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Chapter 3

Testing and deciding junta isomorphism

The content of this chapter is based on the papers

• S. Chakraborty, D. Garćıa–Soriano, and A. Matsliah. Efficient sample
extractors for juntas with applications. In Proceedings of the 38th Inter-
national Colloquium on Automata, Languages and Programming (ICALP),
pages 545–556, 2011.

• S. Chakraborty, D. Garćıa–Soriano, Y. Goldhirsh, and A. Matsliah. Deciding
and approximating isomorphism efficiently for specific classes of boolean
functions. Manuscript, 2011.

3.1 Introduction

In this chapter we investigate the problem of testing isomorphism to k-juntas.
With this goal in mind we develop the notion of sample extractors for juntas,
which have found additional applications (see Chapter 6).

Making a slight detour from property testing per se, we also study the
complexity of the following problems (where f and g are k-juntas, or at least close
to k-juntas):

• decide if f and g are isomorphic;

• compute distiso(f, g);

• approximate distiso(f, g).

We will examine both the time and query complexities of our algorithms. Again,
both the known-known setting and the unknown-unknown setting are considered.

We comment that, in a recent work, Arvind and Vasudev [AV11] have also
studied the time complexity of deciding and approximating isomorphism of two
unknown functions from restricted function classes. They obtain bounds for the
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40 Chapter 3. Testing and deciding junta isomorphism

class of constant-depth circuits, based on a classical result of Linial, Mansour and
Nisan [LMN93]. Our results are incomparable to theirs.

3.2 Influence, juntas and cores

A central tool to analyze juntas is a measure of the influence that a set of
coordinates has on a function.

3.2.1. Definition. The influence of the set of coordinates A ⊆ [n] on a function
f : {0, 1}n → R is defined as

Inff (A) , Pr
x∈{0,1}n, y∈{0,1}|A|

[
f(x) 6= f(x

A←y)
]
.

Thus Inff(A) measures the probability that the value of f changes after taking
a random input x and rerandomizing the bits inside A. Note that when A is a
singleton, this value is half that of the most common definition of the influence of
one variable (see, e.g., [Wol08]); for consistency we stick to Definition 3.2.1 in this
case as well.

3.2.2. Definition. An index (variable) i ∈ [n] is relevant for f if Inff ({i}) 6= 0.
A k-junta (k ≥ 1) is a function that has at most k relevant variables; equivalently,
a function f that satisfies Inff ([n] \ J) = 0 for some J ∈

(
[n]
k

)
.

Junk will denote the class of k-juntas (on n variables), and for A ⊆ [n], JunA will
denote the class of juntas whose relevant variables are all contained in A.

To illustrate these two definitions, observe that every relevant variable of a
k-parity (k ≥ 1) has influence 1

2
(which is as large as it can get).

3.2.3. Lemma. Given A ⊆ [n] and oracle access to f : {0, 1}n → {0, 1}, there
is an O(log(1/δ)/η)-query one-sided test that accepts if Inff(A) = 0 and rejects
if Inff(A) ≥ η, with confidence 1 − δ. Its running time is O(n) times its query
complexity.

Proof. Note that Inff (A) is the expectation (over x ∈ {0, 1}n, y ∈ {0, 1}|A|) of
the indicator function

I
[
f(x) 6= f(x

A←y)
]
.

Suppose we draw a random pair of inputs x, z ∈ {0, 1}n conditioned on x[n]\A =
z[n]\A, and reject iff f(x) 6= f(z). This step always accepts if Inff (A) = 0, whereas
if Inff(A) ≥ η the pair drawn catches this fact with probability at least η. By
drawing t independent pairs we can reduce the error probability to (1− η)t < e−ηt.
The lemma follows by taking t = O(log(1/δ)/η).
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Such a test is called an independence test for A. Its outcome is said to be
positive if it accepts, meaning that no evidence was found for Inff (A) 6= 0.

Influence can be expressed in terms of the Fourier expansion of f . (See the
survey by de Wolf [Wol08] for an introduction to Fourier analysis of boolean
functions.) It is simpler for this purpose to work with the associated function h
taking values in {−1, 1} (for example, map 0 to 1 and 1 to −1 to obtain h = (−1)f ;
this does not affect the outcome of equality comparisons). The multiplicative
characters of Zn

2 are represented by the symbols χS (where S ⊆ [n]) and are
defined by χS(x) = (−1)|x∩S|. Let x ⊆ [n], z ⊆ A. Note that

E
x⊆[n]

[h(x) · h(x⊕ z)] = (h ? h)(z) =
∑
S

ĥ(S)2χS(z),

where “?” denotes convolution; to see this, recall that the Fourier coefficient of a
convolution (f ? g) at S is f̂(S) · ĝ(S). Hence

E
z⊆A
x⊆[n]

[h(x)h(x⊕ z)] =
∑
S⊆[n]

ĥ(S)2

(
E
z⊆A

[χS(z)]

)
=

∑
S⊆[n]\A

ĥ(S)2, (3.1)

because the factor within brackets vanishes whenever S intersects A, and is 1
otherwise. Then

2 Pr
z⊆A
x⊆[n]

[h(x) 6= h(x⊕ z)] = 1− E
z⊆A
x⊆[n]

[h(x)h(x⊕ z)] =
∑

S∩A 6=∅

ĥ(S)2,

the last equality due to (3.1) and Parseval’s identity. Therefore

Inff (A) = Infh(A) =
1

2

∑
S⊆[n]
S∩A 6=∅

ĥ(S)2. (3.2)

3.2.4. Lemma (Fischer et al. [FKR+04]). Influence is monotone and sub-
additive.

That is, for all f : {0, 1}n → {0, 1} and A,B ⊆ [n],

Inff (A) ≤ Inff (A ∪B) ≤ Inff (A) + Inff (B).

The proof is a simple consequence of (3.2). In fact something stronger than
mere subadditivity holds:

3.2.5. Lemma (Fischer et al. [FKR+04]). Influence is monotone submodu-
lar. That is, for all A,B,C ⊆ [n],

0 ≤ Inff (A ∪B ∪ C)− Inff (A ∪B) ≤ Inff (A ∪ C)− Inff (A).
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This is also known as the law of diminishing marginal returns of influence.

Proof. For monotone functions, the condition above is equivalent to

Inff (S ∪ T ) + Inff (S ∩ T ) ≤ Inff (S) + Inff (T )

for all S, T ⊆ [n]. The difference between the right and the left hand sides is a
sum of non-negative numbers, as can be checked from (3.2):

Inff (S) + Inff (T )− (Inff (S ∪ T ) + Inff (S ∩ T )) =
1

2

∑
Z⊆[n]\(S∩T )

Z∩S 6=∅
Z∩T 6=∅

ĥ(Z)2,

because the Fourier mass of h at any Z not included in the right-hand sum is
counted an equal number of times in the sums corresponding to Inff (S) + Inff (T )
and Inff (S ∪ T ) + Inff (S ∩ T ).

Any junta is determined by its set of relevant variables together with its core.

3.2.6. Definition. Fix an arbitrary ordering of [n]. Let f : {0, 1}n → {0, 1} be
a k-junta on J . The k-core of f is the boolean function corek(f) : {0, 1}k → {0, 1}
obtained from f ∗ by dropping the (irrelevant) variables outside J , i.e., satisfying

f(x) = corek(f)(x�
J
).

Note that this definition depends on the fixed ordering of n, the number k,
and possibly on the choice of J as well (if f is actually a k′-junta for k′ < k).
Sometimes we will simply refer to the core of f , where k is clear from context
(and J is any k-set containing the relevant variables of f). Different choices for J
lead to the same k-core, up to isomorphism.

3.3 From k-juntas to n-juntas

Proposition 2.3.2 showed how to test isomorphism to f : {0, 1}n → {0, 1} with
O(n log n) queries. Assume for the moment that both the known function f and
the unknown function g are k-juntas. Then both f and g are determined by their
cores, up to isomorphism. Suppose we could query the core of g, rather than g
itself. This would enable us to approximate, in a similar way, the distance between
corek(f) and corek(g), bringing the sample complexity down to O(k log k).

The quantity distiso(corek(f), corek(g)) is a good approximation to distiso(f, g),
although in general these two measures do not need to coincide.

3.3.1. Lemma (Chakraborty et al. [CGM11c]). Let f, g : {0, 1}n → {0, 1}
be k-juntas, where 0 < k ≤ n. Then
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(a) distiso(corek(f), corek(g)) ∈ [distiso(f, g), 2 distiso(f, g)].

(b) If l ≥ 2k then distiso(corel(f), corel(g)) = distiso(f, g).

As regards the first part, note that both inequalities are tight. For example, if
k = n then obviously distiso(f, g) = distiso(corek(f), corek(g)). On the other hand,
consider the case n = k+ 1, f(x) = |x1 +x2 + · · ·+xk| mod 2 and g(x) = 1− f(x).
Then distiso(f, g) = 1/2 but distiso(corek(f), corek(g)) = 1.

Proof.
We can assume without loss of generality that f and g are juntas on [k], as

distiso is permutation-invariant.

(a) Let f ′ = corek(f), g′ = corek(g). We prove

distiso(f, g) ≥ 1

2
distiso(f ′, g′)

(the other inequality distiso(f, g) ≤ distiso(f ′, g′) being obvious).

Take π minimizing dist(f, gπ). The function f is a junta on [k], while gπ is
a junta on π−1([k]). Let A , π−1([k]) \ [k], B , π−1([k]) ∩ [k], C , [k] \ B;
note that |A| = |C| (because π is bijective and thus |π−1([k])| = |π(k)| = k).
Roughly speaking, if f and gπ are close then both must be close to a junta
on B, because the coordinates outside B are irrelevant to either f or gπ.

Every input x ∈ {0, 1}n is the interleaving of four strings

a ∈ {0, 1}A, b ∈ {0, 1}B, c ∈ {0, 1}C , r ∈ {0, 1}[n]−(A∪B∪C)

in the right order, i.e., x = σ(a, b, c, r) for some permutation σ : [n] → [n],
where (a, b, c, r) = a t b t c t r denotes concatenation. Hence there are
permutations σ1, σ2 of [k], independent of x, for which

f(x) = f ′σ1(b, c),

gπ(x) = g′σ2(b, a).

For every b ∈ {0, 1}B and i, j ∈ {0, 1}, let

pbij , Pr
a

[f ′σ1(b, a) = i ∧ g′σ2(b, a) = j]

= Pr
c

[f ′σ1(b, c) = i ∧ g′σ2(b, c) = j].

Obviously pb01 + pb10 = Pra [f ′σ1(b, a) 6= g′σ2(b, a)] ≤ 1, so

pb01 + pb10 ≥ (pb01 + pb10)2 ≥ 4pb01p
b
10.
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For random x, the variables a, b, c are mutually independent. For every b we
can compute

Pr
a,c

[f ′σ1(b, c) 6= g′σ2(b, a)] = Pr
c

[f ′σ1(b, c) = 0] · Pr
a

[g′σ2(b, a) = 1]

+ Pr
c

[f ′σ1(b, c) = 1] · Pr
a

[g′σ2(b, a) = 0]

= (pb00 + pb01)(pb01 + pb11) + (pb10 + pb11)(pb00 + pb10)

≥ pb01(pb00 + pb01 + pb11) + pb10(pb00 + pb10 + pb11)

= pb01(1− pb10) + pb10(1− pb01)

=
pb01 + pb10

2
+
pb01 + pb10 − 4pb01p

b
10

2

≥ pb01 + pb10

2

=
Pra [f ′σ1(b, a) 6= g′σ2(b, a)]

2
.

Hence, by taking expectations over b,

dist(f, gπ) = Pr
a,b,c

[f ′σ1(b, c) 6= g′σ2(b, a)]

≥ 1

2
Pr
b,a

[f ′σ1(b, a) 6= g′σ2(b, a)]

=
1

2
dist(f ′σ1 , g′σ2),

and we are done because distiso(f, g) = dist(f, gπ) = dist(f ′σ1 , g′σ2).

(b) It is not hard to see that

distiso(f, g) = min
C⊆[k]
|C|≤n−k
:[k]\C→[k]
 injective

E
c : C→{0,1}

[
dist(corek(f), (corek(g)�

C←c)
)
]
, (3.3)

where h�
C←c : {0, 1}

k → {0, 1} denotes the (k − |C|)-junta obtained from a

function h : {0, 1}k → {0, 1} by fixing the variable xi to the constant value
c(i) for all i ∈ C. To verify this, observe that in trying to minimize dist(f, gπ)
for two juntas f, g with relevant variables in [k], we can select the optimal
π in stages: first choose a set C ⊆ [k] such that |C| ≤ n − k, then pick an
injection  from [k] \ C to [k] and finally let π satisfy C = [k] \ π−1([k]) and
π�

[k]\C =  (the concrete choice in the last step does not actually matter).

If we substitute l for n in (3.3), the right-hand side is the same for any l ≥ 2k,
for the condition |C| ≤ l − k becomes redundant. Hence

distiso(corel(f), corel(g)) = distiso(coren(f), coren(g)) = distiso(f, g).
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The implication is that, in order to approximate distiso(f, g) between two
k-juntas f and g to within a factor of two, it suffices to compute the isomorphism
distance between their k-cores. In fact, if an exact answer is needed instead of a
2-approximation, we can reduce the problem to a calculation of the isomorphism
distance between their 2k-cores.

As a corollary of item (a) we obtain the lower bound we promised the reader
in Section 2.4.

3.3.2. Corollary. Let f, g : {0, 1}n → {0, 1} be k-juntas.
If (corek(f), corek(g)) is (q, ε)-hard, then (f, g) is (q, ε/2)-hard. Hence for any

ε′ ∈ (0, 1
4
) there are pairs of r-juntas that are (Ω(k), ε′)-hard, and it takes Ω(k)

queries to test isomorphism to them.

Proof. The “hence” part follows from the first statement on taking ε = 2ε′ ∈
(0, 1

2
) and applying Theorem 2.4.1.

Let f ′ = corek(f), g′ = corek(g). It is clear that f∼=g if f ′∼=g′. Let there be an
algorithm A capable of distinguishing a random permutation of f from a random
permutation of g with high probability. Based on A, we construct an algorithm B
that makes the same number of queries and decides whether h′ : {0, 1}k → {0, 1}
is a random permutation of f ′ or a random permutation of g′, in the following
manner. Let h(x) , h′(x1 . . . xk). The algorithm B picks a uniformly random
permutation σ ∈ Sn, and applies A to hσ. Clearly, any query to hσ can be
simulated by one query to h′ as σ is known to B. The distribution of hσ is a
random permutation of either f or g.

Together with the inequality distiso(f, g) ≥ distiso(f ′, g′)/2, this completes
the proof.

Likewise we obtain a lower bound for the unknown-unknown-case analogous to
that of Theorem 2.5.1. We omit the proof, which mimics that of Corollary 3.3.2.

3.3.3. Corollary. Testing isomorphism of two unknown k-juntas requires

Ω

(
2k/2

k1/4

)
queries.

3.4 Exact algorithms for k-juntas

In this section we give algorithms for the isomorphism decision and isomorphism
distance problem for k-juntas (where k is known). We start with a simple
randomized solution and then discuss how to derandomize it.
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One of the main issues we will be concerned with is how to obtain the truth
table of corek(g) without reading the truth table of g in its entirety (and of course,
without knowing the influential variables in advance).

3.4.1 Randomized algorithm

3.4.1. Definition. Let `, n > 0. A random (ordered) partition I = (I1, . . . , I`)
of [n] into ` sets is constructed by starting with ` empty buckets, and then putting
each coordinate i ∈ [n] into one of the buckets picked uniformly at random.

An isolating partition for a set J ⊆ [n] is a partition of [n] into sets, each of
which contains at most one coordinate in J .

Sometimes we also refer to the components of a partition as blocks or parts. Note
that the blocks in a random partition will usually have different sizes, although in
expectation the size of a block will be n/`. A random partition is well defined
even if ` > n (in which case some elements of the partition will be empty no
matter what). Unless explicitly mentioned otherwise, I will always denote a
random partition I = (I1, . . . , I`) of [n] into ` subsets, where ` is even (the only
significance of the last condition is that it allows for some cleaner equalities in
Section 3.7.2); and J = (J1, . . . , Jk) shall denote an ordered k-subset of I.

Suppose g is a junta on J , |J | ≤ k. By elementary probability estimates, with
high probability a random partition will isolate J .

3.4.2. Lemma. The probability that a random partition I into ` buckets fails to
isolate a given set J of size k is upper bounded by k(k − 1)/(2`).

Proof. For any two distinct elements a, b ∈ J , where |J | = k, the probability
that both a and b land into the same bucket of the partition is 1/` by definition.
By the union bound, the probability that there exist two such elements of J is at
most

(
k
2

)
/`.

Let J be the set of relevant variables of a k-junta g. Given an isolating partition
for J , we can extract the truth table of corek(g) (up to some permutation of the
variables) by making 2` queries to g — setting all of the variables in a block to the
same value also guarantees that the influential variable inside this block (which is
either unique or non-existent by assumption) was set to this value.

3.4.3. Definition. We say the string y ∈ {0, 1}n is I-blockwise constant if for
every block I of I, the restriction of y to I is constant; that is, if for all i ∈ [`]
and j, j′ ∈ Ii, yj = yj′ .

Given z ∈ {0, 1}`, define replicateI(z) to be the I-blockwise constant string
y ∈ {0, 1}n obtained by setting yj ← zi for all i ∈ `, j ∈ Ii;

If we assume that
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• I isolates J ;

and

• we happen to know which components of I intersect J (say Ij1 , . . . , Ijk′ ),

then we can find the truth table of corek(g) simply by looping over all 2k
′

assignments to zj1 , . . . , zjk′ , filling out the remaining bits of z arbitrarily, and
making a query for g(replicateI(z)). The first condition above is true of a
random partition, and it is also possible to satisfy the second:

3.4.4. Lemma. Let g be a junta on an unknown k-set J . Given a partition
I that isolates J , it is possible to identify all blocks of I that intersect J with
O(|I| log k · 2k) queries to g and constant success probability.

Proof. Observe that the influence of every relevant variable of a k-junta
is at least 2(1 − 2−k)2−k ≥ 2−k. So the influence of every block containing a
relevant variable is also at least 2−k. By Lemma 3.2.3, with O(log k · 2k) queries
we can determine if a block is relevant with one-sided error probability 1/(10k),
say. We perform this test for each component of I. There are no more than k
influential blocks, and by the union bound we can identify them all with overall
error probability 1/10 or less.

(As a matter of fact, it is also possible to use a junta tester with ε = 2−k to
solve this task with O(k · 2k + k log |I|) queries.)

In the next section we get around this lemma by derandomizing the algorithm.

3.4.5. Lemma. Given access to a k-junta g : {0, 1}n → {0, 1}, it is possible to
construct, with high probability, a complete truth table for (a permutation of)
corek(g) with 2k · poly(k) queries and in time n · 2k · poly(k).

Proof. Take a random partition I into Θ(k2) parts, which is isolating by
Lemma 3.4.2. Then apply Lemma 3.4.4 to find the relevant blocks and finally
make 2k queries of the form replicateI(z) as explained above.

The time bound is due to the time complexity of the tester of Lemma 3.4.4
being n · 2k · poly(k), and the time required to query the entire truth table being
O(n · 2k).

Note that we cannot hope to obtain the entire truth table of corek(g) with
fewer than 2k queries (or time less than Ω(n+ 2k)).

Now recall Luks’s function isomorphism algorithm, mentioned in Section 1.3.

3.4.6. Theorem (Luks [Luk99]). There is an algorithm ExactIso(f, g) that
decides isomorphism of two boolean functions f, g : {0, 1}k → {0, 1} in time 2O(k).
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Composing Lemma 3.4.5 with Theorem 3.4.6 yields the following theorem.
We state it for the problem of testing isomorphism between two k-juntas, but all
results of this type also hold for testing isomorphism to a fixed k-junta.

3.4.7. Theorem (Chakraborty et al. [CGGM11]). There exists a random-
ized algorithm that given two k-juntas f, g : {0, 1}n → {0, 1}, accepts with proba-
bility at least 2/3 if they are isomorphic and rejects with probability at least 2/3 if
they are not. The algorithm runs in time n · 2O(k) and makes 2k · poly(k) queries
to f and g.

Alternatively, composing it with an exhaustive search among all possible
permutations of [k] yields:

3.4.8. Theorem (Chakraborty et al. [CGGM11]). There exists a random-
ized algorithm that given two k-juntas f, g : {0, 1}n → {0, 1}, outputs distiso(f, g)
with probability at least 2/3. It runs in time n · 2O(k) + 2O(k log k) and makes
2k · poly(k) queries.

3.4.2 Deterministic algorithm

In light of the above, for a deterministic algorithm we need the truth table of the
core of a k-junta while avoiding the use of influence tests or junta testers (which
are randomized of necessity if their query complexity does not depend on n). We
use a k-perfect family of hash functions h : [n]→ [m] that are expected to map
each influential variable into a different block. We remind the reader that we are
assuming that k is a known parameter (although standard techniques based on
binary search could be used to remove such assumption).

3.4.9. Definition. A family F of functions h1, . . . , hs : [n]→ [m] is a k-perfect
hash family if for every subset J ∈

(
[n]
≤k

)
there exists some hj ∈ F that is injective

on J .

Some constructions of k-perfect hash families are given in [NSS95, SS90]. Any
function h in such a family gives rise to a partition I of [n] into m parts, the ith
block of which (i ∈ [m]) is h−1(i).

The algorithm works by iterating over all functions in the k-perfect hash family
and building a truth table based on the assumption that the function separates
the influential variables. It is given a k-junta f : {0, 1}n → {0, 1} and a explicit
k-perfect hash family h1, . . . , hs, and finds a hash function in the family that
is injective on the influential variables of f . Then it outputs a truth table for
corek(f).
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Algorithm 3 GetCoreDet(f, h1, . . . , hs)
1: for i = 1 to s do
2: construct the hi-truth table of f
3: let kfi be the number of influential variables in the hi-truth table

4: let i0 be the index maximizing kfi
5: return the hi0-truth table of f

3.4.10. Lemma. Given a k-junta f : {0, 1}n → {0, 1} and a explicitly given k-
perfect hash family h1, . . . , hs : [n] → [k], GetCoreDet outputs a truth table for
corek(f). The time complexity of GetCoreDet is O(sn · 2k), and the number of
queries to f it makes is O(s · 2k).

Proof. First, since h1, . . . , hs is a k-perfect hash family and both the input
functions are k-juntas, we are guaranteed that for each input function there is
a hash function which separates its influential variables. This is the function
which maximizes the number of influential variables in its hi-truth table, which
is therefore a truth table for a permutation of corek(f). The truth table can be
found after finding the partition of [n] defined by hi (which takes O(n) time), and
querying all 2k blockwise-constant inputs (which takes O(n · 2k) time). Then the
number of influential variables can be found in time O(k · 2k). The overall time
and query complexities result from iterating over the members of the k-perfect
hash family.

Plugging in the construction of a globally explicit k-perfect hash family of
Naor, Schulman and Srinivasan [NSS95, Theorem 3(iii)] we get s = ekkO(log k) log n
and the time complexity for constructing the family and evaluating each of its
elements on every possible input is linear in the total description size. From these
observations and Luks’s algorithm the following follows.

3.4.11. Theorem (Chakraborty et al. [CGGM11]). There exists a deter-
ministic algorithm that given two k-juntas f, g : {0, 1}n → {0, 1}, accepts if
they are isomorphic and rejects if they are not. The algorithm runs in time
n log n · 2O(k)kO(log k).

3.4.12. Theorem (Chakraborty et al. [CGGM11]). There exists a deter-
ministic algorithm that given two k-juntas f, g : {0, 1}n → {0, 1}, outputs the value
distiso(f, g). It runs in time n log n · 2O(k)kO(log k) + 2O(k log k).

3.5 Introducing sample extractors

3.5.1 Motivation

The algorithms described thus far suffer from several shortcomings. One is that
their query complexity is exponential in k, while we strive for query complexity
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Õ(k) if we are to match the lower bound of Corollary 3.3.2. (Even in the unknown-
unknown setting, their query complexity, at least 2k, goes well beyond the lower
bound of roughly 2k/2 given by Corollary 3.3.3.) Finally, we have been assuming
throughout that g is a k-junta, which needs not hold true (in which case the core
of g is not even defined).

We attempt to apply these algorithms to the function

g∗ = the closest k-junta to g.

This at least defines a k-junta whose core we would like to query, but a new problem
is introduced as we do not have access to g∗, only to a “noisy” approximation
thereof. The key to an efficient resolution is to notice that being able to query
the core of g∗ is overkill. All the tester from Proposition 2.3.2 needs is to draw
O(n log n) random samples (x, a), where x ∈ {0, 1}n is uniformly distributed and
a = g∗(x); this sufficed to obtain a good estimate for distiso(f, g∗). Therefore the
task would be solved if we somehow managed to get samples from the core of g∗.
This motivates the notion of “noisy sample extractor” (or “noisy sampler” for
short).

3.5.1. Definition. Let h : {0, 1}k → {0, 1} be a function, and let η, µ ∈ [0, 1).

An (η, µ)-noisy sample extractor for h is a probabilistic algorithm h̃ that on each
execution outputs (x, a) ∈ {0, 1}k × {0, 1} such that

• for all α ∈ {0, 1}k, Pr [x = α] = 1
2k

(1± µ);

• Pr [a = h(x)] ≥ 1− η;

• the pairs output on each execution of h̃ are mutually independent.

An η-noisy sampler is an (η, 0)-noisy sampler, i.e., one which on each execution
picks a uniformly random x.1

The next theorem will be proved shortly.

3.5.2. Theorem (Chakraborty et al. [CGM11b]).
Construction of efficient noisy samplers:

Let θ3.5.2(k, ε) = (ε/2400)6/(1026k10) = poly(k/ε).
There are algorithms AP , AS (resp. preprocessor and sampler) that have oracle

access to a function g : {0, 1}n → {0, 1}, and satisfy the following properties:
The preprocessor AP takes as input ε > 0 and n, k ∈ N, makes O(k/ε+k log k)

adaptive queries to g and can either reject, or accept and return a state α ∈
{0, 1}O(n). Assuming AP accepted, the sampler AS can be called on demand, with

1The reader familiar with [CGM11c] should beware that the usage of the parameter µ here
is slightly different from the similar definition therein.
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state α as an argument; in each call, AS makes only one query to g and outputs a
pair (x, a) ∈ {0, 1}k × {0, 1}.

On termination of the preprocessing stage AP , all the following conditions are
fulfilled simultaneously with probability at least 4/5:

• If g is θ3.5.2(k, ε)-close to a k-junta, AP accepted g;

• If g is ε/2400-far from a k-junta, AP rejected g;

• If AP accepted, AS(α) is an ε/90-noisy sampler for corek(g
∗)π (where π is

some permutation of [k]).

The running time of AP is O
(
n·k
ε

+ poly(k
ε
)
)
, and the running time of each

call to AS is O(n).

The statement is somewhat technical and calls for careful reading. The fact
that the last condition should be satisfied with high probability for any g plays
a crucial role. When θ3.5.2(k, ε) < dist(g, Junk) < ε/2400, it might be the case
that AP always accepts g, or always rejects g, or anything in between, but
with high probability either g has been rejected or an ε/90-noisy sampler for
(a permutation of) corek(g

∗) has been constructed. We prove Theorem 3.5.2 in
Section 3.7.

It is notable that such samples from the core of g∗ can indeed be efficiently
obtained (allowing for some noise), even though g is the only function we have
access to. In fact even having query access to g∗ itself would not seem to help
much on initial consideration, because the location of the relevant variables of g∗

is unknown to us, and cannot be found without introducing a dependence on n in
the query complexity.

3.5.3. Remark. The preprocessing stage makes adaptive queries, while the
sampler is non-adaptive. It is possible to make the preprocessor non-adaptive too
by switching to the non-adaptive junta tester (see Section 3.6). This incurs an
overhead of O(k4 log k) in the query complexity of the preprocessor.

3.5.2 Approximating distiso

The O(k log k/ε)-query upper bound for k-juntas would seem to be a matter of
instantiating Proposition 2.3.1 and Theorem 3.5.2. This is not quite so because
the sample extractor is allowed to make errors. So instead of Proposition 2.3.1 we
need an isomorphism tester that is still guaranteed to work when f is merely close
enough to a k-junta g. In future chapters we shall make use of a more general
result, dealing with the estimation of the distance between f and the closest
element of a class S of functions.
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3.5.4. Lemma (Chakraborty et al. [CGM11b]). There is an algorithm A
that given ε ∈ R+, k ∈ N, a set S of boolean functions on {0, 1}k, and an η-noisy
sampler g̃ for some g : {0, 1}k → {0, 1}, where η ≤ ε/90, satisfies the following:

• if dist(g,S) < ε/10, A accepts with probability at least 9/10;

• if dist(g,S) > 9ε/10, A rejects with probability at least 9/10;

• Algorithm A makes O
(

1+log |S|
ε

)
calls to the noisy sampler.

If each call to the noisy sampler takes time O(1) and every f ∈ S can be

evaluated on any given input in O(n), then A runs in time O
(
n|S| log |S|+n

ε

)
.

Proof.
Consider the following variation of Algorithm 1 (on page 21). It is clear that

Algorithm 4 Tolerant, noise-resilient isomorphism tester

1: let q ← 1
ε (90 + 800 ln |S|).

2: obtain q independent samples (x1, a1), . . . , (xq, aq) from g̃
3: accept if and only if minh∈S

∣∣{i ∈ [q] | h(xi) 6= ai}
∣∣ < εq/2

the time and query complexities are as stated.
For h ∈ S, write δh , dist(h, g) and let ∆h ⊆ {0, 1}k be the set of inputs on

which h and g disagree, where |∆h| = δh2
k. Since the x’s are independent and

uniformly distributed random variables, we have Prx [x ∈ ∆h] = δh. Also let Λh

be a random variable representing the fractional disagreement between h and g in
the sample:

Λh =

∣∣{i ∈ [q] | h(xi) 6= g(xi)}
∣∣

q
.

If distiso(g,S) > 9ε/10, then for any fixed h ∈ S the probability that Λh is at
least 4ε/5 can be bounded by using the Chernoff inequality in its multiplicative
form:

Pr [Λh < 8ε/10 ≤ (1− 1/9)δh] = e−(1/9)2(9/10)εq/2 <
1

20|S|
.

Hence with probability 19/20, Λh ≥ 8ε/10 for all h ∈ S. To relate this to the
fraction of samples (x, a) for which h(x) 6= a, we use Markov’s inequality:

Pr
[∣∣{i ∈ [q] | ai 6= g(xi)}

∣∣ ≥ (3/10)εq
]
≤ Pr

[∣∣{i ∈ [q] | ai 6= g(xi)}
∣∣ ≥ 27ηq

]
≤ 1/27. (3.4)

Hence with probability at least 9/10,

min
h∈S

∣∣{i ∈ [q] | h(xi) 6= ai}
∣∣ > εq/2.
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On the other hand, if distiso(g,S) < ε/10, picking h ∈ S with dist(g, h) < ε/10
we obtain in the same way

Pr
[∣∣{i ∈ [q] | h(xi) 6= g(xi)}

∣∣ > 2ε/10 ≥ 2δhq
]
≤ e−(1/10)εq/3 <

1

20

(no union bound is needed here). As (3.4) continues to hold, we conclude in this
case that with probability at least 9/10,

min
h∈S

∣∣{i ∈ [q] | h(xi) 6= ai}
∣∣ < 2εq/5 < εq/2.

3.5.5. Remark. Note that this algorithm does not provide an estimate of
dist(g,S) with additive accuracy O(ε), because when dist(g,S) is large the
approximation obtained is only good up to constant multiplicative factors. This
meets our requirements. Nonetheless, it is equally easy to obtain an algorithm
that estimates dist(g,S) up to, say, ε/10, by turning the 1/ε factor into O(1/ε2).
The analysis would then use the additive Chernoff bounds.

3.5.6. Theorem (Chakraborty et al. [CGM11b]). Let ε > 0, k ∈ N+ and
let C[k] ⊆ Jun[k] be a class of juntas on the first k variables that is closed under
permutations of [k]. There is a randomized algorithm A3.5.6 that given ε, k and
oracle access to a function f : {0, 1}n → {0, 1} does the following:

• if distiso(f, C[k]) < θ3.5.2(k, ε), A3.5.6 accepts with probability at least 7/10;

• if distiso(f, C[k]) ≥ ε, A3.5.2 rejects with probability at least 7/10;

• A3.5.6 makes O
(
k log k +

k+log |C[k]|
ε

)
queries to f .

If every g ∈ C[k] can be evaluated on any given input in O(k), then the algorithm
runs in time

O

(
n(k + log |C[k]|)

ε
+
k|C[k]| log |C[k]|

ε
+ poly

(
k

ε

))
.

Proof. Let τ , θ3.5.6(k, ε) and let f ∗ be the closest k-junta to f . Suppose first
that distiso(f, C[k]) < τ . Then Theorem 3.5.2 asserts that, with probability at least
4/5, we can construct an ε/90-noisy sampler for corek(f

∗). Since dist(f, f ∗) ≤
dist(f, C[k]) ≤ τ , we actually obtain an ε/90-noisy sampler for a function that is
2τ < ε/10-close to the core of some g ∈ C[k]. Using this noisy sampler we may
apply the algorithm from Lemma 3.5.4 with

S = corek(C[k]) , {corek(f) | f ∈ C[k]},

which in turn will accept with probability at least 9/10. The overall acceptance
probability in this case is at least 7/10 by the union bound.

Now consider the case distiso(f, C[k]) ≥ ε. There are two possible sub-cases:
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dist(f, Junk) ≥ ε/2400: In this case f is rejected with probability at least 4/5 >
7/10.

dist(f, Junk) < ε/2400: In this case, with probability at least 4/5, either f is
rejected (in which case we are done), or an ε/90-noisy sampler has been
constructed for corek(f

∗). Since f ∗ is ε/2400-close to f , by the triangle
inequality we have dist(corek(f

∗), corek(C[k])) ≥ distiso(f, C[k])−dist(f, f ∗) >
9ε/10, and hence with probability at least 9/10 the algorithm from Lemma
3.5.4 rejects. Thus the overall rejection probability in this case is at least
7/10 too.

The assertion about the number of queries is easily seen to be correct, as
it is the sum of the number of queries made in the preprocessing stage by AP
(Theorem 3.5.2), and the number of executions of the sampler AS. As to the
time complexity, recall that the preprocessing stage takes time O(nk

ε
+ poly(k/ε)).

Each of the calls to the noisy sampler takes O(n), and the time complexity of the
Algorithm of Lemma 3.5.4 excluding these calls is O((k|S| log |S|+ k)/ε).

The next few corollaries all have a similar flavor.

3.5.7. Corollary. Let ε > 0 and suppose f : {0, 1}n → {0, 1} is a k-junta.
Then it is possible to ε-test isomorphism between g : {0, 1}n → {0, 1} and f with

O(k log k/ε) adaptive queries and time Õ(nk/ε) + poly(k!/ε).

Proof. Immediate from Theorem 3.5.6 on setting C[k] = Isom(f) ∩ Jun[k].

3.5.8. Corollary. Let ε > 0. There exists a non-adaptive ε-tester with one-
sided error for function isomorphism in the unknown-unknown setting with query
complexity

Õ

(
2k/2

ε
1
2

)
,

under the promise that both functions are k-juntas. It runs in time n · poly(k!/ε).

Proof. Combine Theorem 2.5.1 with Theorem 3.5.2.

Note that the tester of Corollary 3.5.7 is adaptive, in contrast with the tester of
Theorem 2.3.1. (The tester of Corollary 3.5.8 can easily be made non-adaptive by
switching to the non-adaptive junta tester, as the complexity of the preprocessing
stage is subsumed by the number of samples taken.) We discuss in Chapter 5 how
to obtain non-adaptive isomorphism testers.
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3.6 Junta testing

As one may expect, the testers for the property of being a k-junta play an important
role in constructing sample extractors. For this reason we need an overview of the
internal workings of junta testers; see also the survey [Bla10]. The reader looking
for full proofs should consult the original papers.

For simplicity we do not describe the testers in their full generality. Most of the
time we will be dealing with boolean functions on {0, 1}n and this is the setting
we work with in this chapter, although the need will occasionally arise to consider
arbitrary product domain distributions in subsequent chapters. We consider two
different junta testers. The first one appeared in the original paper by Fischer,
Kindler, Ron, Safra and Samorodnitsky [FKR+04] and makes O(k4 log(k + 1)/ε)
non-adaptive queries. The second one, due to Blais [Bla09], makes O(k/ε+k log k)
adaptive queries.2 The latter almost matches the Ω(k) lower bound of Chockler
and Gutfreund [CG04]. There is also an improved non-adaptive tester [Bla08]

with query complexity Õ(k3/2/ε), which shall not be discussed here.
An essential ingredient of all junta testers is the construction of random

partitions of the input variables, as in Definition 3.4.1. Let f be the function
being tested, and if f is a k-junta, let J ⊆ [n] denote its set of relevant variables.
Roughly speaking, the junta testers take an isolating partition for J and then
proceed to identify the blocks in I containing the most influential variables of g;
it is important to note, however, that there is no guarantee that all influential
variables will be detected. One way to decide if a block is relevant is to perform
an influence test on it, with a low enough threshold η. The non-adaptive junta
tester proceeds block by block in this fashion.

Of course, this only tells half of the story. When f is not a k-junta, there is no
k-set J of relevant variables to start with. We make repeated use of the following
lemma:

3.6.1. Lemma (Fischer et al. [FKR+04]). Let f : {0, 1}n → {0, 1}, A ⊆ [n].
Then

(a) The closest A-junta to f is given by

∗(x) = Maj {f(y) | y�
A

= x�
A
}

(where ties can be arbitrarily broken).

(b)
dist(f, JunA) ≤ Inff ([n] \ A) ≤ 2 · dist(f, JunA).

Proof.

2Interestingly, in the quantum world, the log k factor in the upper bound can be disposed of,
as shown by Atıcı and Servedio [AS07].
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(a) Clearly ∗ is a junta on A by construction. Let  be an arbitrary junta on A.
For every x2 ∈ {0, 1}A, consider the nonnegative quantity

q(x2) , Pr
x1∈{0,1}[n]\A

[f(x1 t x2) 6= (x1 t x2)].

As (x1 t x2) does not depend on x1, choosing ∗ for  minimizes q(x2) over
all A-juntas, for any x2. Hence it also minimizes

dist(f, ) = E
x2

[q(x2)].

(b) Let  = ∗. We have, for every x2 ∈ {0, 1}A,

Pr
y1,x1∈{0,1}[n]\A

[f(x1 t x2) 6= f(y1 t x2)] = 2 · q(x2)(1− q(x2)) ∈ [q(x2), 2q(x2)]

because q(x2) ≤ 1/2 by our choice of . Since dist(f, ) = Ex2∈{0,1}A [q(x2)],
by taking expectations we conclude that

Inff ([n] \ A) ∈ [dist(f, ), 2 · dist(f, )].

Consequently, the task can be reduced to accepting k-juntas and rejecting
functions where the influence outside any set of size k is at least ε.

3.6.1 Non-adaptive junta tester

The non-adaptive tester uses its random coin flips to select a series of disjoint
subsets I1, . . . , Ir ⊆ [n] (where r = O(k2)), and performs an independence test on
each of them to some prescribed accuracy threshold η. These subsets are then
shown to satisfy the following property with high probability:

• if Inff ([n] \ A) ≥ ε for all A ⊆ [n], |A| = k, then
at least k + 1 of the independence tests will be positive.

This is enough to prove soundness (the rejection condition when f is ε-far from a
k-junta), by the reasons explained right after Lemma 3.6.1. As for completeness,
when f is a k-junta, at most k of the independence tests will be positive because
I1, . . . , Ir are disjoint.

We will not give a detailed account of how these tests are selected, but will
be content to note that the proof in [FKR+04] uses the following results about
how influence distributes over random subsets. We will make use of some of them
later.
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3.6.2. Definition. Let f : {0, 1}n → {0, 1}. The unique influence of the coordi-
nate i on f with respect to the set A ⊆ [n] is defined by

IAi , Inff (A ∩ [i])− Inff (A ∩ [i− 1]).

3.6.3. Lemma (Fischer et al. [FKR+04]). Let B ⊆ A ⊆ [n]. Then

(a) For all i ∈ [n], we have IAi ≤ Infi(f) (in particular IAi = 0 when i /∈ A).

(b) For all i ∈ B, we have IAi ≤ IBi .

(c) Inff (A) =
∑

i∈A I
A
i and Inff (B) =

∑
i∈B I

B
i ≥

∑
i∈B I

A
i .

Proof.

(a) This is a special case of (b) when B = {i}.

(b) This is the submodularity of influence (Lemma 3.2.5).

(c) The first part holds because we can express the influence of A as a telescoping
sum of unique influences:

Inff (A) = Inff (A ∩ [n])− Inff (∅) =
∑
i∈[n]

IAi =
∑
i∈A

IAi .

This also shows the equality in the second part; the inequality follows from
item (b).

The next lemma was key to the proofs of the non-adaptive junta tester. While
we will only need the claim about the expected influence, we also include a
concentration result.

3.6.4. Lemma (Fischer et al. [FKR+04]). Let f : {0, 1}n → {0, 1}, τ > 0
and let A ⊆ [n] be a subset of the variables with individual influence < τ on f .
Let ρ ∈ [0, 1] and B ⊆ρ A denote a subset of A obtained by putting each element
of A in B with probability ρ. Then

E
B⊆ρA

[Inff (B)] ≥ ρ Inff (A)

and

Pr
B⊆ρA

[
Inff (B) ≤ ρ

2
Inff (A)

]
≤ e−

ρ
8τ

Inff (A).
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Proof. When B ⊆ρ A, the quantity Inff (B) is bounded from below by a sum
of independent random variables in the interval [0, τ), the ith of which is the
product of the indicator function I [i ∈ B] and the unique influence IAi . To make
the best use of concentration inequalities, we rescale them so that they assume
values in [0, 1). That is, note that τ > 0 and for each i ∈ A define

Xi ,
1

τ
I [i ∈ B] · Ii,

where E [I [i ∈ B]] = Pr [i ∈ B] = ρ for i ∈ A. Then we have by Lemma 3.6.3

Inff (B) ≥ τ
∑
i∈A

Xi,

where Xi ∈ [0, 1),E [Xi] = ρ
τ
Ii, and

E

[∑
i∈A

Xi

]
=
ρ

τ
·
∑
i∈A

IAi =
ρ

τ
Inff (A).

By Chernoff bounds, the probability that
∑

i∈AXi is at most half its expected

value is bounded by e−
ρ
8τ

Inff (A), concluding the proof.

From this one can show that if we take a random subset B of density 1/t of a
set A and the influence of B decreases by a greater proportion than t, then most
of the influence of A comes from a subset of size t.

3.6.5. Lemma. Let 0 < t ≤ n ∈ N, f : {0, 1}n → {0, 1}, A ⊆ [n]. Then either

Pr
B⊆1/tA

[
Inff (B) ≥ Inf(A)

16t

]
≥ 1− 1

e

or

there is J ∈
(
A
≤t

)
with Inff (J) ≥ Inff (A)

2
.

Proof. Sort the elements of A by decreasing value of IAi . Without loss
of generality, A = {1, 2, . . . ,m} with IA1 ≥ IA2 ≥ . . . IAm. By Lemma 3.6.3,
Inff (A) =

∑
i∈[m] I

A
i .

If t ≥ m or
∑t

i=1 I
A
i ≥ Inff (A)/2, then we can take J = {1, . . . , t}. Otherwise

we have

Inff (A \ [t]) >
∑
i>t

IAi ≥ Inff (A)/2, (3.5)

and there are two cases to consider:



3.6. Junta testing 59

Case 1: IAt ≥
Inff (A)

16t
. Then the probability that B ⊆1/t A fails to intersect

{1, . . . , t} is (1− 1/t)t ≤ 1
e
. So with probability at least 1− 1/e, there is i ∈ [t]

with i ∈ B, hence

Inff (B) ≥ IAi ≥ IAt ≥
Inff (A)

16t
.

Case 2: IAt <
Inff (A)

16t
. Any random subset B ⊆1/t A contains a random subset

B′ ⊆1/t A
′, where A′ , A \ [t]. By (3.5), we can apply Lemma 3.6.4 for A′ and

ρ = 1/t, τ = Inff (A
′)/(8t) ≥ ρ Inff (A)/(16t). We get

Pr
B′⊆1/tA

′

[
Inff (B

′) ≤ Inff (A
′)

8t

]
≤ e−1,

so

Pr
B⊆1/tA

[
Inff (B) ≤ Inff (A)

16t

]
≤ e−1.

3.6.2 Adaptive junta tester

The adaptive test takes a different route and we shall need a more detailed
understanding of it. Given a random partition I = I1, . . . , I` of [n], the tester
starts with an empty set J ′ = ∅, and gradually keeps adding to it the blocks Ii
that have been found to contain a relevant variable, as follows. For each of O(k/ε)
rounds, it generates two random strings x, y ∈ {0, 1}n and queries f on x and on

z , xS̄yS = x
S←y�

S
,

where S , [n] \
⋃
Ii∈J ′ Ii. (Picking x and y is the only place where randomness

is used.) If f(x) turns out to be different from f(xS̄yS), we know that there is
at least one relevant block in I \ J ′ yet to be found. In this case, we can find a
relevant block by performing a binary search on the |I \ J ′|+ 1 hybrid strings
between x and xS̄yS obtained in the following way:

Let Ii1 , . . . , Iit be the blocks in I \ J ′, where 1 ≤ i1 ≤ · · · ≤ it ≤ `. The jth
hybrid zj has the same values as y on all indices in Ii1 ∪ · · · ∪ Iij , and its values
elsewhere are the same as those of x. In particular, z0 = x and zt = z. If we know
a < b with f(za) 6= f(zb), then for any a ≤ m ≤ b at least one of f(za) 6= f(zm)
or f(zm) 6= f(zb) must hold, so if f(z0) 6= f(zt) we can use binary search to find a
relevant block Iij after making at most log(t+ 1) ≤ log(`+ 1) queries to f on the
hybrid strings.

If at some stage the tester discovers more than k relevant blocks then it rejects;
otherwise it accepts and outputs a (possibly extended) set J ⊇ J ′ of size k (see
Algorithm 5).
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Algorithm 5 T?(k, ε, I): adaptive junta tester

1: J ′ ← ∅
2: for i = 1 to d40(k + 1)/εe do
3: S ← [n] \

⋃
Ii∈J ′ Ii

4: pick x, y ∈ {0, 1}n uniformly at random
5: if f(x) 6= f(ySxS̄) then
6: use binary search to find a block Ij containing a relevant variable
7: J ′ ← J ′ ∪ {Ij}
8: if |J ′| > k, reject f
9: extend (if needed) J ′ to a set J of size k, by adding to it k − |J ′| arbitrary blocks

from I \ J ′
10: accept f and return J

Note that the algorithm needs time O(n)+poly(k/ε) to construct the partition
and O(nk/ε) to select and query all pairs x, y. To perform each of the O(k) binary
searches, the time required is only O(n + n/2 + n/4 . . . ) = O(n) (assuming we
do not have to write the whole n-bit input on a new location for each oracle call
to f).

3.6.6. Remark. There are a few minor differences between the original algorithm
of [Bla09] and the one presented here:

• The constant factors have been modified for convenience.

• The original algorithm constructs the random partition I by itself; here we
treat I as an argument passed to the algorithm (for convenience).

• The original algorithm does not actually output the set J ; instead, it
identifies a set J ′ of at most k blocks containing relevant variables. Here T?

always returns a set J of size exactly k, by extending (if necessary) the set
J ′ arbitrarily; as we show later, precisely how this extension is performed is
inconsequential.

Again, the tester’s completeness is easy to show. Its soundness is proved
through the next lemma.3

3.6.7. Lemma (Blais [Bla09, Main Lemma]). Let I = (I1, . . . , I`) denote a
random partition of [n] into ` = 1020k9/ε5 parts. With probability at least 5/6, a
function f : {0, 1}n → {0, 1} that is ε-far from being a k-junta also satisfies

Inff (A) ≥ ε/2

for all A formed by taking the union of k parts in I.

3Very recently, a new proof of a similar lemma has been found [BWY11] that shows that in
fact we can take ` = O(k2).
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On a different note, observe that the lemma gives a tolerant junta tester with
complexity exp(poly(k/ε)): simply go through all

(
`
k

)
possible k-subsets of I and

estimate the minimum influence among all of them.

3.6.3 Summary of junta testing

We summarize the junta testing results below. They are stated in greater generality
than discussed so far. Briefly speaking, it is possible to tackle real-valued functions
(as opposed to boolean functions) by replacing the notion of influence of a set A
with that of variation, which is the variance of the function when the values inside
A are random, averaged over all values outside A. This is the approach taken
in [FKR+04]. Alternatively, one can leave the definition of influence unaltered, and
then the relationship between the influence of a set on f and the Fourier expansion
of f is maintained if we replace the latter with the more general Efron-Stein
decomposition, as shown in [Bla09].

Of greater interest to us is the fact that the testers work for an arbitrary
product measure. Let Ω1, . . . ,Ωn be finite sets and µ1, . . . , µn distributions with µi
supported on Ωi. The distance between two functions f, g : Ω1 . . .Ωn → R is now
defined by the measure under µ = µ1 × µ2 · · · × µn of the set {x | f(x) 6= g(x)};
this gives rise to a notion of distance from being a k-junta. (A k-junta from
Ω1 . . .Ωn to R is still a function that depends on at most k variables.)

3.6.8. Theorem. Let {Ωi}i∈[n], {µi}i∈[n], f :
∏

i∈[n] Ωi → R as before. Let ε > 0.
For the property of being a k-junta, there exist the following ε-testers with

constant success probability:

1. A non-adaptive tester with query complexity O(k4 log(k + 1)) [FKR+04].

2. An adaptive tester with query complexity O(k/ε+ k log k) [Bla09].

3. A tolerant, non-adaptive tester with query complexity 2poly(k/ε).

All these testers have one-sided error (meaning they always accept k-juntas).

3.7 Construction of noisy sample extractors

Observe that Theorem 3.5.2 is stated for functions that are merely approximated by
juntas. Although isomorphism testers do not need this, this will be of paramount
importance for the applications discussed in Chapter 6. Unfortunately, the junta
testers are not guaranteed to accept functions that are, say, ε/10 close to juntas,
i.e., they are not tolerant. In fact, coming up with a tolerant junta tester with
polynomial query complexity is listed as an open problem in [Bla10]. We observe,
however, that the junta testers enjoy a certain (weak) form of tolerance; roughly
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speaking, θ3.5.2(k, ε) is a measure of the amount of tolerance of the adaptive tester,
i.e., how close f must be to a k-junta in order to make sure it will be accepted
with high probability. (This is Lemma 3.7.3 in Section 3.7.1.) We use the adaptive
tester because of its smaller query complexity, but it is to be noted that this is
not essential and our sampler construction can be analyzed in the same way if we
use the non-adaptive tester instead. This would lead to a slower preprocessing
stage but a better approximation threshold.

It may be useful to keep in mind that our final construction of the sample
extractor will begin by calling the junta tester with parameter k. Let f be
θ3.5.2(k, ε)-close to some k-junta f ∗. The aforementioned tolerance implies that f
is not rejected. (Note, however, that f may be θ3.5.2(k, ε)-far from any k-junta and
still be accepted with high probability, as long as it is ε-close to some k-junta.)
The tester also returns a set of k blocks that isolate the relevant variables of a
junta h sufficiently close to f . (Clearly h must itself be close to f ∗ too.)

3.7.1 Smoothness and tolerance

Consider a property P of boolean functions on {0, 1}n and an ε-tester T for P
that makes q queries and has success probability 1−δ. Let r denote a random seed
(so that we can view the tester as a deterministic algorithm with an additional
input r) and let Q(f, r) ⊆ {0, 1}n be the set of queries it makes on input f and
seed r. Define Q(r) ,

⋃
f Q(f, r); this is the set of all possible queries T may make

as f runs through all possible functions, once r is fixed. We call p , maxr |Q(r)|
the non-adaptive complexity of the tester. If q = p then the tester is essentially
non-adaptive; and clearly p ≤ 2q holds for any tester of boolean function properties.
We observe that for the adaptive junta tester, p is in fact polynomially bounded
in q. (Without loss of generality we assume that Q(r) is never empty.)

3.7.1. Definition. A tester is p-smooth if its non-adaptive complexity is at most
p and for all α ∈ {0, 1}n,

Pr
r

y∈Q(r)

[y = α] =
1

2n
.

Notice that y is picked uniformly at random from the set Q(r), regardless of the
probability y would be queried by the tester T on any particular f . In other
words, we are picking one random query of the non-adaptive version of T that
queries all of Q(r) in bulk, and requiring that the resulting string be uniformly
distributed.

3.7.2. Lemma. Let T be a p-smooth tester for P that accepts every f ∈ P with
probability at least 1− δ. Then for every f : {0, 1}n → {0, 1},

Pr [T accepts f ] ≥ 1− δ − p · dist(f,P).
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Proof. Choose any f ′ ∈ P and let ∆ , {y ∈ {0, 1}n | f(y) 6= f ′(y)}. By
the union bound, the probability (over r) that Q(r) intersects ∆ is at most
µ , p ·dist(f, f ′), and hence the probability is at least 1−µ that the tester reaches
the same decision about f as it does about f ′. But the probability that f ′ is
rejected is at most δ, hence the claim.

3.7.3. Lemma. The one-sided error junta tester T? of Algorithm 5 is θ3.7.3(k, ε)-
smooth, where θ3.7.3(k, ε) , (1025k10)/ε6. Thus, by Lemma 3.7.2, it accepts
functions that are θ3.5.6(k, ε)-close to Junk with probability at least 9/10 (since
10 · θ3.5.6(k, ε) ≤ 1/θ3.7.3(k, ε)). (It also rejects functions that are ε-far from Junk
with probability at least 2/3.)

Proof. Note that once the randomness has been fixed, the number of possible
queries that can be made in any given round is |I \ J ′| + 1 ≤ ` + 1, so
|Q(r)| ≤ 40k+1

ε
(`+ 1) (recall that ` is the number of blocks in partition I). Also,

any hybrid zj of two uniformly random strings x, y ∈ {0, 1}n is itself uniformly
random. These two things together mean that the tester is 40k+1

ε
(`+ 1)-smooth,

and we can plug in the value of ` = O(k9/ε5) from Lemma 3.6.7.

3.7.2 Extracting samples

Intuitively, the key idea to obtain the sample extractor is that the samples required
may be obtained by making queries to f on certain blockwise-constant strings,
so that we know the values that y sets on the (unknown) relevant variables of h
(which is sufficiently close to both f and f ∗). Although such strings are far from
being uniformly distributed for a fixed partition, the approach can be shown
to work most of the time if we settle for a small fraction of the samples being
incorrectly labelled.

3.7.4. Definition. Given an I-blockwise constant y ∈ {0, 1}n and an ordered
subset J = (J1, . . . , Jk) of I, define extractI,J (y) to be the string x ∈ {0, 1}k
where for every i ∈ [k], xi = yj if j ∈ Ji; and xi is a uniformly random bit if
Ji = ∅.

3.7.5. Definition. Let I denote a random partition of even size `. For any
J ⊆ I, we define a pair of distributions:

• The distribution DI on {0, 1}n: To obtain a random y ∼ DI ,

1. Pick z ∈ {0, 1}` uniformly at random among all binary vectors of weight
precisely `/2.

2. Set y ← replicateI(z).



64 Chapter 3. Testing and deciding junta isomorphism

• The distribution DJ on {0, 1}|J |: To obtain a random x ∼ DJ ,

1. Draw y ∈ {0, 1}n at random from DI ;
2. Set x← extractI,J (y).

3.7.6. Lemma (Properties of DI and DJ ).

(a) For all α ∈ {0, 1}n, Pr
I,y∼DI

[y = α] = 1/2n;

(b) Assume ` > 4|J |2. For every I and J ⊆ I, the L∞ distance between DJ
and the uniform distribution on {0, 1}|J | is at most 4|J |2/(`2|J |). Hence the
statistical distance between DJ and uniform is bounded by 2|J |2/`.

Proof.

(a) Each choice of z ∈ {0, 1}`, |z| = `/2, in Definition 3.7.5 splits I into two
equally-sized sets I0 and I1; Ib (b ∈ {0, 1}) contains the blocks Ii that satisfy
zi = b. The bits corresponding to indices in Ib are set to b in the construction
of y. For each index i ∈ [n], the block it is assigned to is chosen independently
at random from I, and therefore falls within I0 (or I1) with probability 1/2,
independently of other j ∈ [n]. (This actually shows that the first item of the
lemma still holds if z is an arbitrarily fixed string of weight `/2, rather than a
randomly chosen one.)

(b) Let k = |J |. Let us prove the claim on the L∞ distance, which implies the
other one. We may assume that all sets Ji in J are non-empty; having empty
sets can only decrease the distance to uniform. Let w ∈ {0, 1}k. The choice
of y ∼ DI , in the process of obtaining x ∼ DJ , is independent of J ; thus, for
every i ∈ [k] we have

Pr
x∼DJ

[xi = wi | xj = wj ∀j < i] ≤ `/2

`− k
<

1

2
+
k

`
,

and

Pr
x∼DJ

[xi = wi | xj = wj ∀j < i] ≥ `/2− k
`− k

>
1

2
− k

`
.

Using the inequalities 1−my ≤ (1− y)m for all y ≤ 1,m ∈ N and (1 + y)m ≤
emy ≤ 1 + 2my for all m ∈ [0, 1/(2y)], we conclude

Pr
x∼DJ

[x = w] =

(
1

2
± k

`

)k
=

1

2k

(
1± 4k2

`

)
.

whereas a truly uniform distribution U should satisfy Prx∼U [x = w] = 1/2k.
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3.7.7. Definition. Given I,J as above and oracle access to f : {0, 1}n → {0, 1},
we define a probabilistic algorithm samplerI,J (f) that on each execution produces

a pair (x, a) ∈ {0, 1}|J | × {0, 1} as follows: it first picks a random y ∼ DI , then
queries f on y, and finally outputs the pair (extractI,J (y), f(y)).

Jumping ahead, we remark that the pair I,J will be the information encoded
in state α referred to in Lemma 3.5.2. In order to ensure that the last condition
there is satisfied, we need to impose certain conditions on I and J .

3.7.8. Definition. Given δ > 0, a function f : {0, 1}n → {0, 1}, a partition
I = I1, . . . , I` of [n] and a k-subset J of I, we call the pair (I,J ) δ-good (with
respect to f) if there exists a k-junta h : {0, 1}n → {0, 1} such that the following
conditions are satisfied:

1. Conditions on h:

(a) Every relevant variable of h is also relevant for f ∗ (recall that f ∗ denotes
the k-junta closest to f);

(b) dist(f ∗, h) < δ.

2. Conditions on I:

(a) For all j ∈ [`], Ij contains at most one variable of corek(f
∗);4

(b) Pry∼DI [f(y) 6= f ∗(y)] ≤ 10 · dist(f, f ∗);

3. Conditions on J :

(a) The set
⋃
Ij∈J Ij contains all relevant variables of h;

3.7.9. Lemma. Let δ, f, I,J be as in the preceding definition. If the pair (I,J )
is δ-good (with respect to f), then samplerI,J (f) is an (η, µ)-noisy sampler for
some permutation of corek(f

∗), with η ≤ 4δ+4k2/`+10·dist(f, f ∗) and µ ≤ 4k2/`.

Proof. By item 2b in Definition 3.7.8, it suffices to prove that

Pr
y∼DI

[f ∗(y) 6= corek(f
∗)π(extractI,J (y))] < 2δ + 4k2/`

for some π.
Let h be the k-junta witnessing the fact that the pair (I,J ) is δ-good. Let

V ⊆ [n] be the set of k variables of corek(f
∗); recall that V may actually be a

superset of the relevant variables of f ∗. Let J ′ , {Ij ∈ I : Ij ∩ V 6= ∅} be an
ordered subset respecting the order of J , and let π be the permutation whose

4Note that this, together with 1a, implies that every block Ij contains at most one relevant
variable of h, since the variables of corek(f∗) contain all relevant variables of f∗.
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inverse maps the i-th relevant variable of f ∗ (in the standard order) to the index
of the element of J ′ in which it is contained. We assume without loss of generality
that π is the identity map.

It follows from Definition 3.7.8 that |J ′| = |V | = k, since each block in I
contains at most one variable of corek(f

∗). For any I-blockwise y ∈ {0, 1}n, let x ,
extractI,J (y) and x′ , extractI,J ′(y) denote the k-bit strings corresponding
to J and J ′. We have the equalities

f ∗(y) = corek(f
∗)(x′) by Definition 3.7.4, (3.6)

corek(h)(x) = corek(h)(x′) by Definition 3.7.8. (3.7)

From item 1b of Definition 3.7.8 we also have

Pr
r∈{0,1}k

[corek(f
∗)(r) 6= corek(h)(r)] < 2δ, (3.8)

where r is picked uniformly at random. However, by the second item of Lemma
3.7.6, the distribution DJ is 2k2/` close to uniform; combining this with (3.8) we
also get

Pr
y∼DI

[corek(f
∗)(x) 6= corek(h)(x)] < 2δ + 2k2/`. (3.9)

Likewise, we have

Pr
y∼DI

[corek(f
∗)(x′) 6= corek(h)(x′)] < 2δ + 2k2/`, (3.10)

thus, using equations (3.7), (3.9), (3.10) and the union bound we get

Pr
y∼DI

[corek(f
∗)(x′) 6= corek(f

∗)(x)] < 4δ + 4k2/`. (3.11)

Combining (3.6) and (3.11) we conclude that

Pr
y∼DI

[f ∗(y) 6= corek(f
∗)(x)] < 4δ + 4k2/`,

and the claim follows.

As the lemma suggests, our next goal is to obtain a good pair (I,J ). For this
we need to prove that the adaptive junta tester satisfies certain properties.

3.7.3 Obtaining a good pair (I,J )

In the following proposition we claim that the tester T? satisfies several conditions
that we need for obtaining the aforementioned sampler.
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3.7.10. Proposition.
There is a tester T? for Junk with query complexity O(k log k + k/ε) that takes
a (random) partition I = I1, . . . , I` of [n] as input, where ` = Θ(k9/ε5) is even,
and outputs (in case of acceptance) a k-subset J of I such that for any f the
following conditions hold (the probabilities below are taken over the randomness of
the tester and the construction of I):

• if f is θ3.5.6(k, ε/2400) close to Junk, T? accepts with probability at least
9/10;

• if f is ε/2400-far from Junk, T? rejects with probability at least 9/10;

• for any f , with probability at least 4/5 either T? rejects, or it outputs J
such that the pair (I,J ) is ε/600-good (as per Definition 3.7.8).

In particular, if dist(f, Junk) ≤ θ3.5.6(k, ε), then with probability at least 4/5 T?

outputs a set J such that (I,J ) is ε/600-good.

Proof. By Lemma 3.7.3, the first two conditions are satisfied by the junta
tester, called with a value of ε′ = ε/2400.

Let J ′ = (Is1 , . . . , Is|J ′|) be the set output by the original algorithm T? and let

S = {s1, . . . , s|J ′|}. Closer inspection of Algorithm 5 shows that, with probability
at least 19/20,

(∗) either f is rejected or the set S satisfies

Inff

(
[n] \

(⋃
j∈S

Ij
))
≤ ε/4800.

This is because the main loop of algorithm runs for 40(k + 1)/ε′ rounds. Suppose
that at any of these, the influence of the remaining blocks is always ≥ ε′/2. Since
the expected number of rounds to find k + 1 relevant blocks is at most 2(k + 1)/ε′

in this case, it follows that with probability 19/20, a (k + 1)-th relevant block is
found and f is rejected.

Recall that when |S| < k the set J ′ is extended by putting in it k − |S|
additional “dummy” blocks from I \J ′ (some of them possibly empty), obtaining
a set J of size exactly k.

Now we go back to proving the third item. Let R ∈
(

[n]
≤k

)
denote the set of

relevant variables of f ∗ (the closest k-junta to f), and let V ∈
(

[n]
k

)
, V ⊇ R, denote

the set of variables of corek(f
∗). Assume5 that dist(f, Junk) ≤ ε/2400, and T?

did not reject. In this case,

5For other f ’s the third item follows from the second item.
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• by (∗), with probability at least 19/20 the set J satisfies

Inff

(
[n] \

( ⋃
Ij∈J

Ij
))
≤ Inff

(
[n] \

(⋃
j∈S

Ij
))
≤ ε/4800;

• since `� k2, with probability larger than 19/20 all elements of V fall into
different blocks of the partition I;

• by Lemma 3.7.6, PrI,y∼DI [f(y) = f ∗(y)] = dist(f, f ∗); hence by Markov’s
inequality, with probability at least 9/10 the partition I satisfies

Pr
y∼DI

[f(y) 6= f ∗(y)] ≤ 10 · dist(f, f ∗).

So with probability at least 4/5, all three of these events occur. Now we show
that conditioned on them, the pair (I,J ) is ε/600-good.

Let U = R ∩ (
⋃
Ij∈J Ij). Informally, U is the subset of the relevant variables

of f ∗ that were successfully “discovered” by T?. Since dist(f, f ∗) ≤ ε/2400,
we have Inff([n] \ V ) ≤ ε/1200 (by Lemma 3.6.1). By the subadditivity and
monotonicity of influence we get

Inff ([n] \ U) ≤ Inff ([n] \ V ) + Inff (V \ U)

≤ Inff ([n] \ V ) + Inff

(
[n] \

( ⋃
Ij∈J

Ij
))

≤ ε/960,

where the second inequality follows from V \U ⊆ [n] \ (
⋃
Ij∈J Ij). This means, by

Lemma 3.6.1, that there is a k-junta h in JunU satisfying dist(f, h) ≤ ε/960, and
by the triangle inequality, dist(f ∗, h) ≤ ε/2400 + ε/960 < ε/600. Based on this h,
we can verify that the pair (I,J ) is ε/600-good by going over the conditions in
Definition 3.7.8.

3.7.4 Flattening out the distribution

We would like to obtain a perfectly uniform distribution for the first component of
the samples (to comply with our definition of sample extractors, although allowing
small deviations from uniformity would not affect any of our applications). Using
rejection sampling, one can easily obtain an exactly uniform sampler from a slightly
non-uniform sampler at the expense of a small increase in the error probability:

3.7.11. Lemma. Let g̃ be an (η, µ)-noisy sampler for g : {0, 1}k → {0, 1}, which
on each execution picks x ∈ {0, 1}k according to some fixed distribution D. Then
we can construct an (η + µ)-noisy sampler g̃uniform for g that makes one query to
g̃ for each sample (and no queries to g itself).



3.7. Construction of noisy sample extractors 69

Proof. Let U denote the uniform distribution on {0, 1}k. The new sampler
g̃uniform acts as follows: first it obtains a sample (x, a) from g̃, and proceeds as
follows:

(acceptance) with probability px ,
Pry∼U [y=x]

(1+µ) Prz∼D [z=x]
it outputs (x, a);

(rejection) with probability 1− px it picks an uniformly random z ∈ {0, 1}k and
outputs (z, 0).

(Note that px ≤ 1 by definition of (n, µ)-noisy sampler.)
Let (x′, a′) denote the pairs output by g̃uniform. We can compute the overall

acceptance probability as

E
x∼D

[px] =
∑

x∈{0,1}k
Pr
z∼D

[z = x] · px = 1/(1 + µ).

Also note that for any x,

Pr
x′

[x′ = x and the sample was accepted] = Pr
z∼D

[z = x] · px =
Pry∈U [y = x]

1 + µ
.

Therefore, conditioned on acceptance (which, as we just saw, happens with
probability 1/(1 + µ)), x is uniformly distributed. In case of rejection (which
occurs with probability µ/(1 + µ)) it is uniform by definition; hence the overall
distribution of x is uniform too. Recalling that Pr [a 6= g(x)] ≤ η, we conclude
that Pr [a′ 6= g(x′)] ≤ η + µ/(1 + µ) ≤ η + µ.

We remark that the conversion made in Lemma 3.7.11 is only possible when
the distribution D is known. This is the case for the sampler that we construct
here nonetheless. We note that in this case we have Pry∼U [y = x] = 2−k and

Pr
z∼DJ

[z = x] =

(
`/2
|x|

)(
`/2
k−|x|

)(
`
k

)(
k
|x|

)
(which only depends on |x|); the preprocessor AP can precompute these k + 1
numbers in time poly(`) = poly(k/ε) by, e.g., using dynamic programming to
compute the binomial coefficients.

3.7.5 Putting it all together

Proof of Theorem 3.5.2. We start by describing how AP and AS operate:
The preprocessor AP starts by constructing a random partition I and calling
the junta tester T?. Then, in case T? accepted, AP encodes in the state α the
partition I and the subset J ⊆ I output by T? (see Proposition 3.7.10). (The
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state α, which has size O(n), can also encode O(n) precomputed values such as
those needed by the conversion to uniform.) The sampler AS, given α, obtains a
pair (x, a) ∈ {0, 1}k × {0, 1} by executing samplerI,J (f) (once).

Now we show how Lemma 3.5.2 follows from Proposition 3.7.10. The first
two items are immediate. As for the third item, notice that we only have to
analyze the case where dist(f, f ∗) ≤ ε/2400 and T? accepted; all other cases are
taken care of by the first two items. By the third item in Proposition 3.7.10,
with probability at least 4/5 the pair (I,J ) is ε/600-good. If so, by Lemma
3.7.9 samplerI,J (f) is an (η, µ)-noisy sampler for some permutation of corek(f

∗),
with η ≤ ε/150 + 4k2/` + 10 · dist(f, f ∗) ≤ ε/92 + 4k2/` and µ ≤ 4k2/`. The
final step we apply is the conversion from Lemma 3.7.11, with which we obtain a
(ε/92 + 4k2/`+ 4k2/`) ≤ (ε/90)-noisy sampler for some permutation of corek(f

∗).

Finally, apply Lemma 3.7.11 to turn it into a perfectly uniform sampler.

3.8 Final remarks

We mention here one interesting avenue for further research. We have shown
how to obtain random samples of the core of a k-junta, but there can be k-bit
inputs on which the samples are always wrong. In line with the classical works on
self-correction, one can ask whether it is possible to efficiently self-correct juntas.
That is, given oracle access to f which is promised to be δ-close to a k-junta g, we
would like an algorithm that outputs g(x) with high probability for any x. (One
could also ask the same question about the corek(g) instead.) The problem is well
defined if δ < 2−k−1.

This problem is solvable with exp(O(k)) queries in several ways for δ < c2−k

and some constant c. For example, we could identify all relevant blocks and make
blockwise-constant queries, much in the same way as in the exact randomized
algorithm of Section 3.4.1. For small enough c, any assignment to the core of g
gives rise to a subfunction that agrees on a noticeable majority with the same
subfunction of f . Another solution would be to use the more general self-corrector
for low degree polynomials of Alon et al. [AKK+03], since k-juntas are in particular
degree-k polynomials.

In the worst case, this bound cannot be improved upon, as noted by Alon and
Weinstein [AW12]. They show that if g is an AND of k randomly chosen literals
(positive or negative), self-correcting (functions close to) g requires exp(Ω(k))
queries. However, some juntas can be easily self-corrected. For example, if C is a
class of k-juntas such that for every f ∈ C, the influence of each relevant variable
in f is greater than 1/poly(k), then it is possible to self-correct C with poly(k)
queries. It would be interesting to be able to pinpoint which functions or k-juntas
can be efficiently self-corrected.
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3.9 Summary

We developed a query-efficient algorithm that extracts labelled samples from the
core of the closest k-junta to f . After a preprocessing step, which takes Õ(k)
queries, generating each sample takes only one query to f . Using this sampler,
we derived algorithms to test isomorphism to k-juntas, or to approximate the
distance between two k-juntas up to isomorphism in various settings. Aside
from being as efficient as possible in terms of query complexity, these algorithms
also run in polynomial time for k = O(log n/ log log n), and some of them even
for k = O(log n).




