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6
Structural relaxation and
low frequency modes in

colloidal glasses

6.1 Introduction

Supercooled molecular liquids, polymers or metallic systems, when cooled
or compressed in a way so as to prevent crystallization, undergo a glass
transition. The transition to the glassy state is characterized by the
slowing down of the dynamics of the system accompanied by a spectac-
ular increase in the viscosity, to values on the order of ∼ 1013Pas. Both
features are usually attributed to the fact that the motion of individ-
ual molecules or particles become arrested due to the presence of the
cage formed by neighboring particles. However, on longer timescales the
particles escape from their cages, leading to the relaxation of system.
In recent experiments on colloidal glasses, the motion of individual par-

ticles was followed using confocal microscopy to investigate such cage re-
arrangement events in quiescent [24, 128, 129] as well as sheared [36, 130]
systems. It was found that the particle dynamics is very heterogeneous in
the sense that some regions exhibited much stronger activity than others:
some small parts of the system are more susceptible to rearrangements
than others.
Perhaps one of the main questions about glassy dynamics is then how

to understand and eventually predict the relaxation events that involve
rearrangements of molecules or particles. One clue comes from recent
computer simulation studies of supercooled liquids, which suggest that
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94 6. Structural relaxation and low frequency modes in colloidal glasses

more susceptible regions result from localized ‘soft’ (i.e., low frequency)
modes of the system [32, 61]. The existence of soft modes in glassy
systems is a subject of much interest lately [4, 58, 60, 131, 132], as they
are related to the anomalous low temperature properties of glasses. Using
normal mode analysis, their existence has been reported recently in a few
experiments on colloidal glasses [4, 58, 126]. However, there are very little
experimental evidences that connect such events with the low frequency
modes in colloidal glasses [133].
In previous chapters we have studied the plastic rearrangements in a

sheared colloidal glasses. Here, we study the particle rearrangements in
a quiescent colloidal glass. We show that their origin is related to the
low frequency soft modes in the system using normal mode analysis. The
low frequency modes, obtained over short time scales, show strong spatial
correlation with the rearrangements that happen on much longer time
scales.

6.2 Normal modes

In this section we describe the normal mode analysis that was essen-
tially developed to understand the vibrations of crystalline solids. The
crystalline solids are characterized by an ordered array of tightly bound
atoms or molecules, whereas the amorphous solids, like glasses, are char-
acterized by a disordered arrangement of them. Nevertheless, certain
concepts and ideas that were developed for crystals [56, 57] have been
extended to understand noncrystalline solids as well. Here, we outline
the concept of the dynamical matrix for crystals.
Almost all the thermodynamic properties e.g., specific heat, thermal

conductivity of solid substances are described based on the theory of lat-
tice dynamics [56, 57]. The general picture of vibrations in solids is that
the atoms or molecules move back and forth around their equilibrium po-
sitions, driven by their thermal energy. The elastic restoring force arises
due to the interactions with the neighboring atoms. We continue dis-
cussing a few related concepts like the dynamical matrix and the density
of states in the sections below.
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6.2.1 Dynamical matrix

Consider a small amplitude vibration of atoms around their mean posi-
tion so that the potential energy V of the lattice can be expanded in a
Taylor series in powers of the atomic displacement u(R) [56, 57]. Thus

V = V0 +
∑
R

∑
μ

Vμ(R)uμ(R) + 1/2
∑
R,R′

∑
μ,ν

uμ(R)Vμν(R,R′)uν(R
′)

(6.1)
where V0 is the potential energy of the lattice corresponding to the equi-
librium configurations of the atoms, which can be set equal to zero with-
out any loss of generality. Further it follows from Eq. 6.1, that

Vμ(l) =
∂V

∂uμ(R)
|0 (6.2)

Vμν =
∂2V

∂uμ(R)∂uν(R′)
|0, (6.3)

where the subscript zero indicates that the derivatives are evaluated at
the equilibrium sites, R,R′ refers to the lattice sites and μ, ν are the
cartesian components of displacements. Vμ(R) is the negative of the μ-
component of the force on the atom situated at R. From the definition
of equilibrium, the force acting on each atom at its equilibrium position
must vanish. Therefore,

Vμ(R) = 0. (6.4)

Thus Eq 6.1 simplifies to

V =
∑

R,R′,μ,ν

Vμν(R,R′)uμ(R)uν(R
′). (6.5)

In writing Eq. 6.5, we have neglected terms of order higher than two in
the displacement. This is called the harmonic approximation. To connect
this potential energy of the lattice with the equation of motions of the
atoms, let us write down the Lagrangian of the system,

L = T−V = 1/2M
∑
R,μ

u̇2
μ(l)−1/2

∑
R,R′,μ,ν

Vμν(R,R′)uμ(R)uν(R
′), (6.6)

where m is the mass of the atom and the dot over u denotes the time
derivative. From the equation of motion,

d

dt
(

∂L

∂u̇μ(R)
) =

∂L

∂uμ(R)
(6.7)
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We obtain,

Müμ = −
∑
R′

Vμν(R,R′)uν(R
′) (6.8)

In matrix form the above equation can be written as,

ü = Du, (6.9)

where D is the dynamical matrix [56, 57] - the elements of which are
given by

Dμν =
1√
M

Vμν(R,R′). (6.10)

Now, in Eq. 6.8 −Vμν(R,R′)uμ(l
′) represents the force exerted in the

μ-direction on the atom at R due to the displacement uμ(R
′) of the

atom at R′ in ν-direction. Thus D contains information about the local
force constants between any two interacting lattice sites. However, due
to the singularity in the interaction potential of an ideal hard sphere
system, the dynamical matrix cannot be defined in the above way. In
the present experiments we have direct access to the position of a particle
at any instant of time. Therefore, we have used the covariance matrix of
displacements [4, 58, 59, 60] to obtain the frequencies and normal modes
of the system. These ideas are outlined in the next section.

6.3 Normal modes of colloidal glasses

Two dimensional slices through a colloidal glass of φ = 0.59 are ac-
quired at a scanning speed of 10 frames per second in a field of view of
100μm × 100μm. The image plane was chosen so that it is sufficiently
∼ 25μm away from the coverslip to avoid any possible effect of confine-
ment. Images are acquired for a total period of 1200s, which results in
12000 independent snapshots. The positions of the particles are then
identified in all the frames using standard particle tracking software [80],
and linked them to construct two dimensional trajectories. The mean
square displacement (MSD) < δr2 > of the particles computed using
these trajectories is shown in Fig. 6.1. On short time scales, the rise of
the mean square displacements is due to diffusion of particles before they
start feeling the presence of their neighbors. Beyond this time scale, we
observe a plateau in the MSD where the motion of a particle is restricted
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Figure 6.1: Mean square displacement (MSD) of the particles is shown as a
function of time. Inset shows a typical trajectory of a particle that jumps from
one cage to the other.

by a shell of nearest neighbors constituting the cage. It extends roughly
up to ∼ 500s in the present experiments. On even longer timescales, at
the end of the plateau, the mean square displacement increases again,
which corresponds to a long-time diffusive behavior known as the α-
relaxation regime and is usually attributed to cage rearrangements. The
average displacement in the long-time diffusive regime is linear in time:
< δr2 >∼ t, as follows from Fig. 6.1: the data in this region is indeed
parallel to a line of slope unity.
In the long time diffusive regime significant structural rearrangements

take place, the particles start diffusing away from their immediate local
neighbors, in order to find new local equilibrium positions. We display a
2-dimensional trajectory of a particles in Fig.6.2 to illustrate the nature
of such cage breaking events where a particle typically undergoes a rapid
shift to its new position. These rearrangements are activated by the
thermal fluctuations present in the system and enable transitions from
one local minimum to another.
We investigate the collective vibrations of particles around their equi-

librium positions by performing a normal mode analysis of particle tra-
jectories over the plateau region of MSD [4, 58]. There are hardly any
rearrangements on this time scale, so we can reasonably assume that on
this time scale the particles are in local equilibrium, allowing us to deter-
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Figure 6.2: Illustration of a typical cage breaking event: a particle trajectory
for the whole period of observation 1200sec is plotted in two dimensions. Par-
ticles rattling in their initial cages breaks away and jumps to the new positions
over the period of time.

mine the normal modes of the system. To determine the collective modes,
we first obtain the displacement components of any ith particle from their
mean positions along confocal plane as, ui = (xi− < xi >, yi− < yi >),
where < xi >,< yi > are averaged over the particle trajectories during
the whole period of measurement. We then define the covariance matrix
of displacements [4, 58] as,

Dlm = 〈uμiuνj〉, μ, ν = x, y. (6.11)

Here l,m = 1, 2..2N are the matrix indices that denote both the particle
index and the cartesian components of displacements. The averaging 〈〉
has been done using 5000 frames corresponding to the plateau of MSD.
Note, that the colloidal particle display Brownian movement due to its
collision with the solvent molecules. Such motion is influenced by viscous
drag as well as the hydrodynamic interactions between the colloidal par-
ticle. The correlation matrix as defined above does not take into account
either such dissipative effects or any anharmonicity that may be present
in the system. Thus it represents a system having spatial structure and
particle interactions same as the real system under study excluding the
damping effects. However, the real and representative systems are char-
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Figure 6.3: Structure of the low frequency modes in a field of view 100 ×
100μm2. (a) Displacement vector of the lowest frequency mode. There are
regions where the colloidal particles show higher activity than the rest in the
field of view. (b) Contour plot of the particle participation ratios (pi) for
the same mode. The color indicates the magnitude of pi. This figure clearly
illustrates the quasi-localized zones of the mode.

acterized by the same correlations D as these are measured over the
plateau of MSD and therefore represents static properties.
Now, diagonalizing the above matrix gives us λm = 1, 2..., 2N eigen-

values and corresponding 2N normal modes of the system. The mode
frequencies ωm are related to the eigenvalues as,

ωm =
√
1/λm. (6.12)

All these frequencies together forms the vibrational spectrum of the col-
loidal glass under study.

6.4 Visualization of the normal modes

The Fig.6.3(a) shows an example of the low frequency modes in the
system. The displacement vector of all the particles have been displayed.
The length of the arrow indicates the amplitude of the displacement,
and its orientation gives the direction. Figure 6.3(a) suggests there are
localized regions where colloidal particles apparently show higher activity
than in the rest of the field of view. The mode structure can further
be probed by computing the local participation ratios. The degree of
localization of such modes is given by the average participation ratio
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following P (ω) = [N
∑

i(vi(ω).vi(ω))
2]−1, where vi(ω) is the eigenmode

amplitude projected onto the particle i. For extended modes P (ω) is of
order unity, independent of N . For localized or quasi-localized modes, it
scales as 1/N . As extreme cases, P (ω) = 2/3 for an ideal standing plane
wave and P (ω) = 1/N for an ideal mode involving only one particle.
We find that the lowest frequency modes show quasi-localized behavior

[134, 135, 136]. In the present system all the modes that have participa-
tion ratio below 0.35 display such quasi-localized behavior. We can then
use the spatial maps of particle participation ratio pi(ω) = v2i [32, 61] to
visualize the localized nature of these modes. A color coded contour plot
of the particle participation ratios in Fig. 6.3(b) illustrates the spatial
structure of the mode shown on the left panel of the same figure. The
color code indicates the magnitudes of the particle participation ratio
pi(ω).
We can use these normal modes to understand the relaxation events

provided their structure remains invariant with time. To test the time
invariance, we study the contour plots of the particle participation av-
eraged over the lowest 25 eigenmodes of the system. The average par-
ticipation P (ω) of all these modes are below 0.35. The contour plots
of pi where the covariance matrix Dij is evaluated over three different
intervals of time: 300s, 400s and 500s, is shown in Fig. 6.4(a),(b) & (c),
respectively. We do not see a significant change in the mode structures
for different averaging intervals, besides the slight variations in few of
the quasi-localized domains. This allows us to understand the structural
rearrangements that occur on long time scales (t ∼ τα) based on the low
frequency modes.

6.5 Origin of structural rearrangements

6.5.1 Identifying the structural rearrangements

As discussed in the previous section, on short time scales the particles
remain trapped in the cage constituted by their neighbors, however they
escape from their cages to display diffusive motion over long time scales,
Fig.6.2. The cage breaking events involve a change of neighbors, lead-
ing to irreversible rearrangements in the system. However what is not
clear from these averaged quantities is the possible heterogeneity of the
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Figure 6.4: Contour plots of particle participation ratios averaged over the low-
est 25 normal modes shown for successively three different periods of averaging
(a)300s, (b) 400s and (c) 500s over the plateau. Mode distribution largely re-
main invariant other than slight variations in few of the quasi-localized regions
in the field of view.

dynamics, as suggested by previous experiments [24]. Figure 6.1 shows a
single particle trajectory; there is typical cage rattling motion followed by
a cage rearrangement, in which the average of the center of mass changes
position. This does not happen for all particles over the observation
time, and such events can be used to see where rearrangements happen.
To investigate this, we compute the square of the relative displacements
d2
i (δt) of each particle with respect to its nearest neighbors over a time
interval Δt from the reconstructed trajectories (xi(t), yi(t)). The square
relative displacement d2

i is defined as :

d2i (Δt) =
1

n

n∑
j=1

|Δrij(t+Δt)−Δrij(t)|2 , (6.13)

where n denotes the number of nearest neighbors and Δrij(t) = ri − rj
denotes the difference vector of the particle i with respect to its nearest
neighbors j at any instant of time; this expression of d2

i is in fact moti-
vated by the non-affine measures of plasticity used in sheared amorphous
solids [37].
Figure 6.5(a) shows the probability distribution function of the square

relative displacements of the particles evaluated over a time scale of Δt ∼
1200s. The extended tail of the distribution implies the presence of the
large displacements in the system. To detect the highly mobile particles,
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(a)
(b)

(c)

Figure 6.5: (a) The probability distribution function of the relative displace-
ments di for the present suspension measured over a time interval Δt = 1200s.
The mean of this distribution is < d2i >= 0.039μm2. (b) A spatial map of the
particles where the highly mobile particle with a di > rc are shown by the red
circles along with the less active particles (pink circles). (c) Superposition of
the particles that have relative displacement d2i > rc (circles) and the parti-
cles that have lost three or more neighbors (squares). Almost all the particles
losing neighbors belongs to the regions of larger relative displacement.

we tag all those particles that undergo a relative displacement beyond a
cutoff value rc over a long time Δt = 1200s. This cutoff rc = 0.06μm2

is 1.5 times the mean of the above distribution. The spatial distribution
of the particles that have d2i > rc is shown in Fig. 6.5(b). Here, the red
circles refer to the particles with large d2i (> rc) in a background of less
active particles shown in pink. The particle with large d2i appear in the
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form of clusters in the field of view. Our observation shows that particles
in these regions undergo significant change in their neighborhood.

Figure 6.6: An illustration of Delaunay triangulation for a set of particles.
The particle diameter is not shown to scale.

To demonstrate this, we identify the particles that change neighbors.
The neighbors of each particle at any instant of time t can be identi-
fied using the method of Delaunay triangulation. We then compare the
neighbors of each particle at time t and t + Δt. This gives us directly
the number of neighbors lost or changed around a particle over a time
interval Δt. In simulations of supercooled liquids [32, 61], the irreversible
rearrangements were identified as particles that have lost four neighbors.
However, in experiments there are very few particles that lose four neigh-
bors over the time scale of our observation. We therefore identify those
particles that have lost three or more neighbors in our data. Figure 6.5(c)
shows a plot of these particles (squares) along with the clusters of highly
mobile particles. We observe that the particles that have lost three or
more neighbors very closely follow the regions of large relative displace-
ments. This firmly establishes that d2i is a good way to detect rearranging
regions in the system.
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Figure 6.7: Superposition of the particle participation maps and the map of
rearranging regions. The particle participation ratio is obtained by averaging
the first 25 lowest frequency modes, and the rearranging regions are identified
by selecting particles that have relative displacements d2i > rc. These rearrang-
ing clusters of particles show strong spatial correlation with the quasi-localized
zones in the normal modes.

6.5.2 Connecting the structural rearrangements and low
frequency modes

To elucidate the structural origin of the rearrangements, we compare the
spatial maps of the low frequency modes and the rearranging regions.
Figure 6.7 shows a superposition of the spatial maps of the particle par-
ticipation ratio, averaged over 25 lowest frequency modes along with the
clusters of particles with higher mobility in the field of view of 100μm2.
The ’active’ regions where rearrangements happen are concentrated on
the regions that show high particle participation ratio. To establish the
correlation between the rearranging zones identified by d2i and the parti-
cle participation ratio pi(ω), averaged over the first 25 lowest frequency
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modes, we compute the Pearson’s coefficient Cr [90]

Cr =

∑
i(pi(ω)− pi(ω))(d

2
i − d2i )√∑

i(pi(ω)− pi(ω))2
∑

i(d
2
i − d2i )

2

, (6.14)

where the summation is over all the particles in the system and the bar
denotes the mean of a quantity. Using this expression we obtain a value
of Cr ∼ 0.41. This clearly demonstrates a significant spatial correlation
between the rearranging regions and the low frequency modes obtained
from the normal modes. It is worth pointing out that the normal modes
were computed by averaging the particle motion over a time interval
Δt = 500s, and the rearranging regions were detected in the later stages,
over a time interval Δt ∼ τα = 1200s. Thus, the spatial distribution
of the normal modes represents the structure of the system much before
the rearrangements occur. This demonstrates the structural origin of
rearrangements in the system.

6.6 Conclusions

In conclusion, we have studied the structural relaxation of a dense col-
loidal glass. The relaxation in glasses occurs through rearrangement of
particles that manifests in clusters, displaying spatial heterogeneity. We
have detected such rearranging regions using the relative displacements
of particles. To understand the nature and origin of such rearranging
regions, we have computed the low-frequency vibrational modes of the
system using normal mode analysis. The spatial maps of the particle par-
ticipation ratio of the low-frequency modes reveal their quasi-localized
nature. Our analysis shows that these low frequency, quasi-localized
modes show a strong spatial correlation with the zones of structural re-
arrangements. This points to the structural origin of the relaxation, and
shows that the system indeed relaxes along the softest available modes.
Even though these results are obtained for a colloidal glass under quies-

cent condition, they should be relevant to weakly driven colloidal glasses
[36, 137]. It is known for a long time that the plastic deformation in
glasses occur in localized regions that are referred as shear transforma-
tion zones [36, 41, 42]. However, their origin remains unclear. Our results
should motivate further research along the direction of normal modes to
identify the origin of shear transformation zones.


