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S.1 Empirical application

All of the empirical results presented assume the country-industry pair as the unit of analysis
(panel group member i), of which we have N = 119. This panel is unbalanced where for
Germany, Portugal, and Sweden the length of the available time-series is substantially shorter
than for other countries.

Some of our theoretical results can be easily extended to cover unbalanced datasets. How-
ever in order to simplify our analysis we disregard from using the observations for Germany,
Portugal, Sweden in the construction of the test statistics. Additionally, we remove two sectors
from the Great Britain where observations for ¢ = 2004, 2005 are missing. This way we are left
with N =82and T = 25.

S.2 Additional MC results

This section reports additional results for the Monte Carlo experiments in Section 5 of the main
paper. The five tables below are equivalents to Tables 1-5 and their underlying setup differs
only in that the errors in y;; and x;; are drawn from a standardized x?(2) distribution with

zero expected value and unit variance.



Table S.1: Sample moments of original CD test statistic for remaining CSD under H

Part A: Application of CD to 2WFE residuals

Cot 0.1 0.5 1 15 0.1 0.5 1 15

N T Mean Variance x 100
25 25 -3.35 -3.31 -320 -297 | 1.28 177 394 9.92
25 50 -4.91 -4.87 -4.72 -443 | 054 0.89 270 8.46
25 100 -7.08 702 -6.82 -643 | 023 0.60 271 9.99
25 200 | -10.11 -10.02 -9.75 -9.21 | 0.10 049 335 1457
50 25 -3.30 -326 -3.14 -291 | 1.03 138 291 7.33
50 50 -4.86 -480 -4.65 -433 | 038 0.65 199 6.37
50 100 -7.00 -6.94 -6.73 -632 | 0.14 036 1.69 6.41
50 200 | -10.00 991 -9.63 -9.06 | 0.06 028 194 8.66
100 25 -3.28 -324 -311 -286 | 0.88 1.16 235 5.87
100 50 -4.83 -478 -462 -430 | 026 045 1.38 4.50
100 100 -6.97  -6.90 -6.68 -6.26 | 0.09 0.23 1.06 4.22
100 200 -9.95 986 -957 -899 | 0.03 0.16 1.07 4.77
200 25 -3.27  -323 -310 -285|0.73 096 195 4.90
200 50 -4.82 -476 -4.60 -428 | 021 035 1.01 3.24
200 100 -6.95 -6.88 -6.66 -623 | 0.07 0.17 0.75 2.95
200 200 -9.92 983 -954 -894 | 0.02 011 071 3.21

Part B: Application of CD to CCE residuals

Co: 0.1 0.5 1 1.5 0.1 0.5 1 1.5

N T Mean Variance x100
25 25 -3.35 -3.31 -321 -3.02 | 1.37 186 3.90 9.30
25 50 -4.92 -487 -4.74 -447 | 050 0.86 2.66 8.14
25 100 -7.08 -7.02 -6.84 -648 | 022 057 263 9.45
25 200 | -10.11 -10.03 -9.77 -9.28 | 0.10 050 326 13.22
50 25 -3.28 -3.24 -313 -290 | 1.20 1.60 3.30 8.04
50 50 -4.85 -4.81 -466 -437 | 038 0.60 1.73 5.41
50 100 -7.00 -6.94 -6.74 -635 | 013 034 154 5.83
50 200 | -10.00 991 -9.64 -9.09 | 0.06 026 1.76 7.69
100 25 -3.23 319 -3.07 -283 | 123 159 297 677
100 50 -4.82 -4.77 -461 -431 | 031 048 1.32 4.09
100 100 697 -690 -6.69 -6.27 | 0.09 022 1.01 4.01
100 200 -9.95 986 -9.57 -9.01 | 0.03 0.17 1.11 4.89
200 25 -3.16 -3.12 -3.00 -275 | 1.64 190 3.04 6.35
200 50 -4.80 -475 -459 -427 | 027 040 1.05 3.22
200 100 -6.94 -6.88 -6.67 -624 | 0.07 0.16 0.71 2.86
200 200 -9.92 983 -954 -896 | 0.02 0.10 0.69 3.17

Notes. &;; and e;; are standardized x*(2) with zero expected value and unit variance.
07, = Co <g§,y —2) /A+1; ¢}y is x*(2). In part B, r = 2 and loadings X; are drawn
from U(0.5,1.5). A; has first element from U(0.5,1.5) and second from U(—0.5,0.5). Fac-
! !
tors fi drawn from N(0,1). In part A, we restrict f; = {ft(l),l} A= {1,/\52)} and

A= [1,42] g
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Table S.2: Sample moments of original CD test statistic applied to 2WFE residuals under IH;

Mean Variance
A symmetric skewed symmetric skewed
o | LA ) LA fO) | LA fO) | LA f(N)

N T
25 25| -337 309 | -330 -2.68 | 0.02 0.10 | 0.02 0.41
25 50 | 486 450 | -478 -3.89 | 0.01 0.13 | 0.02 0.70
25 100 | -6.95 -6.47 | -6.86 -5.63 | 0.02 025 | 0.02 1.27
25 200 | 988 925 | -9.76 -8.06 | 0.02 0.39 | 0.02 2.23
50 25| -332 287 |-325 -219 | 0.01 0.14 | 0.02 0.58
50 50 | 481 423 | -473 -326 | 0.01 0.18 | 0.01 0.94
50 100 | -6.88 -6.09 | -6.78 -478 | 0.01 0.31 | 0.01 1.55
50 200 | 978 873 | -9.65 -6.85 | 0.01 052 | 0.02 2.80

100 25| -330 -249 | -323 -134 | 0.01 0.27 | 0.01 0.98

100 50 | -478 -3.76 | 470 -213 | 0.01 032 | 0.01 1.42

100 100 | -6.83 -547 | -6.73 -3.19 | 0.01 0.49 | 0.01 241

100 200 | 973 -784 | 959 -4.65 | 0.01 0.83 | 0.01 4.14

200 25 | -3.30 -1.80 | -3.22 033 | 0.01 0.56 | 0.01 1.97

200 50 | 477 -2.88 | -4.68 0.07 | 0.01 0.60 | 0.01 2.68

200 100 | -6.82 428 | -6.71 -0.12 | 0.01 094 | 0.01 425

200 200 970 -622 | -956 -043 | 0.01 148 | 0.01 7.28

Notes. The model has a factor error structure with 3 factors. &;; and e; ; are standardized x*(2)
with zero expected value and unit variance. “01.2: L N\;” means that (Tl%y = (g%y — 2) /4+1
where g%y is X2(2). For “o2: f(X\;)”, we let Ui%y =d, T L (N2

The case “X;: symmetric” corresponds to drawing X; from U(0.5,1.5). “X;: skewed” loadings
are from a standardized x? (2) distribution with mean and variance equal to 1.

Aj; has first element from U(0.5,1.5) and all others from U(—0.5,0.5). Factors f; are drawn
from N(0,1).



Table S.3: Sample moments of original CD test statistic applied to CCE residuals under H;

Mean Variance
A symmetric skewed symmetric skewed
L IR VN A RS VS OV I PV {C ) R R D YRR {CN)

N T
25 25| -327 321 |-325 -3.01 | 0.03 0.04 | 0.03 0.19
25 50| 478 472 | -476 -442 | 0.02 0.03 | 0.02 0.25
25 100 | -6.87 -6.80 | -6.86 -6.40 | 0.02 0.04 | 0.02 0.41
25 200 | 980 970 | 978 -9.16 | 0.03 0.06 | 0.02 0.68
50 25| -321 -314|-319 -293 | 0.02 0.04 | 0.02 0.15
50 50| 471 465 | -470 -437 | 0.02 0.02 | 0.01 0.17
50 100 | -6.78 -6.70 | -6.78 -6.32 | 0.01 0.03 | 0.01 0.26
50 200 | -9.68 958 | -9.67 -9.04 | 0.02 0.04 | 0.01 0.42

100 25| -316 -3.10 | -3.14 -290 | 0.02 0.03 | 0.02 0.10

100 50 | -467 -461 | 466 -434 | 0.01 0.02 | 0.01 0.11

100 100 | -6.73 -6.66 | -6.73 -6.28 | 0.01 0.02 | 0.01 0.16

100 200 | 962 952 | 961 -899 | 0.01 0.03 | 0.01 0.27

200 25| -311 -3.05 | -3.09 -2.84 | 0.02 0.03 | 0.02 0.09

200 50 | 466 458 | -464 -431 | 0.01 0.02 | 0.01 0.09

200 100 | -6.71 -6.64 | -6.71 -6.26 | 0.01 0.02 | 0.01 0.11

200 200 | -9.59 -948 | 958 -896 | 0.01 0.02 | 0.01 0.21

Notes. See Table S.2.



Table S.4: Rejection rates for weighted CD test statistic when applied to 2WFE residuals

Part A: Size
A symmetric skewed
o LN f(X) LA f(X)

N T CDW CDW+ CDBC CDW CDw+ CDBC CDW CDW+ CDBC CDW CDw+ CDBC
25 25 49 54 2.5 5.1 5.6 2.9 5.0 5.9 2.5 6.1 6.6 2.7
25 50 6.5 7.0 39 6.8 7.4 39 5.7 6.5 3.5 6.2 6.8 33
25 100 8.8 9.0 5.0 8.0 8.2 4.6 8.4 8.8 5.1 8.0 8.1 3.9
25 200 10.8 10.9 5.7 9.7 9.8 6.1 11.0 11.0 7.0 109 11.1 4.3
50 25 5.1 5.9 2.8 57 6.2 3.6 5.7 6.7 2.3 5.1 5.7 2.9
50 50 5.0 6.6 43 4.6 59 4.0 6.5 7.6 34 5.4 6.8 31
50 100 6.6 7.1 39 59 6.7 32 6.6 7.0 4.6 59 6.5 3.5
50 200 6.6 6.8 4.7 5.7 5.9 44 5.8 6.2 4.4 6.1 6.3 3.5

100 25 5.3 5.8 2.8 5.3 5.5 3.1 4.6 4.7 3.5 5.0 5.4 3.7

100 50 59 8.7 5.1 45 6.7 4.1 4.6 74 39 4.8 74 4.0

100 100 5.6 6.6 45 52 7.0 4.3 49 6.1 5.0 4.2 5.9 2.8

100 200 5.8 6.3 4.0 55 6.2 4.8 5.5 5.9 3.1 59 6.3 4.1

200 25 44 4.5 29 4.8 4.8 3.5 5.0 5.1 3.2 4.8 49 3.1

200 50 4.6 74 3.6 4.8 8.6 3.8 4.5 8.0 3.7 5.8 8.7 4.0

200 100 4.7 8.3 4.2 55 9.7 4.7 5.2 8.6 41 5.7 9.4 4.1

200 200 4.2 54 5.0 5.4 74 5.0 5.9 6.8 52 49 6.6 3.6

Part B: Power

A symmetric skewed
o LA f(X) LA f(N)
N T CDw CDw; CDpc | CDyw CDwy CDpc | CDw CDwy CDpc | CDyw  CDwy+ CDpe

25 25 12.6 26.6 8.0 10.7 14.0 5.8 12.3 19.6 14.7 14.3 20.0 24.0
25 50 21.2 87.4 14.8 17.5 46.1 12.7 18.0 59.6 329 23.2 63.7 48.4
25 100 34.6 99.9 26.4 27.3 95.2 20.9 32.3 90.8 50.1 36.3 96.7 66.6
25 200 50.4 100 39.7 43.6 100 347 441 99.3 64.4 51.3 100 80.4
50 25 11.7 21.1 8.1 10.7 11.7 5.7 11.7 20.9 35.2 12.6 16.0 58.9
50 50 19.6 98.3 15.7 17.5 56.0 12.8 18.7 85.5 59.5 23.0 79.7 86.0
50 100 35.4 100 27.0 26.3 99.7 22.2 29.7 99.8 80.2 37.5 100 95.4
50 200 49.3 100 40.6 43.5 100 374 45.3 100 90.7 53.2 100 99.1
100 25 111 14.4 6.5 10.6 10.9 5.1 10.4 19.1 73.4 12.0 12.9 93.5
100 50 19.9 99.9 15.0 16.3 66.4 13.3 18.1 98.9 92.9 22.3 94.6 99.7

100 100 33.3 100 25.8 26.2 100 23.8 30.8 100 98.8 36.7 100 100
100 200 48.7 100 413 419 100 37.0 46.2 100 100 52.3 100 100
200 25 12.7 12.7 8.2 10.8 10.8 6.6 11.9 13.9 96.5 12.9 13.0 100
200 50 18.9 100 16.6 17.9 73.1 13.3 18.8 100 100 22.1 98.2 100
200 100 33.9 100 27.4 26.3 100 21.5 32.8 100 100 36.9 100 100
200 200 50.9 100 419 43.6 100 37.2 46.7 100 100 54.6 100 100

Notes. In Part A the model has two factors which are restricted as noted in Table 1. Part B corresponds to a model with factor error structure and 3
factors. For details on all other model parameters, see Table S.2.

CDyy is the weighted CD test statistic introduced in Theorem 3. CDyy is its power-enhanced refinement. CDpc is a CD test statistic with analytic
bias correction.



Table S.5: Rejection rates for weighted CD test statistic when applied to CCE residuals

Part A: Size
A symmetric skewed
o LN f(X) LA f(X)

N T CDW CDW+ CDBC CDW CDw+ CDBC CDW CDW+ CDBC CDW CDw+ CDBC
25 25 6.2 6.8 4.6 5.7 6.4 44 5.6 6.1 4.7 5.6 6.6 59
25 50 74 8.1 5.7 5.8 6.6 5.9 7.0 7.9 6.1 6.7 7.3 8.9
25 100 8.3 8.5 6.6 8.0 79 7.8 9.0 9.7 6.4 8.2 8.8 14.5
25 200 9.2 10.1 74 11.3 11.6 8.8 10.9 12.2 9.5 13.0 14.0 24.2
50 25 5.1 5.8 41 44 5.0 4.8 5.9 6.6 49 55 6.7 8.0
50 50 51 6.5 5.1 6.1 7.0 42 5.5 7.0 5.8 7.2 8.0 8.1
50 100 5.5 6.0 47 52 55 6.3 6.3 6.6 47 6.6 7.2 11.8
50 200 6.4 6.5 5.9 6.9 6.9 6.7 6.0 6.6 6.9 74 79 219

100 25 5.2 54 59 5.5 5.7 6.7 54 5.8 6.6 5.5 5.7 8.9

100 50 5.0 7.4 4.3 5.3 8.3 5.9 5.3 7.0 4.5 5.1 6.9 8.0

100 100 5.5 6.6 5.1 51 7.0 5.2 5.8 7.0 54 5.1 6.9 11.3

100 200 5.0 5.5 4.8 6.0 6.2 5.1 5.2 5.9 57 5.8 6.1 19.2

200 25 5.8 5.8 11.7 5.1 5.1 12.7 6.3 6.3 11.7 49 5.0 16.3

200 50 6.3 94 4.5 5.6 9.7 5.3 5.0 9.1 5.0 5.6 9.8 9.5

200 100 5.4 8.5 55 5.1 8.3 5.8 49 8.3 49 5.1 8.4 10.8

200 200 5.9 7.0 53 4.8 59 5.9 4.8 6.7 4.7 5.0 7.1 15.8

Part B: Power

A symmetric skewed
o LA f(X) LA f(N)
N T CDw CDw; CDpc | CDyw CDwy CDpc | CDw CDwy CDpc | CDyw  CDwy+ CDpe

25 25 10.4 16.3 57 9.2 10.7 5.6 8.5 13.4 6.2 9.7 12.8 7.1
25 50 15.0 47.6 9.9 10.2 19.8 8.9 12.5 37.4 11.8 15.2 314 14.5
25 100 22.6 83.9 14.0 17.6 50.6 13.2 20.5 64.4 18.7 23.3 67.0 24.8
25 200 33.6 97.6 22.5 26.0 85.7 22.5 28.2 86.6 28.8 344 91.1 424
50 25 9.7 12.6 5.7 7.8 8.5 49 8.7 15.0 59 8.6 10.3 74
50 50 11.5 67.0 8.6 11.5 235 8.2 10.9 58.8 94 13.5 42.7 14.9
50 100 20.6 98.4 14.7 14.7 68.5 13.9 18.1 91.6 21.6 21.2 90.4 28.1

50 200 28.0 100 23.5 243 98.6 229 26.6 99.0 32.1 33.2 99.6 43.0
100 25 9.3 9.9 4.8 7.5 7.8 55 9.0 13.0 6.2 9.0 9.3 8.5
100 50 12.6 80.4 6.4 9.3 25.4 7.6 12.2 82.9 11.9 13.1 54.9 15.9
100 100 18.2 100 12.5 15.2 85.8 12.8 17.6 99.7 21.8 222 98.9 29.5
100 200 29.4 100 219 23.6 99.9 243 28.6 100 36.2 29.7 100 46.7
200 25 9.4 9.7 79 8.1 8.1 6.6 7.5 8.1 7.6 10.7 10.8 8.6
200 50 121 90.8 9.4 10.9 33.4 72 11.9 95.2 11.2 12.8 64.5 17.2
200 100 20.0 100 13.0 14.8 96.3 13.0 16.6 100 21.8 21.1 99.8 29.8
200 200 27.2 100 22.6 23.5 100 21.7 26.6 100 42.4 31.0 100 49.0

Notes. In Part A the model has two factors which are restricted as noted in Table S.1. Part B corresponds to a model with factor error structure and
3 factors. For details on all other model parameters, see Table S.2.

CDyy is the weighted CD test statistic introduced in Theorem 3. CDyy is its power-enhanced refinement. CDpc is a CD test statistic with analytic
bias correction.



S.3 Additional theoretical contributions

S.3.1 Power analysis: Additive

To simplify the discussion, we disregard from the effect of covariates on the variable of interest
yi+ and assume that the true model is given by a pure static factor model, amounting to model
(16) with B8 = 0. Extending our results to the case of general 3 is possible, although formally
cumbersome.! In a first instance, suppose that a researcher erroneously assumes cross-section
dependence to stem from time fixed effects. The corresponding mis-specified model is for-
mally given by

Yit = Pyt +Vig, (5.1)

where p,; = f{E[X\;] and vj; = f{ (A — E[Aj]) + &;+. Deviations of the data from their cross-
section averages can accordingly be written as

N
Vg =yig— N Zyi,t (8.2)
i=1

= fi\i+ &

where \; = \; — N1 Zf\il Aiand é;; =¢;; — N -1 Zfil g; 1. These deviations are sample equiv-
alents of the composite error term v;; in the mis-specified time fixed effects model (S.1). Let the
variance of this composite error be defined as ¢ ; = E [Viz,t | oi, )\l} =N—EN]) ZrN—E[N])+
(71-2 and let a = N1 Zf\il g’;i, k € Z be shorthand notation for cross-section averages of 9’1(/,1"
Finally, define the stacked vector of the residual error term as v; = [v;1,V;2, ..., vi,T]/.

For the sake of simplicity, we assume that g%/i is known and used to standardize regression
residuals when constructing the CD test statistic. This greatly simplifies the proofs of the fol-
lowing proposition while leaving the main results of this section qualitatively unaffected (as
we formally show for results under Hy in the main text). We confirm this conjecture with corre-
sponding simulations in Section 5, allowing for both unknown error variances and unknown,
general slope coefficients 3. Given our current setup, let the CD test statistic constructed from
v; + be expressed by

7 NN T )
CDm, = Wizgggvlivi,t%‘,tgv’j- (S.3)

The properties of this test statistic are characterized as follows:

ITo appreciate this point note that, even if the unobserved heterogeneity driving the data is mis-
specified, least squares estimates of 3 are consistent for the pseudo-true parameter vector § =
oo\ 1 g g
plim [(Zfi 1 X/ Xi) (Z{i 1 X! yl)} with X; and g; being orthogonal to estimates of the assumed sources of
N, T—oc0
unobserved heterogeneity.



Proposition S.1. Suppose that the true model is given by (S.1) and that its components satisfy Assump-
tions 2—6 and ¢,,; € [6; M]. Let the CD test statistic CDy, be constructed from the cross-sectionally
demeaned data (S.2). Then,

CD = F I (R ) P R o R

+Op (N*lﬁ) , (S.4)

where

[x]

_ N 1T &, (=2 .1
Hi = m_nmgw[(gv) T i |-

Furthermore, the leading stochastic term \/%Zi il (gvz —E {g;}D vV (G;Jl —E {G;}D

has expected value N+/T cov [gv 1,)\’} Xrcov {Al,gvl} In the special case cov {Al,g;ﬂ = 0 the
order of this leading term is determined by its variance which diverges at rate T.

Proposition S.1 establishes a decomposition of the CD test statistic that is almost identical to
that obtained under the null hypothesis: Analogous to Theorem 1, CDy, consists of a leading
stochastic component which reflects a CD test statistic with incorrect normalization as well as
an equivalent to the bias term in Eq. (12) which we denote by v/ TZp,. The key difference is
that both components are functions of the composite model error v;; = f/ (A; — E[A]) + €
rather than the true errors ¢; ;.

Noticeable differences with regards to Theorem 1 are given as far as the leading stochastic
component of CDy,, the first term in Eq. (S.4), is concerned. Its mean is a positive-definite
quadratic form and will therefore generally diverge to +co at rate N+/T. This result is inter-
esting in the context of Sarafidis et al. (2009) who conjecture “[...] that the CD test will have poor
power properties when it is applied to a regression with time dummies or on cross-sectionally demeaned
data”. First, the cited statement does not acknowledge the bias term Zp, which generally leads
CDp, to diverge. However, it is reasonable not to consider this term as a source of power
towards the alternative hypothesis since it does not involve sample estimates of cross-section
covariances (see Remark S.2 below). Second, Proposition S.1 indicates that the CD test indeed
has power since remaining sources of co-movements across cross-sections generally affect the
mean of its leading stochastic component. The failure to appreciate this property is rooted in
a convention to treat error variances as fixed parameters, thereby ruling out any correlation
between them and factor loadings. Extending this understanding of error variances to the
variance of the composite error term v;; (i.e. ‘512/,1') leads to the special case cov [)\1, g;ﬂ =0in
which the power of CD is indeed considerably reduced.

Still, while the rate at which CDyy, diverges is in general unaffected by the inclusion of
time fixed effects, power in small samples may be compromised because of the presence of



two diverging components with opposite signs in Eq. (5.4). While the mean of the leading
stochastic component dominates in large samples, it may be cancelled out by Epy, if the number
of observations available to the researcher is rather small.

Remark S.1. It is straightforward to extend the results of Proposition S.1 to a model specifica-
tion without time fixed effects and to address a common concern about the power of CD that
has repeatedly been made in the literature. As argued in Pesaran et al. (2008) and Sarafidis et al.
(2009), the power of this test is reduced substantially if unaccounted sources of cross-section
correlation average out, as for example in a factor model with zero mean factor loadings. This
property is given by construction for two-way fixed effects or time fixed effects residuals by the
mere fact that the within transformation involves cross-sectionally demeaning the data. While
the bias term in Proposition S.1 and the scaling effect on the leading stochastic component in
CDp, are exclusively a consequence of accounting for time fixed effects, the defining role of
cov [)\1, g;ﬂ for the rate at which CDp, diverges is a general property in models with zero
mean loadings. It follows that existing claims about the power losses of CD in the presence
of factor with zero mean loadings merely address the special case with cov [Al, g;ﬂ =0.In
fact, Monte Carlo results that have been reported to support these claims, as e.g. in Pesaran
(2004, 2015), Sarafidis et al. (2009) and Baltagi et al. (2012), all use specifications which entail a
zero covariance between factor loadings and the inverse error variances.? The CD test statistic
is very likely to have much better power properties in simulation experiments that enforce a
non-zero correlation between factor loadings and error variances. A simple way of achieving
this would be to impose a constant ratio between the magnitude of common variation and that
of idiosyncratic variation which holds for all cross-sections. See Parker and Sul (2016, Eq. (27))
or Section 5 in this study for a formal definition.

Remark S.2. An additional similarity of Proposition S.1 with Theorem 1 is that the term Zp,
does not involve sample estimates of cross-section covariances, implying that this term is not

indicative of the degree of cross-section co-movement in the data. Moreover, it can be shown
2

that Zpy, L (E {g;}D E [912/,1'] —2E [g;ﬂ E[g, ], so that the leading term in v/TZy, would

approach —v/T/2 as g, ; — Gy, for some constant ¢, > 0.

S.3.2 Power analysis: Multifactor

A mis-specified latent common factor model can be characterized by equation (16) such that
Assumptions 2-5 as well as the following Assumption S.1 hold.

Assumption S.1. rk ([px, pa]) =m+1<r.

2This follows because all cited articles draw \; and ¢; independently of each other and assume a symmetric
distribution for A;. Using the integer representation of the expected value it is possible to show that cov [Al, g;” =
0 in this case.

10



Assumption S.1 enforces a failure of the rank condition set up by Pesaran (2006) to ensure
that the space spanned by factor estimates can be consistent for the space spanned by the true
factors. Under failure of the rank condition, a fraction of the common variation affecting the
dependent variable y; ; remains asymptotically unaccounted for. As proved in Lemma S.18, we
can assume without loss of generality that accounted and unaccounted sources of cross-section
dependence are due to two uncorrelated sets of unobserved factors. Formally, we decompose

FA = F(l))\lgl) +F(2))\l(2), (S.5)

where a rotation of the m + 1 factors F(1) is consistently estimated by cross-section averages
F = [y, X | whereas the remaining r — m — 1 factors F (2) are asymptotically orthogonal to
F. An analogous decomposition can be applied to the matrix product F A;, allowing us to
split the loadings matrix into two blocks Al(l) and Al(z). Most importantly, this decomposition
implies that E {)\52)} =0and E [AZ(Z)} = 0.

We can accordingly express the defactored data as

vi = Mpy;
— MaFOAY 4 MaFOA® 4 Me,. (S.6)

where Assumption S.1 and Lemma S.18 ensure that M ﬁF(Z) )\52) does not vanish as the sample
size increases. Again we denote the variance of the composite error term v;; = ft 24 €t
by gm =E [1/ | )\ } )\( y Yr» A( )—I-O' where the ¥ — m — 1-dimensional square matrix
Xr o is the lower-rlght block of X'r. The order in probability of the CD test statistic can then
be characterized as follows.

Proposition S.2. Suppose that the true model is given by (S.1) and that its components satisfy Assump-
tions 2-5and S.1, and ¢, ; € [6; M]. Let the CD test statistic CDu,, defined in (S.3), be constructed
from defactored data (S.6). Then,

2 Nt ~1/2 ~1/2
P = B VF 0 =20 0 (4T s ()
(S5.7)

where

w; = [(Jy,}’/i_Di (6( >_ ( 12)‘6 gv€>]
N _ _
Dy, = <N—1 ZQ%?”) (6(1)/) 1 (N_l ZDZ{Dl) (C( ) < -1 ZAZ QM>
(=1 i=1

-1
qDZ,]Hl 12(5;11 ;D( ) ( 12)‘5 gvé)

11



where 6(1) = [X(l), Z(l)} and D; = F [}\52), A(Z)} + [s,-, el} . Furthermore, it holds that

1

2 i—1 . )
lim N7V | s fwj = LAY = Nope=
I\II?TTOO TN (N —1) z‘:zz]':1 wjwj = cov [Qv,lr 1 ] F,22 COV [ 1 Gv,l}

i—1

In the special case cov [gv_%, )\gz)/} = 0, the term W YN, -1 wjww; is asymptotically cen-

tered around zero and has a variance that diverges at rate T.

The remarks made concerning Proposition S.1 apply in an identical fashion to Proposition
S.2. That is, the CD test statistic allows for the same type of decomposition under the null
hypothesis as it does under the alternative, differing only in that the expressions in Proposition
S.2 contain the composite error term v; ; rather than the true model errors ¢; ;.

S.3.3 Weighted CD statistic and power enhancement

Asymptotic unbiasedness of CDy comes at the cost of power. More specifically, our approach
to bias correction centers the leading components of CDy around zero, irrespective of whether
cross-section correlation in the data is completely controlled for or not. As a consequence, only
increases in the variance of CDy under its alternative hypothesis lead to power against the
null hypothesis of this test.

This point can be formally illustrated by a minor modification of Proposition S.1 which
consists of replacing g;ll —E {g;}} with w;. Given random weights, the leading stochastic
component in Eq. (S5.4),

2 S Y wudv, (S.8)
INN-1) g5 """ ‘

has an asymptotic mean of zero if N~'v/T — 0 since independent Rademacher distributed

[y

Il
—

weights ensure that E [wivi,tl/jltwj] = 0 holds for all i # j. Thus, remaining sources of cross-
section co-movement in the composite error term v;; will not shift the location of expression
(5.8). By contrast, it can be shown that the variance of this term continues to diverge at rate
T. This entails that CDyy diverges at rate /T under its alternative hypothesis, a property that
holds under the conditions of Proposition S.1 as well.

Using Lemma S.5 we can establish that:

pij =0+ Op(T?) + Op((NT)""?) + Op(N ), (S.9)

for all pairs i, j. The threshold 2./In(N) /T is justified by the behavior of the maximum out of
N(N —1)/2 estimated correlation coefficients in a model with p;; = 0 for all ,j. Under the
assumption that a CLT holds for p;; and that VIN~! = 0as N, T, — oo, this maximum should
diverge at rate 2,/In(N)/T. Multiplication of each indicator function in the screening statistic

12



Yy, ;j | 1 (}ﬁl]] > 24/In(N)/ T) with the absolute value of its corresponding correlation
coefficient then ensures that the power enhancement component in (32) converges to 0 if p;; = 0
for all pairs i, j, subject to additional tail regularity conditions.

S.4 Further discussions

S.4.1 An analytically bias-corrected CD statistic

Section 4.1 introduced parametric bias-correction as a feasible approach to re-establish asymp-
totically normal inference for the CD tests statistic under its null hypothesis. This section
provides details on its implementation as a benchmark CD test statistic in the Monte Carlo ex-
periments of Section 5. The analytically bias-corrected CD test statistic CDpc is corrected with
a plug-in estimate of the bias terms of Theorems 1 and 2. That is, whenever CDjp is applied to
2WFE residuals, we construct it as

CDyc = Opf/? (CD - VTE)

where
1 N “1/2 ?
S N _ 1
2=\ aNN ) ;(1 \/OZN~ Z > -N|,
~ 2(N—-1) /-~ 2
QpEzi( N >(E—|—1)

with 07 = T-' Y[, €, for 2WFE residuals &;;. The expressions above arise from rearranging
the terms of Theorem 1 so that their estimates can be obtained with minimal computational
burden. In this regard, it is helpful to note that the asymptotic variance of () can be written as
a function of the bias term E. Likewise, for application of CDp¢ to CCE residuals, we set

CDyc = QOHf? |CD = VT (&1 —28,) ],

where

13



with

[, o
- ﬁCCE, Im ’
-1
BCCE LiX/M X LiX/MA
NT & RS )\ NT &R ]
1= 1=

= 1N

A:NZAI,

M
I

\
ol
3
2

as well as 07 = T '€le; and & = Mp(y; — X;[3CCE ). The plug-in estimators ®; and P, are
calculated under the assumption of independence between factor loadings and error variances
so that we can write E [Aiai’l} = E[\]E [Ui’l]. While this assumption allows making the
estimates of both bias terms sufficiently precise in the setup of our Monte Carlo experiments,
it may lead to size distortion in a DGP with dependence between factor loadings and error

variances.

S.4.2 Serial correlation

The original CD test of Pesaran (2004, 2015) assumes that idiosyncratic error terms are serially
uncorrelated, an assumption that can be difficult to justify for most economic datasets. While
this problem is mostly ignored in practice, Baltagi et al. (2016) have very recently proposed
a modification of the CD test statistic which ensures that the test statistic is asymptotically
standard normal as long as ¢;; is a stationary short memory process. In particular, under this
type of assumption it can be shown that the relevant asymptotic variance for the result in
Theorem 3 is given by:

[e0]

Q=Y [E[(wi—E[w))’eiseis]]” (5.10)

§=—00

The above quantity is non-standard, as it not a function of the long-run variance of (w; —
E[w;])e;;. In particular, one can use data which is over-differenced in the construction of the
CD statistic.

In the context of our testing problem the natural plug-in estimator of () is given by

N 2 N ,
W = =1y L ) (S11)

=2 j<i

where l; = (w; — W)é€; is constructed using residuals e;. It can be expected that under reason-
able regularity conditions on the memory properties of ¢;; as well as appropriate restrictions

14



on N, T estimator Qy is consistent in our setup. However, we do not attempt to prove this
conjecture as it does not add to the main message of this paper.

Note that Baltagi et al. (2016) use mean adjustment variance estimate of Chen and Qin
(2010), which is motivated by the need to obtain an unbiased (not only consistent) estimator of
). However, as in our setting x; are correlated by construction, any theoretical justification for
including such an adjustment term under null hypothesis is lost. Also note that a factor of 2 is
missing in Baltagi et al. (2016).

S.4.3 Optimal weights

Propositions S.1 and S.2 stated that the original CD test statistic diverges at rate N+/T if certain
conditions on the dependence between error variances and loadings associated with unac-
counted common factors hold. A simple generalization of Proposition S.2 to the case of gen-
eral weights {w1, ..., wn} suggest that the same rate of divergence can be achieved under the

condition cov [wi, )\fz)] £0.3

Consequently, a set of weights that generally leads to high power would be given by func-
(2)
i

'Y, v; 1V for a more general statistic with index-pair specific weights. However, the lat-

tions of the data that are estimates of XA~/ under H;, such as w; = T~! Zthl Viy or wij =
ter weight suggestion directly results in a different test statistic, namely one based on squared
cross-section covariances. This new test statistic, as well as one based on the first suggestion
w; = T7! Zthl Vi, is closer to an existing, separate literature on LM tests for cross-section de-
pendence than it is to the CD test and its extant modifications. The fact that a test statistic
based on summing squared cross-section covariances is not centered around zero under its
null hypothesis, and that it hence needs additional recentering, further emphasizes its relation
to LM tests.

As an alternative to estimates of )\52), estimates of other model components may be used
to set up a weighted CD test statistic. In this regard, the most sensible choice is an estimate

of loadings associated with unaccounted factors in the covariates of our regression model of
(2)

interest, i.e. the parameter matrix A;” in

X; = FOAY + FOA® + E,.

This choice directs the power of CDy towards alternatives under which loadings associated
with unaccounted factors are correlated in the sense of Westerlund and Urbain (2013) and
Kapetanios et al. (2019). Following the theoretical results in these two studies, a CD test statis-
2)

tic that weights cross-section covariances with estimates of A;”’ is effectively a test for inconsis-
tency of either the two-way fixed effects or CCE estimator of 3. It is generally possible to direct
the CD test statistic towards these more specific hypothesis. However, if one is to test whether

an estimate of the slope coefficients 3 on X; are inconsistent, it is simpler and more sensible to

3Analogous results hold for a generalization of Proposition S.1
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do this using a test statistic that addresses the moment condition cov [/\1(2)’ vec (AEZ) )} =0

directly.
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S.5

S.5.1

Proofs

Notation

Extending the paragraph on notation in introduction in the main text, we will use the following

notation in this appendix.

I, denotes an m x m identity matrix and the subscript is sometimes disregarded from
for the sake of simplicity. 0 denotes a column vector of zeros while O stands for a matrix
of zeros. s, denotes a selection vector all of whose elements are zero except for element
m which is one. ¢ is a vector entirely consisting of ones. The dimension of these latter
vectors and matrices is generally suppressed for the sake of simplicity and needs to be
inferred from context.

For a generic m x n matrix A, P4 = A(A’A)~! A’ projects onto the space spanned by the
columns of A and M4 = I, — Ps. dim(A), col(A) and ker(A) refer to the dimension,
column space and kernel of A. Moreover, rk(A) denotes the rank of A, tr(A) its trace
and ||A| = (tr(A’A))l/2 the Frobenius norm of A.

For a set of m x n matrices {A1, Ay,..., Ay}, A = N1 Zfil A;. Multiple sums are
generally abbreviated, so that ZII\? is shorthand notation for YN Z]'I\iy

0 and M stand for a small and large positive real number, respectively. For two real

numbers a and b, a V b = max{a, b}.

For some random variable ¢, , k4 [¢; ;] denotes its fourth-order cumulant. Moreover, O(-)
and o(-) express order of magnitude relations whereas Op(-) and op(-) denote stochastic
order relations, see e.g. Definitions 2.5 and 2.33 in White (2001).

1

Define kN,T = m

Notice that we use the following vector and scalar notation for idiosyncratic components:
g = (s,‘,l,e,‘,z, ... ,Si,T)I, € = I\T_1 Z{il Ei, and € = (NT)_1 Zzlil ZZzl €t

Additional notation in the multiplicative model

Proofs that address a model with multifactor error structure which is controlled for via

cross-section averages frequently employ the rotation and rescaling matrix

23 1)
B, In

which relates the T x (m + 1) matrix [y;, X;] (or alternatively the average over all i) to common

and idiosyncratic variation affecting each of the observed variables directly. This relation is
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given by

o x| = (r 5 af+[a B))B
= FC; + U

In the following, it is assumed that 3 is bounded so that || B|| < co. Furthermore, B is non-
singular by construction, implying that B! exists. Given these properties, it trivially follows
from the properties of A; and A; that |C|| = Op (1) and Hé_l || = Op(1). The same holds for
the matrix C") which is considered in the proof of Proposition S.2.

S.5.2 Proofs of Theorem 1 and Corollary 1

Proof of Theorem 1. We start the proof by focusing on the individual components of the dou-
ble sum over cross-sections which constitutes the CD test statistic. Here, we apply a first-order
Taylor expansion around the true error variances. Using the mean-value theorem, we can

hence set up the equality

Eitéjt _ Eirjr 1 €it€jt (AZ _ 2) 1 €it€jt <(AT-2 _ 0_2)
1/2 2

POPCIN i 3/2 j
Vo e 2 (@) (o) (@) (<)

for some (g%, g?) on the line interval between ((Tiz, (T].Z) , and ((Ariz, 612) . This Taylor approxima-

tion has two extra terms. However, both of them can be combined into one single extra term
once we sum over all possible combinations of i and j. Hence, we can write

I
—_

i

N
CD = 2kN _kNT ! 5’2 0"2
z—Z%j—l 0-120-] ZZ;]; (Q1)3/2 (0}2)1/2 ( i 1)
= CDy+ CD(5_y). (8.12)

Consider now CD,. Since model residuals can be written out as €;; = €; — & — & + €, we can
further decompose this term into

) 2
2 L (e — &) (gj — &) Ng-—¢ N /g —g\’
VNN DEEE T ag wilh e ) 5

= CDyc — CD(i_p- (5.13)

As shown formally in Section 8.5.6, CD;;_,,) = Op (T~1/2) and CD—g) = Op(VNT™1) +
Op(T7V2) + Op(N~V2) + Op(N~'\/T). Accordingly, terms that capture the effect of esti-
mating fixed effects and error variances have an asymptotically negligible effect if some weak
restrictions on the relative rate of divergence of N and T are satisfied. For this reason, C Dy is
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the leading component of the CD test statistic. It can be expressed in terms of four U statistics,
and two additional terms that contribute to the bias. First, let

N i—1 1 T
CD. = N(N =1 ;J_th_Z]&,t#E] tr
CD./» N(i,T_ 1 g;_i % t; SE;ZZ’t,
CDe. N(I%IT— 1 g;:;isl (o + o),
e =\ [y iililfés”s”(q he)

2 NS & (& — 8 (g — &)
CD,r = ' L
e TN(N —1) 1;].:1 t; 0;0;
2
—k it t —k it t
nrY (z = (%

Let us now consider each term separately. First,

TN 2 _ T N g N
I=knr) ) ?', —2knro 1y (X 7/, )&
=1 i i—1 i =

i=1

_ N2
= CD./y— 0 1CDes + (rl) CD,

et oy — en (=)
oY (%) o LY () e (7

i=1t=1

N

Similarly, for the second term we have

T N €4 2 ) T N zz't N
II:kN/TZZ (0_'> —2kN,TN7 Z 27/2 Zgi/t
i=1"i i=1

t=1i=1 !

= —N71CDE++ + NilPCDe

TN /e \2 (N T2 N T ,
+kN,TZZ<(_/;> —2kn,rN™ 22<U> + kNN~ 422(&'1) :

t=1i=1 !



As for the third component 111,

Voo
1T = Tkn (Z “)
i-1 Ui
T
=1

= Nkn,1 <

N
2T(N —1)

= Op(Tfl/Z).

1 N

l it
Ll UNT K

i=1t i=1t

1=

2
Si,t)

3-
bﬂ

Il
=

(Op(1) — Op(1))

Here the third line follows from Theorem 3 in Phillips and Moon (1999) applied to sequences
girandg;;/0;.
As for the fourth component IV, notice that:

-\ 2
IV = Tk r (8 8)
i=1 i

T
:kN,T‘ (\/>210_> NIT— 1/2)

Here in the final use we use the same CLT from Theorem 3 in Phillips and Moon (1999). For

the final component notice that:

N ]. T Eit 2 \/7 ]. N T E’t 2
k — 22 =Nk k /L I |
NT;(\/TE i) N,T + NT—F— IZ: ( Em)

— O(Tﬁl/z) + OP(N71/2T71/2>‘

It follows that IV = Op(T~1/2).
Combining these expressions yields the expression in terms of four U-statistics and two
bias terms referred to above:

CDyo =1 — 11— +1V

- - -
= CD,/s — 207 '1CDey. —2N~'CDey + ((Ul) - N7 2) CD:

+kNT2281t(( >2 2010, 1) N_lkN,TiiE%t(<1)2—20i_2)+(9p(T_1/2).

i=1t
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Concerning the second bias term in the last line above, we note that (NT) 1 YN, ¥T F%t =
Op(1)and (NT) ' N, YL, slz-,t(fz-_z = Op(1) by application of Markov’s inequality. It follows
that

N T _\2
Ny Y Y &, ((01) - 2‘%‘2> = 0p (NIVT).
i=11t=1

Concerning the four U-statistics, note that under Assumption 1 the error variances o7 are

bounded, implying that all averages involving o; are in general of order Op(1) by Markov’s
inequality. Lemma S.1 can hence be used to show that all four U-statistics CD¢, CD./,, CDe+
and CD¢  are of order Op(1).* As a consequence, all terms in the second line of Eq. (S.14)
involving N~! are Op(N~1). Additionally, a standard (cross-sectional) Lindeberg-Levi CLT
implies that

o1 =E[o; 1|+ Op(N~1/2).
This allows us to write

— _\2
CD./g =20 1CD + (1) CD.
N i-1T
=2knr ) ) Y ity (‘71'71 - E[‘Tfl]) <(ij1 - E[af]) + Op(N~2),
i=2 j=1t=1
Combining our results on the components of equation (S.14), we conclude that
i—1

2 N _ _ - _
e =) & s i (o~ Bl 1) (o' Bl )

+VTE+ Op(N"V2) + Op(T7V?),

where

[1]

_ 2(NN_1> (NT)™! % Tl &, ((a—l)z —20—10;1> .

i=1t=
Adding the remaining two components of the decomposition of CD in Egs. (5.13) and (5.12)
merely results in the additional order terms Op (T‘lx/ﬁ ) + Op (N -7 ) It remains to
prove weak convergence of the leading stochastic component in CD. For this purpose, set
aiy = €i1(c; ' —Elo; ') and g; = 0i(0; ' — E[o; !]). We can then apply Lemma S.1 and con-
clude that

CD — VTZ -4 N(0,Q), (S.15)

1

O

4Strictly speaking, Lemma S.1 does not apply to CDe+ and CDe4+. However, it can be straightforwardly

2
asN, T — oosubjectto VNT ! — 0and VTN ! — 0, where Q = (E[g?])% = (E[(l — O'iE[O'-_l])z]) :

extended to accommodate the specific structure of the U-statistics in both expressions .
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Proof of Corollary 1. Using the decomposition in Egs. (S.12)- (S.13) for a general value of ¢2,

we have
CD =CD;,s + CD(g_U) — CD(ﬁ_y), (S5.16)

where

1 1 L (¥ 2 1 N,
Dyy—= o] e = 2. 17
CDue = 23 2TN(N — 1) t; ;8” o2\ 2TN(N — 1) t; ;8” (5.17)

The first component on the right-hand side above is 0 by construction. The second can be

rewritten as

1 1 2 N-1Z
CD]/I/U' - NCDF’/U - 72 2

1 N-1 1 & & [reiq2
= NP~ oae NTZZ<< )_1> (T_)/z

ra
T 1 1 ¥
(1% Vv ar b X

Concerning the first expression in the last line, we can use the restriction VTN — 0
Here, CD;, is the usual CD test statistic based on raw error terms ¢;; /. Lemma S.1 allows
us to conclude that CD,,, = Op(1). The final result follows after observing that by double-

index CLT:

2y () -1) = LTZTD% (13~ 1) = Op(1), 518)

t=1i=1 t: i=1

%~
lﬂ

given E[|7;;[8] < co. O
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S.5.3 Proofs of Theorem 2 and Proposition 1

Proof of Proposition 1.
Analogous to the proof of Theorem 1, we decompose CD into

N i1 gz, N N e
CD =2kn T Z 12] > kn T 2 Z 3/21 ! 172 (512 - 0—1‘2)
i=2j=14/070; i=1j#i (Q%) (0']2)
= CD¢ + CD5_y)- (5.19)
Under the assumptions of this proposition the leading term of the CD test statistic is given by
1 N1 N
CDU = ﬁsz/TZZEl i = kNTZE E] ZkN,TZé\:'Ei
i=2j=1 i=1

=1-1I
We begin by proving that I = 0. Note that

N T /N 2
S e =) (z) |
i i=1

t=1

Furthermore, for each time period ¢ the sum of residuals can be expressed as
N =
Y &i=N (yt -A ﬁ) , (5.20)
i=1

where the average estimated loading Xis implicitly defined by projection off the space spanned

by ft That is, it can be written

_ T 17 T
A= (E ftf[) Y iy, = (Z ftﬂ) thft' [1,0:11], = [L%]I, (5.21)
t=1 t=1 t=1 t=1
=</ ~
such that A f; = y,. Combining these results we conclude:
N =/ ~
Zﬁi,t =N (yt - A ft) =0, (5.22)
i=1

therefore also I = 0. Next, we show that IT = Op(+/T). Using corresponding results from the
proof of Theorem 2 with w; = ¢! Vi, we can write

N
I_kNTU' ZZS&—}—(’) 1/2\/T71/2)—|—OP(N71\/?)

i=1t=1

= NT 2TN1 1_1 F(ii — ) Op(N"V2v T2+ Op(NTVT),
= 2(13]75 [ Op(NTVRVT ) £ 0p(NTIVT),

=/ w +Op(NTV2VT™2) 4 Op(NTIVT).
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Here the second line follows from double-index CLT applied to the sequence 17i2/t — 1. Combin-
ing our results with those on expressions I and II we conclude

CD = <T - N) /24 Op(N7Y2) 4 Op(T7V2) + Op(N"IVT). (5.23)

O

Proof of Theorem 2. As in Proposition 1:

i— :1 /0-20-]2 ! 1-21]-#1- (g%)3/2 <0_]2)1/2 1 1
= CD, +CDg_g)- (5.24)

As shownin Section S.5.7, CD((A,,U) =0Op (\/NT_1> +Op (T‘l/Z) +Op (N_l/z) +Op (N_1ﬁ> ,
implying that the estimation of unit-specific error variances is asymptotically negligible under
weak assumptions on the relative rate of divergence of N and T.

Consider now CD,. To simplify notation and to emphasize the generality of our result,
we derive its asymptotic properties for a generic set of random weights {w;}Y; which has
the same properties as spelled out in Assumption 2. Taking some conflicting notation with
respect to Theorem 3 into account, let the equivalent to CD,, based on these generic weights be
denoted

N i—1 N N

A~ a2

CDw = 2kN Z Z €; ]wiwj = kN,T Zeisjwiwj - kN,T Z €,E;W;
i=2j=1 ij i=1

=1—-1I,

where

= Mpe;— MU (C 1) A
Now let
= kr 2 (-0 (@ )A) (5-T (C) A) wiy
- kg e T (C)N) Pe (6-T (€7 A wiy
=L-I
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Here, analogous to how we proceeded in the time fixed effects model, we write

N N N N
Z (61' — ﬁ (671) Ai) w; = Zeiwi — E Ui (671) (N_l 2 )\[ZU[) .
i=1 i=1 i=1 =1
Consequently, letting A, = N~ YN Ajw, and & = e;w; — U; (5_) Aw
N
L =kn,r Y Cigj
i

N i1 N
=2knr ) ) GiGi+hnT ) CiGi (S.25)
i=1

i=2j=1

where

Al ! N / 2 ~ (=-1)/ N / ——1\ +
knr Y86 = ke Y ele? + kv, (C) (L UUH (€)X
i=1

i=1 i=1
(1) [
_2kN,T)\w (C ) ZUiIEiwi
i=1

is a linear function of asymptotically non-negligible terms. Lemma S.3 implies that I, = op(1)
if both /T/N — 0 and T — co. Hence, proceed to

II =knT % (ei -U (671) )\i>/ (Ei -U (671) )\1-) w;
i=1

bk (-7 (€7)8) py (4 (€ 3)
=1L —II.

As shown in Lemma S.4, I is op(1),if N ~1\/T — 0and T — oo. For this reason, consider the
first term above instead. We can write

N N
I = kN,T Z&?;E,'wiz +kN,T Z HU (C ) Ai‘
i=1 i=1

N
? wlz — 2kN,T Z )\; (671> , ﬁ/siw%,
i=1
where
N ., 2
o (@)
i=1

< km% i;wl-z)\;)\i tr ((N/ T)ﬁ’ﬁ) Hé’l
P

2
w;j

i

= Op(N'VT)
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by using result (S.41) and Markov’s inequality on & Ly N w? Al Next,

o , 2 1/2 N ) 1/2
Y (C 1) ) ( ) .
=1 i=1

= Op(1). In order to proceed in with the second term

N

;X(C ) U'cjw?
x(c

above, we use the identity U = [, E| B and write

2k N, T

< ZkNT\/> (

As noted above, N1 Zl\i

\/

N T
<IBIPN2 Y. Y Elejsensemveie] E [wf]

T !
1,1 0" tt

N
e |1 [7en
i=1

N T
+ || B|* N2 Y Y Eleicip] E [€) ey ] E [wﬂ

T /
1,11 tt

= O(T) +O(N'T?),

which follows from combining indexes such that only nonzero expectations remain. Together

with uniform boundedness of w} and boundedness of | B |?, we have

N ’
e NTew? = < ~1/2
ZkN,T izzl)\l <C ) U E{W;j TN(N — 1) \/NOP<1) (Op(ﬁ) + OP(N T))
= Op(N7V2) 4 Op(N"IVT). (S.26)
Hence, we can conclude that
N
Ih =kn Y eleiw? + Op(N7V2) + Op(TV2) + Op(N"'VT) (S5.27)

i=1

Combining the results on Iy, I, II; and 1];, we have

CDy=L—-L—-1L+1II

_szTZZ§1§]+kNTA( )(ZUU)( ))\

i=2j=1

o\ (N
~2kyrX, (C7) (ZUi’Efwf> + Op(T12) + Op(N"V/2) + Op(NIVT).

i=1

This result transforms into one about CD,, the leading component of CD in Eq. (5.24), if we

set w; = (71._1, and define the influence function as ¥;; = (6’) u;;. Additionally using the

results of Section S.5.7, the main result of this theorem follows. O
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S.5.4 Proof of Theorem 3

Additive part.
Consider the CDyy statistic without variance scaling, and denote it by CDy, i.e:
. N i— 1
CDW = T Z g; ]w
1= ]:]
= CDy/w — CD(PA‘_P‘)

From the results in Section 5.5.6 we notice that CD(;_,) = O p(T~1/2) irrespective if one con-

1

siders ; * or any w; as weights. Moreover, the decomposition of CD provided in Theorem 1 is

purely algebraic and holds even with general weights w;. From Theorem 1 :

CDyw = 2kn,7 iie;sj (w; — W) (wj — @) + VT (Ewa + Ewz),
i=2j=
where
Ewg = 2(NN— ) I\}Tﬁiéegt ((w) - wal)
Ewp = 21\](1\17—1)1\}7“ lil Ié 812',15 <(@)2 - szz) .
Here, we consider the leading bias term & where (NT) 'Y, YL, e, = Op(1), w =

Op (N"V2) and N~V2T-1 ) ¥ e2,w? = Op (1) straightforwardly hold by Markov’s and
Chebyshev’s inequalities and uniform boundedness of the error variances It follows that
Eiw = Op ( ) For the second remainder term Ey,, we note that 5 Zl 1 Zt 1 81 tw =
Op(1) which together with the previous intermediary results implies & &w,z = Op(N72).

We continue with the leading stochastic term in CDyy, given by

T

2 13 Y-ty (1) (- )

=2j=1t=1

wLL

| I
—

i—1

1=

»

i=2j=1t

||
0 [\12
mﬂ

Il
—

€ t€jWiW; — (w - N_l) <2kN Ei,tgj,t(wi + wj))

i—1

T
Y ciejs | -
j=1t=1

Given that E[w;] = 0, the second and third components are of orders Op(N~1/2) and Op(N~1),

E,Mz

+ (w* — N7t <2kN

respectively. This follows from the application of Lemma S.1 on corresponding U-statistics.
The remaining non-negligible term is of the form:

N T
Y)Y i wiw;.
— 1

i—1
12] 1t=1
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From Lemma S.1 it follows that:

\/72 )3 Z &80 — N(0,Q) (S.28)
=1t

as N,T — oo jointly, where Q = E[0?w?]? The last step in this proof is to show consistency
of the standard deviation estimator () = (NT)~! YN Y ?%twiz so that convergence in law
of CDy to a standard normal distribution follows by Slutsky’s Theorem. Note here that an
equivalent expression is given by term II in the proof of Theorem 1. Drawing from results in
Section S.5.6, we conclude that

N 1 N

) E = ) ot -

afw + Op((NT)™V2) + Op(T™1) 4+ Op(N7).

Mz

Z\H

L
NT

Il
—

Consistency follow from the Chebyshev’s inequality. It follows that CDy 4N (0,1).

Multifactor error part.
Proceeding from the decomposition given in Theorem 2, we consider the two bias terms ®yy ;
and @y ». For both terms, it is instructive to note that

2

ZZEhwﬂ (XA = 2anwl ] =0 (N1,

so that

N
N1 Z Wi

) — Op (N*l/z) . (5.29)

Concerning ®y 1, we also need to take into account

N T
_122¢i,t¢§,t < (NT)" ZZultult

i=1t=1 i=1t=

=0p(1),

Call

which follows from Markov’s inequality. Using this result, we have

2
N

2(N—-1)
= Op(Nfl).

D <

N T
|ww*22wm&

i=1t=1

N
HNl Y wid;

i=1

Next, consider @, . By isolating C ' from the definition of ¥+ and by using result (5.43) on

the remaining part:

H Zzwztwelt

i=1t=

~on (v
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Consequently,

"I)W2|<“ H 12?/01

_op

(NT) 1 Z¢i,twi8i,t

Thus, the two blas terms affectmg CDy in Theorem 2 are negligible for weights satisfying
Assumption 7 as long as N~!v/T — 0. We continue with the leading stochastic term of the
weighted CD test statistic, given by

-1

2kn,T Z E GiN iGNt
i=2j=1t
with ¢in s = [w €t — (N ZE 1w/)\4) P; t} and ¢;; = C ult Analogous to the time fixed
effects part of this proof, we can apply Lemma S.1 with 4;; = w;e;; and q; = w;o; to obtain

-1

_1 Zzzgltejtww]—>N(O’(U§’E[aﬂ)2)
i=2j=1t=1

as N, T — oo subject to N~1v/T — 0. Now note that by Eq. (5.27) in the proof of Theorem 2,

N T N
(NT)T' Y Y & wh = (NT) ' Y eleiw? + Op [(NT) V2] 4+ Op(N!) + Op(T )
i=1t=1 i=1

where (NT) ' N | elejw? LN 02 E [07] as argued in the time fixed effects part of the proof of

this theorem. By application of Slutsky’s Theorem, it then follows that
- -1 T
Z ey ZZZslts]tww]HN(O 1).
i=1t=1 i=2j=1t=1
Next, consider the sum

2kNTZZZU’ZtU’]t =B <2kN

i=2j=1t=1

i—1

T
Y ) (eineiy) (gjne ]t)> B. (5.30)
2j=1

t=1

i Mz

Given that e;; has properties similar to ¢;;, it can be shown analogously the reasoning leading
to (5.28) that a CLT holds for every element of the (m + 1) x (m + 1) matrix in the parenthe-
ses of Eq. (5.30) by Lemma S.1. This allows us to conclude that the elements of (S.30) are
stochastically bounded. Thus, recalling result (S.29),

1 N , 2 N i=1 T .
<N Elww) ( WZZ _1%%) (N ZAW) = Op(N7),

1

2 N -1 T N
( TN(N —1) X eiid]},t) NTY )\gl{)g) — Op(N"1/2),



so that

(NT)~ € 4W; NN T gintGint — N(0,1),
i=1t=1 e TN(N —1) i=2j=1t=1 B

which leads to the final result of this part of the theorem.

S.5.5 Auxiliary lemmas for Sections S.5.2-S.5.4

Lemma S.1. Let {a;;}]_, be a scalar and ¢; L—dimensional sequences of random variables for i =
1,..., N such that:

® a;4,a;s are independent for all i # jand all s, t.

a;,a; s are iid conditionally on c; for all s, t.

E[la;;[8|e;]] < M < oo. ¢; are iid over i.

q* = E||a;|¥|c;] and Ela;s|e;) = 0 for k < 8.

E[|q¥]] < oo for k < 8.
Then:

N i—1 T
u= \/TZ Y aieai; — N(O,E[g2]%), (S.31)
i=2j=1t=1

jointly as N, T — co.

Proof of Lemma S.1.
The prove this lemma we use Theorem 3.2 of Hall and Heyde (1980). In particular, express U
as:

T
U=)Y &nr &Nt = NT(N=1) Z Z A4 - (5.32)
t=1 i=2j=
Denoteby C = U({c]-}]-li ) the o-algebra generated by {c]} V,andlet Fy_qn7 = 0(CV{&snT}
be the o-algebra generated by C and {& n r}'_1. It is easy to see that {& N1, FiinT : t =
., T} is a Martingale Difference Array.
At first we establish the limiting variance of this MDS array. From Corollary 3.1 in Hall and
Heyde (1980) the variance is determined from:

T
Vr =Y EB[&nrl Foan] - (S5.33)
i=1
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By conditional independence of 4, the above result simplifies:

T T

Y El&n Tl Fiint] = Y E[Ein 7IC)

t=1 t=1

2 N i-1 2
= m E 22 . ﬂi,ta]',t |C

2
), ﬂi,tAi—l,t> C]
i=2

[ N
2 42
= mE 2ai,tAi—1,t\C]

i=2
N
NN 5

|
=
2l
|
=
™

7 N
z

i—1

M

—_

where in the third line we defined the “integrated” variable A;_1; = Z;'-;i aj, the fourth line
uses the fact that a;;A;_1 ; is a Martingale Difference Sequence. The last line uses the definition

of g7. After re-arranging elements:

e 2 vy
N(N-1) 5" 57

Here the third and the fourth lines follow from the application of the Kolmogorov’s SLLN to
iid sequences g7 and g}. Thus we can expect that

i—1

N T
u:,/ Z Zalta]t—>NOE[ql] ). (S.34)
1:2]:1 t=1

It remains to prove that the sufficient condition for Corollary 3.1 in Hall and Heyde (1980) is
satisfied. In particular, it is sufficient to show that §;n 1 is a (conditionally) uniformly inte-
grable sequence:

T

ZE CtNTI 1GeNT| > )| Froin 1] 5. (5.35)
t=1
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Instead of proving uniform integrability, we borrow the idea from Kao et al. (2012) and instead
show that conditional Lyapunov’s condition:

T
Br = Y E[|Gn 12 Froing] 0, >0, (5.36)
t=1

is satisfied under the maintained assumptions. In what follows we prove that the above con-
dition is satisfied for § = 2. Observe how:

_ N 5 5 \*
Br = TE[&\7IC] =T 1mE [(Nu% —a%) \C} ’

where @, = N~1 YN | 4;, and similarly for a2;. By Minkowski’s inequality:

Br < T14(NN_1) (W+ ¢[E [(gztf ch4.

As by assumption E[|a;;|®|¢;] < M we can use the (conditional) Rosenthal’s inequality to con-
clude that:

E [(Na%)“ \c] = Op(1). (S.37)

Moreover, another application of Minkowski’s inequality yields:

N 1 N 4 ) 1 N 4
HE [(Lﬂt) ‘C} < Y E (N Z(aiz,t_qiz)> IC| + <N ;(#)) . (5.38)

i=1
Further application of the (conditional) Rosenthal’s inequality yields:

E 1 & 2 2 !
NZ(ai,t_qi) IC

= Op(N7?), (5.39)
i=1

which together with the fact that N™' YN, (4?) = Op(1) implies that:

N
Br < T'———— 0p(1) = op(1).
As required. This completes the proof. O

Lemma S.2. Let w; denote any stochastic weights that are independent across i and satisfy E [w?] < M
for all i. Furthermore, let w; be independent of fi, €;; and e;; for all i and t. Under Assumptions 2-6,

~ ~\ —1
(T”F’F> = 0p (1) (S.40)
N
VNT V2 INTTY wU!|| = Op (1) (S.41)
i=1
N
VNT1/2 (N—l ZwiUi’> FH =0p(1) (S.42)
i=1
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Additionally, under Assumptions 2-6 and given weights w; that satisfy Assumption 7, we have

(NT)™' Y Ulewi|| = Op(N~Y/?) (S.43)

N
i=1

Proof of Lemma S.2.

1. Result (5.40): By Pesaran (2006, equation (36)) it holds that
T FF=C (T—lF/F) C+0p [(NT)—”Z} +Op(N7Y),

where the function of true factors and true loadings itself converges to a positive definite
matrix by Assumptions 3 and 4. Hence, Theorem 1 in Karab1yik et al. (2017) applies and
equation (5.40) follows.

2. Result (S.41): Taking the square of the expression of interest, we can write

2
N T
NT ! < (NT)T' Y ) wiwy (eieejs + efey) | BII*

ij t=1

N
N7y wU/
i=1

where (NT)~! f\; Y, wiwjeiej; = Op (1) and (NT)™? f\; Y, wiwje; e = Op(1)
by Markov’s inequality and zero correlation of idiosyncratic variation in both y; and X;
across i. Result (5.41) follows accordingly.

3. Result (S.42): Analogous to the proof of (5.41) we take the square of (5.42) and rearrange
to arrive at

2

N T
§ (NT)il ZZwlw]ft’fy (Si,t‘gj,t’ + eglte]-,t/) HBH2 .
ij tt

N
N'Y wU/F
i=1

NT !

Now taking expectations of the non-negative expression (NT) ! f\; ZZH wiw; ff freisej v
and using uncorrelatedness of €;; across i and t as well as E (wzz) < M, we obtain

Y M tr(Zp)E [,]
=1

1

N T
E [(NT)1zzwiwjft,ft’€i,t€j,t’] < (NT)™!

N
ij =1

—0(1)

An identical result is given for the term involving e;,e; . Result (5.42) is then obtained

via Markov’s inequality.
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4. Result (S.43): Given the definition of U;, we can write

2

N T
)722215: [Szt €1t€1tl+eltezt/) Szt/] Var[wl] ||BH
i=1tt

N
H (NT)fl Z Uileiwi
i=1

where we directly use independence of w; across i and E[w;] = 0. Additionally,

T

N T
i(NT)> Y Y Eleiseisciveip] = - ZK4 eis] + (NT) ZZZE[ 2 B[]

i=1tt i=1t=1 i=1tt

=O(N
and

T N T
Y Y Eleieleipeip] = (NT)2Y Y E e}, tr (%)

t,t i=1

Mz

Il
A

i

from which it follows that
2

~or ()

by Markov’s inequality. Taking the square root leads to result (5.43).

N
H (NT) ™'Y Ulejw
i=1

Lemma S.3. Under Assumptions 2-6 and E[|w;|®] < M

ZTN(Zl\I )§:<EZ—U<C 1)l>\i>/P <€] U(c )/)\]>wlw]

Proof of Lemma S.3.
Let Ay = (Nfl YN, )\gw£> and note that Y° | (si -U <€71>/ AZ-) w; =YN, (siwi —U; (671> Xw).

This allows us to write

TR ﬁj <ei v () )\Z-) Py (s]- T (c‘l)'x]) wiw;




First, note that
N
Pall® = N2 Y wiwpdiag = Op(1) (S.44)
L]

) 1/2 1/2

since E [N*Z By wiwjxng} ( 2y NE [ 2 2]) (N*Z yNE [||Ai||2||>\j|yz]) = 0(1)
by boundedness of the fourth moments of all stochastic components involved. Next, recall
that F = FC + U. Thus,

o] < vwr i |vwrmeD] 1ol
= 0p (VNT) +0p (T),

where the last line is a consequence of results (5.41) and (5.42). Furthermore, since ¢; =
U;B~'[1,0']', we can proceed analogously for H):fil ﬁ’eiwiH < H):fil ﬁ’ini’ |B~!|| and
obtain the same orders in probability as in the last equation above. Additionally using result

(5.40), we arrive at

m i] <si T (C_l)/)\i>/Pﬁ <ej T (c‘l)’xj) wiw;

1_1> [OP (M) +Op (T)}2 Op (T*1>

2TN(N
— Op (T*l/z) +Op (N*m) +Op (N*ﬁ) ,

which concludes this proof. O

Lemma S.4. Under Assumptions 2-6 and E[|w;|®] < M:
1 al = (1 ! ——1 ’
2TN(N — 1) 1; <€f_U<C )}‘i) Pp <€f_U<C )A") @i
= Op(N2VT) + Op(N7¥2) + Op(T"1/?)
Proof of Lemma S.4.

Given that || A — A;|? < 3||Aq||? + 3|| A2||? for two arbitrary m x n matrices A; and A, we
have

\/Té( ( 1)>‘i>/Pﬁ<€i—U(5’1))\i)w§
ﬁ Bl el 2]

al =1\ 7 5
+3 Z T 1w\ (C‘) UF (.45)
i=1
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Here,

T N -1 I & 2
N ol Ly
— T 3 P 12 T > 1, 7|
S e ol Loty [ SN e o P

Concerning the first term on the right-hand side above, we can use Chebyshev’s inequality

together with
2,21 T S 2 /
E — 1 ZT w E FF Ei| = 7_1 ZZT E [wl] E [E [8i,t€i,t’|0i]] E [ftft/]
1:1 tt
E tI‘(ZF)
\/ 2TN -1) l
~1/2)
to arrive at /sy 1 7 YN || T e FH HCH Op(T~1/?). Likewise, recalling that u;; =
B’ [e, i€ }/ we have
[\/ZN N L] ]
— 1 Z E NT 2E [81',1? (Si’,tsi”,t/ —+ e;’,tei”,t’) si,t’] HBH

ii'i"

2N(1§— 5 (oY +o(r ) on)

= O(N2VT) + O(N"IT"1/2).

This result is obtained by noting that

N T N T N T
(NT)"> Y Y Eleisersermpeiv] = (NT) 2 Y waleie] + (NT)2Y_ Y E[ef,] E[e7,]

ii'i" t, ¢ i=1t=1 i=1t,t

and

N T T
(NT)"2 Y. Y E[eise) empein] = (NT)2Y_ Y E [e},] E [€) 1]

ii it ii t=1



Combining the results obtained up to this point and additionally using (S.40), we obtain

=T i ‘T weFH H 1FF) 1H:(’)p(N—Q\/T)+(f)p(T—1/2). (S.46)
=1

Next, consider

N
AT L

T~ wl/\’ c )’ﬁﬁ

2 _ Z(Ii,\jfl) <N‘1 %w%;/\) HGHHZ HT—lﬁﬁ‘Hz

i=1

1/2 1/2
where N1 TN, w2\ = Op(1) since E [N"T N w2An] < (NTEN, Ewf]) 7 (N2, EA]14)
Additionally, we can write

2 _ LI\ 2
[roF| < (|reT] + o)
= Op(N7?) + Op(N>2T1/2) + Op((NT) )

with the last step following from (5.41) and (S.42). Consequently, it holds that

.
2N(N-1) &

= Op(N2VT) + Op(N~32) 4 Op(N~IT71/2),

e (o) Ui | (rEE) |

Summarizing the results derived so far, we have
S (e-T(C)A) P (a-U (€ ) A)
2TN(N —1) =\’ Yoo E o
= Op(N"2VT) + Op(N"%2) + Op(T7?)

which concludes the proof. O
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S.5.6 Additive model. The effect of estimating fixed effects and error variances

Estimating fixed effects We start at the decomposition of CD, in Eq. (5.13) and focus on its

second term

2
N g —¢ N g —F)\?
Dy = hur (£ ) o £ (25)
i=1

i=1 i i

Consider now the first term on the right-hand side above.

Nz _ 5 2 e L, N T 2
Thnr | Y- =Nknr [(NT)72) 3 == (N1 Y o | (NT) 2} ) ey
i1 Ui i—1t=1 Yi i=1 i=1t=1
N
= 1
2T (N —1) Or (1)

Here, the second line line follows from Theorem 3 in Phillips and Moon (1999) applied to
sequences ¢;; and ¢;;/0; as well as the lower bound of ¢; at a value above zero. As for the

second component above, note that

N /- =2

& — &
TkN,TZ(’U‘ )
i=1 1

N T oo \° N T o N T
“hr & (TP %) <t (0 2L Y ) (n) 2L )
i=1 t=1 "1t : i ‘
a‘1> (\/N"[?)z

1

1

N
+kn (Nl
=1
N T . 2
=knT Y (TW Y ”) + Op (N’lT*”z)
i—1 t=1 Ui

Again, we use Theorem 3 in Phillips and Moon (1999) to arrive at the last line. In order to

derive a result for the remaining explicit term, we note that

N T g ? N T o 2
knt ) (Tl/z y (;t> = Nkn + VNkn N2y (Tl/z 3 (;t) 1
i=1 =1 "1 i=1 =1 Yi
-0 (T*“Z) L Op [(NT)—”Z] ,

From this result and the previous one it follows that

CD gy = Op (T7?).
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Estimating error variances We proceed from equation (5.12) in the proof of Theorem 1, and

show below that

N N
CDG o) =knT) ),

e (
i=1ji (c2)%2 <02>1/2

ot —af)

]

— Op (N’lx/ﬂ L Op (N’l/z) +Op (T*“Z) +Op (T*lx/ﬁ) .

The expression in the first line above depends on an unknown component ¢? which is bounded

by 07 and G2. A simple expansion allows us to write

Y, & é\;é\] 2 2 y é\;é\] ~2 2
kN, ZE 3/2 2 (@ —07) =kn ZZ 3/2 77 (@ —o7)
S () SIE (o) (o)
NN gl 1 1
+ kN,T — 6'2 — (7‘2 < - )
e A e
= a1 + az. (547)

The two expressions above are: 1.) A first-order expansion at the true error variances and 2.)
the approximation error of this first-order approximation.
Consider now the first term on the right-hand side above, which is the first-order expansion

at the true error variances. It can be written

- Ei€j ~2 2 NEE o o
a =knt) s 75 (07 —0f) —knT ) 3 (67 —07) (5.48)
i (0?) (a]z) i=1 (o7)
=411 — a2

The order of the two expressions above will be derived by expanding

. ele;, Ee gle;

o7 =Ll p @250 —oee (5.49)
and

é\;g‘] = E;Ej +Eee+ Tgié]‘ + Te? — E/Ei — E/E?]‘ — Tee — TE]'E. (5.50)

and by looking at the resulting terms.
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Consider the first expression, a1, which we write

-~
E:iE]

N
an =knr ) (@7 —a7)
” (0—12)3/2 (0-]2>1/2 1 i
N I N ~>
— kN,T Z Els] U[

~2 2 / 71N( ,_‘Tz%) O
_ 3/2 172 ((71 —0'1) +kN'TZ€i€j N 272 3/2 N ZU—Z
i (0?) (‘sz) = (0F) =

N ’\2 2
_ NTZ €i€j [N 12 3/2)

7 (o )”2 = 7 (o) =

N EE N N o N ’0\-2 _ 0.2 ~ N B
+ TkN,TZ 21 / 172 (0'1'2 - 0'1'2) + Tkn T Zeie]' [N_l 2 (623/;)] [N ! E 7y 1]

i (02 (?) i =1 (o7) =

N gE N (0% —02) N g (07 — 02 N
_ Tk =] N—l 14 14 %] 1 1 N—l 0_—1

i (0-2)”2[ N T
j

= a111 + A112 — 4113 — 4114 + A115 + A116 — 4117 — 4118 (5.51)

The order in probability of all terms above will now be established by implicit application of
either Markov’s or Chebyshev’s inequality. Handling o} for k < 0 is straightforward since oy is
bounded from below at a value above zero by Assumption lin the main paper. For this reason,
and in order to limit the notational burden, we disregard from powers of (sz that appear in the
denominator of fractions involving ¢;;. For the same reason, we disregard from the average
N1 Z@I 107 ~1. The second and third terms in (58.51), a112 and ay3, are differently weighted

versions of

N i—1 N
ZkN,TZZdEj [N 12 0’4 _UF
=1

i=2 j=1

N N
F o 3 ele [N—l 3 (62 - a£>]

i=1
=a1121 + a1122-

The order of the middle part appearing in both terms is Op [(N T)" - 2} + Op (N71), as given
by result (5.75). Accordingly, we get

ar = Op [(NT) ] + 0p (N71)
ay122 = Op (N_1/2> + Op (N‘H/f) ,

since the first term in a1121 is Op (1), whereas the corresponding term in a112, is Op (\/T ) It

follows that a11, = Op (N_l/z) + Op (N_lx/T> and a113 = Op (N_l/z) + Op (N_l\/T) . We
continue with 4111 and a114 which both are differently weighted versions of ky, r 25‘; ele i (?71-2 — (71.2) .

Hence, Lemma S.7 implies

a1 = Op (T’1\/N> +Op (T*”z) +Op (N*l/z) +Op (N*lﬁ) ,
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with an identical result for a;14. Concerning 4111, we additionally decompose

an =knr Y _ele; (07 — o})

ij

—kNTZZEEJ((T —(7 +kNTZ€€,(U —(72) (5.52)
i=1j#i i=1
where the bound that we stated above holds for both expressions on the right-hand side above.
We emphasize this point because the second term in the decomposition of 4111 cancels out
with an identical term in the decomposition of a1, in (5.48). To appreciate this point, see the
discussion of expression (S.54) below.
Terms a;15 and a11g are almost identical to a111 and 4114, being weighted versions of are
functions of (Ng) Tkn,r L~ & (67 — 0?). Noting that € = Op [( T)” 1/2} , we can use Lemma
S.8 to establish

o3 = 0y (VT12) oy (1) + 0y (v1-) 1.0 (4
=0p (T‘lx/ﬁ) +Op (T‘3/2) + Op (N—lT—l/Z) ,
with a11g being of the same order. We emphasize the link between a115 and a115 as well as a11;

and a;14 since one part of 4115 cancels out with an identical expression in a1, below, precisely
as a component of 111 cancels out.> To be more precise, the second term in

3>

7 (2) (02)

TkN T &€; Tkn,T

172 (@2_012) +

ai1s =

disappears if we combine all terms in a1 and a1,. The last two terms in our decomposition
of a11, a116 and ay17, both depend on the term Tky 1 (N€)* [Nfl Y (02 — o7 )} Using result
(5.75) here, we can conclude that

a116 = kn,TN*T Op {(NT)_l} {OP [(NT)_l/z} +0p (NA)}
— NVT {op [(NT)_WZ} +Op (N*2T4> }
=Op <N‘1/2T_1) +Op (N‘lT‘”z) ,

and that the same order holds for a;17.
Taking together all eight terms of a1, as defined in expression (5.51), we can conclude that

ay = Op (N*lﬁ) L Op (N*l/z) +Op (T*“Z) +Op (T*R/N) . (S.53)

5This point continues to hold even if we explicitly acknowledge the scaling with functions of ¢; and o; which

we largely disregard from in this proof.
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Next, we write out the second term in our expansion (5.48), which is given by

alz_kNTZZ‘Szt (7 —0’)

t=1i=

N N

kN,TEEe,%t (cATiZ—cTiz)-I-TkNTZ(UZ—U) ( )-l—TkN ZEZZ (02 — o)
=1i=1 i=1 i=1
T N N

+F TkNTZ(O' —0?) —2kn 1 ZZeltet(U —0?) —e2Tkn,r Y & (62 —0?)
i=1 t=1i= i=1

= a1p1 + 12 + a123 + A124 — A125 — A126- (5.54)

A term identical to a1 is given by the second term of expression (5.52), a component of the
term aqy. Since a1 = aj1 — a1, term ayp1 and its equivalent in expression (S.52) cancel out. The
same holds for 4153 where an identical term is contained in expression a115. Among the four

remaining terms,
a0 = Op (N72) +0p (N2VT).

and analogously
a2y = Op (N72T71) + 0p (N2T7112)

are a consequence of result (5.75) together with T ¢’ = Op (N *1). Next, we consider 175
which, up to a different weighting, corresponds to either of expressions a111 or 4114 times an
additional factor of N~!. Hence, by results (S.78) and (S.79), we arrive at

15 = Op <N72\/?> + Op <N73/2) + Op <N71T71/2) + Op (Nﬁl/szl) .

The same observation as for term 4155 can be made for ajpswhich is equivalent to a115 or a11g
times an additional factor of N~1. It follows that

= 0n (N ) .0 (N17°9) 00 (N227°2) 05 (V2722 £ 0 (V7).

This specifies the properties of all six terms in the decomposition of a1,. Combining the result-
ing orders, we arrive at

a1z = Op (N‘Zﬁ) + Op (N‘3/2) + Op [(NT)*l/z}

where we disregard from terms 4121 and 4123 which are eliminated completely in the difference
a1 — app. Using the results obtained for both components of this difference, we conclude that

al_szTZZ 1/2(31'2_‘71‘2)

EE ()

— 0p (N”\/f) L Op (N*1/2> +Op (T*”Z) +Op (T’lx/ﬁ) ) (5.55)

~
€-€]
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where we include the bounded random variables (012) —3/2 and (Uf) - for the sake of com-

pleteness.

Up to this point, we have investigated the first-order approximation in equation (5.47) at the
true error variances. We proceed with results on term a5, the error of our linear approximation.
We take absolute values and use the Cauchy-Schwarz inequality to arrive at

lag| = kNT%i i€ ((?2—02) [ r 1 ]
’ / 1 1 / /2
55 ()" @7 @
_ 02 172 i ) 172
(£ ) (] e ]
S KN, T o — 0, -
i=1 |jZi (‘71'2)1/2 - S ()
_ ~ -2 1/2 i 5 1/2
<nr L2 Ta@-a) | (L] e ol
S KN,T 0] 0 -
AEE@T Sl @™

= kN,T\ /d31022. (5.56)

A further first-order Taylor approximation of (31-2) —3/2 around (0’1-2) —3/2 results in

1 1 1 ~
‘Ti—‘fz‘z)

@ @ @

1 1

where we take into account a slight misuse of notation by letting ¢? be a point in between 7?2

and 0’1»2. Substituting this expression into ay; leads to

o7t (o ) [or /1) 00 () 0 (1)

= Op(N/T)+0p (N1) +0p (T), (S.57)

where Lemma S.9 is used to ensure that the last line holds as long as T~'v/N — 0 is satisfied.
To arrive this result, we use result (5.76), as well as Lemma S.9 to establish conditions on the
relative expansion rate of N and T under which inf; ¢7 is stochastically bounded. The lemma
is merely a generalization of Lemma 5 in Moon et al. (2007) and the resulting assumptions on
the divergence rates of N and T can be relaxed even further if one is willing to assume the
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existence of higher-order moments of ¢;; beyond E {E?J . In addition to result (5.57), which
bounds a3, the order in probability of a; is determined by that of ap;. Lemma S.10 establishes
the corresponding result on a3 so that the order in probability of (S.56) is given by

2 1/2

ap) = {TN(N—l) [OP (Nz) +Op (NT) + Op (NflTZ)} [OP (N/T) + Op (N*1>] }
=0p (T‘H/N) + Op (T—1/2> +Op (N—s/zﬁ) . 559

This result marks the last one needed to characterize the impact of estimating error vari-
ances rather than knowing their true value. We return to expression (5.47) and use our results
(5.55) and (S.58) on its two components a; and a; to arrive at

CD(o_g) = Op (N*lﬁ) +Op (N*l/z) +Op (T*W) +Op (T*\/N) . (S.59)

S.5.7 Multifactor model. The effect of error variance estimation

Similarly to Section 5.5.6, we proceed from equation (S.24) in the proof of Theorem 2, and show
below that

»3
CD@G_g) =kn,T
o 0z (g12)3/2 <0_]2

— Op (N—lx/f) +Op <N_1/2) +Op (T‘1/2> +Op (T‘1m> .

o
Ei€]

5% — 0’2)

)1/2 (7; i

The expression depends on an unknown component ¢? which is bounded by ¢? and 72. A
simple expansion allows us to write

N N
knrd )

@) (o

TS N N =~

g.e; = .
= K (07— 0?) = knr ) ——

+k ii £iE) o7 —o?) ( L ! )
N, T i — Vi -
S () AT @)

= aj +a;. (S.60)

The two expressions above are: 1.) A first-order expansion at the true error variances and 2.)
the approximation error of this first-order approximation.

Consider now the first term on the right-hand side above, which is the first-order expansion
at the true error variances. It can be written

N
LZT = kN,T Z
T (07)" (F

% *
=4 —4ap

e v g

)1 75 (0 =) —knr ) 21')1/2 (@2 - o?) (S.61)

i=1 (0
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-1
3/2 172 -1/2 , . . .
2) / ((7%) and (0?) "2 in both expressions are immaterial

Note that the scalings [(0-2
since all orders in probability of subterms arising from either aj; or aj, will be derived via
either Markov’s or Chebyshev’s inequality. Since error variances have a lower bound above
zero, we can always bound their inverse from above. For this reason, and to simplify notation
in the following proofs, we disregard from the denominators in the fractions that constitute aj;
and aj,. The order of the two expressions above will further be derived by expanding

=1\ =t == (=1 ——1\/ =
LT T T T

(S.62)

and
eigi = el + X (C 1) UM (C1) A~ elPpe; X (C) U Me; — iU (C1)
(S.63)

and by looking at the resulting terms.
Consider the first expression, aj;, where we use (5.63) to write

N
aiy =kn,r)_€i§; (67 — o7)
ij

Y e (62— o2 (TN T MT (T 1) A (62— o2
knr Y ele; (62 —o?) +knr YN (C )UMFU(C ))\] (32 - 0?)
0 i

N N
~knr Y elPpe; (07— o) —kna LN (C1) T Mpe; (32 - 0?)
ij i

N
/1 N
— kY eiMpU (C1) Ay (67 - o?)
ij
= ajyy +ajp — a133 — A4 — 4415 (5.64)

Concerning the second term in (5.64), aj;,, we can write

|a112| =

kn ik (€ ) U'MT (C ) 5 (@~ o?)

2 || N
RN

j=1

_ /ZN(NT—l) (00 (VNT2) + 0, ()] {0p (N1) +-0p [(NT) 2] L 05 ()

— Op (T—1/2) +Op (N‘1/2> +Op (N—lﬁ) : (S.65)

N 1/2
< Thur [z @ =) w] [T nz0|| (7))
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Here, the third line results from Lemma S.14 as well as result (S.92). The third term in (5.64),
313, can be bounded from above in absolute value by

N
|ata| = |knT ) _eiPpe;j (07 — o)
ij
N - N N -1
< Tkng||[T 'Y eiF (67— o) || ||[T ') Fle T—lF’F) H
i=1 =1

i o0 (N7%) 00 (115) 00 (1) 400 )
<on () 0n (v

s 0 () wor [ s (02

+Op (NT—3/2) +Op (T‘1\/N> }

= Op (\/TN—5/2> + Op (N—B/z) + Op (x/ﬁf_r—m) +Op (T—l) O, [(NT)—l/Z} .
(5.66)

Arriving at the order in probability stated here requires us to use Lemma S.12 as well as results
(5.74) and (5.96). We proceed to the fourth term, where we write

N ) 1/2
i=1

N
-1 ==/
T'Y U Mze;
j=1

w1 [0 (VRT7) . 010)] [ora)+ 0 (v 1)

— Op (T*W) +Op (N*“Z) +Op (N’lx/f) . (5.67)

In addition to Lemma S.14, we can use result (5.92) to derive the upper bound for |aj,,|

stated above. The relevance of result (5.92) can be seen by noting that H T-! Z]-I\i 1 UM FEj M =

N H T‘lﬁ/MFEH and by recalling that H T‘lﬁlMﬁﬁH includes all terms in H T‘lﬁ/MﬁEH.
We proceed with the fifth term in (5.64), aj;5. After having taken absolute values, we can

write
N
ais| < Thyr || T 12(0 ~o? eU'HC LA
=1
N
+ Thyr || T 12 (67 — 0?) &P UHHC YA
=1
* * —-1 N
= (41151 + A1152) HC H Z)\]
=1
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Consider now aj;5,. The order in probability of this expression is bounded by Lemma S.12 as
well as results (5.74) and (5.102). More specifically, we can write

N
T™'Y (07 —of) el

i=1

=) [0 (NT272) 400 (TVN) 4 0n (W) 00 (127)]

X {Op [(NT)‘”Z} +Op (N*l)}
=Op (N_l/zT_m) +Op [(NT)A} +Op (N‘3/2T‘1/2> +0p (N2) +0p (N““\/f) .

The a statement for the remaining term 43,5, can be made by invoking Lemma S.12. This is

aj15p < Tkt

H (T‘lﬁ’ﬁ>1H |r#D]

possible since a3, is completely contained in the expression T~' Y-, (2 — ¢?) e/ F, which is

the expression handled by this lemma. Accordingly, we have

@5 = Op (T71) + Op [(NT) 2] + 0p (N1) + 0p (VIN2).
Using this result on aj,5; together with the previous one on aj,5, we arrive at

ats = Op (T—l) +Op [(NT)*“Z} +Op (N‘l) +Op (ﬁN—Z) . (S.68)
Lastly, we consider term aj;; which is decomposed into

anl—kNTZZse]( —|—kNTZs€1( o7 — 0?)

i=1j#i i=1
= aq + -
By Lemma S.13, it holds that
=0y (VNT 1) +0p (T12) + 0p (N2

alln p + P + P .

As for expression aj,;,, we will emphasize below that an identical expression exists in the

decomposition of aj, which eliminates this term. However, for now, we simply conclude from
results (5.65)-(5.68) and our discussion here that

ay =kt isgsi (62 —0?) + Op (\/NT”) +0p (T*1/2> L0, (N*1/2> Lo, (Nflﬁ)
i=1
(5.69)

Having investigated a]; we proceed with the second major component of the linear ap-
proximation term at the true error variances. We can decompose this second term as

« Y a2 o A R o 9
a1p = kN,TZEiei (0’1 —0; ) +kN,TZ)‘i (C ) U MﬁU (C ) }\1‘ (0’1 —0'1-)
i=1 i=1

N N
—knr Y elPpei (67 — o) — 2knr LN (C 1) T Mpe; (37 - )
i=1 i=1

% * * *
= A1 + A1 — A123 — G124
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Term aj,, is identical to term aj,,, in aj; and hence cancels out. Concerning aj,,, we write

kn,r é X, (6*1)/U’Mﬁﬁ (C)n@E-)

N 1/2
= ~ 2
7 [Z (@ —a?) ]
i=1

s 1YV 0r (V) 0r [N 2} o (VNT2) 1 0p (N712))
=0p [(NT) ] + 0p (N1) + Op (N2VT)

N 1/2 )
(w) o |

where we use result (5.92) and Lemma S.14. The same lemma, together with result (5.97) is
employed to show that the next term, aj,,, is

N 1/2

S o?>2]

=\ s [0r (TVN) +0p (N71)] [0r (VET12) 1 0p (N172)
— Op (T*l) +Op (N*T*”Z) L Op (N*M) +Op (N*f’/zﬁ)

N , 1/2
; (e Ppei)

i

Lastly, we use result (5.99) to obtain

N , 7 1/2 N 1/2
|afp| < 2Tkn,r [Z ( T\ (C <f ) U/Mﬁ€i> ] [Z (@7 —03)2]
=1

i=1

=\ [0 (v 77) on (17) [or (VT 7) 00 (027

= 0p [(NT)?] + 0p (N1) + 0p (N2VT).

We can now summarize the four last intermediary results by concluding that

( o?) + Op ( ) L Op [(NT)‘”Z} +Op (N*l) +Op (N*Z\/T) )

which together with (S.69) leads to

*x % *
ap =4ap —4ayp

— Op (T*R/N) 1+ Op (T*“Z) +Op (N*m) +Op (N*lﬁ) . (S.70)
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So far we, our focus has been on a linear approximation of estimated error variances, eval-
uated at their true values. In the remainder of this proof, we focus on its approximation er-
ror which we denoted a3 in expression (5.60). We take absolute values and use the Cauchy-
Schwarz inequality to arrive at

NN gg 1 1
|ﬂ;| = kN,TZZ ! ]1/2 ( 12_0—12) [( 2)3/2 - (02)3/2]

i=1 £ (U]'2>

~ S92\ 1/2 i o\ 1/2
iy EiE 2 2 u 1 1
<Tknr | ) |T Z 75 (07 —o7) Z N3/2 [ 2\3/2
i=1 j#i (0’]2) i=1 -( i) ( i)
_ -2 172 i o\ 1/2
Lol EE o o = 1 1
< Tkn,r E T Z 75 (07 —o7) )3 “N3/2 n3/2
i=1 jF#i (0']2) i=1 _( i) ( i)

T * *
= m, [a3,a5,. (5.71)

—3/2 —3/2

A further first-order Taylor approximation of (G?) results in

1 1 1 ~
o —o7)

around (0?)

@ @ @

1 1

Substituting this expression into a3, leads to

N 1 2
3 = ; [—3/2(2)5/2 (‘ATiz - ‘Tiz)]

1

<9/4 # al (AZ_ 2)2
>~ SLilp (g2)5/2 — i o

i 1
1
=9/4| ————+ | |Op(N/T)+Op (N71) +0p (T
() oo o) con(r)

— Op (NT*l) +Op (N*l) . (5.72)
where result (5.14) is used in line three and Lemma S.9 in the last line to ensure that its result
holds as long as T V/N — 0 is satisfied. In addition to result (S.72), which bounds as,, the or-
der in probability of a3 is determined by that of a3,. Lemma S.17 establishes the corresponding

result on a;.
Accordingly, we have

@3] = |0p (T7172) + 0p (N71/2) + 0p (NTIVT) | [0p (VNT/2) + 0p (N1/2)]
= 0 (TR 4+ 05 (T7172) £ 0p (N12) + 0p (N2VT). 57
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This result marks the last one needed to characterize the impact of estimating error variances
rather than knowing their true value. We return to expression (5.60) and use our results (S.70)
and (5.73) on its two components 4] and a3 to arrive at

by =) =0 (N1VT) + 05 (N2 + 0p (T-2) 1+ 0 (T-1V).

i=1 i (912‘)3/2 <0_]2

S.5.8 Auxiliary lemmas for Section S.5.6

Lemma S.5. Suppose that Assumption 1 holds. Then,

&2 — 02 = Op (T*1/2> L Op <N*1) (S.74)

N1 i (67 —0?) = 0p [(NT)?| +0p (N7) (8.75)
i=1

i(@? —0?)’ = Op (N/T)+0p (T7) + Op (N7) (S.76)

Proof of Lemma S.5. All orders in probability in this proof are derived via application of Markov’s
or Chebyshev’s inequality. Details are left out for the sake of brevity. For the first result, we

can explicitly write out all sums in equation (5.49) in order to arrive at
N T 77
P ELe
j=1t=1
N T N T
—2(NT)" 122€it8]t_ ( Z&t) [ T)lzzgj,t]

j=1t=1
= 0p (T12) +0p (N1) + 0p [(NT) 7]

For the second result, note that summation over N simplifies the decomposition in equation

(S.49) to

~2 g 1 a 2 1 a ’
72 - Z + T 21(@) + (T § eip | +
=1 = =1

N N T N T N T
N1'Y (7 —0f) = Z Z (e, —07) = N2T 'Y Y eipej + NTIT2Y" Y g8 — &
i=1 i=1t=1 z',j =1 i=1t=1

— Op [(NT)‘”Z] +Op (N*l) +Op (T*l) .

For the third result, we borrow from the explicit expression of 67 — ¢? from the first result
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above and describe an upper bound as

N 5 N T 2 T
L@ <ML 1L (-] |7 E
i=1 i=1 t=1 t=1 i=1
N N T 2 N T 2
+MNe*+ M) [(NT)1 Yo ) eises +22 (T 1Zelt> o
i=1 j=1t=1 i=1 t=1

2 2\ (.2 2 MN
2 Z Z (Si,f —0; ) (si,t’ — 0 ) + N4T2 Z ZEZ tEit tE pEjm p

i=1tt i1

N
—4
P MY Y e + MNE
=1 L4 4

N T
E 281 t€j €j p€ip + € e Z 281 tEi
bt

(NTzz”tt’ =1
= Op(N/T) + Op (T* ) +Op <N* )

Lemma S.6. Suppose that Assumption 1 holds. Then,

% ( 281 t8t>2 =0p (NT) +0p (T7)

N I
ot ()0, () o)
N N /

/ €i€i 2\ _ -1/2 1
inr ) ( - Ui)_op(T ) + 05 (TIVN)
N /N 2 ele 2
Y. (Xeig] (= —of) =0r(N?)
i=1 \j#i T

N /N 2 o\ 2
)y <§s£ej> (T> = Op (N) +Op(T)
i=1 \j#i
AN Ei€i 2\ _ -1
1_1€1< - 1)—OP<NT )
N /N 2 2
y <ZT€Z-£]-) (Ef —af) — Op (NZT—l)
i=1 \j#i
N /N 2, ,\2
Z(;Tsisj (ElTe> =Op (NT*1>+OP()
i=1 \j#i
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Proof of Lemma S.6. Non-negativity of the first expression allows us to look at

N T N T
E [Tz Zzsi,tstst’gi,t’] = (NT)_2 Z ZE ei 1€ 1€ p€ip]

i=1tt i’ i" tt
~o(x)vo(r).

where the last line results from eliminating terms where indices cannot be matched to arrive
at a non-zero expectation term.
Consider the second result now. We can write

kN,TiIZ_\];sfsi (Eg;i 0?) = TkN,Tli (Eé?i Uf)z + TkN,TZiUiZ <€:;i — crf) :
— N IWT [Op (NT*l) L Op (\/ﬁ)}
— Op (T*W) L Op (N*“Z) .

The first order term in the second line above is given by results in the proof of (5.76). For the

second term, we use Chebyshev’s inequality and boundedness of ¢2.
We proceed with the third term. For notational simplicity we will abbreviate Y'Y | Z]I;Qi by
ij&j in this proof. Given that i # j, the expression

k
NTZZ%%( zt/—‘712)

i#j Lt

has a zero expected value, we derive its order in probability from its variance. In the expression

E

2
k K
N ! ZZS] tglt ( it (7'12)] = N T Z Z Z 8] tslt ( i (7'12) Sj’,t”gi',t” (8%/,tm — 0'12/)

i#j tt i£] ]
] JiF]

a number of terms cancels out because independence of errors across cross-sections and across
time leads to a number of terms that depend on the zero expected value of ¢;;. While a detailed
account of all individual cases is omitted here for the sake of brevity, we can state that the
variance of ky 7T ! Zfij Zzt, € €it (s%t, — af) reduces to

3 [ D s (-2

i#j tt
1 NI 2
- o ; ;:E () E(E)E[(20 —oP)’]
i#jt,
1 N T ) )
+ T 1#2/#]-;113 () E()E () +0(T) +o(T72N)

=0 (T7)+0(TN).
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Result (S.79) follows from the equation above by the application of Chebyshev’s inequality.
Before applying Markov’s inequality to establish result number four, note that all elements

in the sum
N N N glz‘/t// 2 S%t/// 2
VYN Y s (2 —a) (2 o
i=1 i jIEit "

whose indexes violate either j = j’ or t = ' will have an expected value of zero. This is a direct
consequence of the fact thati # jand i # j’ generally holds. If j = j' and t = t' are satisfied we
also need the index restriction t”” = """ to ensure a zero expected value. Hence,

e |55 (See) (o) | LR R -] o

j#i i=1j#it,t"
=0 (N?),

which leads to result (5.80).

Moving to result (5.81), we continue to look for restrictions on the indexes which would
result in nonzero expected values. However, since the term under consideration involves more
sums over cross-section indexes, we limit our attention to restrictions that would lead to the
maximal number of sums rather than documenting all possible index restrictions which result
in nonzero expectations. Taking expectations, we have

N [N 2 e\ 2 SN N T
Z Zé';E/‘ (,},) = (NT)i ZZ Z E [5i,t8j,t€j’,t’8i,t’Ez‘,t’gi’,t”gi”,t”’ei,t’”} .
iZi

i=1 j£i L

The set of index restrictions maximizing the number of sums over cross-sections is j = j/,
i =i, t =t and t = #". This leads to three sums over cross-sections as well as two
sums over time, resulting in a term of order O (N). The alternative set of index restrictions
j=7j,i=1i=1i"and t = t maximizes number of sums over time and leads to a term of order
O (T). Summarizing these two results, we can state that application of Markov’s inequality

establishes that
2 2
e'e
Z [Zs E?]] <> = Op (N) + Op (T) .
j#i

The last three results in Lemma S.6 are very similar to the previous three expressions tar-
geted above. For this reason, the following proofs will leave out unnecessary details. For re-
sult (S.82), we write out the expression of interest as T2 YN Ezt/ €t (ef p— 0'1.2) . Taking first
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squares and then expectations, we get

E { [TZ YY) e (¢ - az>] }

i=1t,t

N T

=Ty Y Eleesr (0 — o) (20— 0F)]
i,j t,t/,t//,t/” ! !

N T
=T *Y Y E(e},) E(e} ) +0(N°T?)

ij Lt

=0 (N*T %),

from which the desired result follows.
Concerning result (S.83), we write

2
N [N o, 2
E{Zl Tasj] <€’;laf)}
i=1 |j#i

4 NI 2 2 2 2\2 4 NI 3 2 3
=Ty Y Y E(E)E () B[ —o?)’ |+ T LY ¥ E()E () E(el)
i=1 ji t i=1 ji t
+o (NZT*)
—0 (Nszl) .

which leads to result (S.83).
Moving to result (5.84), we can state that

{E ] (7]

N N T
:N_ZT_4 Z 2 Z E (Elz-,t) E <€?,t'> E (812',t//) E (E%tm)

=1 jAi 1

N N T
NPT Y Y E()E () E () E () +0(1) +o0 (NT)
i,i" j#it "

~0(1)+0(NT),

so that we arrive at result (5.84). O

Lemma S.7. Suppose that Assumption 1 holds. Then,

b Y el (77— ) = 1[E () #0] O (T7'VN) +0p (T2) +0p (N/2) + 0p (NTIVT)

i,j
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Proof of Lemma S.7. We use the decomposition of 07 in equation (5.49) to write

=/

N s N elei 5 g (& N >
/ -~ / / ! . —
knt) eiej (67 —07) = knT)_ele ( T~ ‘fi) thnr— Y eiej | +hnT) cleiE

i,j i,j i,j i,j

) N N e N

o / ! 1 /e

+kn TE Zeisj —2knT ZEiE}'T —2kn T ZEiEjSiE
ij ij ij

= a1111 + 41112 + 41113 + 41114 — 41115 — 91116-

The leading term in the decomposition above is 41111 for which results (S.79) and (S.78) can be
used to arrive at

N N N

alil = kN,T E;EJ' T_l(:“;EZ‘ — (712 + kN,T 8;61' T_lz-:;z-:i — 012

]
i=1j#i i=1

=0Op (Tﬁl\/ﬁ) + Op <T71/2> + Op (Nfl/Z) .
Next, terms a1112 and 43114 can be combined and rewritten in order to yield

ge  _ g'e
a2 + a4 = knr ( + Ez) N?T ( )

T T
=k, {Op (N7') +0p [(NT) '] } Op (NT)
= 0p (N"WVT)

Expression 41113 is non-negative since Zﬁ sésj is and because 512 does not change the sign of ¢;.
We can hence directly apply expectations without taking squares in beforehand. Hence, we

get

N T
E (a1113) = knT *E (Z Y. €i,t£j,t£i,tf£i,t~>

ij LE

N T
=knsT2) ) E(eis) Eeip) +0 (T_l/z)

i=1tt

-0 (177,

which leads to a1113 = Op (Tfl/z). The non-negativity holds as well for a1115 = 2ky TNT ' YN, g'eielE,
so that

E (a1115) kN—TiiE(s )E(£2>+m%iE(s >E<82>
1115) — NT = = it ],i‘ Tl:1tt/ 1,t ]t
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implies a1115 = Op (T"1/2) + Op (N”\/T>. Only in the case of 41116 we have to take squares
before applying expectations. Here,

N 2
E (kN,T 2 €§€j8i>
ij

k2 N T
+2 0L Y Y B () B () E (&) +0 (N71) +0 (NT2) +0 (N2T)

it

=0 (N‘l) + 0O (N73T?) + O (N?T),
so that we arrive at
o =00 7] [00 (3 12) <0 (v->21) + 0y (v7)]
= Op (NT'T72) + 0p (N72) + 0p (NVT).
Combining our results on terms ;111 to 1116, we arrive at
N
hnrYoele 0F = aF) =1 B () #0) On (TVN) +0p (1717) +0p (N777) 4.0n (NVT).

O]

Lemma S.8. Suppose that Assumption 1 holds. Then,

Tkn,T i?i (?Tiz - Cfiz) = Op (T—l/z) +Op (N—l/ZT—l) +0p <N—3/z)
i=1

Proof of Lemma S.8. We use the decomposition of 07 in equation (5.49) to write

N o o N (elei AR A
TkN,T Z & (O'i —0; ) = TkN,T Z&’i T —0; |+ TkN/T T + € ZSZ' + TkN,T ZSZ-
i=1 i=1 ] ]
N E/E:i N )
— 2Tk &; — 2Tk &e
N,T;gz T N,Tzﬁl8

1

Il
—_

= a1151 + 41152 + 41153 + 41154 — A1155-

Here, using result (5.82), we directly get
N /el
anst = Thnr Y & < aﬂl —‘Tz‘2>
i=1
= N"WTOp (NT™)
=0Op (Tﬁlm)
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Furthermore, since T~'g' = Op (N7!) and g = Op [(NT)_UZ] , we have

.
ans2 = Tkn,r <ETE +€2> (Ne)
— N"VTOp (N*l) Op (x/NT*UZ)

—0p (N‘3/2>

For a1153, we acknowledge that

| () |- e

(NZT N +0(N

3 +0 (N2T7#) 40 (NT™)

\Mz

E (Szz',t)

26.[

I
It

in order to arrive at
ajss = Tkn T |:Op (NT—Z) + Op (\/ﬁT—’sn)]
— Op (T—3/2> O, (Nfl/szl) ‘

Next, we move on to 41154 which we express as

aj1155 — ZkNT NT ZZEZ t€i pEj ¢
ii" Lt

Taking squares of the double sum over cross-sections and time and applying expectations, we

get
N T 2 NoT , ,
E (ZZ&J&/J/SI'J/) = Z Z E (?,th) E ( S ”t -+ Z Z (‘C’i,t’) E (Si,t”)
T i =1 =141
N T
+ Y VB () E () +0 (NT) +0 (NT?) +0 | (NT)?]
i b
= O (NT) + O (NT*) + O [(NT)?]
implying that

anss = kn,r (NT) 7 {Op (N¥2VT) + Op (VNT¥2) + 0p (NT) }.
= kn {Op (VNTV2) +0p (N"V2VT) + 0p (1)}
= 0p (NV2T71) 4+ 0p (N72) + Op (NIT1/2)

Lastly, we have a1155 = Tkn 1€ N1 €& where YN ;& = Op (NT!) by Markov’s and Rosen-
thal’s inequalities, leading us to 41155 = Op (N -1 2T‘l). Combining our results on terms a1151
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to a1155, we can state that

TkNTZ£1 07 —0?) = @P( 1/2) +Op (N—l/ZT—l) O, (N—3/2>

i=1

Lemma S.9. Suppose that Assumption 1 holds and assume that NT~2 — 0. Then there exists a
constant M > 0 such that inf; ¢ > M with probability approaching one.

Proof of Lemma S.9. First, note that inf; ¢ > inf; 07 — sup, }(T —0; | Here, 0?7 is bounded from
we consider the tail probability

below by Assumption 1. Concerning sup; |67 — 07|,
~2 2 - Ei€i _
Pr (sup |7 — 07| > € SZPr - — > €
; 4
€ p ge _ € NP o, _ €
Z 6 +ErT>6 +l; r(ei>8>
N € __,_ €
Z ( )+2Pr< 6>—|—§Pr<|ei£|>6)

e € and |g;€| can be shown to converge to zero via

Sums over probabilities involving iTE =
application of Chebyshev’s inequality. For the remaining probability in terms of ’ITI —0?

7

we choose the power of four instead. Given that the random variable <812t — (71.2) has zero ex-
pected value and is independent across cross-sections and (conditionally) time, by Rosenthals’

inequality:

4 4
E [Tl i (3, — a})] =E(c®)E [Tl i (7, — 1)] =0O(T™?)
t=1 t=1

i=1

Hence under the assumption that NT~2 — 0, the above expression is op(1). This result implies

that the statement made in Lemma S.9 holds. O
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Lemma S.10. Under Assumption 1,

N /N gz \2
)3 (Z lf) (32— 02)” = Op (N2) + Op (NT) + Op (N*sz)

Proof of Lemma S.10. To begin with, note that ¢; is bounded from below at a value greater than
zero by Assumption 1. Hence, (Tj’l is bounded from above by some finite number M. Accord-
ingly, we can write the term

=011 + 212 + a213 + Az14 + A215 + A216 + A217. (5.85)
The first out of seven terms in (5.85) can be decomposed into

”2“<MZ<Z”J> ( EZ_"i) +Z<Z€€]> (+82)2+i<%525j>2£

j#i j#i

+Ml; (Ze;e])z (‘#) +MZ <Zs 5]> ge)’ (S.86)

j# j#i
For the first and fourth expression on the right-hand side above we use results (5.80) and (S.81).
Concerning the second expression, we only need to find an upper bound for the non-negative

2
term YN, ( géi egs]) . Taking expectations here, we get

e[ () |- £EEs (00

j#i

o _ 2, \2
Given that £ = Op (N7!) and & = Op [(NT) 1},we get YN, <Z§ii sge]-) (%) = Op (7).
Next, we consider

T

N /N 2 N N N
E 2555]- E;l — T_4 2 Z Z Z Si,tej,tgj’,t’gi,t'£i,t”Ei,t”’gi,t”"gi,t”'/’/

:1]#1 ]/#Z t’t/’t//,t///’t////,t//////

59



whose expected value is

: [2 (L) ] ST Y E(@)E(2) B E ) +o (W)

A i=1 ji L7

2
which implies that YN (Z%éi eg.r-:j> g = Op (N?T™1). Lastly, the fifth term in (5.86) requires
us to determine the order of

N /N 2 ) SN NN T
/ - —
Z ZEZ-EJ‘ & = T Z E Z Z Sl,tej,tgj’,t’€i,t’€i,t”8i,t”"
i=1 \j#i i=1j#i j it

Taking expectations, we get

E Zé (is;s]) 2| = TziiiE () E () E(edy) +0(N?)

j#i

2
Additionally, recalling that 8 = Op {(N T)fl} leads to YN, (Z}g&i E:;e]-) (82)> = Op (NT1).

Summarizing our results, we arrive at
a1 = Op (N?) + Op (T) (S.87)

The second out of seven terms in (5.85) is bounded from above by application of result
(5.76). This allows us to write the term as

N
ayy < MN? (€ + T2 Y (67 — 07)’
i=1

= Op (NT) + Op (N*lTZ) . (S.88)

We continue with the third out of seven terms in (S.85) which is written

N /N 2 e, N 2 - 2 N /N ’
sy () (o) o () (59) £ (o)
i=1

7 7 = \iF
N /N 2 s N /N 2
+M)_ (ZTeisj> <’> +M)_ (ZTg) g¢)°
i=1 \j#i i=1 \j#i

= a131 + 42132 + 42133 + 2134 + A2135-

Application of results (5.83) and (5.84) leads to az131 = Op (N?T 1) and az134 = Op (NT 1) +
Op (1). In order to derive orders for the remaining terms in a513, we implicitly use the fact
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that, for r > 2, & = O (T~"/?) by Rosenthal’s inequality for independent random variables.
For term 45135, we note that independence of errors across cross-sections implies

Op (NT*) Op (NT)
@

p(N?),

from which it follows that

a3 = Op (N?) {OP (N_1> +0p {(NT)AH
= 0p(N).

By the same reasoning, we have

N T 2
E (a2133) = ) _E ()E (szrj,t) ]
’ jZit=1

(NT3) O (NT)
(N°T?),

N
=1

~

O
O

which leads to a5133 = Op (N2T_2). Finally, concerning term a,135 we can write

tEa)]

=T>O (NT?) O (NT)

E <i is?sf) — 12 iE (&) E

i=1 j#i

= O (N*T9),
so that
N N
axzs = MT?8 Y &} (23]2)
i=1 i

=120 [(NT)™'| 0, (N*T7)
= Op (NTfZ) .
This result, together with the four previous ones, establishes
a3 = Op (N*T71) + Op (N)

Concerning the fourth out of seven terms in (S.85), we write
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al 2 2 N , [EE 2
s SMNPT 25 (e e 2+ N2 (e (52 +2)
i=1

i=1 T
MN2Y ()28 + MN2T2 Y (cle)* + N2 Y (ele) 222
+ Z (alr-:) & + Z (sls) + Z (ele) &€
i=1 i=1 i=1

=0a2141 + (2142 + 42143 + A2144 + 42145.
Concerning a,142, we use result (5.77) which allows us to write
s = N? [OP (Nfsz) + Op (T)} Op (N72)
= 0p (N7'T2) + 0p ().

With regards to

N T
2141 = MT 2 Yo Y e peip (Szz',t” - ‘71'2) (Szz',t’” - ‘71'2) /
i1t
we proceed by looking for index restrictions that result in the maximum number of sums over
cross-sections or time, respectively. The restrictions i’ = i”,t = t' and t = " maximize the
number of sums over N, leading to an expression of order T2 Op [(N T)z} . Alternatively, the
restrictions i = i/ = i’/ and t’" = #” maximize the number of sums over T and result in a term
of order T~2 Op (NT®). Overall, we can hence state that.

ang = Op (N?) + Op (NT).

Next, a statement concerning

N T
azae = M(NT) ™2 ). Y it g€ € €€ g€ g€ g
T Ly Ty
can be made by noting that the index restrictions i’ = i”, """ =", t = t' and t = "’ lead
to one component with non-zero expected value consisting of three sums over cross-sections
and two sums over time. The corresponding component is hence (N T) 2 Op (N3T?). Addi-
tionally, the index restrictions i = i’ = i’ = i/ = i lead to another component of order
(NT) 2 Op (NT*) . Moreover, a third component of order (NT) > Op (N2T?) results from the

index restrictions i = i"’ = i"",i =i and t = #'. Hence, we can state that

12144 =Op (N)+ Op (T) 4+ Op <N_1T2> .

We continue with the similar expression
N T
a2143 = MT_4 2 Z Ei it pE€in pE; p &y €j pm&j pm E; pinnt .

T 1l g1 g1 1)
[ 0 L Al Al A 4
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Applying expectations and looking for index restrictions which imply nonzero expected val-

ues, we obtain

N [T 4
E (ay143) = MT* Z Z E zt “3 i t) E (812',1‘”) E (szz',t’”) +T Z [Z E (s%t)]
it " i=1 | t=1
to <N2T_1) +0(N)
=0 (NT) +0(N),

from which it follows that ap143 = Op (N 2T ) + Op (N). Lastly, we focus on
T
2145 = §2T72 Z Z gl"tgz‘/,tgl’//,t/Ei’tlgz‘,t//ei’t///
i,i/,i,/ t,t//t//,t///
where

N T
E <T_2 Y ) 8i,t€i’,tgi”,t’8i,t’€i,t”5i,t”’)

Z',Z‘/,l'// f,t/,t//,f/”
N T

=T 2Y Y E(e,)E () E ()

ii’ tt"

N T

+T° zgt;”E( i) E (eiy) E(¢7,0) +0 (N?) +0(NT)
=0 (N?) + O (NT).
Accordingly, it holds that
a5 = Op | (NT) '] [Op (N2) + Op (NT)]
= 0p (NT™) + 0p (1).
Using this result, we can now state that the fourth out of seven terms in (5.85) is

@14 = Op (N?) + Op (NT) + Op (N7'T2) (S.89)

We continue with the fifth out of seven terms in (5.85) which we bound from above by
extending the sums over j and j’ with the cases j = i and j’ = i. Accordingly, we can write

2 N

g'e 2
a5 < M (NT)? ( T > Y (@ —0a?)
Using result (S.76) on the term YN (07 — (72)2, we get

a5 = (NT)? Op (N72) [op (N/T) + Op (N_lﬂ
— Op (NT) + Op <N’1T2) . (S.90)
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The sixth out of seven terms in (S.85) is quite similar to the fourth term seen above. We can

write

N
+M(NT)*&* ) &

= d2161 1 42162 1+ 42163 1+ 2164 + A2165-

’ 2
Concerning a3161, we need to have a look at the expected value of ZZ 1 E (sf -0 ) Here,

al 551 22 74NT2 2 2\2 74NT33 -2
Z < —(71-> =2T*Y Y e (e5p —07) 42T *) ) &6}, + O (NT?)

i=1tt i=1tt

= O (NT?),

which implies a1 = (NT)* Op [(NT)_l} Op (NT2) = Op (N?T™1). For the next term,

knowledge of Zfil E? = Op (NTfl) allows us to arrive at a16p = Op (1) . For term ay163, we

2 \2
look at YN | (67‘? ”) , which has expected value

% i E (efy) E (€fp) + N7?T~ 4ZZE ery) E (e2y) E (¢5,)
=14,tt it
[ 7] o
=o|(NT)] +O( )
Accordingly, we have
anes = (NT)? Op [(NT)A} {OP [(NT)A} +Op (T_z)}
= Op (1) + Op (NT—l) .

The last two terms are very similar. Using Markov’s inequality, it is straight forward to show
that YN ; & = Op (NT~2), and using the same reasoning we arrive at Y. ; & = Op (NT73).
It follows that a2164 = Op (N?>T2) and az165 = Op (NT2) . For the entire term a,16, we can

hence state that

a6 = Op (N?T 1) 4+ 0p (1)
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The last building block needed for the central result of this lemma is term a517. Similar to our

treatment of term a,15,we write

N
azy < (NT)2 Me* Z (@7 - ‘71'2)2
i1

= O0p (N/T) + Op (N*l) , (S.91)

where the last line follows from result (S.76). Combining the results on terms (5.87) to (5.91),
we arrive at the final result of this lemma, namely

N /N zz\>
> (Z Z/) (62— 0?)* = Op (N2) + Op (NT) + Op (N*1T2> .
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S.5.9 Auxiliary lemmas for Section S.5.7

Lemma S.11. Suppose that Assumptions 2-6 hold. Then,

|70

N 2
Z HTﬁl)\iegU =0Op Nﬁl) + Op (Tfl
i=1
ﬁ |ret| = op (N 1)+ 0p (T
1 - P P
i=1
N
2 HT_l)\iE;F\ =0Op
i=1
i |T1eif | = 00 (NT1) + 05 (N
1 - P P
i=1

-1 7 '2_ -2 -2
iPpeil| = Op (NT ) +0p (N7?)

iHT Tt~ 00 () + 00 (1)

1 (
Y (1 (8 ) T'atge) =00 (V) 40 (1)

T Zi( ) sjﬁ’si. = Op (1)
L]

T2Y () R = 0n (N1 1) +Ou(1
L]
(T

o

Lp1=

2
( Tflzegejng ) = Op (N?)
J#i

M=

Il
—_

N Nt
( T 'Y elejelU ) = Op(N) + Op(T)

j#i

1

Proof of Lemma S.11. For the first result, note that

o

o] <[] frows (e
= 0p (N1) +0p [(NT) ]

by the results in Lemma S.2.
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In order to arrive at (5.93), we write
N 2 N ., )
y HT—lxingH <T2Y UU s || A
i=1 i=1
Taking expectations of this non-negative term, we obtain

E<T2§E;w/einxinz> 2iZE( DE () E (IMIP)

i=1 i t=1

LYE(E E () E (In7)
N
+(NT) * Y Y E () E (ehiens) E (A7) + O [(NT) ]

:0(Nj+O(T1),

so that the required result follows by the Markov’s inequality. The proof of (5.94) uses the same

reasoning and is therefore omitted.
For result (5.95), we can expand the expression into

)\sF
)3/2

1 AelU

1 _
T T )3/2

3| neif [ <oy o3 >

l

If we take expectations of the first part on the right-hand side above, we get

E (% T_l AiE?;F

(02)3/2

1

i=1 i=1t=1

=0 (NT‘1> .

Using this result together with Markov’s inequality and result (5.93), we arrive at

)<T2iiE(A) 2 ) E (F/F)

3/2
(7)
The proof of result (5.96) is almost identical to that of (5.95) and therefore omitted.
We proceed with result (5.97), where we write

? H (T‘lﬁ’ﬁ)lu .

-1
Furthermore, from Lemma S.2 H (F’ F) H = Op(1). It remains to consider

2 = 0p (NT™) +0p (N7).

i=1

= 1

—1
E H T ¢ Pge;
i=1

2 N ~
’ < Z “T‘ze:;FF'ei
i=1
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N
Z H T 2c!FF'e;
i=1

2< y -2 _/ / 2 =114 N —2 !
<3y | TEEF| O] +3 ) ||T T
i=1 i=1

"

Here,
N 5 N T
|T2eiFF'e||" =T %Y. Y eiseipeipeipm ] fofinfor
i=1 i=1 L1 4
= Op (NT?)
and

N ==/
) HT’ZEQUU €
i=1

2 N 4 _ 4
IR L N i
i=1

N T
_ T4 2 2 2 2
=T Z Z Si,tgi,tlsi,t"gi,t”/
l=1 t,t/,t//,t///

=0Op (NﬁZ)

o]

follow from application of Markov’s inequality and the elimination of terms with zero ex-
pected value. Accordingly, we have

:

N
Y |T 2P e = 0p (NT2) + 0 (N7?),
i=1

which establishes result (5.97).
Next, consider result (5.98). Here we use results (5.74), (5.94), (5.96) and (5.102) to arrive at

N —
Z H T-'U Mﬁé?i
i=1

2 N -
<3y ||T'T
i=1

2
+3]

(ree) [ |roef £l
= 0p (N7) +0p (T7)

+{op [(NT) '] + 0p (N2) } [0 (NT1) + 0p (N71)]

= 0p (N7) +0p (T7).

The proof of result (5.99) is identical to that seen immediately above except for the use of results
(5.93) and (5.95) instead of (5.94) and (5.96).

We move on with results that involve a double sum over cross-sections. To derive result
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(5.100), we take expectations in order to obtain
N 2
T2y E [(A;Ai) ] E [EZ;UU/EZZ'}
ij

<MT2YE [/TT]

ij
5 N T 5 N T
= NT) Z ZE (Ej,tEj/,tei/,t/&‘,t/) HBH2 + (NT) Z ZE (ej,tsi,t’) E (e}//tei/,t,> HBH2
ii'j,j" tt ii'j,i" tt
N T

D2 LYE () 1B + (NT) 2L LB () E (ehyens) 117

ij Lt i t=
:O(l)+O(T‘1>,

from which result (5.100) directly follows. The result also constitutes one half of the required
steps to prove result (5.101). The corresponding expression can be written

N N N
12y (MA) elFFe < 5 Y (M) R O + 5 ) (Wh) TS,
L] i,f ]

where we have already shown that the second term on the right-hand side is stochastically
bounded. Taking expectations of the first term on the right-hand side above results in

) N T 2
E | T ZZ(A;)\I) S]',tFtlFtlei,t/

ij L

— T2 T1E<H>\ [ ) 2 E (F/Fy)

i=1t=

=0 (NT ),

resulting in a corresponding order in probability for the term without expectations. Combining

both result allows us to arrive at (5.101).
Result (5.102) is proven in the same way as result (5.101)and a detailed proof is therefore
omitted. To see the link between both terms, note that

2 N P
HT—lU’FH = (NT) Y tr (wFF'u;),
ij

where u; = B'[e;1, ;4]
Concerning result (S5.103), we write out the expectation of the norm as

N N 2 N NN T
E Z Til ZE;E:]E;F S MT™ 2 Z Z Z Z E 81 tsjltﬁi’tle]'/,t/Si’t//Ei’t///) E (ft///ft///)
i=1 j#i =1 jA1 D
2 L 2 2 2
/f:MT ZZZE (gi,t)E<€j,t>E( lt”) (ny/“ ) +O(N )
i=1j#it,t"
=0 (N?),



from which result (5.103) directly follows.
We proceed with result (5.104), where we can expend the term under investigation into

N N & N N 2 2
YT 'Y elejeiU|| <MY T 'Y elejefe|| + Z -1 Ze cicie
i=1 j#i i=1 j#£i i=1 j#i

Here the order of the first result is determined by result (5.81). Concerning the second result,

1/2 / = ?
Z]#l< ) €;€j€;€

an proof analogous to that of (S.103) allows us to show that YN, [|T

Op (N). The combination of these two results establishes (S.104).

Lemma S.12. Suppose that Assumptions 2-6 hold. Then,

‘ Op (NT 3/2)+0P (Tfl\/ﬁ)_i_op (N71)+OP <T—1/2)

Proof of Lemma S.12. We decompose the term under consideration into

N N N
TY @2 —?) F|| < ||T2Y (cles — o?) B[ + T2 YN, (5_1>Iﬁ/Mﬁﬁ () AiegﬁH
i=1 i=1 i=1
N N N N N
2 el PoeielF|| + 2T 2 Y N, (C ) U Mpeie,F
i=1 i=1
= 221 + 822 + 923 + 924-
Consider now
N —_—
g1 < |IT72Y (elei — 07) siFH |C||+||T 22 Eje; — sUH
i=1

= 8211 HéH + §212-

We take squares of the first term in this decomposition and take expectations. This allows us
to get

N T
E (g%“) S T_4 Z Z E {(E%t — 0’12) 8i,t’£j,t” (8?,)}/// - 0']2>:| E (ft/’ft”) ,
N 1
= T*4 ZZE [(E%J — 0'12) gi,t} E |:Sj,t” (e?,t” - 0']2)1| E (ft/ft")

FTOYYE [ — 0?) (2, — o) | B[] E () + O (NT)
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Accordingly, g»11 = Op (Tflx/ﬁ ) results from application of Chebyshev’s inequality. When
dealing with g»12,we first split the entire expression using the Cauchy-Schwarz inequality and
establish somewhat more conservative upper bounds on the resulting terms:

N o \Y2 /N 2
o< (£ ) (£ - enf)
_ [OP (N—l/z) +0p (T—l/zﬂ Op <\/NT_1/2)
= 0p (T'VN) + 0p (T772)

Here, the second line result from (5.94) as well as a straightforward application of Markov’s

1/2

inequality. Given this result, we can state that
91 = Op (T_l\/N> + Op (T_1/2> .

We continue with the use of the Cauchy-Schwarz inequality to split up lengthy terms when

handling the remaining terms ¢, g23 and g»4. First, we write
N A~
T'Y NeiF

s (g gace] ) (Ene) e rvmo]
= [0p (VNT2) + 0p (N12)] 05 (VN) {0 (N1) + Op [(NT) 7] }
= 0p (T'VN) +0p (T72) + 0p (N),

which follows from results (5.92) and (5.95). Next, we have

N N2 /N N\ 172
823 < <Z;HT_1€§FH ) (Z;HT‘legPﬁai )
= [0n (VNT2) +0p (N2)] [0p (1N +.0p (N1)]
= 0p (NT2) 4+ 0p (T71) + 0p [(NT) 2] + 0p (N312),

1/2
2>/

The first term on the right-hand side above is Op (\/ﬁ TV 2) + Op (N~1/2) by result (S.95).

For the last term above we use result (S.98) to show that its it is Op (Nfl/z) +Op (Tfl/z) .
Given these two intermediary results, we can conclude that

g8 =[O0 (VNT2) +-0p (N12) | [0p (N712) + Op (T7172)
=Op (T”\fN) +Op (T*m) +Op (N*1> )

which relies on results (5.96) and (S.97). Lastly, we consider

1/2
- 1 =112 ~-1 A 177
= (Elraeel’) o] (£ frvase
i=1 i=1
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which is the last building block that we need to establish the main result of this lemma. Com-

bining it with our results on g1, g2, and g23, we arrive at
- Zs F (67 - o?)|| = 0p (NT/2) + 0p (TT'VN) + 0p (N7) + 0p (T772)

i=1
]

Lemma S.13. Suppose that Assumptions 2-6 hold. Then,
kNTZZs & (67 = 0?) = Op (VNT 1) + 0p (T2) + 0p (N7172)
i=1j#i

Proof of Lemma S.13. For notational simplicity, we abbreviate YN ]I.;’éi by Zfij in this proof.
We can expand the expression into

N
kn) eie; (67 —f)

i#]

< kNT kn T N ;g (=—1\ — (=1

< Zse] ssl—a-) + TZeisin<C > UMﬁU<C >)\i
i#] i#]

N

+ kNT ) eiejeiPpei|| + Zk]Z:]’T ) eieiA (6_1)/ﬁ,Mﬁsi

i#] i#]

=g31 + 932+ 933 + 34

In order to determine the order in probability of g3;1 we can use result (5.79) in Lemma S.6
which was established for the two-way fixed effects model but continues to apply. Hence

g31 = Op (Tfl/Z) + Op (T’H/N) .

N e
We continue with g3 where we isolate the inner term (C 1) UM U (C 1) by the use of

2> 1/2

selection vectors for element ¢ out of r element, formally denoted s,:

N 1/2
.
0,0

(@) 10" se].

ifE;Ej)\;Sz,S/g;}\i sy, (6_1),ﬁlMﬁﬁ (6_1) sp

i#j

k r
|832| < % (Z

0,0

<knT

N
ZE;EJ')\Q)\Z'
i#]

Here we square the term in absolute values and take expectations, resulting in

N 2 NN N T ]
E Ai S ZZ Z ZE (Ei,tsj,tsi’t’sj’,t’) E (H)‘ZH )

)_cieiX;
iZ i A

- YL e () ()

=1j#it=
= O (N*T),
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so that ky 1 ‘Zfij g

g3 = Op (N”) + Op [(NT)‘”Z} .

Next, consider
2\ /2 1/2
) (5 e}

1/2
Here we can apply result (S.97) to state that (Zfil HT‘lsgPﬁsin) = Op (T‘R/N) +
Op (N71) . Additionally, we have

i| is stochastically bounded. Further using result (5.92), we arrive at

N

N
|g33| S TkN,T (Z ZTﬁlE;Ej

j#

i=1

N
Y T 'ele;

J#

=
Il
—_

] TzigiE( JE (&) +0

-0 (NZT—1

N——

This result allows us to arrive at
551 =70 (417 o (7 45) w01 ()
= Op (T_lm) +Op (N‘1> )

Lastly, we have the term
1/2

N
o) (£ r-0vse
i=1

2

-1 Zs €jA]

j#i

2) 1/2
2
— 0p (N?TY)

can be shown exactly as in the case of ¢33 via application of Markov’s inequality. The only ex-

i=1

g34 < 2Tkn,T !2

Concerning the right-hand side of the expression above, Y~ | HZ}\;i T lejej]

tra requirement is E <||)\l~ H2> < 00, which is ensured by Assumption 4. Additionally, we use

— 2
result (5.98) to make a statement about the sum involving H T-'U'M PEi H . Together with our

previous result and the factor ky T we can now state that
g3 = N"IWTOp (NTV2) [0p (N71/2) 4 0p (T7172)]
= 0p (N7V2) + 0p (T12)

The result on g34 is the last one that we require to establish an order in probability for the
expression at the center of this lemma. Using the upper bounds derived for g31, g32, g33 and g4

we conclude that

knr ) i (07 —07) = Op (Tﬁl\/ﬁ> + Op (T’l/z) +Op (N’l/z)

which was to be shown. O
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Lemma S.14. Suppose that Assumptions 2-6. Then,
N
Y. (62— )" = Op(N/T) + Op (N*l) +Op (T’1> .
N 2
L@ = o) X" = Op (N/T) + Op (1)
i=1

Proof of Lemma S.14. Using expression (5.62), the left-hand side of the first result can be decom-

posed into
N N /. 2 N 2
Y (@ -c?)? <5 (EZT‘EI - ag) +5T2Y" (Ag (6‘1)'ﬁ’Mﬁ (é‘l) Ai>
i=1 i=1 i=1
+5T72 i (elPpei)” +10T 2 i (}J (Cl)/U/MAe)z
1= F-t 1 i
i=1 i=1

= 841 + Q42 + 843 + Qu4.

We begin with noting that g» = Op (NT!) + Op (N~1) + Op (T~!) by Lemma S.5 for the
two-way fixed effects model. Next, we write term g4, as

g < (@) |70 a0 1 I
i=1

= 0p (N +0p (T7),

where the order in probability holds due to result (5.92) and Assumption 4. Lastly, results for
the terms g43 and g4 are given by (5.97) and (5.99), respectively. Combining the results on
g1, 842, §43 and guu, we arrive at the first result of this lemma.

Concerning the second result, we write

! N

N 2 2
ZH o? -t A’ 52(5? o?) Ml + 5T 22( (‘)’U’MAU(C‘l)Ai) In
i=1

i=1

+5T2Y" (ehPpe)’ [N+ 10T ZZ<X( 8 U/Mﬁ5i> InP
i=1
= Q45 + Qa6 + a7 1 Qus-

The order of g45 is the same as that of g4;. This can be seen by noting that

E (g15) i [(Eel—ff?y] (EHAI’H2>,

i=1

which extends the expectation that is used in the proof of Lemma S.5 for the two-way fixed ef-
fects model simply by E[||A;]|*]. Since the second moments of factor loadings are assumed
to be finite by assumption, their presence does not affect the order in probability. Hence,
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g5 = Op (NT ')+ Op (N7') + Op (T!) holds. The same conclusion can be drawn for
terms g47 and g4s, where the proofs of terms (5.97) and (5.99) are merely extended with an addi-
tional term A; in the sum over cross-sections. For term g4¢,proceeding in the same way would
require us to assume finiteness of E <H)\i||6>, so we choose a more conservative bound that

is valid with finite fourth moments of \;. Since Zf\il H)\iH4 H)\iHZ < Zf\il H)\iH4 sup; H)\in <
4 2
(S 1) (S A1), we get
——1 1=/ —2 N 4 N 2
gio < [ () || T M L NI K
i=1 i=1
= 0p (1) +Op (NT).

Combining this result with the previous three leads to

N 2
Y @ =) M| = 0p (1) +Op (er) .
i=1

Lemma S.15. Suppose that Assumptions 2-6 hold. Then,
N 12
Y| T (@ o) T = 0p (NT2) +0p (T72) + Op [(NT) '] + 0p (N?)
i=1

Proof of Lemma S.15. This term is given by

2N (T )Iﬁ/Mﬁﬁ (C ") xem i

N
ZHT 2 —o? EUH SZ

1

ray [T

1

-9l

2

T2X (C (7 ) U/Mﬁeiegﬁ

=851+ 9520 + 953 + §54

Consider the first term which we can decompose into

N T
_ N27—4 2 2 2 2
g51 =N“T Z 2 (Ei,t — O'i ) 8i,t’5j,t’8j,t”5i,t” (Sz‘,t/// — U'i )
i,j,j/ t,t/,t//,t///
N T
+N72T Y Y (=) eipeip (€5 —07) € pep
Z‘,j,]', t,t/,t//,f/”

= g511 + g512-

Taking expectations of gs511, we can characterize it as follows in terms of its leading compo-
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nents:

N T
E(gs11) =E [NT2T Y. Y (ef, —07) eipejpejmeip (€5 — 07)
1',]‘,]'/ A P ! !

so that gs11 = Op [(N T)_l} + Op (T*Z). Using an analogous argument, it can be shown that
gs12 = Op (T~2). Accordingly, it holds that

gs1 = Op [(NT)_l} +0p (T7?).
We continue with g5, to which we apply results (5.92) and (S.93) to arrive at
o< [ s (E1a) (o)
i=1 i=1
= {op (N2) 4+ Op [(NT)ﬂ } Op (N) [op (N—l) O, (T_lﬂ

= 0p (N2) + Op [(NT) '] + 0p (T2).
Concerning term gs3, we write

oo <4 (L retrye) (1 £ jeo)
= [0p (NT™2) 4+ 0p (N2)] [0p (N7) +0p (T7)]
= Op (NT™%) +0p (T72) + 0p (N2T7) + 0p (N79),

where results (5.94) and (5.97) are used to arrive at the second line. Lastly, via results (5.93)
and (5.98) we arrive at

o= [ (72 St (& |7
= [or (x7) w0 (1) [or (%) 00 ()]

= 0p (N2) + Op [(NT) '] + 0p (T2).

Combining the last four intermediary results, we hence arrive at

% |t @ - ) E;HHZ = Op (NT™) + Op (T2) +0p | (NT) | + 05 (N7?).
i=1
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Lemma S.16. Suppose that Assumptions 2-6 hold. Then,
N 12
YT @~ ) eiF| = Op (NT2) + 0p (T7) + Op (N2).
i=1

Proof of Lemma S.16. The expression of interest can bounded from above by

4

Y -1 (a2 n l? y -1 (A2 0 =l A2 a -1 (a2 0 _=l?
ZW @_qpyugzw @—WFJMWH+ZW (62 — 0?) iU
i=1 i=1 i=1

where we can use Lemma S.15 for the second term on the right-hand side above. It remains to
establish a corresponding order in probability for

N 2
) |77 @7 - o?) i |
N 2
Z (Eel —O'iz) e, F

2
+4T2 Z HT—lsgpﬁs,-egFH +T-
i=1

2
+ T

TN (6‘1)'ﬁMﬁﬁ (€ ) xeiF

2
___ I __
TN (C 1) U Mpeie\F

=gs55 + 56 + 57 + &58-

Consider now gs5, whose expected value is given by

E (g55) 4 ZZE [ } E( zt”) (ft"ft”)

i=1tt"

FTHY Y E (S E () E (f/f) + O (NT2)

i=1t,t
=0 (NT?),

implying gs5 = Op (NT?). We continue with gs¢ where we can write

oo [ (1) (B4
i=1 i=1

= {Op (N2) + Op [(NT)*} } Op (N) [Op (NT*l) +Op (N*l)}
= 0p (NT2) +0p (T1) +0p (N?).

The second line above is the consequence of applying results(5.95) and (5.92). It is valid to use

the former in order to arrive at an order in probability for YN , | A&} F|* since F = FC + U.
We continue with the third term, g57, which is written out as

)2
N N N

<u|(r#E)[ £ e v sa| (o #E) [ (S]] ) (£ e
1= i= i=

= g571 + &572.

N 4 N2
o< B! (e o
i=1
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Here, note that
N 6 N T
Z H T71€;F“ = Z Z ei,tft,ft’gi,t/‘gi,t” ft/” ft/”ei,t/”gi,t”” f;/,,, ft”’”si,t””“
i=1 i=1 1 pin

The expectation of this term is given by

3 o(NT?)

(L) -rt frernon)
= O (NT?),

from which gs7;1 = Op (NT?) follows. In order to get a corresponding result for gs7,, we need

to investigate the expression

N 4 N ) N )
YT 3T Y (efeelen)’ + 3T Y (sjee’s)
i=1 i=1 i=1

N T
—4
— (NT) Z Z gi,tsi’,tgi”,t/Si,t/si,t”gi’”,t”Ei””,t”/si,t”/

R
4 N T
— !/ !/
+ (NT) E E Si,tei’ tei/’,t’gi,t"gi,t”ei’” t“ei”",t’”si,t’”'

141 10 1S v
[ KA KL o A el &

The first term in the decomposition above has expected value

E <T—4 (s;ee'si)z)

T
—4
t

Mz =

E E lt') E (slz',t//) E ( lt”’) +3 NT Z ZE lt 8 ’t E (glz,t’/) E (E%//,tu)

t tl 1" t/// l Z l/// t t//

+2(NT) Y i E () E () E () E () +0 (N) +0 (NT'T72) 0 (N2T7)

AT D4
=0 (N'T2)+ O (N )+ 0 (N2T7T).

Analogously, we can write the expectation of the second term as

N
T* seee)
i=1

N

=N 2T 4 u E 2 E /
> Y E(e)E () E (llewdl) E (el

i’ "t
=0 (N7'T72).

Consequently, YN, HT*%—:’UH4 =Op(NIT2)+Op (N 2T 1) + Op (N- ) In order to ar-
rive at an order in probability for gs7, we also need a result for YN | || F'e;||*, a term that is

I\
Z»—l

*) +o(N1T2)
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12
completely contained in YN ; HF’ .r-:i‘ . Accordingly, we can use result (5.96) to arrive at the
upper bound YN, HT‘lF’siH2 = Op (NT') + Op (N71). Using this result as well as the

former, we can state that

g = |Op (NT'T2) +0p (N2T71) 4+ 0p (N7)| [0p (NTT) + 0p (N71)]
= 0p (T7) + 0p (N2T7) + 0p (N7'T72) + 0p (N7#).
If we now add our result on gs7;, we arrive at

857 = Op (NT™) +0p (N7'T72) 4+ 0p (N2T 1) + 0p (N7*)

ss= [0 [ (L rnerl) (£ froasel)
= |00 (NT7) +-0p (N1) | [0p (N71) +0p (T71)]

= Op (NT™2) +0p (T1) + Op (N72).

Lastly, application of results (5.95) and (5.98) leads to

Combining our results on terms gs5, g56, g57 and gsg, we arrive at
N 2
YT @~ ) eiF| = Op (NT2) + 0p (T7) + Op (N2).
i=1

Together with Lemma S.15, this result allows us to conclude that

N 2
Y |77 @~ o) <lF|| = 0 (NT2) + 0 (T71) + 05 (N2).
i=1

Lemma S.17. Suppose that Assumptions 2-6 hold. Then,

N N g 2
Y TTL T (@0t | = Or (N*T2) +0p (NT™) +0p (1) + Op (N7'T) + Op (N2T2)
i=1 j# i

Proof. Analogous to our treatment of term a] we disregard from the scaling 0’;1 since its values
have a lower bound above zero. When using a form of Markov’s inequality to establish orders
in probability, we can find an upper bound for any component of the expression of interest for

this lemma.
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We decompose the expression of interest into

i[ 1S g (7 - ) r

i=1 j#i
N [N 2 NN 2
=T2) |Leiei (07 —of) | +T2) LZM (€h) UMz (C )N (5?—03)]
i=1 |jZi i=1 |jZi
N [N o 2
i1 [Sepe (6 ot)] 41 3 px () UMﬁsmaz—aﬂ]
= iz i

+T" ZZLZSM U(C )@ —02)]2

=861 + 862 + 863 + Q64 1 L65-

Consider expression ge>» which can be written

862<Z<| 0’ —(T )\/

— 12 ——114
) et

2
The order in probability of H T'UM U H is determined by result (5.92). For the sum over

i, we can use Lemma S.14 despite the presence of the additional term HZ}L Aj H2 To appreci-
ate that this additional term does not change the results of Lemma S.14, note that the proof
of Lemma (5.92) mainly relies on Markov’s inequality. Given independence of errors and
loadings as well as independence of factor loadings across cross-sections, the expectation of

2
HZ}L Aj H can hence always be separated from the expectation of terms that are indexed by i.
For this reason, we can conclude that

g2 = [0 (1) + Op (NT) | {05 (N2) + Op [(NT) | } 05 (V)
= 0p (N"1) +0p (T7) + Op (NT2). (S.105)

Next, we focus on expression gs4 which can be bounded in a very similar way. We write

2

s =~ 2\ v/ 12 ||~ -1 AR
g < L@ - N[ | YU Mge,
i=1 j#i

- [(’)p (1) + Op (NT‘lﬂ [(’)p (1) + Op (NT—l)]
= Op (1) +Op (NT 1) +0p (N?T7?), (S.106)

_ 2
where the result HT*1 2};1 U/MAst = Op (1) + Op (NT!) follows from (5.92) since the

former term is entirely contained in N? H T-'U M UH and since the error variances (7 have
lower bound above zero.

80



We continue with expression

2 5725 [y e (€ (10 M.T) (T >\-2
w12 St (€7) (10200 (€)1

=1 [j#

961 < 5T~ 22 [Zel ]< af)

i7i

2

5T 2 Z

i=1

s12§5 (B (0 (10'vtee) |

ngsj (TﬁlsgPﬁsi)

A
= g611 + Z612 + Q613 1+ So14-

Here, g611 = Op (NZT_Z) follows from result (S.80) in the time fixed effects case. When con-
sidering g¢12, we first note that

E[z (iezem)zl <ML TE)ER)

i=1 \j#i

from which it follows that
N /N 2
T2y (Ze;sjA;A,) =Op(N)+Op (NZT”) : (5.107)
i=1 \j#i
This result, together with result (5.92), is then used to arrive at
gon < MT 23" l; & (VA ] [0 o g
i=1 |j#i
= [0p () + 0p (N*T71)] {0p (N2) + 05 [(NT) ] }
= 0p (N71) +0p (T7) + Op (NT2)

We continue with

N1 2 N N 2
ge13 < T2 ‘T‘l (F’F) ! ( T—l):e;s]-ng “1F'e; )
2
-2 =1 (g 1 y -1 -1 v
+T°||T F'F Z Ze €€ ‘U F'e;
i=1 j#i

12 LN N 2 e

+12 |1 (FF) | ICP L (||t Seleeir| | [T
i=1 i

36131 1+ 6132 1 6133
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which implies that gs131 = Op (N 2T*3) . Concerning the next term, gs132, we note that

Tzi (

2 2
HTﬁlF/E?i

N o ZN ~
T 'Y elejeiU ) HT’IF'si
j#i i=1

2 N
i=1

=T72[0p (N) + Op (T)] [OP (NT”) + 0 (NA)}
=0 (N'T7%) +.01 (NT2) + 0p [(NT) ],

N
T 'Y eleieiU
j#i

which follows from results (5.96) and (5.104). Accordingly, gs132 = Op (N?*T3) + Op (NT2) +

Op [(N T)fl} . In the last component of g¢13,term gg133, we can use results (5.94) and (5.103) to
write

&

which also determines the overall order in probability of gs133. Combining our results on terms
96131, 86132 and ge133, we arrive at

2 2

N
T 'Y elejeiF
j#i

17+ 2 _2N N 15+ 2
|rwe]) <2 Y|
i=1 i=1

=120p (N?) [0p (N1) + 0p (T71)]
= Op (NT %) + Op (N*T?),

N
T 'Y elejeiF
j#i

8613 = Op (N’T73) + Op (NT™?) + Op [(NT)*l} .

) e

| ()

Lastly, we investigate

‘Tﬁlﬁ/si

N
8614 <5 (
i=1

N
T-! ngsj)\f
j#i

N 2
T71Y efei]

wslely
' j#i

i=1

2 N R
y HT‘lF/si
i=1

= 96141 + 36142
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Here, the order of gs141 is determined by the expression

el

i=1
N
:N72T74 Z Z Z Z ‘Si,tgj,tsj’,t’si,f/si,t”gi’,t”gi”,tl”si,t'”)‘;)‘i
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—2m—4 / !
FNTTHY D) ) ey peipeimep pein peim A
l’,l”,i” ]7&1]/#1 t,t,,t”,t”/

N
ngsj)\f
J#i

H T_lﬁ/a"

Now take the first term in the decomposition above. Its expected value can be expressed as

N T
E<N—2T—4 Z Z 8i,tgj,tgj’,t’8i,t/Si,t”8i’,t”£i”,t”’8i,t”’A;)‘i)

Z"Z‘/,i//,]"]'l t,t/,f//,t/”

M L 2 2 2 2
< N2T4 Z EE (‘C'i,t) E <€]',t> E (Ei,t”) E (ei’,t”)

i

+ N2T4 Z Z E (8%’t) E (E%t’) E (S%tu) E (glz",t") +o0 (NTﬁz) +o0 (Tﬁl)

Analogously, the expectation of the second term is given by

N N N T
E <N2T4 Z Z Z Z Ei,tgj,ts]",t’Si,t/si,t”e;’,t“ei“,t“/gi,t'”)\;Ai>

L1 A A
M N N T B
Siz 1 ZZ Z E (Slz-,t) E (8]2,t> E (S%t//) E (Cgllt//ei/’t//) +o0 (NT 2)
N=T il A
=0 (NT?).

These results suggest that ge1a1 = Op (NT72) + Op (T~'). We continue with gg14» where
results (5.96), (5.102) and (5.107) lead to

1112 N 2
s
i=1

2
N A2 1PN .
Yeien| || T | H(T—lF’F) H T F
i#i i=1

(N)+ Op (NZT*)} {OP (N“2) + Op [(NT)*} } [Op (NT*l) +Op (N*l)]
(N)+0p (T71) + 0p (NT )] [0p (NT 1) + Op (N1)]
(N?T %) +Op (NT™2) + Op (T™!) + Op (N72).

P
P

[o
[

Combining our results on gs141 and ge142, we get

go1a = Op (N*T73) + Op (NT™?) + Op (T‘l) +Op (N72)
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Our result on ge14 is the last building block required to make a statement about g¢;. Addi-
tionally using our results on gs11, 612 and ge13, we arrive at

ge1 = Op (N?T2) + 0p (N1) + 0p (T71). (S.108)
Now consider the term
865 < Héle ) eiM 5 UH
2 2
<3 ‘C ‘ ZA]- 132 — 0?) e;UH
i
+3)6‘1’2 i)\‘ ziHTl [ (T*ﬁ/ﬁ)_l 2+(9 (NT*) HT*lﬁﬁHZ
i =t ’
2 (| Y 2
=3 ‘571 ‘ YAl (81 + ges2) -
i

The two resulting expressions gg51 and ggs2 require a further investigation of the terms Y T~ (67 — 0?) €lT
N R ~
and } ;2 HT L@ o) e

their respective proofs. Using the results of these two lemmas, as well as result (5.102), we

2
, a task that is carried out in Lemmas S.15 and S.16 as well as

arrive at
gest = Op (NT™) + 0p (T™2) + Op [(NT) | + 0p (N2)
gos2 = [Op (NT2) + 0p (T1) + 0p (N2)] [05 [(NT) '] + Op (N7)]
= 0p (T7) + 0p (NT'T2) + 0p (N2T7) + 0p (N7#),
from which it follows that

g6 = Op (NT™) +0p (T™2) + 0p [(NT) | + 0p (N72). (S.109)

1 al

—1 5/

TF | ) e
#i

= [0p (NT2) + 0p (T71) +0p (N2)] [0p (NT ) + 05 (1)]
= Op (N*T7%) + 0p (NT2) + Op (T1) + Op (N2) (S.110)

The last term to consider is gs3 where we write

2 2

N 112 -1
o 3|7 @ - (rep)
i=1

In order to arrive at the second line above, we use Lemma S.16 together with result (5.102).
Application of the second result is valid since (7 has a lower bound above zero and since

2
HT”F’ Zj# e]-H is completely contained in N2 HT 1FUH .
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Results (5.105)—(S.110) address all five required terms to arrive at the central result of this

lemma:

(@2 —0?)| =0p (N*T2) +Op (NT‘1> +0p(1)

S.6 Proofs for additional theoretical contributions

S.6.1 Proofs of Propositions S.1 and S.2

Proof of Proposition S.1.
The same steps as in the proof of Theorem 1 allow us to arrive at the decomposition

1 N i—1

CDm, = zmgg(@w E[GJ}DVZ'/J'(‘S;}—E[G;}])+\/fEH1
\ﬁ (NT T)‘liu:u]),
Lj

where

— N -1 al / —
“H; = 2(N—1) (NT) ;Viyi (Qv) _2€1/ Cv,i| -

The terms in parentheses in the second line are stochastically bounded, entailing that the en-
tire second line is Op ( N ~-1/T). Next, consider the leading stochastic component of CDyy,,

namely , /ZTN(lTl) Zf\iz Z;;% (g;ll —E {g;ﬂ) vy (g;]l —E [g;]l] ) Here, we have
E|(cuf & [eu]) we (0 B[ ]])]
=E (] ~E[i]) -] ZE [y -E VD) (6] -E[a])] +o
= cov [gw,k } 3Fcov {)\j,g;ﬂ

— cov [le'}‘l} XFcov [)‘1191/1}

where we use i.i.d.-ness of \; and 0’12 to conclude that the covariance cov [gv i pV } is the same
across cross-sections.
. . _ -1 _
Lastly, consider the variance of m YN, (gw —Elg, 1}) vy, (QV,]‘ —E g, 1])
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in the case where cov [¢, !, \/| = 0. We have

wor | 558 2 ] o ([

E{ Y (e - E[gm})v;uf(gu}E[fsv}})r}°
E{[(gv,l [GVZDVZV]'(GV,}—E{Qvﬂ)]z}‘

Here, (Vi/l/j)z = [(NF' +¢}) (FAj+¢))] 2 where we only consider the leading term tr <)\iA§F’F)\]~)\;F’F)
turther. Here, it is possible to show that

E [tr (AiAQF’FAjA;F’F) | A Ay, 02 a} < T°M tr <>\)\ A A’)

since the fourth-order moments of f; are bounded. By application of the Law of Iterated ex-
pectations (LIE), it then follows that

B { (st - sl) (v eayes) (- )
~ur R e{ (e - fenl]) o (v () -2 [s]])')
= O (N°T?),

2
assuming that the higher-order moment E { <g;11 —E [g;ﬂ ) tr ()\i}\f)} exists. Involving the

square of the scaling Z”FN(lTl)’ we can conclude that the variance of

\/zm(fgi (le E[ 1DV§V1‘ (9;}—E[g51}) (S.111)

diverges at rate T. O

Proof of Proposition S.2.
_ — ()~
Let kyt = m and w; = [Qv,il’/i —D; <C( )) (N Ze 1\ gvé)}, where v; and

g%/i are defined in the discussion following equation (S.6) and where

Di=F A", AP+ e el
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Using the same steps as in the Proof of Theorem 2, we can decompose the CD test statistic as
CDp, =1-11

where

N i—1

I = 2kNTZwa]+kNTwaz_kNTZWP w;
i=2j=1 ij

_ -1__ a1
I = knr 295,? (U{ A (@) D,> M, (Vi B (") )\1(1)) _
i=1
As shown in Lemmas S.19 and S.20, it holds that
N N
kN,T Zwl’Pﬁw] = Op max (N_l, T_1> kN,T Zw;w]
ij ij
and

IT=knr i ¢ 2l + Op (N—Wﬁ) +Op (T‘l/z) .

i=1

Furthermore, the expression ky YN w/w; is written out
N N
knt Y wiwi, = kN,TZQ,;?V{Vz
i=1 =1
TN ay e (@) (vt Y o,
o ):m ) (e) (o Lo
—(1)\ ™ _ 1)
X (C ) (N 12)\2)%})

TN

2N ZGE?VZD( c")” ( 12% m)

The first term on the right-hand side above is cancelled out by the leading term in II. The

two remaining terms constitute expressions ®; g, and P, py,, respectively. Next, consider the

properties of 2kn 7 YN, i w;w;, which we write as

N i—1
ZkN,TZZwl{wj
i:2j:1
—1 —1 _ N
_2kNTZZgV V]gl/] 4kNTZng1V/DJ (C ) ( Z {4 gv[)
i=2j=1 i=2j=1 =1
N 1 N i—1 _ N
(v Ean) @) (L rem ) (@) (v B ).
(=1 i=2j=1 =1

(S.112)
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The order in probability of all three terms above is determined by the expected values of the el-
ements within the double sum Y, Z . Conditioning on the values taken by factor loadings
and error variances, we have

E [Vi,tl/j,t | i, A 07, (sz = Afz)/zr,m)\;z),
E[Du DL, |3 Ay 40202 = | A | Zem A2, 4@
[ it | ir Njr L, ]/Ui,(fj_ = Alz) F,22 [ i :|/
1
E |:Vi,tD;t| >‘i/ A]/ A]r 0,i2’ 0]2 = )‘1(2)/213,22 |:)\](2)/ A](Z)} ’

for i # j. The zero mean property of )\52) and Al@ implies that E [Di,fD;,t:| = O. This re-
sult carries over to E [g oy W!D; } since independence of \; and ¢? over cross-sections implies
that we can write E {gvr}ui’ D]-] =E [g_l)\( y } r2E { [)\](-2), A](-z)} } = 0. Consequently, the
last two terms on the right-hand side of (5.112) are asymptotically centered around zero since
their components " and N1 >N g;} )\él)' converge to nonstochastic limiting expressions.
Lastly, by the LIE, we have

E|c, }Vi,tvj,tg;,ﬂ — cov [g;, L Afz)/l XE 2 cOV wzl, g;}l ,

and Consequently

E|2kn,r ZZQV V]GV]] = NVTcov [gv U }\( )/ } 3F 22 COV [}\52), g;%] )
i=2j=1

which parallels results obtained in the proof of Proposition S.1. It will be shown below that

variation around this expected value is of lower order in probability. Assuming this for now,
we state that

plim Nl 1/2 i i = cov {g A( y } XE o COV [}\lz) g‘l}
N,T—c0 \ TN(N-1) 5 = v ’ 7ol

A consequence of this result, as well as those on the second and third terms in Eq. (5.112)
is that 2kn 7 YN, ; %w w; is asymptotically centered around 0 if g;ll and )\52), are uncor-
related. In this spec1al case, it is required to investigate the rate at which the variance of

i 2
=1
gvz lV]gl/]>

2j

2knT YN, ):; 1 wiwo; diverges. First, consider

=

Il
—_

N i-1
var IZkN'T ) Zg;}u{ujg;}] =E |4k} 1 (

i=2 j=1

1

Apart from a superscript (2) on factors and factor loadings as well as the absence of the ex-
pected value of ¢ ; !, the term gv_ll vl V]g;} is identical to the one occurred in the proof of Propo-

sition S.1. Hence, we can follow the same reasoning to conclude that

~1
llTN N g}z;gv u]gV]] =0(T).
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Next, consider the middle term of the third expression in Eq. (5.112). After vectorizing this

matrix, we can write

v lvec (iipmﬂ — E lvec (ﬁ;fD{q) vec <§) by Df/DJ">/]

i=2j=1
Recall here that
D/D; = )‘Ei) FO'FO N, A7 + = | e, B
(2) /
A ' el
@ [z, 7. i 2) [x@ 42
+ AEZ)' F' [e;, E] + EZ{]F [Aj , A }

whose leading term is the first on the right-hand side of the first line and where we recall that
c? = [)\](2), AJ(Z)} . Hence, the leading term of vec (D/D;) vec (D, D]-)/ is written

1

vec (D/Dj) vec (D/D;)' = (CZ-(Z) ® C].(Z))lvec (F(Z),F(2)> vec (F(Z),F(Z)) (C’i(z) ® C].(Z)) ,
which is nothing more than a multivariate version of the leading term in g;ll V! u]g;}. The
current case is even simpler due to the absence of the inverse error standard deviation g;ll
Consequently, finite fourth moments for factors and finite second moments for loadings to-
gether with the reasoning applied for the variance of 2ky 1 Y, Z; 160, Wwivic, J ! allow us to
conclude that

) N1
()] -0

i=2j=1

— (1 1
Since the outer terms (N YN Sro )\( Y ) and (C (1)’> converge to finite, non-stochastic

components, this rate of divergence carries over to the variance of the entire term (N ZE 16y, %)\( y ) (5(1)/>
Lastly, consider the second term in (5.112), whose middle term is of particular interest. The

variance of this term is given by
var [Znglu’D] = E [
i=2j
L)

i=2j

[ay

i

N i'—1
Z Z Vl z’D]gvzgl/ ]

i'=27

™=

1

I
_ N
-
Il
—

1=

~.

E|: fvlfvlt’D]t’gv1:|'
1

-
Il
-

=

Similar to the previous two terms, the leadmg expression in the term above is given by

E C-(Z)' 2)

] Ft( Ft(2)/)‘1(2))‘i(z)/F}(z)Ft(z) C( )QV 12] SME [CJKZ)/Algz)g;l;)\fz)/ng)

]
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where the upper bound on the right-hand side above is established by the LIE and bound-
edness of the fourth-order moments of F;. Additionally assuming that E [A( )g i )\( ) }
(2)

bounded and conditioning on C i we arrive at

N i1 T
Y Y )E [ Vi tVip D} t’gvz} =0 [(NT)Z} ’

i=2j=1tt

implying that

2 i—1
\/m(_lgj_lgvu ] (1),

-1
which carries over to the variance of ky 1YY 22; 1gvl D <C(1)> ( 12/ 1A gM) O

var

90



S.6.2 Auxiliary lemmas for Section S.6.1

Lemma S.18. Suppose that the true model is (16) and that Assumptions 2-5 and S.1 hold. Also,
assume that the factor estimator F is given by F = [y, X|. Then we can without loss of generality

assume that the true factors and loadings can be partitioned into

(1) 1
fi= [;f(z)] and A= [Aéz)] and A=
t 1

AW
A?

1

such that B [ft(l)ft(z)/} = O, E [AEZ)} = 0and E [Al@)} = O. It holds that fV) and f@ are
(m+1) x Land (r —m — 1) x 1, respectively. Afl) and )\fz) are (m+1) x land (r —m—1) x 1.
Lastly, Agl) and Afz) are (m+1) x mand (r —m — 1) x m.

Proof of Lemma S.18.
Under a violation of the rank condition, cross-section averages of all variables will only iden-
tify the m 4 1-dimensional linear combination ft(l) = C| f: of the r true common factors. The

r x (m + 1) matrix Cj is given by

Co = [E[Aj]  E[A{]] B.

-1
Now define the r x (m + 1) matrix #; = E [ftft(l)l] (E {ft(l)ft(l)/b and the r x 1 vector
ff=f-9 ft(l) and note that by construction it holds that E [ iin ft(l)/} = 0. Using these two

expressions, we can decompose
Xift = Ny ft(l) + N i (S.113)

The expression above decomposes the common component of a random variable that has a
factor structure into the variation due to the (m + 1)-dimensional linear combination of the
r true factors that is identified by a cross-section average-based factor estimator and residual
common variation that is not picked up. This residual source of common variation is bound to
be part of the error term in a misspecified factor model.

Next, consider the product of C} and f;*

Cofi- = C(/)ft—C(l)E[ftft(l)’] (E [ft(l) ft(l)’}
= fV_E [C(,)ftft(l)/} (E [ft(l) ft(l)/D L

_ ft(l) _ ft(l)
= 0,

| SN——
R

T

[

In order to appreciate the implications of this result, let col (C)) denote the column space of Cj
and ker (C}) the kernel of C{.. The result reported in the last sequence of equations above states
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that fi- € ker (C})). Note now that dim (col (Cp)) + dim (ker (C}))) = r (see e.g. Abadir and
Magnus 2005, Exercise 4.3(c)) and that dim (col (Cp)) = dim (col (C})) (Abadir and Magnus
2005, Exercise 4.5(a)). As a result of the rank condition on Cp, we have dim (col (C})) = m +1
and hence dim (ker (C})) = r — m — 1. Consequently, f;" is an element in the s = —m — 1-
dimensional vector space orthogonal to Cy. This implies that, given an arbitrary basis for
ker (C}), here denoted by the r x s-dimensional matrix ®,, we can express fi- as fi" = &, ft(z)
where ft(z) is some s x 1 vector of coordinates. Plugging this expression into (S.113) results in

Nfi = Ny + Nay P

ft(l) ]
ft(Z)

(1)
_ [AZQ)/’ )‘1(2)/ } [ ft(z) ]
fi

From the previously mentioned result E [ lin ft(l)/} = O it follows that E [ ft(2) ft(l)’} = 0.

Furthermore, given that E[\;] = CoB~![1,0'] and that )\52)/ = A®, where P, is a basis for
ker (Cy),

= A;[¢1/ 452]

ENY] = #cB [10]
— 0.

Analogously, we can define [Afl)/, Afz)/} = A; [®1, P2] where E [Agz)} = O by the same rea-
soning as above.

Consequently, whenever the factor estimates include cross-section averages of the depen-
dent variable Y, we can rewrite the common component as being generated by a linear combi-

nation of the true factors and the true loadings such that the two moment conditions above
are satisfied. The matrix & = (P, P,) which links the loadings A} (A}) and [)\1(1)/,)\(2)/}

1

([Am', AZ(Z)’]) is of full rank by the rank assumptions on E [f;f/] as well as Cy. Hence, &

1

!/
is an invertible rotation and we can write [/\51)/, )\1(2)/} [ ft(l) /, ft(z)/] = )\2@15*1 f:. Now note

that in factor models it is only the common component X! f; that is identified whereas the load-
ings A; and factors f; are identified only up to an invertible rotation. As argued above, the
matrix ¢ is invertible. Hence, irrespective of the true values of \;, A; and f; (subject to the
assumptions we make on them), we can assume that the data are generated by &'\;, #' A; and
&~ f, instead. O

Lemma S.19. Under Assumptions 2-6 and E[[g;} 4] < M,

N N
kN,T Ew;Pﬁw] = Op [max (N_l, T_l) (kN,T Zwl’w]>] (5114)
i ij

92



Proof of Lemma S.19. Note that

_ N
w; = !gl/}’/i — D; (6(1)) : (Nl ) Aé”&,})]

(=1

where
v =&+ FOAP,
D, = U+ FOc?.

Then, we can rewrite

- N
w; = [51'(;17,11 - Ui (6(1)> 1 <N‘1 Z AE”Q;})
- N
cr [y e (o) (v )|

(=1

Consequently, we can write out

N
/
kn T ZwiPﬁ,Wj

<2, /2N<NT_1) H (T*lﬁ’ﬁ) _1H HT*lﬁ’F@)Hz

~£er (@) 1(Nlixy>g%z)

=
N — 1 '
+2knT) <€i€v} - Ui (6( ) ( ! Z)‘z gvf)) Pp
i
x Pp (s]gv -y (6(”)71 (N—l y Agl)g;}>> , (S.115)
(=1

where the second line is of order Op (T‘l/z) + Op (N‘l/z) + Op [N_lx/ﬂ by Lemma S.3

with w; = g;zl Concerning the first line:

2N (N

2 N
=0Op <kN,T Zwl’w]> .

i,j

Lol - L (@) (v L)

(S.116)

To appreciate this result, we write

- L () (w1 £t
| CON|
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1Z>\€ guﬁ

N
3 Z C(Z)
i=1




and note that N~ HZ, G v,i

= Op (1) by the same reasoning leading to (S.44). Further-

more,

H =0Op ( ) holds by the zero mean property of )\52) and AEZ). Consequently,

@)
A2

which never has a higher order in probability thanHZN ¢! Vi

2
= Op(N),

1ZAE gvé

. We prove this claim by

noting that the expected value of HZ’ )g Vi is given by
N 2 N N N
E [ B ] = LE[aITN]+ L LE N E NS
i= i= i=1j#i

It follows straightforwardly from Markov’s inequality that

. 2 _ JOp(N) if cov [A](z);g;ﬂ =0
Op (N?)  otherwise

)

The reduction in the order in probability due to a zero correlation between A;” and ¢ | is the

same as observed in the case of ky T Zf\; w;w;. Additionally using the scaling and

T
AIN(N-1)
using our result on the order of ky 1 Zf\; wjww; in the proof of Proposition 3, we arrive at

2 N
,-1 =0Op <kN,T E‘wa]) ,

i,j

2N

which leads to result (S.116). Now returning to the first line of expression (S.115), we consider
N 2
|rEee]

§3H5<1>/ 2 _1F(1)/F(2)H2+9H5(2)/ 2

1 2 N i 2
FO'FQ H +knr ) @l HT 1T F@ H
L]
=0p (T )+ 00 (N1) +0p (NT) ), (5.117)

which holds by zero correlation between F®) and F®, the zero expected value of 6(2) and
result (5.42). Consequently, an upper bound for the order in probability of (5.115) is given by

N
kNTzw PFw] Op [max [N T } <kN,TEw1/w]>] .

ij ij
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Lemma S.20. Under Assumptions 2-6 and E[|g;11 1 < M,

kN,TIiGVf <Vl' Al (5(1)/) - D/> M <yi -D (5(1)) 1 )\1(1)>
- N 200+ O N—l/Zﬁ) Lo <T‘1/2>
kN,Ti;gW vivi+ Op ( »

Proof of Lemma S.20. The term that we are interested in can be expanded into

N _ _
ke Y2 (ug —A () 1D’> M, <1/i -D(c)" Af”)
i=1

= S o (D) )
= kN,T Z Q;?V{Vi — 2kN,T Z Q;,IZVZ/D (C ) )‘i
i=1 i=1

+ kT % a2 (€) DD (™) AW
= '

N _ _
thur iz (v -A (@) D) p (w-D (@) A
i=1
N

-2/
=knr Z G, iViVi—2m +ax +az,
i=1

where we recall that v; = €; + F(Q))\Sz) and D; = U; + F @c® . Now consider a3. Similar to

1
the proof of Lemma S.19, we can write

N —(2) f—(1\ 1 ! — ) f— 1\ 1
a3 < 2knr ) )2 <>\§2) -c?(e") A(”) FO'poF@ <>\§2) - (e") A}”)
i=1

1

N 1 , B »
+2kn ) 6, (si ~U(c") Al@) P; <€i -7 (") )\51)> .
i=1

By Lemma S.4, the last line in the expression above is Op (N*Z\/T) +0p (N732) +0p (T71/2).

Concerning the remaining term, we can write

N —
ke )6, ()\Z(z) _c® (ﬁl)) 1 Afl)>
i=1

A2 _g® (5&)) Al

/

_ . -1
FO'p,p) ( AP - (c) /\1(1>>

2 N 2 N1
i N

N
< Tknr Y 6,7
i=1

where we focus on the term

Y ol w0 (w0 o
TkN,TZ;ng AP -c® (V) A
. (TkN,T3igvf>\§2)'>\f2)> + <TkN,Tigv,i2)\l(l)/>\l(l)) Hé(m”z H (5(1>)—1 2
= 0p (VT).
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This result follows from applying the reasoning given below equation (S.46) to both weighted
sums over i in the expression above. Combining it with result (5.117), we arrive at

N oy s\ —1 ! oy s —1
ke Y2 < AP~ (e >\§1)> FO'pp® ( AP - () Af”)
i=1
= Op <N71ﬁ> +Op (Tﬁl/z) .
which, together with Lemma S.4, leads to

— Op (N’lﬁ) +Op (T’1/2> : (5.118)

Next, we investigate a, and write

<k e N @) s (Jo  veie + o)

— Op (N’ \/T) (5.119)

where the last line follows from result (S.41), the zero mean of 6( ) and the result on 21 16, A( y )\( )
referred to above. The last term to consider is given by

_ N —
o =kt Z 62T <C< )) ! A 4 ks Y6 AP POTT (5@)) ! A
i=1

+knt Z ¢, 2elF2C? (6“)) B AW
i=1

N — ) /—(1\ 1
kv Y 6 A FR PR () A
i=1

= a1 + a2 + a3 + au.

Here, a1 = Op (N"V2) + Op (N -1 T) results from proceeding almost exactly as in the steps
leading to equation (5.26) in the proof of Theorem 2. Concerning the second term, we can write

A H i
i=1
T _1 - 1|? v N o || (0N
onf1f < A H) <N D il
:(’)p<N_1/2),

where we make use of (5.42) with w; = 1.With regards to the third term, we have

E;F<2>H2>m (
1
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) ey




Here, we can use results from the proof of Lemma S.4 to obtain (N T)_1 YA ‘ €

Op (1). Lastly, we can apply the Cauchy-Schwarz inequality to |a14] in order to arrive at

) 1/2 N ) 1/2
) (- ElT)
i=1

" HT_1/2F<2>H2 Hmé@u H (5(1)>*1

— Op (N—l/zx/f) .

N
41| = knrV/NT <N1 y ‘
i=1

Using the last four intermediary results allows us to conclude that
a1 = Op (Nﬁl/Zﬁ) .

This result, together with (5.118) and (5.119) establishes
S o (W (AN Ty (D) O
kv Y62 (vi= A (@) D) Mg (v -D (V) A
i=1
N
=knT Zg;}u{ui +Op (N—l/zﬁ) +Op <T—1/2> ,
i=1

which was to be shown.

97

<F<2>H2



References

ABADIR, K. M. AND J. R. MAGNUS (2005): Matrix algebra, vol. 1 of Econometric Exercises, Cam-
bridge University Press.

BALTAGI, B. H., Q. FENG, AND C. KAO (2012): “A Lagrange Multiplier Test for Cross-sectional
Dependence in a Fixed Effects Panel Data Model,” Journal of Econometrics, 170, 164 — 177.

BALTAGI, B., C. KAO, AND B. PENG (2016): “Testing Cross-Sectional Correlation in Large
Panel Data Models with Serial Correlation,” Econometrics, 4, —.

CHEN, S. X. AND Y.-L. QIN (2010): “A Two-sample Test for High-dimensional Data with
Applications to Gene-set Testing,” The Annals of Statistics, 38, 808-835.

HALL, P. AND C. C. HEYDE (1980): Martingale Limit Theory and Its Application, Probability and
Mathematical Statistics, Academic Press.

Kao0, C., L. TRAPANI, AND G. URGA (2012): “Asymptotics for Panel Models with Common
Shocks,” Econometric Reviews, 31, 390-439.

KAPETANIOS, G., L. SERLENGA, AND Y. SHIN (2019): “Testing for Correlated Factor Loadings
in Cross Sectionally Dependent Panels,” SERIES Working papers N. 02/2019. Available at
SSRN: https://ssrn.com/abstract=3401745

KARABIYIK, H., S. REESE, AND J. WESTERLUND (2017): “On The Role of The Rank Condition

in CCE Estimation of Factor-augmented Panel Regressions,” Journal of Econometrics, 197, 60—
64.

MOON, H.R., B. PERRON, AND P.C.B. PHILLIPS (2007): “Incidental Trends and the Power of
Panel Unit Root Tests,” Journal of Econometrics, 141, 416—459.

PARKER, J. AND D. SUL (2016): “Identification of Unknown Common Factors: Leaders and
Followers,” Journal of Business & Economic Statistics, 34, 227-239.

PESARAN, M. H. (2004): “General Diagnostic Tests for Cross Section Dependence in Panels,”
CESifo Working Paper No. 1229.

(2006): “Estimation and Inference in Large Heterogeneous Panels with a Multifactor
Error Structure,” Econometrica, 74, 967-1012.

(2015): “Testing Weak Cross-Sectional Dependence in Large Panels,” Econometric Re-
views, 34, 1089-1117.

PESARAN, M. H., A. ULLAH, AND T. YAMAGATA (2008): “A Bias-adjusted LM Test of Error
Cross-section Independence,” The Econometrics Journal, 11(1), 105-127.

98



PHILLIPS, P. C. B. AND H. R. MOON (1999): “Linear Regression Limit Theory for Nonstation-
ary Panel Data,” Econometrica, 67, 1057-1111.

SARAFIDIS, V., T. YAMAGATA, AND D. ROBERTSON (2009): “A Test of Cross Section Depen-

dence for a Linear Dynamic Panel Model with Regressors,” Journal of Econometrics, 148, 149—
161.

WESTERLUND, J. AND J.-P. URBAIN (2013): “On the Estimation and Inference in Factor-
augmented Panel Regressions with Correlated Loadings,” Economics Letters, 119, 247 — 250.

WHITE, H. (2001): Asymptotic Theory for Econometricians, Academic Press.

99



