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Artūras Juodis and Simon Reese

January 2021

Contents

S.1 Empirical application 2

S.2 Additional MC results 2

S.3 Additional theoretical contributions 8
S.3.1 Power analysis: Additive . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
S.3.2 Power analysis: Multifactor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
S.3.3 Weighted CD statistic and power enhancement . . . . . . . . . . . . . . . . . . . . 12

S.4 Further discussions 13
S.4.1 An analytically bias-corrected CD statistic . . . . . . . . . . . . . . . . . . . . . . . 13
S.4.2 Serial correlation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
S.4.3 Optimal weights . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

S.5 Proofs 17
S.5.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
S.5.2 Proofs of Theorem 1 and Corollary 1 . . . . . . . . . . . . . . . . . . . . . . . . . . 18
S.5.3 Proofs of Theorem 2 and Proposition 1 . . . . . . . . . . . . . . . . . . . . . . . . . 23
S.5.4 Proof of Theorem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
S.5.5 Auxiliary lemmas for Sections S.5.2–S.5.4 . . . . . . . . . . . . . . . . . . . . . . . 30
S.5.6 Additive model. The effect of estimating fixed effects and error variances . . . . 38
S.5.7 Multifactor model. The effect of error variance estimation . . . . . . . . . . . . . . 44
S.5.8 Auxiliary lemmas for Section S.5.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
S.5.9 Auxiliary lemmas for Section S.5.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

S.6 Proofs for additional theoretical contributions 85
S.6.1 Proofs of Propositions S.1 and S.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
S.6.2 Auxiliary lemmas for Section S.6.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

1



S.1 Empirical application

All of the empirical results presented assume the country-industry pair as the unit of analysis
(panel group member i), of which we have N = 119. This panel is unbalanced where for
Germany, Portugal, and Sweden the length of the available time-series is substantially shorter
than for other countries.

Some of our theoretical results can be easily extended to cover unbalanced datasets. How-
ever in order to simplify our analysis we disregard from using the observations for Germany,
Portugal, Sweden in the construction of the test statistics. Additionally, we remove two sectors
from the Great Britain where observations for t = 2004, 2005 are missing. This way we are left
with N = 82 and T = 25.

S.2 Additional MC results

This section reports additional results for the Monte Carlo experiments in Section 5 of the main
paper. The five tables below are equivalents to Tables 1-5 and their underlying setup differs
only in that the errors in yi,t and xi,t are drawn from a standardized χ2(2) distribution with
zero expected value and unit variance.
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Table S.1: Sample moments of original CD test statistic for remaining CSD under H0

Part A: Application of CD to 2WFE residuals

cσ: 0.1 0.5 1 1.5 0.1 0.5 1 1.5
N T Mean Variance ×100

25 25 -3.35 -3.31 -3.20 -2.97 1.28 1.77 3.94 9.92
25 50 -4.91 -4.87 -4.72 -4.43 0.54 0.89 2.70 8.46
25 100 -7.08 -7.02 -6.82 -6.43 0.23 0.60 2.71 9.99
25 200 -10.11 -10.02 -9.75 -9.21 0.10 0.49 3.35 14.57
50 25 -3.30 -3.26 -3.14 -2.91 1.03 1.38 2.91 7.33
50 50 -4.86 -4.80 -4.65 -4.33 0.38 0.65 1.99 6.37
50 100 -7.00 -6.94 -6.73 -6.32 0.14 0.36 1.69 6.41
50 200 -10.00 -9.91 -9.63 -9.06 0.06 0.28 1.94 8.66

100 25 -3.28 -3.24 -3.11 -2.86 0.88 1.16 2.35 5.87
100 50 -4.83 -4.78 -4.62 -4.30 0.26 0.45 1.38 4.50
100 100 -6.97 -6.90 -6.68 -6.26 0.09 0.23 1.06 4.22
100 200 -9.95 -9.86 -9.57 -8.99 0.03 0.16 1.07 4.77
200 25 -3.27 -3.23 -3.10 -2.85 0.73 0.96 1.95 4.90
200 50 -4.82 -4.76 -4.60 -4.28 0.21 0.35 1.01 3.24
200 100 -6.95 -6.88 -6.66 -6.23 0.07 0.17 0.75 2.95
200 200 -9.92 -9.83 -9.54 -8.94 0.02 0.11 0.71 3.21

Part B: Application of CD to CCE residuals

cσ: 0.1 0.5 1 1.5 0.1 0.5 1 1.5
N T Mean Variance ×100

25 25 -3.35 -3.31 -3.21 -3.02 1.37 1.86 3.90 9.30
25 50 -4.92 -4.87 -4.74 -4.47 0.50 0.86 2.66 8.14
25 100 -7.08 -7.02 -6.84 -6.48 0.22 0.57 2.63 9.45
25 200 -10.11 -10.03 -9.77 -9.28 0.10 0.50 3.26 13.22
50 25 -3.28 -3.24 -3.13 -2.90 1.20 1.60 3.30 8.04
50 50 -4.85 -4.81 -4.66 -4.37 0.38 0.60 1.73 5.41
50 100 -7.00 -6.94 -6.74 -6.35 0.13 0.34 1.54 5.83
50 200 -10.00 -9.91 -9.64 -9.09 0.06 0.26 1.76 7.69

100 25 -3.23 -3.19 -3.07 -2.83 1.23 1.59 2.97 6.77
100 50 -4.82 -4.77 -4.61 -4.31 0.31 0.48 1.32 4.09
100 100 -6.97 -6.90 -6.69 -6.27 0.09 0.22 1.01 4.01
100 200 -9.95 -9.86 -9.57 -9.01 0.03 0.17 1.11 4.89
200 25 -3.16 -3.12 -3.00 -2.75 1.64 1.90 3.04 6.35
200 50 -4.80 -4.75 -4.59 -4.27 0.27 0.40 1.05 3.22
200 100 -6.94 -6.88 -6.67 -6.24 0.07 0.16 0.71 2.86
200 200 -9.92 -9.83 -9.54 -8.96 0.02 0.10 0.69 3.17

Notes. εi,t and ei,t are standardized χ2(2) with zero expected value and unit variance.

σ2
i,y = cσ

(
ς2

i,y − 2
)

/4 + 1; ς2
i,y is χ2(2). In part B, r = 2 and loadings λi are drawn

from U(0.5, 1.5). Λi has first element from U(0.5, 1.5) and second from U(−0.5, 0.5). Fac-

tors ft drawn from N(0, 1). In part A, we restrict ft =
[

f (1)t , 1
]′

, λi =
[
1, λ

(2)
i

]′
and

Λi =
[
1, Λ(2)

i

]′
.
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Table S.2: Sample moments of original CD test statistic applied to 2WFE residuals under H1

Mean Variance
λi: symmetric skewed symmetric skewed
σ2

i : ⊥ λi f (λi) ⊥ λi f (λi) ⊥ λi f (λi) ⊥ λi f (λi)

N T
25 25 -3.37 -3.09 -3.30 -2.68 0.02 0.10 0.02 0.41
25 50 -4.86 -4.50 -4.78 -3.89 0.01 0.13 0.02 0.70
25 100 -6.95 -6.47 -6.86 -5.63 0.02 0.25 0.02 1.27
25 200 -9.88 -9.25 -9.76 -8.06 0.02 0.39 0.02 2.23
50 25 -3.32 -2.87 -3.25 -2.19 0.01 0.14 0.02 0.58
50 50 -4.81 -4.23 -4.73 -3.26 0.01 0.18 0.01 0.94
50 100 -6.88 -6.09 -6.78 -4.78 0.01 0.31 0.01 1.55
50 200 -9.78 -8.73 -9.65 -6.85 0.01 0.52 0.02 2.80

100 25 -3.30 -2.49 -3.23 -1.34 0.01 0.27 0.01 0.98
100 50 -4.78 -3.76 -4.70 -2.13 0.01 0.32 0.01 1.42
100 100 -6.83 -5.47 -6.73 -3.19 0.01 0.49 0.01 2.41
100 200 -9.73 -7.84 -9.59 -4.65 0.01 0.83 0.01 4.14
200 25 -3.30 -1.80 -3.22 0.33 0.01 0.56 0.01 1.97
200 50 -4.77 -2.88 -4.68 0.07 0.01 0.60 0.01 2.68
200 100 -6.82 -4.28 -6.71 -0.12 0.01 0.94 0.01 4.25
200 200 -9.70 -6.22 -9.56 -0.43 0.01 1.48 0.01 7.28

Notes. The model has a factor error structure with 3 factors. εi,t and ei,t are standardized χ2(2)

with zero expected value and unit variance. “σ2
i : ⊥ λi” means that σ2

i,y =
(

ς2
i,y − 2

)
/4 + 1

where ς2
i,y is χ2(2). For “σ2

i : f (λi)”, we let σ2
i,y = dσT−1 ∑T

t=1(λ
′
ift)2.

The case “λi : symmetric” corresponds to drawing λi from U(0.5, 1.5). “λi : skewed” loadings
are from a standardized χ2 (2) distribution with mean and variance equal to 1.
Λi has first element from U(0.5, 1.5) and all others from U(−0.5, 0.5). Factors ft are drawn
from N(0, 1).
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Table S.3: Sample moments of original CD test statistic applied to CCE residuals under H1

Mean Variance
λi: symmetric skewed symmetric skewed
σ2

i : ⊥ λi f (λi) ⊥ λi f (λi) ⊥ λi f (λi) ⊥ λi f (λi)

N T
25 25 -3.27 -3.21 -3.25 -3.01 0.03 0.04 0.03 0.19
25 50 -4.78 -4.72 -4.76 -4.42 0.02 0.03 0.02 0.25
25 100 -6.87 -6.80 -6.86 -6.40 0.02 0.04 0.02 0.41
25 200 -9.80 -9.70 -9.78 -9.16 0.03 0.06 0.02 0.68
50 25 -3.21 -3.14 -3.19 -2.93 0.02 0.04 0.02 0.15
50 50 -4.71 -4.65 -4.70 -4.37 0.02 0.02 0.01 0.17
50 100 -6.78 -6.70 -6.78 -6.32 0.01 0.03 0.01 0.26
50 200 -9.68 -9.58 -9.67 -9.04 0.02 0.04 0.01 0.42

100 25 -3.16 -3.10 -3.14 -2.90 0.02 0.03 0.02 0.10
100 50 -4.67 -4.61 -4.66 -4.34 0.01 0.02 0.01 0.11
100 100 -6.73 -6.66 -6.73 -6.28 0.01 0.02 0.01 0.16
100 200 -9.62 -9.52 -9.61 -8.99 0.01 0.03 0.01 0.27
200 25 -3.11 -3.05 -3.09 -2.84 0.02 0.03 0.02 0.09
200 50 -4.66 -4.58 -4.64 -4.31 0.01 0.02 0.01 0.09
200 100 -6.71 -6.64 -6.71 -6.26 0.01 0.02 0.01 0.11
200 200 -9.59 -9.48 -9.58 -8.96 0.01 0.02 0.01 0.21

Notes. See Table S.2.
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Table S.4: Rejection rates for weighted CD test statistic when applied to 2WFE residuals

Part A: Size

λi: symmetric skewed
σ2

i : ⊥ λi f (λi) ⊥ λi f (λi)

N T CDW CDW+ CDBC CDW CDW+ CDBC CDW CDW+ CDBC CDW CDW+ CDBC

25 25 4.9 5.4 2.5 5.1 5.6 2.9 5.0 5.9 2.5 6.1 6.6 2.7
25 50 6.5 7.0 3.9 6.8 7.4 3.9 5.7 6.5 3.5 6.2 6.8 3.3
25 100 8.8 9.0 5.0 8.0 8.2 4.6 8.4 8.8 5.1 8.0 8.1 3.9
25 200 10.8 10.9 5.7 9.7 9.8 6.1 11.0 11.0 7.0 10.9 11.1 4.3
50 25 5.1 5.9 2.8 5.7 6.2 3.6 5.7 6.7 2.3 5.1 5.7 2.9
50 50 5.0 6.6 4.3 4.6 5.9 4.0 6.5 7.6 3.4 5.4 6.8 3.1
50 100 6.6 7.1 3.9 5.9 6.7 3.2 6.6 7.0 4.6 5.9 6.5 3.5
50 200 6.6 6.8 4.7 5.7 5.9 4.4 5.8 6.2 4.4 6.1 6.3 3.5

100 25 5.3 5.8 2.8 5.3 5.5 3.1 4.6 4.7 3.5 5.0 5.4 3.7
100 50 5.9 8.7 5.1 4.5 6.7 4.1 4.6 7.4 3.9 4.8 7.4 4.0
100 100 5.6 6.6 4.5 5.2 7.0 4.3 4.9 6.1 5.0 4.2 5.9 2.8
100 200 5.8 6.3 4.0 5.5 6.2 4.8 5.5 5.9 3.1 5.9 6.3 4.1
200 25 4.4 4.5 2.9 4.8 4.8 3.5 5.0 5.1 3.2 4.8 4.9 3.1
200 50 4.6 7.4 3.6 4.8 8.6 3.8 4.5 8.0 3.7 5.8 8.7 4.0
200 100 4.7 8.3 4.2 5.5 9.7 4.7 5.2 8.6 4.1 5.7 9.4 4.1
200 200 4.2 5.4 5.0 5.4 7.4 5.0 5.9 6.8 5.2 4.9 6.6 3.6

Part B: Power

λi: symmetric skewed
σ2

i : ⊥ λi f (λi) ⊥ λi f (λi)

N T CDW CDW+ CDBC CDW CDW+ CDBC CDW CDW+ CDBC CDW CDW+ CDBC

25 25 12.6 26.6 8.0 10.7 14.0 5.8 12.3 19.6 14.7 14.3 20.0 24.0
25 50 21.2 87.4 14.8 17.5 46.1 12.7 18.0 59.6 32.9 23.2 63.7 48.4
25 100 34.6 99.9 26.4 27.3 95.2 20.9 32.3 90.8 50.1 36.3 96.7 66.6
25 200 50.4 100 39.7 43.6 100 34.7 44.1 99.3 64.4 51.3 100 80.4
50 25 11.7 21.1 8.1 10.7 11.7 5.7 11.7 20.9 35.2 12.6 16.0 58.9
50 50 19.6 98.3 15.7 17.5 56.0 12.8 18.7 85.5 59.5 23.0 79.7 86.0
50 100 35.4 100 27.0 26.3 99.7 22.2 29.7 99.8 80.2 37.5 100 95.4
50 200 49.3 100 40.6 43.5 100 37.4 45.3 100 90.7 53.2 100 99.1

100 25 11.1 14.4 6.5 10.6 10.9 5.1 10.4 19.1 73.4 12.0 12.9 93.5
100 50 19.9 99.9 15.0 16.3 66.4 13.3 18.1 98.9 92.9 22.3 94.6 99.7
100 100 33.3 100 25.8 26.2 100 23.8 30.8 100 98.8 36.7 100 100
100 200 48.7 100 41.3 41.9 100 37.0 46.2 100 100 52.3 100 100
200 25 12.7 12.7 8.2 10.8 10.8 6.6 11.9 13.9 96.5 12.9 13.0 100
200 50 18.9 100 16.6 17.9 73.1 13.3 18.8 100 100 22.1 98.2 100
200 100 33.9 100 27.4 26.3 100 21.5 32.8 100 100 36.9 100 100
200 200 50.9 100 41.9 43.6 100 37.2 46.7 100 100 54.6 100 100

Notes. In Part A the model has two factors which are restricted as noted in Table 1. Part B corresponds to a model with factor error structure and 3
factors. For details on all other model parameters, see Table S.2.
CDW is the weighted CD test statistic introduced in Theorem 3. CDW+ is its power-enhanced refinement. CDBC is a CD test statistic with analytic
bias correction.
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Table S.5: Rejection rates for weighted CD test statistic when applied to CCE residuals

Part A: Size

λi: symmetric skewed
σ2

i : ⊥ λi f (λi) ⊥ λi f (λi)

N T CDW CDW+ CDBC CDW CDW+ CDBC CDW CDW+ CDBC CDW CDW+ CDBC

25 25 6.2 6.8 4.6 5.7 6.4 4.4 5.6 6.1 4.7 5.6 6.6 5.9
25 50 7.4 8.1 5.7 5.8 6.6 5.9 7.0 7.9 6.1 6.7 7.3 8.9
25 100 8.3 8.5 6.6 8.0 7.9 7.8 9.0 9.7 6.4 8.2 8.8 14.5
25 200 9.2 10.1 7.4 11.3 11.6 8.8 10.9 12.2 9.5 13.0 14.0 24.2
50 25 5.1 5.8 4.1 4.4 5.0 4.8 5.9 6.6 4.9 5.5 6.7 8.0
50 50 5.1 6.5 5.1 6.1 7.0 4.2 5.5 7.0 5.8 7.2 8.0 8.1
50 100 5.5 6.0 4.7 5.2 5.5 6.3 6.3 6.6 4.7 6.6 7.2 11.8
50 200 6.4 6.5 5.9 6.9 6.9 6.7 6.0 6.6 6.9 7.4 7.9 21.9

100 25 5.2 5.4 5.9 5.5 5.7 6.7 5.4 5.8 6.6 5.5 5.7 8.9
100 50 5.0 7.4 4.3 5.3 8.3 5.9 5.3 7.0 4.5 5.1 6.9 8.0
100 100 5.5 6.6 5.1 5.1 7.0 5.2 5.8 7.0 5.4 5.1 6.9 11.3
100 200 5.0 5.5 4.8 6.0 6.2 5.1 5.2 5.9 5.7 5.8 6.1 19.2
200 25 5.8 5.8 11.7 5.1 5.1 12.7 6.3 6.3 11.7 4.9 5.0 16.3
200 50 6.3 9.4 4.5 5.6 9.7 5.3 5.0 9.1 5.0 5.6 9.8 9.5
200 100 5.4 8.5 5.5 5.1 8.3 5.8 4.9 8.3 4.9 5.1 8.4 10.8
200 200 5.9 7.0 5.3 4.8 5.9 5.9 4.8 6.7 4.7 5.0 7.1 15.8

Part B: Power

λi: symmetric skewed
σ2

i : ⊥ λi f (λi) ⊥ λi f (λi)

N T CDW CDW+ CDBC CDW CDW+ CDBC CDW CDW+ CDBC CDW CDW+ CDBC

25 25 10.4 16.3 5.7 9.2 10.7 5.6 8.5 13.4 6.2 9.7 12.8 7.1
25 50 15.0 47.6 9.9 10.2 19.8 8.9 12.5 37.4 11.8 15.2 31.4 14.5
25 100 22.6 83.9 14.0 17.6 50.6 13.2 20.5 64.4 18.7 23.3 67.0 24.8
25 200 33.6 97.6 22.5 26.0 85.7 22.5 28.2 86.6 28.8 34.4 91.1 42.4
50 25 9.7 12.6 5.7 7.8 8.5 4.9 8.7 15.0 5.9 8.6 10.3 7.4
50 50 11.5 67.0 8.6 11.5 23.5 8.2 10.9 58.8 9.4 13.5 42.7 14.9
50 100 20.6 98.4 14.7 14.7 68.5 13.9 18.1 91.6 21.6 21.2 90.4 28.1
50 200 28.0 100 23.5 24.3 98.6 22.9 26.6 99.0 32.1 33.2 99.6 43.0

100 25 9.3 9.9 4.8 7.5 7.8 5.5 9.0 13.0 6.2 9.0 9.3 8.5
100 50 12.6 80.4 6.4 9.3 25.4 7.6 12.2 82.9 11.9 13.1 54.9 15.9
100 100 18.2 100 12.5 15.2 85.8 12.8 17.6 99.7 21.8 22.2 98.9 29.5
100 200 29.4 100 21.9 23.6 99.9 24.3 28.6 100 36.2 29.7 100 46.7
200 25 9.4 9.7 7.9 8.1 8.1 6.6 7.5 8.1 7.6 10.7 10.8 8.6
200 50 12.1 90.8 9.4 10.9 33.4 7.2 11.9 95.2 11.2 12.8 64.5 17.2
200 100 20.0 100 13.0 14.8 96.3 13.0 16.6 100 21.8 21.1 99.8 29.8
200 200 27.2 100 22.6 23.5 100 21.7 26.6 100 42.4 31.0 100 49.0

Notes. In Part A the model has two factors which are restricted as noted in Table S.1. Part B corresponds to a model with factor error structure and
3 factors. For details on all other model parameters, see Table S.2.
CDW is the weighted CD test statistic introduced in Theorem 3. CDW+ is its power-enhanced refinement. CDBC is a CD test statistic with analytic
bias correction.
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S.3 Additional theoretical contributions

S.3.1 Power analysis: Additive

To simplify the discussion, we disregard from the effect of covariates on the variable of interest
yi,t and assume that the true model is given by a pure static factor model, amounting to model
(16) with β = 0. Extending our results to the case of general β is possible, although formally
cumbersome.1 In a first instance, suppose that a researcher erroneously assumes cross-section
dependence to stem from time fixed effects. The corresponding mis-specified model is for-
mally given by

yi,t = µy,t + νi,t, (S.1)

where µy,t = f ′t E [λi] and νi,t = f ′t (λi − E [λi]) + ε̃i,t. Deviations of the data from their cross-
section averages can accordingly be written as

ν̂i,t = yi,t − N−1
N

∑
i=1

yi,t (S.2)

= f ′t λ̃i + ε̃i,t

where λ̃i = λi − N−1 ∑N
i=1 λi and ε̃i,t = ε i,t − N−1 ∑N

i=1 ε i,t. These deviations are sample equiv-
alents of the composite error term νi,t in the mis-specified time fixed effects model (S.1). Let the
variance of this composite error be defined as ς2

ν,i = E
[
ν2

i,t | σi,λi

]
= (λi − E [λi])

′ΣF (λi − E [λi])+

σ2
i and let ςk

ν = N−1 ∑N
i=1 ςk

ν,i, k ∈ Z be shorthand notation for cross-section averages of ςk
ν,i.

Finally, define the stacked vector of the residual error term as νi = [νi,1, νi,2, . . . , νi,T]
′.

For the sake of simplicity, we assume that ς2
ν,i is known and used to standardize regression

residuals when constructing the CD test statistic. This greatly simplifies the proofs of the fol-
lowing proposition while leaving the main results of this section qualitatively unaffected (as
we formally show for results under H0 in the main text). We confirm this conjecture with corre-
sponding simulations in Section 5, allowing for both unknown error variances and unknown,
general slope coefficients β. Given our current setup, let the CD test statistic constructed from
ν̂i,t be expressed by

CDH1 =

√
2

TN(N − 1)

N

∑
i=2

N

∑
j=1

T

∑
t=1

ς−1
ν,i ν̂i,tν̂j,tς

−1
ν,j . (S.3)

The properties of this test statistic are characterized as follows:

1To appreciate this point note that, even if the unobserved heterogeneity driving the data is mis-
specified, least squares estimates of β are consistent for the pseudo-true parameter vector δ =

plim
N,T→∞

[(
∑N

i=1 X̆
′
i X̆i

)−1 (
∑N

i=1 X̆
′
i y̆i

)]
with X̆i and y̆i being orthogonal to estimates of the assumed sources of

unobserved heterogeneity.
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Proposition S.1. Suppose that the true model is given by (S.1) and that its components satisfy Assump-
tions 2–6 and ςν,i ∈ [δ; M]. Let the CD test statistic CDH1 be constructed from the cross-sectionally
demeaned data (S.2). Then,

CDH1 =

√
2

TN (N − 1)

N

∑
i=2

i−1

∑
j=1

(
ς−1

ν,i − E
[
ς−1

ν,i

])
ν ′iνj

(
ς−1

ν,j − E
[
ς−1

ν,j

])
+
√

TΞH1

+OP

(
N−1
√

T
)

, (S.4)

where

ΞH1 =

√
N

2 (N − 1)
1

NT

N

∑
i=1
ν ′iνi

[(
ς−1

ν

)2
− 2ς−1

ν ς−1
ν,i

]
.

Furthermore, the leading stochastic term
√

1
2TN(N−1) ∑N

i=2 ∑i−1
j=1

(
ς−1

ν,i − E
[
ς−1

ν,i

])
ν ′iνj

(
ς−1

ν,j − E
[
ς−1

v,j

])
has expected value N

√
T cov

[
ς−1

v,1,λ′1
]
ΣF cov

[
λ1, ς−1

v,1

]
. In the special case cov

[
λ1, ς−1

v,1

]
= 0 the

order of this leading term is determined by its variance which diverges at rate T.

Proposition S.1 establishes a decomposition of the CD test statistic that is almost identical to
that obtained under the null hypothesis: Analogous to Theorem 1, CDH1 consists of a leading
stochastic component which reflects a CD test statistic with incorrect normalization as well as
an equivalent to the bias term in Eq. (12) which we denote by

√
TΞH1 . The key difference is

that both components are functions of the composite model error νi,t = f ′t (λi − E [λi]) + ε i,t

rather than the true errors ε i,t.
Noticeable differences with regards to Theorem 1 are given as far as the leading stochastic

component of CDH1 , the first term in Eq. (S.4), is concerned. Its mean is a positive-definite
quadratic form and will therefore generally diverge to +∞ at rate N

√
T. This result is inter-

esting in the context of Sarafidis et al. (2009) who conjecture “[...] that the CD test will have poor
power properties when it is applied to a regression with time dummies or on cross-sectionally demeaned
data”. First, the cited statement does not acknowledge the bias term ΞH1 which generally leads
CDH1 to diverge. However, it is reasonable not to consider this term as a source of power
towards the alternative hypothesis since it does not involve sample estimates of cross-section
covariances (see Remark S.2 below). Second, Proposition S.1 indicates that the CD test indeed
has power since remaining sources of co-movements across cross-sections generally affect the
mean of its leading stochastic component. The failure to appreciate this property is rooted in
a convention to treat error variances as fixed parameters, thereby ruling out any correlation
between them and factor loadings. Extending this understanding of error variances to the
variance of the composite error term νi,t (i.e. ς2

ν,i) leads to the special case cov
[
λ1, ς−1

ν,1

]
= 0 in

which the power of CD is indeed considerably reduced.
Still, while the rate at which CDH1 diverges is in general unaffected by the inclusion of

time fixed effects, power in small samples may be compromised because of the presence of

9



two diverging components with opposite signs in Eq. (S.4). While the mean of the leading
stochastic component dominates in large samples, it may be cancelled out by ΞH1 if the number
of observations available to the researcher is rather small.

Remark S.1. It is straightforward to extend the results of Proposition S.1 to a model specifica-
tion without time fixed effects and to address a common concern about the power of CD that
has repeatedly been made in the literature. As argued in Pesaran et al. (2008) and Sarafidis et al.
(2009), the power of this test is reduced substantially if unaccounted sources of cross-section
correlation average out, as for example in a factor model with zero mean factor loadings. This
property is given by construction for two-way fixed effects or time fixed effects residuals by the
mere fact that the within transformation involves cross-sectionally demeaning the data. While
the bias term in Proposition S.1 and the scaling effect on the leading stochastic component in
CDH1 are exclusively a consequence of accounting for time fixed effects, the defining role of
cov

[
λ1, ς−1

ν,1

]
for the rate at which CDH1 diverges is a general property in models with zero

mean loadings. It follows that existing claims about the power losses of CD in the presence
of factor with zero mean loadings merely address the special case with cov

[
λ1, ς−1

ν,1

]
= 0. In

fact, Monte Carlo results that have been reported to support these claims, as e.g. in Pesaran
(2004, 2015), Sarafidis et al. (2009) and Baltagi et al. (2012), all use specifications which entail a
zero covariance between factor loadings and the inverse error variances.2 The CD test statistic
is very likely to have much better power properties in simulation experiments that enforce a
non-zero correlation between factor loadings and error variances. A simple way of achieving
this would be to impose a constant ratio between the magnitude of common variation and that
of idiosyncratic variation which holds for all cross-sections. See Parker and Sul (2016, Eq. (27))
or Section 5 in this study for a formal definition.

Remark S.2. An additional similarity of Proposition S.1 with Theorem 1 is that the term ΞH1

does not involve sample estimates of cross-section covariances, implying that this term is not
indicative of the degree of cross-section co-movement in the data. Moreover, it can be shown

that ΞH1

p→
(

E
[
ς−1

ν,i

])2
E
[
ς2

ν,i

]
− 2 E

[
ς−1

ν,i

]
E [ςν,i], so that the leading term in

√
TΞH1 would

approach −
√

T/2 as ςν,i → ςν, for some constant ςν > 0.

S.3.2 Power analysis: Multifactor

A mis-specified latent common factor model can be characterized by equation (16) such that
Assumptions 2–5 as well as the following Assumption S.1 hold.

Assumption S.1. rk ([µλ,µΛ]) = m + 1 < r.

2This follows because all cited articles draw λi and σi independently of each other and assume a symmetric
distribution forλi. Using the integer representation of the expected value it is possible to show that cov

[
λ1, ς−1

ν,1

]
=

0 in this case.
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Assumption S.1 enforces a failure of the rank condition set up by Pesaran (2006) to ensure
that the space spanned by factor estimates can be consistent for the space spanned by the true
factors. Under failure of the rank condition, a fraction of the common variation affecting the
dependent variable yi,t remains asymptotically unaccounted for. As proved in Lemma S.18, we
can assume without loss of generality that accounted and unaccounted sources of cross-section
dependence are due to two uncorrelated sets of unobserved factors. Formally, we decompose

Fλi = F (1)λ
(1)
i +F (2)λ

(2)
i , (S.5)

where a rotation of the m + 1 factors F (1) is consistently estimated by cross-section averages
F̂ =

[
y,X

]
whereas the remaining r − m − 1 factors F (2) are asymptotically orthogonal to

F̂ . An analogous decomposition can be applied to the matrix product FΛi, allowing us to
split the loadings matrix into two blocks Λ(1)

i and Λ(2)
i . Most importantly, this decomposition

implies that E
[
λ
(2)
i

]
= 0 and E

[
Λ

(2)
i

]
= O.

We can accordingly express the defactored data as

ν̂i =MF̂yi

=MF̂F
(1)λ

(1)
i +MF̂F

(2)λ
(2)
i +MF̂ εi. (S.6)

where Assumption S.1 and Lemma S.18 ensure thatMF̂F
(2)λ

(2)
i does not vanish as the sample

size increases. Again, we denote the variance of the composite error term νi,t = f
(2)′
t λ

(2)
i + ε i,t

by ς2
ν,i = E

[
ν2

i,t | λ
(2)
i , σ2

i

]
= λ

(2)′
i ΣF,22λ

(2)
i +σ2

i , where the r−m− 1-dimensional square matrix
ΣF,22 is the lower-right block of ΣF. The order in probability of the CD test statistic can then
be characterized as follows.

Proposition S.2. Suppose that the true model is given by (S.1) and that its components satisfy Assump-
tions 2–5 and S.1, and ςν,i ∈ [δ; M]. Let the CD test statistic CDH1 , defined in (S.3), be constructed
from defactored data (S.6). Then,

CDH1 =

√
2

TN (N − 1)

N

∑
i=2

i−1

∑
j=1
$′i$j +

√
T (Φ1,H1 − 2Φ2,H1)+OP

(
N−1/2

√
T
)
+OP

(
T−1/2

)
(S.7)

where

$i =

[
ς−1

ν,i νi −Di

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)]
,

Φ1,H1 =

(
N−1

N

∑
`=1

ς−1
ν,`λ

(1)′
`

)(
C

(1)′)−1
(

N−1
N

∑
i=1
D′iDi

)(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)
,

Φ2,H1 = N−1
N

∑
i=1

ς−1
ν,i ν

′
iDi

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)
,

11



where C(1)
=
[
λ
(1), Λ(1)

]
andDi = F

[
λ
(2)
i , Λ(2)

i

]
+
[
εi, ei

]
. Furthermore, it holds that

plim
N,T→∞

N−1T−1/2

√
2

TN (N − 1)

N

∑
i=2

i−1

∑
j=1
$′i$j = cov

[
ς−1

ν,1, λ(2)′
1

]
ΣF,22 cov

[
λ
(2)
1 , ς−1

ν,1

]
.

In the special case cov
[
ς−1

ν,1, λ(2)′
1

]
= 0 , the term

√
2

TN(N−1) ∑N
i=2 ∑i−1

j=1$
′
i$j is asymptotically cen-

tered around zero and has a variance that diverges at rate T.

The remarks made concerning Proposition S.1 apply in an identical fashion to Proposition
S.2. That is, the CD test statistic allows for the same type of decomposition under the null
hypothesis as it does under the alternative, differing only in that the expressions in Proposition
S.2 contain the composite error term νi,t rather than the true model errors ε i,t.

S.3.3 Weighted CD statistic and power enhancement

Asymptotic unbiasedness of CDW comes at the cost of power. More specifically, our approach
to bias correction centers the leading components of CDW around zero, irrespective of whether
cross-section correlation in the data is completely controlled for or not. As a consequence, only
increases in the variance of CDW under its alternative hypothesis lead to power against the
null hypothesis of this test.

This point can be formally illustrated by a minor modification of Proposition S.1 which
consists of replacing ς−1

ν,i − E
[
ς−1

ν,i

]
with wi. Given random weights, the leading stochastic

component in Eq. (S.4),√
2

TN (N − 1)

N

∑
i=2

i−1

∑
j=1

wiν
′
iνjwj, (S.8)

has an asymptotic mean of zero if N−1
√

T → 0 since independent Rademacher distributed
weights ensure that E

[
wiνi,tνj,twj

]
= 0 holds for all i 6= j. Thus, remaining sources of cross-

section co-movement in the composite error term νi,t will not shift the location of expression
(S.8). By contrast, it can be shown that the variance of this term continues to diverge at rate
T. This entails that CDW diverges at rate

√
T under its alternative hypothesis, a property that

holds under the conditions of Proposition S.1 as well.
Using Lemma S.5 we can establish that:

ρ̂ij = 0 +OP(T−1/2) +OP((NT)−1/2) +OP(N−1), (S.9)

for all pairs i, j. The threshold 2
√

ln(N)/T is justified by the behavior of the maximum out of
N(N − 1)/2 estimated correlation coefficients in a model with ρij = 0 for all i, j. Under the
assumption that a CLT holds for ρ̂ij and that

√
TN−1 → 0 as N, T,→ ∞, this maximum should

diverge at rate 2
√

ln(N)/T. Multiplication of each indicator function in the screening statistic
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∑N
i=2 ∑i−1

j=1

∣∣ρ̂ij
∣∣ 1
(∣∣ρ̂ij

∣∣ > 2
√

ln(N)/T
)

with the absolute value of its corresponding correlation
coefficient then ensures that the power enhancement component in (32) converges to 0 if ρij = 0
for all pairs i, j, subject to additional tail regularity conditions.

S.4 Further discussions

S.4.1 An analytically bias-corrected CD statistic

Section 4.1 introduced parametric bias-correction as a feasible approach to re-establish asymp-
totically normal inference for the CD tests statistic under its null hypothesis. This section
provides details on its implementation as a benchmark CD test statistic in the Monte Carlo ex-
periments of Section 5. The analytically bias-corrected CD test statistic CDBC is corrected with
a plug-in estimate of the bias terms of Theorems 1 and 2. That is, whenever CDBC is applied to
2WFE residuals, we construct it as

CDBC = Ω̂−1/2
FE

(
CD−

√
TΞ̂
)

where

Ξ̂ =

√
1

2N(N − 1)

 N

∑
i=1

(
1−

√
σ̂2

i N−1
N

∑
`=1

(
σ̂2
`

)−1/2
)2

− N

 ,

Ω̂FE =
2 (N − 1)

N

(
Ξ̂ + 1

)2

with σ̂2
i = T−1 ∑T

t=1 ε̂2
i,t for 2WFE residuals ε̂ i,t. The expressions above arise from rearranging

the terms of Theorem 1 so that their estimates can be obtained with minimal computational
burden. In this regard, it is helpful to note that the asymptotic variance of Ω can be written as
a function of the bias term Ξ. Likewise, for application of CDBC to CCE residuals, we set

CDBC = Ω̂−1/2
CCE

[
CD−

√
T
(

Φ̂1 − 2Φ̂2

)]
,

where

Φ̂1 =

√
1

2N(N − 1)

[
N−1

N

∑
i=1

(
σ̂2

i
)−1/2

]2

λ̂
′
B̂′
[

∑N
i=1 σ̂2

i , 0′m
0m, ∑N

i=1 Σ̂i

]
B̂λ̂,

Φ̂2 =

√
1

2N(N − 1)

[
N−1

N

∑
i=1

(
σ̂2

i
)−1/2

]
λ̂
′
[

∑N
i=1 σ̂2

i

0m

]
,

Ω̂CCE =

[
1 +

√
2 (N − 1)

N

(
Φ̂1 − 2Φ̂2

)]2
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with

B̂ =

[
1, 0′m

β̂CCE, Im

]
,

β̂CCE =

(
1

NT

N

∑
i=1
X ′iMF̂Xi

)−1(
1

NT

N

∑
i=1
X ′iMF̂yi

)
,

λ̂ =
1
N

N

∑
i=1
λ̂i,

λ̂i =
(
F̂ ′F̂

)−1
F̂ ′
(
yi −Xiβ̂

CCE
)

,

Σ̂i =
1
T
X ′iMF̂Xi,

as well as σ̂2
i = T−1ε̂′iε̂i and ε̂i = MF̂ (yi −Xiβ̂

CCE). The plug-in estimators Φ̂1 and Φ̂2 are
calculated under the assumption of independence between factor loadings and error variances
so that we can write E

[
λiσ

−1
i

]
= E [λi]E

[
σ−1

i

]
. While this assumption allows making the

estimates of both bias terms sufficiently precise in the setup of our Monte Carlo experiments,
it may lead to size distortion in a DGP with dependence between factor loadings and error
variances.

S.4.2 Serial correlation

The original CD test of Pesaran (2004, 2015) assumes that idiosyncratic error terms are serially
uncorrelated, an assumption that can be difficult to justify for most economic datasets. While
this problem is mostly ignored in practice, Baltagi et al. (2016) have very recently proposed
a modification of the CD test statistic which ensures that the test statistic is asymptotically
standard normal as long as ε i,t is a stationary short memory process. In particular, under this
type of assumption it can be shown that the relevant asymptotic variance for the result in
Theorem 3 is given by:

Ω =
∞

∑
s=−∞

[
E[(wi − E[wi])

2ε i,tε i,t−s]
]2

. (S.10)

The above quantity is non-standard, as it not a function of the long-run variance of (wi −
E[wi])ε i,t. In particular, one can use data which is over-differenced in the construction of the
CD statistic.

In the context of our testing problem the natural plug-in estimator of Ω is given by

Ω̂N =
2

TN(N − 1)

N

∑
i=2

∑
j<i

(l′ilj)
2, (S.11)

where li = (wi − w)êi is constructed using residuals êi. It can be expected that under reason-
able regularity conditions on the memory properties of ε i,t as well as appropriate restrictions
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on N, T estimator Ω̂N is consistent in our setup. However, we do not attempt to prove this
conjecture as it does not add to the main message of this paper.

Note that Baltagi et al. (2016) use mean adjustment variance estimate of Chen and Qin
(2010), which is motivated by the need to obtain an unbiased (not only consistent) estimator of
Ω. However, as in our setting xi are correlated by construction, any theoretical justification for
including such an adjustment term under null hypothesis is lost. Also note that a factor of 2 is
missing in Baltagi et al. (2016).

S.4.3 Optimal weights

Propositions S.1 and S.2 stated that the original CD test statistic diverges at rate N
√

T if certain
conditions on the dependence between error variances and loadings associated with unac-
counted common factors hold. A simple generalization of Proposition S.2 to the case of gen-
eral weights {w1, . . . , wN} suggest that the same rate of divergence can be achieved under the
condition cov

[
wi, λ

(2)
i

]
6= 0.3

Consequently, a set of weights that generally leads to high power would be given by func-
tions of the data that are estimates of λ(2)

i under H1, such as wi = T−1 ∑T
t=1 ν̂i,t or wij =

T−1 ∑T
t=1 ν̂i,tν̂j,t for a more general statistic with index-pair specific weights. However, the lat-

ter weight suggestion directly results in a different test statistic, namely one based on squared
cross-section covariances. This new test statistic, as well as one based on the first suggestion
wi = T−1 ∑T

t=1 ν̂i,t, is closer to an existing, separate literature on LM tests for cross-section de-
pendence than it is to the CD test and its extant modifications. The fact that a test statistic
based on summing squared cross-section covariances is not centered around zero under its
null hypothesis, and that it hence needs additional recentering, further emphasizes its relation
to LM tests.

As an alternative to estimates of λ(2)
i , estimates of other model components may be used

to set up a weighted CD test statistic. In this regard, the most sensible choice is an estimate
of loadings associated with unaccounted factors in the covariates of our regression model of
interest, i.e. the parameter matrix Λ(2)

i in

Xi = F (1)Λ
(1)
i +F (2)Λ

(2)
i +Ei.

This choice directs the power of CDW towards alternatives under which loadings associated
with unaccounted factors are correlated in the sense of Westerlund and Urbain (2013) and
Kapetanios et al. (2019). Following the theoretical results in these two studies, a CD test statis-
tic that weights cross-section covariances with estimates ofΛ(2)

i is effectively a test for inconsis-
tency of either the two-way fixed effects or CCE estimator of β. It is generally possible to direct
the CD test statistic towards these more specific hypothesis. However, if one is to test whether
an estimate of the slope coefficients β onXi are inconsistent, it is simpler and more sensible to

3Analogous results hold for a generalization of Proposition S.1
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do this using a test statistic that addresses the moment condition cov
[
λ
(2)
i , vec

(
Λ

(2)
i

)]
= O

directly.
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S.5 Proofs

S.5.1 Notation

Extending the paragraph on notation in introduction in the main text, we will use the following
notation in this appendix.

• Im denotes an m × m identity matrix and the subscript is sometimes disregarded from
for the sake of simplicity. 0 denotes a column vector of zeros while O stands for a matrix
of zeros. sm denotes a selection vector all of whose elements are zero except for element
m which is one. ι is a vector entirely consisting of ones. The dimension of these latter
vectors and matrices is generally suppressed for the sake of simplicity and needs to be
inferred from context.

• For a generic m× n matrixA, PA = A(A′A)−1A′ projects onto the space spanned by the
columns of A and MA = Im −PA. dim(A), col(A) and ker(A) refer to the dimension,
column space and kernel of A. Moreover, rk(A) denotes the rank of A, tr(A) its trace
and ‖A‖ = (tr(A′A))1/2 the Frobenius norm ofA.

• For a set of m × n matrices {A1,A2, . . . ,AN}, A = N−1 ∑N
i=1Ai. Multiple sums are

generally abbreviated, so that ∑N
i,j is shorthand notation for ∑N

i=1 ∑N
j=1.

• δ and M stand for a small and large positive real number, respectively. For two real
numbers a and b, a ∨ b = max{a, b}.

• For some random variable ε i,t, κ4 [ε i,t] denotes its fourth-order cumulant. Moreover,O(·)
and o(·) express order of magnitude relations whereasOP(·) and oP(·) denote stochastic
order relations, see e.g. Definitions 2.5 and 2.33 in White (2001).

• Define kN,T =
√

1
2TN(N−1) .

• Notice that we use the following vector and scalar notation for idiosyncratic components:
εi = (ε i,1, ε i,2, . . . , ε i,T)

′, ε = N−1 ∑N
i=1 εi, and ε = (NT)−1 ∑N

i=1 ∑T
t=1 ε i,t.

Additional notation in the multiplicative model
Proofs that address a model with multifactor error structure which is controlled for via

cross-section averages frequently employ the rotation and rescaling matrix

B =

[
1, 0′

β, Im

]

which relates the T× (m+ 1) matrix [yi,Xi] (or alternatively the average over all i) to common
and idiosyncratic variation affecting each of the observed variables directly. This relation is
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given by[
yi, Xi

]
=
(
F
[
λi, Λi

]
+
[
εi, Ei

])
B

= FCi +Ui

In the following, it is assumed that β is bounded so that ‖B‖ < ∞. Furthermore, B is non-
singular by construction, implying that B−1 exists. Given these properties, it trivially follows
from the properties of λi and Λi that ‖C‖ = OP (1) and ‖C−1‖ = OP(1). The same holds for
the matrix C(1) which is considered in the proof of Proposition S.2.

S.5.2 Proofs of Theorem 1 and Corollary 1

Proof of Theorem 1. We start the proof by focusing on the individual components of the dou-
ble sum over cross-sections which constitutes the CD test statistic. Here, we apply a first-order
Taylor expansion around the true error variances. Using the mean-value theorem, we can
hence set up the equality

ε̂ i,t ε̂ j,t√
σ̂2

i σ̂2
j

=
ε̂ i,t ε̂ j,t√

σ2
i σ2

j

− 1
2

ε̂ i,t ε̂ j,t(
ς2

i

)3/2
(

σ2
j

)1/2

(
σ̂2

i − σ2
i
)
− 1

2
ε̂ i,t ε̂ j,t(

σ2
i

)1/2
(

ς2
j

)3/2

(
σ̂2

j − σ2
j

)

for some
(

ς2
i , ς2

j

)
on the line interval between

(
σ2

i , σ2
j

)
, and

(
σ̂2

i , σ̂2
j

)
. This Taylor approxima-

tion has two extra terms. However, both of them can be combined into one single extra term
once we sum over all possible combinations of i and j. Hence, we can write

CD = 2kN,T

N

∑
i=2

i−1

∑
j=1

ε̂′iε̂j√
σ2

i σ2
j

− kN,T

N

∑
i=1

N

∑
j 6=i

ε̂′iε̂j(
ς2

i

)3/2
(

σ2
j

)1/2

(
σ̂2

i − σ2
i
)

= CDσ + CD(σ̂−σ). (S.12)

Consider now CDσ. Since model residuals can be written out as ε̂ i,t = ε i,t − εi − εt + ε, we can
further decompose this term into

CDσ =

√
2

TN(N − 1)

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

(ε i,t − εt)(ε j,t − εt)

σiσj
− TkN,T

( N

∑
i=1

εi − ε

σi

)2

−
N

∑
i=1

(
εi − ε

σi

)2


= CDµ,σ − CD(µ̂−µ). (S.13)

As shown formally in Section S.5.6, CD(µ̂−µ) = OP
(
T−1/2) and CD(σ̂−σ) = OP(

√
NT−1) +

OP(T−1/2) + OP(N−1/2) + OP(N−1
√

T). Accordingly, terms that capture the effect of esti-
mating fixed effects and error variances have an asymptotically negligible effect if some weak
restrictions on the relative rate of divergence of N and T are satisfied. For this reason, CDµ,σ is
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the leading component of the CD test statistic. It can be expressed in terms of four U statistics,
and two additional terms that contribute to the bias. First, let

CDε =

√
2T

N(N − 1)

N

∑
i=2

i−1

∑
j=1

1
T

T

∑
t=1

ε i,tε j,t,

CDε/σ =

√
2T

N(N − 1)

N

∑
i=2

i−1

∑
j=1

1
T

T

∑
t=1

ε i,tε j,t

σiσj
,

CDε+ =

√
2T

N(N − 1)

N

∑
i=2

i−1

∑
j=1

1
T

T

∑
t=1

ε i,tε j,t(σ
−1
i + σ−1

j ),

CDε++ =

√
2T

N(N − 1)

N

∑
i=2

i−1

∑
j=1

1
T

T

∑
t=1

ε i,tε j,t(σ
−2
i + σ−2

j ).

Now observe that the leading term of CD can be decomposed into

CDµ,σ =

√
2

TN(N − 1)

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

(ε i,t − εt)(ε j,t − εt)

σiσj

= kN,T

T

∑
t=1

(
N

∑
i=1

(ε i,t − εt)

σi

)2

− kN,T

N

∑
i=1

T

∑
t=1

(
ε i,t − εt

σi

)2

− kN,T

T

∑
t=1

(
N

∑
i=1

(εi − ε)

σi

)2

+ kN,T

N

∑
i=1

T

∑
t=1

(
εi − ε

σi

)2

= I − I I − I I I + IV.

Let us now consider each term separately. First,

I = kN,T

T

∑
t=1

(
N

∑
i=1

ε i,t

σi

)2

− 2kN,Tσ−1
T

∑
t=1

[(
N

∑
i=1

ε i,t

σi

)(
N

∑
i=1

ε i,t

)]
+ kN,T

(
σ−1

)2 T

∑
t=1

(
N

∑
i=1

ε i,t

)2

= CDε/σ − σ−1CDε+ +
(

σ−1
)2

CDε

+ kN,T

N

∑
i=1

T

∑
t=1

(
ε i,t

σi

)2

− 2kN,Tσ−1
N

∑
i=1

T

∑
t=1

σi

(
ε i,t

σi

)2

+ kN,T

(
σ−1

)2 N

∑
i=1

T

∑
t=1

ε2
i,t.

Similarly, for the second term we have

I I = kN,T

T

∑
t=1

N

∑
i=1

(
ε i,t

σi

)2

− 2kN,T N−1
T

∑
t=1

[(
N

∑
i=1

ε2
i,t

σ2
i

)(
N

∑
i=1

ε i,t

)]
+ kN,T N−1σ−2

T

∑
t=1

(
N

∑
i=1

ε i,t

)2

= −N−1CDε++ + N−1σ−2CDε

+ kN,T

T

∑
t=1

N

∑
i=1

(
ε i,t

σi

)2

− 2kN,T N−1
N

∑
i=1

T

∑
t=1

(
ε i,t

σi

)2

+ kN,T N−1σ−2
N

∑
i=1

T

∑
t=1

(ε i,t)
2 .
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As for the third component I I I,

I I I = TkN,T

(
N

∑
i=1

(εi − ε)

σi

)2

= NkN,T

(
1√
NT

N

∑
i=1

T

∑
t=1

ε i,t

σi
− 1√

NT

N

∑
i=1

T

∑
t=1

ε i,t

)2

=

√
N

2T(N − 1)
(OP(1)−OP(1))

2

= OP(T−1/2).

Here the third line follows from Theorem 3 in Phillips and Moon (1999) applied to sequences
ε i,t and ε i,t/σi.

As for the fourth component IV, notice that:

IV = TkN,T

N

∑
i=1

(
εi − ε

σi

)2

= kN,T

N

∑
i=1

(
1√
T

T

∑
t=1

ε i,t

σi

)2

− 2kN,T

(
1√
NT

N

∑
i=1

T

∑
t=1

ε i,t

σi

)(
1√
NT

N

∑
i=1

T

∑
t=1

ε i,t

)

+ kN,T

(
1
N

N

∑
i=1

1
σ2

i

)(√
NTε

)2

= kN,T

N

∑
i=1

(
1√
T

T

∑
t=1

ε i,t

σi

)2

−OP(N−1T−1/2).

Here in the final use we use the same CLT from Theorem 3 in Phillips and Moon (1999). For
the final component notice that:

kN,T

N

∑
i=1

(
1√
T

T

∑
t=1

ε i,t

σi

)2

= NkN,T +
√

NkN,T
1√
N

N

∑
i=1

( 1√
T

T

∑
t=1

ε i,t

σi

)2

− 1


= O(T−1/2) +OP(N−1/2T−1/2).

It follows that IV = OP(T−1/2).
Combining these expressions yields the expression in terms of four U-statistics and two

bias terms referred to above:

CDµ,σ = I − I I − I I I + IV

= CDε/σ − 2σ−1CDε+ − 2N−1CDε++ +

((
σ−1

)2
− N−1σ−2

)
CDε

+ kN,T

N

∑
i=1

T

∑
t=1

ε2
i,t

((
σ−1

)2
− 2σ−1σ−1

i

)
− N−1kN,T

N

∑
i=1

T

∑
t=1

ε2
i,t

((
σ−1

)2
− 2σ−2

i

)
+OP(T−1/2).

(S.14)
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Concerning the second bias term in the last line above, we note that (NT)−1 ∑N
i=1 ∑T

t=1 ε2
i,t =

OP(1) and (NT)−1 ∑N
i=1 ∑T

t=1 ε2
i,tσ
−2
i = OP(1) by application of Markov’s inequality. It follows

that

N−1kN,T

N

∑
i=1

T

∑
t=1

ε2
i,t

((
σ−1

)2
− 2σ−2

i

)
= OP

(
N−1
√

T
)

.

Concerning the four U-statistics, note that under Assumption 1 the error variances σ2
i are

bounded, implying that all averages involving σi are in general of order OP(1) by Markov’s
inequality. Lemma S.1 can hence be used to show that all four U-statistics CDε, CDε/σ, CDε+
and CDε++ are of order OP(1).4 As a consequence, all terms in the second line of Eq. (S.14)
involving N−1 are OP(N−1). Additionally, a standard (cross-sectional) Lindeberg-Levi CLT
implies that

σ−1 = E[σ−1
i ] +OP(N−1/2).

This allows us to write

CDε/σ − 2σ−1CDε+ +
(

σ−1
)2

CDε

= 2kN,T

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

ε i,tε j,t

(
σ−1

i − E[σ−1
i ]
) (

σ−1
j − E[σ−1

i ]
)
+OP(N−1/2).

Combining our results on the components of equation (S.14), we conclude that

CDµ,σ =

√
2

TN(N − 1)

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

ε i,tε j,t

(
σ−1

i − E[σ−1
i ]
) (

σ−1
j − E[σ−1

i ]
)

+
√

TΞ +OP(N−1/2) +OP(T−1/2),

where

Ξ =

√
N

2(N − 1)
(NT)−1

N

∑
i=1

T

∑
t=1

ε2
i,t

((
σ−1

)2
− 2σ−1σ−1

i

)
.

Adding the remaining two components of the decomposition of CD in Eqs. (S.13) and (S.12)
merely results in the additional order terms OP

(
T−1
√

N
)
+ OP

(
N−1
√

T
)

. It remains to
prove weak convergence of the leading stochastic component in CD. For this purpose, set
ai,t = ε i,t(σ

−1
i − E[σ−1

i ]) and qi = σi(σ
−1
i − E[σ−1

i ]). We can then apply Lemma S.1 and con-
clude that

CD−
√

TΞ d−→ N(0, Ω), (S.15)

as N, T → ∞ subject to
√

NT−1 → 0 and
√

TN−1 → 0, where Ω = (E[q2
i ])

2 =
(

E[(1− σi E[σ−1
i ])2]

)2
.

4Strictly speaking, Lemma S.1 does not apply to CDε+ and CDε++. However, it can be straightforwardly
extended to accommodate the specific structure of the U-statistics in both expressions .

21



Proof of Corollary 1. Using the decomposition in Eqs. (S.12)- (S.13) for a general value of σ2,
we have

CD = CDµ,σ + CD(σ̂−σ) − CD(µ̂−µ), (S.16)

where

CDµ,σ =
1
σ2

√
1

2TN(N − 1)

T

∑
t=1

(
N

∑
i=1

ε̂ i,t

)2

− 1
σ2

√
1

2TN(N − 1)

T

∑
t=1

N

∑
i=1

ε̂2
i,t. (S.17)

The first component on the right-hand side above is 0 by construction. The second can be
rewritten as

CDµ,σ =
1
N

CDε/σ −
1
σ2

√
2

TN(N − 1)
N − 1

2N

T

∑
t=1

(
N

∑
i=1

ε2
i,t

)

=
1
N

CDε/σ −
√

N − 1
2N2

1√
NT

T

∑
t=1

N

∑
i=1

(( ε i,t

σ

)2
− 1
)
−

√(
T − T

N

)
/2,

= −

√(
T − T

N

)
/2−

√
1

2N
1√
NT

T

∑
t=1

N

∑
i=1

(( ε i,t

σ

)2
− 1
)
+OP(N−1/2).

Concerning the first expression in the last line, we can use the restriction
√

TN → 0
Here, CDε/σ is the usual CD test statistic based on raw error terms ε i,t/σ. Lemma S.1 allows

us to conclude that CDε/σ = OP(1). The final result follows after observing that by double-
index CLT:

1√
NT

T

∑
t=1

N

∑
i=1

(( ε i,t

σ

)2
− 1
)
=

1√
NT

T

∑
t=1

N

∑
i=1

(
η2

i,t − 1
)
= OP(1), (S.18)

given E[|ηi,t|8] < ∞.
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S.5.3 Proofs of Theorem 2 and Proposition 1

Proof of Proposition 1.
Analogous to the proof of Theorem 1, we decompose CD into

CD = 2kN,T

N

∑
i=2

i−1

∑
j=1

ε̂′iε̂j√
σ2

i σ2
j

− kN,T

N

∑
i=1

N

∑
j 6=i

ε̂′iε̂j(
ς2

i

)3/2
(

σ2
j

)1/2

(
σ̂2

i − σ2
i
)

= CDσ + CD(σ̂−σ). (S.19)

Under the assumptions of this proposition, the leading term of the CD test statistic is given by

CDσ =
1
σ2 2kN,T

N

∑
i=2

i−1

∑
j=1
ε̂′iε̂j =

1
σ2 kN,T

N

∑
i,j
ε̂′iε̂j −

1
σ2 kN,T

N

∑
i=1
ε̂′iε̂i

= I − I I.

We begin by proving that I = 0. Note that

N

∑
i,j
ε̂′iε̂j =

T

∑
t=1

(
N

∑
i=1

ε̂ i,t

)2

.

Furthermore, for each time period t the sum of residuals can be expressed as
N

∑
i=1

ε̂ i,t = N
(

yt − λ̂
′
f̂t

)
, (S.20)

where the average estimated loading λ̂ is implicitly defined by projection off the space spanned
by f̂t. That is, it can be written

λ̂ =

(
T

∑
t=1
f̂tf̂

′
t

)−1 T

∑
t=1
f̂tyt =

(
T

∑
t=1
f̂tf̂

′
t

)−1 T

∑
t=1
f̂tf̂

′
t
[
1, 0′m

]′
=
[
1, 0′m

]′ , (S.21)

such that λ̂
′
f̂t = yt. Combining these results we conclude:

N

∑
i=1

ε̂ i,t = N
(

yt − λ̂
′
f̂t

)
= 0, (S.22)

therefore also I = 0. Next, we show that I I = OP(
√

T). Using corresponding results from the
proof of Theorem 2 with wi = σ−1 ∀i, we can write

I I = kN,T
1
σ2

N

∑
i=1

T

∑
t=1

ε2
i,t +OP(N−1/2 ∨ T−1/2) +OP(N−1

√
T)

= NT

√
1

2TN(N − 1)
+

1√
2(N − 1)

1√
NT

(
N

∑
i=1

T

∑
t=1

η2
i,t − 1

)
+OP(N−1/2 ∨ T−1/2) +OP(N−1

√
T),

=

√
TN

2(N − 1)
+OP(N−1/2 ∨ T−1/2) +OP(N−1

√
T),

=

√
T − T/N

2
+OP(N−1/2 ∨ T−1/2) +OP(N−1

√
T).
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Here the second line follows from double-index CLT applied to the sequence η2
i,t − 1. Combin-

ing our results with those on expressions I and I I we conclude

CD = −

√(
T − T

N

)
/2 +OP(N−1/2) +OP(T−1/2) +OP(N−1

√
T). (S.23)

Proof of Theorem 2. As in Proposition 1:

CD = 2kN,T

N

∑
i=2

i−1

∑
j=1

ε̂′iε̂j√
σ2

i σ2
j

− kN,T

N

∑
i=1

N

∑
j 6=i

ε̂′iε̂j(
ς2

i

)3/2
(

σ2
j

)1/2

(
σ̂2

i − σ2
i
)

= CDσ + CD(σ̂−σ). (S.24)

As shown in Section S.5.7, CD(σ̂−σ) = OP

(√
NT−1

)
+OP

(
T−1/2)+OP

(
N−1/2)+OP

(
N−1
√

T
)

,
implying that the estimation of unit-specific error variances is asymptotically negligible under
weak assumptions on the relative rate of divergence of N and T.

Consider now CDσ. To simplify notation and to emphasize the generality of our result,
we derive its asymptotic properties for a generic set of random weights {wi}N

i=1 which has
the same properties as spelled out in Assumption 2. Taking some conflicting notation with
respect to Theorem 3 into account, let the equivalent to CDσ based on these generic weights be
denoted

CDw = 2kN,T

N

∑
i=2

i−1

∑
j=1
ε̂′iε̂jwiwj = kN,T

N

∑
i,j
ε̂′iε̂jwiwj − kN,T

N

∑
i=1
ε̂′iε̂iw2

i

= I − I I,

where

ε̂i =MF̂ (Fλi + εi)

=MF̂ εi −MF̂

(
F̂ −FC

) (
C
−1
)
λi

=MF̂ εi −MF̂U
(
C
−1
)
λi.

Now let

I = kN,T

N

∑
i,j

(
εi −U

(
C
−1
)
λi

)′ (
εj −U

(
C
−)
λj

)
wiwj

− kN,T

N

∑
i,j

(
εi −U

(
C
−1
)
λi

)′
PF̂

(
εj −U

(
C
−1
)
λj

)
wiwj

= I1 − I2.
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Here, analogous to how we proceeded in the time fixed effects model, we write

N

∑
i=1

(
εi −U

(
C
−1
)
λi

)
wi =

N

∑
i=1
εiwi −

N

∑
i=1
Ui

(
C
−1
)(

N−1
N

∑
`=1
λ`w`

)
.

Consequently, letting λw = N−1 ∑N
`=1 λ`w` and ξi = εiwi −Ui

(
C
−)
λw

I1 = kN,T

N

∑
i,j

ξ ′iξ j

= 2kN,T

N

∑
i=2

i−1

∑
j=1

ξ ′iξ j + kN,T

N

∑
i=1

ξ ′iξi, (S.25)

where

kN,T

N

∑
i=1

ξ ′iξi = kN,T

N

∑
i=1
ε′iεiw2

i + kN,Tλ
′
w

(
C
−1
)′( N

∑
i=1
U ′iUi

)(
C
−1
)
λw

− 2kN,Tλ
′
w

(
C
−1
)′( N

∑
i=1
U ′i εiwi

)

is a linear function of asymptotically non-negligible terms. Lemma S.3 implies that I2 = oP(1)
if both

√
T/N → 0 and T → ∞. Hence, proceed to

I I = kN,T

N

∑
i=1

(
εi −U

(
C
−1
)
λi

)′ (
εi −U

(
C
−1
)
λi

)
w2

i

− kN,T

N

∑
i=1

(
εi −U

(
C
−1
)
λi

)′
PF̂

(
εi −U

(
C
−1
)
λi

)
w2

i

= I I1 − I I2.

As shown in Lemma S.4, I I2 is oP(1), if N−1
√

T → 0 and T → ∞. For this reason, consider the
first term above instead. We can write

I I1 = kN,T

N

∑
i=1
ε′iεiw2

i + kN,T

N

∑
i=1

∥∥∥U (C−1
)
λi

∥∥∥2
w2

i − 2kN,T

N

∑
i=1
λ′i

(
C
−1
)′
U
′
εiw2

i ,

where

kN,T

N

∑
i=1

∥∥∥U (C−1
)
λi

∥∥∥2
w2

i

≤ kN,T
T
N

N

∑
i=1

w2
i λ
′
iλi tr

(
(N/T)U ′U

) ∥∥∥C−1
∥∥∥2

= OP(N−1
√

T)
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by using result (S.41) and Markov’s inequality on 1
N ∑N

i=1 w2
i λ
′
iλi. Next,

2kN,T

∣∣∣∣∣ N

∑
i=1
λ′i

(
C
−1
)′
U
′
εiw2

i

∣∣∣∣∣ ≤ 2kN,T
√

N

(
N−1

N

∑
i=1

∥∥∥∥λ′i (C−1
)′∥∥∥∥2

)1/2( N

∑
i=1

∥∥∥U ′εiw2
i

∥∥∥2
)1/2

.

As noted above, N−1 ∑N
i=1

∥∥∥∥λ′i (C−1
)′∥∥∥∥2

= OP(1). In order to proceed in with the second term

above, we use the identity U =
[
ε, E

]
B and write

E

[
N

∑
i=1

∥∥∥U ′εiw2
i

∥∥∥2
]
≤ ‖B‖2 N−2

N

∑
i,i′,i′′

T

∑
t,t′

E [ε i,tε i′,tε i′′,t′ε i,t′ ]E
[
w4

i

]
+ ‖B‖2 N−2

N

∑
i,i′,i′′

T

∑
t,t′

E [ε i,tε i,t′ ]E
[
e′i′,tei′′,t′

]
E
[
w4

i

]
= O(T) +O(N−1T2),

which follows from combining indexes such that only nonzero expectations remain. Together
with uniform boundedness of w4

i and boundedness of ‖B‖2, we have

2kN,T

∣∣∣∣∣ N

∑
i=1
λ′i

(
C
−1
)′
U
′
εiw2

i

∣∣∣∣∣ =
√

2
TN(N − 1)

√
NOP(1)

(
OP(
√

T) +OP(N−1/2T)
)

= OP(N−1/2) +OP(N−1
√

T). (S.26)

Hence, we can conclude that

I I1 = kN,T

N

∑
i=1
ε′iεiw2

i +OP(N−1/2) +OP(T−1/2) +OP(N−1
√

T) (S.27)

Combining the results on I1, I2, I I1 and I I2, we have

CDw = I1 − I2 − I I1 + I I2

= 2kN,T

N

∑
i=2

i−1

∑
j=1

ξ ′iξ j + kN,Tλ
′
w

(
C
−1
)′( N

∑
i=1
U ′iUi

)(
C
−1
)
λw

− 2kN,Tλ
′
w

(
C
−1
)′( N

∑
i=1
U ′i εiwi

)
+OP(T−1/2) +OP(N−1/2) +OP(N−1

√
T).

This result transforms into one about CDσ, the leading component of CD in Eq. (S.24), if we

set wi = σ−1
i , and define the influence function as ψi,t =

(
C
′)−1

ui,t. Additionally using the
results of Section S.5.7, the main result of this theorem follows.
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S.5.4 Proof of Theorem 3

Additive part.
Consider the CDW statistic without variance scaling, and denote it by ¨CDW , i.e:

¨CDW =

√
2

TN(N − 1)

N

∑
i=2

i−1

∑
j=1
ε̂′iε̂jwiwj

= CDµ,w − CD(µ̂−µ).

From the results in Section S.5.6 we notice that CD(µ̂−µ) = OP(T−1/2) irrespective if one con-
siders σ−1

i or any wi as weights. Moreover, the decomposition of CD provided in Theorem 1 is
purely algebraic and holds even with general weights wi. From Theorem 1 :

CDµ,w = 2kN,T

N

∑
i=2

i−1

∑
j=1
ε′iεj (wi − w)

(
wj − w

)
+
√

T (ΞW,1 + ΞW,2) ,

where

ΞW,1 =

√
N

2(N − 1)
1

NT

N

∑
i=1

T

∑
t=1

ε2
i,t

(
(w)2 − 2wwi

)
ΞW,2 =

√
1

2N(N − 1)
1

NT

N

∑
i=1

T

∑
t=1

ε2
i,t

(
(w)2 − 2w2

i

)
.

Here, we consider the leading bias term Ξ1,W where (NT)−1 ∑N
i=1 ∑T

t=1 ε2
i,t = OP(1), w =

OP
(

N−1/2) and N−1/2T−1 ∑N
i=1 ∑T

t=1 ε2
i,tw

2
i = OP (1) straightforwardly hold by Markov’s and

Chebyshev’s inequalities and uniform boundedness of the error variances. It follows that
Ξ1,W = OP

(
N−1). For the second remainder term ΞW,2, we note that 1

NT ∑N
i=1 ∑T

t=1 ε2
i,tw

2
i =

OP(1) which together with the previous intermediary results implies ΞW,2 = OP(N−2).
We continue with the leading stochastic term in CDW , given by

2kN,T

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

ε i,tε j,t (wi − w)
(
wj − w

)
= 2kN,T

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

ε i,tε j,twiwj − (w− N−1)

(
2kN,T

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

ε i,tε j,t(wi + wj)

)

+ (w2 − N−1w2)

(
2kN,T

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

ε i,tε j,t

)
.

Given that E[wi] = 0, the second and third components are of ordersOP(N−1/2) andOP(N−1),
respectively. This follows from the application of Lemma S.1 on corresponding U-statistics.
The remaining non-negligible term is of the form:√

2
TN(N − 1)

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

ε i,tε j,twiwj.
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From Lemma S.1 it follows that:√
2

TN(N − 1)

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

ε i,tε j,twiwj
d−→ N(0, Ω) (S.28)

as N, T → ∞ jointly, where Ω = E[σ2
i w2

i ]
2 The last step in this proof is to show consistency

of the standard deviation estimator Ω̂ = (NT)−1 ∑N
i=1 ∑T

t=1 ε̂2
i,tw

2
i so that convergence in law

of CDW to a standard normal distribution follows by Slutsky’s Theorem. Note here that an
equivalent expression is given by term I I in the proof of Theorem 1. Drawing from results in
Section S.5.6, we conclude that

1
NT

N

∑
i=1

T

∑
t=1

ε̂2
i,tw

2
i =

1
N

N

∑
i=1

σ̂2
i w2

i =
1
N

N

∑
i=1

σ2
i w2

i +OP((NT)−1/2) +OP(T−1) +OP(N−1).

Consistency follow from the Chebyshev’s inequality. It follows that CDW
d−→ N(0, 1).

Multifactor error part.
Proceeding from the decomposition given in Theorem 2, we consider the two bias terms ΦW,1

and ΦW,2. For both terms, it is instructive to note that

E

∥∥∥∥∥N−1
N

∑
i=1

wiλi

∥∥∥∥∥
2
 = N−2

N

∑
i,j

E
[
wiwj

]
E
[
λ′iλj

]
= N−2

N

∑
i=1

var [wi]E
[
λ′iλi

]
= O

(
N−1

)
,

so that∥∥∥∥∥N−1
N

∑
i=1

wiλi

∥∥∥∥∥ = OP

(
N−1/2

)
. (S.29)

Concerning ΦW,1, we also need to take into account∥∥∥∥∥(NT)−1
N

∑
i=1

T

∑
t=1
ψi,tψ

′
i,t

∥∥∥∥∥ ≤ (NT)−1
N

∑
i=1

T

∑
t=1
u′i,tui,t

∥∥∥C−1
∥∥∥2

= OP (1) ,

which follows from Markov’s inequality. Using this result, we have

Φ1,W ≤
√

N
2(N − 1)

∥∥∥∥∥(NT)−1
N

∑
i=1

T

∑
t=1
ψi,tψ

′
i,t
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∥∥∥∥∥N−1

N

∑
i=1

wiλi

∥∥∥∥∥
2

= OP(N−1).

Next, consider Φ̃2,W . By isolating C−1 from the definition of ψi,t and by using result (S.43) on
the remaining part:∥∥∥∥∥(NT)−1

N

∑
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T

∑
t=1
ψi,twiε i,t
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.
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Consequently,

|ΦW,2| ≤
√

N
2(N − 1)

∥∥∥∥∥N−1
N

∑
i=1

wiλi

∥∥∥∥∥
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N

∑
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T

∑
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= OP

(
N−1

)
.

Thus, the two bias terms affecting CDW in Theorem 2 are negligible for weights satisfying
Assumption 7 as long as N−1

√
T → 0. We continue with the leading stochastic term of the

weighted CD test statistic, given by

2kN,T
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i−1

∑
j=1

T

∑
t=1

ξiN,tξ jN,t

with ξiN,t =
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wiε i,t −

(
N−1 ∑N

`=1 w`λ
′
`

)
ψi,t

]
and ψi,t = C

−1
ui,t. Analogous to the time fixed

effects part of this proof, we can apply Lemma S.1 with ai,t = wiε i,t and qi = wiσi to obtain√
2
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∑
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w E
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]
)2)

as N, T → ∞ subject to N−1
√

T → 0. Now note that by Eq. (S.27) in the proof of Theorem 2,

(NT)−1
N

∑
i=1

T

∑
t=1

ε̂2
i,tw

2
i = (NT)−1

N

∑
i=1
ε′iεiw2

i +OP

[
(NT)−1/2

]
+OP(N−1) +OP(T−1)

where (NT)−1 ∑N
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iεiw2

i
p−→ σ2

w E
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i
]

as argued in the time fixed effects part of the proof of
this theorem. By application of Slutsky’s Theorem, it then follows that[
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Next, consider the sum
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B. (S.30)

Given that ei,t has properties similar to ε i,t, it can be shown analogously the reasoning leading
to (S.28) that a CLT holds for every element of the (m + 1)× (m + 1) matrix in the parenthe-
ses of Eq. (S.30) by Lemma S.1. This allows us to conclude that the elements of (S.30) are
stochastically bounded. Thus, recalling result (S.29),(

N−1
N

∑
`=1

w`λ
′
`

)(√
2

TN(N − 1)

N

∑
i=2

i−1

∑
j=1

T

∑
t=1
ψi,tψ

′
j,t

)(
N−1

N

∑
`=1
λ`w`

)
= OP(N−1),(√

2
TN(N − 1)

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

ε i,tψ
′
j,t

)(
N−1

N

∑
`=1
λ`w`

)
= OP(N−1/2),(

N−1
N

∑
`=1

w`λ
′
`

)(√
2

TN(N − 1)

N

∑
i=2

i−1

∑
j=1

T

∑
t=1
ψi,tε i,t

)
= OP(N−1/2),
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so that(
(NT)−1

N

∑
i=1

T

∑
t=1

ε̂2
i,tw

2
i

)−1√
2

TN(N − 1)
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∑
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ξiN,tξ jN,t
d−→ N(0, 1),

which leads to the final result of this part of the theorem.

S.5.5 Auxiliary lemmas for Sections S.5.2–S.5.4

Lemma S.1. Let {ai,t}T
t=1 be a scalar and ci L−dimensional sequences of random variables for i =

1, . . . , N such that:

• ai,t, aj,s are independent for all i 6= j and all s, t.

• ai,t, ai,s are iid conditionally on ci for all s, t.

• E[|ai,t|8|ci] < M < ∞. ci are iid over i.

• qk
i ≡ E[|ai,t|k|ci] and E[ai,t|ci] = 0 for k ≤ 8.

• E[|qk
i |] < ∞ for k ≤ 8.

Then:
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∑
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∑
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ai,taj,t
d−→ N(0, E[q2

i ]
2), (S.31)

jointly as N, T → ∞.

Proof of Lemma S.1.
The prove this lemma we use Theorem 3.2 of Hall and Heyde (1980). In particular, express U
as:

U =
T

∑
t=1

ξt,N,T, ξt,N,T =

√
2

NT(N − 1)

N

∑
i=2

i−1

∑
j=1

ai,taj,t. (S.32)

Denote by C = σ({cj}N
j=1) the σ-algebra generated by {cj}N

j=1 and letFt−1,N,T = σ(C ∨{ξs,N,T}t−1
s=1)

be the σ-algebra generated by C and {ξs,N,T}t−1
s=1. It is easy to see that {ξt,N,T,Ft−1,N,T : t =

1, . . . , T} is a Martingale Difference Array.
At first we establish the limiting variance of this MDS array. From Corollary 3.1 in Hall and

Heyde (1980) the variance is determined from:

VT =
T

∑
t=1

E[ξ2
t,N,T|Ft−1,N,T]

p−→ η2 (S.33)
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By conditional independence of ai,t, the above result simplifies:
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q2
i
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∑
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q2
j ,

where in the third line we defined the “integrated” variable Ai−1,t = ∑i−1
j=1 aj,t, the fourth line

uses the fact that ai,t Ai−1,t is a Martingale Difference Sequence. The last line uses the definition
of q2

i . After re-arranging elements:
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1
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= E[q2
i ]

2 +OP(N−1).

Here the third and the fourth lines follow from the application of the Kolmogorov’s SLLN to
iid sequences q2

i and q4
i . Thus we can expect that
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√
2

NT(N − 1)

N

∑
i=2

i−1

∑
j=1

T

∑
t=1

ai,taj,t
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i ]
2). (S.34)

It remains to prove that the sufficient condition for Corollary 3.1 in Hall and Heyde (1980) is
satisfied. In particular, it is sufficient to show that ξt,N,T is a (conditionally) uniformly inte-
grable sequence:

T

∑
t=1

E[ξ2
t,N,T I(|ξt,N,T| > ε)|Ft−1,N,T]

p−→ 0. (S.35)
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Instead of proving uniform integrability, we borrow the idea from Kao et al. (2012) and instead
show that conditional Lyapunov’s condition:

BT =
T

∑
t=1

E[|ξt,N,T|2+δ|Ft−1,N,T]
p−→ 0, δ > 0, (S.36)

is satisfied under the maintained assumptions. In what follows we prove that the above con-
dition is satisfied for δ = 2. Observe how:

BT = T E[ξ4
t,N,T|C] = T−1 N

4(N − 1)
E
[(

Na2
t − a2t

)4
|C
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,

where at = N−1 ∑N
i=1 ai,t and similarly for a2t. By Minkowski’s inequality:
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E
[(

Na2
t
)4 |C
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+ 4

√
E
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)4
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])4

.

As by assumption E[|ai,t|8|ci] < M we can use the (conditional) Rosenthal’s inequality to con-
clude that:

E
[(

Na2
t
)4 |C

]
= OP(1). (S.37)

Moreover, another application of Minkowski’s inequality yields:
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. (S.38)

Further application of the (conditional) Rosenthal’s inequality yields:

E

( 1
N

N

∑
i=1

(a2
i,t − q2

i )

)4

|C

 = OP(N−2), (S.39)

which together with the fact that N−1 ∑N
i=1(q

2
i ) = OP(1) implies that:

BT ≤ T−1 N
4(N − 1)

OP(1) = oP(1).

As required. This completes the proof.

Lemma S.2. Let wi denote any stochastic weights that are independent across i and satisfy E
[
w2

i
]
< M

for all i. Furthermore, let wi be independent of ft, ε i,t and ei,t for all i and t. Under Assumptions 2-6,(
T−1F̂ ′F̂

)−1
= OP (1) (S.40)

√
NT−1/2

∥∥∥∥∥N−1
N

∑
i=1

wiU
′
i

∥∥∥∥∥ = OP (1) (S.41)

√
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N−1
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∑
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i
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Additionally, under Assumptions 2-6 and given weights wi that satisfy Assumption 7, we have∥∥∥∥∥(NT)−1
N

∑
i=1
U ′i εiwi

∥∥∥∥∥ = OP(N−1/2) (S.43)

Proof of Lemma S.2.

1. Result (S.40): By Pesaran (2006, equation (36)) it holds that

T−1F̂ ′F̂ = C
′ (T−1F ′F

)
C +OP

[
(NT)−1/2

]
+OP(N−1),

where the function of true factors and true loadings itself converges to a positive definite
matrix by Assumptions 3 and 4. Hence, Theorem 1 in Karabıyık et al. (2017) applies and
equation (S.40) follows.

2. Result (S.41): Taking the square of the expression of interest, we can write
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′
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by Markov’s inequality and zero correlation of idiosyncratic variation in both yi and Xi

across i. Result (S.41) follows accordingly.

3. Result (S.42): Analogous to the proof of (S.41) we take the square of (S.42) and rearrange
to arrive at
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and using uncorrelatedness of ε i,t across i and t as well as E
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An identical result is given for the term involving e′i,tej,t′ . Result (S.42) is then obtained
via Markov’s inequality.
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4. Result (S.43): Given the definition of Ui, we can write
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where we directly use independence of wi across i and E[wi] = 0. Additionally,
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from which it follows that∥∥∥∥∥(NT)−1
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2

= OP
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)
by Markov’s inequality. Taking the square root leads to result (S.43).

Lemma S.3. Under Assumptions 2-6 and E[|wi|8] < M:
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Proof of Lemma S.3.

Letλw =
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)
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This allows us to write√
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First, note that∥∥λw
∥∥2

= N−2
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∑
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wiwjλ
′
iλj = OP(1) (S.44)

since E
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= O(1)
by boundedness of the fourth moments of all stochastic components involved. Next, recall
that F̂ = FC +U . Thus,∥∥∥∥∥ N
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where the last line is a consequence of results (S.41) and (S.42). Furthermore, since εi =

UiB
−1 [1, 0′]′, we can proceed analogously for

∥∥∥∑N
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obtain the same orders in probability as in the last equation above. Additionally using result
(S.40), we arrive at√
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which concludes this proof.

Lemma S.4. Under Assumptions 2-6 and E[|wi|8] < M:√
1

2TN(N − 1)

N

∑
i=1

(
εi −U

(
C
−1
)
λi

)′
PF̂

(
εi −U

(
C
−1
)
λi

)
w2

i

= OP(N−2
√

T) +OP(N−3/2) +OP(T−1/2)

Proof of Lemma S.4.
Given that ‖A1 −A2‖2 ≤ 3‖A1‖2 + 3‖A2‖2 for two arbitrary m× n matrices A1 and A2, we
have √
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Here,√
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Concerning the first term on the right-hand side above, we can use Chebyshev’s inequality
together with
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This result is obtained by noting that
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Combining the results obtained up to this point and additionally using (S.40), we obtain√
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Next, consider√
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Additionally, we can write∥∥∥T−1UF̂
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with the last step following from (S.41) and (S.42). Consequently, it holds that√
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Summarizing the results derived so far, we have√
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which concludes the proof.
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S.5.6 Additive model. The effect of estimating fixed effects and error variances

Estimating fixed effects We start at the decomposition of CDσ in Eq. (S.13) and focus on its
second term
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Consider now the first term on the right-hand side above.
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Here, the second line line follows from Theorem 3 in Phillips and Moon (1999) applied to
sequences ε i,t and ε i,t/σi as well as the lower bound of σi at a value above zero. As for the
second component above, note that
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Again, we use Theorem 3 in Phillips and Moon (1999) to arrive at the last line. In order to
derive a result for the remaining explicit term, we note that
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From this result and the previous one it follows that
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.
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Estimating error variances We proceed from equation (S.12) in the proof of Theorem 1, and
show below that
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The expression in the first line above depends on an unknown component ς2
i which is bounded

by σ2
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i . A simple expansion allows us to write
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The two expressions above are: 1.) A first-order expansion at the true error variances and 2.)
the approximation error of this first-order approximation.

Consider now the first term on the right-hand side above, which is the first-order expansion
at the true error variances. It can be written
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(S.48)

= a11 − a12

The order of the two expressions above will be derived by expanding
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i =

ε′iεi

T
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and

ε̂′iε̂j = ε′iεj + ε
′ε+ Tεiεj + Tε2 − ε′εi − ε′εj − Tεiε− Tεjε. (S.50)

and by looking at the resulting terms.
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Consider the first expression, a11, which we write
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= a111 + a112 − a113 − a114 + a115 + a116 − a117 − a118. (S.51)

The order in probability of all terms above will now be established by implicit application of
either Markov’s or Chebyshev’s inequality. Handling σk

` for k < 0 is straightforward since σ` is
bounded from below at a value above zero by Assumption 1in the main paper. For this reason,
and in order to limit the notational burden, we disregard from powers of σ2

j that appear in the
denominator of fractions involving ε i,t. For the same reason, we disregard from the average
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with an identical result for a114. Concerning a111, we additionally decompose

a111 = kN,T

N

∑
i,j
ε′iεj

(
σ̂2

i − σ2
i
)

= kN,T

N

∑
i=1

N

∑
j 6=i
ε′iεj

(
σ̂2

i − σ2
i
)
+ kN,T

N

∑
i=1
ε′iεi

(
σ̂2

i − σ2
i
)

. (S.52)

where the bound that we stated above holds for both expressions on the right-hand side above.
We emphasize this point because the second term in the decomposition of a111 cancels out
with an identical term in the decomposition of a12 in (S.48). To appreciate this point, see the
discussion of expression (S.54) below.

Terms a115 and a118 are almost identical to a111 and a114, being weighted versions of are
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with a118 being of the same order. We emphasize the link between a115 and a118 as well as a111

and a114 since one part of a115 cancels out with an identical expression in a12 below, precisely
as a component of a111 cancels out.5 To be more precise, the second term in
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disappears if we combine all terms in a11 and a12. The last two terms in our decomposition
of a11, a116 and a117, both depend on the term TkN,T (Nε)2
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and that the same order holds for a117.
Taking together all eight terms of a11, as defined in expression (S.51), we can conclude that
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5This point continues to hold even if we explicitly acknowledge the scaling with functions of σi and σj which
we largely disregard from in this proof.
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Next, we write out the second term in our expansion (S.48), which is given by
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A term identical to a121 is given by the second term of expression (S.52), a component of the
term a11. Since a1 = a11 − a21, term a121 and its equivalent in expression (S.52) cancel out. The
same holds for a123 where an identical term is contained in expression a115. Among the four
remaining terms,
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additional factor of N−1. Hence, by results (S.78) and (S.79), we arrive at
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This specifies the properties of all six terms in the decomposition of a12. Combining the result-
ing orders, we arrive at
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)
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]
where we disregard from terms a121 and a123 which are eliminated completely in the difference
a11 − a12. Using the results obtained for both components of this difference, we conclude that
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where we include the bounded random variables
(
σ2

i
)−3/2 and

(
σ2

j

)−1/2
for the sake of com-

pleteness.

Up to this point, we have investigated the first-order approximation in equation (S.47) at the
true error variances. We proceed with results on term a2, the error of our linear approximation.
We take absolute values and use the Cauchy-Schwarz inequality to arrive at

|a2| =
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A further first-order Taylor approximation of
(
σ̂2

i
)−3/2 around

(
σ2

i
)−3/2 results in
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where we take into account a slight misuse of notation by letting ς2
i be a point in between σ̂2

i

and σ2
i . Substituting this expression into a22 leads to
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. (S.57)

where Lemma S.9 is used to ensure that the last line holds as long as T−1
√

N → 0 is satisfied.
To arrive this result, we use result (S.76), as well as Lemma S.9 to establish conditions on the
relative expansion rate of N and T under which infi ς2

i is stochastically bounded. The lemma
is merely a generalization of Lemma 5 in Moon et al. (2007) and the resulting assumptions on
the divergence rates of N and T can be relaxed even further if one is willing to assume the
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existence of higher-order moments of ε i,t beyond E
[
ε8

i,t

]
. In addition to result (S.57), which

bounds a22, the order in probability of a2 is determined by that of a21. Lemma S.10 establishes
the corresponding result on a21 so that the order in probability of (S.56) is given by
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. (S.58)

This result marks the last one needed to characterize the impact of estimating error vari-
ances rather than knowing their true value. We return to expression (S.47) and use our results
(S.55) and (S.58) on its two components a1 and a2 to arrive at
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. (S.59)

S.5.7 Multifactor model. The effect of error variance estimation

Similarly to Section S.5.6, we proceed from equation (S.24) in the proof of Theorem 2, and show
below that

CD(σ̂−σ) = kN,T
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The expression depends on an unknown component ς2
i which is bounded by σ2

i and σ̂2
i . A

simple expansion allows us to write
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The two expressions above are: 1.) A first-order expansion at the true error variances and 2.)
the approximation error of this first-order approximation.

Consider now the first term on the right-hand side above, which is the first-order expansion
at the true error variances. It can be written

a∗1 = kN,T
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(S.61)

= a∗11 − a∗12

44



Note that the scalings
[(

σ2
i
)3/2

(
σ2

j

)1/2
]−1

and
(
σ2

i
)−1/2 in both expressions are immaterial

since all orders in probability of subterms arising from either a∗11 or a∗12 will be derived via
either Markov’s or Chebyshev’s inequality. Since error variances have a lower bound above
zero, we can always bound their inverse from above. For this reason, and to simplify notation
in the following proofs, we disregard from the denominators in the fractions that constitute a∗11

and a∗12. The order of the two expressions above will further be derived by expanding
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and
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and by looking at the resulting terms.
Consider the first expression, a∗11, where we use (S.63) to write
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Concerning the second term in (S.64), a∗112, we can write
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Here, the third line results from Lemma S.14 as well as result (S.92). The third term in (S.64),
a∗113, can be bounded from above in absolute value by
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(S.66)

Arriving at the order in probability stated here requires us to use Lemma S.12 as well as results
(S.74) and (S.96). We proceed to the fourth term, where we write
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In addition to Lemma S.14, we can use result (S.92) to derive the upper bound for |a∗114|
stated above. The relevance of result (S.92) can be seen by noting that
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j=1U

′
MF̂ εj

∥∥∥ =

N
∥∥∥T−1U

′
MF̂ ε

∥∥∥ and by recalling that
∥∥∥T−1U

′
MF̂U

∥∥∥ includes all terms in
∥∥∥T−1U

′
MF̂ ε

∥∥∥.
We proceed with the fifth term in (S.64), a∗115. After having taken absolute values, we can

write
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Consider now a∗1152. The order in probability of this expression is bounded by Lemma S.12 as
well as results (S.74) and (S.102). More specifically, we can write
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The a statement for the remaining term a∗1151 can be made by invoking Lemma S.12. This is
possible since a∗1151 is completely contained in the expression T−1 ∑N

i=1
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)
ε′iF̂ , which is

the expression handled by this lemma. Accordingly, we have
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Using this result on a∗1151 together with the previous one on a∗1152 we arrive at
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Lastly, we consider term a∗111 which is decomposed into

a∗111 = kN,T
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By Lemma S.13, it holds that
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As for expression a∗1112, we will emphasize below that an identical expression exists in the
decomposition of a∗12 which eliminates this term. However, for now, we simply conclude from
results (S.65)-(S.68) and our discussion here that
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(S.69)

Having investigated a∗11 we proceed with the second major component of the linear ap-
proximation term at the true error variances. We can decompose this second term as

a∗12 = kN,T
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Term a∗121 is identical to term a∗1112 in a∗11 and hence cancels out. Concerning a∗122, we write∣∣∣∣∣kN,T
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where we use result (S.92) and Lemma S.14. The same lemma, together with result (S.97) is
employed to show that the next term, a∗123, is
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Lastly, we use result (S.99) to obtain
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We can now summarize the four last intermediary results by concluding that
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which together with (S.69) leads to
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So far we, our focus has been on a linear approximation of estimated error variances, eval-
uated at their true values. In the remainder of this proof, we focus on its approximation er-
ror which we denoted a∗2 in expression (S.60). We take absolute values and use the Cauchy-
Schwarz inequality to arrive at
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A further first-order Taylor approximation of
(
σ̂2

i
)−3/2 around

(
σ2

i
)−3/2 results in
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)

Substituting this expression into a∗22 leads to
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∑
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. (S.72)

where result (S.14) is used in line three and Lemma S.9 in the last line to ensure that its result
holds as long as T−1

√
N → 0 is satisfied. In addition to result (S.72), which bounds a∗22, the or-

der in probability of a∗2 is determined by that of a∗21. Lemma S.17 establishes the corresponding
result on a∗21.

Accordingly, we have
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[
OP

(
T−1/2

)
+OP

(
N−1/2

)
+OP

(
N−1
√

T
)] [
OP

(√
NT−1/2

)
+OP

(
N−1/2

)]
= OP

(
T−1
√

N
)
+OP

(
T−1/2

)
+OP

(
N−1/2

)
+OP

(
N−3/2

√
T
)

. (S.73)
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This result marks the last one needed to characterize the impact of estimating error variances
rather than knowing their true value. We return to expression (S.60) and use our results (S.70)
and (S.73) on its two components a∗1 and a∗2 to arrive at
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S.5.8 Auxiliary lemmas for Section S.5.6

Lemma S.5. Suppose that Assumption 1 holds. Then,
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(S.74)
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(S.76)

Proof of Lemma S.5. All orders in probability in this proof are derived via application of Markov’s
or Chebyshev’s inequality. Details are left out for the sake of brevity. For the first result, we
can explicitly write out all sums in equation (S.49) in order to arrive at
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For the second result, note that summation over N simplifies the decomposition in equation
(S.49) to
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For the third result, we borrow from the explicit expression of σ̂2
i − σ2

i from the first result

50



above and describe an upper bound as
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Lemma S.6. Suppose that Assumption 1 holds. Then,
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Proof of Lemma S.6. Non-negativity of the first expression allows us to look at
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where the last line results from eliminating terms where indices cannot be matched to arrive
at a non-zero expectation term.

Consider the second result now. We can write
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The first order term in the second line above is given by results in the proof of (S.76). For the
second term, we use Chebyshev’s inequality and boundedness of σ2

i .
We proceed with the third term. For notational simplicity we will abbreviate ∑N

i=1 ∑N
j 6=i by

∑N
i 6=j in this proof. Given that i 6= j, the expression
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a number of terms cancels out because independence of errors across cross-sections and across
time leads to a number of terms that depend on the zero expected value of ε it. While a detailed
account of all individual cases is omitted here for the sake of brevity, we can state that the
variance of kN,TT−1 ∑N

i 6=j ∑T
t,t′ ε j,tε i,t

(
ε2

i,t′ − σ2
i

)
reduces to

E


[

kN,T

T

N

∑
i 6=j

T

∑
t,t′

ε j,tε i,t
(
ε2

i,t′ − σ2
i
)]2


=
1

4N2T3

N

∑
i 6=j

T

∑
t,t′

E
(

ε2
j,t

)
E
(
ε2

i,t
)

E
[(

ε2
i,t′ − σ2

i
)2
]

+
1

4N2T3

N

∑
i 6=i′ 6=j

T

∑
t=1

E
(

ε2
j,t

)
E
(
ε3

i,t
)

E
(
ε3

i′,t
)
+ o

(
T−1

)
+ o

(
T−2N

)
= O

(
T−1

)
+O

(
T−2N

)
.

52



Result (S.79) follows from the equation above by the application of Chebyshev’s inequality.
Before applying Markov’s inequality to establish result number four, note that all elements

in the sum
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whose indexes violate either j = j′ or t = t′ will have an expected value of zero. This is a direct
consequence of the fact that i 6= j and i 6= j′ generally holds. If j = j′ and t = t′ are satisfied we
also need the index restriction t′′ = t′′′ to ensure a zero expected value. Hence,
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which leads to result (S.80).
Moving to result (S.81), we continue to look for restrictions on the indexes which would

result in nonzero expected values. However, since the term under consideration involves more
sums over cross-section indexes, we limit our attention to restrictions that would lead to the
maximal number of sums rather than documenting all possible index restrictions which result
in nonzero expectations. Taking expectations, we have
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The set of index restrictions maximizing the number of sums over cross-sections is j = j′,
i′ = i′′, t = t′ and t′′ = t′′′. This leads to three sums over cross-sections as well as two
sums over time, resulting in a term of order O (N). The alternative set of index restrictions
j = j′, i = i′ = i′′ and t = t′ maximizes number of sums over time and leads to a term of order
O (T). Summarizing these two results, we can state that application of Markov’s inequality
establishes that
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The last three results in Lemma S.6 are very similar to the previous three expressions tar-
geted above. For this reason, the following proofs will leave out unnecessary details. For re-
sult (S.82), we write out the expression of interest as T−2 ∑N
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t,t′ ε i,t

(
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)
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squares and then expectations, we get
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from which the desired result follows.
Concerning result (S.83), we write
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which leads to result (S.83).
Moving to result (S.84), we can state that
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so that we arrive at result (S.84).

Lemma S.7. Suppose that Assumption 1 holds. Then,
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Proof of Lemma S.7. We use the decomposition of σ̂2
i in equation (S.49) to write
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The leading term in the decomposition above is a1111 for which results (S.79) and (S.78) can be
used to arrive at
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Next, terms a1112 and a1114 can be combined and rewritten in order to yield

a1112 + a1114 = kN,T

(
ε′ε

T
+ ε2

)
N2T

(
ε′ε

T

)
= kN,T

{
OP

(
N−1

)
+OP

[
(NT)−1

]}
OP (NT)

= OP

(
N−1
√

T
)

Expression a1113 is non-negative since ∑N
i,j ε
′
iεj is and because ε2

i does not change the sign of εi.
We can hence directly apply expectations without taking squares in beforehand. Hence, we
get
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implies a1115 = OP
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. Only in the case of a1116 we have to take squares
before applying expectations. Here,
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N−1

)
+O

(
N−3T2)+O (N−2T

)
,

so that we arrive at

a1116 = OP

[
(NT)−1/2

] [
OP

(
N−1/2

)
+OP

(
N−3/2T

)
+OP

(
N−1
√

T
)]

= OP

(
N−1T−1/2

)
+OP

(
N−3/2

)
+OP

(
N−2
√

T
)

.

Combining our results on terms a1111 to a1116, we arrive at

kN,T

N

∑
i,j
ε′iεj

(
σ̂2

i − σ2
i
)
= 1

[
E
(
ε3

it
)
6= 0

]
OP

(
T−1
√

N
)
+OP

(
T−1/2

)
+OP

(
N−1/2

)
+OP

(
N−1
√

T
)

.

Lemma S.8. Suppose that Assumption 1 holds. Then,

TkN,T

N

∑
i=1

εi
(
σ̂2

i − σ2
i
)
= OP

(
T−1/2

)
+OP

(
N−1/2T−1

)
+OP

(
N−3/2

)
Proof of Lemma S.8. We use the decomposition of σ̂2

i in equation (S.49) to write

TkN,T

N

∑
i=1

εi
(
σ̂2

i − σ2
i
)
= TkN,T

N

∑
i=1

εi

(
ε′iεi

T
− σ2

i

)
+ TkN,T

(
ε′ε

T
+ ε2

) N

∑
i=1

εi + TkN,T

N

∑
i=1

ε3
i

− 2TkN,T

N

∑
i=1

εi
ε′εi

T
− 2TkN,T

N

∑
i=1

ε2
i ε

= a1151 + a1152 + a1153 + a1154 − a1155.

Here, using result (S.82), we directly get

a1151 = TkN,T

N

∑
i=1

εi

(
ε′iεi

T
− σ2

i

)
= N−1

√
TOP

(
NT−1

)
= OP

(
T−1/2

)
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Furthermore, since T−1ε′ε = OP
(

N−1) and ε = OP

[
(NT)−1/2

]
, we have

a1152 = TkN,T

(
ε′ε

T
+ ε2

)
(Nε)

= N−1
√

TOP

(
N−1

)
OP

(√
NT−1/2

)
= OP

(
N−3/2

)
For a1153, we acknowledge that

E

( N

∑
i=1

ε3
i

)2
 = T−6

[
N

∑
i=1

T

∑
t=1

E
(
ε3

i,t
)]2

+ T−6
N

∑
i=1

[
T

∑
t=1

E
(
ε2

i,t
)]3

+ o
(

N2T−4
)
+ o

(
NT−3)

= O
(

N2T−4
)
+O

(
NT−3)

in order to arrive at

a1153 = TkN,T

[
OP
(

NT−2)+OP

(√
NT−3/2

)]
= OP

(
T−3/2

)
+OP

(
N−1/2T−1

)
.

Next, we move on to a1154 which we express as

a1155 = 2kN,T (NT)−1
N

∑
i,i′

T

∑
t,t′

ε i,tε i′,t′ε i,t′ .

Taking squares of the double sum over cross-sections and time and applying expectations, we
get

E

( N

∑
i,i′

T

∑
t,t′

ε i,tε i′,t′ε i,t′

)2
 =

N

∑
i,i′,i′′

T

∑
t=1

E
(
ε2

i,t
)

E
(
ε2

i′,t
)

E
(
ε2

i′′,t
)
+

N

∑
i=1

T

∑
t,t′,t′′

E
(
ε2

i,t
)

E
(
ε2

i,t′
)

E
(
ε2

i,t′′
)

+
N

∑
i,i′

T

∑
t,t′

E
(
ε3

i,t
)

E
(
ε3

i′,t′
)
+ o

(
N3T

)
+ o

(
NT3)+ o

[
(NT)2

]
= O

(
N3T

)
+O

(
NT3)+O [(NT)2

]
,

implying that

a1154 = kN,T (NT)−1
{
OP

(
N3/2
√

T
)
+OP

(√
NT3/2

)
+OP (NT)

}
.

= kN,T

{
OP

(√
NT−1/2

)
+OP

(
N−1/2

√
T
)
+OP (1)

}
= OP

(
N−1/2T−1

)
+OP

(
N−3/2

)
+OP

(
N−1T−1/2

)
Lastly, we have a1155 = TkN,Tε ∑N

i=1 ε2
i where ∑N

i=1 ε2
i = OP

(
NT−1) by Markov’s and Rosen-

thal’s inequalities, leading us to a1155 = OP
(

N−1/2T−1). Combining our results on terms a1151
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to a1155, we can state that

TkN,T

N

∑
i=1

εi
(
σ̂2

i − σ2
i
)
= OP

(
T−1/2

)
+OP

(
N−1/2T−1

)
+OP

(
N−3/2

)

Lemma S.9. Suppose that Assumption 1 holds and assume that NT−2 → 0. Then there exists a
constant M > 0 such that infi ς2

i ≥ M with probability approaching one.

Proof of Lemma S.9. First, note that infi ς2
i ≥ infi σ2

i − supi

∣∣σ̂2
i − σ2

i

∣∣ . Here, σ2
i is bounded from

below by Assumption 1 . Concerning supi

∣∣σ̂2
i − σ2

i

∣∣, we consider the tail probability

Pr
(

sup
i

∣∣σ̂2
i − σ2

i
∣∣ > ε

)
≤

N

∑
i=1

Pr
(∣∣∣∣ ε̂′iε̂i

T
− σ2

i

∣∣∣∣ > ε

)
≤

N

∑
i=1

Pr
(∣∣∣∣ε′iεi

T
− σ2

i

∣∣∣∣ > ε

6

)
+

N

∑
i=1

Pr
(
ε′ε

T
>

ε

6

)
+

N

∑
i=1

Pr
(

ε2
i >

ε

6

)
+

N

∑
i=1

Pr
(

ε2 >
ε

6

)
+

N

∑
i=1

Pr
(∣∣∣∣ε′iεT

∣∣∣∣ > ε

6

)
+

N

∑
i=1

Pr
(
|εiε| >

ε

6

)
Sums over probabilities involving ε′ε

T ,
∣∣∣ε′iεT ∣∣∣,ε2, ε2

i and |εiε| can be shown to converge to zero via

application of Chebyshev’s inequality. For the remaining probability in terms of
∣∣∣ε′iεi

T − σ2
i

∣∣∣,
we choose the power of four instead. Given that the random variable

(
ε2

i,t − σ2
i

)
has zero ex-

pected value and is independent across cross-sections and (conditionally) time, by Rosenthals’
inequality:

E

[
T−1

T

∑
t=1

(
ε2

i,t − σ2
i
)]4

= E(σ8
i )E

[
T−1

T

∑
t=1

(
η2

i,t − 1
)]4

= O(T−2)

so that it holds that ∑N
i=1

{
E
[

T−1 ∑T
t=1

(
ε2

i,t − σ2
i

)]4
}

= O
(

NT−2). Accordingly,

N

∑
i=1

Pr
(∣∣∣∣ε′iεi

T
− σ2

i

∣∣∣∣ > ε

)
≤

N

∑
i=1

E
[(

T−1ε′iεi − σ2
i
)4
]

ε4

=
N
T2

1
ε4

T2

N

N

∑
i=1

E


[

T−1
T

∑
t=1

(
ε2

i,t − σ2
i
)]4


= OP
(

NT−2) .

Hence under the assumption that NT−2 → 0, the above expression is oP(1). This result implies
that the statement made in Lemma S.9 holds.
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Lemma S.10. Under Assumption 1 ,

N

∑
i=1

(
N

∑
j 6=i

ε̂′iε̂j

σj

)2 (
σ̂2

i − σ2
i
)2

= OP
(

N2)+OP (NT) +OP

(
N−1T2

)
Proof of Lemma S.10. To begin with, note that σj is bounded from below at a value greater than
zero by Assumption 1 . Hence, σ−1

j is bounded from above by some finite number M. Accord-
ingly, we can write the term

N

∑
i=1

(
N

∑
j 6=i

ε̂′iε̂j

σj

)2 (
σ̂2

i − σ2
i
)2

≤M
N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2 (
σ̂2

i − σ2
i
)2

+ M
N

∑
i=1

[
(N − 1)

(
ε′ε+ Tε2)]2 (

σ̂2
i − σ2

i
)2

+M
N

∑
i=1

(
N

∑
j 6=i

Tεiεj

)2 (
σ̂2

i − σ2
i
)2

+ M
N

∑
i=1

[
(N − 1) ε′iε

]2 (
σ̂2

i − σ2
i
)2

+M
N

∑
i=1

(
N

∑
j 6=i
ε′εj

)2 (
σ̂2

i − σ2
i
)2

+ M
N

∑
i=1

[T (N − 1) εiε]
2 (σ̂2

i − σ2
i
)2

+ M
N

∑
i=1

(
T

N

∑
j 6=i

εjε

)2 (
σ̂2

i − σ2
i
)2

=a211 + a212 + a213 + a214 + a215 + a216 + a217. (S.85)

The first out of seven terms in (S.85) can be decomposed into

a211 ≤ M
N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2 (
ε′iεi

T
− σ2

i

)2

+
N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2 (
ε′ε

T
+ ε2

)2

+
N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2

ε4
i

+ M
N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2 (
ε′iε

T

)2

+ M
N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2

(εiε)
2 (S.86)

For the first and fourth expression on the right-hand side above we use results (S.80) and (S.81).
Concerning the second expression, we only need to find an upper bound for the non-negative

term ∑N
i=1

(
∑N

j 6=i ε
′
iεj

)2
. Taking expectations here, we get

E

 N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2
 =

N

∑
i=1

N

∑
j 6=i

T

∑
t=1

E
(

ε2
i,tε

2
j,t

)
= O

(
N2T

)
.

Given that ε
′ε
T = OP

(
N−1) and ε2 = OP

[
(NT)−1

]
, we get ∑N

i=1

(
∑N

j 6=i ε
′
iεj

)2 (
ε′ε
T

)2
= OP (T).

Next, we consider

N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2

ε4
i = T−4

N

∑
i=1

N

∑
j 6=i

N

∑
j′ 6=i

T

∑
t,t′,t′′,t′′′,t′′′′,t′′′′′′

ε i,tε j,tε j′,t′ε i,t′ε i,t′′ε i,t′′′ε i,t′′′′ε i,t′′′′′ ,
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whose expected value is

E

 N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2

ε4
i

 = T−4
N

∑
i=1

N

∑
j 6=i

T

∑
t,t′′,t′′′

E
(
ε2

i,t
)

E
(

ε2
j,t

)
E
(
ε2

i,t′′
)

E
(
ε2

i,t′′′
)
+ o

(
N2T−1

)
= O

(
N2T−1

)
,

which implies that ∑N
i=1

(
∑N

j 6=i ε
′
iεj

)2
ε4

i = OP
(

N2T−1). Lastly, the fifth term in (S.86) requires
us to determine the order of

N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2

ε2
i = T−2

N

∑
i=1

N

∑
j 6=i

N

∑
j′ 6=i

T

∑
t,t′,t′′,t′′′

ε i,tε j,tε j′,t′ε i,t′ε i,t′′ε i,t′′′ .

Taking expectations, we get

E

 N

∑
i=1

(
N

∑
j 6=i
ε′iεj

)2

ε2
i

 = T−2
N

∑
i=1

N

∑
j 6=i

T

∑
t,t′′

E
(
ε2

i,t
)

E
(

ε2
j,t

)
E
(
ε2

i,t′′
)
+ o

(
N2)

= O
(

N2) .

Additionally, recalling that ε2 = OP

[
(NT)−1

]
leads to ∑N

i=1

(
∑N

j 6=i ε
′
iεj

)2
(εiε)

2 = OP
(

NT−1).
Summarizing our results, we arrive at

a211 = OP
(

N2)+OP (T) (S.87)

The second out of seven terms in (S.85) is bounded from above by application of result
(S.76). This allows us to write the term as

a212 ≤ MN2 (ε′ε+ Tε2)2
N

∑
i=1

(
σ̂2

i − σ2
i
)2

= OP (NT) +OP

(
N−1T2

)
. (S.88)

We continue with the third out of seven terms in (S.85) which is written

a213 ≤ M
N

∑
i=1

(
N

∑
j 6=i

Tεiεj

)2 (
ε′iεi

T
− σ2

i

)2

+
N

∑
i=1

(
N

∑
j 6=i

Tεiεj

)2 (
ε′ε

T
+ ε2

)2

+
N

∑
i=1

(
N

∑
j 6=i

Tεiεj

)2

ε4
i

+ M
N

∑
i=1

(
N

∑
j 6=i

Tεiεj

)2 (
ε′iε

T

)2

+ M
N

∑
i=1

(
N

∑
j 6=i

Tεiεj

)2

(εiε)
2

= a2131 + a2132 + a2133 + a2134 + a2135.

Application of results (S.83) and (S.84) leads to a2131 = OP
(

N2T−1) and a2134 = OP
(

NT−1)+
OP (1). In order to derive orders for the remaining terms in a213, we implicitly use the fact
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that, for r > 2, εr
i = O

(
T−r/2) by Rosenthal’s inequality for independent random variables.

For term a2132, we note that independence of errors across cross-sections implies

E

 N

∑
i=1

(
N

∑
j 6=i

Tεiεj

)2
 =

N

∑
i=1

E
(
ε2

i
)

E

( N

∑
j 6=i

T

∑
t′′=1

ε j,t′′

)2


= OP

(
NT−1

)
OP (NT)

= OP
(

N2) ,

from which it follows that

a2132 = OP
(

N2) {OP

(
N−1

)
+OP

[
(NT)−1

]}
= OP (N) .

By the same reasoning, we have

E (a2133) =
N

∑
i=1

E
(
ε6

i
)

E

( N

∑
j 6=i

T

∑
t=1

ε j,t

)2


= O
(

NT−3)O (NT)

= O
(

N2T−2) ,

which leads to a2133 = OP
(

N2T−2). Finally, concerning term a2135 we can write

E

(
N

∑
i=1

N

∑
j 6=i

ε4
i ε2

j

)
= T2

N

∑
i=1

E
(

ε4
i

)
E

( N

∑
j 6=i

T

∑
t=1

ε j,t

)2


= T2O
(

NT−2)O (NT)

= O
(

N2T−3) ,

so that

a2135 = MT2ε2
N

∑
i=1

ε4
i

(
N

∑
j 6=i

ε2
j

)
= T2OP

[
(NT)−1

]
Op
(

N2T−3)
= OP

(
NT−2) .

This result, together with the four previous ones, establishes

a213 = OP

(
N2T−1

)
+OP (N)

Concerning the fourth out of seven terms in (S.85), we write
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a214 ≤MN2T−2
N

∑
i=1

(
ε′iε
)2 (

ε′iεi − σ2
i
)2

+ MN2
N

∑
i=1

(
ε′iε
)2
(
ε′ε

T
+ ε2

)2

+MN2
N

∑
i=1

(
ε′iε
)2

ε4
i + MN2T−2

N

∑
i=1

(
ε′iε
)4

+ N2
N

∑
i=1

(
ε′iε
)2

ε2
i ε2

=a2141 + a2142 + a2143 + a2144 + a2145.

Concerning a2142, we use result (S.77) which allows us to write

a2142 = N2
[
OP

(
N−1T2

)
+OP (T)

]
OP
(

N−2)
= OP

(
N−1T2

)
+OP (T) .

With regards to

a2141 = MT−2
N

∑
i,i′,i′′

T

∑
t,t′,t′′,t′′′

ε i,tε i′,tε i′′,t′ε i,t′
(
ε2

i,t′′ − σ2
i
) (

ε2
i,t′′′ − σ2

i
)

,

we proceed by looking for index restrictions that result in the maximum number of sums over
cross-sections or time, respectively. The restrictions i′ = i′′, t = t′ and t′′ = t′′′ maximize the
number of sums over N, leading to an expression of order T−2OP

[
(NT)2

]
. Alternatively, the

restrictions i = i′ = i′′ and t′′ = t′′′ maximize the number of sums over T and result in a term
of order T−2OP

(
NT3). Overall, we can hence state that.

a2141 =OP
(

N2)+OP (NT) .

Next, a statement concerning

a2144 = M (NT)−2
N

∑
i,i′,i′′,i′′′,i′′′′′

T

∑
t,t′,t′′,t′′′

ε i,tε i′,tε i′′,t′ε i,t′ε i,t′′ε i′′′,t′′ε i,t′′′ε i′′′′,t′′

can be made by noting that the index restrictions i′ = i′′, i′′′ = i′′′′, t = t′ and t′′ = t′′′ lead
to one component with non-zero expected value consisting of three sums over cross-sections
and two sums over time. The corresponding component is hence (NT)−2OP

(
N3T2). Addi-

tionally, the index restrictions i = i′ = i′′ = i′′′ = i′′′′ lead to another component of order
(NT)−2OP

(
NT4) . Moreover, a third component of order (NT)−2OP

(
N2T3) results from the

index restrictions i = i′′′ = i′′′′, i′ = i′′ and t = t′. Hence, we can state that

a2144 =OP (N) +OP (T) +OP

(
N−1T2

)
.

We continue with the similar expression

a2143 = MT−4
N

∑
i,i′,i′′

T

∑
t,t′,t′′,t′′′,t′′′′,t′′′′′

ε i,tε i′,tε i′′,t′ε i,t′ε i,t′′ε i,t′′′ε i,t′′′′ε i,t′′′′′ .
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Applying expectations and looking for index restrictions which imply nonzero expected val-
ues, we obtain

E (a2143) = MT−4
N

∑
i,i′

T

∑
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E
(
ε2

i,t
)

E
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)

E
(
ε2
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E
(
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∑
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[
T

∑
t=1

E
(
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)]4

+ o
(
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)
+ o (N)

= O
(

N2T−1
)
+O (N) ,

from which it follows that a2143 = OP
(

N2T−1)+OP (N). Lastly, we focus on

a2145 = ε2T−2
N

∑
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T

∑
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where
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∑
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E
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E
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E
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E
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E
(
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)

E
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(
N2)+ o (NT)
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(
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Accordingly, it holds that

a2145 = OP

[
(NT)−1

] [
OP
(

N2)+OP (NT)
]

= OP

(
NT−1

)
+OP (1) .

Using this result, we can now state that the fourth out of seven terms in (S.85) is

a214 = OP
(

N2)+OP (NT) +OP

(
N−1T2

)
(S.89)

We continue with the fifth out of seven terms in (S.85) which we bound from above by
extending the sums over j and j′ with the cases j = i and j′ = i. Accordingly, we can write

a215 ≤ M (NT)2
(
ε′ε

T

)2 N

∑
i=1

(
σ̂2

i − σ2
i
)2

Using result (S.76) on the term ∑N
i=1
(
σ̂2

i − σ2
i
)2, we get

a215 = (NT)2OP
(

N−2) [OP (N/T) +OP

(
N−1

)]
=OP (NT) +OP

(
N−1T2

)
. (S.90)
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The sixth out of seven terms in (S.85) is quite similar to the fourth term seen above. We can
write

a216 ≤ M (NT)2 ε2
N

∑
i=1

ε2
i

(
ε′iεi

T
− σ2

i

)2

+ M (NT)2

[
ε2
(
ε′ε

T

)2

+ ε6

]
N

∑
i=1

ε2
i

+ M (NT)2 ε2
N

∑
i=1

ε2
i

(
ε′εi

T

)2

+ M (NT)2 ε2
N

∑
i=1

ε6
i

+ M (NT)2 ε4
N

∑
i=1

ε4
i

= a2161 + a2162 + a2163 + a2164 + a2165.

Concerning a2161, we need to have a look at the expected value of ∑N
i=1 ε2

i

(
ε′iεi

T − σ2
i

)2
. Here,

E

[
N

∑
i=1

ε2
i

(
ε′iεi

T
− σ2

i

)2
]
= 2T−4

N

∑
i=1

T

∑
t,t′

ε2
i,t
(
ε2

i,t′ − σ2
i
)2

+ 2T−4
N

∑
i=1

T

∑
t,t′

ε3
i,tε

3
i,t′ +O

(
NT−2)

= O
(

NT−2) ,

which implies a2161 = (NT)2OP

[
(NT)−1

]
OP
(

NT−2) = OP
(

N2T−1). For the next term,

knowledge of ∑N
i=1 ε2

i = OP
(

NT−1) allows us to arrive at a2162 = OP (1) . For term a2163, we

look at ∑N
i=1 ε2

i

(
ε′εi

T

)2
, which has expected value

E

[
N

∑
i=1

ε2
i

(
ε′εi

T

)2
]
= N−2T−4

N

∑
i=1

T

∑
t,t′,t′′

E
(
ε2

i,t
)

E
(
ε2

i,t′
)

E
(
ε2

i,t′′
)
+ N−2T−4

N

∑
i,i′

T

∑
t,t′

E
(
ε2

i,t
)

E
(
ε2

i,t′
)

E
(
ε2

i′,t′
)

+ o
[
(NT)−1

]
+ o

(
T−2)

= O
[
(NT)−1

]
+O

(
T−2) .

Accordingly, we have

a2163 = (NT)2OP

[
(NT)−1

] {
OP

[
(NT)−1

]
+OP

(
T−2)}

= OP (1) +OP

(
NT−1

)
.

The last two terms are very similar. Using Markov’s inequality, it is straight forward to show
that ∑N

i=1 ε4
i = OP

(
NT−2), and using the same reasoning we arrive at ∑N

i=1 ε6
i = OP

(
NT−3) .

It follows that a2164 = OP
(

N2T−2) and a2165 = OP
(

NT−2) . For the entire term a216, we can
hence state that

a216 = OP

(
N2T−1

)
+OP (1) .
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The last building block needed for the central result of this lemma is term a217. Similar to our
treatment of term a215,we write

a217 ≤ (NT)2 Mε4
N

∑
i=1

(
σ̂2

i − σ2
i
)2

= OP (N/T) +OP

(
N−1

)
, (S.91)

where the last line follows from result (S.76). Combining the results on terms (S.87) to (S.91),
we arrive at the final result of this lemma, namely

N

∑
i=1

(
N

∑
j 6=i

ε̂′iε̂j

σj

)2 (
σ̂2

i − σ2
i
)2

= OP
(

N2)+OP (NT) +OP

(
N−1T2

)
.
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S.5.9 Auxiliary lemmas for Section S.5.7

Lemma S.11. Suppose that Assumptions 2-6 hold. Then,∥∥∥T−1U
′
MF̂U

∥∥∥ = OP

(
N−1

)
+OP

[
(NT)−1/2

]
(S.92)

N

∑
i=1

∥∥∥T−1λiε
′
iU
∥∥∥2

= OP

(
N−1

)
+OP

(
T−1

)
(S.93)

N

∑
i=1

∥∥∥T−1ε′iU
∥∥∥2

= OP

(
N−1

)
+OP

(
T−1

)
(S.94)

N

∑
i=1

∥∥∥T−1λiε
′
iF̂
∥∥∥2

= OP

(
NT−1

)
+OP

(
N−1

)
(S.95)

N

∑
i=1

∥∥∥T−1ε′iF̂
∥∥∥2

= OP

(
NT−1

)
+OP

(
N−1

)
(S.96)

N

∑
i=1

∥∥∥T−1ε′iPF̂ εi

∥∥∥2
= OP

(
NT−2)+OP

(
N−2) (S.97)

N

∑
i=1

∥∥∥T−1U
′
MF̂ εi

∥∥∥2
= OP

(
N−1

)
+OP

(
T−1

)
(S.98)

N

∑
i=1

(
T−1λ′i

(
C
−1
)′
U
′
MF̂ εi

)2

= OP

(
N−1

)
+OP

(
T−1

)
(S.99)

T−2
N

∑
i,j

(
λ′jλi

)2
εjUU

′
εi. = OP (1) (S.100)

T−2
N

∑
i,j

(
λ′jλi

)2
ε′jF̂ F̂

′εi = OP

(
NT−1

)
+OP (1) (S.101)

∥∥∥T−1U
′
F̂
∥∥∥2

= OP

[
(NT)−1

]
+OP

(
N−2) (S.102)

N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iF

∥∥∥∥∥
2
 = OP

(
N2) (S.103)

N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iU

∥∥∥∥∥
2
 = OP (N) +OP (T) (S.104)

Proof of Lemma S.11. For the first result, note that∥∥∥T−1U
′
MF̂U

∥∥∥ ≤ ∥∥∥T−1U
′
U
∥∥∥+ ∥∥∥T−1U

′
F̂
∥∥∥2
∥∥∥∥(T−1F̂ ′F̂

)−1
∥∥∥∥

= OP

(
N−1

)
+OP

[
(NT)−1/2

]
by the results in Lemma S.2.
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In order to arrive at (S.93), we write

N

∑
i=1

∥∥∥T−1λiε
′
iU
∥∥∥2
≤ T−2

N

∑
i=1
ε′iUU

′
εi ‖λi‖2

Taking expectations of this non-negative term, we obtain

E

(
T−2

N

∑
i=1
ε′iUU

′
εi ‖λi‖2

)
= (NT)−2

N

∑
i,i′

T

∑
t=1

E
(
ε2

i,t
)

E
(
ε2

i′,t
)

E
(
‖λi‖2

)
+ (NT)−2

N

∑
i=1

T

∑
t,t′

E
(
ε2

i,t
)

E
(
ε2

i,t′
)

E
(
‖λi‖2

)
+ (NT)−2

N

∑
i,i′

T

∑
t=1

E
(
ε2

i,t
)

E
(
e′i′,tei′,t

)
E
(
‖λi‖2

)
+O

[
(NT)−1

]
= O

(
N−1

)
+O

(
T−1

)
,

so that the required result follows by the Markov’s inequality. The proof of (S.94) uses the same
reasoning and is therefore omitted.

For result (S.95), we can expand the expression into

N

∑
i=1

∥∥∥T−1λiε
′
iF̂
∥∥∥2
≤ 3

N

∑
i=1

∥∥∥∥∥T−1 λiε
′
iF(

σ2
i

)3/2

∥∥∥∥∥
2 ∥∥C∥∥2

+ 3
N

∑
i=1

∥∥∥∥∥T−1 λiε
′
iU(

σ2
i

)3/2

∥∥∥∥∥
2

.

If we take expectations of the first part on the right-hand side above, we get

E

 N

∑
i=1

∥∥∥∥∥T−1 λiε
′
iF(

σ2
i

)3/2

∥∥∥∥∥
2
 ≤ T−2

N

∑
i=1

T

∑
t=1

E
(
‖λi‖2

)
E
(
ε2

i,t
)

E
(
F ′tFt

)
= O

(
NT−1

)
.

Using this result together with Markov’s inequality and result (S.93), we arrive at

N

∑
i=1

∥∥∥∥∥T−1 λiε
′
iF̂(

σ2
i

)3/2

∥∥∥∥∥
2

= OP

(
NT−1

)
+OP

(
N−1

)
.

The proof of result (S.96) is almost identical to that of (S.95) and therefore omitted.
We proceed with result (S.97), where we write

N

∑
i=1

∥∥∥T−1ε′iPF̂ εi

∥∥∥2
≤

N

∑
i=1

∥∥∥T−2ε′iF̂ F̂
′εi

∥∥∥2
∥∥∥∥(T−1F̂ ′F̂

)−1
∥∥∥∥ .

Furthermore, from Lemma S.2
∥∥∥∥(F̂ ′F̂)−1

∥∥∥∥ = OP(1). It remains to consider
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N

∑
i=1

∥∥∥T−2ε′iF̂ F̂
′εi

∥∥∥2
≤ 3

N

∑
i=1

∥∥T−2ε′iFF
′εi
∥∥2 ∥∥C∥∥4

+ 3
N

∑
i=1

∥∥∥T−2ε′iUU
′
εi

∥∥∥2
.

Here,

N

∑
i=1

∥∥T−2ε′iFF
′εi
∥∥2

= T−4
N

∑
i=1

T

∑
t,t′,t′′,t′′′

ε i,tε i,t′ε i,t′′ε i,t′′′f
′
tft′f

′
t′′ft′′′

= OP
(

NT−2)
and

N

∑
i=1

∥∥∥T−2ε′iUU
′
εi

∥∥∥2
≤

N

∑
i=1

∥∥∥T−1/2εi

∥∥∥4 ∥∥∥T−1/2U
∥∥∥4

= T−4
N

∑
i=1

T

∑
t,t′,t′′,t′′′

ε2
i,tε

2
i,t′ε

2
i,t′′ε

2
i,t′′′

∥∥∥T−1/2U
∥∥∥4

= OP
(

N−2)
follow from application of Markov’s inequality and the elimination of terms with zero ex-
pected value. Accordingly, we have

N

∑
i=1

∥∥∥T−2ε′iF̂ F̂
′εi

∥∥∥2
= OP

(
NT−2)+OP

(
N−2) ,

which establishes result (S.97).
Next, consider result (S.98). Here we use results (S.74), (S.94), (S.96) and (S.102) to arrive at

N

∑
i=1

∥∥∥T−1U
′
MF̂ εi

∥∥∥2
≤ 3

N

∑
i=1

∥∥∥T−1U
′
εi

∥∥∥2
+ 3

∥∥∥∥(T−1F̂ ′F̂
)−1

∥∥∥∥2 ∥∥∥T−1U
′
F̂
∥∥∥2 N

∑
i=1

∥∥∥T−1F̂ ′εi

∥∥∥2

= OP

(
N−1

)
+OP

(
T−1

)
+
{
OP

[
(NT)−1

]
+OP

(
N−2)} [OP

(
NT−1

)
+OP

(
N−1

)]
= OP

(
N−1

)
+OP

(
T−1

)
.

The proof of result (S.99) is identical to that seen immediately above except for the use of results
(S.93) and (S.95) instead of (S.94) and (S.96).

We move on with results that involve a double sum over cross-sections. To derive result
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(S.100), we take expectations in order to obtain

T−2
N

∑
i,j

E
[(
λ′jλi

)2
]

E
[
ε′jUU

′
εi

]
≤MT−2

N

∑
i,j

E
[
ε′jUU

′
εi

]
= (NT)−2

N

∑
i,i′,j,j′

T

∑
t,t′

E
(
ε j,tε j′,tε i′,t′ε i,t′
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‖B‖2 + (NT)−2

N

∑
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T

∑
t,t′

E
(
ε j,tε i,t′

)
E
(
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= (NT)−2
N

∑
i,j

T

∑
t,t′

E
(

ε2
j,tε

2
i,t′

)
‖B‖2 + (NT)−2

N

∑
i,i′

T

∑
t=1

E
(
ε2

i,t
)

E
(
e′i′,tei′,t

)
‖B‖2,

=O (1) +O
(

T−1
)

,

from which result (S.100) directly follows. The result also constitutes one half of the required
steps to prove result (S.101). The corresponding expression can be written

T−2
N

∑
i,j

(
λ′jλi

)2
ε′jF̂ F̂

′εi ≤
3

T2

N

∑
i,j

(
λ′jλi

)2
ε′jFF

′εi
∥∥C∥∥2

+
3

T2

N

∑
i,j

(
λ′jλi

)2
ε′jUU

′
εi,

where we have already shown that the second term on the right-hand side is stochastically
bounded. Taking expectations of the first term on the right-hand side above results in

E

[
T−2

N

∑
i,j

T

∑
t,t′

(
λ′jλi

)2
ε j,tF

′
tFt′ε i,t′

]
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∑
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E
(
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)
E
(
ε2

i,t
)

E
(
F ′tFt′

)
= O

(
NT−1

)
,

resulting in a corresponding order in probability for the term without expectations. Combining
both result allows us to arrive at (S.101).

Result (S.102) is proven in the same way as result (S.101)and a detailed proof is therefore
omitted. To see the link between both terms, note that∥∥∥T−1U

′
F̂
∥∥∥2

= (NT)−2
N

∑
i,j

tr
(
uiF̂ F̂

′uj

)
,

where ui = B′[ε i,t, ei,t]
′.

Concerning result (S.103), we write out the expectation of the norm as

E

 N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
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2
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N

∑
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∑
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∑
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E
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∑
i=1

N

∑
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= O
(
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from which result (S.103) directly follows.
We proceed with result (S.104), where we can expend the term under investigation into

N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iU

∥∥∥∥∥
2

≤ M
N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iε

∥∥∥∥∥
2

+ M
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∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
ie

∥∥∥∥∥
2

.

Here the order of the first result is determined by result (S.81). Concerning the second result,

an proof analogous to that of (S.103) allows us to show that ∑N
i=1

∥∥∥∥T−1 ∑N
j 6=i

(
σ2

j

)1/2
ε′iεjε

′
ie

∥∥∥∥2

=

OP (N). The combination of these two results establishes (S.104).

Lemma S.12. Suppose that Assumptions 2-6 hold. Then,∥∥∥∥∥T−1
N

∑
i=1
ε′iF̂

(
σ̂2

i − σ2
i
)∥∥∥∥∥ = OP

(
NT−3/2

)
+OP

(
T−1
√

N
)
+OP

(
N−1

)
+OP

(
T−1/2

)
Proof of Lemma S.12. We decompose the term under consideration into∥∥∥∥∥T−1

N

∑
i=1

(
σ̂2

i − σ2
i
)
ε′iF̂

∥∥∥∥∥ ≤
∥∥∥∥∥T−2

N
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+

∥∥∥∥∥T−2
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Consider now
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i
)
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∥∥∥∥∥
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∥∥C∥∥+ g212.

We take squares of the first term in this decomposition and take expectations. This allows us
to get

E
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Accordingly, g211 = OP

(
T−1
√

N
)

results from application of Chebyshev’s inequality. When
dealing with g212,we first split the entire expression using the Cauchy-Schwarz inequality and
establish somewhat more conservative upper bounds on the resulting terms:

g212 ≤
(

N

∑
i=1

∥∥∥T−1ε′iU
∥∥∥2
)1/2( N

∑
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√

N
)
+OP

(
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)
.

Here, the second line result from (S.94) as well as a straightforward application of Markov’s
inequality. Given this result, we can state that

g21 = OP

(
T−1
√

N
)
+OP

(
T−1/2

)
.

We continue with the use of the Cauchy-Schwarz inequality to split up lengthy terms when
handling the remaining terms g22, g23 and g24. First, we write

g22 ≤

 N

∑
i=1

∥∥∥∥∥T−1
N

∑
i=1
λiε
′
iF̂

∥∥∥∥∥
2
1/2(

N

∑
i=1
‖λi‖2

)1/2 ∥∥∥(C−1
)∥∥∥2 ∥∥∥T−1U

′
MF̂U

∥∥∥
=
[
OP

(√
NT−1/2

)
+OP

(
N−1/2

)]
OP

(√
N
) {
OP

(
N−1

)
+OP

[
(NT)−1/2

]}
= OP

(
T−1
√

N
)
+OP

(
T−1/2

)
+OP

(
N−1

)
,

which follows from results (S.92) and (S.95). Next, we have

g23 ≤
(

N

∑
i=1

∥∥∥T−1ε′iF̂
∥∥∥2
)1/2( N

∑
i=1

∥∥∥T−1ε′iPF̂ εi

∥∥∥2
)1/2

=
[
OP

(√
NT−1/2

)
+OP

(
N−1/2

)] [
OP

(
T−1
√

N
)
+OP

(
N−1

)]
= OP

(
NT−3/2

)
+OP

(
T−1

)
+OP

[
(NT)−1/2

]
+OP

(
N−3/2

)
,

which relies on results (S.96) and (S.97). Lastly, we consider

g24 =

(
N

∑
i=1

∥∥∥T−1λiε
′
iF̂
∥∥∥2
)1/2 ∥∥∥C−1

∥∥∥( N

∑
i=1

∥∥∥T−1U
′
MF̂ εi

∥∥∥2
)1/2

.

The first term on the right-hand side above is OP

(√
NT−1/2

)
+OP

(
N−1/2) by result (S.95).

For the last term above we use result (S.98) to show that its it is OP
(

N−1/2) + OP
(
T−1/2) .

Given these two intermediary results, we can conclude that

g24 =
[
OP

(√
NT−1/2

)
+OP

(
N−1/2

)] [
OP

(
N−1/2

)
+OP

(
T−1/2

)]
= OP

(
T−1
√

N
)
+OP

(
T−1/2

)
+OP

(
N−1

)
,
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which is the last building block that we need to establish the main result of this lemma. Com-
bining it with our results on g21, g22, and g23, we arrive at∥∥∥∥∥T−1

N

∑
i=1
ε′iF̂

(
σ̂2

i − σ2
i
)∥∥∥∥∥ = OP

(
NT−3/2

)
+OP

(
T−1
√

N
)
+OP

(
N−1

)
+OP

(
T−1/2

)

Lemma S.13. Suppose that Assumptions 2-6 hold. Then,

kN,T

N

∑
i=1

N

∑
j 6=i
ε′iεj

(
σ̂2

i − σ2
i
)
= OP

(√
NT−1

)
+OP

(
T−1/2

)
+OP

(
N−1/2

)
Proof of Lemma S.13. For notational simplicity, we abbreviate ∑N

i=1 ∑N
j 6=i by ∑N

i 6=j in this proof.
We can expand the expression into∥∥∥∥∥kN,T

N

∑
i 6=j
ε′iεj

(
σ̂2

i − σ2
i
)∥∥∥∥∥

≤
∥∥∥∥∥ kN,T

T

N

∑
i 6=j
ε′iεj

(
ε′iεi − σ2

i
)∥∥∥∥∥+

∥∥∥∥∥ kN,T

T

N

∑
i 6=j
ε′iεjλ

′
i

(
C
−1
)′
U
′
MF̂U

(
C
−1
)
λi

∥∥∥∥∥ .

+

∥∥∥∥∥ kN,T

T

N

∑
i 6=j
ε′iεjε

′
iPF̂ εi

∥∥∥∥∥+
∥∥∥∥∥2kN,T

T

N

∑
i 6=j
ε′iεjλ

′
i

(
C
−1
)′
U
′
MF̂ εi

∥∥∥∥∥
=g31 + g32 + g33 + g34

In order to determine the order in probability of g31 we can use result (S.79) in Lemma S.6
which was established for the two-way fixed effects model but continues to apply. Hence

g31 = OP

(
T−1/2

)
+OP

(
T−1
√

N
)

.

We continue with g32 where we isolate the inner term
(
C
−1
)′
U
′
MF̂U

(
C
−1
)

by the use of
selection vectors for element ` out of r element, formally denoted s`r :

|g32| ≤
kN,T

T

 r

∑
`r ,`′r

∥∥∥∥∥ N

∑
i 6=j
ε′iεjλ

′
is`rs

′
`′r
λi

∥∥∥∥∥
2
1/2(

r

∑
`r ,`′r

∥∥∥∥s′`r

(
C
−1
)′
U
′
MF̂U

(
C
−1
)
s`′r

∥∥∥∥2
)1/2

≤ kN,T

∣∣∣∣∣ N

∑
i 6=j
ε′iεjλ

′
iλi

∣∣∣∣∣ ∥∥∥(C−1
)∥∥∥2 ∥∥∥T−1U

′
MF̂U

∥∥∥ .

Here we square the term in absolute values and take expectations, resulting in

E

∣∣∣∣∣ N

∑
i 6=j
ε′iεjλ

′
iλi

∣∣∣∣∣
2
 ≤ N

∑
i,i′

N

∑
j 6=i

N

∑
j′ 6=i′

T

∑
t,t′

E
(
ε i,tε j,tε i′t′ε j′,t′

)
E
(
‖λi‖4

)

=
N

∑
i=1

N

∑
j 6=i

T

∑
t=1

E
(
ε2

i,t
)

E
(

ε2
j,t

)
E
(
‖λi‖4

)
= O

(
N2T

)
,
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so that kN,T

∣∣∣∑N
i 6=j ε

′
iεjλ

′
iλi

∣∣∣ is stochastically bounded. Further using result (S.92), we arrive at

g32 = OP

(
N−1

)
+OP

[
(NT)−1/2

]
.

Next, consider

|g33| ≤ TkN,T

 N

∑
i=1

∥∥∥∥∥ N

∑
j 6=i

T−1ε′iεj

∥∥∥∥∥
2
1/2(

N

∑
i=1

∥∥∥T−1ε′iPF̂ εi

∥∥∥2
)1/2

.

Here we can apply result (S.97) to state that
(

∑N
i=1
∥∥T−1ε′iPF̂ εi

∥∥2
)1/2

= OP

(
T−1
√

N
)
+

OP
(

N−1) . Additionally, we have

E

 N

∑
i=1

∥∥∥∥∥ N

∑
j 6=i

T−1ε′iεj

∥∥∥∥∥
2
 ≤ T−2

N

∑
i=1

N

∑
j 6=i

T

∑
t=1

E
(
ε2

i,t
)

E
(

ε2
j,t

)
+ 0

= O
(

N2T−1
)

.

This result allows us to arrive at

|g33| = N−1
√

TOP

(
NT−1/2

) [
OP

(
T−1
√

N
)
+OP

(
N−1

)]
= OP

(
T−1
√

N
)
+OP

(
N−1

)
.

Lastly, we have the term

g34 ≤ 2TkN,T

 N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjλ

′
i

∥∥∥∥∥
2
1/2 ∥∥∥C−1

∥∥∥( N

∑
i=1

∥∥∥T−1U
′
MF̂ εi

∥∥∥2
)1/2

.

Concerning the right-hand side of the expression above, ∑N
i=1

∥∥∥∑N
j 6=i T−1ε′iεjλ

′
i

∥∥∥2
= OP

(
N2T−1)

can be shown exactly as in the case of g33 via application of Markov’s inequality. The only ex-
tra requirement is E

(
‖λi‖2

)
< ∞, which is ensured by Assumption 4. Additionally, we use

result (S.98) to make a statement about the sum involving
∥∥∥T−1U

′
MF̂ εi

∥∥∥2
. Together with our

previous result and the factor kN,T we can now state that

g34 = N−1
√

TOP

(
NT−1/2

) [
OP

(
N−1/2

)
+OP

(
T−1/2

)]
.

= OP

(
N−1/2

)
+OP

(
T−1/2

)
The result on g34 is the last one that we require to establish an order in probability for the
expression at the center of this lemma. Using the upper bounds derived for g31, g32, g33 and g34

we conclude that

kN,T

N

∑
i 6=j

ε′iεj(
σ2

i

)3/2
(

σ2
j

)1/2

(
σ̂2

i − σ2
i
)
= OP

(
T−1
√

N
)
+OP

(
T−1/2

)
+OP

(
N−1/2

)
which was to be shown.
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Lemma S.14. Suppose that Assumptions 2-6. Then,

N

∑
i=1

(
σ̂2

i − σ2
i
)2

= OP (N/T) +OP

(
N−1

)
+OP

(
T−1

)
.

N

∑
i=1

∥∥(σ̂2
i − σ2

i
)
λi
∥∥2

= OP (N/T) +OP (1)

Proof of Lemma S.14. Using expression (S.62), the left-hand side of the first result can be decom-
posed into

N

∑
i=1

(
σ̂2

i − σ2
i
)2 ≤ 5

N

∑
i=1

(
ε′iεi

T
− σ2

i

)2

+ 5T−2
N

∑
i=1

(
λ′i

(
C
−1
)′
U
′
MF̂U

(
C
−1
)
λi

)2

+ 5T−2
N

∑
i=1

(
ε′iPF̂ εi

)2
+ 10T−2

N

∑
i=1

(
λ′i

(
C
−1
)′
U
′
MF̂ εi

)2

= g41 + g42 + g43 + g44.

We begin with noting that g41 = OP
(

NT−1) +OP
(

N−1) +OP
(
T−1) by Lemma S.5 for the

two-way fixed effects model. Next, we write term g42 as

g42 ≤
∥∥∥(C−1

)∥∥∥2 ∥∥∥T−1U
′
MF̂U

∥∥∥2 N

∑
i=1
‖λi‖4

= OP

(
N−1

)
+OP

(
T−1

)
,

where the order in probability holds due to result (S.92) and Assumption 4. Lastly, results for
the terms g43 and g44 are given by (S.97) and (S.99), respectively. Combining the results on
g41, g42, g43 and g44, we arrive at the first result of this lemma.

Concerning the second result, we write

N

∑
i=1

∥∥(σ̂2
i − σ2

i
)
λi
∥∥2 ≤ 5

N

∑
i=1

(
ε′iεi

T
− σ2

i

)2

‖λi‖2 + 5T−2
N

∑
i=1

(
λ′i

(
C
−1
)′
U
′
MF̂U

(
C
−1
)
λi

)2

‖λi‖2

+ 5T−2
N

∑
i=1

(
ε′iPF̂ εi

)2 ‖λi‖2 + 10T−2
N

∑
i=1

(
λ′i

(
C
−1
)′
U
′
MF̂ εi

)2

‖λi‖2

= g45 + g46 + g47 + g48.

The order of g45 is the same as that of g41. This can be seen by noting that

E (g45) =
N

∑
i=1

E

[(
ε′iεi

T
− σ2

i

)2
] (

E ‖λi‖2
)

,

which extends the expectation that is used in the proof of Lemma S.5 for the two-way fixed ef-
fects model simply by E[‖λi‖2]. Since the second moments of factor loadings are assumed
to be finite by assumption, their presence does not affect the order in probability. Hence,

74



g45 = OP
(

NT−1) + OP
(

N−1) + OP
(
T−1) holds. The same conclusion can be drawn for

terms g47 and g48, where the proofs of terms (S.97) and (S.99) are merely extended with an addi-
tional term λi in the sum over cross-sections. For term g46,proceeding in the same way would
require us to assume finiteness of E

(
‖λi‖6

)
, so we choose a more conservative bound that

is valid with finite fourth moments of λi. Since ∑N
i=1 ‖λi‖4 ‖λi‖2 ≤ ∑N

i=1 ‖λi‖4 supi ‖λi‖2 ≤(
∑N

i=1 ‖λi‖4
) (

∑N
i=1 ‖λi‖2

)
, we get

g46 ≤
∥∥∥(C−1

)∥∥∥ ∥∥∥T−1U
′
MF̂U

∥∥∥2 N

∑
i=1
‖λi‖4

N

∑
i=1
‖λi‖2

= OP (1) +OP

(
NT−1

)
.

Combining this result with the previous three leads to

N

∑
i=1

∥∥(σ̂2
i − σ2

i
)
λi
∥∥2

= OP (1) +OP

(
NT−1

)
.

Lemma S.15. Suppose that Assumptions 2-6 hold. Then,

N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iU

∥∥∥2
= OP

(
NT−3)+OP

(
T−2)+OP

[
(NT)−1

]
+OP

(
N−2)

Proof of Lemma S.15. This term is given by

N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iU

∥∥∥2
≤

N

∑
i=1

∥∥∥∥T−1
(
ε′iεi

T
− σ2

i

)
ε′iU

∥∥∥∥2

+
N

∑
i=1

∥∥∥∥T−2λ′i

(
C
−1
)′
U
′
MF̂U

(
C
−1
)
λiε
′
iU

∥∥∥∥2

+ 4
N

∑
i=1

∥∥T−2ε′iPF̂ εiε
′
iU
∥∥2

+
N

∑
i=1

∥∥∥∥T−2λ′i

(
C
−1
)′
U
′
MF̂ εiε

′
iU

∥∥∥∥2

= g51 + g52 + g53 + g54

Consider the first term which we can decompose into

g51 = N−2T−4
N

∑
i,j,j′

T

∑
t,t′,t′′,t′′′

(
ε2

i,t − σ2
i
)

ε i,t′ε j,t′ε j,t′′ε i,t′′
(
ε2

i,t′′′ − σ2
i
)

+ N−2T−4
N

∑
i,j,j′

T

∑
t,t′,t′′,t′′′

(
ε2

i,t − σ2
i
)

ε i,t′ε i,t′′
(
ε2

i,t′′′ − σ2
i
)
e′j,t′ej′,t′′

= g511 + g512.

Taking expectations of g511, we can characterize it as follows in terms of its leading compo-
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nents:

E (g511) = E

[
N−2T−4

N

∑
i,j,j′

T

∑
t,t′,t′′,t′′′

(
ε2

i,t − σ2
i
)

ε i,t′ε j,t′ε j′,t′′ε i,t′′
(
ε2

i,t′′′ − σ2
i
)]

= N−2T−4
N

∑
i=1

T

∑
t,t′,t′′

E
[(

ε2
i,t − σ2

i
)2
]

E
(
ε2

i,t′
)

E
(
ε2

i,t′′
)

+ N−2T−4
N

∑
i,j

T

∑
t,t′

E
[(

ε2
i,t − σ2

i
)2
]

E
(

ε2
j,t′

)
E
(
ε2

i,t′
)
+ o

[
(NT)−1

]
+ o

(
T−2)

= O
[
(NT)−1

]
+O

(
T−2) ,

so that g511 = OP

[
(NT)−1

]
+OP

(
T−2). Using an analogous argument, it can be shown that

g512 = OP
(
T−2). Accordingly, it holds that

g51 = OP

[
(NT)−1

]
+OP

(
T−2) .

We continue with g52 to which we apply results (S.92) and (S.93) to arrive at

g52 ≤
∥∥∥C−1

∥∥∥4 ∥∥∥T−1U
′
MF̂U

∥∥∥2
(

N

∑
i=1

∥∥λ′i∥∥2

)(
T−2

N

∑
i=1

∥∥λiε
′
iU
∥∥2
)

=
{
OP
(

N−2)+OP

[
(NT)−1

]}
OP (N)

[
OP

(
N−1

)
+OP

(
T−1

)]
= OP

(
N−2)+OP

[
(NT)−1

]
+OP

(
T−2) .

Concerning term g53, we write

g53 ≤ 4

(
N

∑
i=1

∥∥∥T−1ε′iPF̂ εi

∥∥∥2
)(

T−2
N

∑
i=1

∥∥ε′iU∥∥2
)

=
[
OP
(

NT−2)+OP
(

N−2)] [OP

(
N−1

)
+OP

(
T−1

)]
= OP

(
NT−3)+OP

(
T−2)+OP

(
N−2T−1

)
+OP

(
N−3) ,

where results (S.94) and (S.97) are used to arrive at the second line. Lastly, via results (S.93)
and (S.98) we arrive at

g54 =
∥∥∥C−1

∥∥∥2
(

T−2
N

∑
i=1

∥∥λiε
′
iU
∥∥2
)(

N

∑
i=1

∥∥∥T−1U
′
MF̂ εi

∥∥∥2
)

=
[
OP

(
N−1

)
+OP

(
T−1

)] [
OP

(
N−1

)
+OP

(
T−1

)]
= OP

(
N−2)+OP

[
(NT)−1

]
+OP

(
T−2) .

Combining the last four intermediary results, we hence arrive at

N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iU

∥∥∥2
= OP

(
NT−3)+OP

(
T−2)+OP

[
(NT)−1

]
+OP

(
N−2) .
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Lemma S.16. Suppose that Assumptions 2-6 hold. Then,
N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iF̂

∥∥∥2
= OP

(
NT−2)+OP

(
T−1

)
+OP

(
N−2) .

Proof of Lemma S.16. The expression of interest can bounded from above by
N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iF̂

∥∥∥2
≤

N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iF

∥∥∥2 ∥∥C∥∥2
+

N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iU

∥∥∥2
,

where we can use Lemma S.15 for the second term on the right-hand side above. It remains to
establish a corresponding order in probability for

N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iF

∥∥∥2

≤T−2
N

∑
i=1

∥∥∥∥(ε′iεi

T
− σ2

i

)
ε′iF

∥∥∥∥2

+ T−2
N

∑
i=1

∥∥∥∥T−1λ′i

(
C
−1
)′
U
′
MF̂U

(
C
−1
)
λiε
′
iF

∥∥∥∥2

+4T−2
N

∑
i=1

∥∥∥T−1ε′iPF̂ εiε
′
iF
∥∥∥2

+ T−2
N

∑
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∥∥∥∥T−1λ′i

(
C
−1
)′
U
′
MF̂ εiε

′
iF

∥∥∥∥2

=g55 + g56 + g57 + g58.

Consider now g55, whose expected value is given by

E (g55) = T−4
N

∑
i=1

T

∑
t,t′′

E
[(

ε2
i,t − σ2

i
)2
]

E
(
ε2

i,t′′
)

E
(
f ′t′′ft′′

)
+ T−4

N

∑
i=1

T

∑
t,t′

E
(
ε3

i,t
)

E
(
ε3

i,t′
)

E
(
f ′tft′

)
+O

(
NT−2)

= O
(

NT−2) ,

implying g55 = OP
(

NT−2). We continue with g56 where we can write

g56 ≤
∥∥∥C−1

∥∥∥4 ∥∥∥T−1U
′
MF̂U

∥∥∥2
(

N

∑
i=1

∥∥λ′i∥∥2

)(
N

∑
i=1

∥∥∥∥λiε
′
iF

T

∥∥∥∥2
)

=
{
OP
(

N−2)+OP

[
(NT)−1

]}
OP (N)

[
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(
NT−1

)
+OP

(
N−1

)]
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(
NT−2)+OP

(
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)
+OP

(
N−2) .

The second line above is the consequence of applying results(S.95) and (S.92). It is valid to use
the former in order to arrive at an order in probability for ∑N

i=1 ‖λiε
′
iF ‖

2 since F̂ = FC +U .
We continue with the third term, g57, which is written out as

g57 ≤
N

∑
i=1

∥∥∥T−1ε′iF̂
∥∥∥4 ∥∥∥(T−1F̂ ′F̂

)∥∥∥2 ∥∥∥T−1F ′εi

∥∥∥2

≤ M
∥∥∥(T−1F̂ ′F̂

)∥∥∥2 N

∑
i=1

∥∥∥T−1ε′iF
∥∥∥6

+ M
∥∥∥(T−1F̂ ′F̂

)∥∥∥2
(

N

∑
i=1

∥∥∥T−1ε′iU
∥∥∥4
)(

N

∑
i=1

∥∥∥T−1F ′εi

∥∥∥2
)

= g571 + g572.
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Here, note that

N

∑
i=1

∥∥∥T−1ε′iF
∥∥∥6

=
N

∑
i=1

T

∑
t,t′,t′′,t′′′,t′′′′,t′′′′′

ε i,tf
′
tft′ε i,t′ε i,t′′f

′
t′′ft′′′ε i,t′′′ε i,t′′′′f

′
t′′′′ft′′′′′ε i,t′′′′′ .

The expectation of this term is given by

E

(
N

∑
i=1

∥∥∥T−1ε′iF
∥∥∥6
)

= T−6
N

∑
i=1

[
T

∑
t=1

E
(
ε2

i,t
)

E
(
‖ft‖2

)]3

+ o
(

NT−3)
= O

(
NT−3) ,

from which g571 = OP
(

NT−3) follows. In order to get a corresponding result for g572, we need
to investigate the expression

N

∑
i=1

∥∥∥T−1ε′iU
∥∥∥4
≤ 3T−4

N

∑
i=1

(
ε′iεε

′εi
)2

+ 3T−4
N

∑
i=1

(
ε′iee

′εi
)2

= (NT)−4
N

∑
i,i′,i′′,i′′′,i′′′′

T

∑
t,t′,t′′,t′′′

ε i,tε i′,tε i′′,t′ε i,t′ε i,t′′ε i′′′,t′′ε i′′′′,t′′′ε i,t′′′

+ (NT)−4
N

∑
i,i′,i′′,i′′′,i′′′′

T

∑
t,t′,t′′,t′′′

ε i,te
′
i′,tei′′,t′ε i,t′ε i,t′′e

′
i′′′,t′′ei′′′′,t′′′ε i,t′′′ .

The first term in the decomposition above has expected value

E

(
T−4

N

∑
i=1

(
ε′iεε

′εi
)2

)

= (NT)−4
N

∑
i=1

T

∑
t,t′,t′′,t′′′

E
(
ε2

i,t
)

E
(
ε2

i,t′
)

E
(
ε2

i,t′′
)

E
(
ε2

i,t′′′
)
+ 3 (NT)−4

N

∑
i,i′,i′′′

T

∑
t,t′′

E
(
ε2

i,t
)

E
(
ε2

i′,t
)

E
(
ε2

i,t′′
)

E
(
ε2

i′′′,t′′
)

+2 (NT)−4
N

∑
i,i′′′

T

∑
t,t′,t′′

E
(
ε2

i,t
)

E
(
ε2

i,t′
)

E
(
ε2

i,t′′
)

E
(
ε2

i′′′,t′′
)
+ o

(
N−3)+ o

(
N−1T−2

)
+ o

(
N−2T−1

)
=O

(
N−1T−2

)
+O

(
N−3)+O (N−2T−1

)
.

Analogously, we can write the expectation of the second term as

E

(
T−4

N

∑
i=1

(
ε′iee

′εi
)2

)

=N−2T−4
N

∑
i,i′,i′′

T

∑
t,t′

E
(
ε2

i,t
)

E
(
ε2

i,t′
)

E
(
‖ei′,t‖2

)
E
(∥∥e′i′′,t′∥∥2

)
+ o

(
N−1T−2

)
=O

(
N−1T−2

)
.

Consequently, ∑N
i=1
∥∥T−1ε′iU

∥∥4
= OP

(
N−1T−2)+OP

(
N−2T−1)+OP

(
N−3). In order to ar-

rive at an order in probability for g572, we also need a result for ∑N
i=1 ‖F ′εi‖2, a term that is
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completely contained in ∑N
i=1

∥∥∥F̂ ′εi

∥∥∥2
. Accordingly, we can use result (S.96) to arrive at the

upper bound ∑N
i=1
∥∥T−1F ′εi

∥∥2
= OP

(
NT−1) + OP

(
N−1). Using this result as well as the

former, we can state that

g572 =
[
OP

(
N−1T−2

)
+OP

(
N−2T−1

)
+OP

(
N−3)] [OP

(
NT−1

)
+OP

(
N−1

)]
= OP

(
T−3)+OP

(
N−2T−1

)
+OP

(
N−1T−2

)
+OP

(
N−4

)
.

If we now add our result on g571, we arrive at

g57 = OP
(

NT−3)+OP

(
N−1T−2

)
+OP

(
N−2T−1

)
+OP

(
N−4

)
Lastly, application of results (S.95) and (S.98) leads to

g58 =
∥∥∥C−1

∥∥∥2
(

N

∑
i=1

∥∥∥T−1λiε
′
iF
∥∥∥2
)(

N

∑
i=1

∥∥∥T−1U
′
MF̂ εi

∥∥∥2
)

=
[
OP

(
NT−1

)
+OP

(
N−1

)] [
OP

(
N−1

)
+OP

(
T−1

)]
= OP

(
NT−2)+OP

(
T−1

)
+OP

(
N−2) .

Combining our results on terms g55, g56, g57 and g58, we arrive at

N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iF

∥∥∥2
= OP

(
NT−2)+OP

(
T−1

)
+OP

(
N−2) .

Together with Lemma S.15, this result allows us to conclude that

N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iF̂

∥∥∥2
= OP

(
NT−2)+OP

(
T−1

)
+OP

(
N−2) .

Lemma S.17. Suppose that Assumptions 2-6 hold. Then,

N

∑
i=1

[
T−1

N

∑
j 6=i

ε̂′iε̂j

σj

(
σ̂2

i − σ2
i
)]2

= OP
(

N2T−2)+OP

(
NT−1

)
+OP (1)+OP

(
N−1T

)
+OP

(
N−2T2)

Proof. Analogous to our treatment of term a∗1 we disregard from the scaling σ−1
i since its values

have a lower bound above zero. When using a form of Markov’s inequality to establish orders
in probability, we can find an upper bound for any component of the expression of interest for
this lemma.
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We decompose the expression of interest into

N

∑
i=1

[
T−1

N

∑
j 6=i
ε̂′iε̂j

(
σ̂2

i − σ2
i
)]2

=T−2
N

∑
i=1

[
N

∑
j 6=i
ε′iεj

(
σ̂2

i − σ2
i
)]2

+ T−2
N

∑
i=1

[
N

∑
j 6=i
λ′i

(
C
−1
)′
U
′
MF̂U

(
C
−1
)
λj
(
σ̂2

i − σ2
i
)]2

+T−2
N

∑
i=1

[
N

∑
j 6=i
ε′iPF̂ εj

(
σ̂2

i − σ2
i
)]2

+ T−2
N

∑
i=1

[
N

∑
j 6=i
λ′i

(
C
−1
)′
U
′
MF̂ εj

(
σ̂2

i − σ2
i
)]2

+T−2
N

∑
i=1

[
N

∑
j 6=i
ε′iMF̂U

(
C
−1
)
λj
(
σ̂2

i − σ2
i
)]2

=g61 + g62 + g63 + g64 + g65.

Consider expression g62 which can be written

g62 ≤
N

∑
i=1

∥∥(σ̂2
i − σ2

i
)
λ′i
∥∥2

∥∥∥∥∥ N

∑
j 6=i
λj

∥∥∥∥∥
2
∥∥∥T−1U

′
MF̂U

∥∥∥2 ∥∥∥C−1
∥∥∥4

.

The order in probability of
∥∥∥T−1U

′
MF̂U

∥∥∥2
is determined by result (S.92). For the sum over

i, we can use Lemma S.14 despite the presence of the additional term
∥∥∥∑N

j 6=i λj

∥∥∥2
. To appreci-

ate that this additional term does not change the results of Lemma S.14, note that the proof
of Lemma (S.92) mainly relies on Markov’s inequality. Given independence of errors and
loadings as well as independence of factor loadings across cross-sections, the expectation of∥∥∥∑N

j 6=i λj

∥∥∥2
can hence always be separated from the expectation of terms that are indexed by i.

For this reason, we can conclude that

g62 =
[
OP (1) +OP

(
NT−1

)] {
OP
(

N−2)+OP

[
(NT)−1

]}
OP (N)

= OP

(
N−1

)
+OP

(
T−1

)
+OP

(
NT−2) . (S.105)

Next, we focus on expression g64 which can be bounded in a very similar way. We write

g64 ≤
N

∑
i=1

∥∥(σ̂2
i − σ2

i
)
λ′i
∥∥2
∥∥∥C−1

∥∥∥2
∥∥∥∥∥T−1

N

∑
j 6=i
U
′
MF̂ εj

∥∥∥∥∥
2

=
[
OP (1) +OP

(
NT−1

)] [
OP (1) +OP

(
NT−1

)]
= OP (1) +OP

(
NT−1

)
+OP

(
N2T−2) , (S.106)

where the result
∥∥∥T−1 ∑N

j 6=iU
′
MF̂ εj

∥∥∥2
= OP (1) + OP

(
NT−1) follows from (S.92) since the

former term is entirely contained in N2
∥∥∥T−1U

′
MF̂U

∥∥∥2
and since the error variances σ2

j have
lower bound above zero.
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We continue with expression

g61 ≤ 5T−2
N

∑
i=1

[
N

∑
j 6=i
ε′iεj

(
ε′iεi

T
− σ2

i

)]2

+ 5T−2
N

∑
i=1

[
N

∑
j 6=i
ε′iεjλ

′
i

(
C
−1
)′ (

T−1U
′
MF̂U

) (
C
−1
)
λi

]2

5T−2
N

∑
i=1

[
N

∑
j 6=i
ε′iεj

(
T−1ε′iPF̂ εi

)]2

+ 5T−2
N

∑
i=1

[
N

∑
j 6=i
ε′iεjλ

′
i

(
C
−1
)′ (

T−1U
′
MF̂ εi

)]2

= g611 + g612 + g613 + g614.

Here, g611 = OP
(

N2T−2) follows from result (S.80) in the time fixed effects case. When con-
sidering g612, we first note that

E

 N

∑
i=1

(
N

∑
j 6=i
ε′iεjλ

′
iλi

)2
 ≤ M

N

∑
i=1

T

∑
t,t′

E
(
ε2

i,t
)

E
(
ε2

i,t′
)

+ M
N

∑
i=1

N

∑
j 6=i

T

∑
t=1

E
(
ε2

i,t
)

E
(

ε2
j,t

)
+ o

(
NT2)+ o

(
N2T

)
= O

(
NT2)+O (N2T

)
,

from which it follows that

T−2
N

∑
i=1

(
N

∑
j 6=i
ε′iεjλ

′
iλi

)2

= OP (N) +OP

(
N2T−1

)
. (S.107)

This result, together with result (S.92), is then used to arrive at

g612 ≤ MT−2
N

∑
i=1

[
N

∑
j 6=i
ε′iεj

(
λ′iλi

)]2 ∥∥∥C−1
∥∥∥4 ∥∥∥T−1U

′
MF̂U

∥∥∥2

=
[
OP (N) +OP

(
N2T−1

)] {
OP
(

N−2)+OP

[
(NT)−1

]}
= OP

(
N−1

)
+OP

(
T−1

)
+OP

(
NT−2)

We continue with

g613 ≤ T−2
∥∥∥∥T−1

(
F̂ ′F̂

)−1
∥∥∥∥2 ∥∥C∥∥4

N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iF

∥∥∥∥∥
2 ∥∥∥T−1F ′εi

∥∥∥2


+ T−2

∥∥∥∥T−1
(
F̂ ′F̂

)−1
∥∥∥∥2 N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iU

∥∥∥∥∥
2 ∥∥∥T−1F̂ ′εi

∥∥∥2


+ T−2

∥∥∥∥T−1
(
F̂ ′F̂

)−1
∥∥∥∥2 ∥∥C∥∥2

N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iF

∥∥∥∥∥
2
 ∥∥∥T−1U

′
εi

∥∥∥2


g6131 + g6132 + g6133
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Here,

E

T−2
N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iF

∥∥∥∥∥
2 ∥∥∥T−1F ′εi

∥∥∥2


= T−6

N

∑
i=1

N

∑
j 6=i

N

∑
j′ 6=i

T

∑
t,t′,t′′,t′′′,t′′′′,t′′′′′

E
[
ε i,tε j,tε i,t′ε j′,t′ε i,t′′ε i,t′′′ε i,t′′′′ε i,t′′′′′

]
E
[
f ′t′′ft′′′f

′
t′′′′ft′′′′′

]
= T−6

N

∑
i=1

N

∑
j 6=i

T

∑
t,t′′,t′′′′

E
[
ε2

i,t
]

E
[
ε2

j,t

]
E
[
ε2

i,t′′
]

E
[
ε2

i,t′′′′
]

E
[
‖ft′′‖2 ‖ft′′′′‖2

]
+ o

(
N2T−3)

= O
(

N2T−3) ,

which implies that g6131 = OP
(

N2T−3) . Concerning the next term, g6132, we note that

T−2
N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iU

∥∥∥∥∥
2 ∥∥∥T−1F̂ ′εi

∥∥∥2

 ≤ T−2
N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iU

∥∥∥∥∥
2 N

∑
i=1

∥∥∥T−1F̂ ′εi

∥∥∥2

= T−2 [OP (N) +OP (T)]
[
OP

(
NT−1

)
+OP

(
N−1

)]
= OP

(
N2T−3)+OP

(
NT−2)+OP

[
(NT)−1

]
,

which follows from results (S.96) and (S.104). Accordingly, g6132 = OP
(

N2T−3)+OP
(

NT−2)+
OP

[
(NT)−1

]
. In the last component of g613,term g6133, we can use results (S.94) and (S.103) to

write

T−2
N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iF

∥∥∥∥∥
2
 ∥∥∥T−1U

′
εi

∥∥∥2

 ≤ T−2
N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjε

′
iF

∥∥∥∥∥
2
 N

∑
i=1

∥∥∥T−1U
′
εi

∥∥∥2

= T−2OP
(

N2) [OP

(
N−1

)
+OP

(
T−1

)]
= OP

(
NT−2)+OP

(
N2T−3) ,

which also determines the overall order in probability of g6133. Combining our results on terms
g6131, g6132 and g6133, we arrive at

g613 = OP
(

N2T−3)+OP
(

NT−2)+OP

[
(NT)−1

]
.

Lastly, we investigate

g614 ≤ 5
N

∑
i=1

(∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjλ

′
i

∥∥∥∥∥ ∥∥∥T−1U
′
εi

∥∥∥)2 ∥∥∥C−1
∥∥∥2

+ 5
∥∥∥C−1

∥∥∥2 N

∑
i=1

∥∥∥∥∥T−1
N

∑
j 6=i
ε′iεjλ

′
i

∥∥∥∥∥
2 ∥∥∥T−1U

′
F̂
∥∥∥2
∥∥∥∥(T−1F̂ ′F̂

)−1
∥∥∥∥2 N

∑
i=1

∥∥∥T−1F̂ ′εi

∥∥∥2

= g6141 + g6142
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Here, the order of g6141 is determined by the expression

N

∑
i=1

[
T−1

∥∥∥∥∥ N

∑
j 6=i
ε′iεjλ

′
i

∥∥∥∥∥ ∥∥∥T−1U
′
εi

∥∥∥]2

=N−2T−4
N

∑
i,i′,i′′

N

∑
j 6=i

N

∑
j′ 6=i

T

∑
t,t′,t′′,t′′′

ε i,tε j,tε j′,t′ε i,t′ε i,t′′ε i′,t′′ε i′′,t′′′ε i,t′′′λ
′
iλi

+N−2T−4
N

∑
i,i′,i′′

N

∑
j 6=i

N

∑
j′ 6=i

T

∑
t,t′,t′′,t′′′

ε i,tε j,tε j′,t′ε i,t′ε i,t′′e
′
i′,t′′ei′′,t′′′ε i,t′′′λ

′
iλi.

Now take the first term in the decomposition above. Its expected value can be expressed as

E

(
N−2T−4

N

∑
i,i′,i′′,j,j′

T

∑
t,t′,t′′,t′′′

ε i,tε j,tε j′,t′ε i,t′ε i,t′′ε i′,t′′ε i′′,t′′′ε i,t′′′λ
′
iλi

)

≤ M
N2T4

N

∑
i,i′,j

T

∑
t,t′′

E
(
ε2

i,t
)

E
(

ε2
j,t

)
E
(
ε2

i,t′′
)

E
(
ε2

i′,t′′
)

+
M

N2T4

N

∑
i,i′

T

∑
t,t′,t′′

E
(
ε2

i,t
)

E
(
ε2

i,t′
)

E
(
ε2

i,t′′
)

E
(
ε2

i′,t′′
)
+ o

(
NT−2)+ o

(
T−1

)
= O

(
NT−2)+O (T−1

)
.

Analogously, the expectation of the second term is given by

E

(
N−2T−4

N

∑
i,i′,i′′

N

∑
j 6=i

N

∑
j′ 6=i

T

∑
t,t′,t′′,t′′′

ε i,tε j,tε j′,t′ε i,t′ε i,t′′e
′
i′,t′′ei′′,t′′′ε i,t′′′λ

′
iλi

)

≤ M
N2T4

N

∑
i,i′′

N

∑
j 6=i

T

∑
t′,t′′

E
(
ε2

i,t
)

E
(

ε2
j,t

)
E
(
ε2

i,t′′
)

E
(
e′i′,t′′ei′,t′′

)
+ o

(
NT−2)

=O
(

NT−2) .

These results suggest that g6141 = OP
(

NT−2) + OP
(
T−1). We continue with g6142 where

results (S.96), (S.102) and (S.107) lead to

g6142 = 5
∥∥∥C−1

∥∥∥2 N

∑
i=1

∥∥∥∥∥ N

∑
j 6=i
ε′iεjλ

′
i

∥∥∥∥∥
2 ∥∥∥T−1U

′
F̂
∥∥∥2
∥∥∥∥(T−1F̂ ′F̂

)−1
∥∥∥∥2 N

∑
i=1

∥∥∥T−1F̂ ′εi

∥∥∥2

=
[
OP (N) +OP

(
N2T−1

)] {
OP
(

N−2)+OP

[
(NT)−1

]} [
OP

(
NT−1

)
+OP

(
N−1

)]
=
[
OP

(
N−1

)
+OP

(
T−1

)
+OP

(
NT−2)] [OP

(
NT−1

)
+OP

(
N−1

)]
= OP

(
N2T−3)+OP

(
NT−2)+OP

(
T−1

)
+OP

(
N−2) .

Combining our results on g6141 and g6142, we get

g614 = OP
(

N2T−3)+OP
(

NT−2)+OP

(
T−1

)
+OP

(
N−2)
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Our result on g614 is the last building block required to make a statement about g61. Addi-
tionally using our results on g611, g612 and g613, we arrive at

g61 = OP
(

N2T−2)+OP

(
N−1

)
+OP

(
T−1

)
. (S.108)

Now consider the term

g65 ≤
∥∥∥C−1

∥∥∥2
∥∥∥∥∥ N

∑
j 6=i
λj

∥∥∥∥∥
2 N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iMF̂U

∥∥∥2

≤ 3
∥∥∥C−1

∥∥∥2
∥∥∥∥∥ N

∑
j 6=i
λj

∥∥∥∥∥
2 N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iU

∥∥∥2

+ 3
∥∥∥C−1

∥∥∥2
∥∥∥∥∥ N

∑
j 6=i
λj

∥∥∥∥∥
2 N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iF̂

∥∥∥2
∥∥∥∥(T−1F̂ ′F̂

)−1
∥∥∥∥2

+OP

(
NT−1

) ∥∥∥T−1F̂U
∥∥∥2

= 3
∥∥∥C−1

∥∥∥2
∥∥∥∥∥ N

∑
j 6=i
λj

∥∥∥∥∥
2

(g651 + g652) .

The two resulting expressions g651 and g652 require a further investigation of the terms ∑N
i=1
∥∥T−1 (σ̂2

i − σ2
i
)
ε′iU

∥∥2

and ∑N
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iF̂

∥∥∥2
, a task that is carried out in Lemmas S.15 and S.16 as well as

their respective proofs. Using the results of these two lemmas, as well as result (S.102), we
arrive at

g651 = OP
(

NT−3)+OP
(
T−2)+OP

[
(NT)−1

]
+OP

(
N−2)

g652 =
[
OP
(

NT−2)+OP

(
T−1

)
+OP

(
N−2)] [OP

[
(NT)−1

]
+OP

(
N−2)]

= OP
(
T−3)+OP

(
N−1T−2

)
+OP

(
N−2T−1

)
+OP

(
N−4

)
,

from which it follows that

g65 = OP
(

NT−3)+OP
(
T−2)+OP

[
(NT)−1

]
+OP

(
N−2) . (S.109)

The last term to consider is g53 where we write

g63 ≤
N

∑
i=1

∥∥∥T−1 (σ̂2
i − σ2

i
)
ε′iF̂

∥∥∥2
∥∥∥∥(T−1F̂ ′F̂

)−1
∥∥∥∥2
∥∥∥∥∥T−1F̂ ′

(
N

∑
j 6=i
εj

)∥∥∥∥∥
2

=
[
OP
(

NT−2)+OP

(
T−1

)
+OP

(
N−2)] [OP

(
NT−1

)
+OP (1)

]
= OP

(
N2T−3)+OP

(
NT−2)+OP

(
T−1

)
+OP

(
N−2) (S.110)

In order to arrive at the second line above, we use Lemma S.16 together with result (S.102).
Application of the second result is valid since σ2

j has a lower bound above zero and since∥∥∥T−1F̂ ′ ∑N
j 6=i εj

∥∥∥2
is completely contained in N2

∥∥∥T−1F̂U
∥∥∥2

.
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Results (S.105)–(S.110) address all five required terms to arrive at the central result of this
lemma:

T−2
N

∑
i=1

 N

∑
j 6=i

ε̂′iε̂j(
σ2

j

)1/2

(
σ̂2

i − σ2
i
)

2

= OP
(

N2T−2)+OP

(
NT−1

)
+OP (1)

S.6 Proofs for additional theoretical contributions

S.6.1 Proofs of Propositions S.1 and S.2

Proof of Proposition S.1.
The same steps as in the proof of Theorem 1 allow us to arrive at the decomposition

CDH1 =

√
1

2TN (N − 1)

N

∑
i=2

i−1

∑
j=1

(
ς−1

ν,i − E
[
ς−1

ν,i

])
ν ′iνj

(
ς−1

ν,j − E
[
ς−1

ν,j

])
+
√

TΞH1

+

√
T

N

√
N

2 (N − 1)

(
(NT)−1

N

∑
i,j

ν ′iνj

ς2
ν,i
− ς−2

ν (NT)−1
N

∑
i,j
ν ′iνj

)
,

where

ΞH1 =

√
N

2 (N − 1)
(NT)−1

N

∑
i=1
ν ′iνi

[(
ς−1

ν

)2
− 2ς−1

ν ςν,i

]
.

The terms in parentheses in the second line are stochastically bounded, entailing that the en-
tire second line is OP

(
N−1
√

T
)

. Next, consider the leading stochastic component of CDH1 ,

namely
√

1
2TN(N−1) ∑N

i=2 ∑i−1
j=1

(
ς−1

ν,i − E
[
ς−1

ν,i

])
ν ′iνj

(
ς−1

ν,j − E
[
ς−1

ν,j

])
. Here, we have

E
[(

ς−1
ν,i − E

[
ς−1

ν,i

])
νi,tνj,t

(
ς−1

ν,j − E
[
ς−1

ν,j

])]
= E

[(
ς−1

ν,i − E
[
ς−1

ν,i

])
(λi − E [λi])

′
]
ΣF E

[(
λj − E

[
λj
]) (

ς−1
ν,j − E

[
ς−1

ν,j

])]
+ 0

= cov
[
ς−1

ν,i ,λ′i
]
ΣF cov

[
λj, ς−1

ν,j

]
= cov

[
ς−1

ν,1,λ′1
]
ΣF cov

[
λ1, ς−1

ν,1

]
,

where we use i.i.d.-ness of λi and σ2
i to conclude that the covariance cov

[
ς−1

ν,i ,λ′i
]

is the same
across cross-sections.

Lastly, consider the variance of
√

1
2TN(N−1) ∑N

i=2 ∑i−1
j=1

(
ς−1

ν,i − E
[
ς−1

v
])
ν ′iνj

(
ς−1

ν,j − E
[
ς−1

v
])
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in the case where cov
[
ς−1

ν,i ,λ′i
]
= 0. We have

var

[
N

∑
i=2

i−1

∑
j=1

(
ς−1

ν,i − E
[
ς−1

ν,i

])
ν ′iνj

(
ς−1

ν,j − E
[
ς−1

ν,j

])]

= E


[

N

∑
i=2

i−1

∑
j=1

(
ς−1

ν,i − E
[
ς−1

ν,i

])
ν ′iνj

(
ς−1

ν,j − E
[
ς−1

ν,j

])]2
− 0

=
N

∑
i=2

i−1

∑
j=1

E
{[(

ς−1
ν,i − E

[
ς−1

ν,i

])
ν ′iνj

(
ς−1

ν,j − E
[
ς−1

ν,j

])]2
}

.

Here,
(
ν ′iνj

)2
=
[
(λ′iF

′ + ε′i)
(
Fλj + εj

)]2, where we only consider the leading term tr
(
λiλ

′
iF
′Fλjλ

′
jF
′F
)

further. Here, it is possible to show that

E
[
tr
(
λiλ

′
iF
′Fλjλ

′
jF
′F
)
| λi,λj, σ2

i , σ2
j

]
≤ T2M tr

(
λiλ

′
iλjλ

′
j

)
,

since the fourth-order moments of ft are bounded. By application of the Law of Iterated ex-
pectations (LIE), it then follows that

N

∑
i=2

i−1

∑
j=1

E
{(

ς−1
ν,i − E

[
ς−1

ν,i

])2
tr
(
λiλ

′
iF
′Fλjλ

′
jF
′F
) (

ς−1
ν,j − E

[
ς−1

ν,j

])2
}

= M T2
N

∑
i=2

i−1

∑
j=1

E
{(

ς−1
ν,i − E

[
ς−1

ν,i

])2
tr
(
λiλ

′
iλjλ

′
j

) (
ς−1

ν,j − E
[
ς−1

ν,j

])2
}

= O
(

N2T2) ,

assuming that the higher-order moment E
{(

ς−1
ν,i − E

[
ς−1

ν,i

])2
tr (λiλ

′
i)

}
exists. Involving the

square of the scaling
√

1
2TN(N−1) , we can conclude that the variance of√

1
2TN (N − 1)

N

∑
i=2

i−1

∑
j=1

(
ς−1

ν,i − E
[
ς−1

v

])
ν ′iνj

(
ς−1

ν,j − E
[
ς−1

v

])
(S.111)

diverges at rate T.

Proof of Proposition S.2.

Let kN,T =
√

1
2TN(N−1) and $i =

[
ς−1

ν,i νi −Di

(
C

(1)
)−1 (

N−1 ∑N
`=1 λ

(1)
` ς−1

ν,`

)]
, where νi and

ς2
ν,i are defined in the discussion following equation (S.6) and where

Di = F
[
λ
(2)
i , Λ

(2)
i

]
+
[
εi, ei

]
.
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Using the same steps as in the Proof of Theorem 2, we can decompose the CD test statistic as

CDH1 = I − I I

where

I = 2kN,T

N

∑
i=2

i−1

∑
j=1
$′i$j + kN,T

N

∑
i=1
$′i$i − kN,T

N

∑
i,j
$′iPF̂$j

I I = kN,T

N

∑
i=1

ς−2
ν,i

(
ν ′i − λ

(1)′
i

(
C

(1)′)−1
D
′
)
MF̂

(
νi −D

(
C

(1)
)−1

λ
(1)
i

)
.

As shown in Lemmas S.19 and S.20, it holds that

kN,T

N

∑
i,j
$′iPF̂$j = OP

[
max

(
N−1, T−1

)(
kN,T

N

∑
i,j
$′i$j

)]

and

I I = kN,T

N

∑
i=1

ς−2
ν ν

′
iνi +OP

(
N−1/2

√
T
)
+OP

(
T−1/2

)
.

Furthermore, the expression kN,T ∑N
i=1$

′
i$i is written out

kN,T

N

∑
i=1
$′i$i, = kN,T

N

∑
i=1

ς−2
ν,i ν

′
iνi

+

√
TN

(N − 1)

(
N−1

N

∑
`=1

ς−1
ν,`λ

(1)′
`

)(
C

(1)′)−1
(
(NT)−1

N

∑
i=1
D′iDi

)

×
(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)

−2

√
TN

(N − 1)
(NT)−1

N

∑
i=1

ς−1
ν,i ν

′
iDj

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)
.

The first term on the right-hand side above is cancelled out by the leading term in I I. The
two remaining terms constitute expressions Φ1,H1 and Φ2,H1 , respectively. Next, consider the
properties of 2kN,T ∑N

i=2 ∑i−1
j=1$

′
i$j, which we write as

2kN,T

N

∑
i=2

i−1

∑
j=1
$′i$j

=2kN,T

N

∑
i=2

i−1

∑
j=1

ς−1
ν,i ν

′
iνjς

−1
ν,j − 4kN,T

N

∑
i=2

i−1

∑
j=1

ς−1
ν,i ν

′
iDj

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)

+

(
N−1

N

∑
`=1

ς−1
ν,`λ

(1)′
`

)(
C

(1)′)−1
(

2kN,T

N

∑
i=2

i−1

∑
j=1
D′iDj

)(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)
.

(S.112)
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The order in probability of all three terms above is determined by the expected values of the el-
ements within the double sum ∑N

i=2 ∑i−1
j=1. Conditioning on the values taken by factor loadings

and error variances, we have

E
[
νi,tνj,t | λi,λj, σ2

i , σ2
j

]
= λ

(2)′
i ΣF,22λ

(2)
j ,

E
[
Di,tD

′
j,t | λi,λj,Λi,Λj, σ2

i , σ2
j

]
=

[
λ
(2)′
i

Λ
(2)′
i

]
ΣF,22

[
λ
(2)
j , Λ(2)

j

]
,

E
[
νi,tD

′
jt| λi,λj,Λj, σ2

i , σ2
j

]
= λ

(2)′
i ΣF,22

[
λ
(2)
j , Λ(2)

j

]
,

for i 6= j. The zero mean property of λ(2)
i and Λ(2)

i implies that E
[
Di,tD

′
j,t

]
= O. This re-

sult carries over to E
[
ς−1

ν,i ν
′
iDj

]
since independence of λi and σ2

i over cross-sections implies

that we can write E
[
ς−1

ν,i ν
′
iDj

]
= E

[
ς−1

ν,i λ
(2)′
i

]
ΣF,22 E

{[
λ
(2)
j , Λ(2)

j

]}
= 0. Consequently, the

last two terms on the right-hand side of (S.112) are asymptotically centered around zero since
their components C(1)′ and N−1 ∑N

`=1 ς−1
ν,`λ

(1)′
` converge to nonstochastic limiting expressions.

Lastly, by the LIE, we have

E
[
ς−1

ν,i νi,tνj,tς
−1
ν,j

]
= cov

[
ς−1

ν,i , λ(2)′
i

]
ΣF,22 cov

[
λ
(2)
j , ς−1

ν,j

]
,

and consequently

E

[
2kN,T

N

∑
i=2

i−1

∑
j=1

ς−1
ν,i ν

′
iνjς

−1
ν,j

]
= N
√

T cov
[
ς−1

ν,1, λ(2)′
1

]
ΣF,22 cov

[
λ
(2)
1 , ς−1

ν,1

]
,

which parallels results obtained in the proof of Proposition S.1. It will be shown below that
variation around this expected value is of lower order in probability. Assuming this for now,
we state that

plim
N,T→∞

N−1T−1/2

√
2

TN (N − 1)

N

∑
i=2

i−1

∑
j=1
$′i$j = cov

[
ς−1

ν,i , λ(2)′
i

]
ΣF,22 cov

[
λ
(2)
j , ς−1

ν,j

]
.

A consequence of this result, as well as those on the second and third terms in Eq. (S.112)
is that 2kN,T ∑N

i=2 ∑i−1
j=1$

′
i$j is asymptotically centered around 0 if ς−1

ν,i and λ(2)′
i are uncor-

related. In this special case, it is required to investigate the rate at which the variance of
2kN,T ∑N

i=2 ∑i−1
j=1$

′
i$j diverges. First, consider

var

[
2kN,T

N

∑
i=2

i−1

∑
j=1

ς−1
ν,i ν

′
iνjς

−1
ν,j

]
= E

4k2
N,T

(
N

∑
i=2

i−1

∑
j=1

ς−1
ν,i ν

′
iνjς

−1
ν,j

)2
 .

Apart from a superscript (2) on factors and factor loadings as well as the absence of the ex-
pected value of ς−1

ν,i , the term ς−1
ν,i ν

′
iνjς

−1
ν,j is identical to the one occurred in the proof of Propo-

sition S.1. Hence, we can follow the same reasoning to conclude that

var

[√
2

TN (N − 1)

N

∑
i=2

i−1

∑
j=1

ς−1
ν,i ν

′
iνjς

−1
ν,j

]
= O (T) .
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Next, consider the middle term of the third expression in Eq. (S.112). After vectorizing this
matrix, we can write

var

[
vec

(
N

∑
i=2

i−1

∑
j=1
D′iDj

)]
= E

[
vec

(
N

∑
i=2

i−1

∑
j=1
D′iDj

)
vec

(
N

∑
i′=2

i′−1

∑
j′=1

D′i′Dj′

)′]

=
N

∑
i=2

i−1

∑
j=1

E
[
vec

(
D′iDj

)
vec

(
D′iDj

)′] .

Recall here that

D′iDj =

[
λ
(2)
i

Λ
(2)′
i

]
F (2)′F (2)

[
λ
(2)
j ,Λ(2)

j

]
+

[
ε′i
E ′i

] [
εj, Ej

]
+

[
λ
(2)
i

Λ
(2)′
i

]
F (2)′ [εj, Ej

]
+

[
ε′i
E ′i

]
F (2)

[
λ
(2)
j , Λ(2)

j

]
,

whose leading term is the first on the right-hand side of the first line and where we recall that
C

(2)
i =

[
λ
(2)
j , Λ(2)

j

]
. Hence, the leading term of vec

(
D′iDj

)
vec

(
D′iDj

)′ is written

vec
(
D′iDj

)
vec

(
D′iDj

)′
=
(
C

(2)
i ⊗C

(2)
j

)′
vec

(
F (2)′F (2)

)
vec

(
F (2)′F (2)

) (
C

(2)
i ⊗C

(2)
j

)
,

which is nothing more than a multivariate version of the leading term in ς−1
ν,i ν

′
iνjς

−1
ν,j . The

current case is even simpler due to the absence of the inverse error standard deviation ς−1
ν,i .

Consequently, finite fourth moments for factors and finite second moments for loadings to-
gether with the reasoning applied for the variance of 2kN,T ∑N

i=2 ∑i−1
j=1 ς−1

ν,i ν
′
iνjς

−1
ν,j allow us to

conclude that

var

[√
2

TN (N − 1)
vec

(
N

∑
i=2

i−1

∑
j=1
D′iDj

)]
= OP (T) .

Since the outer terms
(

N−1 ∑N
`=1 ς−1

`,vλ
(1)′
`

)
and

(
C

(1)′)−1
converge to finite, non-stochastic

components, this rate of divergence carries over to the variance of the entire term
(

N−1 ∑N
`=1 ς−1

ν,`λ
(1)′
`

) (
C

(1)′)−1 (
2kN,T ∑N

i=2 ∑i−1
j=1D

′
iDj

) (
C

(1)
)−1 (

N−1 ∑N
`=1 λ

(1)
` ς−1

ν,`

)
.

Lastly, consider the second term in (S.112), whose middle term is of particular interest. The
variance of this term is given by

var

[
N

∑
i=2

i−1

∑
j=1

ς−1
ν,i ν

′
iDj

]
= E

[
N

∑
i=2

i−1

∑
j=1

N

∑
i′=2

i′−1

∑
j′=1

D′jνiν
′
i′Dj′ς

−1
ν,i ς−1

i′,v

]

=
N

∑
i=2

i−1

∑
j=1

T

∑
t,t′

E
[
Dj,tνi,tνi,t′D

′
j,t′ς
−2
ν,i

]
.

Similar to the previous two terms, the leading expression in the term above is given by

E
[
C

(2)′
j F

(2)
t F

(2)′
t λ

(2)
i λi(2)′F (2)

t F
(2)′
t C

(2)
j ς−2

ν,i

]
≤ M E

[
C

(2)′
j λ

(2)
i ς−2

ν,i λ
(2)′
i C

(2)
j

]
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where the upper bound on the right-hand side above is established by the LIE and bound-
edness of the fourth-order moments of Ft. Additionally assuming that E

[
λ
(2)
i ς−2

ν,i λ
(2)′
i

]
is

bounded and conditioning on C(2)
j , we arrive at

N

∑
i=2

i−1

∑
j=1

T

∑
t,t′

E
[
Dj,tνi,tνi,t′D

′
j,t′ς
−2
ν,i

]
= O

[
(NT)2

]
,

implying that

var

[√
2

TN (N − 1)

N

∑
i=2

i−1

∑
j=1

ς−1
ν,i ν

′
iDj

]
= O (T) ,

which carries over to the variance of kN,T ∑N
i=2 ∑i−1

j=1 ς−1
ν,i ν

′
iDj

(
C

(1)
)−1 (

N−1 ∑N
`=1 λ

(1)
` ς−1

ν,`

)
.
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S.6.2 Auxiliary lemmas for Section S.6.1

Lemma S.18. Suppose that the true model is (16) and that Assumptions 2–5 and S.1 hold. Also,
assume that the factor estimator F̂ is given by F̂ =

[
y,X

]
. Then we can without loss of generality

assume that the true factors and loadings can be partitioned into

ft =

[
f
(1)
t

f
(2)
t

]
and λi =

[
λ
(1)
i

λ
(2)
i

]
and Λi =

[
Λ

(1)
i

Λ
(2)
i

]

such that E
[
f
(1)
t f

(2)′
t

]
= O, E

[
λ
(2)
i

]
= 0 and E

[
Λ

(2)
i

]
= O. It holds that f (1) and f (2) are

(m + 1)× 1 and (r−m− 1)× 1, respectively. λ(1)
i and λ(2)

i are (m + 1)× 1 and (r−m− 1)× 1.
Lastly, Λ(1)

i and Λ(2)
i are (m + 1)×m and (r−m− 1)×m.

Proof of Lemma S.18.
Under a violation of the rank condition, cross-section averages of all variables will only iden-
tify the m + 1-dimensional linear combination f (1)

t = C ′0ft of the r true common factors. The
r× (m + 1) matrix C0 is given by

C0 = [E [λi] , E [Λi]]B.

Now define the r × (m + 1) matrix Φ1 = E
[
ftf

(1)′
t

] (
E
[
f
(1)
t f

(1)′
t

])−1
and the r × 1 vector

f⊥t = ft−Φ1f
(1)
t and note that by construction it holds that E

[
f⊥t f

(1)′
t

]
= O. Using these two

expressions, we can decompose

λ′ift = λ′iΦ1f
(1)
t + λ′if

⊥
t . (S.113)

The expression above decomposes the common component of a random variable that has a
factor structure into the variation due to the (m + 1)-dimensional linear combination of the
r true factors that is identified by a cross-section average-based factor estimator and residual
common variation that is not picked up. This residual source of common variation is bound to
be part of the error term in a misspecified factor model.

Next, consider the product of C ′0 and f⊥t

C ′0f
⊥
t = C ′0ft −C ′0 E

[
ftf

(1)′
t

] (
E
[
f
(1)
t f

(1)′
t

])−1
f
(1)
t

= f
(1)
t − E

[
C ′0ftf

(1)′
t

] (
E
[
f
(1)
t f

(1)′
t

])−1
f
(1)
t

= f
(1)
t − f

(1)
t

= 0,

In order to appreciate the implications of this result, let col (C0) denote the column space ofC0

and ker (C ′0) the kernel ofC ′0. The result reported in the last sequence of equations above states
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that f⊥t ∈ ker (C ′0). Note now that dim (col (C0)) + dim (ker (C ′0)) = r (see e.g. Abadir and
Magnus 2005, Exercise 4.3(c)) and that dim (col (C0)) = dim (col (C ′0)) (Abadir and Magnus
2005, Exercise 4.5(a)). As a result of the rank condition onC0, we have dim (col (C ′0)) = m + 1
and hence dim (ker (C ′0)) = r − m− 1. Consequently, f⊥t is an element in the s = r − m− 1-
dimensional vector space orthogonal to C0. This implies that, given an arbitrary basis for
ker (C ′0), here denoted by the r× s-dimensional matrix Φ2, we can express f⊥t as f⊥t = Φ2f

(2)
t

where f (2)
t is some s× 1 vector of coordinates. Plugging this expression into (S.113) results in

λ′ift = λ′iΦ1f
(1)
t + λ′iΦ2f

(2)
t

= λ′i

[
Φ1, Φ2

] [ f (1)
t

f
(2)
t

]

=
[
λ
(1)′
i , λ

(2)′
i

] [ f (1)
t

f
(2)
t

]

From the previously mentioned result E
[
f⊥t f

(1)′
t

]
= O it follows that E

[
f
(2)
t f

(1)′
t

]
= O.

Furthermore, given that E [λi] = C0B
−1 [1, 0′]′ and that λ(2)′

i = λ′iΦ2 where Φ2 is a basis for
ker (C ′0),

E
[
λ
(2)
i

]
= Φ′2C0B

−1 [1, 0′
]′

= 0.

Analogously, we can define
[
Λ

(1)′
i ,Λ(2)′

i

]
= Λ′i [Φ1,Φ2] where E

[
Λ

(2)
i

]
= O by the same rea-

soning as above.
Consequently, whenever the factor estimates include cross-section averages of the depen-

dent variable Y , we can rewrite the common component as being generated by a linear combi-
nation of the true factors and the true loadings such that the two moment conditions above
are satisfied. The matrix Φ = (Φ1,Φ2) which links the loadings λ′i (Λ′i) and

[
λ
(1)′
i ,λ(2)′

i

]
(
[
Λ

(1)′
i ,Λ(2)′

i

]
) is of full rank by the rank assumptions on E [ftf

′
t ] as well as C0. Hence, Φ

is an invertible rotation and we can write
[
λ
(1)′
i ,λ(2)′

i

] [
f
(1)′
t ,f (2)′

t

]′
= λ′iΦΦ

−1ft. Now note
that in factor models it is only the common component λ′ift that is identified whereas the load-
ings λi and factors ft are identified only up to an invertible rotation. As argued above, the
matrix Φ is invertible. Hence, irrespective of the true values of λi, Λi and ft (subject to the
assumptions we make on them), we can assume that the data are generated by Φ′λi, Φ′Λi and
Φ−1ft instead.

Lemma S.19. Under Assumptions 2-6 and E[|ς−1
ν,i |4] < M,

kN,T

N

∑
i,j
$′iPF̂$j = OP

[
max

(
N−1, T−1

)(
kN,T

N

∑
i,j
$′i$j

)]
(S.114)
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Proof of Lemma S.19. Note that

$i =

[
ς−1

ν,i νi −Di

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)]
where

νi = εi +F
(2)λ

(2)
i ,

Di = Ui +F
(2)C

(2)
i .

Then, we can rewrite

$i =

[
εiς
−1
ν,i −Ui

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)]

+F (2)

[
λ
(2)
i ς−1

ν,i −C
(2)
i

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)]
.

Consequently, we can write out

kN,T

N

∑
i,j
$′iPF̂$j

≤ 2

√
T

2N (N − 1)

∥∥∥∥(T−1F̂ ′F̂
)−1

∥∥∥∥ ∥∥∥T−1F̂ ′F (2)
∥∥∥2

×
∥∥∥∥∥ N

∑
i=1
λ
(2)
i ς−1

ν,i −
N

∑
i=1
C

(2)
i

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)∥∥∥∥∥
2

+ 2kN,T

N

∑
i,j

(
εiς
−1
ν,i −Ui

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

))′
PF̂

×PF̂

(
εjς
−1
ν,j −Uj

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

))
, (S.115)

where the second line is of order OP
(
T−1/2) + OP

(
N−1/2) + OP

[
N−1
√

T
]

by Lemma S.3

with wi = ς−1
ν,i . Concerning the first line:√

T
2N (N − 1)

∥∥∥∥∥ N

∑
i=1
λ
(2)
i ς−1

ν,i −
N

∑
i=1
C

(2)
i

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)∥∥∥∥∥
2

= OP

(
kN,T

N

∑
i,j
$′i$j

)
.

(S.116)

To appreciate this result, we write∥∥∥∥∥ N

∑
i=1
λ
(2)
i ς−1

ν,i −
N

∑
i=1
C

(2)
i

(
C

(1)
)−1

(
N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

)∥∥∥∥∥
2

=3

∥∥∥∥∥ N

∑
i=1
λ
(2)
i ς−1

ν,i

∥∥∥∥∥
2

+ 3

∥∥∥∥∥ N

∑
i=1
C

(2)
i

∥∥∥∥∥
2 ∥∥∥∥(C(1)

)−1
∥∥∥∥2
∥∥∥∥∥N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

∥∥∥∥∥
2
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and note that N−2
∥∥∥∑N

i=1 λ
(1)
i ς−1

ν,i

∥∥∥2
= OP (1) by the same reasoning leading to (S.44). Further-

more,
∥∥∥∑N

i=1C
(2)
i

∥∥∥2
= OP (N) holds by the zero mean property of λ(2)

i andΛ(2)
i . Consequently,

∥∥∥∥∥ N

∑
i=1
C

(2)
i

∥∥∥∥∥
2 ∥∥∥∥(C(1)

)−1
∥∥∥∥2
∥∥∥∥∥N−1

N

∑
`=1
λ
(1)
` ς−1

ν,`

∥∥∥∥∥
2

= OP (N) ,

which never has a higher order in probability than
∥∥∥∑N

i=1 λ
(2)
i ς−1

ν,i

∥∥∥2
. We prove this claim by

noting that the expected value of
∥∥∥∑N

i=1 λ
(2)
i ς−1

ν,i

∥∥∥2
is given by

E

∥∥∥∥∥ N

∑
i=1
λ
(2)
i ς−1

ν,i

∥∥∥∥∥
2
 =

N

∑
i=1

E
[
ς−2

ν,i λ
(2)′
i λ

(2)
i

]
+

N

∑
i=1

N

∑
j 6=i

E
[
ς−1

ν,i λ
(2)′
i

]
E
[
λ
(2)
j ς−1

ν,j

]
.

It follows straightforwardly from Markov’s inequality that∥∥∥∥∥ N

∑
i=1
λ
(2)
i ς−1

ν,i

∥∥∥∥∥
2

=

OP (N) if cov
[
λ
(2)
j ; ς−1

ν,j

]
= 0

OP
(

N2) otherwise
.

The reduction in the order in probability due to a zero correlation between λ(2)
i and ς−1

ν,i is the

same as observed in the case of kN,T ∑N
i,j$

′
i$j. Additionally using the scaling

√
T

2N(N−1) and

using our result on the order of kN,T ∑N
i,j$

′
i$j in the proof of Proposition 3, we arrive at√

T
2N (N − 1)

∥∥∥∥∥ N

∑
i=1
λ
(2)
i ς−1

ν,i

∥∥∥∥∥
2

= OP

(
kN,T

N

∑
i,j
$′i$j

)
,

which leads to result (S.116). Now returning to the first line of expression (S.115), we consider∥∥∥T−1F̂ ′F (2)
∥∥∥2

≤3
∥∥∥C(1)′

∥∥∥2 ∥∥∥T−1F (1)′F (2)
∥∥∥2

+ 9
∥∥∥C(2)′

∥∥∥2 ∥∥∥T−1F (2)′F (2)
∥∥∥2

+ kN,T

N

∑
i,j
$′i$j

∥∥∥T−1U
′
F (2)

∥∥∥2

=OP

(
T−1

)
+OP

(
N−1

)
+OP

(
(NT)−1

)
, (S.117)

which holds by zero correlation between F (1) and F (2), the zero expected value of C(2) and
result (S.42). Consequently, an upper bound for the order in probability of (S.115) is given by

kN,T

N

∑
i,j
$′iPF̂$j = OP

[
max

[
N−1, T−1

] (
kN,T

N

∑
i,j
$′i$j

)]
.
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Lemma S.20. Under Assumptions 2-6 and E[|ς−1
ν,i |4] < M,

kN,T

N

∑
i=1

ς−2
ν,i

(
ν ′i − λ

(1)′
i

(
C

(1)′)−1
D
′
)
MF̂

(
νi −D

(
C

(1)
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λ
(1)
i

)
= kN,T

N

∑
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ς−2
ν,i ν

′
iνi +OP

(
N−1/2

√
T
)
+OP

(
T−1/2

)
Proof of Lemma S.20. The term that we are interested in can be expanded into

kN,T

N

∑
i=1

ς−2
ν,i

(
ν ′i − λ

(1)′
i

(
C

(1)′)−1
D
′
)
MF̂

(
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(
C

(1)
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λ
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)
= kN,T
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∑
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′
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N
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(
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(1)
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(1)
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N

∑
i=1

ς−2
ν,i ν

′
iνi − 2a1 + a2 + a3,

where we recall that νi = εi + F
(2)λ

(2)
i and Di = Ui + F

(2)C
(2)
i . Now consider a3. Similar to

the proof of Lemma S.19, we can write

a3 ≤ 2kN,T

N

∑
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ν,i

(
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(2)
i −C
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(
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∑
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)
.

By Lemma S.4, the last line in the expression above isOP

(
N−2
√

T
)
+OP

(
N−3/2)+OP

(
T−1/2).

Concerning the remaining term, we can write
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where we focus on the term
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(√
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.
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This result follows from applying the reasoning given below equation (S.46) to both weighted
sums over i in the expression above. Combining it with result (S.117), we arrive at

kN,T

N

∑
i=1

ς−2
ν,i

(
λ
(2)
i −C

(2)
(
C

(1)
)−1

λ
(1)
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F (2)′PF̂F

(2)
(
λ
(2)
i −C

(2)
(
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(1)
)−1

λ
(1)
i

)
= OP

(
N−1
√

T
)
+OP

(
T−1/2

)
.

which, together with Lemma S.4, leads to

a3 = OP

(
N−1
√

T
)
+OP

(
T−1/2

)
. (S.118)

Next, we investigate a2 and write

a2 ≤ kN,T

N

∑
i=1

∥∥∥ς−1
ν,i λ

(1)′
i

∥∥∥2
∥∥∥∥(C(1)′)−1

∥∥∥∥2

3
(∥∥∥C(2)

∥∥∥2
‖F ‖2 +

∥∥U∥∥2
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(
N−1
√

T
)

, (S.119)

where the last line follows from result (S.41), the zero mean ofC(2) and the result on ∑N
i=1 ς−2

ν,i λ
(1)′
i λ

(1)
i

referred to above. The last term to consider is given by

a1 = kN,T

N

∑
i=1

ς−2
ν,i ε
′U
(
C

(1)
)−1

λ
(1)
i + kN,T

N

∑
i=1

ς−2
ν,i λ

(2)
i
′F (2)′U
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∑
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Here, a11 = OP
(

N−1/2)+OP

(
N−1
√

T
)

results from proceeding almost exactly as in the steps
leading to equation (S.26) in the proof of Theorem 2. Concerning the second term, we can write
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,

where we make use of (S.42) with wi = 1.With regards to the third term, we have
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Here, we can use results from the proof of Lemma S.4 to obtain (NT)−1 ∑N
i=1

∥∥∥ε′iF (2)
∥∥∥2

=

OP (1). Lastly, we can apply the Cauchy-Schwarz inequality to |a14| in order to arrive at

|a14| = kN,T
√

NT

(
N−1

N

∑
i=1

∥∥∥ς−1
ν,i λ

(2)
i

∥∥∥2
)1/2(

N−1
N

∑
i=1

∥∥∥ς−1
ν,i λ

(1)
i

∥∥∥2
)1/2

×
∥∥∥T−1/2F (2)

∥∥∥2 ∥∥∥√NC(2)
∥∥∥ ∥∥∥∥(C(1)

)−1
∥∥∥∥

= OP

(
N−1/2

√
T
)

.

Using the last four intermediary results allows us to conclude that

a1 = OP

(
N−1/2

√
T
)

.

This result, together with (S.118) and (S.119) establishes

kN,T

N

∑
i=1

ς−2
ν,i

(
ν ′i − λ

(1)′
i

(
C

(1)′)−1
D
′
)
MF̂

(
ν ′i −D

(
C

(1)
)−1

λ
(1)
i

)
= kN,T

N

∑
i=1

ς−2
ν,i ν

′
iνi +OP

(
N−1/2

√
T
)
+OP

(
T−1/2

)
,

which was to be shown.
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