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5
Anisotropic scaling of
strain correlations in

sheared colloidal glasses

5.1 Introduction

Amorphous solids are ubiquitous in nature in various forms, and they
have a variety of industrial applications. However, our understanding of
the deformation of amorphous solids is far from satisfactory. Simulations
and experiments have so far established that amorphous solids flow as a
net result of localized rearrangements of particles, which are termed shear
transformation zones [35, 36, 37, 38, 40]. Most conventional theories of
plasticity are based on the notion that plastic events are uncorrelated
and random [37, 42, 45]. However, recent quasi-static shear simulations
of amorphous solids have revealed long-range correlations between the
shear transformations, that leads to formation of avalanches [38, 39, 54].
In addition, these simulations have revealed a strong anisotropic scaling
of the microscopic strain fluctuations [48]. However, real experiments
are generally performed at finite shear rates and finite temperatures; the
effect of such realistic conditions on the size of the plastic events and the
anisotropy of fluctuations have so far remained unclear [120, 121, 122,
123]. Much of our understanding of this topic stems from simulations,
that often suffer from limitations of system size and time scales. Here, we
use dense colloidal suspensions (φ = 0.60) to investigate the microscopic
strain and non-affine displacement fluctuations in large system sizes, at
finite temperatures and shear rates.
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78 5. Anisotropic scaling of strain correlations in sheared colloidal glasses

Colloidal glasses offer the unique opportunity of studying the deforma-
tion of glasses over a range of shear rates. This allows us to investigate
fluctuations in the thermally activated (1/γ̇ > τα) and the strongly driven
(1/γ̇ < τα) regimes. In the thermal regime, the relaxation is dominantly
due to thermal activation; however, in the driven (athermal) regime, the
relaxation is dominated by shear induced events. Here, we investigate
the anisotropic features of the fluctuations and their spatial correlations
across these two regimes of flow in glasses.

5.1.1 Experimental and simulation studies of anisotropy

Various simulations and experiments have investigated the effect of shear
on the isotropy of the fluctuations. Some of the earliest simulations
were performed on supercooled liquids by Yamamoto and Onuki [110].
The authors showed that the mean square displacements in the x, y
and z directions are close to one another, Fig.5.1(a), indicating that the
mean displacement of the particles is isotropic. Experimental studies
using dense colloidal suspensions, similar to ours, but in the supercooled
regime, did not reveal any anisotropy either [126]. The authors identified
clusters of cooperatively moving particles based on the diffusive motion,
and estimated their spatial extent along various directions. The clusters
were reported to be isotropic, as shown in Fig.5.1(b).
Recently, fluctuations in sheared colloidal glasses were studied by Eisen-

mann and coworkers [127]. They define a Peclet number as the product
of the shear rate (γ̇) and the Brownian time scale (τB, Eq. 2.4), which
is in the range of 0.01 − 0.1 for their experiments. They reported the
size of the cooperatively moving regions as 3− 4 particle diameters, and
an absence of anisotropy over a decade of shear rates. The effect of
shear on colloidal suspensions was claimed to be equivalent to fluidizing
the system by raising the temperature. Similar conclusions about the
anisotropy were made in the experiments of sheared colloidal glasses by
Besseling and co-workers [115]. Their experiments probed the glass over
two decades of Peclet number, ranging from Pe ∼ 0.003−0.3. These Pe
numbers are once again based on the Brownian time scale.
In contrast to these studies, recent simulations of sheared supercooled

liquids have shown the existence of Newtonian and non-Newtonian regimes
[111]. In the Newtonian regime, the cooperative dynamics, studied us-
ing four point correlations, displayed strong heterogeneity in space, but
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Figure 5.1: (a) The mean square displacements of the x, y, and z components
in sheared supercooled liquids at various shear rates [110]. Different curves
denote different shear rates. They are very close to one another even in strong
shear γ̇τα. This demonstrates surprising isotropy of the distribution of the non-
affine displacements. The different curves correspond to different shear rates.
(b) Cluster extent in x, y, and z directions in sheared colloidal suspension
[126]. Particles with the largest non-affine motion D2

min are shown. Symbols
represent different volume fractions: φ = 0.51 (circles), 0.56 (triangles), and
0.57 (squares). Colors (from light to dark) represent different accumulative
strains γ = 0.3–0.9. The clusters are comprised of the top 20% of the particles
with the given characteristic.

remained isotropic. However, in the non-Newtonian regime, which is
marked by shear-thinning behavior, strong anisotropic cooperative mo-
tion of particles were reported. Athermal, quasi-static shear simulations
of two-dimensional amorphous solids have also revealed strong anisotropic
scaling of vorticity fluctuations [48]. An example of the spatial pattern
of vorticity (ω = ∂yux − ∂xuy) in 2D is shown in Fig.5.2(a); the angu-
lar dependence of ω is clearly visible. To highlight this angular depen-
dence, the authors computed the power spectrum S(q) of the Fourier
transform of ω in different directions (Fig.5.2(b)). The data shows that
the power spectrum exhibits always a power-law decay, however with
a direction-dependent exponent. This indicates that the vorticity field
exhibits anisotropic scaling.
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Figure 5.2: Deformation of a two dimensional amorphous solid in a computer
simulation [48]. (a)Gray scale image of the vorticity ω = ∂yux − ∂xuy, where
u is the displacement, of a strained 2D system in steady state. The gray
scale is linear and ranges from −0.2 (black) to +0.2 (white). (b) Variation
of log10S(q, θ) with log10(q) along different directions θ, where S(q, θ) is the
power spectrun of the Fourier transform ω(q) and θ is measured with respect
to the x− axis. The symbols are used to distinguish different directions.

5.2 Probability distribution function of non-
affine displacements

The relative significance of the thermal induced relaxation and shear in-
duced relaxation is captured by the Pećlet number, which is generally
defined as Pe = γ̇τB (Eq. 2.4). This relationship is relevant only in the
dilute limit. However, colloidal glasses are dense suspensions that ex-
hibit long relaxation time. To accurately capture the slow relaxation of
glasses, we have defined a modified Peclet number (Pe∗ = γ̇τα), which
is the product of shear rate and structural relaxation time. The ther-
mally activated regime corresponds to Pe∗ < 1, while the strongly driven
regime corresponds to Pe∗ > 1. Therefore, the critical number Pe∗ = 1
corresponds to the cross over from one regime to the other. We investi-
gate the effect of shear on the anisotropy of the microscopic fluctuations,
in both regimes, by studying the moments of the probability distribution
function (PDF) of the non-affine displacement (Eq.2.4).
We study the PDFs of the non-affine displacement in the shear direc-

tion, Δxna, as this component is more likely to be affected by shear. The
normalized probability distribution functions (PDFs) of Δxna for differ-
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Figure 5.3: Anisotropy of the non-affine displacements in the shear direction.
(a) Probability distribution function of Δx at different shear rates. The distri-
bution are normalized such that the mean is zero, the variance is unity and the
maximum of the function is unity. The (∗) and (◦) symbols are for shear rates
γ̇ = 1.5×10−5s−1, 2.2×10−4s−1. Dark-dashed line is a Gaussian distribution
of zero mean and unit variance. (b) Skewness (κ3) of probability distribution
function of Δx as a function of time interval Δt, at various shear rates.

ent shear rates are shown in Fig.5.3(a). We have focussed on the shear
rates γ̇ = 1.5×10−5s−1, 2.2×10−4s−1 that correspond to Pe∗ = 0.3, 4.4,
respectively. Since the flow is inhomogeneous beyond a critical shear
rate γ̇c, we have considered only the high shear band that flows at
γ̇ = 2.2 × 10−4s−1 (Fig. 3.11(a)). The PDF of Δx in Fig. 5.3 ap-
pears symmetric for γ̇ = 1.5 × 10−5s−1. However, at a higher shear
rate γ̇ = 2.2× 10−5s−1, the PDF is asymmetric; the positive tails decay
faster than the negative tails. These results apparently indicate that the
fluctuations of Δxna are anisotropic in the strongly driven regime.
We further quantify the asymmetry of the distributions by studying

their skewness. Skewness is the third moment of a probability distribu-
tion, which is defined as

κ3 =
1

N

N∑
i=1

[
Δxna

i −Δxna

σ

]3
, (5.1)

where σ is the standard deviation and Δx is the mean of the distribution.
The skewness value can be positive or negative. Qualitatively, a negative
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skewness indicates that the tail on the left side of the PDF is longer than
the right side. A positive skewness indicates that the tail on the right
side is longer than the left side. A zero value indicates that the values are
relatively evenly distributed on both sides of the mean, typically but not
necessarily implying a symmetric distribution. We have computed the
skewness of the PDF of Δxna as a function of time interval Δt over which
the displacement Δxna is evaluated. This is shown in fig.5.3(b) at various
shear rates. It is to be noted that γ̇ = 4×10−4, 2.2×10−4s−1 correspond
to the high and low shear bands shown in Fig.3.11(a), respectively. The
value of κ3 for γ̇ = 1.5 × 10−5, 3 × 10−5s−1 and 4 × 10−5s−1 fluctuates
around zero. However, at a higher shear rate, γ̇ = 2.2×10−4s−1, the value
κ3 is significantly negative, which distinctly demonstrates the anisotropy
of fluctuations. These results are revealing, especially, when we examine
the Peclet number corresponding to different shear rates. The shear
rates γ̇ = 1.5× 10−5, 3× 10−5s−1, 4× 10−5s−1, 2.2× 10−4s−1 correspond
to Pe∗ = 0.3, 0.6, 0.8, 4.4. Evidently, the fluctuations become anisotropic
when the Pe number exceeds unity, which is the onset of shear induced
relaxation.

5.3 Spatial correlations and circular harmonics

We further investigate the anisotropic properties of microscopic fluctua-
tions by studying the spatial correlation functions of microscopic strain
and non-affine displacement fluctuations. The method of computing the
microscopic strain and the non-affine displacement (D2) was introduced
in Chapter 2. Their spatial correlation functions are defined according
to Eq. 4.9. This definition allows us to visualize the spatial correlations
not only as a function of distance δr, but also as a function of angle.
Since glasses are out of equilibrium, the spatial correlations are time de-
pendent. They depend on the time interval δt that is used for computing
shear strain and non-affine displacements. We will focus on short time in-
tervals here, for which the probability distribution function shows strong
spatial correlations (Fig. 4.5(b)).
In general, the correlation function (Eq. 4.9) is dependent not only on

the separation δr, but also on the orientation of Δr. We will investigate
the direction dependence of correlations using two different methods : the
projection on circular harmonics and the use of angular wedges. These
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(a) (b)

Figure 5.4: (a) Polar representation of circular harmonics. The harmonics
l = 2, 3, 4 are represented by lines of colors red, blue and black, respectively.
(b) Angular bins in polar representation.

methods will be described below.

5.3.1 Projection onto circular harmonics

A systematic method of disentangling the isotropic and anisotropic con-
tributions is based on expansion of the correlation function using circular
and spherical harmonics in two and three dimensions, respectively. We
restrict our study to circular harmonic functions (Fig. 5.4(a)) to describe
the anisotropy of strain correlations in the plane of shear. To do so, we
restrict the correlation function to the plane δy = σ/2, where σ is the
diameter of the particle, and project it onto circular harmonics :

CA(δx, δy = σ/2, δz) =
l=∞∑
l=0

pA,l(δr) cos(lθ), (5.2)

where the index A = εxz, D
2, and l denotes different harmonics of the

cosine function. The entire physics of the correlation function is captured
in the projections pA,l(δr). The isotropic contribution is given by the
projection corresponding to l = 0, and the projections of increasing l
represent anisotropic contributions. These projections reveal the modes
that are excited due to shear, and the symmetries of the deformation
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field. In particular, we investigate the change of the symmetry of the
correlation function when the shear rate is gradually increased from the
thermally dominated regime to the shear dominated regime. The decay
of different projections should also shed light on the anisotropic scaling
(if any) of the correlation function.

5.3.2 Angular wedges

An alternative approach of identifying anisotropic scaling is based on
determining the correlation function as a function of the phase angle
θ = tan−1(δz/δx) [48]. We consider angular bins as shown in Fig.5.4(b)
to find the angular dependence of the spatial correlations. To reduce the
effect of noise, we average the results over angular bins of width π/18.

5.4 Anisotropy of spatial correlations

5.4.1 Homogeneous flow

Figure 5.5: Homogeneous deformation at a shear rate of γ̇ = 1.5 × 10−5s−1.
(A) Particle displacements along the direction of shear during the time interval
δt = 5 min. The height-dependent mean displacement (red dashed line) varies
linearly between the boundaries demonstrating homogeneous flow. (B) 7μm
thick reconstruction of the distribution of incremental shear strain during the
time interval δt = 5 min. Particle color indicates the value of εxz. Zones of
high εxz (arrows) demarcate largely irreversible shear rearrangements known
as shear transformation zones[36, 37, 41].

The macroscopic deformation at a low shear rate (γ̇ ∼ 1.5×10−5s−1) is
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homogeneous, which is illustrated by a linear profile of the displacements
dx between the boundaries, in Fig.5.5(a). A real space distribution of the
local shear strain εxz, in a 7μm thick section parallel to the plane of shear,
is shown in Fig. 5.5(b). The local strain distribution is heterogeneous;
red regions in Fig.5.5(b) indicate zones where the shear strain is localized
and irreversible rearrangements occur, often referred to as shear transfor-
mation zones [36, 37]. The network of positive and negative strain zones
is a consequence of the long-range elastic correlations in dense glasses.
We illustrate these long range correlations by determining the correlation
function using the absolute values of the strain. We average the corre-
lation function over all the angles (directions) and plot the magnitude
of C|εxz | as a function of the scalar distance δr =

√
Δx2 +Δy2 +Δz2 in

Fig. 5.6(a). A remarkable power-law decay is observed. This decay is
truncated at δr/σ ∼ 50, the vertical system size. These results are di-
rect evidences of the long-range correlations in the flow of dense colloidal
glasses.
The pattern of positive and negative strain zones in Fig. 5.5(b) are

de facto first impressions of anisotropic strain correlations; the strain
fluctuations seem to have a preferred orientation with respect to each
other. We quantify this angular dependence by studying the projections
pεxz ,l(δr) (Eq. 5.2) of Cεxz . The four lowest orders l = 0..4 of pεxz ,l are
shown as a function of δr in Fig. 5.6(b); the inset shows the same data
on a linear scale. The double logarithmic representation shows that the
most dominant contribution comes from l = 4 that has a quadrupolar
symmetry (Fig.5.6(b)). This quadrupolar symmetry is reminiscent of the
strain field around a spherical inclusion [86]. Contribution with l = 2 and
l = 0 are also present, however, with much lower amplitude. Remarkably,
all the projections of the strain correlation function display a power-
law decay. The best power-law fit of pεxz ,4(δr) gives an exponent α ∼
−1.2. The low signal-to-noise ratio in other projections prevents us from
accurately measuring their exponents. These results point to the strong
anisotropic features of the shear strain correlations.
We also present the projection of CD in order to identify the anisotropic

features of non-affine displacement fluctuations, Fig. 5.6(c). The dom-
inant projection appears to be the one for l = 0, pD,0(δr), indicating
the strong isotropic feature of the non-affine displacement fluctuations.
Higher harmonics with l = 2, 4 are also excited, however, with lower
amplitudes. This demonstrates the existence of anisotropic features of
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Figure 5.6: Spatial correlations of the fluctuation in the homogeneous flow
shown in Fig.5.5. (a) The spatial correlation of C|εxz |(δr) as a function of
distance in a double-logarithmic representation. The correlation function is
obtained by averaging over all the angles in three dimensions. (B) & (C)
Projections of the shear strain correlations pεxz ,l (B) and non-affine displace-
ment correlations pD,l(δr) presented on a double-logarithmic scale. Different
symbols are used to denote distinct circular harmonics of degree l. The insets
shows the same data on a linear scale. (D) Spatial correlations of the non-affine
displacements obtained using angular bins of width π/18 around an angle θ.
The different symbols denotes the angle around which correlation functions
were computed. The correlation functions decay with the same exponent in
direction of shear (θ = 0) and the direction perpendicular to it θ = π/2.
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CD. Interestingly, the projections of l = 0 and l = 4 display a power-law
decay as a function of δr. A best fit of the projections pD,l=0,4(δr) gives
the exponents α ∼ −1.3,−1.2, respectively. The decay of the projec-
tion pD,2(δr) is particularly interesting because a positive value indicates
stronger correlations in the direction of the shear, and a negative value
indicates stronger correlation in the direction perpendicular to shear. We
observe that pD,2(δr) is positive for δr/σ < 5, and it undergoes a sign
change for higher values of δr. Such oscillations prohibits us from deter-
mining the relative importance of the correlation in these two directions.
We overcome this difficulty by computing the correlations in angular

bins. We choose the angular bins of width π/18, around the angles θ = 0
and π/2. The decay of the correlation function CD along these two direc-
tions is shown in Fig. 5.6(d). Surprisingly, the correlation Cθ

D(δr) decays
with the same exponent α ∼ −1.3 and amplitude in both directions.
Despite the strong anisotropic contributions of the correlation function,
the exponent is independent of direction.

5.4.2 Inhomogeneous flow

Figure 5.7: Different stages of deformation of an inhomogeneous flow. (A) &
(B) Particle displacements along the direction of shear during the time interval
δt = 3 min during the transient state (A) and steady state (B) of deformation.
The deformation is homogeneous in the transient state before it undergoes a
transition to inhomogeneous flow in the later stages of deformation. The
displacement profile in (B) shows the colloidal glass flowing at two different
shear rates.

The macroscopic deformation of the colloidal glass displays a tran-
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sition from homogeneous to inhomogeneous flow when the shear rate
exceeds a critical value γ̇c ∼ 6 × 10−5s−1. The corresponding Peclet
number is Pe∗ ∼ 1. So, this transition signals a cross over from the ther-
mal activation regime Pe∗ < 1 to the shear induced activation regime
(Pe∗ > 1). We now investigate the anisotropy of the spatial correlations
in the inhomogeneous flow obtained at a shear rate γ̇ ∼ 1×10−4s−1. The
displacement profiles during two different stages of the deformation : a
transient state and a steady state, are shown in Fig. 5.7(a) and (b), re-
spectively. Apparently, the macroscopic deformation is homogeneous in
the transient state before the shear bands manifest themselves. We study
the fluctuations of the transient state to establish a connection between
the anisotropy of the spatial correlations and the onset of the inhomo-
geneous flow. The projections of the shear strain correlation pεxz ,l(δr) in
Fig. 5.8(a) illustrate the excitation of even harmonics l = 2, 4, similarly
to what is observed in Fig. 5.6(b), however, the amplitude of the projec-
tion pεxz ,2(δr) is enhanced for inhomogeneous flow. A best fit of the data
yields the exponents α ∼ −1 and α ∼ −1.2 for pεxz ,2(δr) and pεxz ,4(δr),
respectively. Apparently, the projections of the harmonics l = 2 and
l = 4 decay with different exponents, and it suggests anisotropic scaling
of strain fluctuations.
Correlations of the non-affine part display even stronger anisotropic

scaling. The four leading projections of CD for inhomogeneous flow
are shown in Fig. 5.8(b). The projections display a power-law decay
with the distance δr, however, the associated exponents appear to be
different. A best fit of the projections pD,l=0,2,4(δr) yield exponents
α ∼ −0.4,−1.2,−1.9, respectively. The exponents are evidently de-
pendent on the degree of the harmonics, suggesting a strong anisotropic
scaling of the projections. In addition, the magnitude of the projection
pD,2(δr) is positive, which is an indication of enhanced correlations in
the direction of the shear, compared to the direction perpendicular to
it. Apparently, shearing the glass at higher rates leads to excitation of
certain harmonics, which in this case is mainly l = 2.
We further substantiate this observation by computing correlations

in the two directions using angular bins, Fig. 5.8(c). We observe that,
contrary to the homogeneous flow (Fig. 5.6(d)), correlations in the two
directions show very distinct decays, a slower decay in the direction of
shear (θ = 0) and faster decay perpendicular to it (θ = π/2). Separate
fits to the data yield scaling exponents of α ∼ 1.1 in the shear direction
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Figure 5.8: Spatial correlations of the fluctuations in the transient state of
inhomogeneous flow shown in Fig 3a. (A) & (B) Projections of the shear
strain correlations pεxz ,l (B) and non-affine displacement correlations pD,l(δr)
presented on a double-logarithmic scale. Different symbols are used to denote
distinct circular harmonics of degree l. The insets shows the same data on a
linear scale. (D) Spatial correlations of the non-affine displacements obtained
using angular bins of width π/18 around an angle θ. The different symbols
denotes the angle around which correlation functions were computed. The
correlation functions decay with different exponents in direction of shear (θ =
0) and the direction perpendicular to it θ = π/2.

and α ∼ 1.4 in the perpendicular direction. We hypothesize that this
bias in the shear direction leads to the formation of shear bands in the
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later stages of deformation. While these results are obtained during the
transient stages, before the shear bands develop, the anisotropic scaling
of correlation functions persist in the steady state, when the shear bands
are fully developed.
These results are interesting when we compare them with the simu-

lation results of athermal systems. Since athermal systems are at zero
temperature, their time scale (τα) of structural relaxation is infinite, and
Pe∗ >> 1. A few examples of athermal systems are granular materials,
emulsions and foams. Quasi-static shear simulations of athermal systems
have revealed anisotropic power-law correlations of the vorticity field.
Moreover, the scaling exponent and amplitude varied systematically with
direction, showing that in these athermal systems, strong direction de-
pendence of the decay of correlation prevails (Fig. 5.2(b)). However, these
simulations do not asses the effect of finite temperature and finite shear
rates. Our experiments on colloidal glasses provide insights into these
issues. They allow us to investigate the correlations in thermally dom-
inated and shear dominated regimes. In the thermal regime, the strain
and non-affine displacement correlations are anisotropic, however, their
decay along different directions is characterized by a single exponent. On
the other hand, in the athermal regime the decay of the correlations is
strongly dependent on the direction.

5.5 Conclusions

We have studied the microscopic fluctuations in both thermal and ather-
mal regimes of sheared colloidal glasses. A modified Peclet number, de-
fined as the product of applied shear rate and relaxation time of the glass,
is used to identify the transition between thermal and athermal regimes of
the flow. In particular, we have investigated the probability distribution
function of the non-affine displacements Δxna over a range of shear rates.
The probability distribution is symmetric at low shear rates; however, the
distributions become asymmetric at higher shear rates. This change in
symmetry is quantified using a skewness parameter, κ3, the third moment
of the probability distribution. The PDF’s of the non-affine displacement
Δxna are symmetric when the relaxation is dominantly due to thermal
activation (Pe∗ < 1), and they are asymmetric when the relaxation is
largely shear induced (Pe∗ > 1). The asymmetry of the PDFs at higher
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shear rates suggests that the effect of shear is not simply equivalent to
fluidizing the system by increasing the temperature, as suggested by the
authors [127].
Further, we have investigated the spatial correlations of microscopic

strain and non-affine displacement fluctuations in the homogeneous and
inhomogeneous flow, which correspond to Pe∗ < 1 and Pe∗ > 1, respec-
tively. The spatial correlations of strain fluctuations in the homogeneous
flow are anisotropic, however their decay in different directions is charac-
terized by a single exponent. On the other hand, the correlation functions
in the inhomogeneous flow display a directional dependence; correlations
are stronger in the direction of shear. These results demonstrates that
anisotropic scaling of strain and non-affine displacement correlations play
a central role in the formation of shear bands [48]. Although these re-
sults are obtained for colloidal glasses, they should be generic to all glassy
flows.
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