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ABSTRACT

Substructures of dark matter halo, called subhaloes, provide important clues to understand the nature of dark matter. We construct
auseful model to describe the properties of subhalo mass functions based on the well-known analytical prescriptions, the extended
Press—Schechter theory. The unevolved subhalo mass functions at arbitrary mass scales become describable without introducing
free parameters. The different host halo evolution histories are directly recast to their subhalo mass functions. As applications,
we quantify the effects from (i) the Poisson fluctuation, (ii) the host-mass scatter, and the (iii) different tidal evolution models
on observables in the current Universe with this scheme. The Poisson fluctuation dominates in the number count of the mass
ratio to the host of ~ ((1072), where the intrinsic scatter is smaller by a factor of a few. The host-mass scatter around its mean
does not affect the subhalo mass function. Different models of the tidal evolution predict a factor of ~2 difference in numbers
of subhaloes with < O(1073), while the dependence of the Poisson fluctuation on the tidal evolution models is subtle. The
scheme provides a new tool for investigating the smallest scale structures of our Universe which are to be observed in near future
experiments.

Key words: galaxies: haloes —cosmology: theory —dark matter.

1 INTRODUCTION

The nature of dark matter (DM) is still elusive, while the evidence for
its existence is strong [e.g. rotation curves of galaxies (van Albada
et al. 1985), bullet clusters (Clowe, Gonzalez & Markevitch 2004),
etc.]. One of the strongest, and the original motivations for DM
comes from the structure formation history of our Universe (Peebles
1982; Aghanim et al. 2020). New particles beyond the Standard
Model as well as non-particle solutions, such as primordial
black holes, which source the gravitational potential for baryonic
structures to evolve are required to explain the current structures.
Various possibilities are considered for solving this long-standing
problem (see Bertone, Hooper & Silk 2005; Bertone & Tait 2018;
Carr et al. 2021 for reviews).

The hierarchical structure of haloes that form through the grav-
itational collapse of matter overdensities is a key to access the
nature of DM. The structure formation proceeds through mergers,
accretion, and tidal stripping. Its statistical property reflects the nature
of particle DM. For example, the minimum halo mass of the halo
ranges from O(10712)-O(1073) M, depending on parameters of the
weakly interacting massive particles (Hofmann, Schwarz & Stoecker
2001; Green, Hofmann & Schwarz 2004; Loeb & Zaldarriaga
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2005; Profumo, Sigurdson & Kamionkowski 2006; Bringmann 2009;
Diamanti, Catalan & Ando 2015). Introduction of the self-interaction
in DM sector or velocity dispersion could erase the small-scale
structures (Bond, Efstathiou & Silk 1980; Hogan & Dalcanton 2000;
Spergel & Steinhardt 2000; Buckley et al. 2014; Nadler et al. 2020).
The importance of the clustering of the small-scale haloes in its
host halo appears in another context of the indirect searches of DM.
The annihilation signals of DM should be enhanced by a factor of
several due to the clustering effects, which are known as the boost
factor (Ishiyama 2014; Sdnchez-Conde & Prada 2014; Moline et al.
2017; Hiroshima, Ando & Ishiyama 2018; Ishiyama & Ando 2020).
The determination of the slope of the subhalo mass function as well
as the minimum halo mass is crucial in its estimation (see Ando,
Ishiyama & Hiroshima 2019 for a recent review).

Numerical (Gao et al. 2004; Diemand, Kuhlen & Madau 2007,
Giocoli, Tormen & Bosch 2008a; Ishiyama et al. 2021; Moline
et al. 2021), semi-analytical (Penarrubia & Benson 2005), and
analytical (van den Bosch, Tormen & Giocoli 2005; Giocoli, Pieri &
Tormen 2008b; Yang et al. 2011) studies have investigated the
properties of subhaloes such as their mass functions. Numerical
simulations are advantageous in treating all effects determining
the properties, while they are limited by numerical resolutions and
computational costs. Semi-analytical models cure such difficulties by
approximating several parts of the physical processes. The merger
tree based on the extended Press—Schechter (EPS) theory (Bond
et al. 1991; Lacey & Cole 1993), which is a theoretically motivated
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extension of the original Press—Schechter model (Press & Schechter
1974), takes an essential role in the semi-analytical approaches.

Previous studies have developed schemes to reconstruct the so-
called unevolved mass function, which is the mass function corre-
sponding to that before the tidal evolution, in semi-analytical ways.
Based on the EPS prescription, Zhao et al. (2009) have derived a
fitting formula to follow the main branch of the merger tree calibrated
against the numerical simulation. The main branch of a halo is
obtained by repeatedly connecting the most massive progenitor of the
most massive progenitor. The work by Zhao et al. (2009) is extended
in Yang et al. (2011) to include the scatter around the main branch of
the tree, showing that the unevolved subhalo mass function is well
accessible in this scheme. On the other hand, Correa et al. (2015a,
b) have derived analytical formulae describing the evolution of the
main branch haloes in a way that does not require the fitting to the
simulation results. It is achieved by examining the growth rate of the
initial density perturbations.

In order to access the astrophysical observables such as the number
counts of the satellite galaxies, those models must be implemented
with the prescription for tidal evolution after the subhalo accretion, as
pointed out in Giocoli et al. (2008b). van den Bosch et al. (2005) have
proposed to adopt the orbit-averaged mass-loss rate to treat the tidal
evolution in a semi-analytical way. Jiang & van den Bosch (2016)
calculate the mass-loss rate by segmenting the time steps for treating
the host evolution. The free parameters of the mass-loss model are
tuned to reproduce the evolved subhalo mass function in numerical
simulations in their succeeding works (Jiang & van den Bosch 2014,
2016). The normalization of the subhalo mass function before the
tidal evolution had to be fitted using numerical results as those in
previous works (Giocoli et al. 2008a; Li & Mo 2009).

In this work, we propose an EPS-based analytical scheme to
access the statistics of subhaloes making full use of its advantage.
The construction of the unevolved subhalo mass function in this
scheme requires no parameters to be fitted. The evolved subhalo
mass function is obtained by implementing the orbit-averaged
tidal evolution model to the unevolved mass functions, which is
a prescription proposed in van den Bosch et al. (2005) and Jiang &
van den Bosch (2014, 2016). Unlike the earlier work that focused
on constructing full merger trees including second and third order
branches, we only follow the main branch of the merger tree. This
approach enables us to construct the subhalo mass functions without
being limited by the numerical resolution. We can fully adopt the
analytical formula of the subhalo accretion rates combined with the
host evolution, both of which are described by the EPS theory. The
downside of this approach is incapability of tracing higher order
subhaloes: i.e. subhaloes in a parent subhalo. However, our interest
in this work is the properties of subhaloes at the first order. Those
at higher orders are still very difficult to resolve with numerical
simulations or to identify observationally. As we explain below,
we evaluate the subhalo statistics using 500 of host realizations,
which reasonably treats the halo-to-halo scatter. In our calculation,
the computational cost is highly reduced and an unlimited range of
the subhalo-to-halo mass ratio can be covered simultaneously. We
quantify the numerical or observational effects of host-mass scatter
and the Poisson fluctuation, which we need to manage in extracting
the indication about the intrinsic properties of DM as well as the
dependence of the observables on the tidal-evolution model based
on this work.

This work improves the host-subhalo connection from our previ-
ous works (Hiroshima et al. 2018; Ando et al. 2019) that provides an
access to the subhalo observables adopting semi-analytical method.
In the following, we directly connect the different host evolution
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histories to those of subhalo mass functions. This reduces the needs
to rely on fitting formulae calibrated against numerical simulations
and the accessibility to the statistical quantities is enhanced. Also,
the scheme paves the way for halo mass functions in much general
cosmological setups.

The structure of this article is as follows. Section 2 is devoted
for the simulation we have performed to compare with the analytical
calculations. After summarizing the host evolution in the EPS frame-
work in Section 3, we show the prediction about the subhalo mass
function in Section 4. The scatter of the subhalo mass function due
to the extrinsic effects is investigated in Section 5. The dependence
on the tidal-evolution model is also discussed in this section. We
finally conclude in Section 6. Throughout the paper, we use ‘In’
and ‘log’ as notations for natural and 10-based logarithmic quantity.
We assume cosmological parameters of Ade et al. (2016) (table 4,
‘TT+lowP+lensing’) unless mentioned specifically.

2 NUMERICAL SIMULATION

In this section, we explain our numerical simulations used for
deriving the host evolution and subhalo mass function to compare
with the EPS-based calculations. Numerical results provided in this
section appear in Sections 3, 4, and 5.

We use a high-resolution cosmological N-body simulation, Shin—
Uchuu (Ishiyama et al. 2021). The Shin—Uchuu simulation consists of
64003 DM particles with a mass of 8.97 x 10° ! Mg, in acomoving
cubic box with a side length of 140 h~!Mpc. The gravitational
softening length is 0.4 A~'kpc. The cosmological parameters are
Qo = 0.3089, @, = 0.0486, Ay = 0.6911, h = 0.6774, ng = 0.9667,
and og = 0.8159, which are consistent with observational results
of cosmic microwave background by the Planck satellite (Aghanim
et al. 2020).

ROCKSTAR halo/subhalo finder (Behroozi, Wechsler & Wu 2013a)
was used to find gravitational bound haloes and subhaloes. Then,
CONSISTENT TREES merger tree code (Behroozi et al. 2013b) was
used to construct their merger trees. Those data are available on
Skies & Universes site. Further details of the Shin—-Uchuu simulation
and its basic halo and subhalo properties are presented in the
literature (Ishiyama et al. 2021; Moline et al. 2021).

3 HOST HALO EVOLUTION

Our analytical calculation of the host evolution is based on the
prescription in Yang et al. (2011). We summarize the scheme in
this section. Focusing on the Milky Way-like host at z = 0, we
follow the evolution path of the halo backward in time up to z = 10.
Concretely, we follow the steps below.

(1) We set the host mass at z = 0 and prepare Np,g of host haloes.
We use Nnose = 500 halo realizations for each single mass host in
our calculations. We set our fiducial host mass as My, (z = 0) =
1.30 x 10'> My, adopting the convention of the Mo, that is the
mass enclosed in a radius rpgp within which the average density is
200 times the critical density. This convention matches those in the
literature we refer to in our calculations.

(i) We prepare the steps of the redshift to sample the host mass.
We take a constant interval in the In (1 + z) space taking N, = 800
points from z = 0 to z = 10. In the following, the step size is denoted
with Az.

(iii) The distribution of the accreting mass is determined using the
EPS formula by specitying the redshift and the host mass. Following
Yang et al. (2011), the number distribution of the subhaloes that
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accreted in the redshift interval between z + Az and z is given as
F(m) = f(s(m), 8(z + Az)|S(M), 8(2))

G («/S(M) 8(2+Az)> ﬁ(m)‘ (g) n
Jsm) Js(m) m)’

dm

where

f(s(m), §(z + Az)|S(M), §(2))

_ 1 s+ A9 -5 { Bz + Az) — 6(2))2} @

= V2w Istm) — SOOP? T [T 200m) — sy |
Equation (1) gives the number of the subhalo in the mass range of
[m, m 4+ dm] that have accreted in the redshift interval of [z + Az, z],
i.e. the time interval corresponding to the host evolution from M(z +
Az)to M(z). The factor M/m appears in the last part of the equation to
obtain the number fraction of mass m from its mass fraction. Each
quantity in equation (1) is:

(a) 8(z) = 1.686/D(z): the linear growth factor.

(b) S(M) and s(m): the variance of the linear density field,
o?(M) and o*(m) at z = 0. Each of the mass scale M and m
corresponds to that of the host and accreting halo at that redshift,
respectively.

(¢) G(x, y) = Gox"y": a correction function for the EPS
formula tuned against the numerical simulations.

We adopt the parametrized form of the D(z) and o (m) provided
in Ludlow et al. (2016). The parameter values of the correction
function G are set to (Go, y1,¥2) = (0.57,0.38,—0.01), which we
have taken from Parkinson, Cole & Helly (2008) and Cole et al.
(2008). Those works have tuned the parameters with the Millennium
N-body simulation (Springel et al. 2005) that covers the halo mass
in the range of [~10'° 2~! Mg, ~10'® 4~! M ] and redshift up to z
~ 10, and suitable for generating the merger tree (Jiang & van den
Bosch 2014).

We regard the most massive subhalo in the redshift interval [z, z +
Az] as the progenitor of the host of M(z) at z. When the accreting
halo mass m of equation (1) satisfies m > M(z)/2, the hierarchy of
halo assures that the halo to be the unique progenitor. We determine
the evolution history by following the progenitor adopting the inverse
transform method.

(iv) Prepare subhaloes in the mass range of 0.5M(z) <m < M(z)
taking 10° points in linear space.

(v) Construct the cumulative distribution function by integrating
equation (1) in the above mass range, then normalize it.

(vi) Generate arandom number following the uniform distribution
in the interval of [0,1], which is assigned to a point in the normalized
cumulative distribution function in the above calculation step. We
identify the progenitor at z 4+ Az as that at the corresponding mass
in the normalized cumulative mass function.

(vii) Repeat the same procedure succeedingly to redshift z = 10.

In Fig. 1, we show the resulting evolution of our fiducial hosts. The
solid line is the median of the N,y = 500 realizations and thin lines
are the histories of 100 host realizations. We also show the 16 per cent
(2.5 percent) and 84 percent (97.5 per cent) quantiles with dashed
(dotted) lines. Square points with error bars are the results obtained
in numerical simulations which we have explained in Section 2. As
it is seen in the figure, analytical and numerical calculations agree
within the range of the error bar in both the median and scatter
while the median in the analytical model is slightly smaller. The
host evolution history also agrees with the fitting function in Correa
et al. (2015a) in the regime where the function is tuned against
simulations. In this regime, the functional form is similar to that

MNRAS 517, 2728-2737 (2022)
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Figure 1. Evolution history determined in the EPS formalism for hosts of
M = 130 x 102 Mg at z = 0. The blue solid line is the median. Dashed
(dotted) lines correspond to 16 percent and 84 percent (2.5 percent and
97.5 per cent) quantiles. Each realization of the host is shown in thin (cyan)
lines. We only plot 100 of the total 500 host realizations in order for the
visibility. Numerical results are shown in square points, of which thick (thin)
error bars represent the quantiles same as dashed (dotted) lines for EPS-based
analytical calculations. The analytical calculation slightly underestimates the
median of the history while it agrees with the simulation within the range of
the error bar.c

predicted in Wechsler et al. (2002) and similar results are obtained
also in previous works (Bosch 2002; Zhao et al. 2009; Giocoli,
Tormen & Sheth 2012). All the Ny, = 500 realization of the host
evolution history is used to derive the subhalo mass function in the
next section.

4 SUBHALO MASS FUNCTION

In this section, we explain our self-consistent framework to derive
subhalo mass functions reflecting the different host evolution histo-
ries. We start from constructing unevolved mass functions based on
the host evolution history (see Section 3) in Section 4.1. Assuming
that the increment of the host mass is solely determined by accretions
of smaller haloes, the normalization of the unevolved subhalo mass
function at each redshift step is determined without introducing any
free parameters. The unevolved mass function at z = 0 is then
obtained by summing up contributions from accreting haloes in all
redshift steps. The evolved subhalo mass function, which directly
relates to the observables in the current Universe, is calculated by
combining the unevolved mass function with the tidal-evolution
model in Hiroshima et al. (2018). Since we hold the mass of the host
in each redshift step and realization, the host-evolution dependent
mass-loss becomes calculable, as it is explained in Section 4.2.

4.1 Unevolved mass function

(1) Set a single value for the host halo My at z = 0.

(i1) Generate the subhalo sample of which mass ranges of
[Mmin, Mmax] = [10718, 1] X Miosi(z = 0) for each step of the redshift
and host realization. The minimum mass of the sample subhalo can be
arbitrarily chosen and we set the value so that to match the prediction
in neutralino DM scenarios (Green et al. 2004). We take Ny, =
300 sampling points for the accreting subhaloes. The interval of the
accreting mass sampling is constant in the In (712500) space. The virial
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Figure 2. Differential (left) and cumulative (right) unevolved mass function at z = 0 for host of M(z = 0) = 1.30 x 1012 Mg . The solid (dashed) line shows
the average (1o scatter) for 500 realizations of the host. Non-smooth features are induced by the binning effect and can be removed when we change the mass

bins for plotting.

quantities are used for calculating the evolved mass function as will
explain in Section 4.2.

(iii) Determine the total accreted mass during the interval of [z +
Az, z] as My(z) = M(z) — M(z + Az) by directly using the host
evolution data.

(iv) Count the number of subhalo in a similar manner with that
explained in Section 3. Taking the 8(z) and s(m) = o%(m, z = 0) as
the variables for the redshift and mass, the distribution function is

dN
T‘ = f(s(m), 8(z + A)|S(M), 5(2))
m 4

G(A(M) 5(Z+Az)) 1|ds | am .
Vsm) ' /s(m) dm|(1+472)’

where dM = M(z) — M(z + Az) = M,(z). Equation (3) gives
the distribution of the accreting subhalo at the redshift step z. As
it is seen from the functional form of equation (3), the distribution
function diverges at m ~ M(z). We discard the regime where the
distribution function increases with m, regarding that such a regime
is not physical.!

(v) Normalize the distribution dN/dm by applying the condition

Maee(2) = m(z)dm % ‘ : @

The sum is taken for subhaloes remaining after the cut in the previous
step.

(vi) Integrate the mass function over the redshift interval of z =
[10, O].

The above procedure of the calculation enables us to obtain the
unevolved mass functions reflecting the different history of host
evolutions. There are no needs for tuning parameters in the above
calculation procedure.

Fig. 2 shows the unevolved mass function at z = 0 derived in the
above procedure. In the left-hand panel, we show the differential mass
function which covers a wider range for the subhalo of m = [10~* M,
10'? Mg, while the cumulative mass function in a narrower range
of m/Myes(z = 0) = [107%, 1] in the right-hand panel. We take 50
and 100 mass bins for each mass function, respectively. The wavy
features in the panels are caused by the binning effect. The solid
(dashed) line corresponds to the average (1o scatter) of 500 host

!Our treatment is close to that proposed as the Model IIT in Yang et al. (2011)
in practice, while we do not need to introduce extensional parameters.

realizations in each panel. The scatter of the mass function that
originates from the different host evolution histories is small and its
amount is comparable to those obtained in numerical simulations.
The comparison with the numerical subhalo mass functions is shown
in Section 5.2.

4.2 Evolved mass function

Unevolved mass functions obtained in Section 4.1 is then combined
with the analytical models of the tidal evolution to determine the
evolved mass functions. The model of Hiroshima et al. (2018) is
based on the orbit-averaged mass-loss prescriptions (Jiang & van
den Bosch 2014, 2016) and capable of treating the dependence of
the mass-loss rate on the host mass and the redshift. We start the
calculation from the data of the host evolution and the accreting
mass distribution generated in the previous sections. The data are in
the form of the (N, N;) matrix, tracking the history from high to
low redshifts in the following manner:

(i) Convert the Moy mass, which is adopted in previous sections,
to the virial one.> The concentration—mass relation of Correa et al.
(2015a, b) is applied to determine the virial mass of host and
subhaloes. Assuming the NFW halo profile (Navarro, Frenk & White
1996), we use the following quantities

rie = (3mye x @rp 2 A@) ™) Q)
Fyir

Cyir = €200 (6)
200

rs = rvir/cvirs (7)
Myir

S = . s 8

P 4nr53f(cvir) ( )

Fmax = 2.163r4, )

47 G ps
max — - - 1
Y V 4625 " (19)

The A(z) that describes the overdensity corresponding to the virial
mass is taken from Bryan & Norman (1998). By assuming the
NFW model, the halo profile is described with two parameters: the

2Functions of §(z) and o (M) in Ludlow et al. (2016) are given in terms of M2go
while the tidal prescription in this section is based on the virial quantities. The
transformation from Mg to My, keeps the consistency of the formalism.
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Figure 3. The same as Fig. 2 but for evolved subhaloes. The scatter becomes apparent reflecting the different host evolution histories. In this figure, the mass

is measured in the virial mass for both the host and subhaloes.

characteristic density ps and the scale radius r,. The set of parameters
(ps, 1) has one-to-one correspondence with the set (Vinax, 7max). The
function fic) = In(1 + ¢) — ¢/(1 + ¢) relates the NFW profile
parameter and the halo mass in a direct way.

(i1) Track the evolution of accreted haloes starting from z = 10.
The part of the mass matrix of subhalo corresponding to those
have ever accreted before the redshift step of the interest enters
the calculation. We calculate the tidal mass-loss during the interval
[z 4+ Az, z] as

Az m m & (Mhost2)
A = AMyost, 2)— | ———— .
") (1+z)2H(z)X{ Mo 220 <Mm(z)> }
(1)

The host mass is evaluated at each redshift of the calculation by
directly referring to the host evolution data. We take the time-
dependent mass-loss model of Hiroshima et al. (2018) as our fiducial
one. The factor 1/(1 + z)/H(z) appears to use the redshift as the time
variable for the mass-loss. We discuss the influence of the uncertainty
in the tidal evolution model in Section 5.3.

(iii) Replace the subhalo mass matrix with that of after the tidal
mass-loss, i.e. the matrix of m(z) is replaced with m(z) — Am. If
Am(z) > m(z), we set the mass of that halo to zero.

(iv) Go to the next redshift step of z — Az. The treatment is the
same as that of the one-step before, but the mass matrix describing
subhaloes those have accreted by redshift z is already replaced with
those after the tidal mass-loss down to that redshift step. Also, a
new part of the mass matrix corresponding to those accrete between
[z,z — Az] enters the calculation. The process is repeated to z =
0. This treatment enables us to calculate the mass-loss of subhaloes
including the information about their accretion redshift.

After finishing the calculation, we obtain the mass matrix of all
the subhaloes that have accreted between z = [10, 0] and evolved.
The Viax and rmax for NFW halo before and after the tidal stripping
are related as (Penarrubia et al. 2010)
Vmax(Z — 0) _ 20.4x0.3

Vmax(Zucc) (1 + X)0'4 ’
rmax(z = 0) _ 2_0'3)60'4

Tmax (Zace) (I+ x)—()} '
where x = m(z = 0)/m(z,.). The relationships for (Vinax, Fmax) before
and after the tidal stripping are recasted to those for (ps, 7). Using
m, rs, and pg at z = 0, we evaluate the truncation radius r, = ¢ as

m = 4xpgrl f(cy). (14)

(12)

(13)
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If ¢, < 0.77, we omit those haloes regarding them to be fully
disrupted (Hayashi et al. 2003). The mass matrix of the evolved
subhalo is integrated over the redshift with the same weight as that
for unevolved mass function after this cut.

We show the evolved subhalo mass functions in the virial mass
unit in Fig. 3. The host mass in the virial unit is M, (z = 0) =
1.5 x 10'2 M, which is the same as that for unevolved mass function
of Myew(z = 0) = 1.30 x 10'>My, in the Myy unit. The number
distribution of the accreting subhalo is the same as that for unevolved
mass function. We just re-count the subhaloes in each mass bin at
z = O using the same assignment for the mass bins with that of Fig. 2.
The evolved mass function is composed of all the survived subhaloes
that have been accreted and evolved between z = 10 and = 0. While
we only consider the subhaloes that have accreted in z < 10, the
extension of the calculation to a higher redshift does not change the
results. This is due to the fact that subhaloes that have accreted in
such a high redshift are fully disrupted and do not contribute much
to the mass function. After the tidal evolution, the total number of
the subhalo decreases. Also, different from the unevolved cases, the
scatter of the subhalo mass function becomes apparent, reflecting
the different host evolution histories. The height of the subhalo mass
function is similar to those in previous works (Jiang & van den Bosch
2017; Hiroshima et al. 2018).

5 QUANTIFYING THE SOURCE OF THE
SCATTER

In the previous section, we have explained our basic formalism
to derive the unevolved- and evolved-mass functions. Those mass
functions depend only on the physical properties of DM haloes,
which are described in the EPS theory. However, those in either
of the observations or simulations include extrinsic contributions
such as the Poisson fluctuation or the host-mass scatters. We first
discuss the Poisson fluctuation and the host-mass scatter effects
separately to quantify each contribution. Then we show the mass
function including both effects, which should be the one compared
to those in observations or simulations. This could be a new scheme
to extract intrinsic property from observables. The uncertainties from
the treatments of the tidal disruption are also discussed in this section.

5.1 The effect of the Poisson fluctuation

The Poisson fluctuation in the number count of the subhalo at the
massive end is inevitable for both in the simulations and observations.
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Figure 4. The cumulative mass function of unevolved (left) and evolved (right) subhaloes at z = 0 including the Poisson fluctuation effects. The blue solid lines
show the average, while the dashed lines show the 1o range. We also plot the mass function without the Poisson effects with black lines, of which lo range is
visible in the dotted curve for the evolved case, while it degenerates with the average for the unevolved one. The average without the Poisson effect underlies
the solid line. Square points with error bars are results from the N-body simulations of Section 2.

By removing the contributions from the Poisson fluctuation, we
can retrieve the nature of DM halo from observables. We provide
a mapping between the subhalo mass function with and without the
Poisson fluctuation by implementing this effect to our mass function
derived in Section 4 in the following way:

(i) Construct the cumulative subhalo function for each realization
(see Section 4). The cumulative mass function is normalized by
dividing it by the total number of the subhalo, Ny.

(i) Generate a random number following the Poisson distribution
of which expectation value is N,,.. We denote this generated number
as Ny p-

(iii) Generate N, p random numbers assuming a uniform distri-
bution in the interval of [0,1], then convert the random numbers to
the halo mass using inverse transform method. This step corresponds
to generate a new subhalo distribution of which total number is N p
and the distribution function is the same as that determines the N,.

(iv) Construct the mass function using the re-sampled Nip
subhaloes.

(v) Repeat the above procedure for Nyic = 500 times for each Ny
(i.e. the host realization).

We show the cumulative mass function including the Poisson
fluctuation in Fig. 4. The host mass at z = 0 is the same as
previous figures. The left-hand and right-hand panel corresponds to
the unevolved and evolved mass function, respectively. We limit the
regime of the subhalo mass in this figure to clearly see the Poisson
fluctuation effects. As it is seen in Fig. 4, the 1o scatter of the
number counts becomes larger by introducing the effect. The Poisson
fluctuation dominates the scatter at N, < 10. In terms of the mass
ratio, this corresponds to m/M > O(1072) for evolved subhaloes,
which is in a similar range pointed out in the previous work based
on numerical simulations (Boylan-Kolchin et al. 2010). In Fig. 4, we
also plot the results from the numerical simulations of Section 2 with
square points. The error bar denotes the 1o scatter. As it is seen in the
figure, the analytical subhalo mass functions show good agreements
with those in numerical simulations when the Poisson fluctuation
effects are included. However, the analytical subhalo mass function
shows a sharp cutoff at m/M ~ 0.5 M. This feature originates
from our treatment allowing only the subhaloes of m/M(z) at each
accretion redshift. The prediction from the analytical calculation is
slightly larger compared to the numerical ones. Our assumption is
that to determine the normalization of the accreting halo distribution

would be responsible for this difference. In this picture, smooth
accretion of the mass could not be included and hence the mass
fraction to be assigned in subhaloes should get larger.

5.2 The effect of the host-mass scatter

The scatter of the host-mass estimate also contributes to the observed
subhalo mass function. In our calculation, the host mass can be fixed
to an arbitrary single value. However, simulated haloes distribute in
a finite mass range so careful treatments are required. The mass
estimate from observations contains errors in a certain amount
(e.g. Karukes et al. 2020) that should propagate to the subhalo mass
functions. We take the contributions from the uncertainty in the host-
mass estimate.

In addition to our fiducial host of Myy(z = 0) = 1.3 x 102
Mg, we calculate the subhalo mass functions for host of My, =
4.43 x 10" Mg and 2.16 x 10'2> M. The results are shown in Fig. 5.
The left-hand and right-hand panels correspond to the unevolved and
evolved cases, respectively. A factor of ~5 difference in the host mass
estimate affects the cumulative mass function negligibly when it is
plotted in terms of the mass ratio, m/M. The behaviour is reasonable
since we do not put assumptions that could significantly change the
physics of the host and/or subhalo in the variation scales of the
host mass. The results quantitatively agree with the previous works.
In the figure, we plot the fitting function provided in Jiang & van
den Bosch (2016) with red-dotted lines for comparison. The halo
formation time which appears in the fitting function is evaluated as
the redshift where the average host mass is the half of the current
value. The relatively sharp cutoff compared to the fitting formula
originates from our formulation that does not account for mergers of
haloes with comparable mass (Moreno & Sheth 2008, and references
therein).

We also examine how the uncertainty in the fiducial value of
the host mass affect the subhalo mass function, by comparing the
subhalo mass functions for different host masses in terms of the
subhalo mass. As it is shown in Fig. 6, subhalo mass function scales
as the mass of the host. The host-mass dependence obtained in our
scheme is similar to that in previous works. The fitting function of
Jiang & van den Bosch (2016) plotted in this figure explicitly shows
the matching between the results. The maximum mass allowed for
the subhalo increases for more massive hosts, hence the peak of the
subhalo mass shifts with the host mass.
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Figure 5. Unevolved (left) and evolved (right) subhalo mass function for M»po(z = 0) = 4.43 x o1 Mg (black, solid), 1.30 x 10'2 Mg (blue, dashed), and
2.16 x 10'> My, (green, dot—dashed). Each line shows the average of the 500 host realizations of that host value. The mass function with different host mass
overlaps each other. The red-dotted line in each panel corresponds to the fitting formula of Jiang & van den Bosch (2016) assuming Mago = 1.3 x 10'> M. For
the formula of the evolved mass function, we estimate the halo formation time as that the average host mass is the half of the current value.
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Figure 6. Differential mass function of unevolved (left) and evolved (right) haloes. The black solid line corresponds to the case of the Mpost = 1.30 x 1012
Mg, which is the centre value we have adopted. The blue dashed is for Mpost = 4.43 x 10! Mg and green dot—dashed is for Mgt = 2.16 X 1012 Mg . The peak
position of the subhalo mass is determined by the host mass. The host difference between the subhalo mass function roughly scales as that of the host mass. The
red-dotted lines correspond to the formulae of Jiang & van den Bosch (2016) calculated in the same way with those of Fig. 5.

5.3 Uncertainties from the tidal model

In the above calculations, we have adopted the tidal evolution
model for subhalo, which is characterized with two parameters: the
amplitude A and the dependence to the mass-ratio to the host ¢
(see equation 11). The tidal evolution is still under debate (van den
Bosch & Ogiya 2018; Green & van den Bosch 2019), while it is
essential for relating the subhalo mass functions constructed in the
EPS framework to those for observables. We quantify how the tidal
model affects the predictions of the subhalo mass function at z = 0
in this section.

For this purpose, we compare the evolved subhalo mass function
assuming a time-independent parameter model of Jiang & van den
Bosch (2016, 2017) with those predicted in the time-dependent
parameter model (Hiroshima et al. 2018) which we have shown
in previous sections. Jiang & van den Bosch (2016, 2017) have
calibrated the model parameter A and ¢ with simulation (Klypin,
Trujillo-Gomez & Primack 2011) so that the average and the scatter
of cumulative mass function in the regime m/M = [1074, 1] agrees,
obtaining (A, ¢) = (0.86, 0.07). The result is shown in Fig. 7. The
difference between the time-dependent and time-independent model
predictions is subtle for relatively massive subhaloes and both models
agree well with the simulation at m/M > O(107%).
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Figure 7. Evolved mass function with a different model assuming time-
independent parameters. In the range of m/M > O(10™*), the difference
from the result assuming time-dependent parameters is subtle. Both models
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error bars.
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Figure 8. Comparison between the cumulative mass function with two
different tidal evolution models. We take the time-dependent parameter model
as the reference and denoting the time-independent model with the suffix
‘const’ in this figure. The increasing number of the subhalo number count
towards the low mass regime reflects a stronger mass-ratio dependence of the
time-independent parameter model. The stronger tidal power of the low-mass
host in the time-dependent parameter model generates a larger scatter in the
low subhalo mass end.

The difference between two models becomes apparent when we
compare in a wider mass range of m/M > 107'°, as we show in
Fig. 8. In this figure, we take the ratio of the mean and variance of
the time-independent tidal-parameter model, which is denoted with
‘const’ in the figure, to those of the time-dependent model. A single
mass host of My = 1.30 x 10'> M, is assumed for both cases.
The time-dependent parameter model predicts a smaller number of
subhaloes at m/M < O(107%). The amount of the scatter is slightly
larger for the time-independent parameter model at m/M > O(1073)
while it decreases at m/M < O(10~%). On the other hand, the scatter
of the subhalo number count remains at small mass-ratio regimes of
m/M < O(10~*) for time-dependent parameter model.

This reflects the fact that the trend of the model dependence is
controlled by the mass-loss strength. The smaller amplitude of the
tidal model parameter in this regime leads to a smaller scatter. The
amplitude of the mass-loss rate is larger at m/M > 1072 for the time-
independent parameter model; hence, the mean is smaller while the
scatter, which is determined by the amount of the mass-loss, becomes
larger. The quantitative agreement between models at m/M > 10~
could be an outcome for the time-independent parameter model as
they have explained the tuning against the simulation in section 3 of
Jiang & van den Bosch (2016).

The effects from the mass-ratio dependence, which is character-
ized with the parameter ¢, become apparent in the regime of m/M <
O(10~*) where it becomes difficult to compare with simulations. The
mass-ratio dependence is weaker for the time-dependent parameter
model, then the tidal power of the less massive hosts becomes larger
compared to the case assuming the time-independent parameter. This
means that the relative strength of the tidal force is larger for the for-
mer at high redshifts, i.e. in the younger hosts. Subhaloes those have
accreted in such a stage of the host dominate in the low-mass regime
of the mass function. As a result, the scatter remains at m/M < 10~*
and the prediction of the number count could be smaller by a few fac-
tors at m/M ~ O(107'°) for the time-dependent parameter model.

In Fig. 9, we quantify the dependence of the Poisson fluctuation
on tidal models. In this figure, we take the ratio between cases with
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Figure 9. The ratio of the mean and the variance between the predictions
with and without the Poisson-fluctuation effects. The ‘base’ corresponds to
the case without Poisson fluctuation. In the upper(lower) panel, we show the
mean (lo scatter). The mean is not affected in either of the tidal evolution
models. The Poisson fluctuation affects the 1o scatter at m/M 2 o107
For both models, the effect is most apparent at the massive end of the subhalo
mass as predicted.

and without Poisson fluctuations. Again, we consider a single mass
host of My = 1.30 x 10'> Mg, ignoring the host-mass scatter.
The Poisson fluctuation does not affect the mean for both tidal
models, while the variance at the massive end is apparently changed.
The variance is enhanced by several factors at m/M > O(1071),
where the regime corresponds to Ny, < a few. The amount of the
Poisson fluctuation is not sensitive to the tidal-evolution models.
This indicates that the estimates of the intrinsic subhalo statistics
from observations or simulations with this relationship are robust
against the uncertainty in the tidal evolution models.

6 CONCLUSION

In this article, we propose a new scheme to construct subhalo mass
functions in an analytical way, which bases on the well-known EPS
theory. Subhalo mass functions at arbitrary mass scales and redshifts
are accessible with their statistical properties in this model. No
additional parameters to be calibrated with numerical simulations are
required for unevolved mass functions while the model reconstructs
the numerical results well in the regime where we can compare
with. The model could be a new probe for subhalo mass functions
at the smallest scales, which are difficult to investigate in numerical
simulations.

In our scheme, we track the evolution of the main branch of the host
merger tree and different evolution histories of the hosts are directly
reflected to their subhalo mass functions. As a demonstration, we
investigate the scatter in the subhalo number counts considering the
Milky Way-like galaxies of Myoq = 1.30 x 10'2 M, at z = 0. Our
findings are:

(i) The Poisson fluctuation dominates at m/ Myos 2, O(1072). The
cumulative number of subhalo exceeds one in the range of m/M ~
[3 x 1072,5 x 1072] if the Poisson fluctuation effect is removed,
while it extends to a much wider range of m/M ~ [1072,107"]. The
amount of the enhancement in the scatter due to this effect is about
a factor of a few at its peak.

(ii) The host-mass variation in a finite range of several factors does
not affect the cumulative subhalo mass function when it is described

MNRAS 517, 2728-2737 (2022)

€20z Aieniga4 0] UO Jasn wepisiswy UBA IBNSISAIUN AQ §0ZES/9/8Z/22/2/. L S/8191Ue/SeIuw/Wwoo dno-olwspese//:sdny woJj papeojumoq


art/stac2857_f8.eps
art/stac2857_f9.eps

2736  N. Hiroshima, S. Ando and T. Ishiyama

in terms of the mass ratio m/M. However, the determination of the
centre value of the host mass itself does affect the prediction of the
halo mass function. The subhalo mass function scales as the host
mass difference.

(iii) Comparing two models for the tidal evolution, the difference
between the tidal models becomes apparent in the regime m/M <
O(10™*) where the tuning of the tidal parameter with numerical
simulations becomes difficult. The expected number count of the
subhalo of m/M = O(107'%) in the Milky Way-like galaxies differs
by a factor of ~2 between the models we have tested in this paper.
The scatter in the small mass-ratio regime becomes larger when
the time-dependent tidal parameter model is adopted. This feature
originates from a relatively larger tidal power of the model for the
hosts in their low-mass stages.

The above-mentioned point 3 could cause an impact on the small-
scale halo search in this era of the precise astrophysics. The difference
between two models becomes clearer at m/M < 10°, where the
regime gravitational lensing observations are sensitive (Gilman
et al. 2019; Hsueh et al. 2020). Also, the smallest structure of
DM halo is to be probed in future pulsar timing array experiment
(Ishiyama, Makino & Ebisuzaki 2010; Clark, Lewis & Scott 2016;
Kashiyama & Oguri 2018; Delos & Linden 2022; Lee et al.
2021b); hence, our result could affect those predictions. Another
impact should appear in constraining the small-scale power spectrum
based on the DM annihilation signals in ultra-compact minihaloes
(Bringmann, Scott & Akrami 2012; Yang et al. 2013; Delos et al.
2018; Nakama et al. 2018; Lee et al. 2021a). The dependence
on the models of the tidal evolution shifts the such constraints
by factors. The precise models for tidal evolution are needed to
obtain much robust picture of the small-scale structure of our
Universe.
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