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Abstract

The design of modern embedded systems is quite complex. Typically, multiple and
conflicting criteria should be optimized simultaneously such as performance, power,
cost, weight, etc. To support such a wide spectrum of non-functional demands, mod-
ern embedded systems often have a heterogeneous system architecture. They consist
of components that range from fully programmable processor cores for providing flex-
ibility to fully dedicated hardware components for time-critical application tasks. The
complexity of embedded systems forces designers to model and simulate systems and
their components to explore the wide range of design choices. Such Design Space
Exploration (DSE) is especially needed during the early design stages, where the de-
sign space is at its largest and where a wrong design decision can make the difference
between the success or failure of the final product. DSE methodologies targeting early
design stages are applied at a high level of abstraction, thereby minimizing the mod-
eling effort and optimizing the simulation speed.

Due to the exponential design space in real problems, evaluating and comparing every
single point in the design space is infeasible. Therefore, heuristic search techniques
are often used to search the design space for optimum design points using only a finite
number of design-point evaluations. As the searched design space still is vast, inter-
preting and drawing the right conclusions from such copious simulation results and
understanding how the design space was searched by heuristic searching algorithms
can be extremely cumbersome. Such analysis is, however, essential to the designer as
it provides insight into the landscape of the design space.

In this thesis, we address the problem of interpreting and analyzing the large amount
of data generated by system-level computer architecture simulators during the explor-
ing alternative architectural solutions. To do that, we embrace data visualization as
an aid for analysis and interpretation. We introduce the structural use of visualization
techniques in the design of embedded systems, and specifically for supporting the de-
sign space exploration of embedded systems. We have incorporated all the developed
visualization techniques into a tool, called VMODEX. Actually, we build a bridge
between two previously separate research fields: data visualization and embedded
system design.

In this thesis, for performing a comprehensive study of the DSE process, we define
three separate stages, which are discussed in detail throughout the three chapters 3,
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4 and 5. For each stage, we have developed several methods and visualization tech-
niques to enable users a rapid and more accurate analysis. The first stage is develop-
ing an optimization method that efficiently and effectively explores the design space.
The algorithm developers can use VMODEX to perform a comprehensive study on
the performance of different multi-objective optimization algorithms, from different
points of view, in order to find the best one for their specific problem. At the second
stage, the most efficient optimization algorithm is used for exploring the design space.
In VMODEX, we have developed a variety of capabilities that help designers to ana-
lyze and interpret the DSE results from different perspectives and at multiple levels of
abstraction, in order to gain insight into the landscape of the design space. At the last
stage, the most preferred design point should be chosen for the final implementation.
Various decision making approaches are provided in VMODEX that help decision
makers to better understand the trade-offs between different criteria and guide them to
make better decisions.
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1
Introduction

1.1 Design Space Exploration in Embedded Systems
Design

The design of modern embedded systems is quite complex. On one hand, these sys-
tems often target mass production and battery-based devices, and thus they should
be low cost, small in size, light weight and be power efficient. On the other hand,
they need to execute a wide range of functionalities, and therefore need to achieve
high (real-time) performance and flexibility. To support such a wide spectrum of non-
functional demands, modern embedded systems often have a heterogeneous system
architecture. They consist of components that range from fully programmable proces-
sor cores to fully dedicated hardware components for time-critical application tasks.
Increasingly, such heterogeneous system components reside together on a single chip,
yielding heterogeneous Multi-Processor System-on-Chip (MPSoC) architectures that
exploit task-level parallelism in applications. These MPSoC systems have now be-
come the keystones in the development of today’s modern embedded systems, such as
smart phones, digital televisions, game consoles and navigation systems.

The complexity of these systems forces designers to simulate systems and their com-
ponents in the very early design stages. This is often referred to as ”system-level
design”. The system-level models are applied at a high level of abstraction, thereby
minimizing the modeling effort and optimizing the simulation speed that is needed for
targeting the early design stages. Design Space Exploration (DSE) assesses alterna-
tive architectural solutions and plays a crucial role in system-level architecture design.
It can have a large impact on the success or failure of the final product. Especially,
exploration of different design choices during the early design stages, where the de-
sign space is still at its largest, is of eminent importance. Wrong decisions early in
the design can be extremely costly in terms of re-design effort, or even deadly to the
product’s success.

The heterogeneity of these embedded systems and at the same time their conflict-
ing design criteria greatly complicate system design. A large number of alternative

1
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Figure 1.1: Illustration of design space exploration process on a simple example

combinations of design parameters have to be considered and tuned to find the ”best”
tradeoff in terms of multiple design criteria. Such design space exploration, during
which multiple criteria should be considered simultaneously, is called Multi-Objective
DSE. Since objectives are often in conflict, there cannot be a single optimum solution,
which simultaneously optimizes all objectives. Therefore, optimal decisions need to
be taken in the presence of trade-offs between multiple design criteria. A set of opti-
mal solutions is denoted as the ”Pareto optimal set”. This is the set of those solutions
for which one objective cannot be improved further without causing a simultaneous
degradation in at least one other objective.

In Figure 1.1 we illustrate the design space exploration problem on a simple exam-
ple. In this example, the application description consists of four computational tasks
and four communication channels. The architecture platform contains two processors
and one shared memory. Let us assume three design criteria to be minimized, which
are execution time, architecture cost and power consumption. Different mappings of
application tasks and communication channels to various architectural components
should be evaluated by simulation to find the optimum mapping solutions under the
aforementioned design criteria. Each mapping decision corresponds to a single point
in the design space. Moreover, each mapping decision consists of two parts: allocation
and binding. The allocation determines which architectural components are actually
used. The binding indicates which application task is executed by which allocated
processor and which communication channel is mapped on which allocated proces-
sor/memory. Note that if two communicating processes are mapped onto the same
processor, then their communications are done internally and therefore communica-
tion channel(s) between them are mapped onto the processor in question.

It is clear from Figure 1.1, even without taking into account any system criteria, that
the number of alternative mappings (i.e. the size of the design space) is extremely large
as it grows exponentially with the size of the application model (i.e. number of compu-
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tational tasks and communication channels) as well as with the number of architecture
components that can be used for the eventual implementation. As a consequence,
an exhaustive evaluation of all potential mappings quickly becomes computationally
intractable. Thus, heuristic search techniques such as evolutionary algorithms, ant
colony optimization and simulated annealing can be used to search the design space
for optimum solutions using only finite number of design point evolutions [1–4].

1.2 The Need for Visualization

System-level simulation frameworks that aim for early design space exploration may
produce vast amounts of data on various characteristics (performance, power con-
sumption, reliability, etc.) for the architecture(s) under investigation. Interpreting and
drawing the right conclusions from such copious simulation results may be extremely
cumbersome. Typically, the results of simulations are summarized in a number of
quantities, such as average load, throughput, latency, or power consumption. Such
numbers are useful to compare different configurations, but from these numbers alone
it is often impossible to understand the reasons behind these differences and to spot
anomalous behavior. So, they do not facilitate the understanding of the landscape of
the design space, i.e., understand the often subtle relations between design decisions
and their effects. For this, the data has to be studied in much more detail, and visu-
alization is the most effective approach to accomplish this. Because of exactly this
reason, other domains that also struggle with interpreting massive amounts of data,
such as scientific computing, data visualization has become an invaluable tool to fa-
cilitate the data analysis. As a result, visualization has become a research field in its
own right in these domains. Such visualization, however, is often domain specific and
therefore not necessarily applicable to other fields.

Despite the clear benefits, little research is being conducted on methods and tech-
niques for visualizing the results of (system-level) computer architecture simulations.
Even worse, visualization approaches to support the process of architectural DSE is
very much an unexplored research field. Existing visualization work in the context
of computer architecture simulation mainly focuses on visualization technology for
educational purposes (e.g., [5–7]), tightly couples visualization to one particular ar-
chitecture simulation environment (e.g., [8–11]), visualizes only one specific aspect
of embedded applications, often lower than system-level, such as memory access pat-
terns [12], cache behavior [13–15] and data dependencies [16], or only provides some
basic support for the visualization of simulation results in the form of 2D (and some-
times 3D) graphs (e.g., [17]). However, as we will demonstrate in this thesis, visual-
ization can be extremely helpful to a system designer in interpreting and analyzing the
DSE results.
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1.3 Problem Description

The purpose of this research study can be summarized in the following question:

How can interactive visualization help to improve and accelerate system-level design
space exploration of computer architectures?

Visualization of computer architecture simulations, and especially of those that target
system-level design space exploration, is a largely unexplored research area. We ex-
pect, however, that by embracing visualization techniques, as has been done in other
domains such as scientific computing and software engineering, much can be gained to
improve computer architecture design technology. To this end, in this thesis, we intro-
duce the structural use of visualization techniques in the design of embedded systems,
and specifically for supporting the design space exploration of embedded systems. We
incorporated all the developed visualization techniques into a tool, called VMODEX1.
Actually, we build a bridge between two previously separate research fields: data vi-
sualization and embedded system design, and show how our proposed visualization
techniques can help designers for better understanding and analyzing the DSE results.

An important challenge in this respect is how to define suitable metaphors to repre-
sent the abstract concepts, such as execution time, energy consumption, power, etc, in
a visual form that is clear and understandable. For visualizing the abstract informa-
tion, there is no natural counterparts in the real world and therefore the user has no
predetermined mental model to which the data can be automatically mapped. Another
important issue that needed to be addressed is that the visualization approach should
not be limited to only two or three variables. It should be extendable to show multi-
variant data. Furthermore, the visualization technique should be scalable to support
large design spaces. It is essential to be able to handle the large-scale experimental
and simulation data sets. The efficiency of the visualization should not be dependent
on the size of the data (i.e. the usefulness of the visualization should not be reduced by
increasing the amount of the visualized data). Our proposed visualization techniques
address all the above challenges.

For developing an effective visualization of data and information, user interaction
plays an essential role. It allows users to directly manipulate the representation and
to explore the data actively in order to investigate the data from different perspectives
and discover new insights. In VMODEX, we provide various interactive capabilities,
which allow designers to play with data and find out interesting and important features
that may not be found just by looking at the static visualization.

In this thesis, we propose visualization techniques that support system-level multi-
objective design space exploration process. The designer can use our visualization
tool to gain insight into the landscape of the design space and look at the explored data
from different perspectives and at multiple levels of abstraction. Furthermore, addi-
tional capabilities are developed to understand the dynamic search behavior of heuris-

1Visualization of Multi-Objective Design spacE eXploration
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tic searching algorithms that are typically used in the DSE process (e.g. which parts of
the design space are not visited by the algorithm). Moreover, we have proposed new
visualization approaches to visualize the performance of different optimization meth-
ods from various points of view, which enable researchers to do detailed analysis of
the quality of the outcome of searching algorithms that are used for exploring the de-
sign space. In addition, we define new visual representations of the results of decision
making methods. These visualizations can help to gain a better understanding of the
trade-offs between different design criteria and provide some guidelines for choosing
the most preferred solution for the final implementation. For performing a comprehen-
sive study of the DSE process, we define three separate stages and for each stage, we
have developed several methods and visualization techniques to provide users a rapid
and more accurate analysis. In the next section, we explain these stages in details.

1.4 Multi-Objective DSE Stages

The process of multi-objective design space exploration is not just evaluating differ-
ent design points in terms of design criteria. There are some other issues that need
to be addressed to perform a comprehensive DSE process. One important issue is
developing an efficient searching algorithm for exploring the design space. This is
because the size of the design space is usually too large to be explored in an exhaus-
tive manner. Another problem is how one particular design point among the Pareto
optimal points can be selected for the final decision. This question arises since in
the presence of multiple conflicting objectives, there cannot be a single design point
that simultaneously optimizes all objectives. Instead, a set of Pareto optimal points
need to be found that provides trade-offs between multiple objectives. In the math-
ematical sense, all Pareto optimal solutions are regarded as equally desirable. Thus,
some multi-objective decision making methods should be used for choosing the most
preferred design point.

In this thesis, we define three stages for doing a comprehensive multi-objective design
space exploration:

1. Developing the best optimization algorithm that efficiently and effectively ex-
plores the design space.

2. Exploring the design space using the best optimization algorithm, finding the
Pareto optimal points and analyzing the DSE results (i.e. gaining insight into
the landscape of the design space).

3. Selecting the most satisfying solution from the Pareto optimal set for the final
implementation (i.e. multi-objective decision making).

Figure 1.2 shows the stages of multi-objective DSE. For each stage, we have developed
several methods and visualization techniques for performing a rapid and more accurate
analysis. Thus, using our proposed techniques, one can perform a comprehensive
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Figure 1.2: The stages of multi-objective design space exploration

study on the entire design space exploration process. In the following subsections, we
describe each stage with more details.

1.4.1 Developing the Best Optimization Algorithm

Due to the sheer size of the design space in real problems, an exhaustive exploration
of all possible alternatives is not feasible. Furthermore, usually multiple criteria need
to be optimized simultaneously. Therefore, heuristic search techniques, such as Multi-
Objective Evolutionary Algorithms (MOEAs), are often used for pruning an exponen-
tial design space and guiding the search process toward the most promising regions.

Although the goal of heuristic multi-objective optimization techniques is to find the
Pareto optimal solutions with respect to the design criteria, there is no guarantee to
reach real optimal solutions. This is because of the heuristic nature of these meth-
ods. They try to find optimal solutions. However, typically they are only able to find
good approximations of optimal solutions that are not far away from the true optimal
solutions. Furthermore, many different multi-objective optimization algorithms are
proposed in literature, such as SPEA2 [18], NSGA-II [19], PAES [20], ACOG [21],
AMOSA [22] etc., which may have a different performance on different problems, and
there is no conclusive answer regarding to which algorithm is the best for a specific
problem. On top of that, optimization algorithms are highly sensitive to the parame-
ters being used, such as mutation rate, repair strategy, individual encoding, etc. These
parameters have major effects on the performance of the algorithm and have to be
fine-tuned by hand. Therefore, coming up with the best searching algorithm, which
efficiently and effectively explores the design space and finds high quality solutions is
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a big challenge.

Therefore, we have developed techniques to help algorithm developers to find the best
optimization algorithm for their specific problem. These techniques have been incor-
porated in VMODEX. Thus, using VMODEX, algorithm developers can easily eval-
uate and compare the results of different optimization methods, with respect to their
efficiency and effectiveness, in order to find the best approach. Then, the best opti-
mization algorithm is used for exploring the design space and the results are delivered
to the designers for analyzing the DSE process.

1.4.2 Exploring the Design Space

After finding the best optimization algorithm for a specific problem, this algorithm is
used for exploring the design space and finding the Pareto optimal solutions. As the
searched design space still is vast, interpreting all evaluation data and understanding
how the optimization algorithm searches through or prunes the design space is cum-
bersome. Such analysis is, however, essential to the designer as it provides insight
into the landscape of the design space (e.g., indicating which design parameters are
more important than others). Therefore, we have developed a multi-objective DSE vi-
sualization, to understand how a heuristic optimization algorithm, searches the design
space, where the optimum design points are located, how design parameters influ-
ence each objective, and provides insight into the relationship between the different
objectives.

In addition, several interactive capabilities are provided, which enable the designer
to analyze the data and explore the search result from different perspectives and at
multiple levels of abstraction in order to discover interesting and important features
that may not be found just by looking at the raw data or by using the traditional 2D/3D
graphs.

1.4.3 Multi-Objective Decision Making

Finding the Pareto optimal points does not completely solve a multi-objective DSE
Problem. The decision maker still has to choose one solution from this set to be im-
plemented. However, the process of choosing the most preferred solution among the
several Pareto optimal solutions is not trivial. Systematic approaches are needed to
express preference information related to the multiple objectives and aid the decision
maker to identify the most preferred solution. Without a systematic approach one can-
not be sure that the proper decision has been made. In VMODEX, we have provided
several decision making methods and visualization techniques to assist the decision
makers to better understand the trade-offs between different criteria and guide them to
make better decisions.
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1.5 Thesis Organization and Contributions

In this thesis, we address the visualization of multi-objective design space exploration
of multi-processor system-on-chip architectures. Actually, we build a bridge between
two previously separate research fields. We introduce the structural usage of data vi-
sualization into the field of embedded systems design. This has not been done before,
and in fact, we extend the boundaries of visualization to include new applications
from other domains. We propose new visualization techniques for interpreting and
analyzing the DSE results.

The main contributions of the thesis are presented in Chapters 3, 4 and 5, each focusing
on a different stage in the process of multi-objective DSE, as explained in the previous
section. The organization of the thesis and the main contributions of each chapter are
as follows.

Chapter 2 gives an overview of the background information necessary for the rest of
the thesis. We first describe the basic knowledge about multi-objective optimization
problems. Then, we explain the multi-objective optimization problem in the context of
design space exploration of embedded systems. This is followed by two subsections
that describe two distinct issues in our DSE problem: the evaluation of a single design
point and the searching strategy for exploring the design space. The first subsection
introduces the Sesame system-level simulator [23, 24], which is used for evaluating
design points. In the second subsection, we describe multi-objective evolutionary al-
gorithms as a heuristic searching method for solving the second issue. Afterwards, we
discuss the benefits of using visualization techniques for exploring and analyzing the
data. Finally, we conclude this chapter and illustrate the need for employing efficient
visualization methods for interpreting and gaining insight into the DSE results.

Chapter 3 introduces our interactive visualization tool, which is specially developed
for understanding the multi-objective DSE process of embedded systems that are
based on heterogeneous multi-processor system-on-chip architectures. It provides in-
sight into the search process of heuristic searching algorithms that are typically used in
the DSE process. Several interactive capabilities are provided, which allow designers
to play with data and find out some interesting and important features that may not be
found just by looking at the static visualization of the data. This chapter supports the
second stage of multi-objective DSE, as explained in Section 1.4.2. In the following,
we summarize our main contributions in this chapter:

• We model the design space as a tree in which both the design parameters and
criteria are shown in a single view.

• The proposed tree model enables us to visualize multivariate data. There is no
limitation on the number of neither design parameters nor criteria.

• Several techniques are provided in VMODEX to be able to handle large design
spaces.

• In our DSE tree model, the concepts of subspaces and local Pareto points are
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proposed, which are new concepts in the multi-objective DSE process and have
not been considered before.

• Various methods and visualization techniques are proposed for evaluating and
comparing different subspaces of the design space.

• Additional visualization approaches are defined for showing different aspects
of the characteristics of each design point. These aspects are referred to as sec-
ondary objectives in this chapter and allow designers to interpret the data from
different perspectives and gain additional insight into the underlying informa-
tion.

• Additional capabilities are provided to help designers to understand the dynamic
search behavior in heuristic based design space exploration.

• We present an extensive case study to show the benefits of using our tool in the
DSE process.

Chapter 4 is dedicated to the first stage of multi-objective DSE (see Section 1.4.1),
which is evaluating the performance of different multi-objective optimizers and find-
ing the best one for a specific problem. In this chapter, we introduce various per-
formance metrics and their visualization methods we have provided in VMODEX
for comparing the outcomes of different optimization methods from several points
of view. In multi-objective optimization problems, several distinct goals need to be
achieved and therefore there cannot be a single quality measure that indicates the per-
formance of an optimization algorithm in an absolute sense. Thus, various metrics
need to be used to perform a comprehensive analysis of the performance of an opti-
mization approach. Our main contributions in this chapter are as follows:

• Proposing three new metrics for assessing the performance of optimization al-
gorithms in the objective space, namely: WSGR, σmst and DFPOS.

• Turning the focus of attention from exclusively evaluating optimization success
in the objective space to also considering the decision space.

• Defining new goals and subsequently new metrics to evaluate the behavior of
optimization methods in the decision space.

• Proposing new visualization approaches for both existing and new metrics to
enable algorithm developers a deeper and more accurate analysis of the perfor-
mance assessment.

• Presenting a case study, which demonstrates the usefulness of using VMODEX
for performing a comprehensive study on evaluating and comparing the perfor-
mance of different optimization approaches.
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Chapter 5 addresses the last stage of multi-objective DSE (see Section 1.4.3), which is
decision making process. As the last step of the multi-objective DSE process, the deci-
sion maker should select the most preferred design point from the set of Pareto optimal
points. In this chapter, we explain the Multi-Objective Decision Making (MODM)
methods that are provided in VMODEX and can help decision makers to understand
the trade-offs between different criteria and select the final solution for the implemen-
tation. Furthermore, new visualization approaches are proposed, which provide the
visual interpretation and detailed analysis of the results of the MODM methods. In
this chapter, we describe the four basic problem formulations in MODM, which are:
choice, classification/sorting, clustering and ranking problems. For each problem for-
mulation, some decision making methodologies and their proposed visualizations are
explained. Our main contributions in this chapter are as follows:

• We define a new method addressing the choice problem. Our method is based
on the fuzzy dominance relations between the Pareto optimal points.

• We propose a new preference similarity measure for clustering the solutions. In
our proposed similarity measure, unlike the conventional measures, the decision
maker’s preferences are integrated in the multi-objective cluster analysis.

• We introduce a scheme for constructing the cluster centers, considering the
properties of all solutions inside the same cluster. Some clustering approaches
utilize the concept of cluster center for assigning the objects to different clusters.

• For each MODM method, we propose a new visualization approach. These vi-
sual representations allow decision makers to find out how and why a particular
solution is considered as a most preferred solution with respect to a specific
MODM method.

Finally in Chapter 6, we first look back and summarize what we have achieved, and
then look ahead to outline what can be accomplished next.

This thesis work has resulted in several reviewed publications. The content of this
thesis is mostly based on these publications. At the end of the thesis, a list of all our
publications is given.



2
Background Information

This chapter provides overviews of the key concepts necessary for the rest of the the-
sis. The readers need to know these relevant concepts to be able to understand the dis-
cussed issues. The first section describes the basic knowledge about multi-objective
optimization problems. In Section 2.2, we explain the multi-objective optimization
problem in the context of Design Space Exploration (DSE) of embedded systems.
The DSE problems generally deal with two distinct issues. The first one is evalu-
ating a single design point regarding all design criteria. In this thesis, the Sesame
system-level simulator [23, 24] is used for evaluating each design point. An outline
of the Sesame simulation environment is given in Section 2.2.1. The second issue in
DSE problems is developing a search strategy for covering the design space during
the exploration. This is because an exhaustive search of all possible design points is
usually prohibitive due to the sheer size of the design space. Thus, heuristic search
techniques are typically used to search the design space for optimum solutions using
only finite number of design point evolutions. In this work, we use Multi-Objective
Evolutionary Algorithms (MOEAs) as the searching strategy. Section 2.2.2 describes
the general information about MOEAs. In Section 2.3 we discuss the benefits of using
visualization techniques for exploring and analyzing the data. The significant aspects
that should be considered for developing effective visualizations are also discussed.
Finally, in the last section we conclude this chapter and illustrate the need for using
visualization in interpreting and gaining insight into the results of the design space
exploration process.

2.1 Multi-Objective Optimization

Real world design problems often are multi-objective optimization problems in which
several incommensurable and often conflicting objectives should be optimized simul-
taneously. An improvement in one objective often causes deteriorations in other ob-
jectives. For example, consider the design of an embedded system such as a mobile
phone, digital television, etc. Often the cost of such systems should be minimized,
while maximum performance is desirable. Here, high performance and low cost are

11
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generally conflicting. High-performance architectures can be quite expensive, while
cheap architectures usually provide lower performance. Therefore, optimal decisions
need to be taken in the presence of trade-offs between objectives. On the other hand,
in multiple conflicting objectives problems, there cannot be a single optimum solution,
which simultaneously optimizes all objectives; instead, a set of optimal solutions, de-
noted as the ”Pareto optimal set”, with a varying degree of objective values has to be
found.

Definition 1: (Multi-Objective Optimization Problem) A general multi-objective
optimization problem with n decision variables (parameters) and m objective func-
tions is defined as:

Minimize y = f(x) = (f1(x), · · · , fm(x))

Where x = (x1, · · · , xn) ∈ X

y = (y1, · · · , ym) ∈ Y

Without loss of generality, we assume a minimization problem. The duality princi-
ple [25], in the context of optimization, can be used to convert a maximization prob-
lem into a minimization problem by multiplying the objective functions by −1. By
using the duality principle, handling mixed maximization/minimization problems is
also easy. When an objective is required to be maximized, the duality principle can be
used to transform the original objective for maximization into an objective for mini-
mization. The objective function f(x) maps a decision vector (solution) x in decision
space (X) to an objective vector y in objective space (Y ). Therefore, in multi-objective
optimization problems, two different spaces should be taken into account:

• Decision variable space or parameter space

• Objective space or criterion space

One of the difficulties of multi-objective optimization is dealing with two spaces.
In single-objective optimization, there is only one space (the decision space) and a
searching algorithm works in this space by accepting/rejecting solutions based on their
objective values. However, in multi-objective optimization, the objective functions
constitute a multi-dimensional space and this additional space should be considered
as well. This is because, for each solution, the position of its projection in the ob-
jective space determines how superior it is in the competition with other solutions.
Although the search process takes place in the decision variables space, the objective
space information is used in search operators to guide the searching algorithm towards
the optimum solutions. Although these two spaces are related by a unique mapping
between them, usually the mapping is not linear and therefore, proximity of two solu-
tions in one space does not imply proximity in the other space. For instance, two close
solutions in the decision space may have completely different projections in the objec-
tive space or two solutions that are far from each other in the decision space may lead
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Figure 2.1: Representation of the decision space and its corresponding objective space in a
two-objective optimization problem

to the same objective vector. Figure 2.1 illustrates these two spaces and a mapping be-
tween them for the case that both decision and objective spaces are two-dimensional
(n = 2 and m = 2).

Most multi-objective optimization algorithms use the concept of domination for com-
paring solutions. In these algorithms, two different solutions are related to each other
in two possible ways: either one dominates the other or they are non-dominated with
respect to each other. In the following, we will describe the key concepts of multi-
objective optimization.

Definition 2: (Dominance Relation) A solution x1 ∈ X is said to dominate the
other solution x2 ∈ X (also written as (x1 < x2) if and only if both of the following
conditions are true:

1. The solution x1 is not worse than x2 in all objectives;
formally: ∀i ∈ {1, · · · ,m} : fi(x1) ≤ fi(x2)

2. The solution x1 is strictly better than x2 in at least one objective;
formally: ∃j ∈ {1, · · · ,m} : fj(x1) < fj(x2)

It is intuitive that if x1 dominates the solution x2, the solution x1 is superior to x2 in
the context of multi-objective optimization. It is also common to say, ”x2 is dominated
by x1” instead of saying ”x1 dominates x2”. A more rigorous definition of strict
dominance requires x1 to be strictly better in all objectives compared to x2 and is
written as x1 � x2, while the less strong definition of weak dominance only needs
the trueness of the first condition and is denoted by x1 ≤ x2. Two solutions x1 and
x2 are said to be non-dominated with respect to each other (x1 ∼ x2) if in some
objectives x1 is better than x2 and in some other objectives x2 is better than x1, while
on the other hand none of them is dominated by another one; formally:

∃ i �= j ∈ {1, · · · ,m} : such that fi(x1) < fi(x2) ∧ fj(x1) > fj(x2)

⇒ x1 �< x2 ∧ x2 �< x1 ⇒ x1 ∼ x2
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Figure 2.2: Illustration of the Pareto optimality and dominance relations between solutions in
a two-dimension objective space

To illustrate the dominance relation, an example is given in Figure 2.2. The two-
dimensional objective space is defined by execution time and cost of evaluated design
points, both to be minimized. The solution F dominates solution G (F < G) since it
is better in both objectives: it has a lower execution time and a lower cost. It would be
even preferable if only one objective is improved, as in the case of comparing solutions
B and F : they have exactly the same cost, but B achieves better execution time than
F . Therefore B is superior to F and we say B dominates F (B < F ). However, when
comparing B and D, neither can be said to be superior, since B �< D and D �< B.
Although solution D is cheaper, it has a higher execution time than solution B.

In Figure 2.2, the dark gray rectangle encapsulates the region in objective space that
is dominated by solution F . We can see that solution G is inside this region and
therefore is dominated by F . The light gray rectangle shows the area in objective
space, which dominates the solution F . This part contains two solutions B and C that
dominate solution F . All the other solutions, which are not in these two rectangles are
non-dominating with respect to F .

Definition 3: (Pareto Optimality) Let x1 ∈ X be an arbitrary solution (a decision
vector)

• The solution x1 is said to be non-dominated regarding a set X � ⊂ X if and only
if there is no solution in X � which dominates x1;
formally: � x2 ∈ X � : x2 < x1

• The solution x1 is called Pareto optimal if and only if x1 is non-dominated
regarding the whole decision space X.

Definition 4: (Non-Dominated Set and Front) The set X � is called a non-dominated
set if it contains only solutions, which are non-dominated regarding the set X �, this
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means that no solutions are dominated by other solutions in this set; formally ∀x1 ∈
X �, � x2 ∈ X � : x2 < x1. The image of a non-dominated set in the objective space is
called the non-dominated front.

Definition 5: (Pareto Optimal Set and Front) The entirety of all Pareto optimal
solutions is called the Pareto optimal set. Solutions in this set cannot be improved
further in terms of a certain objective without causing a simultaneous degradation in
at least one other objective. They represent in that sense globally optimum solutions.
Any solution, which does not belong to the Pareto optimal set, is dominated by at
least one Pareto optimal solution. The set of objective vectors corresponding to a set
of Pareto optimal solutions is called the ”Pareto optimal front” or ”Pareto front”.

In Figure 2.2, the black points construct the Pareto optimal front that contains five
solutions: A, B, C, D and E. These solutions represent the optimum solutions but
they are non-dominated with respect to each other. None of them can be identified as
better than the others. We can see that there are trade-offs from one of these solutions
to others; there is improvement along one objective and deterioration along another
one. Therefore, further analysis, such as preference information, is needed to decide
which one is the best for the final implementation. In Chapter 5, we explain different
multi-objective decision making methods for comparing the Pareto optimal solutions
and choosing the most appropriate solutions among them.

Definition 6: (Euclidian Distance) The Euclidian distance between two solutions a
and b (of dimension n) is defined as:

�a− b� =

����
n�

i=1

(ai − bi)
2

If the objective functions have different scales of measurement, they should be nor-
malized before calculating the distance measure. This prevents objectives with ini-
tially large ranges to overcome objectives with initially small ranges. For example,
if there are two objectives, y1 and y2, in which y1 can have values from 1 to 1000,
and y2 has values from 1 to 10, then the influence of y2 on the distance function will
usually be overpowered by the influence of y1. Therefore, some form of normal-
ization is necessary to make objective values scale independent and balance out the
contribution of objectives on the distance measurement. There are many methods for
normalization such as min-max normalization, z-score normalization and normaliza-
tion by decimal scaling [26]. In this thesis, we use min-max normalization to obtain
a ”common scale” for all objectives. Min-max normalization performs a linear trans-
formation on the original data values so that it does not change the initial distribution
type. It transforms the data values into a desired range, which is usually [0, 1]. Thus,
values of all objective functions are linearly transformed from their original ranges to
lie within the desired range [min target,max target]. Suppose that fmin

i and fmax
i are

the minimum and maximum value of the ith objective. We would like to map interval
[fmin

i , fmax
i ] into a target interval [min target,max target]. Consequently, for each

solution x ∈ X the value of ith objective (fi(x)) from the original interval will be
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mapped into its normalized value (written as f̄i(x)) using the following formula:

f̄i(x) =
fi(x)− fmin

i

fmax
i − fmin

i

× (max target −min target) +min target (2.1)

In the case of using [0, 1] as the desired range, the above formula can be simply written
as:

f̄i(x) =
fi(x)− fmin

i

fmax
i − fmin

i

(2.2)

After applying min-max normalization, each objective value will fit in the desired
range of values. However, the underlying distribution of the corresponding objective
within the new range will remain the same. Min-max normalization preserves exactly
all the relationships among the original objective values and it does not introduce any
bias.

2.2 Multi-Objective Design Space Exploration of
Embedded Systems

Designers of modern embedded systems face several emerging challenges. Since em-
bedded systems often target mass production and battery-based devices, they should
be cheap and power efficient. In addition, they must, increasingly, support multiple
applications and standards, for which they need to provide real-time performance.
For example, mobile devices must support different standards for communication and
coding of digital contents. Furthermore, modern embedded systems should also be
flexible to enable easily extending them to support future applications and standards.
Such flexible support for multiple applications calls for a high degree of programma-
bility.

However, performance requirements as well as cost and power-consumption con-
straints require implementing substantial parts of these systems in dedicated hardware
blocks. As a result, modern embedded systems often have a heterogeneous system
architecture. They consist of components that range from fully programmable proces-
sor cores to fully dedicated hardware components for time-critical application tasks.
Increasingly, such heterogeneous systems reside together on a single chip, yielding
heterogeneous Multi-Processor System-on-Chip (MPSoC) architectures that exploit
task-level parallelism in applications.

The heterogeneity of these highly programmable embedded systems and the varying
demands of their target applications greatly complicate system design. The complex-
ity of these systems forces designers to simulate systems and their components early
during the design process to explore the wide range of design choices. Such Design
Space Exploration (DSE), during which multiple criteria should be considered simul-
taneously, is called multi-objective DSE. Since objectives are often in conflict, a set of
optimal solutions denoted as the Pareto optimal set has to be found. This is the set of
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those solutions for which one objective cannot be improved further without causing a
simultaneous degradation in at least one other objective (see Section 2.1).

In order to find the Pareto optimal design points with respect to multiple design crite-
ria, the designer should ideally evaluate and compare every single point in this space.
However, such exhaustive search of all possible design points is usually prohibitive
due to the sheer size of the design space. When the design space is too large to be
explored in an exhaustive manner, heuristic search techniques such as evolutionary
algorithms can be used to search the design space for optimum solutions using only
finite number of design point evolutions.

The DSE problem generally deals with two distinct issues:

1. The evaluation of a single design point regarding all objectives.

2. A search strategy for covering the design space during the exploration process.

Methods for evaluating design points range from solely analytical approaches to de-
tailed cycle-accurate simulations. The results of simulation-based methods are more
accurate but the evaluation process usually takes longer. A review of different ap-
proaches for evaluating a single design point is provided in [27]. In this thesis,
the evaluation of design points is performed by the Sesame system-level simula-
tor [23, 24]. Models in Sesame are defined at a high level of abstraction and cap-
ture only the most important characteristics of the components in the system. As
these high-level models minimize the modeling effort and are optimized for execution
speed, they can be applied for DSE at the very early design stages. Section 2.2.1 gives
an outline of the Sesame simulation environment.

The searching strategies iteratively walk through the design space and try to properly
cover the design space during their explorations. In general, these methods can be di-
vided into two types, based on their progress from iteration to iteration: guided search
and unguided search. The guided search methods, such as hill climbing [28, 29], evo-
lutionary algorithms [30, 31], ant colony optimization [32–34] and simulated anneal-
ing [35, 36], use information learned so far to guide the search process. The unguided
search methods such as random walk aim to provide an unbiased view of the design
space. Each design point is chosen randomly and entirely by chance. In [27] a survey
of different searching strategies used for design space exploration of system-on-chip
architectures is given. In this work, we use multi-objective evolutionary algorithms as
the searching strategy. MOEAs have several advantages; they evolve over a popula-
tion rather than a single solution and in this way the search is performed in a parallel
manner. Furthermore, MOEAs are generic and can be applied to a wide variety of
search and optimization problems. Moreover, they are based on guided search meth-
ods. So, they learn by experiments and solve an optimization problem by successive
refinement. Additionally, MOEAs are efficient at searching large and complex design
spaces [37]. In Section 2.2.2 we explain the basic concepts of MOEAs and describe
the searching procedure of a simple MOEA.
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Figure 2.3: The Y-chart methodology

2.2.1 Sesame Environment

Sesame (Simulation of Embedded Systems Architectures for Multi-level Exploration)
is a modeling and simulation framework geared towards efficient performance eval-
uation of heterogeneous Multi-Processor System-on-Chip (MPSoC) platforms in the
multi-media domain [23, 24]. Models in Sesame are defined at a high level of ab-
straction and capture only the most important characteristics of the components in the
system. By omitting detailed component properties, the simulation of an entire system
can be much faster than with traditional simulation approaches. This allows for the
(performance) assessment of a large number of design options.

Sesame follows the Y-chart design methodology [38, 39] which is depicted in Figure
2.3. A key aspect of the Y-chart approach is the separation of two main concerns: ap-
plication models and architecture models. The application model describes the func-
tional behavior of the system in an architecture independent manner. That means
the application model is free from architectural issues, such as timing characteris-
tics, resource utilization or bandwidth constraints. The architecture model represents
the hardware components in the system, such as processors, reconfigurable modules,
memories, etc. The Y-chart modeling methodology relies on independent application
and architecture models in order to promote reuse of both simulation models to the
conceivable largest extent.

In order to bind the application tasks onto the architectural resources an explicit map-
ping step is needed, after which the system performance can be evaluated quantita-
tively. In this step, different mappings of application processes and communication
channels to various architectural components are evaluated by simulation to find the
optimum mapping solutions under the design criteria. Each mapping decision taken
in this step corresponds to a single point in the design space. Each mapping decision
consists of two main parts: allocation and binding. The allocation determines which
architectural components are actually used. The binding indicates which application
task is executed by which allocated processor and which communication channel is
mapped on which allocated processor/memory. Note that if two communicating pro-
cesses are mapped onto the same processor, then their communications are done in-
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ternally and therefore communication channel(s) between them are mapped onto the
processor in question. In Sesame [1], the mapping decision problem is formulated
as a multi-objective optimization problem in which three criteria are considered: the
processing time, energy consumption and cost of the architecture. To solve this prob-
lem, an Evolutionary Algorithm (EA) has been used to achieve a set of best alternative
mapping decisions under the aforementioned multiple criteria.

Application Model

The application model purely describes the functional behavior of the system. Appli-
cations in Sesame are modeled using the Kahn Process Network (KPN) [40] model of
computation in which parallel processes, implemented in a high-level language, com-
municate with each other via unbounded FIFO channels. Reading on a FIFO channel
is blocking and writing is non-blocking. The semantics of a Kahn process network
state that a process may not examine its input channel(s) for the presence of data and
that it suspends its execution whenever it tries to read from an empty channel. Unlike
reads, writing to channels is always successful as the channels are defined to be infinite
in size. Each of the Kahn Processes are instrumented with annotations. During execu-
tion, the annotated Kahn processes will generate three types of events: read, write and
execute. Hence at any time, a Kahn process is either enabled, that is executing some
code or reading/writing data from/to its channels, or blocked waiting for data on one
of its input channels.

The advantages of KPN are their determinisim and Turing completeness. The deter-
ministic property ensures that the same input will always produce the same output
irrespective of the scheduling policy employed in executing the Kahn process net-
work. Therefore, the deterministic feature of Kahn process networks provides a lot
of scheduling freedom to the designer. Turing completeness means that the KPN can
model any calculation that any programmable computer can perform.

The topology of the KPN is described in the Y-chart Modeling Language (YML).
YML is an XML- based language which describes the Kahn Processes and their com-
munication channels.

Mapping Layer

Because of the separation of application model and architecture model, an explicit
mapping step is needed to relate these models for co-simulation. In Sesame there is an
additional layer between the application model and architecture model layers, acting
as a supporting interface in the process of mapping Kahn processes, i.e. their event
traces, onto architecture model components. The objective of the mapping layer is
illustrated in Figure 2.4.

The mapping layer comprises of virtual processors and FIFO buffers for communi-
cation between the virtual processors. As illustrated in Figure 2.4, there is a one-to-
one relationship between the Kahn processes in the application model and the virtual
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Figure 2.4: A close-up of the layers in Sesame: application model layer, architecture model
layer, and the mapping layer which is an interface between application and architecture models

processors in the mapping layer. The same is true for the Kahn channels and the
FIFO buffers in the mapping layer. However, the unbounded Kahn FIFO channels
are mapped onto bounded FIFO buffers in the mapping layer. The size of the FIFO
buffers in the mapping layer is parameterized and dependent on the architecture.

The virtual processors use trace driven simulation, processing the generated events
in the annotated Kahn process node. Since the events are simulated, the virtual pro-
cessors implement an event queue and provide scheduling for the events. In practice
this means that the events of a single virtual processor are performed sequentially.
An event is scheduled if the corresponding architectural element is available. In case
of an execution event this means that the architectural element must be available for
processing. For reading, the requested data must be available in the channel, whereas
writing requires space in the bounded physical channel.

Unlike the projection from the application onto the mapping layer, the projection of
the mapping layer onto the architectural layer does not need to be bijective. For each
of the virtual processors, one of the architectural processors is selected. Similarly, for
each virtual FIFO buffer a corresponding memory element is nominated. Obviously
the mapping must be feasible. This means that the architectural processor is capable
of executing all the annotated events, which are dispatched by the connected virtual
processor. Moreover, the mapping of a virtual channel onto a memory element has
the requirement that the memory connects the processors on which both of the virtual
processors are mapped.

When multiple virtual processors are mapped onto the same architectural processor
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scheduling is required. Sesame provides customizable schedulers to schedule events
originating from different virtual processors. An example can be seen in Figure 2.4. In
this case, both the virtual processors A and B are mapped onto the same architectural
processor (Processor 1). As a consequence, Processor 1 must first have a scheduler in
order to determine if it processes an event of virtual processor A or B.

Architecture model

An architecture model is constructed from generic building blocks provided by a li-
brary, which contains template performance models for processors, co-processors,
memories, buffers, busses, and so on. The elements are implemented in a discrete
event simulation language like Pearl [41] or SystemC [42]. Using the input event
traces, which may come from different virtual processors, execution is simulated.
From the simulation results, several metrics can be acquired, like performance and
utilization. Like the application model and the mapping model the topology and the
characteristics of the architecture model are also described using YML. In this case,
the parameterized individual components and the connections between them are de-
scribed.

2.2.2 Multi-Objective Evolutionary Algorithms

In the last few years, Multi-Objective Evolutionary Algorithms (MOEAs) have been
recognized to be well suited to solve multi-objective optimization problems and have
become very popular. They are widely used in many different fields such as com-
puter science, engineering, economics, finance, industry, chemistry, ecology and etc.
Over the years, many MOEAs have been proposed such as SPEA [43], SPEA2 [18],
NSGA-II [19], PAES [20], MOGA [44], MAREA [45], etc. The main motivation for
using EAs to solve multi-objective optimization problems is because EAs operate on
a set of design points (solutions) rather than only one solution at each time. Thus, in a
single run of the algorithm, several solutions are evaluated and in this way the search
is performed in a parallel manner. Furthermore, EAs are less sensitive to the shape or
continuity of the Pareto front. For example, they can easily deal with discontinuous,
multi-modality and concave Pareto fronts. Additionally, EAs are able to search large
and complex decision spaces. Moreover, it is not necessary to choose an accurate
starting point. The results of EAs do not rely on the initial population and they aim at
finding the global Pareto optimal solutions, rather than to get stuck in local optimums.
These features play a critical role in the efficiency of EAs in solving multi-objective
optimization problems. These issues are, on the other hand, major concerns when
using traditional mathematical programming techniques for finding optima, such as
linear programming, nonlinear programming, stochastic programming, robust opti-
mization, combinatorial optimization, etc.

Evolutionary algorithms are heuristic search methods that take their inspiration from
natural biological evolution. By analogy to natural evolutions, solution candidates
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Figure 2.5: Basic procedures of evolutionary algorithms

are called individuals and a set of solutions is called a population. Each individual
represents a possible design point in the decision space. However, an individual is not
a vector in the decision space. Instead, it is an encoded representation of a decision
vector.

MOEAs evaluate a population of individuals over several iterations, called genera-
tions. With the help of genetic operators, a MOEA progresses iteratively towards the
best possible solutions. Its progression (optimization process) is comparable to nat-
ural selection in the evolution of living organisms in that the most proper elements
in the population have a higher chance to survive, reproduce and thus transfer their
genetic material to the consecutive generations. The algorithm usually starts with a
randomly generated population and calculates the fitness value for each individual
within the population. The fitness function is problem specific and determines how
good the individual is. Individuals with high fitness in the current population are se-
lected for reproduction and referred to as parent individuals. Such individuals are
modified (recombined and randomly mutated) to create new individuals (offspring).
This is motivated by the hope that the new individuals will be better than the old ones.
The new individuals are then considered as the current population in the next iteration
of the algorithm. Generally, the algorithm terminates when a predefined number of
generations has been reached. But, also other conditions may be used as the termi-
nation criterion of the search process. For instance, when there is no improvement in
the fitness values of the individuals, or some individuals with sufficient quality have
been found. At the end, the best individuals found in the final population or during the
entire search process are considered as the outcome of the MOEA. Figure 2.5 shows
the sequence of basic steps in a simple evolutionary algorithm. In the remainder of
this section, we will briefly describe the main concepts used by MOEAs.

Individual Encoding

The first step in the design of an evolutionary algorithm is to translate the real problem
into biological terms. A method is needed to represent the design variable values
in the allowable sets, so that they can be used and manipulated by an evolutionary
algorithm. Thus, design points in the decision space should be encoded based on
an appropriate structure and these encoded representations are used as individuals in
EAs. The encoding mechanism is highly dependent on the problem. Binary encoding
is the most common and simplest method. In binary encoding each individual is a
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set of bits, 0 or 1. Each bit represents a parameter of the design point. An important
example of a problem that is solved using binary encoding is the knapsack problem:
given a set of items, each with a weight and a profit, select some number of items to be
carried in a knapsack with certain capacity. The objective is to choose the set of items
that maximizes the profit but does not exceed the knapsack capacity. As the encoding
concerns, for each item, there is one bit in the binary encoding. Therefore, the total
number of bits representing an individual is equal to the total number of items that
we have. The value of each bit (0/1) indicates whether the corresponding item is in
knapsack or not. The benefit of a binary encoding is that the implementation of the
genetic operators (crossover and mutation) is rather straightforward. A downside is
that binary encodings are unnatural and unmanageable for many problems.

A simple alternative is a many-character encoding. Instead of only having the 0 or 1,
a larger alphabet is available. This alphabet can contain characters, strings, integers
or even real values. The large freedom in choosing an alphabet makes this encoding
applicable to many problems. A designer can also choose to use a problem specific
encoding. These are encodings, which are not commonly used and mostly invented
for a specific problem. An example is the tree encoding, which can, for example,
represent computer programs.

Fitness Calculation

The quality of an individual with respect to the optimization task is calculated using
the fitness function. The fitness value indicates how well an individual is and deter-
mines its desirability in comparison to the other individuals. Note that since the quality
is related to the objective functions, before calculating the fitness, an individual should
be decoded to its corresponding vector in the decision space. Thus, the fitness function
can be applied on decision vectors not on their encoded representations (individuals).
The fitness assignment method is a major component of MOEAs and may signifi-
cantly affect their performance. Therefore, different fitness assignment strategies are
proposed in literature to improve the performance of MOEAs. Two popular schemes
are objectives-based fitness assignment such as VEGA [46], and domination-based
fitness assignment such as PAES [20], SPEA2 [18], and NSGA-II [19].

Parents Selection

Selection method indicates how the individuals from the current population are se-
lected to produce offspring for the next generation. The purpose of the selection
process is to remove low-quality individuals from the population, while reproduc-
ing high-quality individuals, in the hope that their offspring will have an even higher
quality. The goal is to focus on particular portions of the search space, which contains
fitter solutions and to increase the average fitness within the population. The probabil-
ity that an individual is selected as a parent for further reproduction is determined by
a probability function with respect to its fitness value. The probability that the fittest
individual is chosen must be large enough, otherwise the algorithm will not converge
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to optimal solutions. However, if the probability of choosing the fittest individual is
too high, the algorithm can have a tendency to get stuck in a local optimum. Selection
is done with replacement, so an individual can be selected multiple times as a par-
ent. Like the fitness assignment, various selection mechanisms have been suggested
in literature such as roulette wheel, elitism, rank, tournament selection and so on. A
detailed description of how these methods work can be found in [37].

Variation Operations

The aim of variation operations is generating new individuals by modifying the ex-
isting ones. In general, two variation operators are typically applied: crossover and
mutation. The variation operators work on individuals, not on the decoded decision
vectors. The implementation of these operators is highly dependent on the individual
encoding. The general view is that crossover is supposed to exploit the current indi-
viduals to find better ones and is helpful for rapidly exploring the search space and
finding optimum points, while mutation provides a small amount of random search,
and helps to ensure that no point in the search has a zero probability of being exam-
ined. Therefore, mutation is effective to investigate new and unknown areas in the
search space. In the following paragraphs crossover and mutation will be described
with respect to a binary encoding.

Crossover The crossover operator takes two individuals as parents and creates two
different offspring individuals by recombining the parents. To take into account the
stochastic nature of evolution, a crossover probability is assigned to this operator.
Therefore, substrings from two parents are swapped between these parents with a
fixed probability. Crossover can be done in many ways.

One-point crossover is the simplest form. In the one-point crossover (see Figure
2.6(a)), two parent individuals are cut at a random point and the segments after the cut
point are swapped to create the offspring. The one-point crossover has some draw-
backs. Based on the location of the bits in the individual, some schemas cannot be
generated. An example is that 10001 and 00100 cannot generate 10101. Another
shortcoming is that the head and tail of one individual cannot be passed simultane-
ously to the offspring. If both the head and the tail of an individual contain good
genetic information, none of the offspring obtained directly with one point crossover
will share the two good features.

Using a two-point crossover avoids the second drawback of the one-point crossover.
In this case, two positions are chosen at random and the segment between these two
points is exchanged. Figure 2.6(b) shows an example of two-point crossover. Note
that in both one-point and two-point crossover, only a single segment is exchanged.
The two-point crossover is generally considered better than one-point crossover, but it
still has the problem that certain schemas cannot be generated.

A method, which is capable of generating any schema, is uniform crossover. In the
uniform crossover each bit in the offspring is selected randomly, either from the first
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parent or from the second one. A crossover mask with the same length as the individ-
ual structure is created at random and the parity of the bits in the mask indicates which
parent will supply the offspring with which bits. Where there is 1 in the crossover
mask, the corresponding bit is taken from the first parent and where there is 0 in the
mask, the bit is taken from the second parent. Usually, for producing the second off-
spring the inverse of the crossover mask is used. In, Figure 2.6(c) an example of
uniform crossover is shown. Unlike the one-point and two-point crossover, multiple
segments can be exchanged between the parents in the uniform crossover. There are
also some other types of crossover such as N -point crossover, three parent crossover,
shuffle crossover, ordered crossover, etc. Here, we describe only the most popular
ones. For more information about these crossover operators, the reader is referred
to [47]. The question of which of the crossover methods should be used is not easy
to answer. The success or failure of a crossover operator depends on the particular
fitness function, encoding and other details in the evolutionary algorithm.

Mutation The mutation operator randomly alters each bit of an individual according
to the mutation probability. It prevents the algorithm to be trapped in a local optimum.
Furthermore, mutation helps to maintain genetic diversity in the population. It creates
new genetic structures in the population by randomly modifying some of its building
blocks. A simple mutation for binary encoding is shown in Figure 2.6(d). In this
method, the value of each bit is inverted (changing 0 to 1 or vice-versa) with a small
probability. The mutation probability should be small otherwise the EA will in fact
change to random search.
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Constraint Violations

Duo to the randomness in MOEAs (in initialization, crossover and mutation steps),
they are prone to violating the problem constraints and producing invalid individuals.
There are two options for handling the invalid individuals: use a repair mechanism or
use a custom variation operator. If the repair mechanism is used, the variation oper-
ator manipulates the individuals freely. After an individual is manipulated, the repair
mechanism will verify if it is still valid. When it is not a valid individual anymore, the
repair mechanism will repair it. The other option is to use a custom variation opera-
tor. The custom variation operator is built in such a way that it only generates valid
individuals.

Parameters Setting

In implementing an evolutionary algorithm, various parameters need to be set, like
population size, crossover type and probability, mutation probability, selection method
and termination condition. The success of an evolutionary algorithm is greatly depen-
dent on the values of these parameters. In literature, there is a lot of discussion on
setting the parameters of evolutionary algorithms, However, there are no conclusive
results on what the best parameters are, most people use what has worked well in
previously reported cases. A study by Schaffer et al. [48] performed extensive ex-
periments to test the success of evolutionary algorithms on a small set of numerical
optimization problems with a wide range of parameter settings. They found the best
settings of the parameters independent of the problem in their test suite. The best pop-
ulation size was between 20 and 30, the crossover probability between 0.75 and 0.95
and the mutation probability between 0.005 and 0.01.

There is also another type of evolutionary algorithm called Adaptive Evolutionary
Algorithm (AEA) [49, 50] in which the parameter values are varied during the search
process. A simple scheme could be as follows: the mutation probability is changed
according to the quality of population. If there is no improvement in the fitness values
for a long time, the mutation probability will be increased. Subsequently, the mutation
probability is decreased again when an improvement occurs.

Summary

The power of EAs comes from the fact that they do exploration and exploitation si-
multaneously. Exploration is essential to walk through the decision space and discover
new parts. Exploitation is helpful to make use of knowledge found at previously eval-
uated points and to guide the searching process towards better points. In EAs, the
direction and chance in the search process are combined effectively and efficiently
and provides a fast, useful and robust technique, which can deal successfully with a
wide range of different problems. Although there is no guarantee that EAs will reach
the global optimum solutions, they are generally good at finding ”acceptably good”
solutions in a ”reasonable time”.
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Figure 2.7: Two different graphical methods for showing connections between entities

2.3 Visualization

Collecting information is no longer a problem, but interpreting and extracting insight
from collected information has become progressively more difficult. Visualization
provides a link between two potent information-processing systems: The human eyes
and modern computers. Visualization is the process of transforming data, informa-
tion, and knowledge into visual form making use of humans’ natural visual capabil-
ities [51]. Visualization is useful to rapidly extract insights from large amounts of
information. It allows users to quickly understand the general structure and patterns
in the data and the relationships between different variables.

An important issue in designing visualization systems is that visualizations are primar-
ily developed for human interpretation. Thus, understanding how the human perceives
information visually and how his mind responds to visualization is a key factor for
designing an effective visualization. The human perceptual and cognitive capability
must be considered in producing a visualization system, otherwise the end result may
lead to a visualization that cannot be interpreted by the human. For instance, Figure
2.7 shows two different ways for demonstrating connections between entities. The
connecting lines in Figure 2.7(a) are much more effective than the symbols in Figure
2.7(b).

Perhaps the best example to describe how visualizations can allow better understand-
ing of data is Mendeleev’s Periodic Table of Elements. Other examples are maps
illustrating subway connections, statistical diagrams showing financial information,
MRI scans for detection of health problems and weather maps showing the climatic
and meteorological situation as predicted for a day or a week.

2.3.1 Visualization Classification

Visualization is commonly classified into two groups based on its application and
scope: scientific visualization and information visualization.

Scientific visualization focuses on the visual display of spatial data related to scientific
studies such as the bonding of molecules in computational chemistry. It inspires the
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representations from the physical world as can be seen from the MRI-scan and tornado
examples. The data may be generated by complex simulation models or collected by
scientific instruments such as medical scans, satellites, telescopes, and microscopes.
The main characteristic of scientific visualizations is the fact that they have natural
counterparts in the real world to which the data can be mapped, such as the human
body, earth, airplane, and molecule. Actually, scientific visualization helps to amplify
the human sensory system, by showing things that are too fast or slow (on timescales)
for the human eyes to perceive, or structures that are much smaller or larger than
human scale, or phenomena such as X-rays radiation that cannot be directly sensed by
human.

Information Visualization (InfoVis) deals with abstract data sets, that is, data without
a ”natural” physical or geometric representation, such as hierarchical or textual in-
formation. Therefore, the user has no predetermined mental model to which the data
can be automatically mapped. Thus, the main challenge in information visualization
is developing new visual metaphors for representing the abstract data, such that they
enable users to clearly and effectively understand the underlying information.

These two visualization groups are not mutually exclusive. For instance, scientific vi-
sualization may use the techniques in information visualization for representing mul-
tiple attributes of a physical object.

2.3.2 Information Visualization

Information visualization is about transforming abstract information into visual rep-
resentations providing users the benefits of quick insight, correlation analysis and
pattern recognition that are inherent in visual information. Information visualization
should enable users to get information fast, make sense out of it, and draw conclusion
from it in a relatively short time.

The field of information visualization is an interdisciplinary research area. It integrates
multiple and diverse discipline such as computer science, mathematics, statistics, psy-
chology, semiotics, graphic design and domain knowledge. The two main issues in
computer science that are related to information visualization are computer graphics
and human-computer interaction. Mathematics and statistics are necessary for accu-
rate mapping of information to the visual elements. The field of psychology provides
noteworthy scientific guidelines on how humans perceive visual information. The area
of semiotics is useful for understanding the symbols and their underlying meanings.
The knowledge of graphic design helps to create visualizations that are well suited for
their intended purpose. It is evident that for designing a useful and effective visualiza-
tion a good knowledge of domain area is essential.

Information visualization systems have two main components: representation and in-
teraction. The representation component involves the way that data is mapped to the
visual form. Subsequently, the interaction component allows a user to directly ma-
nipulate the representation and to explore the data set in order to discover additional
insights. Although the representation and interaction are discussed as two separate
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Table 2.1: Basic visual variables

Visual Variables!

Position!
Changes in the x,y,z locations!

Size!
Changes in length, thickness, or area!
Shape!

Color!

Saturation!
Changes from light to dark!

Orientation!

Border!

Texture type!

Texture density!

components, they are not mutually exclusive. For example, an interaction with visu-
alization may lead to a change in representation. Nonetheless, these two components
compose the two fundamental aspects of InfoVis systems.

Representation

In all visualizations, graphical elements are used as a visual syntax to represent se-
mantic meaning [52]. This mapping of information to visual elements is called visual
encoding, and the combination of several encodings in a single display leads to a
complete visual metaphor. A simple example is the mapping of temperature to a color
scale from blue to red. Cool and warm colors may be used to represent low and high
temperatures, respectively. The visual variables are considered as the fundamental
building blocks of any visualization. Several basic visual variables are shown in Table
2.1.

To effectively map data onto visual variables we need to consider the properties of
data as well as the characteristics of visual variables. For instance, size or length is
more effective to encode quantitative data, but less useful for nominal data. Contra-
dictory, shape is ineffective in representing quantitative data, while is more suitable
for nominal data.
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Another essential issue in designing an effective visual encoding scheme is that the
visualization system designer should be aware of standard conventions in visual rep-
resentations. For example, a normal visual convention for the three colors red, orange
and green is that they denote danger, caution and safety respectively (e.g. traffic light).
If the use of these colors is reversed or jumbled up, then the confusion can be caused
because of the contradiction with perceptual processing. The users have to redefine
their mental model of what a particular color means. Utilizing unusual information
coding representations makes the meaning or any understanding of the visualization
virtually impossible.

Interaction

User interaction plays an essential role in effective visualization of information. It
provides users the ability to directly manipulate and interpret representations. The
way users interact with visualizations can strongly influence their understanding of the
data as well as the usefulness of the visualization systems. Interactive visualization
allows a tighter connection between users and the data being explored and enables
users to rapidly and effectively discover hidden characteristics, patterns and trends in
the data and gain a greater insight. This insight is associated to human cognition and
the powers of reasoning within a logical framework, not to the ability of computers to
process data. Furthermore, interactions can overcome some limits of representations
(e.g. screen limitations) especially when the data grows larger and more complex.

In the following we discuss the general categories of interaction techniques, which are
widely used in InfoVis systems.

Navigation: Interactive navigation consists of changing either the viewpoint or the
zooming factor of the scene. Panning is an example for altering the viewpoint. Pan-
ning refers to movement of a camera across a scene and can simply be achieved by
scrollbars. Zoom in and zoom out are powerful interaction techniques that allow users
to get an overview of the entire scene or get a more detailed view on some specific
parts of the scene.

Manipulating the visualized objects: The basic manipulation operations are mov-
ing the objects in the scene, rotating, translating, selecting and scaling.

Reconfigure: Reconfigure interaction techniques provide users with different per-
spectives onto the data set by changing the way that data items are arranged. A simple
example is sorting the rows of a table by a specific column and rearranging the table
rows. Another example is changing the variables assigned to the axes of a scatter plot
view or rescaling the axes to exclude outliers and expand the scale to see whole data.
The baseline adjustment feature in a stacked histogram is another example of reconfig-
ure interaction. It enables users to better compare the heights (values) of subsections
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that are not initially on the bottom of the histogram.

Adjusting the level of abstraction: These types of interactions enable users to mod-
ify the abstraction level of the representation from an overview down to details of indi-
vidual data items and often many levels in-between. A simple example is the tool-tip
interaction technique that provides detailed information when a mouse cursor hovers
over a data item. Another example is expanding/collapsing nodes in tree visualiza-
tion. By expanding a node its corresponding subtree is shown and allow user to do
more detailed analysis on the relations between that particular node and the nodes in
its subtree. However, by collapsing the node its subtree becomes invisible.

Filtering: Filtering enables users to change the set of presented data items based on
some specific conditions. In this type of interaction, users specify some conditions, so
that all data items meeting those criteria are presented and those data items that do not
satisfy the filtering conditions are removed from the display or shown differently. For
instance, a user can select interested ranges by moving sliders or particular values by
clicking on check boxes and then the data items meeting those constraints are shown
and others are removed from the display.

Brushing: Brushing interaction techniques are used to highlight associations and
relationships between data items in multiple views. In some Infovis systems multiple
views are used to show the same data set from different perspectives (e.g. scatter
plot, parallel coordinate, histogram). The brushing technique is used to highlight the
corresponding data items in all views. For instance, when a user selects a data item
in the scatter plot, the same data item in the parallel coordinate view is highlighted
simultaneously.

2.3.3 Multivariate Data Visualization

Multivariate data visualization is a specific kind of information visualization in which
the correlations between multiple variables are of vital interest. For multivariate data
visualization, the dataset to be visualized is of high dimensionality and its variables
are correlated in some way. Formally, the data is considered multivariate if it has
more than three variables. The human perceptual system is well equipped to interpret
data as presented in 1D and 2D graphical representations, or even 3D if it is properly
interfaced. The visualization techniques for multivariate data try to effectively map
high-dimensional multivariate data in a 2D/3D visual display. Such an effective vi-
sualization should be able to facilitate users to identify, locate, distinguish, categorize,
cluster, rank, compare, associate or correlate the underlying data [53].

Multivariate data visualization faces several challenges in encoding its variables in a
single visual display, as follows:
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• All data variables should be shown simultaneously but avoid cognitive over-
loading.

• Different variables can be viewed holistically for integrated analysis and, at the
same time, users can judge each dimension separately and independently.

• There is a tradeoff between amount of information, simplicity and accuracy.

• Visualization of relationships is an essential issue in multivariate data visualiza-
tion. The information is not just data items but also relationships, both within
multidimensional data items and between them.

• In most cases certain correlations are not know in advance, and we want to
discover those correlations using visualization. It is a paradox [54] that makes
it hard to assess the effectiveness of an information visualization technique: we
do not know what valuable knowledge exists in the data, so we hope to gain
insight by visualizing it.

In the following, we describe three most popular visualization techniques used for
representing multivariate data.

Scatterplot Matrix

A scatterplot is the conventional method for visualizing the relationship between two
variables in which two variable values are projected along the x− y axes of the Carte-
sian coordinates. As a visual structure, the scatterplot uses position to encode two
variable values and their relationship.

Scatterplot matrix is the standard way of extending the scatterplot to higher dimen-
sions. The scatterplot matrix contains all the pairwise scatterplots of the variables in a
matrix format. That is, if there are n variables, the scatterplot matrix is an n× n ma-
trix such that the ith row and jth column of this matrix is a scatterplot of ith variable
versus jth variable. The diagonal plot is simply a 45-degree line since we are plotting
a variable versus itself. Thus, it is common to use the diagonal to write the variable
labels or to plot the univariate histogram. Since the scatterplot matrix is symmetrical,
it is possible to omit the plots below the diagonal. Figure 2.8 shows an example scat-
terplot matrix for a dataset with three variables. In this figure, the label and histograms
of variables have been placed on the diagonal of the matrix.

Using the scatterplot matrix, we can observe patterns in the relationships between
pairs of variables, but there may be important patterns in higher dimensions, which
are barely recognized in it. To address this problem, the brushing technique can be
applied. Using brushing, a particular n-dimensional subspace in the visualization can
be highlighted, that is, the respective points of interest in each scatterplot in the matrix
are colored or highlighted.
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Figure 2.8: An example scatterplot matrix for 3-dimensional data

Parallel Coordinate Plot

A parallel coordinate plot [55] overcomes the limitation of the orthogonal coordinate
system by placing the coordinate axes parallel to each other. With this arrangement,
it is possible to plot high-dimensional data points on a plane. Figure 2.9 shows a 2D
data point in both axis configurations: orthogonal and parallel.

In parallel coordinate plots, the maximum and minimum values of each dimension are
scaled to the upper and lower points on a vertical axis. An n-dimensional data point
is displayed as a polygonal line that crosses each axis at its respective data variable
value. Figure 2.10 represents an example parallel coordinate plot for a data set with 7
variables. In this figure, data variables are shown as parallel axes and each data item
is represented by a polygonal line. In parallel coordinate plot, the order of the axes
is critical for finding features. Therefore, in typical data analysis, many reordering
will need to be tried. In some cases [56], heuristics are used to create illuminating
orderings.

Figure 2.9: A 2D data point (x, y) in orthogonal axis configuration (left) and in parallel axis
configuration (right)
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Figure 2.10: An example parallel coordinate plot for 7-dimensional data

Parallel coordinate plots have been shown to be an effective tool for an initial visual
analysis of high-dimensional datasets. However, they have two main weaknesses.
First, distributions of observations and patterns in the dataset become obscured as the
number of observations increases. Second, to visually represent relationships between
any two variables, those variables must be adjacent to each other in the plot. Many in-
vestigators have proposed solutions to overcome these shortcomings such as brushing,
color density encoding, and axis reordering.

Influence Explorer

The influence explorer [57,58] is an interactive visualization tool for any design prob-
lem in which performances can be computed from the knowledge of parameter values.
This tool makes use of ”Interactive Histograms” technique. Each performance and
each parameter has its own histogram. A data item is represented once on each his-
togram by a square in the appropriate bin. The height of each column in the histogram
represents the number of data items that fall within that bin. In other words, the his-
tograms are frequency plots. The squares for a particular data item can be joined using
lines. Collection of such lines can provide useful insight into the relationships implicit
in the display data (parallel coordinate plots).

Figure 2.11 shows an example data set, which is displayed in the form of histograms.
On the left side, the two performances P1 and P2 and on the right side the four pa-
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P1 

P2 

X1 X2 X3 X4 

Figure 2.11: An example data set visualized by the influence explorer

rameters X1 −X4 are shown. Each square within a histogram corresponds to a single
point. Selecting a point on one scale shows its corresponding values on the others. In
Figure 2.11 a selection has been made on P2 and those same points are highlighted (in
white) on each of the other histograms. The circles indicate the mean of the selected
points. Upper and lower limits can be set on all the performance scales. Whereupon
color-coding indicates how the points satisfies those requirements. White color-coding
identifies those design points that satisfy all the performance limits, black points fail
one and dark grey points fail two requirements. Such color-coding provides valuable
sensitivity information. Examination of the location of white squares on the parameter
scales will indicate where possible designs might lie, and will often help to identify
the relation between performances and parameters. The same as performance, the
selection of parameter limits is also possible. However, it requires additional color-
coding. The main advantage of such color-coding is that it indicates how altering the
parameter or performance limits will affect the overall usefulness of the design.

2.3.4 Visualization Evaluation

Evaluating a visualization system is much more difficult than evaluating other sys-
tems. This is because InfoVis systems focus on an exploratory analysis process and
this poses additional challenges. It is hard to judge whether a visualization system
really helps users to get specific insights and more comprehensive understanding of
the explored data in a quantitative manner. In other domains, an evaluation can be
made based on whether the task completion is faster or the error rates are reduced, but
how can we make the case for measuring the effectiveness criteria of a visualization
system?

In the past few years, some researchers in the filed of information visualization have
discussed the necessity of evaluation studies of InfoVis systems and proposed some
guidelines for evaluating visualizations (e.g. see [59–61]). In [61] the authors defined
four thematic areas for evaluating InfoVis systems as follows.
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1. Usability assessments: typically evaluate visualizations to determine and solve
user interface problems.

2. Controlled experiments comparing design elements: Investigate human visual
perception. That means examine different techniques for mapping the informa-
tion to visual display to see which one makes the most sense and provide the
user with the right knowledge.

3. Controlled experiments comparing two or more tools: Try to compare a novel
visualization technique with the state of the art.

4. Case studies of visualization tools in realistic settings: Do real tasks and demon-
strate feasibility and in-context usefulness.

In the literature, controlled experiments using predefined tasks are the most common
methods for identifying the effectiveness of visualization systems. In this method, the
performance of users in terms of the time taken to complete the predefined task and
the accuracy of the completed tasks (e.g. the number of correct/incorrect answers)
is measured. Although the controlled experiments are useful for examining specific
perceptual effects and provide researches a method for measuring the usability aspects
of their visualizations, it has some drawbacks. It can provide results for only the
limited set of predefined tasks and thus, the evaluation can not be generalized beyond
these (simple) predefined tasks. Furthermore, the tasks may be chosen with some bias
toward what the system is capable of doing it. Moreover, in this method, users are
forced to follow the specific instructions during the experiments and are constrained
to a particular line of thought developed in advance. Thus, there is little room for
exploring freely and discovering unexpected insights.

The main purpose of visualization is generating insight. Discovering new things that
previously went unnoticed, or looking at something familiar from a new angle. Thus,
a visualization evaluation method should be able to determine how well visualizations
achieve this goal. So, a measure of effectiveness of a visualization system can be its
capability to generate unexpected new insights, beyond performing predefined tasks.
Removing the predefined tasks provides a much broader view of insight abilities of
visualizations. Therefore, instead of instructing users on exactly what insights to gain,
researchers should allow users an open-ended experiment and see what insights users
gain on their own.

In this thesis, for evaluating the effectiveness of our proposed visualization tool and
examining how successful it is in generating insights, we did actual exploratory anal-
ysis using our tool. We performed some real case studies and used our tool to explore
the results and see what new and unexpected insights we can gain from the tool that
is very hard (if not impossible) to find out those insights from the raw data. The
discussion about insights achieved using our tool is given in the subsequent chapters.
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2.4 Conclusion

In this chapter we first introduced the preliminaries of multi objective optimization.
Then we discussed that the multi-objective design space exploration problem can be
considered as two distinct sub-problems: 1) how a single design point can be evaluated
with respect to the design criteria and 2) how the design space can be searched during
the exploration process. The latter issue arises since in real-scale problems the design
space is too large to be explored in an exhaustive manner. In this work we use the
Sesame system-level simulator for evaluating the design points and a MOEA is used
to search and explore the design space for optimum solutions using only finite number
of design point evolutions.

By utilizing an MOEA for multi-objective design space exploration of embedded sys-
tems, on one hand, we should define the specification of the DSE problem (i.e. appli-
cation model, architecture model and design criteria) and on the other hand we should
set the MOEA parameters such as selection method, mutation rate, crossover rate, etc.
Setting the MOEA parameters properly, according to the DSE specification, can min-
imize the exploration time while achieving better results. Then, it is needed to define
a way of encoding the DSE problem (e.g. mapping process networks onto heteroge-
neous multiprocessor architecture) as a multi-objective optimization problem, known
as individual encoding. Therefore, each individual in the MOEA (which can be a
string of numbers) represents a design point in the design space (e.g. possible map-
ping). The workflow of using MOEAs in multi-objective DSE of embedded systems
is illustrated in Figure 2.12.

P1 P2 P3 

M1 M2 

Architecture Model 

Application Model 
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1 
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DSE Specification 
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Figure 2.12: Workflow of using MOEAs in multi-objective DSE of embedded systems
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Figure 2.13: Example of raw data generated by a MOEA

As the searched design space still is vast, interpreting all evaluation data and under-
standing how the MOEA searches through or prunes the design space is cumbersome.
Such analysis is, however, essential to the designer as it provides insight into the
”landscape” of the design space (e.g., indicating which design parameters are more
important than others).

To illustrate the need for good analysis tools, Figure 2.13 shows a sample of raw
data generated by an MOEA. Here, each row represents an evaluated design point
in which the values of objectives (processing time, energy consumption and cost) and
the individual encoding are comma separated. The way that application tasks and their
communications are mapped onto the architecture components is encoded in a string
of digits, which is called the individual. It is evident that interpreting and analyzing
the evaluated data in this format is not possible.

Therefore, we have proposed new visualization techniques (explained in the next chap-
ters), to understand how an evolutionary algorithm searches the design space, where
the optimum design points are located, how design parameters influence each objec-
tive, and understand the correlations among multiple objectives. The main challenge
that needs to be addressed by such a visualization environment is how the raw data (as
illustrated in Figure 2.13) can be represented in a visual form such that it is possible to
analyze the data from different perspectives and for various aspects and enables users
to gain new insights into the exploration results.



3
Visualization of Multi-Objective

Design Space Exploration

System-level simulation frameworks that aim for early Design Space Exploration
(DSE) create large volumes of simulation data in exploring alternative architectural
solutions and mappings. Interpreting and drawing conclusions from these copious
simulation results can be extremely cumbersome. In other domains that also struggle
with interpreting large volumes of data, such as scientific computing, data visualiza-
tion has become an invaluable tool to facilitate the data analysis. Such visualization is
often domain specific and has not become widely studied and utilized for evaluating
the results of computer architecture simulations. Here, results are usually still pre-
sented in a table or displayed in a 2D or 3D graphs and very little research has been
undertaken in the use of visualization to support and guide DSE.

In this chapter, we introduce our proposed visualization techniques, which are spe-
cially designed for understanding the Multi-objective DSE process of embedded sys-
tems that are based on heterogeneous Multi-Processor System-on-Chip (MPSoC) ar-
chitectures. All the developed visualization techniques are incorporated into a tool,
called VMODEX1.

We have two main motivations for visualizing the design space exploration process.
The first one is to gain insight into the landscape of the design space. That is, un-
derstanding the characteristics of the optimum design points, the correlations among
multiple design criteria such as performance, cost, energy consumption and so on,
and the relationships between the design parameters and their effects on the crite-
ria. These relations are often not linear and a small change may lead to a completely
different result. However, our visualization tool allows designers to easily under-
stand these relations. Our second motivation is to understand how the design space is
searched by heuristic searching algorithms. Since in real problems the design space
is extremely large, it is not possible to evaluate all the design points in this space.
Therefore heuristic search techniques such as evolutionary algorithms are often used
to prune the design space and trim down an exponential design space into a finite set

1Visualization of Multi-Objective Design spacE eXploration
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of points, which are more interesting (or superior) with respect to the design criteria.
Our tool enables designers to understand the dynamic search behaviors of such algo-
rithms. For instance, it clearly shows which parts of the design space are not searched
at all (no design point is evaluated there), which parts of the design space are searched
more often by the MOEA (more design points are evaluated there), which parts of the
design space are explored in the later generations, and it illustrates the progress of the
searching algorithm in the design space during successive iterations.

The rest of this chapter is organized as follows. In Section 3.1 related work on vi-
sualizing the exploration results is discussed. Section 3.2 introduces techniques we
have provided for visualizing multi-objective design space exploration. Section 3.3
presents a case study with a Motion-JPEG encoder application to illustrate the bene-
fits of using visualization in the design space exploration process. The data from this
case study are used in Section 3.4, which introduces several metrics and their visu-
alization approaches for comparing different subspaces of the explored design space.
Finally, section 3.5 concludes this chapter.

3.1 Related Work on Visualizing Exploration Results

Most of the work that has been performed on visualization of computer architecture
simulations either focuses on educational purposes (e.g., [5–7]), tightly couples vi-
sualization to one particular architecture simulation environment (e.g., [8–11]), vi-
sualizes only one specific aspect of embedded applications such as memory access
patterns [12], cache behavior [13–15] and data dependencies [16], or only provides
some basic support for the visualization of simulation results in the form of 2D (and
sometimes 3D) graphs (e.g., [17]). However, in the area of system-level design space
exploration, little research has been undertaken on visualization of simulation results
and the exploration process.

The work presented in [62, 63] provides advanced and generic visualization support,
and tries to do so for a wide range of computer system related information. How-
ever, these visualizations are not necessarily applicable to computer architecture sim-
ulations and in particular to design space exploration, with its own domain-specific
requirements. Vista [64] aims at visualization support for computer architecture sim-
ulations, but it does not target system-level simulations, which may have a serious
impact on the scalability requirements of the visualization, nor does it address the
needs for visualization from the perspective of DSE.

In [65], an interactive visual tool is presented to visualize the results from system-level
design space exploration experiments. The simulation results are visualized using a
coordinated, multiple-view approach, which enables designers to understand the infor-
mation through different perspectives. It is possible to compare different design points
with respect to various characteristics. But this tool does not provide any insight in
the searching process as performed by a heuristic method (e.g. MOEA). For example,
there is no way to find out which parts of the design space are not searched at all.
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This tool is only useful in the case of small design spaces, which can be exhaustively
searched.

There are only a few research efforts addressing the visualization of Evolutionary
Algorithms (EAs). The most common method for analyzing how EA evolves is mon-
itoring individual fitness values, and creating fitness-versus-generations graphs. Al-
though such straightforward graphs show the quality of the solutions considered dur-
ing search process, they can only provide a limited amount of information. Due to the
large number of individuals in a population, it is not possible to display all of their
fitness values. Therefore, displays are usually restricted to the best individual fitness
and average population fitness for each generation. Genetic information regarding the
position of the discovered solutions in the search space cannot be obtained from these
graphs. Other approaches also usually use standard visual representations such as bar
charts, line graphs, scatter plots, etc. [66–68]. These graphs can show only one fea-
ture of EAs and therefore multiple views are needed to comprehensively understand
the EA process.

More complex techniques have focused on how to display the progress of the Multi-
Objective Evolutionary Algorithm (MOEA) in design (parameter) space or objective
space [69,70]. Usually, they use 2D or 3D plots in which either variables or objectives
are shown. Therefore, two separate views are needed to show the distribution of the
solutions in both parameters and objectives spaces. Furthermore, due to the large
number of dimensions in practical problems, techniques such as Sammon Mapping
[71] should be used to transform higher dimensional search spaces into smaller ones.

Hart and Ross [72] proposed the GAVEL visualization tool that provides a means to
examine how the genetic operations (crossover and mutation) assemble the optimal
solutions, and a way to trace the ancestry of individuals. GAVEL only shows the
information that is relevant to the formation of the best solutions. All individuals that
do not play any part in propagating individual genes to the final optimal solutions are
disregarded. So, it does not provide any information on how the problem space is
explored and how an entire population behaves or changes across generations.

In [73], a visualization method is proposed, which shows the individual structure, the
fitness function and the objective function in a matrix view. For each generation, an
n × m matrix is used where n is the number of individuals in the generation and m
is the number of bits in an individual. Each cell of the matrix is related to a bit of the
individual. If the value of a bit is one the corresponding cell is represented in red. The
blue cell indicates that the value is zero. The brightness of each row (individual) rep-
resents the fitness value. The hue of individuals is changed by their objective values.
Although this visualization approach shows three different kind of information in a
single view, it has some drawbacks. As they mentioned in their paper, it can be used
for showing only binary-coded evolutionary algorithms. Furthermore, the structure of
solutions in the parameter space is represented in their encoding format. So, under-
standing the correlation between the problem space and individual space is difficult.
It is not easy to find out how EA explores the parameter space during its generations.

The multi-objective DSE visualization, which is presented in this thesis, is based on
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600!

Figure 3.1: Screenshot of VMODEX visualization tool

tree visualization and enables us to visualize more than three dimensions as well as to
see both the design parameters and objective values in a single view. Furthermore, it
allows us to understand the dynamic search behavior in heuristic based design space
exploration and gain insight into the landscape of the design space. In addition, sev-
eral interactive capabilities are provided, which enable the designer to analyze the
data and explore the search result from different perspectives and at multiple levels
of abstraction in order to discover interesting and important features that may not be
found just by looking at the raw data or by using the tradition 2D/3D graphs. To give
a rough feeling of how such visualization looks like, Figure 3.1 shows a screenshot
of our visualization application. Our visualization application is developed entirely in
java and therefore is cross platform compatible.

3.2 Multi-Objective DSE Visualization

In this section, we introduce our proposed visualization techniques, which are spe-
cially designed for understanding the Multi-objective DSE process of embedded sys-
tems that are based on MPSoC architectures. The results of system-level design space
exploration of computer architectures are used as the input data to the visualization
system. For each design point, its parameter and objective values should be given.
The parameter values define the characteristics of a multi-processor architecture in-
stance (e.g. number of processors, types of the processors) and the objective values
represent the performance of a design point with respect to the design criteria. The
goal of our visualization tool is to help embedded systems designer to 1) gain insight
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into the landscape of the design space, and 2) understand how the design space is
searched by heuristic searching algorithms.

The multi-objective DSE visualization, which is presented in this thesis, is based on
tree visualization. In comparison with the existing tools such as parallel coordinate,
scatterplot matrix and influence explorer, our proposed DSE tree is more structured
in terms of dominance relation between design points. In multi-objective optimiza-
tion problems, the concept of dominance is generally used to compare the quality of
different solutions and determine the trade-off among multiple objectives. As we will
describe in the following sections, in the DSE tree, design points are distributed in the
three levels (i.e. global Pareto, local Pareto, non-Pareto) based on their dominance
relations with respect to each other. Thus, just by looking at the tree, one can un-
derstand how good a solution is in comparison to other solutions. However, in the
existing tools, the dominance relation is not considered for representing the solutions.
They just plot each individual design point independently from other points.

Furthermore, in our proposed DSE tree, the design points are clustered in a way that
nicely matches with natural way of thinking of embedded systems designers. In this
thesis, we refer to the clusters as subspaces. By modeling the design space as a tree,
it is divided into exclusive subspaces, such that each subspace represents a unique
instance of the architecture platform. On the other hand, solutions inside a subspace
have exactly the same architecture components but the way that the application is
mapped onto those components is different. This kind of clustering of design point
is quite helpful for embedded systems designers to explore their design problems.
They are mainly interested to investigate how objective values are being changed by
modifying the mapping of applications within a unique architecture instance (solutions
in the same subspace). Moreover, we have provided several techniques in our tool that
allow designers to evaluate and compare the properties of the discovered design points
in different subspaces (different architecture instances) from various perspectives.

Note that in this thesis, we use the conventional tree diagram to describe the concepts
of our tree model of the design space. However, to more effectively utilize the screen
space, other alternatives for representing the tree structures such as hyperbolic tree,
cone tree, space tree, etc. could also be used.

3.2.1 Modeling the Design Space as a Tree

As it is conceptually shown in Figure 3.1, we model the design space as a tree. In this
section, we explain how a design space can be modeled as a tree. Table 3.1 presents
the set of mathematical symbols that are used for constructing the tree model of the
design space. The tree has three segments: the parameters, architecture-dependent
objectives and design points. Equation 3.1 formally describes tree segments.

TDS = Segpar + Segarch−dep−obj + Segdp (3.1)

The parameters and design points segments are explained in this section while the
architecture-dependent objectives segment will be described in the next section.
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Table 3.1: Table of symbols for the tree model of the design space

Symbol Definition
TDS Tree model of the design space
Segpar Parameters segment
Segarch−dep−obj Architecture-dependent objectives segment
Segdp Design points segment
|Seg| Number of levels in a segment
LV L Abbreviation for level
par Abbreviation for parameter
n Total number of parameters
DP The set of all evaluated design points
GP The set of global Pareto optimal points
LP The set of local Pareto optimal points
NP The set of non-Pareto optimal points
Sub Abbreviation for subspace
k Total number of subspaces in the TDS

map(p) The mapping of the application onto the architecture components
for the design point p

Parameters Segment

In this segment, each level shows one parameter of the design space, such as the
number of processors in the MPSoC platform. So, the number of levels in this segment
is equal to the total number of parameters in the design space; formally:

Segpar = LV Lpar1 + LV Lpar2 + ...+ LV Lparn

|Segpar| = n
(3.2)

For better understanding the process of modeling the design space as a tree, an exam-
ple is shown in Figure 3.2. In the tree illustrated in this figure, the design space has
four parameters thus there are four levels in the parameters segment, which are:

1. Number of processors level: this level shows the number of processors (inde-
pendent of their type), which are allocated for executing the application tasks. In
this particular example, the desired maximum number of processors is two and
therefore there are two nodes at this level indicating one or two used processors.

2. Processors type level: nodes at this level represent different combinations of
processor types. Each node becomes a child of the node at the previous level that
shows the number of processors used in its combination. In this example, the
platform architecture consists of one Application Specific Instruction Processor
(ASIP) and two microprocessors (mPs). Note that only those combinations are
shown, which lead to the platform instances that are capable of executing the
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Figure 3.2: Modeling the design space as a tree

application (feasible combinations). For instance, in this example, using only
one ASIP is not sufficient for executing the application and thus there is no node
in the tree that indicates one ASIP.

3. Number of memories level: this level shows the number of memories used in a
platform instance.

4. Memory types level: at this level, the type of memories is shown. In this exam-
ple, there are two types of memory: one Static RAM (SRAM) and one Dynamic
RAM (DRAM).

By modeling the design space as a tree, there is no limitation on the number of design
variables as each parameter is located at one level of the tree. It should be mentioned
that, in principle, the designer has total freedom of ordering the parameters in the
levels of the tree. However, putting more important parameters higher up in the tree
facilitates the information organization in such a way that it produces sub trees, which
are more likely to show a better view of the design space characteristics. Because
the more important design points (according to the design parameters) are clustered
in only one sub tree, the designer can easily select that sub tree to investigate and
compare these design points. On the other hand, by putting more important parameters
down in the tree, the design points with the same parameter are distributed in several
sub trees.
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Design Points Segment

this segment includes the design points searched by the MOEA. Here, a design point is
defined as a specific instance of the architecture platform as well as a task and commu-
nication mapping. Each point is shown as a node, which is a child of its corresponding
architecture. This means that, for each solution, its parents at the previous levels show
its design parameters. For instance, the solution labeled by ”Global Pareto 2” has the
following architectural components: two processors, of which one is an ASIP and the
other one is mP, and two memories, of which one type is DRAM and another type is
SRAM. Design points are distributed in three levels: global Pareto, local Pareto and
non-Pareto. There is also another level in this segment, called distance level, which
is used for categorizing the non-Pareto points based on their distance from parents.
Thus, the design points segment consists of four levels, as follows:

Segdp = LV Lgp + LV Llp + LV Ldis + LV Lnp

|Segdp| = 4
(3.3)

Global Pareto Level This level shows the global Pareto points found by the MOEA.
The solutions at this level are better than all other solutions in the entire design space;
formally:

LV Lgp = {p | p ∈ GP}

GP = {p ∈ DP | �p� ∈ DP : p� < p}
(3.4)

The solutions in the global Pareto optimal set has the following two properties:

1. They are non-dominated with respect to each other (no one is absolutely better
than another one); formally: ∀ p, p� ∈ GP : p ∼ p�

2. Each point that is not part of the global Pareto set, is dominated by at least one
global Pareto point; formally: ∀ p ∈ (DP −GP ) ∃ p� ∈ GP : p� < p

In this thesis, we simply refer to the global Pareto optimal solutions as Pareto optimal
solutions.

Local Pareto Level By modeling the design space as a tree, it is divided into exclu-
sive subspaces. Each subspace represents a unique combination of design parameters
(in our case, a unique instance of the architecture platform). On the other hand, solu-
tions inside a subspace have exactly the same architecture components (have the same
parents at the parameter levels) but the way that the application is mapped onto those
components is different. Figure 3.3 illustrates the concept of subspaces. It shows the
same tree as Figure 3.2. However, in this figure, the four subspaces of the design
space that contain some evaluated design points are indicated by contour lines and
are labeled from Sub1 to Sub4. For instance, all design points in the subspace Sub4
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Figure 3.3: Illustration of the subspaces of the design space

have two microprocessors and one SRAM memory in their underlying architecture.
However, the binding of application tasks and channels to these resources is different.
In total, there are 11 subspaces in the example shown in Figure 3.3. Actually, The
number of nodes at the last level of the parameters segment (memory type level in
Figure 3.3) indicates the number of subspaces. Thus, we can consider the tree model
of the design space as a union of several subspaces:

TDS =

k�

i=1

Subi (3.5)

Where k is the total number of subspaces (in our example k = 11).

For each p, p� ∈ Subi following conditions are true:

1. ∀ j ∈ {1, 2, .., n} parj(p) = parj(p�)

2. map(p) �= map(p�)

At the local Pareto level, the local Pareto points are shown. In each subspace, the
Pareto optimal solutions are called local Pareto. Thus, a design point is called a local
Pareto point if within the design points with the same architecture components (same
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allocation) but with different mappings (different binding), there is no point domi-
nating that one. So, it is an optimal solution with respect to a specific architectural
instance. However, in the entire design space, a design point might exist which domi-
nates the local Pareto point. Equation 3.6 gives a formal definition of the local Pareto
concepts:

LV Llp = {p | p ∈ LP}

LP =
k�

i=1

LPi

LPi = {p ∈ Subi | � p� ∈ Subi : p� < p}

(3.6)

It is clear that all the global Pareto points are local Pareto points as well. However, not
all the local Pareto points are global Pareto points and therefore we use a relation node
at the global Pareto level to make a connection between them and the previous level.
These nodes are labeled with R in Figure 3.2. Equation 3.7 describes this relation
between the global Pareto and local Pareto sets:

p ∈ GP ⇒ p ∈ LP

p ∈ LP � p ∈ GP
(3.7)

Non-Pareto Level All the other design points are placed at the non-Pareto level.
Each non-Pareto point is dominated at least by one point in the local Pareto set of its
corresponding subspace (LPi); formally:

LV Lnp = {p | p ∈ NP}

NP = {p ∈ DP | ∃ p� ∈ LPi : p� < p}
(3.8)

Each non-Pareto point becomes a child of a local Pareto point, which dominates it.
If a design point is dominated by more than one local Pareto point, we calculate the
Euclidean distance, in the objective space, between the dominated point and each
dominating local Pareto point and the design point becomes the child of the local
Pareto point with the smallest distance. A smaller distance means that the points are
more similar according to the objectives.

Distance Level For easier interpretation and better analysis of the design points,
the children of a local Pareto point are categorized into two groups according to their
Euclidian distance from their parent. If the distance between a non-Pareto point and
its corresponding local Pareto point is more than a certain threshold (determined by
the designer), it becomes a child of a ”High” distance node, otherwise it becomes a
child of a ”Low” distance node. Thus, there are two types of nodes at the distance
level; formally:

LV Ldis = {d | d ∈ {Low,High}} (3.9)
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3.2.2 Showing Objectives

Various features can be considered as objectives for design space exploration of em-
bedded systems, such as processing time to complete a particular task or application,
power consumption, energy consumption, architecture cost, latency, utilization, tem-
perature, physical size, weight and so on. We classify objectives, which are considered
in the DSE process, in two groups: primary objectives and secondary objectives. The
primary objectives are directly used in optimization process and depending on their
values the optimization algorithm walks through the design spaces to find optimum
design points with respect to the primary objectives. The secondary objectives are not
considered as optimization goals. However, they provide supportive information and
help designer to do further analysis on the characteristics of design points.

The primary objectives are directly shown in the DSE tree and therefore just by look-
ing at the DSE tree the designer can see their values. However, the secondary objec-
tives are shown just after the designer requests to see them. If the designer is interested
to know about the secondary objectives for some specific solutions, it is possible to
select those solutions to see their secondary objective values.

Showing Primary Objectives in the DSE Tree

For representing the primary objectives in the DSE tree, we have divided these objec-
tives into two groups:

1. Objectives that are only dependent on the architectural components, denoted as
objarch−dep

2. Objectives that are dependent on the mapping, denoted as objmap−dep

Those primary objectives that are only dependent on the architectural components, not
on the mapping decision are shown in the architecture-dependent objectives segment
(Segarch−dep−obj). An example is the architecture cost as shown in Figure 3.2. These
objectives can be computed after the parameters segment, since all components are
known. Furthermore, all design points with the same architecture have the same value
in terms of these objectives. Therefore, we add an extra segment between the param-
eters and design points segments, which shows the values of architecture-dependent
objectives for different architectures. The definition of the architecture-dependent ob-
jectives segment is as follows:

Segarch−dep−obj = LV Lobjarch−dep1
+ LV Lobjarch−dep2

+ ...+ LV Lobjarch−depm1

|Segarch−dep−obj | = m1

(3.10)

Where m1 is the number of architecture-dependent objectives. In Figure 3.2, the cost
is shown with a different shape; a circle, since it is an objective and not a design pa-
rameter. For a better view, the size of the circle becomes bigger as the cost increases.
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Figure 3.4: Color legends

In the case that more primary objectives exist, which are only dependent on architec-
tural components, such as weight, physical size, etc., extra levels can be added in the
segment Segarch−dep−obj in which each level shows one objective. For better distin-
guishing different objectives, each one can be shown with a different color and shape,
like rectangle, trapezoid, pentagon, etc. In each subspace, the values of architecture-
dependent objectives for all design points are the same. For instance, in Figure 3.3, the
cost of all design points in Sub4 is 160. Formally, For each p, p� ∈ Subi the following
condition is true:

∀j ∈ {1, 2, ..,m1} objarch−depj (p) = objarch−depj (p
�)

Those objectives that are dependent on the mapping (binding application tasks and
channels to the hardware components) are shown in a design point node. In Figure 3.2,
there are two primary objectives that are dependent on the mapping: the processing
time (i.e. the time needed to execute the given application) and energy consumption
of the whole system. The color of the node itself represents the processing time.
Colors are varied from yellow to red with all color grades in between. Nodes with the
lowest processing time are yellow and nodes with the highest processing time are red.
The size and color of the third dimension of a design point node shows the energy
consumption. As the energy consumption increases, the size of the third dimension
becomes bigger and its color becomes darker. The color legends for the processing
time and energy consumption are shown in Figure 3.4.

Parameter nodes, however, do not represent single design points and therefore do not
have the direct notion of processing time or energy consumption. For this reason,
there are some options to color the parameter nodes: based on the average, minimum,
or maximum of either processing time or energy consumption of the design points in
their sub trees. The color of parameter nodes that have no data node (i.e., do not have
any DSE data) is white. In Figure 3.2, the minimum processing time is chosen for
coloring parameter nodes.

It should be mentioned that although we only show three objectives (architecture cost,
processing time and energy consumption) in this thesis, VMODEX is able to easily
visualize more than three objectives. For those objectives that are only dependent on
the architectural components, extra levels can be added in the architecture-dependent
objectives segment. Showing more objectives that are dependent on the mapping is
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Figure 3.5: An example of representing solutions with 6 objectives

also easy. Each node has some attributes like shape, orientation, size, color, trans-
parency, texture, border, glow, etc. Each attribute can be assigned to one objective.
For the purpose of illustration, Figure 3.5 shows an example of representing a solution
with six objectives. In this figure, texture density indicates average utilization (denser
texture means higher utilization), the size of the glow shows the temperature (bigger
glow means higher temperature) and the size of the trapezoid indicates the weight
(bigger trapezoid means heavier weight). The other three objectives are the same as
Figure3.2. Note that the examples shown in Fig. 5 would become the tree nodes
in our DSE tree (For the case that we have 6 objectives). Since in the DSE tree the
architecture-dependent objectives (e.g. cost and weight) are shown as separate nodes
in the segment Segarch−dep−obj , the corresponding nodes are drawn above the 3D
rectangle. Figure 3.5(a) represents a solution that is superior to the solution shown in
Figure 3.5(b) with respect to the all six objectives. Thus, the solution in Figure 3.5(a)
has a lower processing time and energy consumption, and its average utilization is
higher. It also produces less heating and it is cheaper and lighter.

As we described above, our visualization tool is extendable to show more than three
objectives. However, multi-objective design space exploration problems are usually
based on only two or three objectives, typically performance, cost and power. The
maximum number of objectives that we found in related work is six [74].

Showing the Mapping Decision

In the Sesame simulator as well as in many other system-level simulation frame-
works, the application behavior is modeled as a process network. A process network
is a computational model of the application and uses a directed graph notation, where
each node represents a process and each edge represents a one-way (FIFO) commu-
nication channel between two processes. Figure 3.6(a) represents an example process
network graph, which has five processes (A-E) and six communication channels (1-6).

We visualize the process network graph in a way that shows the mapping decisions as
well. That means that it shows how the application is being mapped to the underlying
architecture both in terms of processes and communication channels. The shape and
the color of each node in the graph represent the type of the processor executing the



3.2. MULTI-OBJECTIVE DSE VISUALIZATION 52

A 

D 

C 

B E 1 

2 

4 

6 3 

5 

(a)

A B 

C 

D 

E 1 

2 

4 

6 3 

5 

(b)

ASIP-1 
ASIP-2 
mP 
DRAM-1 
DRAM-2 
SRAM 

(c)

Figure 3.6: (a) An example of process network, (b) Mapping decision visualization, (c) Map-
ping legend

corresponding process. For example, a green rectangle for one processor type and a
blue pentagon for another type. If there are multiple processors of the same type in the
platform architecture, then they are differentiated using different variants of the same
color such as light green and dark green.

If two communicating processes are mapped onto the same processor, then their com-
munications are done internally and therefore communication channel(s) between
them are mapped onto the processor in question. In the process network graph these
internal communications are represented by a solid line with the same color as the
corresponding processor. In the case that a channel is mapped onto an external mem-
ory, a dashed line is drawn. The color of the line and style of the dash represents the
memory type. Memories with the same type are shown by the same dash style but
with different variants of the same color.

Figure 3.6(b) shows how our visualization model shows the process network graph
from Figure 3.6(a). As can be seen in this figure, processes A, B, C and channels
1 and 2 are mapped to the same processor (ASIP-1). Process D is executed on the
same processor type but on a different processor as process A (ASIP-2). The type of
the processor executing process E is different from the others since it is shown with a
blue pentagon (mP). Channels 3,4,5 and 6 are mapped to memories (not processors) as
they are shown with dashed lines. Channels 3 and 4 are mapped to the same memory
(DRAM-1). Channel 6 is mapped to another memory but with the same type (DRAM-
2) and Channel 5 is mapped onto a different memory type because it has a different
dash style and different color (SRAM).

Note that the colors assigned to each processor type or memory type in the visualiza-
tion of the mapping decision are the same as colors used in the visualization of uti-
lization, latency and processes execution time (these visualizations will be explained
later). For instance, in all of them the ASIP processor is shown by a green color.
Thus, these visualizations are consistent with each other and the designer can easily
understand the effect of different mapping decisions on the utilization of architecture
components as well as processes execution times and read/write latencies.
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Showing Secondary Objectives

Since the secondary objectives are not used in the optimization process and do not
have any effect on the exploring procedure, we do not show them directly in the DSE
tree. However, if the designer is interested to know about the secondary objectives
for some particular solutions, it is possible to select those solutions to see their sec-
ondary objective values. The secondary objectives provide additional information and
help the designer to do more in-depth analysis on the characteristics of design points.
VMODEX is designed to show various properties of design points, which are consid-
ered as secondary objectives. Thus, the designer is able to look at the evaluated data
from different perspectives and thereby gets a comprehensive view on the problem
under study. Furthermore, for better understanding and easier analysis, we propose
several visualization techniques for showing the secondary objectives. In the follow-
ing subsections the provided secondary objectives and their visualization methods are
described.

Showing Utilization For better understanding the utilization of each separate hard-
ware component and also for easier comparison between different design points, we
have visualized the utilization property. Here, we define utilization as the percentage
of the time that a hardware component was busy. For visualizing the utilization, the
platform architecture is shown as a directed graph in which each node represents an
architectural component and the edges show connectivity between components.

Each node (component) is filled with its corresponding color (see subsection 3.2.2) in
a way that the size of the colored part represents the percentage of the time that the
corresponding component was busy. The components in the platform architecture that
are not allocated are shown by gray borders. The average utilization is written at the
bottom of the visualization.

Figure 3.7 shows an artificial example of utilization visualization for a platform archi-
tecture consisting of two Application Specific Instruction Processors (ASIPs), two mi-
croprocessors (mPs), one Static RAM (SRAM) and two Dynamic RAMs (DRAMs).
In this example, the mP-1 is not allocated since it is shown by gray border. The uti-
lization of ASIP-1 and DRAM is 100% while for the Bus it is almost 75% and for
the other components it is less than 50%. By visualizing the utilization, besides un-
derstanding the utilization of each architecture component individually, the designer
is able to see how these components are connected together, operate with each other
and which resources are shared.

Showing Processes Execution Time VMODEX also allows to modify the mapping
visualization in such a way that it shows the processes execution time as well. Thus,
it also shows the amount of time that each process was executed by the processor onto
which it has been mapped. In the mapping visualization, the shape and color of each
process in the process network graph represent the type of the processor executing the
corresponding process. To add information about how long a processor was busy with
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executing a process, instead of fully coloring the process nodes in the graph, the size of
the colored part represents the percentage of time that its assigned processor was busy
executing it. Figure3.8 shows the same mapping decision as shown in Figure3.6(b),
but the processes execution time information is added. From this figure we can see that
processor ASIC-1 was executing process B in most of its busy time, while executing
process A and C took relatively a small amount of time. The processes execution
time visualization enables designers to explore the effect of different mappings on the
execution time of processes.

Showing read/ write latency Similarly, VMODEX is also capable to show the
amount of time that each process is waiting for read and write communications. Since
in process network graph the communication channels between processes are shown,
we visualize it in a way that shows the read and write latencies as well. The color-
coding, from blue to red, is utilized to represent the waiting time. In Figure3.9(a) the
color legend for latency is shown. In the process network graph, each process node
is divided into two halves. The color of the top part shows the write latency and the
color of the bottom part represents the read latency. By clicking on each part, the
exact value of latency is shown. The mapping information is also added to the latency
visualization as well. Therefore, the designer can easily investigate the effect of dif-
ferent mappings on the latency. The shape and color of the third dimension of each
process in the graph represent the type of the processor executing the corresponding
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Figure 3.9: Latency Visualization
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process (similar to the mapping visualization). Figure 3.9(a) shows an example of la-
tency visualization. In this figure, processes B and C have high write latencies since
the color of their top parts are red. By including mapping information in the latency
visualization we can understand that the reason of these high latencies is because of
mapping channels 3 and 4 on the same memory (both of them are shown by dashed red
lines). Thus, processes B and C are competing with each other to write to the shared
memory. For the other processes both the read and write latencies are relatively low.

Showing Processing Time of Processor Operations Basically, processors perform
three operations: read, write and execution [23]. There is an option in VMODEX to
see the percentage of time that a processor was doing each operation separately. To
show this, for each processor in the architecture platform, a stacked bar chart is drawn.
Each operation is shown as a stack in the bar with a different color. The stack height
represents the percentage of time that the processor was performing the corresponding
operation. Figure 3.10 represents an example of visualizing the processing time of
different processor operations for a platform architecture consisting of two ASIPs and
one mP.

Showing Generation Numbers In some cases, the designer wants to know what
interesting design points are evaluated in which search generations. Therefore, we
have developed a method in VMODEX that allows the designer to easily find out
this kind of information. During the process of design space exploration using an
MOEA, some design points that are near to the optimal solutions may be regenerated
in different generations. There is an option in the VMODEX user interface to show
the generation numbers. By selecting that option, for each design point node in the
DSE tree, a hexagon will be drawn at the upper left corner of the node. The number
of the last/first (chosen by the designer) generation in which the corresponding design
point was generated is written inside the hexagon.

Moreover, the designer is also able to select a specific design point and see all the
generation numbers in which the design point was evaluated. Figure 3.11 shows the
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visualization approach for showing the generation numbers. For each generation, a
hexagon is drawn. The size of the hexagons increases from the first to the last gen-
erations. To save space, these pentagons are nested together. If within a generation
the selected design point is found, then the color of the pentagon representing that
generation is red. Otherwise, a gray pentagon is drawn. Figure 3.11(a) shows the
situation that the corresponding design point is close to the optimum. Since it is re-
generated in many search generations during the entire search. But in Figure 3.11(b)
the corresponding design point is generated in only two generations. This indicates
that the design point is far from the optimal solutions and after a few generations it is
not regenerated any more.

In the evolutionary algorithms, we expect better solutions at the later generations, as
they gradually converge to the optimal solutions during successive generations. So, the
later generations are more important. In our proposed visualization, we emphasize the
importance of later generations by increasing the size of their corresponding hexagons.

Showing Exact/Normalized Objective Values Instead of showing objectives with
visual variables (color and size), VMODEX can also show the exact values of pro-
cessing time and energy consumption. It also represents the normalized value of the
objectives. We normalize objective values to make them scale independent. At the
end of normalization, all design points get values in the range [0, 1] for their objective
values. Before normalization, it is not possible to compare e.g. processing time and
energy consumption with each other since they have different magnitudes. However,
after normalization, comparing them is possible. Furthermore, for calculating the Eu-
clidean distance between any two solutions (in the objective space), the normalized
objective values are used (see Chapter 2, Section 2.1).

3.2.3 Edge Visualization

Edge visualization helps designers to navigate through the DSE tree and easily find
more important parts. One feature of the design points is chosen as an importance
factor and then the tree edges are visualized according to that factor, as follows:

• A minimum and maximum edge width is defined, and this range is linearly
mapped against the range of importance factor values. For example, the follow-
ing linear mapping can be used:

∆IF

∆Width
=

IFmax − IFmin

Widthmax −Widthmin
=

IF (e)− IFmin

Width(e)−Widthmin

Width(e) = Widthmin +
∆Width

∆IF
×

�
IF (e)− IFmin

�

Where IFmax and IFmin are respectively the maximum and minimum values
of the importance factor, and Widthmax and Widthmin are respectively the
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maximum and minimum widths that are defined. IF (e) denotes the importance
factor of the edge e and Width(e) indicates the appropriate width for represent-
ing the edge e. Wider edges lead toward more important subtrees. The effect is
a bit like a network of roads, in which the more important roads are wider.

• A specific color with various saturations is chosen. Similar to the line width, a
linear mapping is done between the maximum and minimum saturation and the
importance factor values range. Darker edges represent more important parts
and lighter edges show less important subtrees.

In VMODEX, two importance factors are defined: minimum Euclidian distance and
last generation number. In the following we explain these factors.

Minimum Euclidian Distance For each design point, the Euclidian distance (in
the objective space) between a solution and the nearest global Pareto optimal point
is calculated. A smaller distance indicates that the solution is closer to the optimal
solutions and therefore is better. Thus, in the DSE tree, the edges in the path from the
root to the global Pareto optimal points are the thickest and darkest since the distance is
zero (see Figure 3.2). As the distance increases the edges become thinner and lighter.
In this manner, just by looking at the DSE tree, the designer can easily determines
which parts of the design space contain optimal and near optimal solutions and which
parts contain solutions that are far away from the optimal solutions.

Last Generation Number The number of the last generation in which a design
point is evaluated can be considered as an importance factor. As the MOEA gradually
converges to a set of Pareto optimal points, we expect better design points in the later
generations. The edge visualization can show the progress of the searching algorithm
in exploring and covering the design space during its generations. The edges with a
higher generation number in their subtrees (i.e. the design points in their subtrees are
evaluated in the later generations) are thicker and darker. As a result, the paths from
the root to the last generated data nodes are the darkest and thickest paths.

As the importance factors are not applicable for edges that have no data nodes in their
sub tree, these edges are shown by gray dashed lines.

3.2.4 Visualization of the Design Space Coverage

In VMODEX, we provide a technique to show how a heuristic searching algorithm
walks through the design space and accesses new parts of the design space during its
exploration process. To do this, a color-coding scheme is used to color the parameter
nodes based on the generation number in which a design parameter is explored for
the first time. Thus, the color of each parameter node represents the first generation
that a design point, containing that parameter, is evaluated. On the other hands, for
each parameter node, the number of the generation in which the first design point is
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added to its subtree, is used for coloring the node. For visualizing the design space
coverage, the green color with variations in lightness and saturation is used, such
that the color of parameter nodes, which are searched in the earlier generations, is
light green. The color of nodes becomes darker as they are investigated at the later
generations. Therefore, the designer can easily see how a searching algorithm covers
different parts of the design space during its successive iterations. In Section 3.3.1,
an example of this visualization is shown for our case study results (Figure 3.15). In
Figure 3.15, the color legend for visualizing the design space coverage is also shown.

3.2.5 Interactive Exploratory Techniques

User interaction plays an essential role in the effective visualization of data and infor-
mation. It allows users to explore and work with the data actively to investigate the
data from different perspectives. Interactive visualizations are very useful in analyz-
ing data and can provide new insights that could not be obtained using static graphics
or statistical methods. Interactivity means that users cannot only observe the visual-
ization but moreover play with it. The visualization changes in response to the users
actions and enable users to create customized views that are more interpretable and
informative to be able to find hidden patterns in the data and complex relationships
among variables. Colin Ware [75] notes,

”The best visualizations are not static images to be printed in books, but
fluid, dynamic artifacts that respond to the need for a different view or
more detailed information” (p. 385).

Shneiderman [76] identified two aspects of visualization technology that should be
considered for visualizing information in the most comprehensive and efficient way.
One focuses on mapping abstract information to a visual representation and the other
provides interactions between the visualization system and the users for more effective
data exploration and help users to deal with large volumes of information. A user
cannot be expected to deal with a single image consisting of thousands of information
elements. Therefore, we have provided a set of interaction techniques in VMODEX
to help designers to handle large design spaces and to analyze the data and explore the
search results from different perspectives and at multiple levels of abstraction in order
to find out interesting and important features that may not be found just by looking at
the DSE tree visualization.

Zoom

Zooming and scrolling are traditional tools in visualization; they are quite indispens-
able when large trees are explored. In our visualization tool, besides normal zooming
and scrolling, we provide two extra zooming features for augmenting the exploration
process: bird view and satellite view.
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Bird view provides overview (context) and detail (focus) on the same screen by allow-
ing users to view items at different scales. The aim of bird view is to enlarge items
closer to the users point of interest while compress the objects that are farther away
from the interested region. Bird view is a window moving with the mouse-pointer and
works like a magnifier. That means, those parts of the main scene that are under the
bird view window are shown in enlargement with a higher zoom factor. So, by simply
hovering over the DSE tree with the mouse-pointer, it is possible to zoom in on an
area of interest to see its details without losing the global context. Bird view is helpful
when the tree is big and the user zooms out to see an overview of the entire tree in one
scene and still wants to see the details of some specific nodes such as labels.

Satellite view, shown at the bottom of Figure 3.1, gives an overall, smaller scale view
of the entire scene, which allows the user to navigate quickly across the view. It also
enables the user to zoom in on certain parts of the scene to focus on certain nodes in
the tree without losing track of the position in the entire scene.

Hiding Nodes

In VMODEX, two options are provided to reduce the number of visible nodes in the
DSE tree in order to make its size smaller for better and more effective exploration. It
should be mentioned that by hiding some nodes, we recalculate the location of visible
nodes in the tree to optimize their fit on the screen. This means that, the empty spaces
from the hidden nodes are occupied by the visible nodes. Note that the order of the
visible nodes in the tree will not be changed. So, the structure of the tree remains the
same.

Hiding Sub Trees without Exploration Data Since we use heuristic search tech-
niques, some areas of the design space may not be visited by the searching algorithm
(e.g., they are not interesting enough). So, we do not have any evaluated design points
for those parts. In VMODEX it is possible to hide the sub trees of the nodes that have
no evaluated data. This way, the designer can focus on the explored sub trees, which
are more important. However, if the designer is interested to see the entire design
space (both evaluated and not evaluated parts), there is another option in the tool that
shows all parts of the design space. In this case, the color of parameter nodes that are
not visited by the searching algorithm is white. So, the designer is able to recognize
which parts of the design space are not searched during the exploration process.

Hiding Uninteresting Sub Trees If the designer is not interested in some parts of
the tree, then he is able to hide them in order to make the tree smaller and pay more
attention to other nodes. By double clicking on a node, its sub tree collapses (becomes
invisible) and a blue triangle appears at the bottom of the node specifying that the
children of the node are hidden. The size of the triangle represents the size of the sub
tree. The bigger the triangle is, the more nodes in the sub tree exist. By double clicking
again, the sub tree expands (becomes visible) and the blue triangle is removed. If the
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designer is interested to know the exact number of nodes in a hidden sub tree, by
clicking its corresponding triangle the amount of nodes is shown. In Figure 3.1, the
blue triangle at the bottom of the cost node ”190” indicates that its corresponding sub
tree is hidden, which contains 600 nodes (the number written at the bottom of the
triangle).

Filtering

The filtering option in VMODEX allows designers to filter out parts of the solutions,
which are not required for further investigation, and view only preferred design points.
Therefore, the designer can focus on the more interesting design points and find the
similarities/dissimilarities between them. Various kinds of filtering are available based
on different designer preferences: 1) primary objective values, 2) design parameters,
3) distance from the Pareto optimal set and 4) secondary objective values. The com-
binations of different filtering approaches are also possible. The filtering results can
be shown in three ways: view all design points that fall within the filtering conditions
or only see local Pareto optimal points or only global Pareto optimal points.

Filtering Based on the Primary Objective Values Primary objectives are those
objectives that participate in the optimization process and based on their values, the
searching algorithm explores the design space. In some cases, the designer wants to
consider only design points with some specific objective values (e.g. design points
with the best processing time). The value of each objective is controlled by a range
slider bar, in which the designer can set upper and lower limits on that objective.
Design points with objective values inside the selected ranges are visible and the others
become invisible. Therefore, the designer has the ability to view only design points
with preferred objective values and find out the relationships between them.

Filtering Based on the Design Parameters VMODEX allows designers to hide
the parts of the design space that are not being considered for further analysis to pay
more attention to the more interesting parts. For instance, the designer may not be
interested in design points with more than four processors. Then it is possible to
hide those subtrees in the DSE tree that contain more than four processors and focus
only on those parts of the design space that contain design points with the preferred
parameters.

Filtering Based on the Distance from the Global Pareto Optimal Set In the multi-
objective context, the goodness of a design point can be evaluated by its distance from
the Pareto optimal set. The smaller the distance the better the solution. This distance
measure is the Euclidean distance (in the objective space) between the design point
and the nearest member of Pareto optimal set. In VMODEX, we provide a filtering
option based on this distance measure. The designer is able to define a distance thresh-
old and then filters the design points to see solutions that have lower/higher distance
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values than the threshold. Furthermore, as in VMODEX both the design parameters
and objectives are shown in a single view, the designer can easily understand which
parts of the design space contains solutions that are close to/far away from the Pareto
optimal set.

Filtering Based on the Mapping Decision For better analyzing the effect of dif-
ferent mappings on the objective values, we provide the following filtering option.
The designer can specify some constraints on the mapping and then filters the design
points to see only those solutions that not violate the specified mapping constraints.
After that, it is possible to investigate the values of different objectives for the design
points, which satisfy the mapping restrictions and find out the influences of mapping
decisions on the objective values. There are three ways for defining a mapping con-
straint:

1. Some specific tasks (determined by the designer) are mapped on the same pro-
cessor, without specifying the type of the processor. In this case, we can study
the effectiveness of the internal communications between them as well as com-
paring the results of using different processor types for executing those tasks.

2. Some specific tasks are not mapped on the same processor. So, we can investi-
gate the effect of using (shared) memories for their communications.

3. For one or more tasks a specific processor type is determined to be mapped
to. In this case, we can investigate the effect of other tasks mappings on the
objective values.

For instance, the designer may want to know what objective values can be obtained
with the following mapping constraint: tasks 1 and 2 are mapped on the same proces-
sor, task 4 is executed by processor ASIP-1 and task 5 and 6 are mapped on different
processors.

Filtering Based on the Secondary Objective Values Secondary objectives are not
considered as the optimization goals, but they provide more detailed information about
the evaluated design points. Thus, we also provide filtering options based on the
secondary objectives. For instance, it is possible to filter design points based on their
average utilizations or specify a minimum desired utilization for each architectural
component.

Step by Step Animation

Since exploring the design space is an iterative process, it is important to know how
a searching algorithm walks through the design space and trace its progression in
finding new design points and covering the design space during successive iterations.
In VMODEX, we provide an interactive user interface that allows designers to follow
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the evolutionary exploration process during numerous generations. This interface is
called step-by-step animation. The designer chooses an arbitrary generation number
as a start point. At this step, the DSE tree shows only those design points that are
found in the specified generation number or in earlier generations. Then, the designer
can move forward or backward in generations to see the dynamic exploration.

When moving through the generations (i.e., replaying parts of or even the entire search
process), it is important to know in each generation which new design points are found
(added to the DSE tree). To show this, the design points generated in the current
generation are blinking. If a parameter node, which had no data node in the previous
step, receives its first data node in the current generation, it starts blinking as well.
Therefore, the designer can easily notice that some new parts of the design space are
visited for the first time by the algorithm in the current generation. For the hidden sub
trees, in case of any data node addition, the blue triangle starts blinking and if the user
is interested in viewing that sub tree, it can be expanded as well.

Details on Demand

Because of limited screen space as well as high data complexity, showing every detail
for all design points is impractical. Therefore, generally, in proposing a visualization
method, only the most important data features are shown directly in the visualization
and detailed information for interesting parts is shown just after the user requests
them. In VMODEX, a variety of detailed information are provided, enabling designers
to interpret the evaluated design points from different aspects and gaining additional
insight into the underlying information. This detailed information has been described
earlier in this section and are called the secondary objectives. By right clicking on
an interesting design point, a pop-up menu appears that shows the available detail
options. The user can simply select the desired detailed information from the list and
see it.

Adjusting DSE Tree Appearance

In VMODEX, there are some options for modifying the way that the DSE tree looks,
based on alternatives for showing/hiding sub tress, coloring the parameter nodes and
tree edges.

Showing/Hiding Sub trees In VMODEX, the designer can choose to see the entire
design space or only those parts of the design space that are visited by the searching
algorithm. Furthermore, it is possible to hide the sub tree of a (uninteresting) node by
double clicking on it.

Coloring Parameter Nodes As we described in Section 3.2.2, in the DSE tree,
the color of design point nodes represent the processing time and the color of the
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third dimension shows the energy consumption. Parameter nodes, however, do not
represent single design points and therefore do not have the direct notion of processing
time or energy consumption. For this reason, we provide some options to color the
parameter nodes. The designer is able to choose the average, minimum, or maximum
of either processing time or energy consumption of the design points in their sub trees
as a method for coloring the parameter nodes. The color of parameter nodes that have
no data node (i.e., do not have any DSE data) is white.

Another option for coloring parameter nodes is based on the generation number in
which the searching algorithm could get access to that part of the design space for the
first time. (See Section 3.2.4)

Coloring and Thickness Regulation of Tree Edges As we explained in Section
3.2.3, tree edges can be visualized according to two importance factors: minimum
Euclidian distance and last generation number. In the VMODEX user interface, there
is an option for selecting one of these factors for visualizing the edges.

3.3 A Case Study

In this section, we present a real application case study to illustrate the benefits of us-
ing visualization in the design space exploration process. In this case study, we map a
Motion-JPEG (M-JPEG) encoder to a heterogeneous multi-processor system-on-chip
platform architecture consisting of a general-purpose microProcessor (mP), a micro-
Controller (mC), an Application Specific Instruction Processor (ASIP) and two Ap-
plication Specific Integrated Circuits (ASIC-DCT and ASIC-VLE). For communica-
tion, the platform architecture contains two dedicated point-to-point FIFOs (between
mP and ASIP) and two shared memories; one Static RAM (SRAM) and one Dynamic
RAM (DRAM), each one is accessible through a common bus. Note that the evaluated
design instances only use a subset of the platform resources, based on the mapping of
application tasks and communication channels onto the platform resources. Figure
3.12 represents our MP-SoC architecture model and Figure 3.13 shows the M-JPEG
encoder application.

In our case study, an mC or an mP processor can execute all the different processes
in the M-JPEG application while an ASIP can execute only three processes, namely:
DCT, Q and RGB2YUV. The ASIC-DCT is designed for executing the DCT process
and ASIC-VLE is dedicated for executing the VLE process.

The design space that we consider in this study has four parameters: number of pro-
cessors, processor type, number of memories and memory type. Each architecture
platform instance is indicated by a unique combination of these parameters. Those
combinations that lead to the platform instances that are capable of executing the ap-
plication are denoted as feasible combinations. Using the NSGA-II multi-objective
evolutionary optimizer [19], we intend to find a set of optimal design points (in terms
of alternative architectural solutions and mappings) under three criteria: processing
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Figure 3.12: Heterogeneous multi-processor system-on-chip architecture model
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Figure 3.13: M-JPEG encoder process network graph

time, energy consumption and architecture cost. For this study, we run the MOEA for
100 generations with 100 individuals per population. Therefore, 10000 design points
are searched by the MOEA. In this experiment, we have used the uniform crossover
with probability 0.9. The mixing ratio between two parents is 0.5 (i.e. the offspring
has approximately half of the bits from first parent and the other half from second
parent). The mutation probability2 is 0.23 and the bit mutation probability3 is 0.01.
For evaluating design points in terms of aforementioned criteria, we used the Sesame
system-level simulator. In our case study, the processing time varied by factor of 6.4,
energy consumption by factor of 4.45 and architecture cost by factor of 10.25. These
large variations indicate the need for automated exploration and optimization.

VMODEX allows designers to look at the evaluated design points and explored design
space from different perspectives and analyze the search results at multiple levels of
abstraction. In the following subsections, we analyze the M-JPEG case study with
respect to the following issues: 1) design space coverage, 2) the characteristics of the
global Pareto optimal points, 3) investigating the absence of ASIC-VLE in the Pareto
optimal set, and 4) studying the effects of executing the DCT process by different
processor types on design criteria.

2i.e., the likelihood of mutating a particular individual.
3i.e., the likelihood of mutating each bit of an individual in mutation.
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3.3.1 Design Space Coverage

Since we use an evolutionary algorithm (instead of exhaustive search) for exploring
the design space, the searching algorithm may not visit some parts of the design space.
Therefore, there is no evaluated data for those parts. However, it is essential that a
searching algorithm achieves a broad coverage of the design space. This means that
the algorithm is able to find solutions in as many as possible different regions of the
decision space, even if those solutions are not Pareto-optimal. In this case, the exposed
solutions represent the variety of possible designs in the decision space and enable
the designer to do a more comprehensive study on the relationship between design
parameters and their effects on the design criteria. Furthermore, a higher diversity and
coverage in the searching algorithm also means that there is a higher chance of finding
the global optimal solutions rather than the local optimum ones (the algorithm does
not get trapped in local optimum points in the design space). The spread of design
points in the design space can help the algorithm to escape from such local optima.

Using VMODEX, the designers can easily see the parts of the design space that are
covered/not covered by the MOEA. This tool clearly shows which parts of the design
space contain evaluated solutions and which parts are not searched at all (no design
point is evaluated there). As we have described before, parameter nodes with a white
color and dashed line have no data. In our case study there are 99 possible combina-
tions of design parameters. By visualizing the exploration results, we could find out
that more than 90% of possible platform instances are searched (91 out of 99). For
platforms with two and three processors, all the possible combinations are searched.
Further, only a few combinations of platforms with four and five processors have not
been visited by the MOEA. Those parts of the design space that are not investigated
during the exploration process are shown in Figure 3.14. In this figure, minimum
processing time is used for coloring the parameter nodes. The white nodes represent
the combinations that are not searched by the MOEA. For instance, there is no evalu-
ated design point that consists of four processors of the types ASIC-DCT, ASIC-VLE,
ASIP and mP and two memories of which one is DFIFO-1 and another one is DRAM
(this platform instance is indicated by subtree ”A” in Figure 3.14). However, the color
of the node labeled with ”2” in this subtree (at the number of memories level) indi-
cates that the other combinations of two memories such as one DRAM and one SRAM
are searched.

Next, we are going to study how our MOEA walked through the design space and
found new architecture platform instances during its search iterations. We used
the ”visualization of design space coverage” option in VMODEX to understand the
searching behavior of the MOEA in the design space. By selecting this option, pa-
rameter nodes are colored based on the generation number in which the searching
algorithm gained access to that part of the design space for the first time. Therefore,
the color of the parameter nodes, which are searched in the earlier generations, is
lighter and those parameters that are visited in the later generations are darker. In our
case study, we found that most of the architecture platform instances (possible com-
binations of design parameters) are searched in the 15 first generations. Actually, in
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Figure 3.14: Platform instances that are not visited by the MOEA

our initial population, which is generated randomly, 58 unique instances are visited
and then until the 15th generation totally 86 (out of 99) possible combinations are
searched. In the next generations, the algorithm could find 4 more instances and after
the 65th generation it could not find any new combination of design parameters. Fig-
ure 3.15 shows the visualization of design space coverage for our case study. Since
the size of the DSE tree representing the entire design space is large and it is not pos-
sible to include it here, this figure shows only four processors architecture instances.
Furthermore, the four last combinations that are found by the algorithm are in this part
of the design space. So, we can easily see which architecture instances are searched
in the later generations.

As can be seen in this figure the color of most parameter nodes is light green, which
indicates that those parts of the design space are searched in the beginning generations.
Only four nodes (denoted by A-D) are colored with darker green, which points out that
those architecture instances are visited in the later generations. The number written at
the bottom of these nodes shows the number of the first generation during which the
algorithm has investigated them.

As we described before, the size of the blue triangle at the bottom of each node repre-
sents the number of design points in its subtree. From Figure 3.15 we can see that the
platform instances containing four processors of the types ASIC-DCT, ASIP, mC and
mP (subtree indicated by ”S”) are searched more often by our MOEA since nodes in
this subtree have the biggest triangles.

In Figure 3.15, the minimum Euclidian distance is used as an importance factor for
edge visualization. Therefore, the edges in the path from the root to the global Pareto
optimal points are the thickest and darkest (black color) since the distance is zero.
From Figure 3.15 we can see that among four processors platform instances only one
of them leads to the global optimal design points, which is indicated by subtree S.
This explains why the searching algorithm evaluated more design points in subtree S.
In this part of the design space it has found design points that are closer to the opti-
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Figure 3.16: Global Pareto optimal points found by the MOEA (denoted by P1-P17). 15 unique
combinations of architectural components lead to the 17 Pareto optimal points.

mum solutions. Within subtree S, two combinations of memory types yield optimum
solutions. The two architecture instances that contain optimum design points in their
subtrees are denoted by P1 and P2.

3.3.2 The Characteristics of the Global Pareto Optimal Points

Figure 3.16 shows the global Pareto optimal points found by our MOEA. By looking
at the picture, the designer can immediately recognize the characteristics of the Pareto
optimal points, which are the best design points with respect to the design criteria.
As in the DSE tree both design parameters and objective values are shown in a single
view, the designer can easily find out which combinations of architectural components
yield optimum design points and what the trade off is between objective values. As can
be seen in Figure 3.16, in our case study, fifteen unique combinations of architectural
components lead to the seventeen Pareto optimal points. The variety of architecture
cost in the Pareto optimal set is quite large. The cost is varying from the cheapest one
to almost the most expensive one that have been encountered during the whole search
(approximately 10x (195/20)). For the processing time, except the design point with
a single processor architecture (labeled by ”P1” in Figure 3.16) all the other points
have relatively good processing time. The normalized value of the processing time
(excluding P1) is in the interval [0, 0.21]. The energy consumption of all the found
Pareto optimal points is relatively low. Its normalized value is in the range [0,0.16].

Now we are going to analyze the discovered Pareto optimal points in terms of design
parameters. From Figure 3.16 we can see that, in our case study, there is no Pareto
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optimal point with five processors. This means that with less processors (which is
cheaper) we can get the same or better processing time and energy consumption.
Therefore, using five processors is not appropriate for this application. Another in-
teresting feature is that most of the obtained Pareto optimal points (10 out of 17)
contain two processors in their underlying architecture. Thus, maybe two processors
architectures are more suitable for executing our application. It can also be seen that
there is no Pareto optimal point with four memories. So, the communications between
processors can be done efficiently with less memories. Furthermore, we can see that
the processor ASIC-VLE, which is dedicated for executing the VLE process, is never
used in the Pareto optimal set. In the next subsection we are going to find out the
reason of this remarkable property.

3.3.3 Investigating the Absence of the ASIC-VLE in the Pareto
Optimal Set

As we can see in Figure 3.16, there is no Pareto optimal point that contains ASIC-
VLE in its underlying architecture. By looking at the DSE tree representing the entire
design space, we can find that there are several evaluated design points that use ASIC-
VLE. Thus, our MOEA could access the parts of the design space that contain ASIC-
VLE. However, the quality of design points in these parts with respect to the design
criteria is not optimal and they are dominated by the solutions in the other parts. Fig-
ure 3.17 shows all the possible combinations of processor types. To make the picture
fit here, different alternatives with respect to the number and types of memories are
not shown. Thus, only the first two levels of the parameter segment are shown (i.e. the
number of processors and processor types). In Figure 3.17(a) the minimum process-
ing time and in Figure 3.17(b) the minimum energy consumption is used for coloring
the parameter nodes. As can be seen in these two figures, in all of the platform in-
stances containing ASIC-VLE, both the processing time and energy consumption is
quite high.

We use filtering options provided in VMODEX to realize why both the processing
time and energy consumption are significantly increased when using an ASIC-VLE.
First, we filter design points based on their primary objective values. We were inter-
ested to see all design points which are relatively good in both processing time and
energy consumption (their normalized value is in the range [0, 0.2] for both objec-
tives). There was no restriction in the architecture cost objective. We found out that in
all of them three processes V-Out, VLE and Control are mapped to the same processor.
We did similar filtering to see those design points that are extremely poor in both (their
normalized value is in the range [0.8, 1.0] for both objectives). Then, we could rec-
ognize that in all of them, the three aforementioned processes are mapped to different
processors. Thus, we can conclude that the communications between these processes
are much more intensive than the communications between other processes.The rea-
son for this is that over these channels tables for Huffman encoding are being transmit-
ted (see [77]). However, for the other processes, the communications are all the same
as they communicate pixel blocks, which are small units of data. Therefore, using
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shared memories for these communications causes large overheads that can actually
make the system slower. However, if these communications are done internally (map-
ping in the same processor) the mapping is much more efficient with respect to both
processing time and energy consumption. As ASIC-VLE is dedicated for executing
the VLE process, by using it, the processes V-Out and Control have to be mapped on
the other processors and therefore their communications will be done externally using
shared memories, which is not efficient. Thus, even though using an ASIC imple-
mentation for the VLE process is computationally efficient, because of its intensive
communication, it is not an effective solution. In Figure 3.18 we illustrate this con-
clusion with an example. This figure represents the mapping decisions of two design
points in which they have exactly the same mapping for all the processes except for
VLE. In Figure 3.18(a) the VLE process is mapped to the mP (the same processor as
V-Out and Control) and in Figure 3.18(b) it is mapped to the ASIC-VLE. From the
visualization of their objective values we can see that they are significantly different
in both processing time and energy consumption. The legend for shape and color of
processor and memory types are shown in Figure 3.18(c).

V-In! DMUX!

Control!

V-Out!

VLE!DCT! Q!YUV!
RGB2!

(a) VLE is mapped to the same processor as V-Out and
Control

V-In! DMUX!

Control!

V-Out!

VLE!DCT! Q!
YUV!
RGB2!

(b) VLE is mapped to the dedicated ASIC-VLE pro-
cessor

ASIC-DCT ASIC-VLE ASIP mP mC 

DRAM 

SRAM 

DFIFO-1 
DFIFO-2 

(c) Legend for shape and color of processor and memory types

Figure 3.18: Mapping decisions (with and without ASIC-VLE)
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3.3.4 Studying the Effects of Executing the DCT Process by
Different Processor Types on Design Criteria

In the M-JPEG application, the DCT is the most computationally intensive process and
therefore it is essential to be mapped on the processor that is optimal for executing it.
We are going to investigate how the values of processing time and energy consumption
change by running the DCT on different types of processors. To do that, we use
mapping filtering. From the previous discussion we understand that if three processes
V-Out, VLE and Control are not mapped on the same processor, regardless of the
mapping of the other processes, the processing time and energy consumption are quite
high. So, in this study, we assume that these three processes are mapped on the same
processor and then we examine the influences of different mappings for DCT on the
objective values. Using mapping filtering, we could find out that if DCT is mapped
to ASIC-DCT or ASIP both the processing time and energy consumption is relatively
good. But, by executing the DCT on the mC or mP, we cannot get any satisfactory
solution. To illustrate this conclusion, an example is shown in Figure 3.19. This figure
represents the mapping decisions of four design points in which the mappings of all
processes excluding DCT are the same. The variation on mapping the DCT are shown
in Figure 3.19(a) to Figure 3.19(d). From the visualization of the objective values we
can see the effect of each mapping on processing time and energy consumption.

The analysis we performed in this section would have been very cumbersome and
time consuming to do by only looking at the raw data or by using traditional 2D/3D
graphs. Several traditional graphs are needed in order to interpret the data like we did.
However, using VMODEX, a single visualization view of the design space enables
very powerful and rapid analysis of the DSE data.

3.4 Comparing Subspaces

As we described in Section 3.2.1, in VMODEX, the design space is modeled as a
tree and this kind of modeling causes the design space to be divided in several sub-
spaces. Each subspace represents a unique instance of the architecture platform. On
the other hand, solutions inside a subspace have exactly the same architecture compo-
nents (have the same parents at the parameter levels) but the way that the application is
mapped onto those components is different. We have provided additional functionality
in VMODEX to allow designers to evaluate and compare the properties of interesting
subspaces from various perspectives.

Figure 3.20 represents the design space of our case study, which is visualized by
VMODEX. This figure shows only those parts of the design space that are compared
with each other in this section. To make the picture smaller to be able to put it here,
only global and local Pareto points are shown and non-Pareto points are not displayed.
In the DSE tree shown in Figure 3.20 there are four subspaces, which are indicated
by dashed contour lines and are labeled from S1 to S4. For instance, the subspace S1

consists of one ASIP, one mC, one DRAM and one SRAM. Thus, all design points
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in this subspace utilize these architecture components (same resource allocation) but
their task and communication bindings are different. In each subspace, the Pareto op-
timal solutions found by a MOEA are called local Pareto optimal solutions, which are
optimal with respect to a specific architectural instance. However, in the entire design
space, a design point might exist which dominates the local Pareto point. In the fol-
lowing subsections, we explain the techniques VMODEX provides for analyzing and
comparing the properties of discovered design points in different subspaces. We use
these techniques for comparing the properties of the four local Pareto optimal sets,
which are labeled by LPS1 to LPS4 in Figure 3.20.

The concept of local Pareto solutions and proposing some methodologies for evaluat-
ing and comparing different local Pareto optimal sets (like we explain here) is a new
point of view in the multi-objective DSE process and has not been considered before.
Such comparison is, however, essential to the designer as it provides insight into the
landscape of the design space and can help him to comprehensively understand the
properties of the discovered design points in different subspaces of the explored de-
sign space. Using VMODEX the designer is able to select the interesting subspaces
and compare them with respect to the different aspects, which are explained in the
following subsections.

S1 

S2 

S3 

S4 
S5 

LPS3 
d=0.09 

LPS4 
d=0.02 

LPS1 
d=0.06 

LPS2 
d=0.01 

LPS5 
d=0.38 

Figure 3.20: Subspaces of the design space
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3.4.1 Distance from the Global Pareto Optimal Solutions

A subspace containing local Pareto optimal solutions, which are closer to the global
Pareto optimal set, is more preferable. The distance can be measured in two ways: 1)
the number of solutions in a local Pareto optimal set which are also in the global Pareto
optimal set, and 2) the average of Euclidian distances (in the objective space) between
the solutions in a local Pareto optimal set and the nearest member of the global Pareto
optimal set.

In the DSE tree, both distance measures can simply be evaluated. Just by looking at
the tree, one can easily recognize which solutions of a local Pareto optimal set are in
the global Pareto optimal set as well. For those solutions, their parents (in the tree)
are Pareto optimal nodes; otherwise they become children of a relation node. For
example, in Figure 3.20, two solutions (out of three) in the set LPS2 are globally
Pareto optimal. However, in the other sets, none of the solutions are in the global
Pareto optimal set (their parents are relation nodes).

The second distance measure can be seen directly in the DSE tree as well. The color
and thickness of edges show the distance from the nearest global Pareto optimal so-
lutions. The edges in the path from the root to the main Pareto optimal solutions are
the thickest and darkest since the distance is zero. As the distance increases the edges
become thinner and lighter. The value of the average distance between solutions in a
local Pareto optimal set and global Pareto optimal set is shown at the bottom of the
local Pareto set (denoted by d̄). If the designer is interested to know the exact value
of the distance measure for a particular solution, then the distance value is shown by
clicking the corresponding edge. For example, in Figure 3.20, the average distance
for LPS2 is 0.01 which means that solutions in this set are quite close to the Pareto
optimal set. However, the solutions in set LPS5 are relatively far from the global
Pareto optimal set since their edges are thin and light and the average distance is 0.38.

3.4.2 Coverage of Local Pareto Sets

Ziztler and Thiele [78] introduced the Coverage (C) metric, which directly compares
two Pareto optimal sets with each other. The metric C(P1, P2) calculates the propor-
tion of solutions in Pareto optimal set P2 which are weakly dominated at least by one
solution in P1:

C (P1, P2) =
|{p� ∈ P2|∃ p ∈ P1 : p ≤ p�}|

|P2|
(3.11)

Where ≤ is the weakly dominance relationship. For two solutions p and p� it is said
that p weakly dominates p� , if p is not worse than p� in all objectives. In fact, the func-
tion C maps the ordered pair (P1, P2) to the interval [0, 1]. The value C (P1, P2) = 1
means that all members of P2 are weakly dominated by P1 and C (P1, P2) = 0 rep-
resents the situation where none of the solutions in P2 are weakly dominated by P1.
Note that for fully understanding the dominance relations between two Pareto op-
timal sets, both directions C (P1, P2) and C (P2, P1) have to be considered, since
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C (P1, P2) is not necessarily equal to 1 − C (P2, P1). The C metric compares only
two sets with each other. Thus, for comparing more than two sets, we propose a new
metric called Total Coverage (TC), as follows:

TC (Pi) =
n�

j=1,j �=i

C (Pi, Pj)− C (Pj , Pi) (3.12)

Where n is the number of comparing sets. TC > 0 means that the dominating rate
is higher than the dominated rate and the TC < 0 implies that the solutions are more
dominated by the other sets than they dominate solutions in the other sets. Therefore,
a set with a bigger TC value is better. In VMODEX, the designer is able to select the
interesting local Pareto sets and compare them using the TC metric. For better under-
standing the dominance relations between sets, we visualize this metric. A directed
weighted graph is used for visualizing the TC metric. Each comparing set is shown
as a node in the TC graph. For each two sets P1 and P2, if C (P1, P2) �= 0 then an
edge is drawn from P1 to P2, of which the weight is equal to the C value. In the case
of C (P1, P2) = 0, there is no edge from P1 to P2. Due to the summation property,
we can break up a summation across a sum or difference. Therefore, we can rewrite
the TC formula as follows:

TC (Pi) =
n�

j=1,j �=i

C (Pi, Pj)−
n�

j=1,j �=i

C (Pj , Pi) (3.13)

According to the TC graph, the first sum in Equation 3.13 is equal to the sum of the
weights of outgoing edges and the second sum is equivalent to the sum of the weights
of incoming edges. Thus, for each node in the TC graph, the value of TC metric is
calculated by the sum of the weights of outgoing edges minus the sum of the weights
of incoming edges:

TC (Pi) =
�

(Outgoing Edges)−
�

(Incoming Edges) (3.14)

The size of the nodes in the graph indicates the TC value. Therefore, nodes with
higher TC values are bigger. Because the TC value greater than zero (means more
dominating) or less than zero (means more dominated) have completely opposite
meaning, we demonstrate this property in the nodes color. Nodes with TC > 0
are shown in blue while nodes with TC < 0 are shown in red. Figure 3.21 shows the
visualization of the TC metric for sets LPS1 to LPS5 shown in Figure 3.20. As can
be seen in this figure, all solutions in LPS5 are dominated by all the other comparing
sets (there are four incoming edges from LPS1 to LPS4 with the weight 4/4 = 1),
while there is no solution in LPS5 that dominates a solution in the other sets (LPS5

does not have any outgoing edge). Thus the TC value for LPS5 is less than zero
(TC = −4) and this node is shown by a red color. Furthermore, we can understand
that solutions in LPS1 dominate all the solutions in set LPS3, while no solutions in
LPS1 are dominated by any other sets, since there is no incoming edge. Moreover,
we can see that half of the solutions is LPS4 are dominated by solutions in LPS2. As
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LPS4 
TC = 0. 5!

LPS5!
LPS2 
TC = 1. 5!

LPS1 
TC = 2. 0!

3/3=1.0 

3/3=1.0 

3/3=1.0 

2/
4=

0.
5 

TC = - 4. 0!

LPS3 
TC = 0. 0!

3/
3=

1.
0 

3/3=
1.0 

Figure 3.21: Visualization of the TC metric

LPS1 

LPS3 

C(S1,S3)=3/3=1 

Figure 3.22: Visualization of the C metric

a result, LPS1 has the highest TC value (biggest node in the graph) and thus is the
best local Pareto optimal set among the comparing sets with respect to the TC metric.

If the designer is interested to know more about the dominance relation between each
two sets, such as which solutions in one set dominate which solutions in the other
set, it is possible to select those sets to see more details. To this end, we visualize
the dominance relation between two sets as follows. Solutions in both sets P1 and P2

are shown in two different rows. If a solution in P1 dominates a solution in P2, an
arrow is drawn between them coming out from the solution in P1 to the solution in
P2. Furthermore, a cross is displayed at the dominated solution in P2 to show that
this solution is dominated by another one. Figure 3.22 shows the visualization of the
dominance relation between two local Pareto sets LPS1 and LPS3. From this figure,
we can understand that all solutions in set LPS1 dominate all the solutions in LPS3

and therefore LPS1 is absolutely better than LPS3. The architectural components of
each local Pareto set are shown on the left side of each set. As can be seen in Figure
3.22, both local Pareto sets have the same components except that in LPS3 the ASIP
is replaced by mP. Using an mP instead of an ASIP is not beneficial since it increases
the cost but does not yield a better processing time nor a better energy consumption.

3.4.3 Size of the Dominated Region

In [79, 80], the Hypervolume metric is proposed, which measures how much of the
objective space is dominated by a given non-dominated set. A set with a larger hy-
pervolume is desirable. We use this metric to compare the local Pareto optimal sets in
different subspaces of the design space. Moreover, we visualize this metric to illus-
trate which area of the objective space is dominated by solutions in a local Pareto set.
Figure 3.23 represents the visual from of the hypervolume metric for two local Pareto
sets LPS1 and LPS5 shown in Figure 3.20. Each side of the cube shows one objec-
tive. The colored region indicates the dominated area in the objective space. Each
point in this region is dominated at least by one member of Pareto optimal set. For
better vision, each side of the cube is colored with the corresponding color scheme in
the DSE tree. Black lines in the colored region denote the solutions in a local Pareto
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optimal set. The normalized values of processing time (PT ) and energy consumption
(EC) for each solution, is written at the bottom of the cube. As can be seen in Figure
3.23, in set LPS1 almost half of the objective space is dominated while only a small
portion of the objective space is covered by the solutions in the LPS5. Using the
Hypervolume visualization, it is possible to see the dominated parts of each objective
separately. For instance, in Figure 3.23 the energy consumption and processing time
surfaces are almost completely covered for LPS1 while only half of the cost surface is
dominated. We also propose another approach for visualizing the Hypervolume met-
ric, which is extendable to be used in problems with more than three objectives. This
visualization method is explained in Chapter 4.

3.4.4 Sensitivity of Subspaces to Different Mappings on Design
Criteria

In studying the properties of a certain subspace (i.e. specific platform architecture
instance), it is a worthwhile issue to investigate how the objective values are being
changed with modifying the mapping decisions. In this paper, we propose a visual-
ization method for exploring the sensitivity of each subspace to different mappings on
the objective values. To do this, the frequency distribution of objective values in each
subspace is visualized to see the range as well as the frequency of objective values
that can be achieved with a specific architecture instance by using different mappings.
Since all solutions in a subspace have the same architecture cost, the frequency distri-
bution is not applicable for this objective and should only be considered for the other
two objectives: processing time and energy consumption.

For each objective, a horizontal axis from 0 to 1 is drawn and colored like the color-
coding technique used for showing that objective in the DSE tree. For example, in
our case, colors from yellow to red are used for representing the processing time and
therefore, this color scheme is used for coloring the corresponding axis in the fre-
quency distribution visualization. The height of each color bar in the (color-coded)
objective axis indicates the number of design points with the objective value inside
that range. Figure 3.24 shows the visualization of the frequency distribution for three
subspaces. Figure 3.24(a) shows the frequency distribution of solutions in a subspace
that contains an ASIP, mP, DFIFO-2 and SRAM. This subspace is indicated as S2 in
Figure 3.20. As can be seen in this figure, for all design points, both the process-
ing time and energy consumption is relatively good (less than 0.5). Therefore, for this
particular architecture, with different mappings we can get approximately good design
points. So if the designer is looking for a system that can flexibly deal with different
mappings, this architecture is a good solution. The subspace in Figure 3.24(b) consists
of an ASIP, mC, mP, DFIFO-2 and SRAM, which is denoted as S4 in Figure 3.20. In
this subspace, both the processing time and energy consumption are varying from the
best to almost the worst. However, the processing time and energy consumption of
most design points are approximately good. Therefore, if the designer is interested in
this platform architecture instance, he should take care about the mapping because a
wrong mapping decision can make the difference between the best or the worst design
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LP1: PT=0.11, EC=0.02 
LP2: PT=0.13, EC=0.01 
LP3: PT=0.14, EC=0.01 
Cost=0.54 

HV (S1) = 0.43 

LP1: PT=0.41, EC=0.79 
LP2: PT=0.41, EC=0.76 
LP3: PT=0.42, EC=0.74 
Cost=0.89 

HV (S5) = 0.017 

Figure 3.23: Visualization of the Hypervolume metric

Processing Time 

0.0! 0.25! 0.5! 0.75! 1.0!

Energy Consumption 

0.0! 0.25! 0.5! 0.75! 1.0!

(a) Subspace consisting of: ASICP, mP, DFIFO-2, SRAM

(b) Subspace consisting of: ASICP, mC, mP, DFIFO-2, SRAM

(c) Subspace consisting of: ASIC-DCT, ASIC-VLE, ASICP, mP, DFIFO-2, SRAM, DRAM

Figure 3.24: Visualization of the frequency distribution of objective values for three subspaces
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point. Figure 3.24(c) represents the frequency distribution of subspace S5 in Figure
3.20. This subspace is made up of following components: ASIC-DCT, ASIC-VLE,
ASIP, mP, DFIFO-2, DRAM and SRAM. As can be seen in this figure, for all de-
sign points, both the processing time and the energy consumption are extremely poor.
Even with different mappings, we cannot get an acceptable design point. Thus, this
architecture is not a suitable solution for our case study.

Therefore, by using the frequency distribution visualization, the designer is able to
analyze the effect of different mappings on the design criteria for a certain architecture
instance. Furthermore, it is easy to compare the sensitivity of different subspaces with
respect to the mapping decisions.

3.5 Conclusion

In this chapter, we introduced our proposed visualization techniques, which are
specially designed for understanding the multi-objective DSE process of embedded
systems that are based on heterogeneous multi-processor system-on-chip architec-
tures. All the developed visualization techniques are incorporated into a tool, called
VMODEX. Our visualization tool provides insight into the search process of heuristic
searching algorithms that are typically used in the DSE process. It helps designers to
understand how such algorithms explore the design space during their iterations and
converge towards the optimal design points. It should be mentioned that although in
this thesis we choose the Sesame simulator for evaluating design points and MOEAs
for searching the design space, our visualization tool is not restricted to neither eval-
uating approach nor searching mechanism. It can easily be used for different types of
evaluating methods as well as searching strategies.

The tree model that we propose for visualizing the design space enables us to visualize
multivariate data. There is no limitation on the number of neither design parameters
nor criteria. Furthermore, in our DSE tree model, the concepts of subspaces and local
Pareto points are proposed, which are new points of view in the multi-objective DSE
process and has not been considered before.

VMODEX also enables very powerful and rapid analysis of DSE results. Designers
can look at the data from different perspectives and at multiple levels of abstraction.
Several interactive capabilities are provided, which allow designers to play with data
and find out some interesting and important features that may not be found just by
looking at the static visualization.

To illustrate the benefits of using our visualization techniques in the DSE process, we
performed an actual case study on Motion-HPEG encoder application. Then, we used
VMODEX to interpret and analyze the results. In this chapter, We explained some
new and unexpected insights that we could gain from the tool that is not possible to
find out those insights from the raw data.

To summarize the different visualization approaches that we proposed in this chapter,
Figure 3.25 shows all our proposed visualization methods together with the graphical
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Figure 3.25: summarization of all our proposed visualization approaches together with their
relations with each other

tricks that we used for visualizing them. Furthermore, in this figure, we clarify how
these visualizations are related to each other.

In the following, we summarize the benefits of using VMODEX in multi-objective
design space exploration process:

• It models the design space as a tree in which both the design parameters and
objectives are shown in a single view. Therefore, it is easy to understand where
the optimum design points are located and what objectives they have.

• There is no limitation on the number of design variables since each parameter
is located at one level of the tree.

• It can easily be extended to show more than three objectives. Since each ob-
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jective is assigned to one attribute of the tree nodes and nodes have various
attributes such as shape, orientation, size, color, transparency, texture, border,
etc.

• Several techniques are provided in VMODEX to be able to handle large design
spaces.

• Various user-interactions are developed for more effective data exploration and
enabling to find hidden patterns in the data and complex relationships among
variables.

• Different properties of evaluated design points can be shown, allowing designers
to interpret the data from different aspects and gaining additional insight into the
underlying information.

• By coloring the parameter nodes, it is possible to do some statistical analysis.
The designer can compare different architectures (in terms of number and type
of the processors and memories) according to the minimum, maximum or aver-
age of each of the design criteria.

• Edge visualization helps designer to easily navigate through the design space
and find more important parts.

• The concept of local Pareto point is proposed and in the DSE tree there is an
explicit level called local Pareto level, which shows the optimal design points
with respect to specific architecture instances. Therefore, the designer can eas-
ily compare the best design points of different architecture instances with each
other.

• In VMODEX, each unique instance of the architecture platform is considered
as a subspace of the design space. Various methods are provided for evaluating
and comparing the properties of design points in different subspaces of design
space.

• It helps designers to understand the search behavior in heuristic based design
space exploration such as:

– Which parts of the design space are not searched at all (no design point is
evaluated there). As we mentioned before, nodes with a white color and
dashed line have no data.

– Which parts of the design space are searched more often by the searching
algorithm (more design points are evaluated there). In these areas, the
tree provides more nodes so the sub trees of the corresponding nodes are
bigger.

– The step by step animation option in VMODEX allows us to trace the
progression of the searching algorithm in finding new design points and
covering the design space during its consecutive iterations.



4
Performance Assessment of
Multi-Objective Optimizers:

Metrics and Visualizations

An important issue in multi-objective optimization is the quantitative comparison of
the performance of different algorithms. In the case of using heuristic optimization
methods, the outcome is usually an approximation of the true Pareto front and there-
fore a question arises on how to evaluate the quality of the discovered approximation
sets. Various performance measures have been proposed to evaluate different quality
aspects of the results of optimization algorithms. In this chapter, we explain some
existing performance metrics as well as some new metrics that evaluate the perfor-
mance of optimization algorithms from new points of view. We classify performance
metrics into different groups, based on the quality aspect they measure. Furthermore,
we propose several visualization approaches, which enable researchers to do detailed
analysis of the quality of Pareto optimal solutions. These visualizations provide in-
sight on the reasons behind the strength/weakness of a Pareto optimal set with respect
to a particular metric.

4.1 Introduction

As we described in Chapter 2, due to the sheer size of the design space in real
problems, an exhaustive exploration of all possible alternatives is not feasible. Fur-
thermore, usually multiple criteria need to be optimized simultaneously. There-
fore, heuristic search techniques, such as Multi-Objective Evolutionary Algorithms
(MOEA), are often used for pruning an exponential design space and guiding the
search process toward the most promising regions. Since objectives are often in con-
flict, there cannot be a single optimum solution, which simultaneously optimizes all
objectives. Instead, a set of optimal solutions denoted as the ”Pareto optimal set” or
”non-dominated set” has to be found.

83
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Although the goal of heuristic multi-objective optimization techniques is to find the
Pareto optimal solutions with respect to the design criteria, there is no guarantee to
reach real optimal solutions. This is because of the heuristic nature of these methods.
They try to find optimal solutions. However, typically they are only able to find good
approximations of optimal solutions that are not far away from the true optimal solu-
tions. Therefore, metrics are needed to evaluate the quality of the discovered solutions.
Furthermore, many different multi-objective optimization algorithms are proposed in
literature, such as SPEA2 [18], NSGA-II [19], PAES [20], ACOG [21], AMOSA [22]
etc., which may have a different performance on different problems, and there is no
conclusive answer regarding to which algorithm is the best for a specific problem. On
top of that, optimization algorithms are highly sensitive to the parameters being used,
such as mutation rate, repair strategy, individual encoding, etc. These parameters have
major effects on the performance of the algorithm and have to be fine-tuned by hand.
Therefore, coming up with the best searching algorithm, which efficiently and effec-
tively explores the design space and finds high quality solutions is a big challenge.

Therefore, we have added extra functionality to VMODEX to help algorithm de-
velopers to find the best optimization algorithm for their specific problem. Using
VMODEX, algorithm developers can easily evaluate and compare the results of dif-
ferent optimization methods, with respect to their efficiency and effectiveness, in order
to find the best approach. Then, the best optimization results are delivered to the de-
signers for analyzing the design space exploration process.

In single-objective optimization, the quality of solutions can be defined by measuring
the values of the objective function; the smaller (or larger) the value, the better the so-
lution. However, in the context of multi-objective optimization, it is difficult to define
appropriate quality measures since it is not clear what quality means in the presence
of multiple objectives. In multi-objective optimization, multiple aims need to be sat-
isfied simultaneously and thus there cannot be a single quality measure that is able
to indicate the performance of an optimizer in an absolute sense. Therefore, several
performance metrics have been proposed in the literature to assess different aspects of
the quality of the Pareto optimal solutions obtained by heuristic multi-objective opti-
mizers. A review of these performance metrics can be found in [81, 82]. However,
most of the current performance measures concentrate on evaluating the quality of the
found Pareto optimal solutions in the objective space and measuring the behavior of
searching algorithms in the decision space has been mostly disregarded. However,
in many applications, such as design space exploration for embedded systems, the
structural property of the evaluated solutions in the decision space is also a key factor.
The designer may be particularly interested in a range of structurally different solu-
tions distributed over the Pareto optimal front. The diversity of the evaluated points in
the design space represents the variety of possible designs in the decision space and
enable the designer to do a more comprehensive study on the relationship between
design parameters and their effects on the design criteria.

In this thesis, for comparing the outcomes of different optimization methods, we chose
some performance metrics from literature that we considered most suitable for our
context. We also propose three new metrics (WSGR, σmst and DFPOS), which eval-
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uate the results of optimization algorithms in the objective space. Furthermore, we
define some new metrics to assess the performance of optimizers in the decision space.

For evaluating and comparing different Pareto optimal sets, the results of a quality
metric are typically shown in a table or displayed in a 2D graph in which the value
of the quality metric is shown to compare one Pareto optimal set to another one. Al-
though these kinds of representation are useful to find out which Pareto optimal set
is better in respect to a certain quality aspect, they do not provide insight on why a
Pareto optimal set is good (bad) according to the specific metric.

Utilizing visualization techniques can be helpful for further analysis of the Pareto op-
timal solutions. In general, a quality metric encapsulates the properties of a Pareto
optimal set to one scalar value that somehow reflects a certain quality aspect. There-
fore, some useful information may be lost because of this compression. However,
visualizations can provide better understanding of the quality of the results and enable
us to perform more accurate analysis. But, there is a significant lack of studies on
representing and visualizing the different quality aspects of Pareto optimal sets. The
conventional way is plotting the optimal solutions in the objective space. Although
this method is simple and displays the overall quality, it is limited to a maximum of
three objectives (maximal three dimensions) and does not provide a detailed descrip-
tion of different quality aspects. Ang et al. [83] proposed Distance & Distribution
(DD) charts, in the first of which the Pareto optimal solutions are plotted against their
distance to the true Pareto front and in the second of them the Pareto optimal solu-
tions are plotted against the distance between each consecutive solutions. In these
plots, only the distance values of solutions are shown and the objective values are not
considered. So, they do not reveal any information about the location of the Pareto
optimal solutions in the objective space.

In this thesis, we propose several visualization approaches, which enable researchers
to do detailed analysis of the quality of Pareto optimal solutions. These visualizations
provide insight on the reasons behind the strength/weakness of a Pareto optimal set
with respect to a particular metric. To this end, we integrated various performance
metrics (including both existing metrics and new ones) and their visualizations in
VMODEX. Thus, using VMODEX, algorithm developers are able to perform a com-
prehensive study on the properties of the discovered optimal solutions and evaluate
the performance of different optimization algorithms from various perspectives.

The rest of this chapter is organized as follows. Section 4.2 describes the goals that
should be considered in multi-objective optimizations to yield high quality results.
In Section 4.3 we introduce performance metrics and their visualization methods we
have provided in VMODEX. Section 4.4 presents a case study in which the qualities
of the outputs of two different optimization approaches for a specific problem are
compared using various metrics. This case study illustrates the benefits of our tool,
which integrates and visualizes different performance metrics in a single environment.
The last section presents concluding remarks.
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4.2 Goals in Multi-Objective Optimization

As we described in Chapter2, in multi-objective optimization problems, two different
spaces should be taken into account: the decision space and objective space. There-
fore, the performance of an optimization algorithm in both spaces needs to be assessed.

With respect to the objective space, usually two distinct goals are considered:

1. Find solutions as close as possible to the true Pareto front.

2. Discover solutions as diverse as possible.

The first goal is essential for any optimization task and therefore is common in both
single and multi-objective optimizations. Finding solutions, which are far away from
the true Pareto optimal set, is not appropriate. Only when the obtained Pareto front is
close to the true Pareto front, one can be assured that a near-optimal set of solutions
is found. In most multi-objective optimization problems, the true Pareto front is not
known. Therefore, for measuring the closeness, a reference Pareto front that is the
best-known approximation of the true Pareto front, is used. The reference Pareto front
can be made by combining all the optimal solutions from numerous searches and then
removing dominated solutions from the combined set.

The second goal is completely specific to multi-objective optimization. Diversity
means covering the entire Pareto optimal region uniformly. Only with a diverse set
of solutions, we can have a good set of trade-offs among objectives. The diversity can
be divided in two different measures: extent (the spread of extreme solutions) and dis-
tribution (the relative distance between solutions). Figure 4.1 illustrates the concept of
multi-objective optimization goals in the objective space for a problem in which two
objectives (f1 and f2) should be minimized.

(d)!Closeness is good!
       extent is poor, distribution is good!

f1 

f2 

(c) Closeness is good!
      extent is good, distribution is poor!

f1 

f2 

      Feasible Area!

(a) An ideal set of Pareto optimal solutions!
f1 

f2 

True Pareto front!

a Pareto optimal solution!

f1 

f2 

(b) Closeness is poor, diversity is good!

Figure 4.1: The concept of multi-objective optimization goals in the objective space
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Since both goals are important, an efficient optimization algorithm must satisfy both of
them adequately. Therefore, optimal solutions found by a good optimizer, are close to
the true Pareto front and maintain a uniform distribution over the entire Pareto optimal
region. Finding a diverse set of solutions, which are not close to the true Pareto optimal
solutions, is not desirable since they cannot provide an accurate estimation of the true
Pareto front. On the other hand, a close set of solutions with poor diversity cannot
provide reasonable trade-offs between objectives.

With respect to the decision space, we define two goals that should be achieved:

1. Find solutions in as many as possible different regions of the decision space.

2. Evaluate as many as possible unique design points.

When heuristic multi-objective optimization techniques are used for exploring the de-
sign space and finding the optimum solutions, it is possible that the searching algo-
rithm does not visit some parts of the design space and therefore there is no evaluated
data for those parts. However, it is essential that a searching algorithm achieves a
broad coverage of the design space. This means that the algorithm is able to find so-
lutions in as many as possible different regions of the decision space, even if those
solutions are not Pareto-optimal. In this case, the exposed solutions represent the va-
riety of possible designs in the decision space. A higher diversity and coverage in
the decision space means that there is a higher chance of finding the global optimal
solutions rather than the local optimum ones (the algorithm does not get trapped in
local optimum points in the design space). The spread of design points in the design
space can help the algorithm to escape from such local optima. Figure 4.2 illustrates
the concept of diversity of evaluated solutions in the decision space for a problem with
two design parameters (X1 and X2). In this figure, the design space is divided into
exclusive cells (subspaces). Each subspace represents a partial instantiation of the de-
sign variables and includes a set of design points with similar characteristics. Each
cell that contains at least one design point is considered as a searched cell. Figure
4.2(a) represents an ideal diversity in the decision space. For each subspace of the
design space there is at least one evaluated solution. Figure 4.2(b) shows the situation
in which the diversity is poor. The gray areas in Figure 4.2(b) indicate those parts of
the design space that are not visited by the optimization algorithm and therefore there
is no evaluated design point there. Thus, there is no knowledge about the properties
of solutions in those parts.

The second goal comes up since during the process of design space exploration us-
ing a heuristic optimizer, some design points that have a good performance may be
regenerated in different generations. Therefore, there might be some duplicate design
points in different generations. An algorithm with less duplication has better perfor-
mance because a greater number of design points can be investigated with the same
computational effort.

Since the multi-objective optimization goals are distinct concepts, no single quality
measure is able to indicate the performance of an optimization algorithm in an absolute
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Figure 4.2: The concept of diversity of evaluated solutions in the decision space

sense. Therefore, for measuring the performance of different optimization approaches
and comparing how well they achieved the multi-objective optimization goals, several
metrics need to be used. In general, a performance metric assigns a number to a Pareto
optimal set that somehow reflects how good it is with respect to a certain feature
measured by that metric. However, to guarantee an exhaustive evaluation of a Pareto
optimal set with respect to all the aspects of quality, a collection of different metrics
is required in such a way that there is at least one metric for each aspect.

4.3 Performance Metrics and their Visualizations

In this thesis, we broadly classify performance metrics in two groups:

1. Metrics that measure the quality of found Pareto optimal solutions in the objec-
tive space.

2. Metrics that evaluate the behavior of optimization methods in the decision
space.

In the next two subsections, we will introduce some metrics for each group. Further-
more, the visualization approach developed for each metric as well as the benefits of
such visualization will be explained. Particularly, in proposing visualization methods
for performance metrics, the following challenges have to be addressed:

• The visualization approach should not be limited to the number of objectives. It
must be scalable to be used in more than three objectives problems.

• The visualization techniques should be simple and straightforward. Complex
approaches do not reveal useful information clearly and some valuable issues
may not be discovered. Furthermore, simple methods enable us to easily com-
pare two or more non-dominated sets with each other.
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• For showing a specific objective in different visualization methods for different
metrics, the same metaphor should be used. Thus, there is no confusion because
of representing one thing in different ways.

All the visualizations proposed in this chapter satisfy the above challenges. In
VMODEX, for easy correlation between the visual form of performance metrics and
the multi-objective DSE visualization (explained in Chapter 3), the same metaphors
are used for showing the objective values and solutions. Thus, one will not be con-
fused by the different representations of the same thing.

4.3.1 Performance Metrics in Objective Space

In this chapter, we consider the same objectives as in Chapter 3 that are processing
time, energy consumption and architecture cost. The visual representations of these
objectives are also the same. Processing time is shown by the color of the node rep-
resenting a solution. Colors are varied from yellow to red with all color grades in
between. Nodes with the lowest processing time are yellow and nodes with the high-
est processing time are red. The size and color of the third dimension of a solution
shows the energy consumption. As the energy consumption increases, the size of the
third dimension becomes bigger and its color becomes darker. The architecture cost
is shown as separate nodes at the cost level. Cost nodes are represented with circle
symbol. The size of the circle becomes bigger as the cost increases. Figure 4.3 repre-
sents an example of a set of Pareto optimal solutions that is visualized by VMODEX
and we are going to evaluate the quality of this set with respect to various metrics in
this section. In this figure, solutions are labeled by an index, in the order of increasing
processing time.

Since objective functions may have different scales of measurement, one should map
the limits of the objective function values to a unique interval, before doing any arith-
metic operation. To make calculations scale independent, we normalize objective val-
ues using min-max normalization (see Section 2.1 in Chapter 2). At the end of nor-
malization, all design points get a value in the range [0, 1] for their objective values.

In the following subsections, we categorize the performance metrics into four groups:
1) closeness metrics to evaluate the distance of the obtained Pareto front to the true
Pareto front, 2) diversity metrics to evaluate the spread or distribution of the solutions
in the found Pareto front, 3) combined metrics to evaluate both the closeness and
diversity of the discovered solutions in an implicit manner, and 4) dynamic metrics to

Figure 4.3: An example of Pareto optimal solutions visualized by VMODEX
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show how the quality of solutions with respect to a specific metric is varying during
the searching process.

Closeness Metrics

These metrics compute a measure of the closeness of a Pareto front found by an opti-
mization algorithm (PFknown) from the true Pareto front (PFtrue). PFtrue can either
be a set of (theoretical) true Pareto optimal points (if known) or a reference set, which
contains the best-known non-dominated points from a combination of numerous runs.

Van Veldhuizen [84] proposed two metrics for measuring the distance of the found
Pareto optimal set to the true Pareto front: Error Ratio (ER) and Generational Distance
(GD). These metrics are widely used in literature because of their simplicity.

Error Ratio (ER) This metric indicates the proportion of solutions in PFknown that
are not member of the PFtrue as follows:

ER =
1

|PFknown|

|PFknown|�

i=1

esi esi =

�
0 si ∈ PFtrue

1 si /∈ PFtrue
(4.1)

Where || denotes the number of elements in a set and si indicates the ith solution
in the PFknown. A smaller value of ER means a better approximation of the true
Pareto front. This metric takes a value between zero and one. ER = 0 means that
all solutions of PFknown are member of the PFtrue and ER = 1 means that no
solution is a member of the true Pareto front. The drawback of this metric is that if no
member of the PFknown is in the PFtrue, it does not distinguish the relative closeness.
Another drawback of this metric is illustrated in Figure 4.4. In this figure, algorithm
A1 finds only two Pareto optimal solutions, of which one is in PFtrue, so its error ratio
is 0.5. Algorithm A2 finds 8 Pareto optimal solutions of which 3 of them are in PFtrue

and other solutions are relatively close to the true Pareto front. However, its error ratio
is 5/8 = 0.625, which is bigger than the error ratio of solutions in A1. Clearly,
the algorithm A2 performs much better but the error ratio indicates that it performs
worse. To overcome this drawback, we propose a new metric called Weighted Sum
Generation Ratio (WSGR), as will be explained later in this section.

Generational Distance (GD) Instead of determining whether or not a solution of
PFknown belongs to the PFtrue, this metric finds an average distance of the solutions
of PFknown from PFtrue:

GD =
1

|PFknown|

����
|PFknown|�

i=1

di
2 (4.2)

The distance measure (di) is the Euclidean distance (in the objective space) between
the solution si ∈ PFknown and the nearest member of PFtrue. It is clear that a value
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Figure 4.4: Illustration of the drawback of ER
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Figure 4.5: Illustration of the drawback of GD

of GD = 0 indicates that all the solutions of PFknown are in PFtrue. A Pareto
optimal set having a smaller value of GD is better. The drawback of this metric is
that when all solutions in PFknown are in the true Pareto front (GD = 0), it does not
determine how good the algorithm is in finding true Pareto points. This shortcoming is
illustrated in Figure 4.5. In this figure, algorithm A1 finds 2 Pareto optimal solutions of
which both of them are in PFtrue and algorithm A2 finds 7 Pareto optimal solutions of
which all of them are in PFtrue. The value of GD for both of them is zero. However,
it is clear that the algorithm A2 performs better since it could find more true Pareto
optimal points. Our proposed metric, WSGR, overcomes this drawback as well.

Weighted Sum Generation Ratio (WSGR) As we discussed above, both ER and
GR metrics have some drawbacks. To overcome those shortcomings, we propose
a new metric called WSGR. This metric combines the proportion of the true Pareto
optimal solutions found by the algorithm with the proportion of solutions in PFknown,
which are relatively close to the PFtrue, via a weighted sum, as follows:

WSGR =
w1

|PFtrue|

|PFtrue|�

i=1

fsi +
w2

|PFknown|

|PFknown|�

i=1

csi (4.3)

fsi =

�
1 si ∈ PFknown

0 si /∈ PFknown
csi =

�
1 di < θ

0 di > θ

Where w1 + w2 = 1 and di is the same as distance measure in the GD metric. For
measuring the relative closeness, a threshold (θ) needs to be defined. If the minimum
distance of solution si ∈ PFknown from PFtrue is less than the threshold, then it is
considered as a relatively close solution and the value of its csi is one. The weights
w1 and w2 show the relative importance of two combined components of Equation
4.3. Since finding true Pareto optimal points has a higher priority than discovering
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relatively close solutions, w1 should be higher than w2. A bigger value of WSGR
is better since it indicates that the searching algorithm has obtained more solutions
of PFtrue and also more solutions in PFknown are close enough to the true Pareto
front. Using each element of Equation 4.3 separately, as a performance metric, has
some drawbacks. By considering only the first part, the value of the metric for two
algorithms that could not find any solutions in PFtrue is zero. So the metric does not
distinguish the relative closeness. However, the solutions found by one algorithm may
be much closer to PFtrue than the solutions in another one. In the case of utilizing
only the second term in Equation 4.3, the performance of two algorithms of which one
finds solutions that are all in PFtrue and the other one finds solutions of which all of
them are close enough to PFtrue, but none of them is member of PFtrue, is the same.
For both of them the calculated value is one. By combining these two components,
the above shortcomings can be addressed.

To illustrate how our proposed metric can solve the drawbacks of ER and GD metrics,
consider the examples in Figure 4.4 and Figure 4.5 again. In Figure 4.4, the perfor-
mance of algorithm A2 is better than A1, in terms of closeness, while the error ratio
indicates that the performance of A2 is worse. With respect to our proposed metric,
their performance can be calculated as follows (w1 = 0.6, w2 = 0.4):

WSGR(A1) = 0.6× 1

9
+ 0.4× 1

2
= 0.066 + 0.2 = 0.266

WSGR(A2) = 0.6× 3

9
+ 0.4× 8

8
= 0.198 + 0.4 = 0.598

Thus, the WSGR metric implies that solutions found by algorithm A2 are closer to the
true Pareto front. In Figure 4.5, algorithm A2 has found more solutions of PFtrue

than A1, but GD metric indicates that the performance of both algorithms, in terms of
closeness, is the same. However, the WSGR metric implies that the performance of
A2 is better.

WSGR(A1) = 0.6× 2

9
+ 0.4× 2

2
= 0.132 + 0.4 = 0.532

WSGR(A2) = 0.6× 7

9
+ 0.4× 7

7
= 0.467 + 0.4 = 0.867

WSGR = 1 indicates that all the true Pareto optimal solutions are found by the
optimization algorithm and all the other solutions in PFknown are close enough to the
true Pareto front according to the distance threshold. WSGR = 0 means that none
of the solutions in PFknown is close enough to the PFtrue and thus the performance
of the optimization algorithm, in terms of the closeness, is not desirable. Since we
are interested in how well an algorithm performs, in the case of two algorithms with
WSGR = 0 we can conclude that the performance of both of them is not acceptable
with respect to the closeness aspect. It does not really matter which one performs
worse. However, our visualization method for showing the closeness aspect enables
us to do a more detailed analysis on the distance between solutions in PFknown and
solutions in PFtrue.
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Figure 4.6: Visualization of the closeness

Visualization of the closeness We propose a visualization method that simply and
clearly illustrates the closeness relations between PFknown and PFtrue. Our visu-
alization represents all the closeness metrics in a single view. It not only shows the
values of different closeness metrics and how these values are achieved, but also rep-
resents some information about the outliers and fluctuation in the distance values (if
they exist). One of the disadvantages of the GD metric is that if there is a large fluctu-
ation in the distance values or there exist some outliers, the metric may not reveal the
true distance. However, using our visualization, these properties can be recognized
easily.

Figure 4.6 represents the visualization of the closeness aspect for the Pareto optimal
set shown in Figure 4.3. The solutions in the true Pareto optimal set (or reference
set if PFtrue is not known) are shown in the first row and solutions of PFknown

are shown in the second row. In the case of comparing the performance of different
algorithms, for each of them, the solutions in its PFknown are drawn in a separate
row. The background color of the true Pareto optimal solutions is blue. If a solution in
PFknown is also a member of PFtrue its background color is blue as well. Otherwise,
a light grey background is used, and a cross is displayed at the dominated solution in
PFknown to show that a solution in PFtrue dominates this solution. However, if the
distance of a dominated solution in PFknown is less than the defined threshold in the
WSGR metric, then the cross is not displayed to indicate that the solution is close
enough.

Each solution in PFknown is connected to the nearest solution in PFtrue, in which the
Euclidian distance (in the objective space) between them is minimum. This minimum
distance is the same as the distance measure used in the GD and WSGR metrics. The
color and thickness of each edge shows the distance between two connecting solu-
tions. As the distance increases the edges become thinner and lighter. So the edges
connecting true Pareto optimal solutions in PFknown to their corresponding solutions
in PFtrue are the thickest and darkest since the distance is zero. This edge visualiza-
tion allows us to recognize the outliers and fluctuation in the distance values.

As can be seen in Figure 4.6, four members of PFknown are also in PFtrue. For these
solutions, the background color is blue and their edges are the thickest and darkest
(black color). The other three solutions in PFknown are dominated by solutions in
PFtrue. Each one is connected to the nearest solution in PFtrue that dominates it.
The solution P1 in PFknown is close enough to PFtrue according to the distance
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threshold and therefore the cross is not drawn. The solution P7 in PFknown is an
outlier since its distance value is too far from the other distance values. Its edge color
and thickness differ a lot in comparison with other edges. It is much lighter and thinner
than others. The visualization of the closeness aspect has following advantages:

• It enables us to find out which solutions in PFknown are dominated by which
solutions in PFtrue.

• It allows us to understand which true Pareto optimal solutions have been found
by the optimization algorithm.

• Since for each solution its objective values are shown as well, it is easy to find
out in which parts of the objective space the obtained solutions are near to the
true Pareto front and in which parts they are far away. For example, from Figure
4.6 we can see that none of the low cost (less than 100) Pareto optimal solutions
in PFtrue have been found.

• It is possible to recognize outliers.

• It shows the fluctuation in the distance values.

Diversity Metrics

The Diversity metrics can be divided into two groups: 1) metrics evaluating the spread
of solutions along the Pareto front and 2) metrics evaluating the distribution of solu-
tions. In this section, we explain one metric for each group.

∇-Metric (for measuring spread) The ∇-metric [1] calculates the volume of a
hyperbox formed by the extreme objective values observed in the Pareto optimal set:

∇ =
M�

m=1

�
fmax
m − fmin

m

�
(4.4)

Where M is the number of objectives, fmax
m and fmin

m are respectively the maximum
and minimum values of the mth objective in the Pareto optimal set. For two objective
problems, this metric refers to the area of the rectangle formed by the two extreme
solutions in the objective space, as shown in Figure 4.7.

A bigger value spans a larger portion and therefore is better. In the normalized version
of this metric (as we use), if the value of the ∇ metric is one, then the widest spread
set of solutions is obtained. This metric does not reveal the exact distribution of inter-
mediate solutions, so we have to use another metric for evaluating the distribution.
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Figure 4.8: Visualization of the ∇-metric

Visualization of the spread For each objective, a horizontal axis from 0 to 1 is
represented. Each axis is drawn in such a way that it demonstrates the same visual
variable, which is used for showing that particular objective in the multi-objective
DSE visualization. For example, in our case, colors from yellow to red are used for
representing the performance of design points (in terms of processing time); therefore,
this color scheme is used for coloring the corresponding axis in the spread visualiza-
tion. However, for representing the cost of design points, instead of the color, the
visual variable size is used. In the DSE tree, the size of the cost nodes becomes bigger
as the cost increases. Thus, for demonstrating this visual variable in the cost axis, the
height of the axis is increased by going from zero to one.

For each axis, the range between the minimum and maximum value of the correspond-
ing objective in the Pareto optimal set is determined and shown above the objective
axis. Figure 4.8 represents the visualization of the spread for the Pareto optimal set
shown in Figure 4.3. As can be seen in this figure, the Pareto optimal set has an al-
most perfect extent in processing time and its spread in terms of cost is fairly good.
However, only a small portion of the energy consumption is covered by the solutions
in this Pareto optimal set. As a result, the value of ∇-metric is relatively small and
indicates that this set does not have a good extent. The spread visualization has the
following advantages:

• It is not limited to the number of objectives. Only one axis is added for each
objective.

• For each objective, it can easily be seen that solutions are located in which
part of the objective space. Both in terms of spread width (difference between
the minimum and maximum) and objective values (the value of the minimum
and maximum). For example, in Figure 4.8 the spread width of the energy
consumption is small. However, the covered portion is located near the optimum
part of this objective space.

σmst-Metric (for measuring distribution) Most of the metrics suggested for mea-
suring the distribution of solutions, are only applicable for problems with a two-
dimensional objective space. It is not possible to use them in higher dimensions so
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Figure 4.9: Illustration of the drawback of SS-metric

easily. Most of these metrics, such as the ∆ [1] and ∆� [19] metrics, are based on
calculating the distance between consecutive solutions. However, the concept of con-
secutive solutions in higher dimensional spaces is ambiguous. Our proposed metric
for measuring the distribution (σmst metric) can easily be used for any number of
objectives.

In [85], the well-known Schotts Spacing metric (SS) is proposed which tries to assess
how evenly the non-dominated solutions are distributed. It is based on computing the
shortest distance between solutions. The drawback of this metric is that in the case
that solutions are clustered in small groups along the Pareto front, the distance be-
tween the groups are not considered since only the shortest distances are computed.
This situation is illustrated in Figure 4.9. To calculate the SS metric, the distance be-
tween A and B (d1) and the distance between C and D (d3) are used twice, while the
distance between B and C (d2) is disregarded. As a result, it considers some informa-
tion more than once (distance between solutions inside a group) while ignoring some
useful distribution information such as the distance between the groups. Therefore,
for measuring the distribution of solutions in a Pareto optimal set, we propose a new
metric, called σmst, which is the standard deviation of the edges weights in the Min-
imum Spanning Tree (MST) generated by Pareto optimal solutions. The weights of
the tree edges are the Euclidian distances (in the objective space) between solutions.

A minimum spanning tree is a subgraph of a weighed graph, which is a tree and
contains all of the graphs nodes and a subset of its edges, such that all nodes are
connected and the total weight of the edges is minimal. In Algorithm 4.1, we define
the procedure of constructing an MST from a Pareto optimal set. When the MST is
made, σmst can be computed using Equation 4.5.

σmst =

����� 1

|E| − 1

|E|�

i=1

(w̄ − wi)
2 (4.5)

Where |E| is the number of edges in the MST, wi is the weight of the ith edge and w̄
is the average weight of the edges in the MST. The σmst metric measures the standard
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Algorithm 4.1 Constructing MST from a Pareto Set

Input: A set of Pareto optimal solutions
Output: MST

1. Compute the Euclidian distance (in the objective space) between any two solu-
tions in the Pareto optimal set

2. Create a fully connected weighted graph (G) in such a way that each solution in
the Pareto optimal set indicates a node in the graph G and the edge weight be-
tween two nodes is the Euclidian distance between the corresponding solutions

3. Generate a minimum spanning tree for the graph G (Prim’s algorithm [86]):

a) Let MST be an empty tree

b) Select a random node in G and add it to MST

c) While MST has fewer nodes than G do:

i. Find the smallest edge connecting a node in MST to a node in G-MST
ii Add the corresponding edge and node to the MST

deviation of the edges weights in the MST. The edges weights denote the minimum
distances between connecting solutions. Therefore, a smaller value indicates that the
distribution of solutions is closer to the uniform distribution and thus is better.

In Algorithm 4.1, we use Prim’s algorithm to calculate the MST. Prim’s algorithm is
a deterministic greedy algorithm that finds a minimum spanning tree for a connected
weighted undirected graph. It (greedily) builds the spanning tree by adding at each
step the minimum weight edge that has exactly one endpoint in the MST. One can
implement this algorithm efficiently by maintaining a heap of the edges incident to
the MST that have not been added yet, ordered by weight. Every time a new ver-
tex is added, the heap of candidate edges is updated with the incident edges that the
new vertex introduces. If the graph has E edges and V vertices, the running time is
O(E log V ). Alternatively, Prim’s algorithm can be implemented using Fibonacci
Heaps [87] to obtain O(E + V log V ) complexity. As it is explained in Algorithm
4.1, we work with fully connected graphs. Thus, we use Prim’s algorithm as it is
more efficient for dense graphs. However, other algorithms for computing the mini-
mum spanning tree such as Kruskal [88], Boruvka [89], etc. can be used. Figure 4.10
illustrates how Prims algorithm constructs the MST from an original weighted graph.

Visualization of the distribution We propose a visualization method, which clearly
shows how discovered Pareto optimal solutions are distributed in the objective space.
For visualizing the distribution, the constructed MST is drawn in such a way that
the length of the edge between two nodes (solutions) represents the edge weight (the
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Figure 4.10: An example that shows how the Prim’s algorithm works

Euclidian distance between two solutions). A longer edge implies a larger distance.
Therefore, if in a Pareto optimal set all the edges have almost the same length, then
this means that the solutions are distributed (nearly) uniformly. The same as in the
DSE tree, the objective values of solutions (nodes in the MST) are shown by node
attributes.

For better viewing and analyzing the distribution of solutions, it is possible to cluster
the nodes (solutions) in the MST according to their edge weights (distance). If the
distance between a solution and its parent is less than a certain threshold (determined
by the user) then it is in the same cluster as its parent. Otherwise, it becomes a member
of a new cluster. The solutions in the same cluster have the same background color.
A Pareto optimal set with a smaller number of clusters has a better distribution. For a
better view, the edges connecting two different clusters are drawn by dashed lines.

Figure 4.11 shows the visual representation of the distribution for the Pareto optimal
set shown in Figure 4.3. In this figure, w̄+σmst is chosen as a threshold for clustering
the solutions. Here, the solutions are distributed into two clusters, since there are two
different background colors. Excluding the solution labeled by ”P3”, all the other
solutions are in the same cluster, which means that the distance between them is less
than the threshold and therefore their distribution is fairly uniform. However, the
large distance between P3 and its parent causes the value of the σmst metric to become
slightly bigger and thus indicates that the distribution of solutions is suboptimal. Using
distribution visualization has the following advantages:

• For each two connected solutions, besides the distance value, the amount of
difference between their objective values can be seen. Therefore, it is easy
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Figure 4.11: Visualization of the σmst-metric

to find out which objective value(s) have a high impact on the distance value.
For example, in Figure 4.11, solutions P2 and P4 have exactly the same cost
and their energy consumption is almost the same too. But their difference in
processing time is significant. Thus this objective has the highest impact on the
distance value.

• It can easily be used for problems with more than three objectives because ob-
jective values are shown by node attributes.

• By clustering the solutions, it is easy to understand which parts of the objective
space are properly covered by well-distributed Pareto optimal solutions and in
which parts the coverage and distribution is poor.

Combined Metrics

The combined metrics provide a measure of closeness as well as diversity in an im-
plicit manner. Here we explain two combined metrics: weighted sum and hypervol-
ume.

Weighted Sum A simple way to evaluate both goals with a single metric is to define
a weighted sum metric, which combines one or more closeness metric(s) with one or
more diversity metric(s), such as follows:

WS = w1GD + w2 σmst , where

N�

i=1

wi = 1 (4.6)

Where N is the number of combined metrics. The user can choose appropriate weights
(w1 and w2) for combining metrics. Here, we have combined the generational distance
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(GD) metric for measuring the closeness with the σmst metric for evaluating the diver-
sity. As we described before, GD takes a small value for a good closeness and σmst

takes a small value for a good distribution. Therefore, a set of Pareto optimal solutions
having an overall small value of WS indicates that both goals are satisfied. Since this
metric does not provide a new measurement and only combines other existing metrics,
a new visualization approach is not needed. We can simply use the visualization of
each combined metric separately.

Hypervolume (HV) This metric [79, 80] measures the hypervolume of the objec-
tive space covered by members of a Pareto optimal set and a reference point. The
hypervolume represents the size of the region dominated by the solutions in the Pareto
optimal set. In Figure 4.12, the gray region represents this metric for two objectives
(f1 and f2) where these objectives are to be minimized. The reference point (W ) can
simply be found by constructing a vector of worst objective values. A Pareto optimal
set with a large value for the hypervolume is desirable.

The hypervolume metric is interesting because it is sensitive to the closeness of so-
lutions to the true Pareto optimal set as well as the diversity of solutions across the
Pareto front. Figure 4.13 illustrates this property of the hypervolume metric. In this
figure, the dark gray region represents the hypervolume metric for the true Pareto
front (PFtrue) and the light gray area shows this metric for the Pareto optimal solu-
tions found by an optimization algorithm (PFknown). In Figure 4.13(a), the closeness
of solutions in PFknown is good (all of them are in PFtrue), but the diversity of solu-
tions is poor. As a result, the dominated region in PFknown is less than the dominated
region in PFtrue. In Figure 4.13(b) the situation is reversed. The diversity of solutions
in PFknown is good. However, they are relatively far away from the PFtrue. Conse-
quently, less area in objective space is dominated by solutions in PFknown. Therefore,
the hypervolume metric captures in a single scalar both goals of multi-objective op-
timization in the objective space. The hypervolume value is calculated by summing
the volume of hyper-rectangles constructing the hypervolume. In Figure 4.12, dashed
lines separate the hyper-rectangles, which are rectangles in two objective problems.

f1 

f2 
W 

Figure 4.12: Illustration of the Hypervolume metric
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Figure 4.13: Illustrating the sensitivity of Hypervolume metric to both closeness and diversity

Visualization of the Hypervolume As we mentioned before, one of the main chal-
lenges of proposing a visualization method for a performance metric is that it can
be used for problems with more than three objectives. The visualization of the hy-
pervolume metric, which is typically used in literature, is limited to three objectives.
However, we propose a new visualization method, which is not restricted to the num-
ber of objectives. To do that, we divide the m-dimensional objective space to m-1
two-dimensional spaces. One certain objective (determined by the user) is chosen as
a base and is a member of all 2D spaces, while all the other objectives are in separate
2D spaces. For each two-dimensional space, an x-y graph is drawn in which the x-axis
shows the base objective and therefore is the same in all graphs and the y-axis repre-
sents the other objective. In each x-y graph the colored region shows the dominated
part. As an example, consider a problem with three objectives: f1, f2 and f3. We di-
vide this 3-dimensional objective space to two 2D spaces and represent them with two
x-y graphs: f2 versus f1 and f3 versus f1. Here, f1 is chosen as the base objective.

By dividing the objective space to two-dimensional spaces, each m-dimensional
hyper-rectangle in the hypervolume region, is divided into m-1 rectangles (two dimen-
sional hyper-rectangle). Each rectangle is drawn in its corresponding x-y graph. The
base objective (x-axis) constructs the width of the all m-1 rectangles and each of the
other objectives constructs the height of its corresponding rectangle (y-axis). To dis-
tinguish the divided rectangles of a particular hyper-rectangle in different x-y graphs,
they are colored with the same color in all graphs. If two or more hyper-rectangles
have overlap in some spaces, textures are used. Each hyper-rectangle has a specific
texture. Therefore, the overlapping areas contain several textures. This overlapping is
caused because some dimensions of hyper-rectangles are removed in x-y graphs.

Figure 4.14 shows an example of hypervolume visualization for a Pareto optimal
set containing three solutions: S1 = {0.1, 0.5, 0.2}, S2 = {0.3, 0.3, 0.4}, S3 =
{0.5, 0.1, 0.1}. Small black circles in the graphs display the Pareto optimal solutions.
The reference point (W ) is {1, 1, 1}. As can be seen in this figure the hypervolume
region consists of four hyper-rectangles, which are denoted by numbers from 1 to 4.
For each hyper-rectangle, the values of its axis in each dimension and its volume are
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Figure 4.14: Visualization of the Hypervolume metric
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Figure 4.15: Visualization of the Hypervolume metric in 3D space

written at the bottom of the visualization with the same color as its corresponding rect-
angles in x-y graphs. For instance, in Figure 4.14, the volume of the hyper-rectangle
denoted as 1 is 0.2× 0.5× 0.8 = 0.08

The second and third hyper-rectangles have overlap in the f3 versus f1 graph. There-
fore, textures are used. The texture of the second hyper-rectangle is horizontal lines
and the texture of the third hyper-rectangle is vertical lines. Thus, the overlapping
area has both textures. To illustrate the reason of this overlap, Figure 4.15 shows these
hyper-rectangles in 3D space. As can be seen in this figure, the hyper-rectangles 2 and
3 have exactly the same width on the f1 axis and completely different depth on the
f2 axis. However, their heights on the f3 axis are common in the top part. Thus, by
removing the f2 axis in the f1 − f3 graph, hyper-rectangles 2 and 3 will have overlap
in the common part in f3. However, by utilizing textures, this overlap can be seen.
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The hypervolume value is calculated by summing the volume of hyper-rectangles, as
shown in Figure 4.14. This type of visualization enables us to see the dominating area
of each objective surface separately. Since the x-axis is the same in all surfaces, the
comparison between them can be made easily. For instance, in the example shown in
Figure 4.14, we can see that the size of the dominating region in the f3 − f1 surface
is bigger than the dominating area in the f2 − f1 surface.

Dynamic Metrics

Previous metrics described in this section are used to assess the quality of the obtained
Pareto optimal set at the end of the searching process. However, dynamic performance
metrics show how an optimization algorithm achieves the final quality during its ex-
ecution. They illustrate how the quality of solutions is varying during consecutive
iterations. Such information provides insight in the working of the algorithm and al-
lows detailed evaluation of the strengths and weaknesses of the algorithm. Moreover,
these metrics are especially useful when the quality of the end results of compared
algorithms do not differ significantly; however, the way that these results are achieved
may provide valuable information such as how fast a certain searching algorithm con-
verges to the Pareto optimal set. The output of dynamic metrics is not a single value.
Instead, a set of values is computed that shows the dynamic behavior of the algorithm.
In VMODEX, three dynamic metrics are provided: 1) dynamic hypervolume, 2) dy-
namic closeness, and 3) the dynamic process of finding final Pareto optimal solutions.

Dynamic Hypervolume (DH) This metric shows how the value of the hypervolume
metric evolves over the iterations. If an algorithm can reach to a desirable hypervol-
ume with fewer evaluations, this means its optimization speed is faster and therefore
its performance is better. As we mentioned before, the hypervolume metric measures
both the closeness and diversity of obtained solutions in an implicit manner. There-
fore, this metric provides an overall evaluation of how an optimization algorithm finds
better approximations of Pareto optimal solutions during its execution. For showing
this metric, the hypervolume value is drawn versus the generation numbers. There is
an example of this metric in the next section for evaluating our case study results.

Dynamic Closeness (DC) This metric is similar to the dynamic hypervolume, ex-
cept that one of the closeness metrics is used. Therefore, it shows how fast the found
Pareto front converges towards the true Pareto front.

Dynamic of Finding Pareto Optimal Solutions (DFPOS) We propose a new dy-
namic metric, called DFPOS, which shows the progress of the algorithm in finding the
final Pareto optimal solutions. A final Pareto optimal solution is a solution that will
not be dominated by any other solution during the searching process. This metric rep-
resents a set of generation numbers in which a final Pareto optimal solution is found
for the first time. Thus, it is easy to understand in which generations the algorithm
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Figure 4.16: Visualization of the DFPOS metric

has found a new final Pareto optimal solution. Note that this metric can be calculated
when the optimization process is terminated.

We also propose a visualization method for showing the results of the DFPOS metric,
which is shown in Figure 4.16. For each generation a line is drawn. If within a
generation a new final Pareto optimal solution is found, then the color of the line
representing that generation is blue. Otherwise, a gray line is used. For better viewing,
these lines are shown as radiuses of a circle in which the angle between any two
lines is the same. In compare to the simple strip, the circular visualization can better
represent the distribution of blue lines (generations in which a final Pareto optimal
solution is found) in the entire generations. In the circular visualization, the fractions
of generations can be seen much better.

The benefit of the DFPOS metric is illustrated by the example shown in Figure 4.16.
In Figure 4.16(a), the optimization algorithm has found some new Pareto optimal solu-
tions in the last generations. So, it is more likely to find other Pareto optimal solutions
by running this algorithm for more generations and improve the quality of the obtained
solutions. However, in Figure 4.16(b) there is no new Pareto optimal solution after the
54th generation. Therefore, by evaluating more solutions, the algorithm will probably
not find a new Pareto optimal solution and the quality of the results will not improve.
Thus, we can reduce the number of generations in order to decrease the computational
cost.

4.3.2 Performance Metrics in the Decision Space

In recent years, many new optimization methods and algorithms have been proposed
to improve the performance of optimization process. Subsequently, various measures
have been suggested to assess the quality of their results from different perspectives.
However, most of the current performance measures concentrate on evaluating the
quality of found Pareto optimal solutions in the objective space and measuring the
behavior of the optimization algorithm in the decision space has mostly been disre-
garded. However, turning the focus of attention from exclusively evaluating optimiza-
tion success in the objective space to also considering the decision space is essential
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to be assured of: a) finding distinct optimal solutions (in the design space) which have
similar quality in the objective space, and b) obtaining global optimum solutions in
the case of existing multimodal objective functions. A multimodal function is a func-
tion with many local maxima. Furthermore, understanding the distribution of Pareto
optimal solutions in the decision space can provide guidelines on selecting the most
suitable solutions, which would eventually be implemented.

In this thesis, we define some new metrics to assess the performance of optimization
algorithms in the decision space. In the following subsections, we categorize these
metrics into three groups: 1) decision space coverage metrics to assess the diversity or
distribution of the evaluated design points in the decision space, 2) unique ratio metric
to evaluate the performance of the searching algorithm in finding unique design points
in the decision space, and 3) dynamic metrics to show how an optimization algorithm
explores and covers the design space during its consecutive iterations.

Decision Space Coverage Metrics

Decision space coverage metrics can be divided into two groups: 1) metrics that eval-
uate the variety of evaluated solutions with respect to different design parameters, and
2) the distribution of the found solutions in the decision space. In this thesis, we define
one metric for each group.

Covered Sets Ratio (CSR) It is essential that a searching algorithm is able to find
solutions in as many as possible different regions of the decision space, even if those
solutions are not Pareto-optimal. In this case, the exposed solutions represent the
variety of possible designs in the decision space and enable the designer to do a more
comprehensive study on the relationship between design parameters and their effects
on the design criteria. Furthermore, a higher diversity and coverage in the decision
space means that there is a higher chance of finding the global optimal solutions rather
than the local optimum ones (the algorithm does not get trapped in local optimum
points in the design space). The spread of design points in the design space can help
the algorithm to escape from such local optima. For measuring the decision space
coverage, we define the Covered Sets Ratio (CSR) metric as follows:

CSR =
|Searched Combinations|

|Total Feasible Combinations| (4.7)

Where || denotes the number of elements in a set. This metric simply calculates the
proportion of the possible combinations of design parameters, which are visited by the
searching algorithm. A bigger CSR value indicates that more distinct regions of the
design space are searched and therefore is better. This metric is applicable for discrete
decision spaces. In the case that design space parameters are continuous variables, we
can divide the design space into cells. Each of k parameters can be divided into m
bins of equal size, yielding mk cells or hypercubes. Each cell that contains at least
one design point is considered as a searched cell. A variant of the CSR metric, which
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is applicable for continuous design spaces, can be expressed as follows:

CSR =
|Searched Cells|
|Total Cells| (4.8)

Visualization of the CSR For more detailed information about the parts of the de-
sign space covered/not covered by the optimization algorithm, the designers can use
our visualization tool. Our DSE tree visualization clearly shows which parts of the
design space are not searched at all (no design point is evaluated there) and which
parts contain evaluated solutions.

Figure 4.17 shows an example design space, which is visualized by VMODEX. In
VMODEX, each parameter of the design space in shown as one level in the DSE tree.
In this example, the design space has four parameters, which (from top to bottom)
are: number of processors, processor type, number of memories and memory type. In
this figure, only the parameters segment of the DSE tree is shown. Each architecture
platform instance is indicated by a unique combination of these parameters. Those
combinations that lead to the platform instances, which are capable of executing the
application are denoted as ”Feasible Combinations”. In the DSE tree only the feasible
combinations are shown. In the tree shown in Figure 4.17, there are 11 feasible com-
binations. The number of nodes at the last level of the parameters segment (memory
type level in Figure 4.17) indicates the number of feasible combinations. In the DSE
tree, those parameter combinations that are not visited by the searching algorithm are
represented by a white color and dashed lines. In Figure 4.17, only 4 combinations
are searched while 7 architecture instances are not visited and therefore there is no
evaluated design point there. Thus, the CSR value for this example is 4/11 = 0.36.

Since each level in the DSE tree (in the parameters segment) indicates one design
parameter, the CSR metric can be applied for each parameter of the design space sep-
arately. The coverage issue we discussed above considers the entire design space and
therefore is assigned to the root node. However, we are also able to see the coverage
of internal nodes in the parameter segment of the DSE tree. For instance, in Figure
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Figure 4.17: an example design space visualized by VMODEX
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4.17, the coverage of two-processors architecture platforms is 3/9 = 0.33 (in total
there are 9 different architecture instances containing two processors and only three
of them are searched) while the coverage of single processor platforms is 1/2 = 0.5.

Distribution of Design Points in the Decision Space For analyzing the distribution
of design points in the design space, we divide the design space into exclusive sub-
spaces. Each subspace represents a partial instantiation of the design variables and
includes a set of design points with similar characteristics. A uniform distribution is
desirable and obtained by having almost the same number of design points in all sub-
spaces. For instance, it would not be appropriate to have 80% of the evaluated design
points in only one subspace and 20% in all the other subspaces.

We utilize the box-percentile plot [90] to summarize the distribution information and
provide easy comparison between the distributions of the results of different search-
ing algorithms. The box-percentile plot is a modified version of the well-known box
plot. A box-percentile plot gives the same graphical impression as a box-plot, but also
provides a far more informative view of the data distribution. The box plot summa-
rizes the distribution using five statistical measures, which consists of the minimum
data value, 25th percentile, 50th percentile (median), 75th percentile, and maximum
data value. Although this information is helpful and quickly expresses the general
characteristics of the data set, it is difficult to assess the full-range frequency distribu-
tions from box plots. Some anomalies may not be detected in box plots. For instance,
box plots hide the modality of a distribution, and different distributions with varying
modality may be encoded in similar box plots. Modality measures the number of ma-
jor peaks in a distribution. One solution to overcome these kinds of problems is to add
the density information of distribution into the box plot. The Box-percentile plot is a
simple approach that adds the empirical cumulative distribution of the dataset into the
box plot.

Unlike the box plot, which has a fixed width, the box percentile plot uses width to
encode information about the shape of the distribution. For each position in the plot,
up to the 50th percentile, the width of the irregular box is proportional to the percentile
of that data value. For positions above the 50th percentile, the width is proportional to
100 minus the percentile. Thus, the width at any given position is proportional to the
percent of observations that are more extreme in the direction leading away from the
median. Therefore, a box-percentile plot is wide in the middle, narrow away from the
middle and very narrow at the extremes. As in box plots, the median, 25th and 75th

percentiles are marked with lines across the box. Actually, the box-percentile plot
combines the benefits of box plots, which are easy to interpret for non-expert users
and several data sets can be compared simultaneously, with percentile plots which
display all the data. Thus, there is no loss of information due to the grouping. The
typical constructions of the box plot and box-percentile plot are shown in Figure 4.18.

To illustrate the effectiveness of the extra information added to the box-percentile
plot in comparison to the box plot, consider the two different distributions shown as
histograms in Figure 4.19. Figure 4.19(a) shows a trimodal distribution. In this figure
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Figure 4.18: The anatomy of (a) box plot (b) box percentile plot

black bars demonstrate the three major peaks. The distribution in Figure 4.19(b) is
a uniform distribution with two extreme outliers, one on each side. Values that are
sufficiently far from the central part of the data are defined as outliers. In Figure
4.19(b) black bars represent outliers. As shown in Figure 4.20, the box plots of these
two different distributions are similar. Just by looking at the box plots, it is not possible
to distinguish any difference in their distributions. However, their box-percentile plots,
shown in Figure 4.21, are completely different and allow the observer to recognize the
predominant pattern of distribution.

In Figure 4.21, the two outliers in the uniform distribution can easily be identified.
Outliers cause a long, thin line leading from the main body of the box-percentile plot
to the outliers. The main body of the plot indicates a uniform distribution since the
sides are straight and has the characteristic of diamond-like shape (the percentile plot
of a uniform distribution is linear). In the trimodal box-percentile plot in Figure 4.21,
the vertical lines in the outline of the box illustrate the typical feature of a multi-modal
distribution. The valleys between modes have fewer observations relative to the peaks,
so there is little change in the percentiles in those regions, which are translated into
flat, near vertical lines. The typical pattern of a box-percentile plot for skewed data is
shown in Figure 4.22. This figure shows a right (positive) skew distribution. As we il-
lustrated in this section, the box-percentile plot provides a means to easily and quickly
characterize distribution patterns and is straightforward enough to be understandable
by non-expert readers.

Visualization of the Distribution The DSE tree visualization can be used to do
more detailed analysis of the distribution of solutions in the decision space. It clearly
shows which parts of the design space contain more design points and in which parts
only a few number of solutions are evaluated. By modeling the design space as a tree,
it is divided in several subspaces. Each subspace represents a unique combination
of design parameters (in our case, a unique instance of the architecture platform).
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(a) Trimodal distribution (b) Uniform distribution with two outliers

Figure 4.19: Histograms of two different distributions
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Figure 4.21: Box percentile plots for the distributions shown in Figure 4.19
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Figure 4.22: A box percentile plot showing the typical pattern for skewed distributions

On the other hand, solutions inside a subspace have exactly the same architecture
components but the way that the application is mapped onto those components is
different. The distribution of the design points can easily be seen in the DSE tree. It
clearly shows how many design points each subspace contains. For a subspace with
more design points, the DSE tree creates more nodes and therefore its corresponding
sub tree becomes bigger. For better understanding the distribution, the designer can
hide the design point nodes in each subspace (collapse its subtree) to make the tree
smaller and focuses only on those levels of the tree that show the design parameters
(i.e. parameters segment). In this case, for each subspace, the size of the blue triangle
represents the number of evaluated design points (see Figure 4.17). The searching
algorithm does not visit subspaces without a blue triangle at all. The bigger the triangle
means that there are more nodes in the subtree. For example, in Figure 4.17, we
can see that the subspace that consist of two microProcessors (mPs) and one SRAM
memory includes the highest number of design points since its blue triangle is the
biggest. Thus, using the DSE tree, we can evidently see the distribution of design
points in the decision space.

Unique Ratio Metric

During the process of design space exploration using a heuristic searching technique,
some design points that have a good performance may be regenerated in different
generations. Therefore, there might be some duplicate design points in different gen-
erations. An algorithm with less duplication has better performance because a greater
number of design points can be investigated with the same computational effort. For
measuring this performance aspect, we propose the Unique Ratio (UR) metric as fol-
lows:

UR =
|Unique evaluated design points|
|Total evaluated design points| (4.9)
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Figure 4.23: An example of duplication diagram

A greater UR value denotes that more distinct design points are investigated and there-
fore is better.

Visualization of the UR To understand the general trend of design point duplica-
tions, we provide a bar chart plot, called Duplication Diagram. In this diagram, there
is a bar for each unique design point and the lengths of the bars show the number of
duplications. Figure 4.23 shows an example of a duplication diagram. In the DSE
tree, design points are categorized in three groups (global Pareto, local Pareto and
non-Pareto). Therefore, in the duplication diagram, each group is differentiated by
a separate color. Thus, the designer is able to compare the duplication ratio among
these groups. In each group, design points are sorted by their duplication number in
descending order.

If the designer is interested to know more about some design points with a particular
duplication number (e.g. highest duplication), he can select them in the duplication
diagram and then the corresponding solutions in the DSE tree are highlighted. There-
fore, the designer can easily see the characteristics of those solutions such as their
design parameters, objective values, generation numbers, etc.

Dynamic Metrics

Since exploring the design space is an iterative process, it is important to know how a
searching algorithm walks through the design space and trace its progression in find-
ing new design points and covering the design space during successive iterations. As
we explained in Chapter 3, Section 3.2.5, in VMODEX, we provide an interactive user
interface, called step-by-step animation, which allows designers to follow the evolu-
tionary exploration process during numerous generations. However, to summarize the
dynamic exploration process of the design space and also for comparing the dynamic
behavior of different searching algorithms, we have proposed two dynamic metrics:
1) the dynamic access to the new parts of design space and 2) dynamic unique ratio.
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Figure 4.24: An example of DANP diagram

The output of the dynamic metrics is not a single value. Instead, a set of values is
computed that shows the dynamic behavior of the algorithm during its execution.

Dynamic Access to the New Parts (DANP) This metric shows how the searching
algorithm accesses to the new parts of the design space over the generations. For
measuring this metric, the design space is divided into exclusive parts (subspaces).
Each subspace represents a partial instantiation of the design variables. Each part
of the design space that contains at least one design point is considered as a visited
part. To make performance metrics consistent, the same approach should be used for
partitioning the design space in all metrics. Thus, the same subspaces are considered
for assessment of all metrics. Figure 4.24 represents an example of this metric. The x-
axis shows the generation numbers and the y-axis denotes the number of distinct parts
of the design space that have been visited by the algorithm until the corresponding
generation number. Generation zero indicates the initial population, which has been
generated randomly. In Figure 4.24, until the 20th generation, the algorithm has a
good performance in discovering new parts in the design space. However, after the
20th generation, only two new parts are found.

Dynamic Unique Ratio (DUR) This metric represents the varying of the unique ra-
tio during the search generations. Figure 4.25 represents an example of this metric.
The x-axis shows the generation numbers and the y-axis denotes the ratio of the eval-
uated design points (in corresponding generation number) that are new and have not
been found by the algorithm in the previous generations. Although generally we ex-
pect a smaller unique ratio in the later generations, the slope of the changes in y-values
is quite important as it implicitly indicates the performance of the searching algorithm.
A gentle slope is better since it means that there is a more gradual deterioration in the
rate of finding new design points during the generations. In Figure 4.25, the unique
ratio for the initial population (generation zero) is 0.92 (there are only a few duplicate
points in the same generation). However, there is a big degradation in unique ratio in
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Figure 4.25: An example of DUR diagram

the next generation (0.5). But after that it is changed more smoothly. In Figure 4.25,
the red plot represents the cumulative unique ratio.

4.4 A Case Study

Because in real problems the design space often is extremely large, it is not possible
to exhaustively explore the design space, and evaluate and compare every single point
(possible combination of design parameters) in this space. Therefore, several explor-
ing strategies have been suggested, which iteratively walk through the design space
and try to obtain a proper coverage of the design space during their explorations.
These methods can be generally divided into two types, based on their progress from
iteration to iteration: guided search and unguided search. The guided search methods,
such as hill climbing [28, 29], evolutionary algorithms [30, 31], ant colony optimiza-
tion [32–34] and simulated annealing [35,36], use information learned so far to guide
the search process. Thus, they try to gradually improve the convergence towards the
optimal solutions. However, because of their restrictions, they may not reach to cer-
tain regions of the design space and also may be trapped in local optima. The un-
guided search methods such as random walk aim to provide an unbiased view of the
design space. Each design point is chosen randomly and entirely by chance. They
attempt to ensure that the searched space is random and thus representative enough
to make generalization about the whole design space. However, they do not use any
training techniques to guide them towards the optimal solutions. Figure 4.26 graph-
ically describes two different search strategies for exploring the design space. This
figure shows a one-dimensional design space (x) with one objective function (f(x)),
in which the higher objective value is better (maximization problem).

For solving a multi-objective optimization problem, choosing the best optimization
algorithm, which efficiently and effectively explores the design space and finds high
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Figure 4.26: Illustration of search strategies

quality solutions is a big challenge. This because different strategies may have differ-
ent performance on different problems, and there is no conclusive answer regarding
to which algorithm is the best for a specific problem. Performance metrics can be
used to compare the outcomes of different multi-objective optimizers in a quantitative
manner. The purpose of these metrics is to reveal the strengths and weaknesses of
each optimization approach and to identify the most promising technique.

To illustrate the metrics and visualizations presented in this chapter, we revisit the case
study form Chapter 3. In this case study, we map a Motion-JPEG (M-JPEG) encoder
to a heterogeneous multi-processor system-on-chip platform architecture consisting
of a general-purpose micro Processor (mP), a micro Controller (mC), an Applica-
tion Specific Instruction Processor (ASIP) and two Application Specific Integrated
Circuits (ASIC-DCT and ASIC-VLE). For communication, the platform architecture
contains two dedicated point-to-point FIFOs (between mP and ASIP) and two shared
memories; one Static RAM (SRAM) and one Dynamic RAM (DRAM), each one is
accessible through a common bus. Note that the evaluated design instances only use a
subset of the platform resources, based on the mapping of application tasks and com-
munication channels onto the platform resources. The MP-SoC architecture model
and the M-JPEG encoder application are shown in Chapter 3, Figure 3.12 and Fig-
ure 3.13 respectively. Our design space in this study has four parameters: number of
processors, processor type, number of memories and memory type. Each architec-
ture platform instance is indicated by a unique combination of these parameters and
is considered as a subspace of the design space. Thus, solutions in each subspace
have exactly the same architectural components but the way that application tasks and
channels are mapped to those components is different. We define three design criteria
to evaluate optimal solutions, which are: the processing time, energy consumption
and cost of the architecture. For solving the mapping decision problem, we model it
as a multi-objective optimization problem and use three different optimization mech-
anisms to achieve a set of optimal design points (in terms of alternative architectural
solutions and mappings) under the aforementioned criteria. In this case study, we are



4.4. A CASE STUDY 115

going to compare the exploration results of these three optimization approaches for
our mapping problem.

From the guided search methods, we use NSGA-II evolutionary algorithm for explor-
ing the design space and random walk is used as an unguided method. Furthermore,
in order to handle design point duplication in NSGA-II, we add an extra step to the
original algorithm to check the duplication of solutions at each generation. After gen-
erating a new population and before evaluating solutions in it, we check whether there
are some solutions that are repeated in this population. If there are, we first use mu-
tation to modify the duplicated solutions. If the mutated solution also exists in the
current population, then we just replace it with a random solution and do not check
it again for duplication. Note that our duplication-handler mechanism only prevents
the duplication of design points within the same generation and it does not check
the repetition of solutions between different generations. Thus, there might be some
duplicated points during different generations. In order to examine the effect of our
duplication-handler mechanism on the NSGA-II performance, we compare the results
of this variant of NSGA-II with the original one. Therefore, in our case study we com-
pare the outcomes of three optimization algorithms: random walk (Random), original
NSGA-II and NSGA-II with duplication handler (NSGA-II-dh). For each optimiza-
tion algorithm, we performed 12 runs with different random generator seeds. In each
run, we generated 100 generations, each with a population size of 50.

Table. 4.1 presents averages and standard deviations of the performance metrics for
each optimization algorithm with respect to 12 runs. The best value obtained for each
metric is highlighted in bold. From this table we can see that on average, NSGA-II-
dh has the best performance in terms of all closeness metrics. However, in terms of
uniform distribution of solutions in the objective space, its performance is the worst
among the three optimization methods (σmst-metric). The Random strategy has the
best spread of Pareto optimal solutions in the objective space (∇-metric). With respect
to the Hypervolume metric, the size of the dominated region is almost the same for all
approaches. However, the hypervolume value in NSGA-II-dh is the largest. The per-
formance of NSGA-II in the decision space is the worst for the compared algorithms.
Applying the duplication handler mechanism to the original NSGA-II significantly im-
proves the ratio of generating unique design points (from 0.127 in NSGA-II to 0.573
in NSGA-II-dh). However, the Random strategy performs strictly better than the other
two approaches in terms of unique ratio metric. On average, 95% of evaluated design
points in the Random strategy are unique.

In the following, we are going to perform a more detailed analysis on the performance
of three optimization methods. For each optimization approach, the result of the run,
which produces the best approximation of the Pareto optimal solutions with respect to
the closeness metrics, is chosen to undergo further investigation. The performance of
these three selected runs (one run for each optimization algorithm) in both objective
and decision spaces is measured and visualized by VMODEX with a variety of metrics
described in the previous sections.
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Table 4.1: Performance comparison of the three different optimization algorithms for our case
study

Performance Metrics ! NSGA-II! NSGA-II-dh! Random!

Objective 
Space!

Closeness!

ER!
avg.! 0.803 0.151! 0.526 

std.dev.! 0.066 0.064 0.071 

GD!
avg.! 0.0111 0.0017! 0.0094 

std.dev.! 0.0013 0.0012 0.0011 

WSGR!
(w1=0.6,           !
  w2=0. 4)!

avg.! 0.302 0.848! 0.653 

std.dev.! 0.050 0.071 0.058 

Diversity!

!!!
avg.! 0.066 0.076 0.084!

std.dev.! 0.0027 0.0043 0.003 

"mst!

avg.! 0.1006! 0.1145 0.1012 

std.dev.! 0.0081 0.0058 0.0073 

# of 
Clusters!

avg.! 3.25! 4.083 3.33 

std.dev.! 0.452 0.515 0.492 

Combined! HV!
avg.! 0.837 0.843! 0.839 

std.dev.! 0.0078 0.005 0.0057 

Decision 
Space!

Coverage! CSR!
avg.! 0.783 0.915 0.918!

std.dev.! 0.028 0.0052 0.003 

Unique Ratio! UR!
avg.! 0.127 0.573 0.952!

std.dev.! 0.0043 0.0131 0.0027 

4.4.1 Comparing Performance in Objective Space

Closeness Metrics

Since in our case study the true Pareto front is not known, we use a reference set
to evaluate the closeness of discovered Pareto optimal solutions. For estimating the
reference Pareto front, we first combined the outcomes of 12 runs of the three opti-
mization algorithms. Then we removed the dominated solutions from the combined
set. As a result, we found 17 Pareto optimal solutions that are used as an estimation
of the true Pareto optimal solutions. The visualization of closeness metrics for the
three optimization approaches is shown in Figure 4.27. In this figure, solutions in
each Pareto optimal set are labeled by an index, in the order of increasing processing
time. In the reference set, the solutions are sorted by the processing time in ascending
order. Thus, from top to down the processing time is increased. As can be seen in this
figure, the NSGA-II-dh has found all the Pareto optimal solutions in the reference set.
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Reference 
Set ! NSGA-II-dh! NSGA-II! Random!
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Reference 
Set ! NSGA-II-dh! NSGA-II! Random!
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      WSGR  (W1 = 0.6, w2 = 0.4) ER GD 
NSGA-II 0.6 (6 / 17) + 0.4 (9 / 22) = 0.375 16 / 22 = 0.727 0.0096 

NSGA-II-dh 0.6 (17 / 17) + 0.4 (17 / 17) = 1.0 0 / 17 = 0.0 0.0 

Random 0.6 (12 / 17) + 0.4 (13 / 21) = 0.671 9 / 21 = 0.428 0.0083 

Figure 4.27: Comparing performance with closeness metrics

The Random strategy has found 70% (12 out of 17) and NSGA-II only 35% (6 out of
17) of the reference Pareto optimal solutions. Thus, the performance of NSGA-II-dh
in finding true Pareto optimal solutions is the best.

From the visualization we can see that all the three optimization algorithms have found
the cheapest solutions (less than 100) in the reference set. Furthermore, we can see
that, except for TP 1, the Random strategy has found those Pareto optimal solutions
in the reference set that have higher processing time (solutions at the bottom of the
reference set). With respect to the ER metric, all the solutions in NSGA-II-dh are in the
reference set and therefore its ER is zero (the background color of all of them is blue).
On the other hand, more than 70% of the solutions found by NSGA-II are dominated
by the solutions in the reference set. This indicates that it was not effective in reaching
the true Pareto points. According to the WSGR metric, 62% of the solutions in the
Random set and 41% of solutions in the NSGA-II set are close enough to the reference
set, with respect to the distance threshold. In the closeness visualization, solutions that
are considered as sufficiently close solutions are shown either by the blue background
(if they are in the true Pareto) or grey background without a cross sign. Furthermore,
using the edge visualization technique in showing the distance values we can see that
in the Pareto optimal set found by the NSGA-II there are two outliers: P 7 and P 8.
Since the thickness and color of their edges are very different from the other edges
in this set. The P 9 solution in the Random Pareto set is also an outlier. As a result,
the NSGA-II-dh performs better than the other two approaches with respect to all
closeness metrics.

Dynamic Closeness

Figure 4.28 shows how fast the Pareto front found by different optimization algorithms
converges towards the true Pareto front. In this figure the generational distance is used
for measuring the closeness. Since the true Pareto front is not known in our case study,
a reference set is used. We can see that NSGA-II-dh finds the closest solutions to the
true Pareto front and its convergence speed is higher than the other two methods. In the
NSGA-II-dh, during the later generations the distance becomes zero. This indicates
that all the found Pareto optimal solutions by NSGA-II-dh are in the true Pareto front.
Furthermore, it can be seen that during all the generations, the solutions found by
NSGA-II-dh are closer to the reference set than solutions in NSGA-II. This indicates
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Figure 4.28: Comparing performance with DC-metric

that our method for handling the duplication can improve the performance of NSGA-II
to find solutions that are closer to the true Pareto front.

∇-Metric

The visualization of the ∇-metric for each optimization strategy is shown in Figure
4.29. As can be seen in this figure, all of them have almost the same extent in all the
three criteria. They have nearly perfect extent in cost and their spread in terms of pro-
cessing time is fairly good. However, only a small portion of the energy consumption
is covered by the Pareto optimal solutions found by each optimization approach. In
overall, the Random strategy has the best performance in terms of the ∇-metric.

0.12!
0.13!
0.14!

0.62!
0.63!

0.89!
0.95!
0.92!

! (NSGA-dup) = 0.62 x 0.12 x 0.89 = 0.065!
! (NSGA-rd) = 0.63 x 0.13 x 0.95 = 0.075!
! (Random) = 0.62 x 0.14 x 0.92 = 0.08!

Processing Time! Energy Consumption!

Cost!

0.0 1.0 

0.0 

1.0 
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0.62!

Figure 4.29: Comparing performance with ∇-metric
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σmst-Metric

Figure 4.30 shows the visualization of the σmst-metric for the three optimization al-
gorithms. In this figure, w̄ + σmst of the reference set is chosen as a threshold for
clustering the solutions. NSGA-II and Random have found respectively 22 and 21
Pareto optimal solutions that are grouped into three clusters. This can be seen in Fig-
ure 4.30 as clusters are differentiated by separate colors and there are three different
background colors in their σmst visualizations. Within each cluster, the distances be-
tween connecting solutions are less than the threshold and therefore the distribution
is nearly uniform. NSGA-II and Random also have approximately the same value for
the σmst metric. However, solutions in NSGA-II-dh are distributed into four clusters
and its σmst value is higher than the two other approaches. Thus, the performance of
NSGA-II-dh with respect to the distribution of Pareto optimal solutions in the objec-
tive space is worse than the other two optimization methods. From Figure 4.30 we
can see that in all three approaches, the two cheapest solutions are grouped in sepa-
rate clusters, which means that they are far away from the other solutions. Thus, we
can conclude that in the part of the objective space containing low cost solutions the
distribution is poor.

w̄ (NSGA-II) = 0.080 σmst (NSGA-II) = 0.102

w̄ (NSGA-II-dh) = 0.097 σmst (NSGA-II-dh) = 0.117

w̄ (Random) = 0.083 σmst (Random) = 0.104

Figure 4.30: Comparing performance with σmst metric
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Hypervolume Metric

Figure 4.31 represents the visual form of the hypervolume metric for all the three
optimization approaches. As can be seen in this figure, in all of them, a large portion
of objective space is dominated by Pareto optimal solutions. However, the size of the
dominating area in the processing time-energy consumption surface is bigger than the
processing time-cost surface.
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Figure 4.31: Comparing performance with HV metric



4.4. A CASE STUDY 123

!"##$

!"#%$

!"#&$

!"%$

!"%'$

!"%($

!"%)$

!"%*$

!"%+$

!$ '!$ (!$ )!$ *!$ +!$ ,!$ #!$ %!$ &!$ '!!$

Generation Number 

Dynamic Hypervolume 

-./0122$

-./0122134$

567389$H
yp

er
vo

lu
m

e 

Figure 4.32: Comparing performance with DH-metric

Dynamic Hypervolume

Figure 4.32 represents how the hypervolume value is improved during the exploration
process. The hypervolume value for generation zero indicates the hypervolume for
the initial population, which has been generated randomly. As can be seen in this
figure, all the three optimization approaches reach to almost the same hypervolume
at the end of the execution. However, their progresses toward this value are different.
The hypervolume value that NSGA-II attains after 30 generations can be reached by
the NSGA-II-dh after only 4 generations. This indicates that our duplication handler
mechanism could increase the optimization speed in a remarkable way. For all of the
comparing optimization methods, there is a significant improvement on a certain gen-
eration. While before and after that point, the hypervolume only slightly increases
during generations. Actually, when the cheapest design point (single-processor solu-
tion) is found, there is a major increment in the hypervolume because it can cover a
large portion of the objective space.

DFPOS Metric

The visualization of the DFPOS metric for the three comparing optimization methods
is shown in Figure 4.33. As can be seen in this figure, the Random strategy has a
somewhat uniform process in finding final Pareto optimal solutions, while in the other
two approaches there are some gaps in which no Pareto optimal solution is found.
These gaps could indicate those generations during which the algorithm is gradually
converging towards the optimum solutions by utilizing the information learned from
previous generations. However, all approaches have found some new Pareto optimal
solutions in the last generations. Thus, by continuing the exploration process for more
generations, it is more likely to find other Pareto optimal solutions.
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Figure 4.33: Comparing performance with DFPOS metric

4.4.2 Comparing Performance in the Decision Space

Decision Space Coverage

In our case study, there are 99 feasible combinations of design parameters (architecture
instances), which are capable of executing the M-JPEG application. Note that these
feasible combinations are only in the architectural space and does not include the
mapping. Each architecture instance is considered as a subspace of the design space.
Figure 4.34 represents the dynamic behavior of the three optimization algorithms in
finding new architecture instances and accessing the different subspaces of the design
space. The value for generation zero indicates the number of searched combinations
in the initial population, which is generated randomly. As can be seen in this figure,
in our initial population, there exist 58 architecture instances that indicate that the
diversity of solutions in the design space for the initial population is really good. More
than half of the feasible combinations are searched in the initial population. From
Figure 4.34 we can further see that, at the end of the execution, both the NSGA-II-
dh and Random mechanisms have visited 91 feasible combinations, which implies
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Figure 4.34: Comparing performance with DANP-metric
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that they have achieved 92% coverage. However, NSGA-II-dh could find these 91
combinations within 64 generations whereas the Random mechanism discovered these
number of combinations after 78 generations. NSGA-II has the worst design space
coverage among the optimization algorithms. It found 80 architecture instances during
its execution. The progress of NSGA-II-dh and Random in finding new instances is
relatively good during the early generations (until generation 30) and after that only
a few new instances are found. However, the behavior of NSGA-II in finding new
instances is somewhat different as it has a much smoother improvement.

Distribution of Design Points in the Decision Space

As we described before, we use a box-percentile plot for showing the distribution
information and providing a way to easily and quickly compare the distributions of
the results of different optimization algorithms. In our case study, the number of
solutions in each subspace is used as the distribution information. We are interested
to have almost the same number of evaluated solutions in each subspace (uniform
distribution). Figure 4.35 represents the box-percentile plot for the three optimization
algorithms. The y-axis indicates the number of solutions in subspaces. For instance,
the 50th percentile (median) in the Random strategy is 8, which means that half of the
subspaces of the design space contain equal or less than 8 design points. As can be
seen in this figure, the distribution of solutions in all optimization algorithms is skewed
towards the higher values and there are a few outliers in all of them (long-thin lines in
box-percentile plot). However, the positions of these outliers for each algorithm are
different. In NSGA-II, there is a single outlier at 138. All the subspaces contain less
than 50 solutions (main body of the box-percentile plot) except one of them that have
138 solutions. In NSGA-II-dh, there are two outliers: one at 480 and another one at
260 (there are two thin lines with different widths). In Figure 4.35, these two outliers
are filled with different colors. In Random, there are some outliers at around 210 (the
width of the line is not too thin, which indicates that there are more than one outlier at
this point) and one outlier at 380.

Another noticeable feature in Figure 4.35 is that the shape of the main body of plots is
quite different that implies the different distributions for each optimization algorithm.
The shape of the plot for NSGA-II is very narrow. This means that most of the sub-
spaces contain a small number of design points. Whereas the plots in NSGA-II-dh
and Random are wider. This indicates that there are some subspaces, which involve a
larger number of design points.

Unique Ratio

Figure 4.36 shows the duplication diagrams for the optimization algorithms. As ex-
pected, the Random strategy has the best performance in finding unique design points
(non-duplicated points). In the Random approach, the maximum number of duplica-
tion is four and more than 94% of all evaluated solutions are unique. In NSGA-II-dh,
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Figure 4.35: Comparing Distribution of Design Points in the Decision Space using box-
percentile plot

the maximum number of duplication is 41 and more than half of the searched de-
sign points are unique. In NSGA-II, the situation is the worst. Among the total 5100
evaluated design points, it could find only 672 unique solutions (less than 15%). The
maximum number of duplication is 500 and there are 15 design points, which are re-
generated more than 100 times. From Figure 4.36 we can see that our duplication
handler mechanism in NSGA-II-dh performs quite well. It could improve the unique
ratio from 0.132 in NSGA-II to 0.586 in NSGA-II-dh. This means that with the same
computational effort the number of unique evaluated solutions is increased more than
4 times.

We used the DSE tree to identify the characteristics of design points with the highest
duplication. In both NSGA-II and NSGA-II-dh, the three most duplicated solutions
in global-Pareto and local-Pareto groups were exactly the same. These solutions were
the cheapest solutions (in terms of architecture cost) in our case study. Therefore,
these solutions are considered as optimum design points and are selected many times
as parents to generate the next population. On the other hands, for all of them there
is only one possible mapping of the application onto their underlying architectures.
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Figure 4.36: Comparing performance with UR metric

Thus, they cannot be mutated to create a new design point. As a result, they will be
repeated in the next population without any changes.

It should be reminded that the duplication handler in NSGA-II-dh only prevents the
duplication of design points within the same generation and it does not check the rep-
etition of solutions between different generations. Thus, there might be some dupli-
cated points during different generations. As can be seen in Figure 4.36, even though
duplication handler allows repetition between different generations, it still could sig-
nificantly improve the performance of original NSGA-II with respect to the unique
ratio metric. The solution that is repeated 500 times in NSGA-II (highest duplicated
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solution in the Global-Pareto category) is only regenerated 18 times in NSGA-II-dh.

Figure 4.37 shows the dynamic performance of the optimization algorithms in find-
ing unique design points. Figure 4.37(a) represents absolute unique ratio and Fig-
ure 4.37(b) shows the cumulative unique ratio. As can be seen in Figure 4.37(a), in
NSGA-II, except the initial population that is generated randomly, for all the other
generations the unique ratio is less than 0.2. In NSGA-II-dh, however, even in later
generations, the unique ratio is relatively good. In the Random approach, for all the
generations the unique ratio is more than 0.85. From Figure 4.37(b) we can see that
in Random strategy the dynamic cumulative unique ration plot is approximately a
straight line close to 1.0. In NSGA-II-dh, the slope of plot is relatively gentle that in-
dicates that there is a gradual deterioration in the rate of finding unique design points
during the generations. In NSGA-II, the slope of plot is very steep in the first gener-
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ations, while after that it becomes almost a straight line. This means that there is a
big degradation in the unique ratio at the first generations. However, during the next
generations it is changed only a little bit.

4.4.3 Overall Comparison

The comparison of the performance between the three optimization algorithms for
our case study was discussed in the previous two subsections. We compared these
algorithms with respect to a verity performance metrics in both objective and design
spaces. As a result, the NSGA-II performs better in only finding well-distributed
solutions in the objective space (σmst metric) while for all the other quality aspects,
NSGA-II-dh and Random obtain more preferable Pareto optimal solutions. Thus, we
can conclude that our duplication handler mechanism could significantly improve the
performance of original NSGA-II in terms of most performance aspects. Furthermore,
we can see that, in general, the performance of Random strategy is fairly satisfactory.
For our specific problem, the random search strategy performs quite well. Thus, as an
algorithm developer, one should make the heuristic searching algorithm smart enough
to be able to considerably outperform the normal random search.

4.5 Conclusion

In this chapter, we explained various performance metrics (from literature and new
ones) to evaluate and compare the outcomes of different optimization algorithms from
several view points. In multi-objective optimization problems, several distinct goals
need to be achieved and therefore there cannot be a single quality measure that indi-
cates the performance of an optimization algorithm in an absolute sense. Thus, various
metrics need to be used to gain a comprehensive analysis of the performance of an op-
timization approach. In VMODEX, a variety of performance metrics are provided to
enable algorithm developers to assess the quality of the discovered Pareto optimal so-
lutions from different angles. Furthermore, several visualization approaches are pro-
posed, which enable researchers to do detailed and more accurate analysis of the dif-
ferent performance aspects. The visualization techniques can reveal some useful and
interesting information, which has been hidden in the quantitative representation of a
quality aspect and provide insight on the reasons behind the strength/weakness of a
Pareto optimal set with respect to a particular metric. Therefore, by using VMODEX,
algorithm developers can easily examine different optimization algorithms for explor-
ing the design space and find the best one for their specific problems. Then, the results
of the best algorithm are delivered to designers for further analysis. As we explained
in Chapter 3, designers can use VMODEX to gain insight into the landscape of the
design space and understand how the design space is searched by a heuristic search
algorithm.

To illustrate the benefits of our tool, which integrates and visualizes different per-
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formance metrics in a single environment, we presented a case study. We studied
a multi-objective design problem from the multiprocessor system-on-chip domain:
mapping process networks onto heterogeneous multi processor architectures. Here,
we have taken three objectives into account, namely the maximum processing time,
power consumption, and cost of the architecture. We used three optimization ap-
proaches to search the design space and find the Pareto optimal solutions. Then, we
utilized VMODEX to compare the performance of these three methods on our specific
problem.

It should be mentioned that in the work described in this chapter, the goal is propos-
ing visualization techniques allowing the analyzing and interpreting the performance
metric results and enabling users to understand how and why a particular performance
aspect is achieved. Although using only scalar values is a straightforward and easy
approach for comparing the performance of different algorithms, it cannot provide
insight into why one algorithm performs better than the others. So, we define vi-
sualization methods to help users to do more rigorous and in-depth analysis on the
performance of optimization algorithms. In the visualizations proposed in this chap-
ter, we did not take into account the average behavior of the optimization algorithms
in which each algorithm is executed more than once. However, these visualizations
address the analysis of results from a one-shot algorithm execution. Nevertheless, the
same as comparing different algorithms, several runs of the same algorithm can be
evaluated and compared by our tool as well. Therefore, it is possible to understand
the average behavior of an algorithm during numerous runs. However, in our future
work, we are going to extend our visualization approaches in order to show the average
performance of an algorithm (with respect to a specific aspect) in a single view.



5
Multi-Objective Decision Making:

Methods and Visualizations

One significant aspect of multi-objective optimization is the fact that finding the Pareto
optimal solutions does not completely solve a Multi-Objective Optimization Problem
(MOOP). Actually a MOOP involves two stages:

1. Searching the decision space and finding the Pareto optimal solutions

2. Selecting the most suitable solution from the Pareto optimal set

Finding only a set of Pareto optimal solutions is not sufficient. The decision maker still
has to choose one solution from this set to be implemented. However, the process of
choosing the most preferred solution among the several non-dominated solutions is not
trivial. Therefore, many Multi-Objective Decision Making (MODM) methodologies
have been suggested to guide decision makers towards the most appropriate solution
among the Pareto optimal solutions.

In this chapter, we explain some MODM methods that are provided in VMODEX
and can help decision makers to understand the trade-offs between different criteria
and select the final solution for the implementation. Furthermore, new visualization
approaches are proposed, which provide the visual interpretation and detailed analysis
of the results of MODM methods.

5.1 Introduction

As we mentioned in Chapter 2, in multi-objective optimization with conflicting objec-
tives, there is no single optimum solution that simultaneously optimizes all objectives.
Instead, a set of Pareto optimal solutions has to be found in which no improvement
can be obtained in any of the objectives without causing a simultaneous degradation
in at least one other objective. However, after finding the Pareto optimal solutions
of the multi-objective optimization problem, we are encountering some difficulties:

131
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Although many efficient solutions has been found, only one or a reduced number of
optimal solutions need to be considered for the final decision. Therefore, there is an
issue regarding how a decision maker chooses the best solution from a set of Pareto
optimal solutions.

In the mathematical sense, all Pareto optimal solutions are regarded as equally de-
sirable. Thus, systematic approaches are needed to express preference information
related to the multiple objectives and aid the decision maker to identify the most pre-
ferred solution. Without a systematic approach one cannot be sure that the proper
decision has been made. Therefore, some decision making methods are provided in
VMODEX to assist the decision makers to make better decisions.

Usually, the results of MODM methods are shown in a table or displayed in a 2D
graph. Although these kinds of representations are useful and appropriate for gaining
a general understanding of the results, they do not provide insight on how these results
are achieved. In this chapter, we propose several visualization techniques that enable
decision makers a deeper understanding and detailed analysis of the relations between
Pareto optimal solutions and allow them to find out why one particular solution is
considered as a more preferred solution with respect to a specific MODM method.

For describing the visualization techniques in VMODEX that are developed for visu-
alizing the outcomes of MODM methods, we use a case study of which the results
are used as input data for all the visualization approaches explained in this chapter.
In our case study, we map a parallel multi-media application to an MPSoC platform
architecture consisting of: two Application Specific Integrated Circuits (ASICs), an
Application Specific Instruction Processor (ASIP), a general-purpose microprocessor
(mP), a microcontroller (mC), two Dynamic RAMs (DRAMs) and one Static RAM
(SRAM). The mapping decision problem (i.e. mapping application tasks and commu-
nication channels onto the architecture components) is formulated as a multi-objective
optimization problem in which three criteria are considered: the processing time, en-
ergy consumption and cost of the architecture. To solve this problem, we utilized the
SPEA2 [18] evolutionary algorithm to achieve a set of Pareto optimal solutions under
the aforementioned criteria. The outcome of running the SPEA2 on our case study
has resulted in 14 Pareto optimal points which are shown in Figure 5.1. Note that in
this chapter, the considered objectives and their visual representations are the same as
in Chapters 3 and 4. Processing time is shown by the color of the node representing a
solution. Colors are varied from yellow to red with all color grades in between. Nodes
with the lowest processing time are yellow and nodes with the highest processing time
are red. The size and color of the third dimension of a solution shows the energy
consumption. As the energy consumption increases, the size of the third dimension
becomes bigger and its color becomes darker. The architecture cost is shown as sep-
arate nodes at the cost level. Cost nodes are represented with circle symbol. The size
of the circle becomes bigger as the cost increases.

The rest of this chapter is organized as follows. In Section 5.2 we give some prelim-
inary definitions that are used in multi-objective decision making methods. Section
5.3 describes the four basic problem formulations in MODM, which are: choice, clas-
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Figure 5.1: Pareto optimal solutions found through our case study and visualized by VMODEX

sification/sorting, clustering and ranking problems. For each problem formulation,
some methodologies (either existing ones or new ones) are explained. Furthermore,
different visualization approaches are proposed for visualizing the results of MODM
techniques. Finally, Section 5.4 concludes this chapter.

5.2 Preliminary Definitions

In this section, we explain some basic notions that are used in the Multi-Objective
Decision Making (MODM) methods. Before introducing the preliminary definitions,
the decision problem should be formally stated. In particular, we consider a set of n
solutions S = {s1, ..., si, ..., sn}. The solutions are evaluated in terms of m objective
functions F = {f1, ..., fj , ..., fm}. The performance of solution si on the objective
function fj is denoted by fj(si). Note that in this chapter, index i denotes the counter
for the solutions and index j indicates the counter for the objective functions.

5.2.1 Weights

Typically, multiple criteria have different importance. For instance, performance may
be more important than cost to the decision-maker. Thus, weighting factors must be
used to indicate the relative importance of multiple objectives. The decision maker
expresses his preferences among different criteria by assigning a weight to each crite-
rion. The weight of each objective represents its priority relative to the other objectives
under consideration. The higher the assigned weight, the more important the objective
is. Weights are usually normalized to sum up to 1, so that in a set of weights following
condition should be satisfied:

m�

j=1

wj = 1

Where m is the number of objectives. There are several ways for deriving weights,
however, in this chapter we only explain the two most common methods, which are:
ranking and analytical hierarchy processes.

The ranking method is the simplest approach for calculating the weights. First, the
objectives are ranked from the most important to the least important (the rank of the
most important one is m, second most important is m − 1, etc). Then the ranks are
normalized into the range [0, 1] by dividing by the sum of the ranks. Let rj be the
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rank given to the jth objective. The weight of the jth objective (wj) is calculated as:

wj =
rj

m�

k=1

rk

(5.1)

In the case that some objectives are equally important, an average rank is assigned to
all of them. This average is calculated based on the ranks that they would have when
they differ in importance. For example, consider a 4-objective case in which objective
1 is assessed to be the most important, objective 2 and 3 are equally important, and
objective 4 is the least important. The ranks will be r1 = 4, r2 = 2.5, r3 = 2.5,
r4 = 1.

The Analytic Hierarchy Process (AHP) has been developed by T. Saaty [91, 92] and
is based on pairwise comparison. The objectives are compared against one another.
The result is a comparison matrix (C) in which the value of the entry cjk indicates the
relative importance of the jth objective as compared with the kth objective. For each
pair of objectives, the relative importance is determined by assigning a weight between
1 (equal importance) and 9 (extreme importance) to the more important objective,
whereas the reciprocal of this value is assigned to the other objective in the pair. Thus,
in the comparison matrix C, we have cjk = c−1

kj and cjj = 1. This means that only
1
2m(m − 1) comparisons are needed to establish the objective pairwise comparison
matrix for m objectives.

The next step is to calculate a set of weights W = (w1, w2, ..., wm) that are most con-
sistent with the relativities determined in the comparison matrix. This means that for
each element cjk of matrix C, the corresponding ratio of objective weights (wj/wk)
should be as close as possible to the value of cjk. There are several techniques for
estimating the weighting factors from the comparison matrix. Here we describe the
Eigenvector approach, which obtains the weighting vector in a short computational
time. The procedure of calculating weights is as follows:

1. Compute the square of comparison matrix.

2. Sum the rows and then normalize the sum values by dividing by the total sum
of the rows. The result is the Eigenvector that is considered as the weighting
vector.

3. Repeat step 1 and 2 until the difference between two consecutive vectors is
smaller than a predefined value.

For better understanding the AHP, we present a numerical example. In this example,
we consider a 3-objective problem and we use the AHP approach to calculate the
weights of these three criteria. Assume that the following matrix is our comparison
matrix (Note that we used four decimal places in our calculations):
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C =





1
1

1
2

3
1

2
1

1
1

4
1

1
3

1
4

1
1



 =




1.0000 0.5000 3.0000
2.0000 1.0000 4.0000
0.3333 0.2500 1.0000





C2 =




3.0000 1.7500 8.0000
5.3332 3.0000 14.0000
1.1666 0.6667 3.0000





W =




3.0000 + 1.7500 + 8.0000
5.3332 + 3.0000 + 14.0000
1.1666 + 0.6667 + 3.0000



 =




12.7500
22.3332
4.8333





sum=39.9165

=





12.7500
39.9165

22.3332
39.9165

4.8333
39.9165



 =




0.3194
0.5595
0.1211





sum=1.0000

By repeating the above process for one more time, the following weighting vector is
obtained:

W =




0.3196
0.5584
0.1220





The difference between this vector and the previous one is not a lot with respect to
four decimal places. Therefore, the iterative process can be terminated. As a result, we
obtained the following weights for our three objectives: w1 = 0.3196, w2 = 0.5584,
w3 = 0.1220.

5.2.2 Utility Functions

Utility functions are widely used in MODM for describing the preferential modeling.
A utility function U is a mathematical representation of the decision maker’s prefer-
ences such that: U(x) > U(y) means that alternative x is preferred over alternative y
and U(x) = U(y) indicates that both alternatives are equally preferred (x is indiffer-
ent from y).

For each objective function fj , a marginal utility function uj needs to be defined. A
marginal utility function is a monotone function (linear or nonlinear) defined on the
criterion scale and provides a mechanism for transforming the scale of the criterion
into a new scale ranging in the interval [0, 1], by taking into account the following two
conditions:

uj(f
best
j ) = 1 and uj(f

worst
j ) = 0
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Figure 5.2: Examples of utility functions for typical preference models

Where f best
j denotes the most preferred and f worst

j worst indicates the least preferred
value of criterion fj . These values are calculated according to all solutions in the set
S, as follows:

• For objectives in which higher values indicate higher preference

f best
j =

n
max
i=1

fj(si) and f worst
j =

n
min
i=1

fj(si)

• For objectives in which higher values indicate lower preference

f best
j =

n
min
i=1

fj(si) and f worst
j =

n
max
i=1

fj(si)

The form of the marginal utility functions depends upon the decision makers prefer-
ential system. Figure 5.2 shows some examples of utility functions for three typical
preference models. Figure 5.2(a) represents a concave form of the utility function.
In this case, a small deviations from the worst value leads to a significant improve-
ment in the preference score. This describes a situation in which the decision maker
is satisfied with acceptable solutions and does not necessarily look for solutions with
high performance. Figure 5.2(b) shows an inverse situation. In this case, the decision
maker is mainly interested in solutions with high performance. The linear marginal
utility function shown in Figure 5.2(c) indicates that the preference increases linearly
by moving from the worst to the best criterion value.

The global utility provides an overall evaluation of the performance of the solution si
when all criteria are taken into account. The simplest way for obtaining global utility
is the weighted sum of the utility values of all criteria, as follows:

U(si) =

m�

j=1

wj uj(fj(si)) (5.2)

Where U(si) is the global utility of solution si and wj is the weight of the jth objec-
tive. The global utilities are in the range [0, 1].
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5.2.3 Preference Functions

Unlike the utility functions that assign an absolute utility to each solution (globally
or on each criteria), the preference functions as introduced by Brans et al. [93, 94],
are based on pairwise comparisons between solutions. The preference function PF
is used as a measure of intensity of preference of solution x over solution y. This
function should be defined separately for each criterion and its value is in the range
[0,1]. In this case, the difference of performance between two solutions on a particular
criterion (fj(x)− fj(y)) is considered as a degree of preference, Pj(x, y), as follows:

Pj(x, y) = PFj(dj(x, y))

where dj(x, y) = fj(x)− fj(y)

for which 0 ≤ Pj(x, y) ≤ 1

A smaller deviation indicates the greater indifference and therefore a smaller prefer-
ence value is allocated to the better solution and even possibly zero if the deviation is
negligible. The larger deviation implies greater preference and the value is closer to
one. Thus, the degree of preference Pj(x, y) represents the decision makers prefer-
ence intensity of x over y on the jth criterion as follows:

• Pj(x, y) = 0 represents indifference or no preference, fj(x) � fj(y)

• Pj(x, y) � 0 represents weak preference, fj(x) > fj(y)

• Pj(x, y) � 1 represents strong preference, fj(x) � fj(y)

• Pj(x, y) = 1 represents strict preference, fj(x) ≫ fj(y)

For each pair of solutions x and y, the following condition is true:

Pj(x, y) > 0 ⇒ Pj(y, x) = 0

In [94], six types of particular preference functions are defined that can cover most
of the practical applications. Figure 5.3 describes the three most commonly used of
these functions. The parameters p and q have to be identified by the decision maker.
The meaning of these parameters is as follows:

• q is an indifference threshold. When the difference is smaller than q it is con-
sidered as negligible by the decision maker. Therefore, the corresponding pref-
erence degree is zero.

• p is the strict preference threshold. If the difference is greater than p it is con-
sidered to be significant enough to generate a strict preference. Therefore the
preference degree is one.
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Figure 5.3: Types of Preference functions

The preference functions shown in Figure 5.3 are applicable for the criteria that need
to be maximized. In the case of criteria that need to be minimized, the preference
function should be reversed or alternatively given by:

Pj(x, y) = PFj(−dj(x, y))

The global preference index, π(x, y), is defined as the weighted sum of the preference
functions Pj(x, y) for all the criteria:

π(x, y) =

m�

j=1

wj Pj(x, y) (5.3)

for which 0 ≤ π(x, y) ≤ 1

Where wj is the weight given to the criterion j. π(x, y) indicates the degree in which
solution x is preferred over y for all the criteria. It is clear that π(x, y) � 0 implies a
weak global preference of x over y and π(x, y) � 1 implies a strong global preference
of x over y.
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5.3 Problem Formulations in Multiple-Objective
Decision Making

The aim of Multi-Objective Decision Making (MODM) is to help decision makers to
comprehensively understand the trade-offs between different criteria and guide them
towards the most preferred decision. The decision making methods allow decision
makers to apply their preferences to a decision problem in a logical and mathematical
approach. The final recommendation in MODM may take different forms, according
to the manner in which a problem is formulated. Four basic problem formulations are
as follows:

• The choice problem that aims to select a subset of Pareto optimal set, as small
as possible, which contains the most satisfying solutions.

• The classification/sorting problem that intends to assign each solution to one of
the predefined groups.

• The clustering problem that aims to assign Pareto optimal solutions to different
clusters according to some similarity measure.

• The ranking problem that aids to determine the relative goodness of each solu-
tion in the Pareto optimal set as compared with the other solutions. The result is
usually presented as a ranking of the Pareto optimal points from the best to the
worst, with respect to the decision maker preferences.

While the aim of both classification and sorting is the same, they differ depending
on whether the groups are preferentially ordered or not. Classification refers to the
case where the classes are defined in a nominal way (i.e. there is no order on the
classes) whereas in sorting the classes are defined in an ordinal way starting from
those containing the most preferred solutions to those containing the least preferred
solutions.

It is necessary to emphasize the difference between classification and clustering. They
have two distinctive differences: 1) in the classification problems, the aim is to assign
objects to the groups that are defined a priori and these groups are so-called ”classes”.
Whereas in the clustering, there is no knowledge about the groups in advance and
the groups are so-called ”clusters”. Thus, the purpose is to elicit clusters of objects
sharing similar characteristics. 2) Classification is based on absolute judgments, while
clustering is based on relative judgments. In classification, the assignment of an object
to an appropriate class relies on the intrinsic evaluation of that object, on all criteria,
with respect to the profiles defining the classes (not on the comparison of that object
to the other objects in the set). On the contrary, clustering is based on comparing
the objects inside a set with each other, according to some similarity measure, and
organizing them into clusters including objects with similar characteristics.

In the following subsections, we explain some decision making methods for each
problem formulation.
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5.3.1 Choice Problem

In VMODEX, we provide two approaches for selecting a set of best Pareto optimal
solutions: filtering and a fuzzy scheme.

Filtering

By applying filtering operations, any solution that does not satisfy the decision maker’s
preference constraints will be left out for further consideration, and the decision mak-
ing process proceeds with a set of most preferred design points.

In VMODEX, there are several ways in which the preferences of decision makers
can be defined. The decision maker can determine his preference objective values
by setting the upper and lower limits on each objective. Then, those solutions with
objective values inside the selected ranges are chosen as most preferred solutions and
all the other solutions that exceed the (objective values) limits are eliminated from the
Pareto optimal set.

The decision maker is also able to determine his preferences on the design parameters
and consider only the solutions with preferred parameters. For instance, in our case
study, the designer may prefer the points that have an ASIC in their underlying archi-
tecture. Therefore, by applying the filtering option, the points without an ASIC will
be eliminated from the Pareto optimal set.

Another possibility for filtering the solutions, which is specific to our domain, is based
on the mapping decision (mapping of the application tasks and channels onto the ar-
chitecture components). The decision maker can indicate his preferences on the map-
ping (e.g. a specific task should be mapped to a specific processor or some specific
tasks should be mapped on the same processor) and then filter the design points to
see only those solutions that do not violate the determined mapping constraints. A
more detailed description about the mapping filtering is given in Chapter 3, Section
3.2.5. Establishing the preferences on the combination of objective values, design
parameters and mapping decisions is provided as well.

Fuzzy Scheme

Fuzzy logic is a superset of conventional (Boolean) logic that has been extended to
handle the concept of partial truth, being values that lie between ”absolutely true”
and ”absolutely false”. Boolean logic deals with situations that can be true or false.
However, fuzzy logic allows degrees of truth (expressed as a membership function) in
the range of zero to one. A degree of zero means absolutely false and a degree of one
means absolutely true.

In a simple example, consider the set of ”tall” men. The conventional method requires
establishing a height threshold (e.g. 170 cm) and any person with the height more than
the threshold is declared as a ”tall” man and with the height less than the threshold as
”not tall”. So, a man with 171 cm would consider as a ”tall” man (is a member of tall
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Figure 5.4: Tall membership function

set) and a man with 169 cm would not consider as a ”tall” man (is not a member of
tall set). Therefore, in Boolean logic, the degree of membership can be zero or one.
Figure 5.4(a) shows the ”tall” function in Boolean logic. However, using the fuzzy
logic approach, membership in the set of ”tall” men is a number between zero and
one. An example of a fuzzy membership function for ”tall” set is shown in Figure
5.4(b). The degree of membership for men with 171 cm height is one and for men
with 169 cm is 0.95. Therefore, if person x has a higher degree of membership in
”tall” set than person y this means that x is taller than y.

We can use fuzzy logic to extend the notion of the dominance relation between two
solutions. Therefore, instead of saying ”x dominates y” or ”x does not dominate y”,
we can say that ”x dominates y by degree µ”. This fuzzy approach enables us to
compare non-dominated solutions with each other and quantify the goodness of each
solution within a Pareto optimal set.

Fuzzy Dominance For computing the dominance degree of solution x over solution
y, we should consider for each objective, in which degree solution x is better than or
equal to solution y. An example of definition of fuzzy sets for ”better” and ”equal”
functions is shown in Figure 5.5. Here we consider a minimization problem, which
means that all objectives are to be minimized and therefore smaller objective values
are better. In Figure 5.5, two parameters ε and γ should be determined by the decision
maker who is familiar with the problem. ε indicates the interval within which an im-
provement or degradation on the objective is meaningless and γ defines the relevant
but not a significant improvement. The value of these parameters may be different
for each objective. Although these parameters should be identified carefully, their in-
tended meaning is evident and a decision maker with prior knowledge on the problem
can easily specify them.

A straightforward definition for the fuzzy dominance relation can be expressed as
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Figure 5.5: A fuzzy definition of ”better” and ”equal”

Equation 5.4. It is said that solution x dominates solution y by degree µd(x, y) with:

µd(x, y) =
1

m
µb(x, y) +

1

2m
µe(x, y) (5.4)

Where µb(x, y) =
m�

j=1

µj
b(fj(x)− fj(y))

µe(x, y) =
m�

j=1

µj
e(fj(x)− fj(y))

Where m is the number of objectives and fj is the jth objective function. µj
b indicates

the degree of ”betterness” and µj
e denotes the degree of ”equality” on the jth objective.

µd(y, x) shows the dominance degree of y over x or, on the other hand, indicating in
which degree solution x is dominated by solution y. Note that the fuzzy dominance re-
lation is not symmetric and therefore ”dominating by degree µ” and ”being dominated
by degree µ�” have different fuzzy values.

For clarifying the fuzzy dominance relation described above, we give a numerical ex-
ample. In this example, we calculate the dominance degrees for two non-dominated
solutions x = (0.1, 0.5, 0.3) and y = (0.6, 0.4, 0.57). The fuzzy membership func-
tions for ”better” and ”equal” are the same as ones shown in Figure 5.5. For all
objectives ε = 0.1 and γ = 0.3. Figure 5.6 shows the values of µb and µe for all
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Figure 5.6: Fuzzy sets and membership values for the numerical example

objectives. The dominance degree of x over y is computed as follows:

µb(x, y) = µ1
b(0.1− 0.6) + µ2

b(0.5− 0.4) + µ3
b(0.3− 0.57)

= µ1
b(−0.5) + µ2

b(0.1) + µ3
b(−0.27) = 1 + 0 + 0.85 = 1.85

µe(x, y) = µ1
e(−0.5) + µ2

e(0.1) + µ3
e(−0.27) = 0 + 1 + 0.15 = 1.15

µd(x, y) =
1
3µb(x, y) +

1
6µe(x, y) =

1
3 (1.85) +

1
6 (1.15) = 0.81

In the same way we can calculate the dominance degree of y over x, µd(y, x), which
is 0.19. Therefore x dominates y by degree 0.81 and is dominated by y by degree
0.19. Thus solution x is more preferred than y.

In this thesis, we propose a choice approach based on the fuzzy dominance relations
between the solutions in the Pareto optimal set S. The decision maker should de-
termine a dominance threshold (θ). Then, each solution si ∈ S can be defined as a
2-tuple < D+, D− > where:

D+(si) = {sk ∈ S | µd(si, sk) > θ}
D−(si) = {sk ∈ S | µd(sk, si) > θ}

D+(si) is a set of solutions such that si dominates them with degree higher than the
threshold and D−(si) contains those solution for which si is dominated by them with
degree higher than the threshold. Considering the 2-tuple representations of solutions,
we define two ways for selecting the most satisfying solutions:

1. Select those solutions for which |D+(si)| > |D−(si)|. Where || indicates the
number of solutions in the set. So, each solution that more dominates rather
than is dominated by a degree higher than θ is chosen as a preferred solution.
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2. Specify a difference threshold θ�, and then select all solutions with |D+(si)| −
|D−(si)| > θ�. The first method is a specific instance of this approach for which
θ� is equal to zero.

For better analysis of the fuzzy dominance relations between non-dominated solu-
tions in a Pareto optimal set, we visualize their relations in a directed graph called
Fuzzy Dominance Graph (FDG). This graph shows more detailed information about
the dominance degrees and can be used to compare the solutions. Figure 5.7 represents
the fuzzy dominance graph for our case study. Each solution is shown as a node in
the FDG. The dominance threshold θ is used for connecting the nodes. For each two
solutions si and sk, if the dominance degree of si over sk is greater than the threshold
(µd(si, sk) > θ) then a directed edge is established from si to sk. Thus, for each node
(solution) in the FDG, the outgoing edges indicate D+ and the incoming edges denote
D−. A node with more outgoing edges means that it dominates more solutions with
the degree higher than θ and a node with more incoming edges means it is dominated
by more solutions with the degree higher than θ. The size of each solution si indicates
the value of |D+(si)| − |D−(si)|. The bigger the node means the greater difference
between the number of solutions in D+ and D− and therefore the solution is more
preferred. In Figure 5.7, the threshold is 0.6 and, as can be seen in this figure, solution
P5 is the biggest node in the graph. It has 10 outgoing edges (|D+(P5)| = 10) which
shows that it dominates 10 (out of 14) solutions with a degree higher than θ while
there is no incoming edge (|D−(P5)| = 0). There is no solution that dominates P5
with a degree higher than θ. The solution P3 is the smallest node in the graph. It has
no outgoing edge, whereas it is dominated by more than half of the solutions (8 out of
14) with a degree higher than θ (|D+(P3)|−|D−(P3)| = 0−8 = −8). In Figure 5.7,
solutions with |D+| − |D−| > 0 are highlighted by a blue background color, which
are P5, P2, P11, P7, and P13 in the order of decreasing the value of |D+| − |D−|.
If the decision maker wants to know more about the dominance degrees of one spe-
cific solution with respect to the other solutions, it is possible to select that particular
solution and see more detailed information. In Figure 5.8, the dominance relations
between P5 and all the other solutions are shown. For each solution, the length of the
blue bar represents the dominating degree of P5 over that solution and the length of
the red bar shows the degree in which P5 is dominated by that specific solution. As
can be seen in this figure, except P2, the dominance degree of P5 over each solution
(blue bar) is higher than the degree in which P5 is dominated by that solution (red
bar).

5.3.2 Classification/Sorting Problem

The assignment of objects into predefined groups is referred to as the classifica-
tion/sorting problem, depending on whether the groups are specified in nominal or
ordinal terms. In this type of problem, groups are usually defined independently of the
objects under consideration and assigning an object to the appropriate group requires
the absolute comparison of that object to some reference profiles that distinguish the
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Figure 5.7: Visualization of fuzzy dominance relations
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Figure 5.8: Visualization of fuzzy dominance relations between P5 and all the other solutions
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groups.

In VMODEX, for sorting a set of Pareto optimal solutions in the predefined classes,
we have utilized the UTADIS method (UTilits Additives DIScriminantes) [95]. The
UTADIS method is one of the simplest and most popular methodologies for addressing
the sorting problems. UTADIS employs utility functions to classify a set of alterna-
tives (in our case Pareto optimal solutions) into predefined ordinal groups.

Before proceeding with describing the UTADIS method, the problem should be
formally stated. In particular, the problem under consideration is to assign a set
of n Pareto optimal solutions si(i = 1, 2, ..., n) into q predefined ordinal classes
Ck(k = 1, 2, ..., q). Where C1 indicates the group including the most preferred solu-
tions and Cq denotes the group of the least preferred solutions (C1 > C2 > ... > Cq).

The UTADIS method uses the global utilities for assigning solutions to the predefined
classes. The global utility of solution si is computed using Equation 5.2, in which the
weighted sum of the utility values of all criteria is considered as a global utility. The
sorting process is performed through comparing the global utilities of solutions with
some utility thresholds that specify the lower bound of each class, as follows:

U(si) ≥ u1 ⇒ si ∈ C1

u2 ≤ U(si) < u1 ⇒ si ∈ C2

...................................................

uk ≤ U(si) < uk−1 ⇒ si ∈ Ck

...................................................

U(si) < uq−1 ⇒ si ∈ Cq

Where u1 > u2 > ... > uq−1 are the utility thresholds that are considered as cut-off
points to discriminate the classes. The utility threshold uk separates two consecutive
classes Ck and Ck+1. The parameters of the UTADIS method (utility functions and
thresholds) are estimated through a linear programming formulation, so that the min-
imum classification error is achieved. For further details on the model development
process, one is referred to the work of [96].

5.3.3 Clustering Problem

The goal of clustering is to organize a collection of objects into several groups (clus-
ters), such that objects within the same cluster are similar (in some way), while objects
belonging to different clusters are dissimilar. Cluster analysis enables us to look at the
properties of clusters instead of individual objects and provides simplification of data
with minimal loss of information. The clustering methods use a similarity/distance
measure as fundamental to evaluate the closeness/separation of the objects under con-
sideration. In general, a similarity measure maps the similarity between the param-
eterized descriptions of two objects into a single numeric value. The definition of
the similarity measure is a key issue for accurate clustering and is closely related to
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Figure 5.9: A trivial example for illustrating the importance of preference similarity measure

the problem context. Note that the term similarity is often conceived in terms of dis-
similarity or distance as well. Dissimilarity corresponds to the notion of distance.
Thus, smaller distance means smaller dissimilarity, and thus larger similarity. A va-
riety of similarity/distance measures have been proposed and widely applied, such as
Euclidean distance, cosine similarity, Jaccard coefficient, etc.

In the conventional clustering, the similarity measure is based on the geometric dis-
tances or related metrics. However, such metrics are not well suited for the clustering
problems in the context of MODM. They do not incorporate the decision maker’s pref-
erences in the cluster analysis. In the MODM field, a clustering problem is considered
as a preference similarity oriented problem in which clusters should be conceived in
terms of preference closeness. Thus, the similarity measure should be defined based
on the preference relations between the objects such that all objects inside the same
cluster are similar in the sense that they have the same preference structure. The pref-
erence similarity measures enable us to partition a set of objects into clusters that are
meaningful from the MODM perspective.

To clarify the importance of a preference similarity measure, in the MODM context,
consider the example shown in Figure 5.9. In this example, both objectives (f1 and
f2) are decreasing preference criteria (lower value indicates higher preference) and
they have similar importance (same weight). Suppose that we intend to group the
four solutions A,B,C and D into two clusters. By applying the Euclidian distance
as a similarity measure, the two solutions A and B would be in the same cluster
and the two solutions C and D would be in the other cluster. However, note that, A
dominates B (is better in both objectives) and C dominates D. Therefore, the decision
maker prefers A over B and C over D. So, in terms of preference, A and B are not
considered the same and thus they should not be grouped in the same cluster. This
is true for solutions C and D as well. So, the oriented preference clustering should
separat A from B and C from D. By involving the decision maker’s preferences in
the clustering, the two solutions A and C would be in the same cluster, since they are
not dominated by any other solutions, and the two solutions B and D would be in the
other cluster, since they are dominated by the other solutions.
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Figure 5.10: A numerical example for describing our proposed preference similarity measure

The importance of integrating decision maker’s preferences in the multi-objective
cluster analysis was firstly pointed out by [97]. They introduced a distance based
on the preference structure defined by the decision maker. Up to now, however, rela-
tively little research has been done on addressing the multi-objective preference clus-
tering [98–100]. In this thesis, we propose a new preference similarity measure, which
is based on the preference relations between solutions. In our approach, the prefer-
ence functions (see Section 5.2.3) are utilized to identify the preference structure. In
the following section, we will give the detailed description of our proposed preference
similarity measure. In the rest of this chapter, we simply refer to preference similarity
measure as the similarity measure.

Proposed Preference Similarity Measure

For better understanding the procedure of calculating the similarity between two so-
lutions, we explain our approach via a simple numerical example. This example is
shown in Figure 5.10. Suppose that both objectives are decreasing preference and the
objective f1 is more important. Their relative importance is such that w1 = 0.7 and
w2 = 0.3. For both objectives, the ”Level Criterion” preference function is used for
constructing the preference structure. This preference function is displayed in Figure
5.3.

As we described in Section 5.2.3, for each two solutions si and sk, the global prefer-
ence degree of si over sk, π(si, sk), is defined as the weighted sum of the preference
functions Pj(si, sk) for all the criteria:

π(si, sk) =

m�

j=1

wj Pj(si, sk)

for which 0 ≤ π(si, sk) ≤ 1
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Table 5.1: π values (global preference) of pairwise comparisons between the solutions in our numerical example

!" s1" s2" s3" s4" s5"

s1" 0 0.35 0.5 0.7 0.7 

s2" 0.3 0 0.3 0.3 0.5 

s3" 0 0 0 0 0.35 

s4" 0 0 0.15 0 0 

s5" 0 0 0.3 0 0 

Table 5.2: Π values (net preference) of pairwise comparisons between the solutions in our numerical example

!! s1! s2! s3! s4! s5!

s1! 0 0.05 0.5 0.7 0.7 

s2! -0.05 0 0.3 0.3 0.5 

s3! -0.5 -0.3 0 -0.15 0.05 

s4! -0.7 -0.3 0.15 0 0 

s5! -0.7 -0.5 -0.05 0 0 

Definition 1 (Net Preference): We define Π(si, sk) which represents the net prefer-
ence of si over sk and is computed using Equation 5.5. The net preference Π(si, sk)
is the balance between the degree in which si is preferred to sk and the preference
degree of sk over si.

Π(si, sk) = π(si, sk)− π(sk, si) (5.5)

for which − 1 ≤ Π(si, sk) ≤ 1

From the definition it is clear that Π(si, sk) = −Π(sk, si)

The results of pairwise comparisons between the solutions in our numerical example
(shown in Figure 5.10) are pointed out in Tables 5.1 and 5.2. Table 5.1 shows the π
values and Table 5.2 represents the Π values.

Definition 2 (Preference Relations): Based on the value of Π(si, sk), we define
three different relations between si and sk: positive Preference (P+), negative Prefer-
ence (P−) and Indifference (I):

Preference Structure =






if Π(si, sk) > 0 ⇒ si P+sk
if Π(si, sk) < 0 ⇒ si P−sk
if Π(si, sk) = 0 ⇒ si Isk
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Table 5.3: 3-tuple representations of the solutions in our numerical example

s1! s2! s3! s4! s5!

! 

P +(s1) = {s2,s3,s4,s5}

! 

P "(s1) = {}

! 

I(s1) = {s1} ! 

P +(s2) = {s3,s4 ,s5}

! 

P "(s2) = {s1}

! 

I(s2) = {s2}! 

P +(s3) = {s5}

! 

P "(s3) = {s1,s2,s4}

! 

I(s3) = {s3}! 

P +(s4 ) = {s3}

! 

P "(s4 ) = {s1,s2}

! 

I(s4 ) = {s4,s5}! 

P +(s5) = {}

! 

P "(s5) = {s1,s2,s3}

! 

I(s4 ) = {s4,s5}

Definition 3 (3-tuple representation): Once the preference relations are elicited,
any solution can be characterized as a 3-tuple < P+, P−, I >, where:

λ1(si) = P+(si) =
�
sk ∈ S | si P+sk

�

λ2(si) = P−(si) =
�
sk ∈ S | si P−sk

�

λ3(si) = I(si) = {sk ∈ S | si Isk}

The 3-tuple representations of the solutions in our example are shown in Table 5.3.

Definition 4 (Intersection Set): We define the set Λg(si, sk) such that Λg(si, sk) =
λg(si) ∩ λg(sk). So, Λg(si, sk) contains the common solutions in the gth elemnt of
the 3-tuple of si and sk. For instance, in our example, the intersection sets for two
solutions s2 and s4 are as follows:

Λ1(s2, s4) = λ1(s2) ∩ λ1(s4) = P+(s2) ∩ P+(s4) = {s3}

Λ2(s2, s4) = λ2(s2) ∩ λ2(s4) = P−(s2) ∩ P−(s4) = {s1}

Λ3(s2, s4) = λ3(s2) ∩ λ3(s4) = I(s2) ∩ I(s4) = {}

Definition 5 (Similarity Measure): The basic idea for defining the similarity of two
solutions is that two solutions are as similar as their 3-tuple and net preferences are
alike. This means that, all solutions inside the same cluster are similar in the sense
that they are preferred (P+), not preferred (P−) and indifferent (I) to more or less the
same solutions and with the same degree (Π). The measure of similarity between two
solutions si and sk is given by:

Sim(si, sk) =

3�

g=1

|Λg(si,sk)|�

t=1,

∀st∈Λg(si,sk)

(1− abs(Π(si, st)−Π(sk, st)))

n
(5.6)
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Where n is the number of solutions in the set S = {s1, s2, ..., sn}, abs denotes the
absolute value and | | indicates the number of elements in a set. By expanding the
outer sum in Equation 5.6, the similarity measure can be expressed as:

Sim(si, sk) =
1

n
[

|P+(si)∩P+(sk)|�

t=1,

∀st∈P+(si)∩P+(sk)

(1− abs(Π(si, st)−Π(sk, st)))

+

|P−(si)∩P−(sk)|�

t=1,

∀st∈P−(si)∩P−(sk)

(1− abs(Π(si, st)−Π(sk, st)))

+ |I(si) ∩ I(sk)| ]

As we explained before, the value of Π(si, st) when si is indifferent to st (si I st ) is
zero. Thus, in the third sum, the values of both Π(si, st) and Π(sk, st) is zero. So, the
third sum simply counts the number of common solutions in the sets I(si) and I(sk).

Our proposed similarity measure has the following properties:

0 ≤ Sim(si, sk) ≤ 1

Sim(si, si) = 1

Sim(si, sk) = Sim(sk, si)

Sim(si, sk) ranges between 0 and 1, where 1 means that two solutions are the same
and 0 means they are completely different. The corresponding distance measure is
Dis(si, sk) = 1 − Sim(si, sk) and we will use Dis(si, sk) instead in the clustering
procedure.

To clarify the process of measuring the similarity between two solutions, in the fol-
lowing we calculate the similarity between the two solutions s2 and s4 of our example:

Sim(s2, s4) =

s3∈Λ1(s2,s4)� �� �
(1− abs(Π(s2, s3)−Π(s4, s3))) +

s1∈Λ2(s2,s4)� �� �
(1− abs(Π(s2, s1)−Π(s4, s1)))

5

+

Λ3(s2,s4)={}
����
0

5

=
(1− abs(0.3− 0.15)) + (1− abs(−0.05− (−0.7)))

5

=
0.85 + 0.35

5
= 0.24
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Table 5.4: The similarity measures for each pair of solutions in our numerical example

Sim! s1! s2! s3! s4! s5!

s1! 1 0.44 0.16 0.13 0 

s2! 0.44 1 0.22 0.24 0.07 

s3! 0.16 0.22 1 0.36 0.32 

s4! 0.13 0.24 0.36 1 0.76 

s5! 0 0.07 0.32 0.76 1 

Table 5.4 shows the measure of similarity between each pair of solutions in our exam-
ple.

Definition 6 (Cluster Center): Some clustering approaches, such as leader-follower
[101], k-means [102] and Partitioning Around Medoids (PAM) [103] algorithms, uti-
lize the concept of cluster center for assigning the objects to different clusters. In these
approaches, the similarity of a solution to a cluster is measured based on its similarity
to the cluster center. Taking into account the characteristics of all objects inside a clus-
ter identifies the center of that cluster. In the following, we explain the way that we
define a cluster center. Suppose that Cr is the rth cluster and αr is its corresponding
center. The 3-tuple representation of the cluster center αr is given by the union of the
3-tuple of solutions belonging to the cluster Cr, as follows:

λ1(αr) = P+(αr) =
�

si∈Cr

P+(si)

λ2(αr) = P−(αr) =
�

si∈Cr

P−(si)

λ3(αr) = I(αr) =
�

si∈Cr

I(si)

Suppose that in our example, the two solutions s2 and s3 are grouped in the same
cluster (C1). The 3-tuple of their cluster center (α1) is:

λ1(α1) = P+(α1) = {s3, s4, s5}

λ2(α1) = P−(α1) = {s1, s2, s4}

λ3(α1) = I(α1) = {s2, s3}

Note that in the 3-tuple of a solution, there is no common solution between different
elements of its 3-tuple (e.g. there is no solution that belongs to both P+ and P−). On
the other hand, for each solution, the intersection between the sets P+, P− and I is
empty. However, there might be some common solutions between different elements
of the 3-tuple of a cluster center, such as s4 in the above example. s4 is a member of
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both P+(α1) and P−(α1). Thus, for each solution si inside a cluster, two different net
preferences of cluster center αr over solution si is defined: the positive net preference
Π+(αr, si) for those solutions belong to P+(αr), and the negative net preference
Π−(αr, si), for those solutions belong to P−(αr).

The positive net preference of cluster center αr over solution si is the average of the
net preferences of all solutions (sk) in the cluster Cr such that skP+si, formally:

∀si ∈ λ1(αr) Π1(αr, si) = Π+(αr, si) =

�

sk∈Cr | skP+si

Π(sk, si)

|sk ∈ Cr | skP+si|

for which 0 < Π+(αr, si) ≤ 1

In the same way, the negative net preference is computed, formally:

∀si ∈ λ2(αr) Π2(αr, si) = Π−(αr, si) =

�

sk∈Cr | skP−si

Π(sk, si)

|sk ∈ Cr | skP−si|

for which − 1 ≤ Π−(αr, si) < 0

For the solutions that belong to I(αr), the net preference is zero:

∀si ∈ λ3(αr) Π3(αr, si) = 0

In our example, the net preferences of cluster center α1 over different solutions are:

Π+(α1, s5) =

s5∈P+(s2)� �� �
Π(s2, s5) +

s5∈P+(s3)� �� �
Π(s3, s5)

2
=

0.5 + 0.05

2
= 0.275

Π+(α1, s3) = Π(s2, s3) = 0.3

Π+(α1, s4) = Π(s2, s4) = 0.3

Π−(α1, s1) =

s1∈P−(s2)� �� �
Π(s2, s1) +

s1∈P−(s3)� �� �
Π(s3, s1)

2
=

−0.05− 0.5

2
= −0.275

Π−(α1, s2) = Π(s3, s2) = −0.3

Π+(α1, s4) = Π(s3, s4) = −0.15

The measure of similarity between a solution and a cluster center is the same as mea-
suring similarity between two solutions except that the notation of Π+ and Π− should
be considered. Equation 5.7 shows the calculation of the similarity between the solu-
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tion si and cluster center αr.

Sim(αr, si) =

3�

g=1

|Λg(αr,si)|�

t=1,

∀st∈Λg(αr,si)

(1− abs(Πg(αr, st)−Π(si, st)))

n
(5.7)

Note that for the solutions in the set Λ3(αr, si) = I(αr) ∩ I(si) the value of both
Π3(αr, st) and Π(si, st) is zero. Thus, the third outer sum (i.e. g = 3) in Equation
5.7 simply counts the number of common solutions in the sets I(αr) and I(si).

For instance, in our example, the similarity of s4 to the cluster center α1 is:

Sim(α1, s4) =

s3∈Λ1(α1,s4)� �� �
(1− abs(Π+(α1, s3)−Π(s4, s3)))

5

+

s1,s2∈Λ2(α1,s4)� �� �
(1− abs(Π−(α1, s1)−Π(s4, s1))) + (1− abs(Π−(α1, s2)−Π(s4, s2)))

5

+

Λ3(α1,s4)={}
����
0

5

=
(1− abs(0.3− 0.15)) + (1− abs(−0.275 + 0.7)) + (1− abs(−0.3 + 0.3))

5

=
0.85 + 0.575 + 1

5
= 0.485

The originality of our proposed similarity measure comes from the definition of the
similarity that takes into account the preference structure defined by the decision
maker. So, two solutions are considered as similar solutions in the sense that they
are preferred (P+), not preferred (P−) and indifferent (I) to more or less the same
solutions and with the same degree (Π).

For better understanding the similarity relations between solutions, we propose a vi-
sual representation of the preference structure. Figure 5.11 shows the visual form of
the preference structures for 5 solutions in our example. For each solution, a circu-
lar bar chart is drawn that shows the preference relations between the corresponding
solution and all the other solutions. The name written in the center of the bar chart
indicates its corresponding solution. In each bar plot, the number of bars is equal to
the total number of solutions (n) (one bar per solution). Solutions from s1 to sn are
placed clockwise in the circular bar chart. For each solution si, the length of the col-
ored portion of the bar corresponding to sk is equal to value of Π(si, sk). If Π(si, sk)
is greater than zero (means that si P+sk) a blue color is used. When Π(si, sk) is less
than zero (means that si P−sk) a red color is used. In the case that si I sk, the length
of the colored part is zero, since Π(si, sk) = 0. By using the visual representation of
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Figure 5.11: Visualization of the preference structure

preference structures, it is easy to find out the similarity relations between solutions
without doing the respective mathematical calculations. Two solutions are as similar
as their visual form is alike. For instance, we can see in Figure 5.11 that the bar charts
of s4 and s5 are relatively similar to each other. Thus, we can conclude that their
similarity is relatively high. This conclusion can be verified by looking at Table 5.4,
which shows the computed similarity values for each pair of solutions. As can be seen
in this table, the similarity measure between s4 and s5 is 0.76, which is fairly high
(Note that the similarity measure is in the range [0,1]). From Figure 5.11, we can also
see that the two solutions s1 and s5 have completely different visual forms and thus
their similarity should be too small. As can be seen in Table 5.4 the similarity of s1
and s5 is zero.

Clustering Methods

The clustering methods can be broadly classified into two types: exclusive and hi-
erarchical. In exclusive clustering, data are grouped into a set of disjoint clusters.
Therefore, if an object is a member of a certain cluster then it cannot be included in
another cluster. Instead, the hierarchical clustering is based on the union between the
two nearest clusters. At the beginning, each object is in a separate cluster and then
pairs of clusters are successively merged until all clusters have been merged into a
single cluster that contains all objects.



5.3. PROBLEM FORMULATIONS 156

Algorithm 5.1 Basic Leader-Follower Clustering

Notations: Cr = the rth cluster, αr = the center of the rth cluster, si = the ith

solution, and N = number of clusters
Input: Distance threshold (θ) and a set of solutions (S)
Output: A set of N clusters (Cluster assignment for each solution)

Begin
C1 = {s1}, N = 1 // Assign the first solution to the first cluster

i = 2

Do accept new solution si

r = argmin
r�∈{1,2,...,N}

(Dis(αr, si)) // Find the nearest cluster center

If Dis(αr, si) < θ

Then
Cr = Cr + {si} // Assign si to the closet cluster

Update αr

Else
CN+1 = {si} // Create new cluster that contains si as its first member

N = N + 1

i = i+ 1

Until no more solutions

End

VMODEX allows a decision maker to cluster Pareto optimal solutions with both ex-
clusive and hierarchical methods. The similarity measure between the Pareto optimal
points is our proposed preference similarity measure described in the previous sec-
tion. However, in the clustering procedure, instead of the similarity measure, the
corresponding distance measure Dis(si, sk) = 1− Sim(si, sk) is used.

Exclusive Clustering In this thesis, we use Leader-Follower approach for grouping
the solutions in an exclusive way. The Leader-Follower algorithm [101] is one of the
most popular exclusive methods and is simple and efficient for clustering data sets.
The basic Leader-Follower clustering procedure is described in Algorithm 5.1. The
decision maker must specify a threshold (θ) for the distance. The first solution is
assigned to the first cluster. From then, for each solution, the nearest cluster center is
found. If the distance is less than the threshold, the solution becomes a member of that
cluster and the cluster center should be updated. Otherwise, if the distance exceeds
the threshold θ, it means that no current cluster is sufficiently close to the solution and
a new cluster is created having the current solution as its first member. Note that in
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Algorithm 5.1, argmin
x

f(x) denotes the set of values of x for which f(x) attains its

smallest value.

The Distance threshold should be chosen carefully, since it implicitly specifies the
number of clusters obtained at the end. A large threshold leads to a small number
of large clusters, which contain solutions with less similarity. While with a small
threshold the probability of creation of new clusters is higher and therefore it will
produce a large number of small clusters, which is somewhat contradictory with the
aim of clustering.

The drawback of the Leader-Follower clustering algorithm is that it is not determinis-
tic. The initial order of the solutions may strongly influence the structure of clusters.
To overcome this weakness, we sort the solutions by their total net preferences before
starting the clustering process. The total net preference of solution si is calculated as:

Πtotal(si) =
n�

k=1

Π(si, sk) (5.8)

Where n is the number of solutions in the set. The sorting is performed in descending
order. This means that the solution with the highest total net preference value is used
as the first solution in the clustering procedure and the solution with the smallest
Πtotal value is taken as the last solution. For assigning a solution to a cluster, we
use a deterministic way of choosing between clusters with an equal distance from
the solution in question. If the solution that is in process of assigning a cluster has
the same nearest distance to two or more cluster centers, it becomes a member of the
cluster that contains the closest solution to the current solution in the ordered sequence
of the solutions. For instance, consider the set {A,B,C,D,E, F} as an ordered set
of solutions. Suppose that A and D are in the same cluster (C1) and B, C and E are
in the other cluster (C2). Assume that F has the same distance from the centers of
both clusters. By applying our deterministic approach, it will be assigned to cluster
C2 since this cluster contains E which is closest solution to F in the ordered set.

In each cluster, the solution with the highest Πtotal value is chosen as a representative
solution. A representative solution can be considered as the most promising solution
among the solutions in its cluster. Therefore, by applying the clustering, the Pareto
optimal set can be reduced to a smaller subset of representative solutions.

For each cluster center, we define its objective values to be the average of all points
in the cluster. For instance, if the rth cluster contains two solutions s1 = (4, 3, 5) and
s2 = (4, 1, 7), then the objective values of cluster center αr is calculated as follows:

αr = (
4 + 4

2
,
3 + 1

2
,
5 + 7

2
) = (4, 2, 6)

To understand the similarity relation between clusters, we define a procedure to con-
nect the clusters based on their similarity. First, a fully connected weighted graph G
is created in such a way that each cluster is considered as a node in the graph and
the edge weight between two nodes is the distance between the corresponding cluster
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Figure 5.12: Visualization of Leader-Follower clustering

centers. Then a Minimum Spanning Tree (MST) is created for the graph G (A detailed
description of MST is given in Chapter 4, Section 4.3.1). The clusters are connected
together based on their connections in the corresponding MST. Thus, we get a tree of
clusters with minimum weight (most similar connections).

We propose a visualization method that shows how the solutions are grouped in differ-
ent clusters. This visualization allows decision makers to quickly and effectively an-
alyze the result of clustering. Figure 5.12 shows the visualization of Leader-Follower
clustering for the Pareto optimal solutions in our case study. Each cluster is shown by
a different color. In Figure 5.12, the distance threshold is 0.3, which leads to the six
clusters. Each solution is connected to the center of the cluster to which it belongs.
The length of the connected link indicates the distance from the center. A shorter edge
means closer to the center. In a cluster with only one solution, a dashed line is used
for connecting the solution to the cluster center since the distance is zero (like C1 in
Figure 5.12). The cluster C4 is the biggest cluster containing 5 solutions. In each
cluster, the representative solution is highlighted by a yellow border such as solution
P11 in cluster C4. In Figure 5.12, the way that the cluster centers are connected to-
gether is the same as their connections in the corresponding MST. The length of the
edge between two cluster centers represents the distance between them. The longer
the edge implies a larger distance. The distance value between two connecting clusters
is written above the corresponding edge. In Figure 5.12, clusters C3, C4, C5 and C6

are relatively close (similar) to each other and contain more than 75% (11 out of 14)
of discovered Pareto optimal points.

Hierarchical Clustering The Leader-Follower clustering algorithm is efficient and
conceptually simple, but it requires a specific distance threshold as input, which has
a major effect on the clustering results. While the hierarchical clustering does not
require any predetermined parameter and is deterministic. However, the complexity
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Algorithm 5.2 Basic Agglomerative Hierarchical Clustering

Input: a set of n solutions
Output: A hierarchical cluster tree

Begin
Start with n clusters, each containing a single solution

Calculate the n× n similarity matrix between all pairs of clusters

Do accept new solution si

- Find the two clusters Ci and Cj such that their similarity is maximum
(two closest clusters)

- Merge these clusters into a single cluster Cr = Ci ∪ Cj

- Remove the two old clusters Ci and Cj

- Determine the similarities between the new cluster Cr and the remaining
clusters

Until only one cluster is left, which contains all the solutions
End

of hierarchical clustering increases at least quadratic with the number of data points.
Several hierarchical clustering algorithms have been proposed such as SLINK [104],
CURE [105] and CHAMELEON [106]. In this thesis, we use Agglomerative hier-
archical clustering. The basic steps of Agglomerative hierarchical clustering are de-
scribed in Algorithm 5.2.

The similarity of two clusters can be measured in three ways: single-linkage,
complete-linkage and average-linkage. In the single-linkage clustering, the shortest
distance from any member of one cluster to any member of another cluster is con-
sidered as the similarity between two clusters. In the complete-linkage method, the
greatest distance between any two solutions in the different clusters determines the
distance between the two clusters. In the average-linkage clustering, the distance be-
tween two clusters is computed as the average of distances between all pairs of solu-
tions, in which one solution is in the first cluster and another solution is in the second
cluster. Table 5.5 summarizes the definition of different linkage methods between two
clusters A and B.

A hierarchical clustering is typically visualized as a binary tree (called dendrogram),
which represents the hierarchical, pair-wise clustering of the items in the data set.
Figure 5.13 shows the dendrogram obtained from the hierarchical clustering (single-
linkage) of the Pareto optimal solutions in our case study. The individual solutions are
placed at the bottom of the dendrogram and construct the leaf nodes. Each merge
is represented by an internal node that connects the two joining clusters. The y-
coordinate of the internal node shows the distance between two merging clusters. Each
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Table 5.5: Definition of different linkage methods

Linkage 
Method!

Definition! Formula!

Single 
Linkage 

Complete 
Linkage 

Average 
Linkage 

A B 

A B 

A B 

! 

min Dis(a,b) : a" A,b"B{ }

! 

1
A B

Dis(a,b)
b"B
#

a"A
#

! 

max Dis(a,b) : a" A,b"B{ }

internal node has exactly two subtrees of clustered solutions (a right and a left sub-
tree). Moving from the bottom to the top of the dendrogram shows the history of
merges during the clustering process. For example, we can see that in Figure 5.13 the
two solutions P9 and P10 are merged first, and at the last merge the solution P1 is
added to a cluster consisting of all the other solutions. To understand in each merging
step, which solutions are considered for the similarity among the two joining clusters,
the name of the two closest/ furthest solutions are written at the bottom of the cor-
responding internal node (this is applicable for only the single and complete linkage
strategies).
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Figure 5.13: Visualization of hierarchical clustering
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Once the complete hierarchical dendrogram is constructed, depending on the type of
decision, different cutting policies can be applied on it, as follows:

• Cutting at a specific level of dissimilarity. In this case we get clusters of which
the distance between the solutions inside the same cluster is less than the deter-
mined dissimilarity threshold. For example, in Figure 5.13 cutting the dendro-
gram at 0.35 yields 3 clusters: one large cluster containing 11 solutions (black
lines), one cluster consisting of P2 and P5 (blue lines), and one cluster includ-
ing only P1 (red line). Each cluster contains solutions of which the dissimilarity
(distance) between them is less than 0.35.

• Cutting in such a way that a certain number of clusters remain. If the decision
maker prefers to organize solutions in k cluster, he just should cut the k−1 links
from the top. Therefore, the hierarchical clustering is flexible in the sense that
the decision maker can easily change the number of clusters he is interested in,
without repeating the clustering process. In Figure 5.13, cutting the dendrogram
for getting 3 clusters produces the same clusters as cutting at level 0.35.

• Cutting the dendrogram at the point where the gap between two levels of dissim-
ilarity, before and after merging a cluster to another one, is largest (the highest
vertical line in the dendrogram). Such a large gap indicates that merging one
more cluster significantly decreases the quality of the clustering. Therefore,
cutting before this deterioration is desirable. In Figure 5.13 the greatest gap
occurs at the last merging (red line), when the solution P1 is added to a cluster
consisting of all the other solutions.

5.3.4 Ranking Problem

In the ranking approach, the decision problem is to order all the solutions in terms of
their overall preference value, which is derived by taking into account all objectives.
Several methods have been proposed for addressing the ranking problem. Here, we ex-
plain the three most commonly used ranking methods that are provided in VMODEX.
The main differences between these ranking methods are 1) the normalization pro-
cess for comparing all criteria on a common scale, and 2) the way that they aggregate
the normalized objective values and their weights for obtaining an overall preference
value for each solution.

For describing the ranking methods, we consider a MODM problem with a set of
n solutions si(i = 1, 2, ..., n) and m objective functions fj(j = 1, 2, ...,m). The
performance of solution si on the objective function fj is denoted by fj(si). We
assume that all objective functions need to be minimized, that is, the smaller the value,
the better it is. The relative importance of objective functions is indicated by the
weight assigned to each objective. Suppose that wj denotes the weight of the objective
function fj .
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Weighted Sum Model (WSM)

The WSM method is the best known and simplest ranking method. However, it is
applicable only when the decision criteria are expressed in identical units of measure.
If criteria are not in the same unit, then normalization is required to provide a com-
mon scale for comparisons of the objectives. The normalized value of fj(si) can be
obtained by:

f̄j(si) =
fj(si)−

n
min
k=1

fj(sk)

n
max
k=1

fj(sk)−
n

min
k=1

fj(sk)

Where f̄j(si) indicates the normalized performance of solution si on objective func-
tion fj . This normalization approach linearly transforms all objective values in the
range [0,1]. Thus, it preserves the relative order of magnitude of the original objective
values.

The overall preference value of each solution (si) is calculated using the weighted sum
of its normalized values over all objectives, as follows:

PV (si) =
m�

j=1

wj f̄j(si) (5.9)

Since we consider the minimization problem, a smaller value of PV indicates the
more preferred solution. For ranking the Pareto optimal solutions, they are sorted by
their preference values (PV ) in ascending order.

TOPSIS

TOPSIS (Technique for Order Preference by Similarity to Ideal solution) [107] is
based on the concept that the most preferred solution should have the shortest distance
from the positive ideal solution (IS+) and the longest distance from the negative ideal
solution (IS−). TOPSIS ranks the solutions according to these two distances. The
procedure of TOPSIS method can be summarized as follows:

1. The normalized objective values are computed by:

f̄j(si) =
fj(si)����
n�

k=1

fj(sk)
2

2. IS+ and IS− are obtained from the weighted normalized objective values. IS+

is found by constructing a vector of best values and IS− is calculated by con-
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structing a vector of worst values as follows:

Rj(si) = wj f̄j(si)

IS+ = (R+
1 , ..., R

+
j , ..., R

+
m) R+

j =
n

min
k=1

Rj(sk)

IS− = (R−
1 , ..., R

−
j , ..., R

−
m) R−

j =
n

max
k=1

Rj(sk)

3. For each solution si, the Euclidian distance from the positive ideal solution
(ED+) and negative ideal solution (ED−) is computed as follows:

ED+(si) =

����
m�

j=1

(Rj(si)−R+
j )

2 ED−(si) =

����
m�

j=1

(Rj(si)−R−
j )

2

4. The overall preference value for each solution is calculated as follows:

PV (si) =
ED−(si)

ED−(si) + ED+(si)
0 ≤ PV (si) ≤ 1 (5.10)

PV (si) indicates the relative closeness of the ith solution to the positive ideal
solution. Therefore, a greater value means that the solution is closer to IS+ and
thus is more preferred.

5. For ranking, solutions are sorted in descending order of their PV values.

To compare different solutions in a Pareto optimal set in terms of their distances from
IS+ and IS− and their PV values, we visualize this information such as shown in
Figure 5.14. The length of the blue bar represents the distance between the corre-
sponding solution and IS+ (ED+). A longer bar indicates that the solution is further
away from IS+. Therefore, a smaller blue bar is desirable. Similarly, the length of
the red bar shows the distance from IS− (ED−). Thus, a longer red bar is more
favorable. The length of the green bar indicates the relative closeness to IS+ (PV
value). The longer the bar denotes the solution is closer to the IS+ and thus is more
preferred. In Figure 5.14, the solutions (from left to right) are sorted by their PV
values in descending order. Therefore, the position of each solution is the same as
its rank in the TOPSIS method. For each solution, besides the distance values (ED+

and ED−), the amount of difference between their objective values can be seen (color
coding). Therefore, it is easy to find out which objective value(s) have a high impact
on the distance values. For example, P2 has the same energy consumption as the IS+
(the color and size of the third dimension of their representing nodes are the same) and
the difference between their costs is small. However, they are significantly different in
the processing time (node color) and thus this objective has the highest impact on the
distance value. In Figure 5.14, except P12 and P3, all the other solutions are closer
to IS+ than IS− (ED+ < ED−) since their blue bars are shorter than their red bars.
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Figure 5.14: Visualization of TOPSIS ranking method

PROMETHEE

PROMETHEE (Preference Ranking Organization METHod for Enrichment Evalua-
tions) [94, 108] is based on the pairwise comparisons of solutions for each objective.
For each solution, it calculates positive and negative preference flows. The positive
flow expresses how much a solution is dominating the other solutions and the nega-
tive flow indicates how much it is dominated by the other ones. Based on the balance
of these two preference flows, the PROMETHEE ranks the solutions. PROMETHEE
uses preference functions (see Section 5.2.3) to compute the degree of preference
associated to the best solution in the case of pairwise comparisons. For each objec-
tive, a specific preference function must be defined. The procedure of PROMETHEE
methodology can be summarized as follows:

1. Solutions are compared pairwise for each objective. Afterwards, preference
functions are used to map their deviations on the objectives to the range [0 ,1].
For the objective function fj , its corresponding preference function PFj is used.
The degree of preference of solution si over sk on the jth objective is given by:

Pj(si, sk) = PFj(fj(si)− fj(sk)) 0 ≤ Pj(si, sk) ≤ 1

Pj(si, sk) = 0 means no preference and Pj(si, sk) = 1 indicates the strict
preference of si over sk. For small deviations, a small preference is allocated to
the better solution and even possibly no preference if the deviation is negligible.
The larger the deviation, the larger the preference.

2. The overall preference index of solution si over sk for all objectives is computed
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as follows:

π(si, sk) =
m�

j=1

wjPj(si, sk)

3. For each solution si, the positive flow (φ+) and the negative flow (φ−) are
defined as:

φ+(si) =
1

n− 1

n�

k=1,k �=i

π(si, sk) φ−(si) =
1

n− 1

n�

k=1,k �=i

π(sk, si)

4. For each solution si, the net flow φ(si) is considered as:

φ(si) = φ+(si)− φ−(si) − 1 ≤ φ(si) ≤ 1 (5.11)

The net flow is the balance between the positive and negative flows. The higher
the net flow means the better the solution. φ(si) > 0 means that the solution is
more dominating all the other solutions on all objectives and φ(si) < 0 indicates
it is more dominated.

5. The complete ranking of all solutions from the best to the worst is obtained by
sorting their φ values in descending order.

φj(si) is the single objective net flow for solution si when only the jth objective is
considered (100% of the total weight is assigned to objective j). It expresses how a
solution si is dominating (φj(si) > 0) or dominated (φj(si) < 0) by all the other
solutions on the jth objective. φj(si) is defined as follows:

φj(si) =
1

n− 1

n�

k=1,k �=i

[Pj(si, sk)− Pj(sk, si)] (5.12)

φj(si) is particularly useful for analyzing the ”quality” of solutions for each specific
objective separately.

For comparing the Pareto optimal solutions based on their amount of domination on
each objective, we visualize the φj(si) values such as shown in Figure 5.15 (the data
are captured from our case study results explained in Section 5.1). In this figure, each
solution is shown as an axis. The axes start from the same point, have the same length
and are equi angular. Since the φj(si) values are in the range [−1, 1], the center of the
chart indicates −1 and the endpoints of axes denote 1. For each objective, a radar plot
(also known as kiviat diagram) is drawn with a specific color. The points constructing
a radar plot are the corresponding φj(si) values. Because the values greater than zero
(means more dominating) or less than zero (means more dominated) have completely
opposite meaning, the zero axis is highlighted. In this figure, the order of solutions
(clockwise) is the same as their position in the PROMETHEE ranking method, which
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Figure 5.15: Visualization of φ values in PROMETHEE ranking method

is based on the sorted φTotal values in descending order. In Figure 5.15, the filled radar
plot shows the total φ values (considering all objectives). As can be seen in Figure
5.15, the net flow of the ”cost” objective for the solution P1, φCost(P1), is 1, which
means it dominates all the other solutions in terms of the cost. On the other hand,
the φPT (P1) is −1 which indicates that P1 is dominated by all the other solutions
with respect to the processing time (PT ). Its net flow for energy consumption (EC)
is less than zero (φEC(P1) < 0), which denotes that P1 is more dominated by all
the other solutions in terms of energy consumption. As a result, its total net flow
φTotal(P1), which considers all the objectives is small and it is on the three worst
solutions according to the PROMATHEE ranking method.

Showing ranking results

The outcomes of different ranking methods (described above) may not be the same
since they use different procedures for ordering the Pareto optimal solutions. For
comparing the results of different ranking methods and investigating the rank of a
specific solution with respect to the different ranking methods, we propose a visual-
ization approach as shown in Figure 5.16. This figure represents the results of ranking
the Pareto optimal solutions obtained from our case study by applying three ranking
methods: WSM, TOPSIS and PROMETHEE. Each ranking method is shown with a
specific color. Assume there are n solutions in the Pareto optimal set. The circle is di-
vided to n equal parts, where each part represents one solution. The number of nested
circles is also n; each one denotes a rank position. The innermost one indicates the
worst rank and the outermost one shows the best rank. For example, in Figure 5.16,
the solutions P2 and P5 are in the top two for all ranking methods. Therefore, these
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PROMETHEE 

Figure 5.16: Visualization of ranking results

solutions can be a good choice for the final decision. However, the solution P3 is
ranked as the worst solution by all the ranking methods. So, this solution is probably
not appropriate as a final decision. Furthermore, from this figure we can see that all
the solutions have almost the same rank in different ranking methods.

5.4 Conclusion

In this chapter, we discussed the final step in solving the multi-objective optimization
problems, which is selecting the most preferred solution from the set of Pareto optimal
solutions. After finding the Pareto optimal set by an optimization algorithm, we face
another challenge: which solution from this set should be implemented. To solve
this latter problem, Multi-Objective Decision Making (MODM) methods are used.
These methods systematically apply the decision maker’s preference information and
provide some guidelines for choosing the most satisfying solution.

We described the four basic problem formulations in MODM, which are: choice,
classification/sorting, clustering and ranking problems. For each problem formula-
tion, some decision making methodologies are explained. We proposed a new method
addressing the choice problem. Our method is based on the fuzzy dominance rela-
tions between the Pareto optimal solutions. Furthermore, we defined a new preference
similarity measure for clustering the solutions. In our proposed similarity measure,
unlike the conventional measures, the decision maker’s preferences are integrated in
the multi-objective cluster analysis. That is, two solutions are as similar as they are
preferred, not preferred and indifferent to more or less the same solutions. Moreover,
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we introduced a scheme for constructing the cluster centers, considering the properties
of all solutions inside the same cluster. Some clustering approaches utilize the concept
of cluster center for assigning the objects to different clusters.

For each MODM method, we proposed a new visualization approach that provides a
detailed analysis of the results of MODM techniques. These visual representations
allow decision maker to find out how and why a particular solution is considered as a
most preferred solution with respect to a specific MODM method.



6
Conclusions

In this thesis, we addressed the visualization of multi-objective design space explo-
ration of multi-processor system-on-chip architectures. Actually, we built a bridge
between two previously separate research fields. We introduced the structural usage
of data visualization into the field of embedded systems design. For performing a com-
prehensive study of the DSE process, we defined three separate stages and for each
stage, we developed several methods and visualization techniques to provide users a
rapid and more accurate analysis. A detailed description of each stage as well as the
proposed visualization approaches were presented in the previous chapters.

In this chapter, we first summarize the thesis and then we describe the remaining open
issues and future directions.

6.1 Outlook

In this thesis, we presented our novel interactive visualization tool, called VMODEX.
All the proposed methods and visualization techniques for supporting the design space
exploration of embedded systems are incorporated in VMODEX. The work presented
in this thesis can be summarized as follows.

In Chapter 2 we gave an overview of the background information necessary for the
rest of the thesis. We first described the basic knowledge about multi-objective opti-
mization problems. Then, we explained the multi-objective optimization problem in
the context of design space exploration of embedded systems. Afterwards, we dis-
cussed the benefits of using visualization techniques for exploring and analyzing the
large amounts of data. Finally, we concluded this chapter and illustrated the need for
employing efficient visualization methods for interpreting and gaining insight into the
DSE results.

In Chapter 3 we introduced our tree model of the design space. In our DSE tree, both
the design parameters and criteria are shown in a single view. Several interactive ca-
pabilities are provided to be able to handle large design spaces and allow designers
to look at the data from different perspectives and at multiple levels of abstraction.

169



6.1. OUTLOOK 170

Furthermore, in our DSE tree model, we defined the concepts of subspaces and local
Pareto points, which are new concepts in the multi-objective DSE process and have
not been considered before. In VMODEX, besides the techniques provided for visual-
izing the DSE results, additional capabilities are developed to understand the dynamic
search behavior of heuristic searching algorithms that are typically used in the DSE
process. This chapter supports the second stage of multi-objective DSE, which is
exploring the design space and analyzing the results.

Chapter 4 is dedicated to the first stage of multi-objective DSE, which is evaluat-
ing the performance of different multi-objective optimizers and finding the best one
for a specific problem. In this chapter, we introduced various performance metrics
(both existing and new metrics) and their visualization methods we have provided
in VMODEX. In multi-objective optimization problems, several distinct goals need
to be achieved and therefore there cannot be a single quality measure that indicates
the performance of an optimization algorithm in an absolute sense. Thus, various
metrics need to be used to perform a comprehensive analysis of the performance of
an optimization approach. Most of the current performance measures concentrate on
evaluating the quality of found Pareto optimal solutions in the objective space and
measuring the behavior of the optimization algorithm in the decision space has mostly
been disregarded. In this thesis, we turned the focus of attention from exclusively
evaluating optimization success in the objective space to also considering the decision
space. In this chapter, we defined new goals and subsequently new metrics to evaluate
the behavior of optimization methods in the decision space.

In Chapter 5 we addressed the last stage of multi-objective DSE, which is the deci-
sion making process. As the last step of the multi-objective DSE process, the decision
maker should select the most preferred design point from the set of Pareto optimal
points for the final implementation. In this chapter, we explained the Multi-Objective
Decision Making (MODM) methods that are provided in VMODEX and can help
decision makers to understand the trade-offs between different criteria and select the
final solution for the implementation. Furthermore, we proposed new visualization
approaches, which provide the visual interpretation and detailed analysis of the re-
sults of the MODM methods. In this chapter, we described the four basic problem
formulations in MODM, which are: choice, classification/sorting, clustering and rank-
ing problems. For each problem formulation, some decision making methodologies
and their proposed visualizations are explained. In this chapter, we defined a new
method addressing the choice problem, which is based on the fuzzy dominance rela-
tions between the Pareto optimal points. Furthermore, we proposed a new preference
similarity measure for clustering the solutions. In our proposed similarity measure,
unlike the conventional measures, the decision maker’s preferences are integrated in
the multi-objective cluster analysis. In addition, we introduced a scheme for con-
structing the cluster centers, considering the properties of all solutions inside the same
cluster. Some clustering approaches utilize the concept of cluster center for assigning
the objects to different clusters.
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6.2 Open Issues and Future Directions

The research presented in this thesis is still in progress. There are several interesting
further research directions in terms of extending the proposed visualization techniques
to support additional aspects of the design space exploration process. For instance, in
this thesis, we consider the problem of the mapping of only one parallel application
onto a heterogeneous MPSoC architecture. However, embedded systems often need
to support multiple applications simultaneously. There is an opportunity to extend our
proposed tree model of the design space to be able to support the design space explo-
ration of embedded systems with multiple target applications. The work in [109, 110]
introduced a scenario based design methodology for embedded systems with multiple
applications. They distinguished two types of dynamic behavior: intra-application and
inter-application. The intra application dynamism describes the changing behavior of
an individual application, whereas inter application dynamism describes which subset
of applications can run concurrently. New visualization approaches can be developed
to enable designers to gain a better understanding of the dynamic behavior both within
and between applications.

Another possible research direction is providing the interaction between the visualiza-
tion and simulator. Instead of having a one-way flow of information from simulation
to visualization, it is useful to provide mechanisms for interactive feedback from vi-
sualization to the simulator. This kind of interaction allows designer to directly steer
the simulation process. For instance, by using the visualization, the designer may
notice that in some parts of the design space there is no evaluated design point. The
searching algorithm could not access to those parts of the design space. However, if
the designer is interested to know about the properties of solutions in some unexplored
parts of the design space, he should be able to interact with the simulator to generate
some random design points in those parts and then continue the searching process for
a specified number of iterations. Another example of possible interaction with the
simulator is requesting to evaluate a specific design point that has not been evaluated
during the exploring process. For instance, in investigating the effect of different map-
pings on the design criteria, some desired design points might not be visited by the
searching algorithm. So, the designer can interact with the simulator and request it to
evaluate those particular design points.

Another open issue that is not addressed in this work is proposing visualization meth-
ods that take into account the average behavior of several runs of an optimization
algorithm. The visualization techniques that we explained in Chapter 4, address the
analysis of results from a one-shot algorithm execution. Nevertheless, the same as
comparing different algorithms, several runs of the same algorithm can also be evalu-
ated and compared by our proposed visualization techniques. However, in our future
work, we are going to extend our visualization approaches in order to show the av-
erage performance of an algorithm during numerous runs (with respect to a specific
aspect) in a single view.

It should be mentioned that our work in this thesis is just one possible approach for
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visualizing the multi-objective DSE process. It is indeed an open issue in this domain
to examine other alternatives for visualization and compare the efficiency of different
approaches. Furthermore, as a future work, we intend to ask end users to use our
visualization tool for analyzing their DSE results. Their feedback will be used to
evaluate as well as improve the efficiency and effectiveness of our tool.
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Samenvatting

Visualisatie van Heuristische Ontwerpruimte
Exploratie van Embedded Systemen

hihi

Toktam Taghavi Razavi Zadeh

Samenvatting

Het ontwerp van moderne embedded systemen is zeer complex. Vaak moeten
meerdere en tegenstrijdige criteria simultaan worden geoptimaliseerd. Voorbeelden
van deze criteria zijn snelheid, energie, kosten en gewicht. Om aan een dergelijk
breed spectrum van non-functionele criteria te kunnen voldoen, hebben moderne em-
bedded systemen vaak een heterogene systeem architectuur. Ze bestaan uit compo-
nenten die variëren van volledig programmeerbare processor kernen voor het bieden
van flexibiliteit, tot volledige toegewijde hardware componenten voor tijdkritieke ap-
plicatie taken. Dit leidt tot een hoge mate van complexiteit van embedded systeem
architecturen. Hierdoor worden ontwerpers gedwongen om systemen te modelleren
en simuleren met als doel de gehele ruimte van mogelijke ontwerpkeuzes te door-
zoeken. Een dergelijke ontwerpruimte exploratie is met name van essentieel belang
voor de vroegtijdige fasen van het ontwerp traject waar de ontwerpruimte het grootst
is en verkeerde ontwerpbeslissingen verregaande consequenties kunnen hebben op het
eindproduct. Deze vroegtijdige ontwerpruimte exploratie wordt vaak op een hoog ab-
stractie niveau uitgevoerd. Hierdoor blijft zowel de modeleertijd als de simulatietijd
zo klein mogelijk.

Door de exponentiële grootte van de ontwerpruimte in hedendaagse embedded syste-
men is het ondoenlijk om elke mogelijke ontwerpkeuze te evalueren. Om deze reden
worden vaak heuristische zoekmethoden gebruikt om zodoende met een beperkt aan-
tal evaluaties de ontwerpruimte te doorzoeken voor optimale ontwerpkeuzes. Echter,
dit beperkte doorzochte deel van de ontwerpruimte is nog steeds groot. Vandaar dat
het interpreteren van deze resultaten, het trekken van de juiste conclusies en het begri-
jpen van hoe de ontwerpruimte is doorzocht door de heuristische zoekmethoden nog
steeds extreem omslachtig kan zijn. Een dergelijke analyse is echter essentieel voor de
ontwerper omdat het inzicht biedt hoe de ruimte van mogelijke ontwerpkeuzes eruit
ziet.

Dit proefschrift adresseert het probleem van het interpreteren en analyseren van de
grote hoeveelheden data die worden gegenereerd gedurende de ontwerpruimte explo-
ratie van embedded systemen. Hierbij wordt data visualisatie ingezet als middel om
de exploratie data te interpreteren en te visualiseren. Hiermee introduceren we het
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structurele gebruik van visualisatie technieken in het ontwerp van embedded syste-
men, waarbij we specifiek ingaan op het gebruik van de visualisatie gedurende de on-
twerpruimte exploratie. We hebben alle ontwikkelde technieken gecombineerd in een
enkele applicatie: VMODEX. In zekere zin is er met dit werk een koppeling gemaakt
tussen twee gescheiden onderzoeksgebieden: data visualisatie en het ontwerp van em-
bedded systemen.

Voor een uitgebreide analyse van ontwerpruimte exploratie proces, definiëren we drie
verschillende fases. Voor elke fase hebben we verschillende methodes en visualisatie
technieken ontwikkeld om gebruikers een snelle en accurate analyse te bieden. De
eerste fase betreft het ontwikkelen van een optimalisatie methode dat op een efficiënte
en effectieve manier de ontwerpruimte doorzoekt. De ontwerpers van dit soort al-
goritmes kunnen VMODEX gebruiken om een uitgebreide studie te doen naar de
kwaliteit van verschillende multi-criteria optimalisatie algoritmes, vanuit verschil-
lende perspectieven, om het beste algoritme te vinden voor hun specifieke probleem.

In de tweede fase wordt het meest efficiënte algoritme gebruikt om een bepaalde on-
twerpruimte exploratie te doen. VMODEX biedt vervolgens verscheidene mogeli-
jkheden om de resultaten van deze ontwerpruimte exploratie te analyseren en te inter-
preteren. Deze analyse kan worden uitgevoerd vanuit verschillende perspectieven en
op meerdere abstractieniveaus, wat een goed inzicht verschaft in het landschap van de
ontwerpruimte.

De derde en laatste fase is het uitzoeken van de ontwerpkeuze die de meeste voorkeur
geniet. Verscheidene benaderingen tot de besluitvorming zijn geı̈mplementeerd in
VMODEX. Hierdoor worden de ontwerpers ondersteund in het kiezen van het uitein-
delijke ontwerp. Daarnaast wordt er inzicht verschaft in de afwegingen tussen de
verschillende criteria, wat uiteindelijk kan leiden tot het maken van betere beslissin-
gen.
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