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3 Deformation modes of
colloidal glasses

3.1 Introduction

When an amorphous material is subjected to an external stress, it can
exhibit macroscopic flow. This flow can be homogeneous across the ma-
terial; however, the flow often localizes, making the material unstable
and ultimately fail. While flow instabilities are known for a long time in
geology, apparent as landslides, recent results indicate that shear band-
ing is a general phenomenon that occurs in a far wider range of amor-
phous materials ranging from molecular glasses to suspensions to foams
and emulsions [82]. For molecular glasses, thermally activated relaxation
processes lead to homogeneous flow of the glass at small applied stress
[41, 42]. However, at large applied stress, these relaxation processes do
not occur sufficiently fast, and to sustain the applied shear rate, the
glass separates into bands that flow at different shear rates. However,
the mechanism of their formation remains unclear.

3.2 Deformation of glasses

The earliest ideas on the deformation of glasses have originated from the
theoretical and experimental studies of metallic glasses [41, 42]. To a
great extent these studies were motivated by the theory of plastic defor-
mation of crystals, which is based on the dynamics of dislocations [83].
The dislocations in crystals are line defects in the crystal lattice. When a
crystal is deformed, the plastic deformation occurs by slip along a lattice
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36 3. Deformation modes of colloidal glasses

plane within an area bounded by the dislocation. This slip leads to an
irreversible shear deformation inside the dislocation loop, and the long-
range elastic strain field induced by the dislocation loop carries this shear
to the boundaries, where the shear is applied. In analogy, in metallic
glasses, shear transformation zones, which are localized regions (in space
and time) of material where the plastic activity takes place, emerged as
key to understanding the deformation of glasses [41, 42]. Experiments
and simulations [36, 37, 38, 39, 41] have shown that very similar local-
ized events occur in various dense amorphous materials, so these ideas
have been extended to study the flow of colloidal glasses and granular
materials. We briefly discuss these ideas here.

Figure 3.1: Schematic deformation map of a metallic glass. The various modes
of deformation are indicated [42].

The mechanical testing of metallic glasses reveals two modes of defor-
mation: homogeneous flow, where each volume element in the material
contributes to the deformation, and inhomogeneous flow, where the de-
formation is localized to a few very thin bands [42]. Based on the ex-
perimental data compiled from various compression tests, Spaepen [42]
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developed an approximate picture of the deformation map of metallic
glasses, which is shown in Fig. 3.1. The map shows stress on the y− axis
and temperature on the x−axis; the regions of homogeneous and inho-
mogeneous flow are labelled in the map. According to the map, at low
stresses or higher temperatures, the deformation is homogeneous and it
is very close to Newtonian viscous flow. However, at higher stresses the
deformation becomes localized to thin bands. This localization is often
attributed to a local softening of the material.

3.2.1 Theoretical models of deformation

Figure 3.2: Erying’s picture of activated transition. The rearrangements of
atoms and the energy barrier in the absence of shear (a) and in the presence
of shear (b).

Eyring’s model

The microscopic picture of a shear transformation, which is the building
block of plastic deformation in metallic glasses, is illustrated in Fig.3.2(a)
and (b). A shear transformation occurs as a result of the rearrangement
of atoms. The positions of the atoms before and after the rearrangement
are assumed to be positions of relative stability, i.e. local free energy min-
ima. In the absence of any external force, the activation energy for going
from one minimum to another is obtained from the thermal fluctuations,
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and the atomic jumps are likely to occur equally in all the directions.
However, when an external force is imposed, the energy barrier in the
direction of force is reduced, therefore the atomic rearrangements are
biased in the direction of the applied force, which leads to a flow. An
illustration of the energy barrier in the absence and the presence of an
applied shear stress τ is illustrated on the right side of Fig. 3.2(a) & (b),
respectively. If Δε0 is the strain resulting from a transformation, then
the rate of deformation γ̇ according to the transition is

γ̇ = Δε0(R+ −R−), (3.1)

where R± are the rates of forward and backward moves. In the presence
of an applied stress σ, the rates of forward and backward moves are
expressed as

R± = ω0exp [(−E0 ± σΩ0)/kT ] , (3.2)

with ω0 is a microscopic attempt frequency and Ω0 is the activation vol-
ume, which is typically 5−10 particles. Therefore, the rate of deformation
can be written as [84]

γ̇ = 2ω0Δε0exp

(
−E0

kT

)
sinh

(
Ω0τ

kT

)
. (3.3)

Spaepen’s model

An important ingredient of the above formulation is the distribution of
free volume, which is the volume available for each atom to move around
without disturbing the neighboring atoms. The shear transformations
are likely to nucleate in regions that have a large free volume because of
the weak coupling to the surrounding region. The larger the free volume,
the more likely the particle undergoes a rearrangement. According to
the free volume model proposed by Spaepen [42], the deformation rate
can be expressed as

γ̇ = Δfexp

(
−ε0ν

∗

νf

)
exp

(
−E0

kT

)
sinh

(
Ω0τ

2kT

)
, (3.4)

where Δf is the fraction of the sample that is undergoing deformation,
ν∗ is the atomic volume and νf is the average free volume of an atom.
The first term in the above expression, Δfexp(ε0ν

∗/νf ), is an estimation
of the fraction of potential sites that undergo a transformation, based on
the free volume distribution in the system.
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3.2.2 Argon’s model

Argon [41] made an important addition to Eyring’s model by arguing
that the shear transformation zones can be viewed as inclusions that
are elastically coupled to the surrounding medium. This was a major
improvement over previous models, based on the Eyring model, that
assumed shear transformations as independent events. Argon postulated
that a flip occurs when a zone elastically deforms up to some critical
strain, in the range of ∼ 2 − 4% [84, 85], at which it becomes unstable.
As discussed by Eshelby [86, 87] a shear transformation of this type in a
spherical region of size Ω0 results in increments of elastic strain energy
Δε and strain Δε0

Δε =
7− 5ν

30(1− ν)
μΔε20Ω0, (3.5)

where μ is the shear modulus. Therefore, the deformation rate for this
model can be expressed as

γ̇ = 2ω0Δε0exp

(
−Δε+ E0

kT

)
sinh

(
Ω0τ

kT

)
. (3.6)

3.2.3 Shear localization

According to the models proposed by Spaepen and Argon [41, 42], at
lower stress levels, the shear transformation zones are nucleated in regions
that have large free volume. However, at higher stress levels, an atom is
able to push the neighboring atoms to create free volume, thus leading to
local dilation. Competing with this is a relaxation process, which tends
to annihilate the extra free volume by diffusing the surrounding atoms.
When the creation of free volume is fast and the annihilation due to
relaxation is slow, the sheared regions could retain a large component of
free volume leading to localized softening. Such instabilities have been
argued to lead to shear bands in the system.
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3.3 Experimental investigations of shear trans-
formation zones

3.3.1 Bubble rafts

A bubble raft containing a disordered arrangement of bubbles of different
sizes was used as analog of metallic glasses [35]. The rafts were sheared
and they were photographed to follow the bubble motion. Reconstruction
of the images revealed that when the rafts are sheared they changed shape
by a collection of very local shear transformations. The transformations
were in the nature of either relatively equiaxed regions of about 5 bubble
diameters undergoing complex internal rearrangements or are in the form
of two-dimensional slip patches involving sharp shear translations of two
adjacent nearly close packed bubble rows. An idealization of these two
types of shear transformations are shown in Fig .3.3(a),(b). These were
the first direct visualization experiments of two dimensional model glasses
that showed localized deformations.

Figure 3.3: Idealization of the two types of shear transformations observed
in the sheared rafts: (a) a diffuse shear transformation; (b)a dislocation pair
formation [35]. (c) Shear strain and dilation field of a sheared bubble raft.
The magnitudes of the shear strains and dilation are presented as vertical and
horizontal spikes, respectively.

The bubbles were tracked in time and the local shear strain and dilation
were computed using the technique of finite differences. Typical fields of
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shear strain and dilation are shown in Fig.3.3(b). The shear strain and
dilation are plotted as vertical (positive upward) and horizontal (positive
toward the right) bars, respectively. Examination of such fields revealed
that positive shear strains are normally associated with an increment of
dilation.

3.3.2 Colloidal glasses

Figure 3.4: (a) & (b) Formation of shear transformation zones in sheared
colloidal glasses. The strain values of the particles are coded using colors. The
arrows indicates the location of formation of a STZ during a strain increment
γ = 0.03. The radial lines (dotted) in (b) shows the positive and negative
strain regions around the STZ. (c) The strain field around a circular inclusion
in an elastic matrix, which is often referred as Eshelby solution [86, 88].

The deformation of colloidal glasses was earlier investigated by Schall
and coworkers [36] using silica particles. The authors presented direct
real-space visualization of structural rearrangements that govern the flow
of glasses. The local shear strain on each particle was determined by
tracking the motion of individual particles using confocal microscopy.
The spatial map of the shear strain was observed to be heterogeneous;
the plastic deformation indeed occurred in certain localized zones that
were typically a few particle diameters wide. We present reconstructions
of local shear strain in Fig.3.4(a),(b) to show the strain patterns before
and after the formation of a shear transformation zone (STZ), respec-
tively [36]. The red spheres in Fig.3.4(b) indicate high local shear strain
associated with the formation of the shear transformation zone. During
the time step in which the shear transformation zone was formed, four
zones of negative shear strain surrounded the center region, shown in red
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in Fig.3.4(b). Such a fourfold symmetric strain distribution was argued
to be characteristic of the distortion of an elastic matrix around a volume
that undergoes a shear transformation [86]. A numerical solution of the
elastic field outside a circular inclusion is shown in Fig. 3.4(c) [88].

3.4 Flow of colloidal glasses

We study the flow of a colloidal glass by imposing shear at constant rates.
By varying the applied shear rate, we observe two modes of deformation:
a homogeneous flow at low shear rates and an inhomogeneous flow at
higher shear rates. These results are summarized in the form of a one-
dimensional deformation map as a function of shear rate in Fig. 3.5.
When the shear rate is low, the rate of thermally activated jumps is
sufficient to give rise to a homogeneous flow. However, beyond a critical
shear rate γ̇c ∼ 6 × 10−5s−1, the thermally activated processes do not
occur sufficiently fast, and to sustain the applied shear rate, the glass
separates into bands that flow at different shear rates.

Figure 3.5: Deformation map of colloidal glasses at a volume fraction φ = 0.60.
The flow is homogeneous at low shear rates, and inhomogeneous beyond a
critical shear rate. For our system the critical shear rate is γ̇ ∼ 6× 10−5s−1.
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The deformation map in Fig. 3.5 demonstrates the macroscopic de-
formation in the system. At a critical shear rate the system separates
into bands that flow at largely different shear rates i.e., particles in the
bands have largely different mobilities. This transition from homoge-
neous flow to inhomogeneous flow indicates a dynamic transition. To
gain a deeper understanding of this transition, we investigate the mi-
croscopic dynamics of the particles by decomposing their motion into
affine and non-affine components. The best affine strain tensor and the
non-affine displacement of a particle are computed using the formulation
outlined in Chapter 2. In three dimensions, the strain tensor is of third
order; its off-diagonal terms are the shear components and the diagonal
terms are the normal strain components in the system. Our focus will
be mainly on the shear component εxz, the shear component in the plane
of shear (Fig. 3.7(a)), and the dilation components. We investigate the
spatial patterns of these quantities to develop an understanding of the
shear banding transition.
Further, we define a dynamic order parameter based on the mobilities

of the particles. We show that the shear banding transition can be inter-
preted as a dynamic first-order transition that occurs in space and time
dimensions.

3.4.1 Homogeneous flow

The relaxation time (τα) of the colloidal sample (φ = 0.60) under quies-
cent conditions was measured from the mean square displacement of the
particles, Δr2(t) = 〈|r(t)− r(0)|2〉, which is shown in Fig. 3.6. On aver-
age a particle diffuses its own radius with in a time interval τα ∼ 20000s,
which we refer to as the relaxation time of the system. We observe a
homogeneous flow of the glass at a shear rate of γ̇ ∼ 10−5s−1, which is
lower than the inverse relaxation time 1/τα of the system. A plot of the
x− displacements of all the particles as a function of height, Fig. 3.7(b),
shows a linear profile, which indicates homogeneous deformation. We
track the motion of particles over a time interval of 300 s and compute
the local strain tensor and the non-affine displacement. An instance of εxz
in a 5μm thick section, parallel to the xz plane, is shown in Fig.3.8 (a).
The magnitude of the shear strain εxz of particles is indicated with color
: red and blue colors indicate positive and negative strain, respectively.
Despite the homogeneous macroscopic deformation, the local strain dis-
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Figure 3.6: The mean square displacement of the particles of the colloidal
sample (φ = 0.60) under quiescent condition. The black dotted lines is a
line of slope unity. The time scale to diffuse a distance (σ/2)2μm2 is around
τα20000s, where σ is the particle diameter.

plays a strong heterogeneity, which is a hallmark of glassy flows. The red
spots, marked using white circles in Fig. 3.8(a), are high activity zones
that are often referred to as shear transformation zones (STZ).

Figure 3.7: Homogeneous flow at low shear rate. (a) The co-ordinate axes and
the direction of shear are shown. The x− displacements of all the particles
have plotted as a function of height between the boundaries.

Current theoretical models of plasticity [37, 42, 45] assume random
occurrences of STZs. However, in a dense system such as a glass the STZs
may influence each other. This is evident from the strain distribution
around a STZ in Fig. 3.4. The formation of a STZ is observed to trigger
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Figure 3.8: Reconstruction of εxz in a 108 × 108× ∼ 5μm3 section. The
strain is computed after a time interval of Δt = 120 s (a) and Δt = 360s at
γ̇ = 1.5 × 10−5s−1. White and black circles denote the STZs formed over a
time interval Δt = 120s, 360s, respectively.

similar events in its neighborhood. Such spatio-temporal correlations
are evident in the strain patterns shown in Fig. 3.8(a),(b). The figures
show two instances of strain distribution that are computed over a time
interval of δt = 120 sec (Fig. 3.8(a)) and δt = 360 sec (Fig. 3.8(b)), using
the same initial configuration of particles. The white circles in Fig. 3.8(a)
highlight the STZs that were created during a time interval of δt = 120s,
and the black circles in Fig. 3.8(b) show the new STZs, in addition to the
old ones. A comparison of Figs. 3.8(a),(b) reveals that most of the new
STZs are created in the neighborhood of the existing STZs. We explore
such dynamic correlations in Chaps.4 and 5.
We now focus on the non-affine displacement D2, a scalar metric of

plasticity. A reconstruction of the spatial distribution of D2 in a 5μm
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Figure 3.9: Reconstruction ofD2 (a) and the number of neighbors each particle
has lost (b), in a 108× 108× ∼ 5μm3 section, for particles tracked over a time
interval of Δt = 300 s at γ̇ = 1.5×10−5s−1. The D2 (a) and neighbors lost(b)
are both represented using color.

thick section, parallel to the xz plane, is shown in Fig.3.9(a). The mag-
nitudes of D2 are represented with colors : blue color indicates zero
and red color indicates the maximum value on the scale. Similar to
the shear strain ε, the non-affine displacement D2 is localized in space,
and the zones with high non-affine displacements highlight the regions
where particles have undergone irreversible rearrangements [37]. We fur-
ther elucidate the relation between D2 and irreversible rearrangements
of particles by computing the number of neighbors lost by each parti-
cle. Generally, a particle undergoes an irreversible rearrangement when
it looses a certain number of neighbors during a transformation. The
neighbors of each particle at any instant of time t can be identified using
the method of Delaunay tessellation [89]. We then compare the neighbors
of each particle at time t and t + δt. This directly gives us the number
of neighbors lost or changed around a particle over a time interval δt.
We show a reconstruction of the neighbor loss over a time interval of
δt = 300s in Fig.3.9(b), for the same set of particle configurations used
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in Fig.3.9(a). The number of neighbors lost has been shown with col-
ors: blue indicates a loss of one neighbor and red indicates a loss of four
neighbors. From comparison of the two images in Fig.3.9, it is evident
that D2 indeed captures the irreversible rearrangements in the system.

Comparison of non-affine displacements and displacement fluctua-
tions

In Chapter 2, we introduced various definitions of non-affine displace-
ment, and displacement fluctuations. Here we compare the non-affine
displacements defined by Eq. 2.6 and Eq. 2.11, and the displacement
fluctuations defined by Eq. 2.14, to demonstrate their similarities and
differences. A reconstruction of D2, (Δrna)2 and (Δrf )2 in a 5μm thick
section, parallel to the xz plane, are shown in Fig.3.10(a),(b) and (c),
respectively. Surprisingly, all the definitions succeed in capturing the
zones of high activity, STZs, in the system. We defer the discussion on
spatial correlations of the non-affine displacements and the displacement
fluctuations to Chapter 4.

3.4.2 Inhomogeneous flow

When we impose a shear rate of γ̇ = 1 × 10−4s−1, the glass separates
into two bands that flow at different shear rates. The x− displacement
profile in Fig. 3.11 shows the coexistence to two bands that are flowing at
different shear rates. We interpret the region above z = 27μm as the high
shear band and the region below z = 23μm as the low shear band. The
dark dashed lines in in Fig. 3.11(a) denote the boundaries of the high and
low shear band. Linear fits of the displacement profile yield strain rates
of γ̇ = 2.2×10−4s−1, for the high shear band, and γ̇ = 4×10−5s−1 for the
low shear band, which differ by a factor of five. The different shear rates
in the bands should lead to different mobilities of particles in the bands.
This is evident from the mean square displacement of the particles in
the bands shown in Fig. 3.11(b), which clearly displays higher diffusivity
of particles in the high shear band (red squares in Fig. 3.11(b)). We
further substantiate this difference by presenting reconstructions of the
distribution of εxz and D2 in Figs. 3.12(a) & (b). Highly non-affine shear
transformations accumulate in the upper part, thereby concentrating the
shear deformation in this band. Often in our experiments the high shear
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Figure 3.10: Reconstruction of the non-affine displacements defined by D2

(a) and Δrna2 (b), and the displacement fluctuation Δrf
2
(c), in a 108 ×

108× 5μm3 section at γ̇ = 1.5× 10−5s−1. The irreversible rearrangements are
captured successfully in all the definitions.

band is observed near the top boundary. We associate this observation
with the asymmetry of the boundary conditions : the colloidal sample
rests in the bottom plate, whereas the top plate extends over only a part
of the area (see Fig. 2.4(c)). Therefore, the top boundary is smaller.
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Figure 3.11: (a) The displacements in the shear direction Δx is presented as
a function of the height z at a shear rate γ̇ = 1 × 10−4s−1. The dark lines
separate the high and low shear bands. Linear fits to the high and low shear
bands suggests shear rates of γ̇ = 2.2×10−4s−1, 4×10−5s−1, respectively. (b)
The mean squared displacement (MSD)(Eq.) of the particles in the high and
low shear bands. Diamonds and circles are used to distinguish the MSD of
particles in high and low shear bands, respectively.

Structural properties of the bands

Changes in the visco-elastic response can be induced by small structural
changes that lower the glass viscosity. To investigate those, we determine
the radial distribution function g(r) separately for the high and low shear
band. g(r) indicates the probability of finding two particles separated
by r. We plot g(r) separately for both bands in Fig.3.13. Remarkable
overlap is observed.
Next, we investigate density changes that are induced due to local

dilation. We divide the field of view into 3μm thick sections perpendic-
ular to z and determine the height-dependent particle density ρ(z) from
the number of particles in each slice and the volume of the slice. We
also determine the height-dependent dilation, ΔV(z), by averaging the
local dilation per particle, ΔV = 1/3 (εxx + εyy + εzz), over all particles
in the slice. We plot the density and dilation as a functions of height z
in Figs.3.13(b) & (c),respectively. While the data in Fig.3.13(c) shows
considerable dilation fluctuations for z > 30μm, no net change in the
density is observed in Fig.3.13(b). This constant density reflects the con-
stant volume boundary condition of the experiment conducted at fixed
plate separation. These results demonstrate that no obvious structural
differences can be observed between the high and low shear bands, in
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Figure 3.12: Reconstruction of εxz(a) and D2 (b) in a 108 × 108× ∼ 5μm3

section at γ̇ = 1×10−4s−1. The population of the STZs in the upper is higher
compared to the lower band.

contrast to the results of the strain correlations.
The height dependent density and dilation gives information about the

average changes that occur at given height z. To understand the local
variations, we show 80×80×5μm3 reconstructions of the distribution of
ΔV in the shear band for two different time intervals in Figs.3.14(a) and
(b). Blue spheres indicate particles whose neighborhood experiences a
local compression, while red spheres indicate particles with local dilation.
The appearance of pronounced regions of red and blue particles indicates
the existence of both dilating as well as compacting zones. Dilation and
compaction occurs with roughly equal frequency and equal maximum
amplitude of ∼ 0.3, indicating that there is no net change in the glass
density. Zones of dilation and compaction are often observed to occur
next to each other (Fig. 3.14(b) indicating a mere exchange of volume
between neighboring regions. These local density changes can be driven
by the applied shear.
According to the free volume models proposed by Argon and Spaepen
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Figure 3.13: (a)Pair correlation function of the low shear band (blue dots)
and the high shear band (red squares) are shown.(b) The density (top right)
the dilation (bottom right) values as a function of the height between the
boundaries.

[41, 42], the formation of an STZ is associated with significant dilation.
To test these ideas, we study the relation between local dilation and lo-
cal shear. We plot reconstructions of the distribution of shear strain εxz
in Figs.3.14(c) and (d). Both reconstructions show an excess of yellow
and red regions indicating the net positive strain of the sheared glass.
By comparing the distribution of dilation, Figs.3.14(a) and (b) with the
distribution of shear strain, Figs.3.14(c) and (d), we notice a weak cor-
relation between regions of dilation and regions of shear. This is further
quantified by computing the Pearson’s correlation coefficient Cr [90]

Cr =

∑
i(εxz − εxz)(ΔV −ΔV )√∑

i(εxz − εxz)2
∑

i(ΔV −ΔV )2
, (3.7)

where the summation is over all the particles in the section shown in
Fig. 3.14 and the bar denotes the mean of a quantity. The correlation
coefficient Cr takes values from −1 to 1. Values of −1 and 1 denote,
respectively, strong negative and positive correlation, while zero indicates
no correlation between the variables. Using the expression Eq. 3.7, we
obtain a value of Cr ∼ 0.01. This clearly demonstrates a very weak
correlation between the shear strain εxz and the dilation ΔV .
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Figure 3.14: Distribution of dilation and shear strain in the high shear
band (γ̇ = 2.2 × 10−4s−1). Color indicates the value of local dilation
ΔV = 1/3 (εxx + εyy + εzz) (a,b) and local shear strain εxz (c,d). a,b 7μm thick
reconstructions of the distribution of ΔV after δt = 140s (a) and δt = 210s
(b) of shear. c,d Reconstructions of the distribution of εxz after δt = 140s (a)
and δt = 210s (b) of shear. All sections are taken at a height z = 40μm.

3.5 Shear banding : coexistence of dynamic
phases

3.5.1 Dynamic order parameter

To investigate the nature of the coexisting shear bands, we identify a
suitable order parameter to characterize the particle dynamics. We seek
to establish an analogy between the shear banding transition and equilib-
rium phase transitions. Equilibrium phases are characterized by typical
values of their order parameter. Examples of order parameters are the
density for gas-liquid coexistence, or the magnetization for paramagnetic-
ferromagnetic transitions. Coexisting phases are distinguished from one
another by typical values of the order parameter. As an example, let us
consider the liquid-vapour transition. According to Gibbs’ statistical me-
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Figure 3.15: Phase coexistence of liquid and vapor mixture. The system
manifests an equilibrium first-order phase transition at pressure p = p∗. At
conditions of phase coexistence, the volume distribution function, Pp(V ) is
bimodal. The distribution function has peaks at Nv1 and Nv2, where v1 and
v2 are the volume per particle in the liquid and vapor phase, respectively [91].

chanics of equilibrium phase transitions [92], for a system of N particles
at a pressure p, the volume V is taken as an order parameter and the mi-
crostates are the points in configuration space, x = (r1, r2, ..., rN), where
the vector ri denotes the position of the particle i. Different phases, such
as liquid and vapor, are distinguished from one another by the typical size
of V . The two phases: liquid and vapor, are distinguished by the typical
size of volume V occupied by a number of molecules in these phases. The
system undergoes a first-order phase transition at some pressure p = p∗.
At this value of the pressure, two phases coexist with respective volumes
per particle v1 and v2. The distribution function for the order param-
eter V at p = p∗ is bimodal, as shown in Fig.3.15. The two peaks in
the distribution function, Pp∗(V ), correspond to the volumes of the two
equilibrium phases, Fig.3.15 [91].
In contrast to equilibrium situations, in which macroscopic quantities

are time independent, however, the flowing glass evolves in time. In fact,
Fig.3.11(b) suggests that the major difference between the shear bands
is their dynamic evolution in time. To account for this time evolution,
we go beyond the traditional equilibrium approach and include time as
an extensive variable to define a dynamic order parameter [30, 91]. This
allows us to identify broken symmetries in space-time in analogy to equi-
librium phase transitions that manifest as broken symmetries in space.
Similar to equilibrium systems, the coexisting dynamic phases should be
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Figure 3.16: Distribution of squared displacements Δr2, taken over time in-
tervals of Δt = 360s (circles) and Δt = 840s (diamonds).

distinct from one another by distinct values of the dynamic order pa-
rameter. At phase coexistence, the distribution of such dynamic order
parameter should show two distinct peaks.
To compute a dynamic order parameter for our system, we take ad-

vantage of the full three-dimensional particle trajectories. We first sub-
tract the mean flow that is superimposed on the particle motion. For
each time step, we subtract the height-dependent average displacement
〈Δr(t)〉z from the displacement of each particle to obtain its diffusive
motion Δr′i(t) = Δri(t) − 〈Δr(t)〉z. We use these diffusive trajectories
Δr′i(t) to identify a proper dynamic order parameter. As a first attempt,
we determine the distribution of squared displacements Δr′2i . We show
the frequency of Δr2 values as a function of the normalized squared dis-
placement Δr2/ < Δr2 > for two different time intervals in Fig. 3.16.
The data indicates a single decay for both time intervals; no bimodal dis-
tribution is observed that would indicate the coexistence of two dynamic
phases. Next, we determine the total time-integrated squared displace-
ment [91],

K = Δt
N∑
i=1

τ∑
t=0

|Δr′i(t+Δt)−Δr′i(t)|2, (3.8)

which is extensive in both space and time. We determine values of K
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for sub-ensembles by dividing the field of view into 0.5μm thick sections
perpendicular to the z-direction and calculating the value of K for each
section. Each section contains roughly 2000 particles. For each particle,
we determine the time-integrated displacement by adding its squared
displacements over all time intervals Δt during the observation time τ .
Here, Δt is the time between subsequent image stacks. We then add the
time-integrated squared displacements of all particles in a given section,
and we assign the total time-integrated squared displacement to the sec-
tion under consideration. This way, we obtain values of K for ∼ 1000
sections.

3.5.2 Co-existence of dynamic phases

Figure 3.17: Probability distribution function of K values. a-d, Distribution of
order parameter values K, determined for observation time intervals τ = 105s
(b) 315s (c), 665s (d) and 805s (e).
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We plot the frequency of K values as a function of the normalized
magnitude K/ < K > in Figs. 3.17a-d. Remarkably, with increasing ob-
servation time, two peaks emerge and sharpen. These peaks demonstrate
the coexistence of two dynamic phases in four-dimensional space-time. At
short observation times or small spatial extensions of the system, strong
fluctuations dominate, and the peaks are not resolved. With increas-
ing observation time, however, two peaks become distinct and sharpen,
indicating the coexistence of two dynamic phases.
These two peaks are directly connected to the coexisting shear bands.

To elucidate this, we determine distributions of K separately for z <
23μm and z > 28μm, and plot these distributions together with the full
distribution in Fig. 3.18. Both distributions, the distribution obtained
for the lower band (turquoise bars) as well as that obtained for the upper
band (red bars) show perfect overlap with the peaks of the bimodal distri-
bution of the full sample. We conclude that the two peaks of the bimodal
distribution demarcate K values of the high and low shear bands, indi-
cating that the two bands can be considered different dynamic phases. In
our case here, the driving field for this transition has been an externally
applied shear.

Figure 3.18: Order parameter distribution in shear band and static band.
Distribution of the order parameter K after τ = 805s for horizontal sections
within z = 0 − 50μm (blue bars), z = 0 − 25μm (turquoise bars), and z =
25− 50μm (red bars).



3.6 Conclusions 57

3.6 Conclusions

Our experiments show that colloidal glasses can be used as models to
study the dynamics of a glass that is subjected to a shear deforma-
tion. Similar to metallic glasses, the colloidal glasses display two dif-
ferent modes of deformation : a sudden transition from homogeneous to
inhomogeneous deformation happens above a critical shear rate γ̇c. At
low shear rates, every particle in the bulk of the material undergoes plas-
tic deformation. However, beyond a critical shear rate, which is of the
order of the inverse relaxation time of the system τα, the glass separates
into bands that flow at different rates. We have shown that this shear
banding results from the accumulation of STZs into a band.
The STZs are successfully captured using a scalar non-affine displace-

ment D2. In contrast to the assumptions of conventional plasticity theo-
ries, we find that shear transformations do not occur independently, but
display spatio-temporal coupling. The network of positive and negative
strain zones are a direct consequence of the solid-like elastic properties
of the colloidal glass. The formation of a shear transformation induces a
complex quadrupolar strain field around it. This influences neighboring
sites and can trigger new STZs.
The transition from homogeneous to inhomogeneous flow occurs at a

critical shear rate γ̇ = 6× 10−5s−1 ∼ τ−1α . The shear bands do not show
any obvious differences in their structural properties : the pair correlation
function of both bands overlap perfectly, the height dependent density
and the dilation profiles do not show any clear signatures of local dilation.
This implies that the structure of the glass is least affected due to shear,
for the range of low shear rates (γ̇ ∼ 1.5× 10−5 − 1× 10−4s−1) explored
in our experiments. The spatial distributions of the local shear strain εxz
and the local dilation ΔVxz shows only a weak correlation between them.
These results are surprising in view of the suggestions made by Argon
and Spaepen [41, 42].
We show that the difference between the bands lies in their dynamics.

Motivated by recent studies [30, 91], we define a dynamic order parameter
that is extensive in both time and space. On the basis of this dynamic
order parameter, we show that shear banding is reminiscent of a dynamic
first order transition that occurs in space and time.
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