become anisotropic
when the Pe number exceeds unity, which is the onset of shear induced
relaxation.

5.3 Spatial correlations and circular harmonics

We further investigate the anisotropic properties of microscopic fluctua-
tions by studying the spatial correlation functions of microscopic strain
and non-affine displacement fluctuations. The method of computing the
microscopic strain and the non-affine displacement (D2) was introduced
in Chapter 2. Their spatial correlation functions are defined according
to Eq. 4.9. This definition allows us to visualize the spatial correlations
not only as a function of distance δr, but also as a function of angle.
Since glasses are out of equilibrium, the spatial correlations are time de-
pendent. They depend on the time interval δt that is used for computing
shear strain and non-affine displacements. We will focus on short time in-
tervals here, for which the probability distribution function shows strong
spatial correlations (Fig. 4.5(b)).

In general, the correlation function (Eq. 4.9) is dependent not only on
the separation δr, but also on the orientation of ∆r. We will investigate
the direction dependence of correlations using two different methods : the
projection on circular harmonics and the use of angular wedges. These
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(a) (b)

Figure 5.4: (a) Polar representation of circular harmonics. The harmonics
l = 2, 3, 4 are represented by lines of colors red, blue and black, respectively.
(b) Angular bins in polar representation.

methods will be described below.

5.3.1 Projection onto circular harmonics

A systematic method of disentangling the isotropic and anisotropic con-
tributions is based on expansion of the correlation function using circular
and spherical harmonics in two and three dimensions, respectively. We
restrict our study to circular harmonic functions (Fig. 5.4(a)) to describe
the anisotropy of strain correlations in the plane of shear. To do so, we
restrict the correlation function to the plane δy = σ/2, where σ is the
diameter of the particle, and project it onto circular harmonics :

CA(δx, δy = σ/2, δz) =
l=∞∑
l=0

pA,l(δr) cos(lθ), (5.2)

where the index A = εxz, D
2, and l denotes different harmonics of the

cosine function. The entire physics of the correlation function is captured
in the projections pA,l(δr). The isotropic contribution is given by the
projection corresponding to l = 0, and the projections of increasing l
represent anisotropic contributions. These projections reveal the modes
that are excited due to shear, and the symmetries of the deformation



84 5. Anisotropic scaling of strain correlations in sheared colloidal glasses

field. In particular, we investigate the change of the symmetry of the
correlation function when the shear rate is gradually increased from the
thermally dominated regime to the shear dominated regime. The decay
of different projections should also shed light on the anisotropic scaling
(if any) of the correlation function.

5.3.2 Angular wedges

An alternative approach of identifying anisotropic scaling is based on
determining the correlation function as a function of the phase angle
θ = tan−1(δz/δx) [48]. We consider angular bins as shown in Fig.5.4(b)
to find the angular dependence of the spatial correlations. To reduce the
effect of noise, we average the results over angular bins of width π/18.

5.4 Anisotropy of spatial correlations

5.4.1 Homogeneous flow

Figure 5.5: Homogeneous deformation at a shear rate of γ̇ = 1.5 × 10−5s−1.
(A) Particle displacements along the direction of shear during the time interval
δt = 5 min. The height-dependent mean displacement (red dashed line) varies
linearly between the boundaries demonstrating homogeneous flow. (B) 7µm
thick reconstruction of the distribution of incremental shear strain during the
time interval δt = 5 min. Particle color indicates the value of εxz. Zones of
high εxz (arrows) demarcate largely irreversible shear rearrangements known
as shear transformation zones[36, 37, 41].

The macroscopic deformation at a low shear rate (γ̇ ∼ 1.5×10−5s−1) is
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homogeneous, which is illustrated by a linear profile of the displacements
dx between the boundaries, in Fig.5.5(a). A real space distribution of the
local shear strain εxz, in a 7µm thick section parallel to the plane of shear,
is shown in Fig. 5.5(b). The local strain distribution is heterogeneous;
red regions in Fig.5.5(b) indicate zones where the shear strain is localized
and irreversible rearrangements occur, often referred to as shear transfor-
mation zones [36, 37]. The network of positive and negative strain zones
is a consequence of the long-range elastic correlations in dense glasses.
We illustrate these long range correlations by determining the correlation
function using the absolute values of the strain. We average the corre-
lation function over all the angles (directions) and plot the magnitude
of C|εxz | as a function of the scalar distance δr =

√
∆x2 + ∆y2 + ∆z2 in

Fig. 5.6(a). A remarkable power-law decay is observed. This decay is
truncated at δr/σ ∼ 50, the vertical system size. These results are di-
rect evidences of the long-range correlations in the flow of dense colloidal
glasses.

The pattern of positive and negative strain zones in Fig. 5.5(b) are
de facto first impressions of anisotropic strain correlations; the strain
fluctuations seem to have a preferred orientation with respect to each
other. We quantify this angular dependence by studying the projections
pεxz ,l(δr) (Eq. 5.2) of Cεxz . The four lowest orders l = 0..4 of pεxz ,l are
shown as a function of δr in Fig. 5.6(b); the inset shows the same data
on a linear scale. The double logarithmic representation shows that the
most dominant contribution comes from l = 4 that has a quadrupolar
symmetry (Fig.5.6(b)). This quadrupolar symmetry is reminiscent of the
strain field around a spherical inclusion [86]. Contribution with l = 2 and
l = 0 are also present, however, with much lower amplitude. Remarkably,
all the projections of the strain correlation function display a power-
law decay. The best power-law fit of pεxz ,4(δr) gives an exponent α ∼
−1.2. The low signal-to-noise ratio in other projections prevents us from
accurately measuring their exponents. These results point to the strong
anisotropic features of the shear strain correlations.

We also present the projection of CD in order to identify the anisotropic
features of non-affine displacement fluctuations, Fig. 5.6(c). The dom-
inant projection appears to be the one for l = 0, pD,0(δr), indicating
the strong isotropic feature of the non-affine displacement fluctuations.
Higher harmonics with l = 2, 4 are also excited, however, with lower
amplitudes. This demonstrates the existence of anisotropic features of
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Figure 5.6: Spatial correlations of the fluctuation in the homogeneous flow
shown in Fig.5.5. (a) The spatial correlation of C|εxz |(δr) as a function of
distance in a double-logarithmic representation. The correlation function is
obtained by averaging over all the angles in three dimensions. (B) & (C)
Projections of the shear strain correlations pεxz ,l (B) and non-affine displace-
ment correlations pD,l(δr) presented on a double-logarithmic scale. Different
symbols are used to denote distinct circular harmonics of degree l. The insets
shows the same data on a linear scale. (D) Spatial correlations of the non-affine
displacements obtained using angular bins of width π/18 around an angle θ.
The different symbols denotes the angle around which correlation functions
were computed. The correlation functions decay with the same exponent in
direction of shear (θ = 0) and the direction perpendicular to it θ = π/2.



5.4 Anisotropy of spatial correlations 87

CD. Interestingly, the projections of l = 0 and l = 4 display a power-law
decay as a function of δr. A best fit of the projections pD,l=0,4(δr) gives
the exponents α ∼ −1.3,−1.2, respectively. The decay of the projec-
tion pD,2(δr) is particularly interesting because a positive value indicates
stronger correlations in the direction of the shear, and a negative value
indicates stronger correlation in the direction perpendicular to shear. We
observe that pD,2(δr) is positive for δr/σ < 5, and it undergoes a sign
change for higher values of δr. Such oscillations prohibits us from deter-
mining the relative importance of the correlation in these two directions.

We overcome this difficulty by computing the correlations in angular
bins. We choose the angular bins of width π/18, around the angles θ = 0
and π/2. The decay of the correlation function CD along these two direc-
tions is shown in Fig. 5.6(d). Surprisingly, the correlation Cθ

D(δr) decays
with the same exponent α ∼ −1.3 and amplitude in both directions.
Despite the strong anisotropic contributions of the correlation function,
the exponent is independent of direction.

5.4.2 Inhomogeneous flow

Figure 5.7: Different stages of deformation of an inhomogeneous flow. (A) &
(B) Particle displacements along the direction of shear during the time interval
δt = 3 min during the transient state (A) and steady state (B) of deformation.
The deformation is homogeneous in the transient state before it undergoes a
transition to inhomogeneous flow in the later stages of deformation. The
displacement profile in (B) shows the colloidal glass flowing at two different
shear rates.

The macroscopic deformation of the colloidal glass displays a tran-
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sition from homogeneous to inhomogeneous flow when the shear rate
exceeds a critical value γ̇c ∼ 6 × 10−5s−1. The corresponding Peclet
number is Pe∗ ∼ 1. So, this transition signals a cross over from the ther-
mal activation regime Pe∗ < 1 to the shear induced activation regime
(Pe∗ > 1). We now investigate the anisotropy of the spatial correlations
in the inhomogeneous flow obtained at a shear rate γ̇ ∼ 1×10−4s−1. The
displacement profiles during two different stages of the deformation : a
transient state and a steady state, are shown in Fig. 5.7(a) and (b), re-
spectively. Apparently, the macroscopic deformation is homogeneous in
the transient state before the shear bands manifest themselves. We study
the fluctuations of the transient state to establish a connection between
the anisotropy of the spatial correlations and the onset of the inhomo-
geneous flow. The projections of the shear strain correlation pεxz ,l(δr) in
Fig. 5.8(a) illustrate the excitation of even harmonics l = 2, 4, similarly
to what is observed in Fig. 5.6(b), however, the amplitude of the projec-
tion pεxz ,2(δr) is enhanced for inhomogeneous flow. A best fit of the data
yields the exponents α ∼ −1 and α ∼ −1.2 for pεxz ,2(δr) and pεxz ,4(δr),
respectively. Apparently, the projections of the harmonics l = 2 and
l = 4 decay with different exponents, and it suggests anisotropic scaling
of strain fluctuations.

Correlations of the non-affine part display even stronger anisotropic
scaling. The four leading projections of CD for inhomogeneous flow
are shown in Fig. 5.8(b). The projections display a power-law decay
with the distance δr, however, the associated exponents appear to be
different. A best fit of the projections pD,l=0,2,4(δr) yield exponents
α ∼ −0.4,−1.2,−1.9, respectively. The exponents are evidently de-
pendent on the degree of the harmonics, suggesting a strong anisotropic
scaling of the projections. In addition, the magnitude of the projection
pD,2(δr) is positive, which is an indication of enhanced correlations in
the direction of the shear, compared to the direction perpendicular to
it. Apparently, shearing the glass at higher rates leads to excitation of
certain harmonics, which in this case is mainly l = 2.

We further substantiate this observation by computing correlations
in the two directions using angular bins, Fig. 5.8(c). We observe that,
contrary to the homogeneous flow (Fig. 5.6(d)), correlations in the two
directions show very distinct decays, a slower decay in the direction of
shear (θ = 0) and faster decay perpendicular to it (θ = π/2). Separate
fits to the data yield scaling exponents of α ∼ 1.1 in the shear direction
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Figure 5.8: Spatial correlations of the fluctuations in the transient state of
inhomogeneous flow shown in Fig 3a. (A) & (B) Projections of the shear
strain correlations pεxz ,l (B) and non-affine displacement correlations pD,l(δr)
presented on a double-logarithmic scale. Different symbols are used to denote
distinct circular harmonics of degree l. The insets shows the same data on a
linear scale. (D) Spatial correlations of the non-affine displacements obtained
using angular bins of width π/18 around an angle θ. The different symbols
denotes the angle around which correlation functions were computed. The
correlation functions decay with different exponents in direction of shear (θ =
0) and the direction perpendicular to it θ = π/2.

and α ∼ 1.4 in the perpendicular direction. We hypothesize that this
bias in the shear direction leads to the formation of shear bands in the
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later stages of deformation. While these results are obtained during the
transient stages, before the shear bands develop, the anisotropic scaling
of correlation functions persist in the steady state, when the shear bands
are fully developed.

These results are interesting when we compare them with the simu-
lation results of athermal systems. Since athermal systems are at zero
temperature, their time scale (τα) of structural relaxation is infinite, and
Pe∗ >> 1. A few examples of athermal systems are granular materials,
emulsions and foams. Quasi-static shear simulations of athermal systems
have revealed anisotropic power-law correlations of the vorticity field.
Moreover, the scaling exponent and amplitude varied systematically with
direction, showing that in these athermal systems, strong direction de-
pendence of the decay of correlation prevails (Fig. 5.2(b)). However, these
simulations do not asses the effect of finite temperature and finite shear
rates. Our experiments on colloidal glasses provide insights into these
issues. They allow us to investigate the correlations in thermally dom-
inated and shear dominated regimes. In the thermal regime, the strain
and non-affine displacement correlations are anisotropic, however, their
decay along different directions is characterized by a single exponent. On
the other hand, in the athermal regime the decay of the correlations is
strongly dependent on the direction.

5.5 Conclusions

We have studied the microscopic fluctuations in both thermal and ather-
mal regimes of sheared colloidal glasses. A modified Peclet number, de-
fined as the product of applied shear rate and relaxation time of the glass,
is used to identify the transition between thermal and athermal regimes of
the flow. In particular, we have investigated the probability distribution
function of the non-affine displacements ∆xna over a range of shear rates.
The probability distribution is symmetric at low shear rates; however, the
distributions become asymmetric at higher shear rates. This change in
symmetry is quantified using a skewness parameter, κ3, the third moment
of the probability distribution. The PDF’s of the non-affine displacement
∆xna are symmetric when the relaxation is dominantly due to thermal
activation (Pe∗ < 1), and they are asymmetric when the relaxation is
largely shear induced (Pe∗ > 1). The asymmetry of the PDFs at higher
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shear rates suggests that the effect of shear is not simply equivalent to
fluidizing the system by increasing the temperature, as suggested by the
authors [127].

Further, we have investigated the spatial correlations of microscopic
strain and non-affine displacement fluctuations in the homogeneous and
inhomogeneous flow, which correspond to Pe∗ < 1 and Pe∗ > 1, respec-
tively. The spatial correlations of strain fluctuations in the homogeneous
flow are anisotropic, however their decay in different directions is charac-
terized by a single exponent. On the other hand, the correlation functions
in the inhomogeneous flow display a directional dependence; correlations
are stronger in the direction of shear. These results demonstrates that
anisotropic scaling of strain and non-affine displacement correlations play
a central role in the formation of shear bands [48]. Although these re-
sults are obtained for colloidal glasses, they should be generic to all glassy
flows.
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6
Structural relaxation and

low frequency modes in
colloidal glasses

6.1 Introduction

Supercooled molecular liquids, polymers or metallic systems, when cooled
or compressed in a way so as to prevent crystallization, undergo a glass
transition. The transition to the glassy state is characterized by the
slowing down of the dynamics of the system accompanied by a spectac-
ular increase in the viscosity, to values on the order of ∼ 1013Pas. Both
features are usually attributed to the fact that the motion of individ-
ual molecules or particles become arrested due to the presence of the
cage formed by neighboring particles. However, on longer timescales the
particles escape from their cages, leading to the relaxation of system.

In recent experiments on colloidal glasses, the motion of individual par-
ticles was followed using confocal microscopy to investigate such cage re-
arrangement events in quiescent [24, 128, 129] as well as sheared [36, 130]
systems. It was found that the particle dynamics is very heterogeneous in
the sense that some regions exhibited much stronger activity than others:
some small parts of the system are more susceptible to rearrangements
than others.

Perhaps one of the main questions about glassy dynamics is then how
to understand and eventually predict the relaxation events that involve
rearrangements of molecules or particles. One clue comes from recent
computer simulation studies of supercooled liquids, which suggest that
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more susceptible regions result from localized ‘soft’ (i.e., low frequency)
modes of the system [32, 61]. The existence of soft modes in glassy
systems is a subject of much interest lately [4, 58, 60, 131, 132], as they
are related to the anomalous low temperature properties of glasses. Using
normal mode analysis, their existence has been reported recently in a few
experiments on colloidal glasses [4, 58, 126]. However, there are very little
experimental evidences that connect such events with the low frequency
modes in colloidal glasses [133].

In previous chapters we have studied the plastic rearrangements in a
sheared colloidal glasses. Here, we study the particle rearrangements in
a quiescent colloidal glass. We show that their origin is related to the
low frequency soft modes in the system using normal mode analysis. The
low frequency modes, obtained over short time scales, show strong spatial
correlation with the rearrangements that happen on much longer time
scales.

6.2 Normal modes

In this section we describe the normal mode analysis that was essen-
tially developed to understand the vibrations of crystalline solids. The
crystalline solids are characterized by an ordered array of tightly bound
atoms or molecules, whereas the amorphous solids, like glasses, are char-
acterized by a disordered arrangement of them. Nevertheless, certain
concepts and ideas that were developed for crystals [56, 57] have been
extended to understand noncrystalline solids as well. Here, we outline
the concept of the dynamical matrix for crystals.

Almost all the thermodynamic properties e.g., specific heat, thermal
conductivity of solid substances are described based on the theory of lat-
tice dynamics [56, 57]. The general picture of vibrations in solids is that
the atoms or molecules move back and forth around their equilibrium po-
sitions, driven by their thermal energy. The elastic restoring force arises
due to the interactions with the neighboring atoms. We continue dis-
cussing a few related concepts like the dynamical matrix and the density
of states in the sections below.
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6.2.1 Dynamical matrix

Consider a small amplitude vibration of atoms around their mean posi-
tion so that the potential energy V of the lattice can be expanded in a
Taylor series in powers of the atomic displacement u(R) [56, 57]. Thus

V = V0 +
∑
R

∑
µ

Vµ(R)uµ(R) + 1/2
∑
R,R′

∑
µ,ν

uµ(R)Vµν(R,R
′)uν(R

′)

(6.1)
where V0 is the potential energy of the lattice corresponding to the equi-
librium configurations of the atoms, which can be set equal to zero with-
out any loss of generality. Further it follows from Eq. 6.1, that

Vµ(l) =
∂V

∂uµ(R)
|0 (6.2)

Vµν =
∂2V

∂uµ(R)∂uν(R′)
|0, (6.3)

where the subscript zero indicates that the derivatives are evaluated at
the equilibrium sites, R,R′ refers to the lattice sites and µ, ν are the
cartesian components of displacements. Vµ(R) is the negative of the µ-
component of the force on the atom situated at R. From the definition
of equilibrium, the force acting on each atom at its equilibrium position
must vanish. Therefore,

Vµ(R) = 0. (6.4)

Thus Eq 6.1 simplifies to

V =
∑

R,R′,µ,ν

Vµν(R,R
′)uµ(R)uν(R

′). (6.5)

In writing Eq. 6.5, we have neglected terms of order higher than two in
the displacement. This is called the harmonic approximation. To connect
this potential energy of the lattice with the equation of motions of the
atoms, let us write down the Lagrangian of the system,

L = T−V = 1/2M
∑
R,µ

u̇2µ(l)−1/2
∑

R,R′,µ,ν

Vµν(R,R
′)uµ(R)uν(R

′), (6.6)

where m is the mass of the atom and the dot over u denotes the time
derivative. From the equation of motion,

d

dt
(

∂L

∂u̇µ(R)
) =

∂L

∂uµ(R)
(6.7)
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We obtain,

Müµ = −
∑
R′

Vµν(R,R
′)uν(R

′) (6.8)

In matrix form the above equation can be written as,

ü = Du, (6.9)

where D is the dynamical matrix [56, 57] - the elements of which are
given by

Dµν =
1√
M
Vµν(R,R

′). (6.10)

Now, in Eq. 6.8 −Vµν(R,R′)uµ(l′) represents the force exerted in the
µ-direction on the atom at R due to the displacement uµ(R′) of the
atom at R′ in ν-direction. Thus D contains information about the local
force constants between any two interacting lattice sites. However, due
to the singularity in the interaction potential of an ideal hard sphere
system, the dynamical matrix cannot be defined in the above way. In
the present experiments we have direct access to the position of a particle
at any instant of time. Therefore, we have used the covariance matrix of
displacements [4, 58, 59, 60] to obtain the frequencies and normal modes
of the system. These ideas are outlined in the next section.

6.3 Normal modes of colloidal glasses

Two dimensional slices through a colloidal glass of φ = 0.59 are ac-
quired at a scanning speed of 10 frames per second in a field of view of
100µm × 100µm. The image plane was chosen so that it is sufficiently
∼ 25µm away from the coverslip to avoid any possible effect of confine-
ment. Images are acquired for a total period of 1200s, which results in
12000 independent snapshots. The positions of the particles are then
identified in all the frames using standard particle tracking software [80],
and linked them to construct two dimensional trajectories. The mean
square displacement (MSD) < δr2 > of the particles computed using
these trajectories is shown in Fig. 6.1. On short time scales, the rise of
the mean square displacements is due to diffusion of particles before they
start feeling the presence of their neighbors. Beyond this time scale, we
observe a plateau in the MSD where the motion of a particle is restricted
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Figure 6.1: Mean square displacement (MSD) of the particles is shown as a
function of time. Inset shows a typical trajectory of a particle that jumps from
one cage to the other.

by a shell of nearest neighbors constituting the cage. It extends roughly
up to ∼ 500s in the present experiments. On even longer timescales, at
the end of the plateau, the mean square displacement increases again,
which corresponds to a long-time diffusive behavior known as the α-
relaxation regime and is usually attributed to cage rearrangements. The
average displacement in the long-time diffusive regime is linear in time:
< δr2 >∼ t, as follows from Fig. 6.1: the data in this region is indeed
parallel to a line of slope unity.

In the long time diffusive regime significant structural rearrangements
take place, the particles start diffusing away from their immediate local
neighbors, in order to find new local equilibrium positions. We display a
2-dimensional trajectory of a particles in Fig.6.2 to illustrate the nature
of such cage breaking events where a particle typically undergoes a rapid
shift to its new position. These rearrangements are activated by the
thermal fluctuations present in the system and enable transitions from
one local minimum to another.

We investigate the collective vibrations of particles around their equi-
librium positions by performing a normal mode analysis of particle tra-
jectories over the plateau region of MSD [4, 58]. There are hardly any
rearrangements on this time scale, so we can reasonably assume that on
this time scale the particles are in local equilibrium, allowing us to deter-
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Figure 6.2: Illustration of a typical cage breaking event: a particle trajectory
for the whole period of observation 1200sec is plotted in two dimensions. Par-
ticles rattling in their initial cages breaks away and jumps to the new positions
over the period of time.

mine the normal modes of the system. To determine the collective modes,
we first obtain the displacement components of any ith particle from their
mean positions along confocal plane as, ui = (xi− < xi >, yi− < yi >),
where < xi >,< yi > are averaged over the particle trajectories during
the whole period of measurement. We then define the covariance matrix
of displacements [4, 58] as,

Dlm = 〈uµiuνj〉, µ, ν = x, y. (6.11)

Here l,m = 1, 2..2N are the matrix indices that denote both the particle
index and the cartesian components of displacements. The averaging 〈〉
has been done using 5000 frames corresponding to the plateau of MSD.
Note, that the colloidal particle display Brownian movement due to its
collision with the solvent molecules. Such motion is influenced by viscous
drag as well as the hydrodynamic interactions between the colloidal par-
ticle. The correlation matrix as defined above does not take into account
either such dissipative effects or any anharmonicity that may be present
in the system. Thus it represents a system having spatial structure and
particle interactions same as the real system under study excluding the
damping effects. However, the real and representative systems are char-
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Figure 6.3: Structure of the low frequency modes in a field of view 100 ×
100µm2. (a) Displacement vector of the lowest frequency mode. There are
regions where the colloidal particles show higher activity than the rest in the
field of view. (b) Contour plot of the particle participation ratios (pi) for
the same mode. The color indicates the magnitude of pi. This figure clearly
illustrates the quasi-localized zones of the mode.

acterized by the same correlations D as these are measured over the
plateau of MSD and therefore represents static properties.

Now, diagonalizing the above matrix gives us λm = 1, 2..., 2N eigen-
values and corresponding 2N normal modes of the system. The mode
frequencies ωm are related to the eigenvalues as,

ωm =
√

1/λm. (6.12)

All these frequencies together forms the vibrational spectrum of the col-
loidal glass under study.

6.4 Visualization of the normal modes

The Fig.6.3(a) shows an example of the low frequency modes in the
system. The displacement vector of all the particles have been displayed.
The length of the arrow indicates the amplitude of the displacement,
and its orientation gives the direction. Figure 6.3(a) suggests there are
localized regions where colloidal particles apparently show higher activity
than in the rest of the field of view. The mode structure can further
be probed by computing the local participation ratios. The degree of
localization of such modes is given by the average participation ratio
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following P (ω) = [N
∑

i(vi(ω).vi(ω))2]−1, where vi(ω) is the eigenmode
amplitude projected onto the particle i. For extended modes P (ω) is of
order unity, independent of N . For localized or quasi-localized modes, it
scales as 1/N . As extreme cases, P (ω) = 2/3 for an ideal standing plane
wave and P (ω) = 1/N for an ideal mode involving only one particle.

We find that the lowest frequency modes show quasi-localized behavior
[134, 135, 136]. In the present system all the modes that have participa-
tion ratio below 0.35 display such quasi-localized behavior. We can then
use the spatial maps of particle participation ratio pi(ω) = v2i [32, 61] to
visualize the localized nature of these modes. A color coded contour plot
of the particle participation ratios in Fig. 6.3(b) illustrates the spatial
structure of the mode shown on the left panel of the same figure. The
color code indicates the magnitudes of the particle participation ratio
pi(ω).

We can use these normal modes to understand the relaxation events
provided their structure remains invariant with time. To test the time
invariance, we study the contour plots of the particle participation av-
eraged over the lowest 25 eigenmodes of the system. The average par-
ticipation P (ω) of all these modes are below 0.35. The contour plots
of pi where the covariance matrix Dij is evaluated over three different
intervals of time: 300s, 400s and 500s, is shown in Fig. 6.4(a),(b) & (c),
respectively. We do not see a significant change in the mode structures
for different averaging intervals, besides the slight variations in few of
the quasi-localized domains. This allows us to understand the structural
rearrangements that occur on long time scales (t ∼ τα) based on the low
frequency modes.

6.5 Origin of structural rearrangements

6.5.1 Identifying the structural rearrangements

As discussed in the previous section, on short time scales the particles
remain trapped in the cage constituted by their neighbors, however they
escape from their cages to display diffusive motion over long time scales,
Fig.6.2. The cage breaking events involve a change of neighbors, lead-
ing to irreversible rearrangements in the system. However what is not
clear from these averaged quantities is the possible heterogeneity of the
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Figure 6.4: Contour plots of particle participation ratios averaged over the low-
est 25 normal modes shown for successively three different periods of averaging
(a)300s, (b) 400s and (c) 500s over the plateau. Mode distribution largely re-
main invariant other than slight variations in few of the quasi-localized regions
in the field of view.

dynamics, as suggested by previous experiments [24]. Figure 6.1 shows a
single particle trajectory; there is typical cage rattling motion followed by
a cage rearrangement, in which the average of the center of mass changes
position. This does not happen for all particles over the observation
time, and such events can be used to see where rearrangements happen.
To investigate this, we compute the square of the relative displacements
d2
i (δt) of each particle with respect to its nearest neighbors over a time

interval ∆t from the reconstructed trajectories (xi(t), yi(t)). The square
relative displacement d2

i is defined as :

d2i (∆t) =
1

n

n∑
j=1

|∆rij(t+ ∆t)−∆rij(t)|2 , (6.13)

where n denotes the number of nearest neighbors and ∆rij(t) = ri − rj
denotes the difference vector of the particle i with respect to its nearest
neighbors j at any instant of time; this expression of d2

i is in fact moti-
vated by the non-affine measures of plasticity used in sheared amorphous
solids [37].

Figure 6.5(a) shows the probability distribution function of the square
relative displacements of the particles evaluated over a time scale of ∆t ∼
1200s. The extended tail of the distribution implies the presence of the
large displacements in the system. To detect the highly mobile particles,
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(a)
(b)

(c)

Figure 6.5: (a) The probability distribution function of the relative displace-
ments di for the present suspension measured over a time interval ∆t = 1200s.
The mean of this distribution is < d2i >= 0.039µm2. (b) A spatial map of the
particles where the highly mobile particle with a di > rc are shown by the red
circles along with the less active particles (pink circles). (c) Superposition of
the particles that have relative displacement d2i > rc (circles) and the parti-
cles that have lost three or more neighbors (squares). Almost all the particles
losing neighbors belongs to the regions of larger relative displacement.

we tag all those particles that undergo a relative displacement beyond a
cutoff value rc over a long time ∆t = 1200s. This cutoff rc = 0.06µm2

is 1.5 times the mean of the above distribution. The spatial distribution
of the particles that have d2i > rc is shown in Fig. 6.5(b). Here, the red
circles refer to the particles with large d2i (> rc) in a background of less
active particles shown in pink. The particle with large d2i appear in the
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form of clusters in the field of view. Our observation shows that particles
in these regions undergo significant change in their neighborhood.

Figure 6.6: An illustration of Delaunay triangulation for a set of particles.
The particle diameter is not shown to scale.

To demonstrate this, we identify the particles that change neighbors.
The neighbors of each particle at any instant of time t can be identi-
fied using the method of Delaunay triangulation. We then compare the
neighbors of each particle at time t and t + ∆t. This gives us directly
the number of neighbors lost or changed around a particle over a time
interval ∆t. In simulations of supercooled liquids [32, 61], the irreversible
rearrangements were identified as particles that have lost four neighbors.
However, in experiments there are very few particles that lose four neigh-
bors over the time scale of our observation. We therefore identify those
particles that have lost three or more neighbors in our data. Figure 6.5(c)
shows a plot of these particles (squares) along with the clusters of highly
mobile particles. We observe that the particles that have lost three or
more neighbors very closely follow the regions of large relative displace-
ments. This firmly establishes that d2i is a good way to detect rearranging
regions in the system.
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Figure 6.7: Superposition of the particle participation maps and the map of
rearranging regions. The particle participation ratio is obtained by averaging
the first 25 lowest frequency modes, and the rearranging regions are identified
by selecting particles that have relative displacements d2i > rc. These rearrang-
ing clusters of particles show strong spatial correlation with the quasi-localized
zones in the normal modes.

6.5.2 Connecting the structural rearrangements and low
frequency modes

To elucidate the structural origin of the rearrangements, we compare the
spatial maps of the low frequency modes and the rearranging regions.
Figure 6.7 shows a superposition of the spatial maps of the particle par-
ticipation ratio, averaged over 25 lowest frequency modes along with the
clusters of particles with higher mobility in the field of view of 100µm2.
The ’active’ regions where rearrangements happen are concentrated on
the regions that show high particle participation ratio. To establish the
correlation between the rearranging zones identified by d2i and the parti-
cle participation ratio pi(ω), averaged over the first 25 lowest frequency
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modes, we compute the Pearson’s coefficient Cr [90]

Cr =

∑
i(pi(ω)− pi(ω))(d2i − d2i )√∑

i(pi(ω)− pi(ω))2
∑

i(d
2
i − d2i )2

, (6.14)

where the summation is over all the particles in the system and the bar
denotes the mean of a quantity. Using this expression we obtain a value
of Cr ∼ 0.41. This clearly demonstrates a significant spatial correlation
between the rearranging regions and the low frequency modes obtained
from the normal modes. It is worth pointing out that the normal modes
were computed by averaging the particle motion over a time interval
∆t = 500s, and the rearranging regions were detected in the later stages,
over a time interval ∆t ∼ τα = 1200s. Thus, the spatial distribution
of the normal modes represents the structure of the system much before
the rearrangements occur. This demonstrates the structural origin of
rearrangements in the system.

6.6 Conclusions

In conclusion, we have studied the structural relaxation of a dense col-
loidal glass. The relaxation in glasses occurs through rearrangement of
particles that manifests in clusters, displaying spatial heterogeneity. We
have detected such rearranging regions using the relative displacements
of particles. To understand the nature and origin of such rearranging
regions, we have computed the low-frequency vibrational modes of the
system using normal mode analysis. The spatial maps of the particle par-
ticipation ratio of the low-frequency modes reveal their quasi-localized
nature. Our analysis shows that these low frequency, quasi-localized
modes show a strong spatial correlation with the zones of structural re-
arrangements. This points to the structural origin of the relaxation, and
shows that the system indeed relaxes along the softest available modes.

Even though these results are obtained for a colloidal glass under quies-
cent condition, they should be relevant to weakly driven colloidal glasses
[36, 137]. It is known for a long time that the plastic deformation in
glasses occur in localized regions that are referred as shear transforma-
tion zones [36, 41, 42]. However, their origin remains unclear. Our results
should motivate further research along the direction of normal modes to
identify the origin of shear transformation zones.
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Summary

Glasses are amorphous solids that exists in both natural and man-made
forms. It is one of the oldest material to be used by mankind. Glasses are
widely used for their exceptional mechanical properties. When heated to
high temperatures, they become viscous and flow easily. Upon cooling,
the glass solidifies mechanically. This ability of glases to change shape
when heated is crucial to its utility and beauty. When we look at the
beautiful stained glass windows of cathedrals or the glass art at Murano
(Venice), one immediately starts wondering how glass bends and flows.
This is in addition an important question from an industrial perspective
that uses glass for various applications. Despite decades of research on
glasses, the question remains far from being resolved.

The direct observation of the motion of molecules in a deformed glass
is difficult, as the existing experimental techniques cannot resolve the
dynamics of individual molecules. In this thesis, we prepared a soft glass
using dense suspensions of micron sized PMMA particles that are model
hard sphere systems. Similar to atoms, the hard sphere colloidal sus-
pensions show fluid and crystalline equilibrium phases. However, when
they are quenched to high volume fractions of particles, they exhibit
slow relaxation that is hallmark of glasses. As these particles are much
larger than atoms, they can be resolved individually and their trajecto-
ries can be followed in three dimensions using the technique of confocal
microscopy. We exploit the direct imaging of colloids to investigate the
deformation of glasses at the microscopic scale.

Similarly to molecular glasses, the colloidal glasses show two different
modes of deformation: a homogeneous deformation at low shear rates
and a transition to inhomogeneous flow at large shear rates. The tran-
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sition occurs when the shear rate exceeds the inverse of the relaxation
time of the quiescent glass. We visualize of microscopic fluctuations of
the local strain and non-affine displacement. These reveal that the plastic
deformation occurs in localized regions that are termed shear transfor-
mation zones (STZ). The overall deformation of the glass is a collective
result of such STZs. At low shear rates, the STZs occur throughout the
deformed volume, however, at larger shear rates, the STZs organize into
a band leading to shear banding. The difference between the bands was
investigated by studying different structural and dynamic order parame-
ters. It transpires that the fundamental difference lies in their dynamics.
By defining an order parameter that is extensive in time and space, we
show that shear banding is reminiscent of a dynamic first order transition.

To elucidate the bulk flow of the glasses, we have investigated the
spatial correlations of strain and non-affine displacement. Our experi-
ments reveal that the formation of a shear transformation zone induces a
long-ranged quadrupolar strain field around it. This long-range interac-
tion between the STZs gives rise to a scale-free deformation of the glass.
Further, the associated scaling exponent remains robust over a range of
shear rates. At low shear rates, the spatial correlations are isotropic, and
decay in the same manner in all the directions. However, at higher shear
rates, the decay of the spatial correlations is anisotropic, and they are
strongest in the direction of shear. This suggests that the symmetry of
spatial correlations is broken at higher shear rates, leading to the forma-
tion of shear bands.

Finally, we have investigated the relaxation of a quiescent colloidal
glass. The regions where particles rearrange and relax were identified us-
ing the relative displacements of particles. To understand the nature and
origin of such rearranging regions, we have computed the low-frequency
vibrational modes of the system using the covariance matrix of displace-
ments. Our experiments reveal that the zones of structural rearrange-
ments are strongly correlated with the quasi-localized, low-frequency
modes of the system. This points to the structural origin of the re-
laxation, and shows that the system indeed relaxes along the softest
available modes.



Samenvatting

Glazen zijn amorfe vaste stoffen die in zowel natuurlijke als kunstmatige
vormen bestaan. Het is een van de oudste materialen gebruikt door de
mensheid. Glas wordt op grote schaal gebruikt vanwege zijn uitzonderli-
jke mechanische eigenschappen. Wanneer glas wordt verhit tot zeer hoge
temperaturen, wordt het stroperig en stroomt het materiaal gemakke-
lijk. Na afkoeling, wordt het glas hard. Het vermogen van glas om van
vorm te veranderen bij verhitting is van cruciaal belang voor zowel de
toepassingen als de schoonheid van glazen objecten. Wanneer we kijken
naar de prachtige glasramen van kathedralen of de glas kunst uit Murano
(Venetië), begint men zich onmiddellijk af te vragen hoe glas stroomt.
Dit is tevens een belangrijke vraag vanuit een industrieel perspectief; de
industrie gebruikt glas voor diverse toepassingen. Ondanks tientallen
jaren van onderzoek aan glas, is de vraag hoe glas stroomt nog steeds
verre van beantwoord.

Directe observatie van de beweging van de moleculen in een vervormd
glas is moeilijk omdat bestaande experimentele technieken de dynam-
ica van individuele moleculen niet of moeilijk kan volgen. In dit proef-
schrift bestuderen wij ’zachte’ glazen, gevormd door dichte suspensies van
collöıdale PMMA deeltjes; dit zijn model systemen voor harde bollen.
Vergeleken met atomen, hebben de harde bollen collöıdale suspensies
ook een vloeistof en kristallijne fase. Wanneer suspensies worden gepre-
pareerd met hoge volumefracties, vertonen deze de langzame relaxatie
die karakteristiek is voor glazen. Omdat de PMMA deeltjes veel groter
zijn dan atomen, is het makkelijker om de individuele deeltjes direct te
volgen met behulp van de techniek van confocale microscopie. We be-
nutten deze eigenschappen van collöıden om de deformatie van glazen te
onderzoeken door het bestuderen van de microscopische fluctuaties van
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deeltjesposities in een glas dat langzaam wordt gedeformeerd.

In overeenstemming met eerdere resultaten voor moleculaire glazen,
tonen de collöıdale glazen twee verschillende soorten van vervorming:
homogene vervorming bij lage snelheidsgradiënt en een overgang naar
heterogene stroming bij grotere snelheidsgradiënt. De overgang vindt
plaats wanneer de afschuifsnelheid de inverse relaxatietijd van het glas
overschrijdt. De visualisatie van microscopische fluctuaties van de lokale
deformatie en niet-affiene verplaatsing laat zien dat de plastische ver-
vorming optreedt in gelokaliseerde gebieden genoemd afschuiving trans-
formatie zones (STZ). De totale vervorming van het systeem is een col-
lectief resultaat van deze STZs. Bij lage afschuifsnelheid, zijn de STZs
homogeen verdeeld door het vervormde volume. Echter, bij grotere snel-
heidsgradiënt, organiseren de STZs zich in een band: dit leidt tot de
lokalisatie van de stroming. De banden werd onderzocht door het bestud-
eren van verschillende structurele en dynamische orde parameters. Het
blijkt het fundamentele verschil ligt in hun dynamiek. Door het definiëren
van een orde parameter die zowel een ruimte- als een tijafhankelijkheid
heeft, laten we zien dat het ontstaan van de lokalisatie van de stroming
lijkt op een dynamische eerste orde faseovergang.

We hebben tevens onderzoek gedaan naar de ruimtelijke correlatie van
de deformatie en niet-affiene verplaatsing. Onze experimenten tonen aan
dat de vorming van een afschuiving transformatie zone leidt tot een lange
quadrupool wisselwerking in de deformatie. Deze lange-afstands interac-
tie tussen de STZs geeft aanleiding tot een schaalvrije deformatie van het
glas. . Bij lage snelheidsgradiënt zijn de ruimtelijke correlaties isotroop:
de interactie relaxeert op dezelfde manier in alle richtingen. Echter,
bij hogere snelheidsgradiënt, is het verval van de ruimtelijke correlaties
anisotroop, en zij zijn het sterkst in de richting van afschuiving. Dit sug-
gereert dat de symmetrie van ruimtelijke correlaties is gebroken bij hogere
snelheidsgradiënt; dit leidt dan tot de vorming van de gelokaliseerde stro-
ming.

Ten slotte hebben wij onderzoek gedaan naar de heterogene relaxatie
van een collöıdaal glas zonder deformatie. De regio’s waar deeltjes her-
schikken werden gëıdentificeerd met behulp van de meting van de re-
latieve verplaatsingen van de deeltjes. Er blijken dan meer en minder
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’actieve’ regionen te zijn in het glas. De aard en de oorsprong deze regio-
nen hebben volgt uit de bepaling van de lage frequentie modes van het
systeem met behulp van covariantie matrix van verplaatsingen. Onze ex-
perimenten tonen aan dat de zones van de structurele relaxatie sterk zijn
gecorreleerd met de quasi-gelokaliseerde, lage frequentie modi van het
systeem. Dit wijst op de structurele oorsprong van de relaxatie, en laat
zien dat het systeem inderdaad relaxeert langs de zachtste beschikbare
modi.
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