
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Query-efficient computation in property testing and learning theory

García Soriano, D.

Publication date
2012

Link to publication

Citation for published version (APA):
García Soriano, D. (2012). Query-efficient computation in property testing and learning
theory. [Thesis, fully internal, Universiteit van Amsterdam]. Institute for Logic, Language and
Computation.

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/queryefficient-computation-in-property-testing-and-learning-theory(9adf0f95-73d0-4334-9161-eae0f39fcf72).html


Chapter 6

Testing by implicit learning

Now we are ready to apply the techniques developed in previous chapters to a
number of related property testing problems that fit into the “testing by implicit
learning” framework of Diakonikolas et al. [DLM+07]. In particular, for some of
these problems (including testing s-term DNF formulae, size-s decision trees, size-s
Boolean formulae, s-sparse polynomials over F2, and size-s branching programs),
we are able to improve on the query complexity of the best known testers by using
sample extractors. It is worthy of note that our methods can lead to testers that
have better query complexity than those tailored to a specific problem, such as the
tester of Parnas et al. [PRS02] for the class of monotone s-term DNF formulae.
We also establish new lower bounds for some of these problems.

The content of this chapter is based on the paper

• S. Chakraborty, D. Garćıa–Soriano, and A. Matsliah. Efficient sample
extractors for juntas with applications. In Proceedings of the 38th Inter-
national Colloquium on Automata, Languages and Programming (ICALP),
pages 545–556, 2011.

6.1 Introduction

Suppose we wish to test for the property defined by a class C of Boolean functions
over {0, 1}n; that is, we aim to distinguish the case f ∈ C from the case dist(f, C) ≥
ε. The class is parameterized by a “size” parameter s (e.g., the class of DNFs with
s terms, or circuits of size s) and, as usual, our goal is to minimize the number of
queries made to f . In particular we strive for query complexity independent of n
whenever possible.

The main observation underlying the “testing by implicit learning” paradigm
of Diakonikolas et al. [DLM+07] (see also [Ser11, DLM+08, GOS+09]) is that a
large number of interesting classes C can be well approximated by (relatively)
small juntas also belonging to C. We explain these ideas by rephrasing them in
term of testing approximate isomorphism against certain subsets of juntas.
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124 Chapter 6. Testing by implicit learning

The prototypical example is obtained by taking for C the class of s-term DNFs.
Let τ > 0 be an approximation parameter (which for our purpose should be
thought of as polynomial in ε/s). Any DNF term involving more than log(s/τ)
variables may be removed from f , affecting only a τ/s fraction of its values; hence
removing all of them results in an s-term DNF f ′ that is τ -close to f and depends
on only s log(s/τ) variables (equivalently, f ′ is a s log(s/τ)-junta). Let Jun[k]

denote the subset of (k-junta) functions {0, 1}n → {0, 1} that depend only on
the first k variables. Since the class C is permutation-invariant (closed under
permutations of the variables), the foregoing observation can be rephrased as
follows: for any k ≥ s log(s/τ), the subclass C[k] , C ∩ Jun[k] is such that every
f ∈ C is τ -close to being isomorphic to some g ∈ C[k] (in short, distiso(f, C[k]) ≤ τ).

On the other hand, for every f such that dist(f, C) = distiso(f, C) ≥ ε it
also holds that distiso(f, C[k]) ≥ ε, since C[k] ⊆ C. Hence, to solve the original
problem, all we need is to differentiate the two cases (i) distiso(f, C[k]) ≤ τ and
(ii) distiso(f, C[k]) ≥ ε.

Let us denote by f ∗ the k-junta that is closest to f ; f ∗ can be identified
with its core, the Boolean function corek(f

∗) : {0, 1}k → {0, 1} obtained from
f ∗ by dropping its irrelevant variables. We saw in Chapter 3 that, by getting
random samples of the form (x, corek(f

∗)(x)) ∈ {0, 1}k × {0, 1}, we can use
standard learning algorithms to identify an element g ∈ C[k] which is close to being
isomorphic to f ∗ (if any), which essentially allows us to differentiate between the
aforementioned cases. The number of such samples required for this is roughly
logarithmic in |C[k]|.1 An important observation is that the size of C[k] , C ∩ Jun[k]

is usually very small, even compared to the size of Jun[k], which is 22k . For instance,
it is not hard to see that for the case of s-term DNFs, the size of C[k] is bounded
by (2k)k, which is exponential in k = s log(s/τ), rather than doubly exponential.

It is in the way to obtain these samples that our approach departs from that
of [DLM+07]. We mention next the two main differences that, when combined
together, lead to better query complexity bounds. The first difference is in the
junta-testing part; both algorithms start with a junta tester to identify k disjoint
subsets of variables (blocks), such that every “influential” variable of the function f
being tested lies in one of these blocks. While [DLM+07] use the non-adaptive
junta tester, we switch to the query-efficient adaptive junta tester. The key is
the fact, proven in Section 3.7.1, that the tester of Blais is sufficiently tolerant
(the level of tolerance of the tester determines how large τ can be, which in turn
determines how small k can be). The second (and the main) difference is in
sample extraction—the actual process that obtains samples from the core of f ∗.
In [DLM+07] sampling is achieved via independence tests with poly(k) queries,
whereas we saw in Chapter 3 how to accomplish this task by making just one
query to f (after some preprocessing).

1Issues of computational efficiency are usually disregarded here; however see [DLM+08].
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6.2 Notation

Given a function f : {0, 1}n → {0, 1}, we denote by f ∗ : {0, 1}n → {0, 1} the
k-junta that is closest to f (if there are several k-juntas that are equally close,
break ties using some arbitrarily fixed scheme). Clearly, if f is itself a k-junta
then f ∗ = f .

Unless explicitly mentioned otherwise, C will always denote a class of functions
f : {0, 1}n → {0, 1} that is closed under permutation of variables; that is, for
any f and permutation π of [n], f ∈ C if and only if fπ ∈ C. For any k ∈ N, let
C[k] denote the subclass C ∩ Jun[k]. Note that since C is closed under permutations
of variables, C[k] is closed under permutations of the first k variables.

6.3 Upper bounds

Coupled with the prior discussion on testing by implicit learning, Theorem 3.5.6
implies:

6.3.1. Corollary. Let ε > 0 and let C be an permutation-invariant class
of Boolean functions. In addition, let k ∈ N be such that for every f ∈ C,
distiso(f, C[k]) ≤ θ3.5.6(k, ε). Then there is an algorithm that makes

O

(
k(log k + 1) + log |C[k]|

ε

)
queries and satisfies:

• if f ∈ C, it accepts with probability at least 7/10;

• if dist(f, C) ≥ ε, it rejects with probability at least 7/10.

To minimize the query complexity, we would like to pick k as small as possible,
subject to the requirement of the theorem. Let k?(C, τ) be the smallest k ∈ N such
that for every f ∈ C, distiso(f, C[k]) ≤ τ ; intuitively, this condition means that C
is τ -approximated by C[k]. We take from [DLM+07] the bounds on k? = k?(C, τ)
and |C[k?]| for the following classes of functions:

C (class) k? , k?(C, τ) ≤ |C[k?]| ≤
1 s-term DNFs s log(s/τ) (2s log(s/τ))s log(s/τ))

2 size-s Boolean formulae s log(s/τ) (2s log(s/τ))s log(s/τ)+s

3 size-s Boolean circuits s log(s/τ) 22s2+4s

4 s-sparse polynomials over F2 s log(s/τ) (2s log(s/τ))s log(s/τ))

5 size-s decision trees s (8s)s

6 size-s branching programs s ss(s+ 1)2s

7 functions with Fourier degree at
most d

d2d 2d
222d
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These bounds hold for any approximation parameter τ ≥ 0. But to make Corollary
6.3.1 applicable, we need to pick τ and k such that the (circular) inequalities
τ ≤ θ3.5.6(k, ε) and k ≥ k?(C, τ) are satisfied.

For items 5, 6, 7 setting τ = 0 does the job; the reason these bounds are
independent of τ is the fact that the corresponding classes contain only functions
that actually are k?-juntas, rather than functions that can be well approximated
by k?-juntas. (For example, the fact that functions with Fourier degree d are
actually (d · 2d)-juntas follows from a seminal paper of Nisan and Szegedy [NS92].)

For the first 4 items we can set τ = θ3.5.6(s, ε)
2. It is easy to verify that

this satisfies the foregoing pair of inequalities. Furthermore, since θ3.5.6(s, ε) is
polynomial in ε/s, we get k = O(s(log s+ log 1/ε)). Plugging the resulting values
into Corollary 6.3.1, we obtain the following query-complexity bounds:

Class This work [DLM+07], [PRS02](∗)

s-term DNFs, size-s Boolean formulae,
s-sparse polynomials over F2, size-s de-
cision trees, size-s branching programs

Õ(s/ε) Õ(s4/ε2)

size-s Boolean circuits Õ(s2/ε) Õ(s6/ε2)
functions with Fourier degree at most
d

Õ(22d/ε) Õ(26d/ε2)

s-term monotone DNFs Õ(s/ε) Õ(s2/ε)∗

6.4 Lower bounds

In order to analyze how close to optimal our algorithms are, we in this section we
discuss lower bounds concerning the problems studied here.

For ease of exposition we make a slight generalization of the notion of k-
uniformity in Section 2.4.2. We identify the set {0, 1}n with the field with 2n

elements.

6.4.1. Definition. Let D,S be sets, S finite, and let C denote a class of functions
f : D → S. We say that C can generate k-wise independence if there is a
distribution D supported on elements of C such that the random variables
{f(x)}x∈D are k-wise independent and each of them is uniformly distributed
on S, i.e.,

Pr
f∼D

[f(x1) = α1 ∧ f(x2) = α2 ∧ · · · ∧ f(xk) = αk] = |S|−k

for any k distinct x1, . . . , xk ∈ D and any α1, . . . , αk ∈ S.

If |S| = 2 and D = {0, 1}n, this is the same as saying that some distribution over
C is k-uniform. Clearly the class of all boolean functions f : {0, 1}n → {0, 1} can
generate n-wise independence (here S = {0, 1}).
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The following observation is just a restatement of Definition 6.4.1, coupled
with Yao’s principle:

6.4.2. Lemma. If C can generate k-wise independence under distribution D, then
at least k + 1 adaptive queries are needed to distinguish, with probability > 1/2,
between a function f drawn from D and a uniformly random f : D → S.

We say class C is ε-far from uniform if a uniformly random function f : D → S
is ε-far from every element of C with probability larger than 2/3.

It follows that if C is both ε-far from uniform and capable of generating k-wise
independence, then more than k queries are necessary for testing membership in
C to accuracy ε.

Now we give some examples of simple boolean functions classes on {0, 1}n
fitting these definitions.

6.4.1 Low-degree polynomials over F2

6.4.3. Lemma. Let Fd be the set of all polynomials p : Fn2 → F2 of degree at most
d. Then the uniform distribution over Fd is (2d+1 − 1)-uniform.

In other words, polynomials of degree log(k+1)−1 over F2 can generate k-wise
independence.

Proof. It is enough to prove the following claim: for any set S ⊆ Fn2 of size
|S| < 2d+1, and any function f : S → F2, there is a polynomial q ∈ Fd such that
q�
S

= f (this fact has been generalized in the works [KS05, BEHL09]). Indeed, if
the claim holds then

Pr
p∈Fd

[p�
S

= f ] = Pr
p∈Fd

[(p⊕ q)�
S

= 0] = Pr
p′∈Fd

[p′�
S

= 0],

since the distributions of p and p′ , p ⊕ q are uniform over Fd. Therefore this
probability is the same for every f .

We prove now this claim by induction on |S| + n; it is trivial for |S| = 0
or n = 0. Suppose that, after removing the first bit of each element of S, we
still get |S| distinct vectors; then we can apply the induction hypothesis with S
and n − 1. Otherwise, there are disjoint subsets A,B,C ⊆ {0, 1}n−1 such that
S = {0, 1} × A ∪ {0} ×B ∪ {1} × C, and A 6= ∅.

We can find, by induction, a polynomial p0A,0B,1C of degree ≤ d on n − 1
variables that computes f on {0}×A∪{0}×B∪{1}×C. As |S| = 2|A|+|B|+|C|,
either |A| + |B| or |A| + |C| is at most |S|

2
< 2d; assume the latter. Then any

function g : A ∪ C → F can be evaluated by some polynomial pAC(y) of degree
≤ d− 1; consider g(y) = 0 if y ∈ C and g(y) = f(1, y)− p0A,0B,1C(1, y) if y ∈ A.
Then the polynomial p(x, y) = p0A,0B,1C(y) + xpAC(y) does the job.
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6.4.2 Small circuits

6.4.4. Lemma. Each of the following classes can generate n-wise independence:
boolean formulae of size poly(n), NC1 circuits, and branching programs of size
poly(n).

Proof. First observe that the class of all univariate polynomials of degree
≤ k − 1 over F can generate k-wise independence, because any degree ≤ k − 1
polynomial over a field can be interpolated from its values on any set of k distinct
points, and the solution is unique. From this we can obtain a family of boolean
functions on {0, 1}n that generates k-wise independence in the following way:
associate with each polynomial p : GF (2n)→ GF (2n) of degree k− 1 the function
that, on input x ∈ {0, 1}n, returns the last bit of p(x), by which we mean the
representation of p(x) ∈ GF (2n) as an n-bit string, which is uniformly distributed
among all field elements. (A different, slightly more efficient way, would be to
work on a field of size roughly 2n/n.) Clearly the resulting family can generate
k-wise independence.

By a result of Healy and Viola [HV06], field arithmetic over GF (2n) is in TC0

(see also [Ebe89] for a weaker result). This is the class of polynomial-size, constant-
depth circuits with unbounded fan-in built up from threshold gates (as well as AND,
NOT and OR gates). It is known that TC0 is contained in NC1, which corresponds
to fan-in 2 circuits of polynomial size and logarithmic depth. Altogether this
means that it is possible to evaluate any t-term polynomial p ∈ GF (2n)[x] with an
NC1 circuit of size poly(n, t), which is poly(n) if t = poly(n). It is also known that
NC1 corresponds precisely to the set of Boolean formulae of polynomial size, and
also to the set of functions computed by width-5 branching programs of polynomial
size by Barrington’s theorem [Bar89]. Summarizing, the last bit of polynomial
functions over GF (2n) of degree n (and therefore n+1 terms) can be computed by
boolean formulae of size nc and branching programs of size nc for some (small) c.

As a corollary, we obtain a result of independent interest that says that functions
for which isomorphism testing is hard can have relatively simple descriptions,
providing a partial derandomization of Theorem 2.4.1.

6.4.5. Theorem. Let 0 < ε < 1
2

and r ∈ N. For large enough n, among
the functions f : {0, 1}n → {0, 1} for which ε-testing isomorphism requires Ω(r)
queries there are:

• functions of degree O(r) (over any field F fixed in advance);

• n-variate polynomials of degree O(log r) over F2;

• functions computed by circuits of size poly(r) and depth O(log r); or boolean
formulae of size poly(r); or branching programs of size poly(r).
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Proof.

• By Corollary 3.3.2, there are r-juntas with property stated. Any r-junta has
degree r.

• Let us first consider the case r = n. In this case we can prove the result for
ε < 1

2
. By Theorem 2.4.12, it is enough to show that there is an n4-uniform

distribution among polynomials of degree O(log n); this is Lemma 6.4.3.
To show the general statement for r < n and ε < 1

4
, consider the set of

functions that depend on the first r variables. Among them there are pairs
of polynomials of degree O(log r) that are (r, 2ε)-hard; then we can extend
them to functions on n variables and use Corollary 3.3.2. This extension
does not change the degree.

• Similarly, we can consider functions that depend on the first r variables and
then extend them to n; this does not affect circuit size, etc. So we need to
prove the case r = n, and again this is implied if we show that NC1 circuits
(resp. formulae, branching programs) can generate n4-independence. This
is Lemma 6.4.4.

6.4.3 The bounds

The next theorem summarizes the lower bounds known.

6.4.6. Theorem. The following lower bounds hold for the respective testing
problems (for some constant ε and size parameter up to some polynomial of
n):

1. size-s boolean formulae, branching programs and boolean circuits: poly(s).

2. functions with F2 degree d: 2Ω(d).

3. s-sparse polynomials over GF (2): Ω(s).

4. functions with Fourier degree d: Ω(d).

5. s-term DNFs, size-s decision trees: Ω(log s).

The first bound appears in [CGM11b]. The second one was previously known [AKK+03],
but we give a new proof. The bounds 3-5 are in [BBM11].

Proof.
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1. By Lemmas 6.4.2 and 6.4.4, we only need to prove that these classes are
Ω(1)-far from uniform. This is easy to verify by counting.

2. By Lemmas 6.4.2, 6.4.3 and the fact that a random function is Ω(1)-far from
having degree < n/3.

3. This follows from the lower bounds for s-parities in Chapter 5, as any
s-parity is an s-sparse polynomial over F2, and also far from being (s− 1)-
sparse [DLM+07, BBM11]. A (weaker) Ω(

√
s ) lower bound is a consequence

of the lower bound of Theorem 5.1.3, and an Ω(s) bound follows from the
Ω(s) bound for distinguishing s-parities from (s−2)-parities (Theorem 5.1.5).

4. Again, it is enough to show that s-parities are far from having Fourier degree
< s; see [BBM11].

5. See [BBM11].

6.5 Summary

We plugged in our sample extractor in the “testing by implicit learning” framework
of Diakonikolas et al. [DLM+07], improving the query complexity of testers for
various Boolean function classes. In particular, for some of the classes considered
in [DLM+07], such as s-term DNF formulae, size-s decision trees, size-s Boolean
formulae, s-sparse polynomials over F2, and size-s branching programs, the query
complexity is reduced from Õ(s4/ε2) to Õ(s/ε). For most of these problems we
also supply lower bounds that are polynomially related to the query complexity
of our algorithms.




