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Chapter 1

Introduction

Semi-arid ecosystems, ecosystems with an annual precipitation of 250-500 mm, are
typically found at the edge of deserts, marking the landscape between deserts and
dry steppes on the one side and greener ecosystems such as grass savannas, montane
forests and temperate broadleaf forests on the other side. One striking fact observed
in semi-arid ecosystems is the presence of patterned vegetation, that has been dis-
covered by aerial photographs in the 1950s [52, 53] in sub-Saharan Africa. These
patterns have subsequently been reported in many semi-arid ecosystems in Africa,
the Americas and Australia, and are estimated to cover about 30% of the emerged
surface of the earth. The composition of the vegetation varies wildly from one ecosys-
tem to another and can comprise of grass, scrubs, bushes or trees [51, 53]. Also, the
occurence of these patterns is not specific to the type of soil [51].

It is confirmed widely that semi-arid ecosystems which exhibit vegetation patterns
run the risk of a sudden collapse to become deserts or dry steppes when a vital system
parameter crosses a threshold value, in particular, this occurs when either the precipi-
tation rate crosses a threshold value in a downward movement or the grazing pressure
by cattle crosses a threshold value in an upward movement [41, 46]. Ecologists tend
to speak of a catastrophe since this process is irreversible: when, for example, a valley
with striped vegetation patterns has turned into a desert after years of severe drought,
then, after years when rain begins to fall gradually again, it generally does not turn
back into a vegetated ecosystem.

⋆

Early attempts to formulate a model for semi-arid ecosystems are by using cellular
automata [91] or by mean field models [51]. In 1999, C.A. Klausmeier was the first
to model the dynamic interplay between water infiltration and vegetation density by
a reaction-(advection-)diffusion system [46]. His model describes a positive feedback
between water infiltration and vegetation density and captured the irreversibility of
the catastrophe described above. He introduced a 2-component system to describe
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2 CHAPTER 1. INTRODUCTION

patterns in semi-arid ecosystems, the components representing water infiltration u
and vegetation density v. In unscaled form, the model he introduced reads as follows:

{

ut = k0ux + k1 − k2u − k3k5uv2

vt = dvvxx − k4v + k5uv2 (0.1)

where u(x, t), v(x, t) : R × R+ → R and ki ≥ 0, i = 1, . . . , 5, dv ≥ 0. The change of
water infiltration ut is assumed to be governed by advection caused by the gradient
slope of the area, modeled by k0ux, a constant precipitation rate k1, an evaporation
rate that is linear in the water infiltration −k2u, and the infiltration feedback, mod-
eled by −k3k5uv2. It assumes that the change of vegetation density is controlled by
a diffusive spread of biomass, modeled by a diffusion term dvvxx, a linear natural
death rate −k4v and the infiltration feedback k5uv2, that has a positive effect on the
vegetation. Since the spread of biomass occurs on a much slower time scale than the
advection of surface water, it is natural to assume dv ≪ k0. Though the model is
simplistic in nature, it is able to capture essential features of semi-arid ecosystems,
such as the emergence of patterned vegetation.

We notice that Klausmeier’s original model [46] assumed two-dimensional spatial
variation in x and y of both vegetation density v and water infiltration u. In this
thesis, we focus on the one-dimensional dynamics of Klausmeier’s original model, so
we have simplified the two-dimensional spatial variance by assuming a constant vari-
ation in the direction of the spatial y-variable. We also assume that both u and v
vary on an infinite domain R instead of a bounded domain [0, L] with L ∈ (0,∞).
This assumption is natural, since the scale of the observed patterns is relatively small
compared to the size of the domain (cf. [41, 46, 52, 53, 74], and [8] and the references
therein).

We extend the model as follows. The model assumes the existence of some slope
or gradient that lets the water flow downhill and the growing vegetation migrate up-
hill. However, patterns have been observed in semi-arid ecosystems without a slope
[52, 53, 100]. In order to model the spread of water on a terrain without a specific
preference for the direction in which the water flows, we have added a term that
models porous media flow, and obtain

{

ut = du(uγ)xx + k0ux + k1 − k2u − k3k5uv2;
vt = dvvxx − k4v + k5uv2,

(0.2)

where it is assumed that γ ≥ 1. Since the spread of biomass occurs on a much slower
scale than the (nonlinear) diffusion of water, it is natural to assume 0 < dv ≪ du.
For ecosystems without a slope, we set k0 = 0. In this thesis we choose either γ = 1
or γ = 2. The choice γ = 1 models the random motion of water as diffusion, whereas
the model with γ = 2 models the motion of water as porous media flow.

In order to reduce the number of parameters, we rescale the model. Set

U = k2

k1
u; V = k2k3

k1
v, (0.3)
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and further

T =
k2
1k5

k2
2k3

t; X =
[

du
k3

k5
(k1

k2
)γ−3

]− 1
2

x. (0.4)

We obtain

{

Ut = Uγ
xx + CUx + A(1 − U) − UV 2

Vt = δ2σVxx − BV + UV 2,
(0.5)

with

A = k2
k2
2k3

k2
1k5

; B = k4
k2
2k3

k2
1k5

; C = k0
k2
2k3

k2
1k5

[

du
k3

k5

(

k1

k2

)γ−3
]− 1

2

and

δ2σ =
dv

du
(
k2

k1
)γ−1 (σ > 0).

One has 0 < δ ≪ 1, since 0 < dv ≪ du. Notice that there is a redundancy in
the introduction of δ2σ. In chapter 2 it will become clear why it is convenient to
define the rescaled diffusion coefficient this way. The system parameters A, B, C
and γ are chosen according to the characteristics of the ecosystem under study. In
particular, ecosystems without a slope are modelled by setting C = 0 and ecosystems
on a terrain that has a slope are modelled by setting C 6= 0. We may view C as a
parameter that measures the rate of advection (or the rate of the slope of the terrain),
A as a parameter that controls the precipitation and B as a parameter that describes
the extinction rate of the biomass. A priori, there is no reason to assume that the
parameters A, B and C are O(1) with respect to δ, in fact, the relative magnitudes
of A, B and C will play a crucial role in the analysis of chapter 2 (see also [56]).

We need to make one crucial remark. The expression for A depends on the rainfall
k1 via A ∼ k3

2/k2
1. At first sight, this may seem contradictory, since in the rescaled

model (0.5) we consider A as a parameter that measures the rainfall. In order to
understand this, consider the expression for B: since B is proportional to B ∼ k2

2/k2
1

and it is assumed that B and the other kj , j = 3, 4, 5, are constant, we conclude
k1 ∼ k2 and therefore

A ∼ k3
2

k2
1

∼ k3
1

k2
1

= k1.

Hence, we see that A is proportional to the rainfall k1.
The above rescaling is motivated by the fact that equation (0.5) reduces to the

Gray-Scott model if we set C = 0 and γ = 1 (see [5, 23, 56] and the references
therein). More generally, by either setting γ = 1 or γ ≥ 1 and either C = 0 or C > 0,
the model (0.5) comprises four types of equations. We will refer to the equations in
(0.5) as the Generalized Klausmeier-Gray-Scott model or shortly, GKGS-model. A
schematic picture of the four classes of the GKGS-system is given in Figure 1.1.
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Figure 1.1: A schematic picture of the GKGS-model. On the top line, the models without
advection (C = 0) are depicted. These models generate small amplitude symmetric Turing
patterns that are modulated according to a real GLE. On the bottom line, the models with
a nontrivial advection rate C > 0 are depicted. For these models, the appearance of the
travelling periodic patterns is described by a complex GLE. (See section 2.1.4.)

Like the Gray-Scott model, the GKGS-model (0.5) has three spatially homogeneous
background states for A > 4B2:

U0 = 1, V0 = 0, U± =
1

2A

(

A ∓
√

A2 − 4AB2
)

, V± =
1

2B

(

A ±
√

A2 − 4AB2
)

.

(0.6)
The state (U0, V0) = (1, 0) represents the desert (since V0 ≡ 0). At Asn = 4B2, the
equilibria (U+, V+) and (U−, V−) collapse and disappear in a fold, or saddle node
bifurcation. Hence, for A < Asn, the desert (U0, V0) = (1, 0) is the only background
state, while for A > Asn, we have three background states, among which the homo-
geneously vegetated state (U+, V+) and the desert state (U0, V0) are homogeneously
stable and the homogeneously vegetated state (U−, V−) is homogeneously unstable.

⋆

Now that we have introduced the model that is studied in this thesis, and since
it is our final aim to gain insight in the fall and rise of vegetation patterns in semi-
arid ecosystems, we first dedicate a few words to the use and practice of mathematical
modelling in general in §1.1. Then, in §1.2, we describe some important characteristics
of the model. In §1.3 we aim to explain in a simple setting the methods that we have
used in this thesis to study the GKGS-model (0.5) – in fact, each of the subsections
of §1.3 tries to explain in layman’s terms what is going on in chapters 2, 3 and 4. The
concepts in sections 1.2 and 1.3 will sometimes be explained with models other than
the GKGS-model (0.5) as examples, since we thought it easier for the reader to grasp
the basic ideas when they are applied to a simpler setting. Then, finally, we give a
brief outline of the thesis in §1.4.
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1.1 On mathematical modelling

Despite the famous words of Galileo1, one of the most challenging tasks of the applied
sciences2 is the formulation of mathematical models that properly describe the sys-
tem under study. As of now, many complex natural systems such as wind circulation,
the forming of clouds and rivers, oceanic currents, phytoplankton growth and decay,
leaf arrangements on trees, cellular growth, formation and meltdown of polar ice caps,
stripe pattern formation on the skin of African mammals, tides and many, many more
are only partly understood. Mathematical models aiming to describe these natural
phenomena can only do so to a limited extent. For example, none of the models in
use is able to give precise predictions on the future state of the system under study
– most notably among which are models that aim to describe the future state of the
global climate.

This section is written in order to shortly explain the difficulties that come with the
description of natural systems. We will lay bare some of the restrictions of mathemat-
ical modelling. Also, we will try to shed light on how results based on mathematical
models can be useful.

We start with the important remark that there is a difference between models that are
phenomenological and those that are not. Models such as Newton’s laws or Maxwell’s
laws describe closed systems. Therefore, these ‘laws’ are verifiable3, that is: one can
make predictions based on model calculations and measure if a physical model shows
the behaviour that it predicts for the (closed) system. These models usually form
part of a well accepted general theory.

Phenomenological models are models that describe open systems. They usually
do not derive from first principles4 as they are often debatable. These models can in
principle be validated in the sense that they do not contradict accepted theory [65].
However, due to the openness of the systems they describe they can never be fully
verified [65]. In fact, almost all models for complex natural systems that are used
today are phenomenological models (though not always to the same extent5).

At least three causes for the abundance of phenomenological models can be pointed
out [47]. First, our theoretical understanding of many natural processes is limited.
Second, most models suffer from a lack of complete observations. Parameter uncer-
tainty and uncertainty of the initial and boundary conditions are caused by the lack

1“The laws of nature are written in the language of mathematics.”
2We define applied sciences as sciences that make extensive use of mathematical models in order

to understand physical (observable) systems, such as chemistry, physics, biology, ecology, economics,
climatology or (geophysical) fluid dynamics.

3However, Popper [69] disagrees with this and remarks that no law in the natural sciences can
ever be verified. According to [69], the laws of nature are open only to falsification and corroboration.

4Laws that are part of generally accepted physical theory are said to be derivable from first
principles.

5In climate science, for example, there exist simple phenomenological two-component models that
focus on very specific processes that are part of the climate and that are not able to precisely predict
the climate, while on the other hand, there are fully coupled atmosphere-ocean general circulation
models (AOGCMs) that do make predictions and projections that are relatively precise.
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of complete observations. Third, simplifications of some model assumptions have to
be made due to computational constraints or accessibility to mathematical analysis.

As an example one may consider the central theme of this thesis: semi-arid ecosys-
tems. As of now, we have no complete theoretical understanding of the infiltration
feedback between water infiltration and plant density. The equations of the GKGS-
model (0.5) model the infiltration feedback by ±uv2, but theoretical ecologists agree
that this is only a very coarse way of modelling [41]. Generally speaking, the water
uptake is parametrized by environmental conditions such as the soil type, physical
characteristics of the root system, temperature, precipitation rate, competition among
different trees, and surely others. Also, the relatively simple nature of the GKGS-
model entails that its parametrization can only be approximate: for example, it is
not clear how the parameter dv can be drawn from field data.

These complications generally cannot be undone by just enlarging or simplifying
the model. For example, throwing more data at the problem naturally asks for more
complicated models. However, more complicated models generally suffer from greater
computational difficulties and are generally harder to analyze. Also, assigning mean-
ing to empirical tests of the model becomes increasingly difficult with an ever larger
number of parameters.

Lack of access to the phenomena of interest prevents us to verify some outcomes
of the mathematical model that we propose. However, models can certainly be use-
ful [65]. First, models may corroborate a hypothesis by offering evidence to results
that have already been partly established otherwise. Second, models may elucidate
shortcomings of other models. And third, models can be used for sensitivity analysis:
“what if” scenarios such as worst and best case scenarios can be used to shed light
on what could happen with the phenomena of interest.6

As an example of the first, we turn our attention to the saddle-node bifurcation of the
homogeneously vegetated states (U−, V−) and (U+, V+) of the GKGS-system (0.5).
If A decreases through Asn and the stable state (U+, V+) disappears, then increasing
A again does not bring the system back into a vegetated state. It is precisely this
hysteretical behaviour of the model (0.5) that corroborates the irreversible character
of the catastrophe that has been observed in nature [41, 74].

As another example of the first, we consider the GKGS-model again. One may
formulate the hypothesis that it is not necessary to model the flow of water with
porous media flow, as we have done in the GKGS-model (0.5), since it would not give
more insight than the model for γ = 1. As will be made more precise in chapter 2
and later in chapter 3, the dynamics of the GKGS-system (0.5) with diffusion (γ = 1)
is qualitatively identical to the dynamics of the GKGS-system (0.5) for porous media
flow (γ = 2). This corroborates the hypothesis that the spread of water in a two-
component model comprising water infiltration and vegetation density can in fact
be modelled with diffusion, instead of (the more complicated) porous media flow.

6One usually refers to these scenarios as projections, in contrast to predictions. For example, the
reports of the IPCC (see [42]) contain projections of the average global temperature based on, for
example, assumptions about future CO2 levels.
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Figure 1.2: Graphical display of the feedbacks within the activator-inhibitor mechanism
(left) and the positive feedback mechanism (right).

This way we have corroborated our initial hypothesis that modeling water flow in the
GKGS-model (0.5) can be modelled well by diffusion.

1.2 Some important characteristics of the model

1.2.1 Positive feedback

The GKGS-model (0.5) exhibits the important feature of a positive feedback be-
tween the water infiltration and the plant density [31, 41, 46]. From a modelling
perspective, this positive feedback mechanism makes sense: water infiltration in veg-
etated ground is much faster than in unvegetated ground, so the water infiltration is
enhanced by both water infiltration and vegetation density. Mathematically, positive
feedback and activator-inhibitor structures of PDE systems are captured by the sign
structure of the linearization P about a relevant homogeneous background state [31]:

Activator-inhibitor mechanism: P =
(

+ −

+ −

)

.

Positive feedback mechanism: P =
(

− −

+ +

)

.
(2.1)

See Figure 1.2 for a graphical display of the feedback mechanisms that define these
two different types of systems. Assuming we are not far from the background state
(U+, V+), we are sure that the homogeneous dynamics of the GKGS-system (0.5) is
mainly given by the derivative at (U+, V+),

DF |U+,V+
= P =

(

−A − V 2
+ −2B

V 2
+ B

)

. (2.2)

From (2.2) we see that the GKGS-system has a positive feedback, since it has the
structure of a positive feedback mechanism as displayed in (2.1)2.

1.2.2 Turing instability

A.M. Turing7, mostly known for cracking the German code during the Second
World War and remembered as one of the founding fathers of today’s computers,

7The reader may know that A.M. Turing tragically committed suicide, after being released from
a prison sentence brought upon him by the British autorities because of an alleged violation of the
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has also made an important contribution to the science of pattern formation. In an
attempt to clarify the occurence of Fibonacci sequences in plant morphology (known
as phyllotaxis – see for a modern treatment [26, 27, 28, 2, 50]), he introduced a
concept that is now known as a Turing instability. Loosely speaking, a Turing in-
stability happens when a homogeneous background state that is stable with respect
to homogeneous perturbations loses its stability when perturbed by spatially periodic
perturbations. Turing’s vital discovery was, in modern terms, that this can happen in
a two-component PDE for which both components diffuse at different rates. Though
the basic idea can now be viewed as rather simple, one should understand that this
discovery came as rather a surprise: it was known that solutions to Cauchy problems
for the heat equation flatten out in the course of time, and that they do so precisely
due to the presence of diffusion in the heat equation. Turing’s discovery meant that
adding diffusion to a two-component model can destabilize homogeneous solutions,
thereby allowing for pattern growth – which is in sharp contrast to the effect that
initial conditions in one-component models such as the heat equation flatten out in
the course of time.

Later, in chapter 2 we will rigorously deduce that the GKGS-system (0.5) un-
dergoes a Turing instability (in fact, it undergoes a Turing-Hopf instability; which
basically means that the emerging patterns are travelling). Here, we seek to explain
this concept in the context of a linear reaction-diffusion model

ut

vt

=
=

D1uxx + (µ − 1)u + v
D2vxx − µu − v

(2.3)

where x ∈ R, t ∈ R+, u, v : R × R+ → R and µ ≥ 0, D1,D2 > 0. System (2.3)
is of purely theoretical interest, only meant to introduce the concept of the Turing
bifurcation and as far as we know, it does not represent a real model for any natural
process. It is assumed that the equilibrium (0, 0) is homogeneously stable – that is, the
equilibrium (0, 0) is stable with respect to perturbations that have no spatial structure.
A necessary and sufficient condition for the equilibrium (0, 0) to be homogeneously
stable is

det

(

µ − 1 1
−µ −1

)

= 1 > 0 and tr

(

µ − 1 1
−µ −1

)

= µ − 2 < 0, (2.4)

which gives the condition

µ < 2. (2.5)

If µ = 2, the equilibrium undergoes a Hopf bifurcation.

Criminal Law Amendment Act 1885 that, in fact, prohibited homosexual behaviour of any kind, be
it private or public. We refer the reader to [40] for an intriguing account on both his life and his
scientific work (also for the nonmathematician).
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By computing the Fourier transform of (2.3)8 with respect to x we derive the dis-
persion relation. The dispersion relation associated to (2.3) is determined by the
eigenvalues of the matrices

M(k) =

(

µ − 1 − D1k
2 1

−µ −1 − D2k
2

)

. (2.6)

The determinant of M(k) is easily computed,

detM(k) = D1D2k
4 + (D1 + D2)k

2 + 1 − D2µk2.

Now, the background state (0, 0) loses stability if one of the eigenvalues of M(k)
crosses the imaginary axis, which happens if detM(k) = 0. Assume we increase µ
from zero upwards. The determinant of M(k) equals zero at

µ = D1k
2 +

D1 + D2

D2
+

1

D2k2
. (2.7)

Remembering that µ increases from zero, the first value of µ for which there exists a k
such that µ can be written as in (2.7) is the minimum of µ = µ(k). By differentiation
of (2.7), we see that the minimum of µ(k) is at

k2
∗ =

1√
D1D2

and µ∗ =

(

1 +

√

D1

D2

)2

. (2.8)

Therefore, the instability sets in at µ = µ∗ and the unstable mode has wavenumber
k = k∗.

For completeness, we remark that it is immediately clear from (2.8) that D1 6= D2,
since if D1 = D2 then condition (2.5) is violated. This is always true: a reaction dif-
fusion system can undergo a Turing instability only if the diffusion rates are different.

Remark System (2.3) undergoes a Hopf instability if µ = 2. Therefore, we sub-
stitute µ∗ into condition (2.5) and obtain an inequality which is stronger than the
above requisite that D1 6= D2:

D1 < (3 − 2
√

2)D2.

If this inequality is not satisfied, then the equilibrium (0, 0) undergoes a Hopf bifurca-
tion first and the Turing instability takes place when the equilibrium is already Hopf
unstable.

1.3 Methods

1.3.1 Nonlinearities: the Ginzburg-Landau approach

If we were studying a solution to a linear model, then every instability and in
particular the Turing instability, would yield perturbations that grow indefinitely and

8 For a study of the stability of patterns, the reader is referred to [39],[76] and [96].
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exponentially in time and the solution would become unbounded (in every nontrivial
norm of the Banach space of solutions that we consider). However, in nature one
never witnesses such behaviour. This is precisely because such instabilities occur in
systems that are inherently nonlinear.

Intuitively, one can understand this as follows. Usually a perturbation is initially
very small and therefore the dynamics are mainly determined by the linear terms of
the model, which tell the solution to grow (exponentially) in time. However, after
some time the perturbed solution becomes larger and the nonlinear terms come into
play. These nonlinear terms usually prevent ongoing exponential growth of the initial
perturbation in some way. Exactly how this happens is a field that is under thorough
study and heavily depends on the premises of the problem under study. In fact, it
is safe to say that most of the modern theory of dynamical systems and the field of
PDEs deals with the study of nonlinearities.9

This section aims to describe at least one method to deal with a PDE for which
the nonlinear terms are taken into account. This method is a reduction method: the
basic idea is to reduce the analysis of the full PDE to the study of a much simpler
and well studied equation that is known as the Ginzburg-Landau equation. In order
for this method to be applicable, three assumptions have to be satisfied. The first
is that the solution u(x, y, t) is defined for a domain that is cylindrically shaped, i.e.
y ∈ Ω with Ω bounded (in our case, Ω = ∅) and x ∈ R, t ∈ [0,∞).

The second assumption is that the spectrum of the differential operator associated
to the linearization about the perturbed solution satisfies the hypotheses as formu-
lated in §2.1 in [55] or in §2.2 in [11]. As this serves as an introduction to the subject
and the exact hypotheses are quite technical, we refrain from repeating the spectral
assumption here. However, as a mental image, one may have the following facts in
mind. First, it is important to keep in mind that in the neighbourhood of the most
unstable mode, the spectrum should be parabolically shaped, as is suggested in Figure
1.3. Second, one should be aware that the spectral assumptions entail that the un-
stable mode associated to the perturbed solution is of the form E = eik∗x associated
to an eigenvalue iω∗ and that either k∗ 6= 0 or ω∗ 6= 0 or both. In fact, in this thesis,
it will always be so that k∗ 6= 0, so that the unstable mode has nontrivial spatial
structure.

The third important condition is the assumption that the critical parameter µ is
only slightly unstable: it is assumed that µ = µ∗ + ε2 with 0 < ε ≪ 1. This way, we
are able to ‘balance’ the linear terms with the nonlinear terms, as we will see shortly.
Notice that this condition severely restricts the applicability of the Ginzburg-Landau
approach: if |µ− µ∗| is of order larger than ε2, the method can no longer be applied.
Still, it enables us to describe the emerging periodic patterns right after the bifur-
cation has taken place. Later in this thesis, in chapter 3, we will develop numerical
techniques that enable us to describe patterns far from equilibrium, i.e. patterns for
which |µ − µ∗| > ε2. We will come back to this later in the introduction (see section
1.3.2).

9To Stanislaw Ulam are attributed the words “Using a term like nonlinear science is like referring
to the bulk of zoology as the study of non-elephant animals.”. Cf. [38].
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Reλ

k

Figure 1.3: Sketch of a critical branch of the essential spectrum locally near the unstable
modes. Near the unstable modes, the spectrum is parabolically shaped.

As an example, we consider the Swift-Hohenberg equation

ut + (1 + ∂xx)2u = µu − u3. (3.1)

The Swift-Hohenberg (3.1) equation serves in many ways as the most natural example
to show the Ginzburg-Landau formalism. The dispersion relation associated to the
spectrum of the background state u0 = 0 of (3.1) reads

λ + (1 − k2)2 = µ. (3.2)

From (3.2) we derive that λ(k) < 0 for all k ∈ R if and only if µ < µ∗ := 0. Hence,
at µ = µ∗ we have

λ = 0 and k∗ = ±1. (3.3)

The interested reader may verify that the spectrum of the linearisation about the
background state u = 0 indeed satisfies the spectral assumptions from [55] or [11].

The basic idea then goes as follows. ( Here, we closely follow the unpublished notes
[20].) Assume that µ = rε2. Then from the dispersion relation (3.2) it is clear that
there exist two intervals centered around k∗ = ±1 for which λ = λ(k, rε2) > 0: I− ∪
I+ = (−1+εK−(ε),−1+εK+(ε))∪(1+εK−(ε), 1+εK+(ε)), with K± = ± 1

2

√
r+O(ε).

Therefore, an unstable and exponentially growing linear mode eikx+[rε2−(1−k2)2]t with
k ∈ I− ∪ I+ can be written as

ei(1+εK)x+[rε2−(1−(1+εK)2)2]t = eiK(εx)+(r−4K2+O(ε))(ε2t)eix = Alin(εx, ε2t)eix (3.4)

Thus, the specific spectral structure associated to the Swift-Hohenberg equation more
generally described by the spectral assumptions in [11, 55] enforce that each linearly
unstable mode can be written as a slow modulation (in time and space) of the most
unstable mode eix.
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The above modulation Alin varies on a slow temporal and slow spatial scale given
by

ξ = εx, τ = ε2t. (3.5)

In order to derive a Ginzburg-Landau equation, we plug in a linear wave of the form

εηAlin(ξ, τ)eix (3.6)

into the full (nonlinear) equation (3.1). Using the shorthand E = eix, this gives

∂tu = εη+2Alin,τE + c.c. + h.o.t.

and
u3 = ε3η[A3

linE3 + 3Alin|Alin|2E] + c.c. + h.o.t..

Let us now come back to the discussion at the begin of this section. In order to balance
the exponential growth induced by the linear terms, the nonlinear terms have to be
of the same order of magnitude. This is only so if 3η = η +2, i.e. if η = 1. Therefore,
we assume a that there exists a modulation A = A(τ, ξ) such that a solution of the
form

u ∼ u0 + εA(ξ, τ)E + c.c. + h.o.t. (3.7)

can be plugged into the equation (3.1). This assumption is usually called the ’Ansatz’.
(In the case of the Swift-Hohenberg equation (3.1), we have u0 = 0.)

Plugging Ansatz (3.7) into the PDE and working out the expansion results in an
equation of the form10

Aτ = aAξξ + rA + b|A|2A
+ ε{cAξξξ + rdAξ + c|A|2Aξ + fA2Āξ}
+ ε2{. . . + g|A|4A} + O(ε3)

with r from |µ− µ∗| = rε2 and a, b, c, d, e, f, g ∈ R. At highest order, this equation is
known as the Ginzburg-Landau equation (GLe):

Aτ = aAξξ + rA + b|A|2A (3.8)

As an example, the GLe for the Swift-Hohenberg equation near criticality reads

Aτ = 4Aξξ + rA− 3|A|2A (3.9)

The GLe (3.9) has a very rich family of solutions [12, 94], though many of these solu-
tions are not stable. For example, the only stable stationary solutions of the GLe for
the Swift-Hohenberg equation (3.9) are the simple ‘linear’ spatially periodic patterns
and a simple front solution – all quasi-periodic and homoclinic solutions are unstable
[15, 34].

10We do not prove this here – the reader interested in the details of the derivation procedure should
consult [20] for an elaborate intuitive account and [55] or [11] for the general abstract approach.
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The GLe and other modulation equations had already been derived as early as the 60s
[59, 82, 90], but it lasted untill the early 90s before the first proofs of its persistency
and validity appeared [93, 7]. Though we have tried in this section to explain some of
the intuition behind the Ginzburg-Landau approach, it is not at all immediately clear
why the Ansatz (3.7) gives a good approximation of the solutions of the full PDE
(3.1) (that is, we must prove the validity of the GLe). Also, it is not clear whether
matters of stability, and more generally the dynamics of (3.1) is fully described by
the GLe (that is, we must prove the persistence of the GLe).

For the general setting, assume we analyze a PDE of the from

ut = L(µ, u) + N (µ, u) (3.10)

with u ∈ R
n, x ∈ R, t ∈ [0,∞) and L a linear operator, N a nonlinear operator. As-

sume at some µ = µ∗ a bifurcation takes place that satisfies the spectral assumptions
from [55]. Then a (complex) GLe can be derived of the form

Aτ = aAξξ + rA + b|A|2A (3.11)

a, b ∈ C and τ and ξ as in (3.5).
In the early nineties the first proofs of versions of the following theorem were

delivered11:

Theorem 3.1 (Validity) Assume A0(ξ) is an arbitrary initial condition for the GLe
(3.11) that is, via Ansatz (3.7), associated to an initial condition uA0

(ξ) for the full
PDE (3.10). We denote by u(x, t) the solution to the PDE (3.10) that has uA0

(ξ)
as initial condition. Also, we denote by A(ξ, τ) the solution to the GLe (3.11) that
takes A0(ξ) as initial condition and denote by uA(x, t) the Ansatz (3.7) associated to
A(ξ, τ). Then there exist C1, C2 such that on t < C1

ε2 we have

||u(x, t) − uA0
(x, t)||X ≤ C2ε

2.

(We do not define the Banach space X here, but see [93, 7].)

Besides this, partial results of the following theorem have been proved (see ([55]):

Theorem 3.2 (Persistence) Assume that A∗ is a spectrally stable solution to the
GLe (3.11). Then it holds that:

1. (Persistence) There is a solution u∗(A∗) of the orginal PDE (3.10) that is
approximated by A∗ via the Ansatz.

2. (Persistence stability) The solution from 1 is spectrally stable: if A∗ is a
spectrally stable solution of the GLe (3.11), then u∗(A∗) is a spectrally stable
solution of the PDE (3.10).

11We intentionally leave out some technicalities for the sake of clarity.
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Figure 1.4: (a) A supercritical Turing bifurcation. The realm of periodic patterns is bor-
dered by the solid curve, the Eckhaus band of stable periodic patterns is indicated by the
dashed curve. The Turing bifurcation is indicated by the black dot. (b) A possible configu-
ration in (µ, κ)-space when the bifurcation is subcritical. Again, the solid line indicates the
border of the existing patterns, the dashed curve indicates the border of the stable periodic
patterns. In this example, the region of stable patterns detaches from the Turing bifurcation.

3. (Nonlinear stability) If the solution u∗(A∗) of the PDE (3.10) induced by A∗
is spectrally stable, then it is also nonlinearly stable.

Having these theorems at hand, we can reduce the analysis of the original PDE (3.10)
to the study of the GLe (3.11). For example, in the case of a real GLe there exists an
Eckhaus band of stable periodic patterns, thus, a similar band of stable patterns must
exist in the full system. See Figure 1.4(a). Also, if the Ginzburg-Landau equation is
subcritical the corresponding bifurcation in the original PDE (3.10) is subcritical too.
See Figure 1.4(b).

1.3.2 Spatially periodic patterns for |µ − µ∗| ≫ ε2

If |µ−µ∗| ≫ ε2, the Ginzburg-Landau approach of section 1.3.1 breaks down. As
of now, no concise and general theory has been built to tackle the far-from-equilibrium
dynamics of general PDEs or general RDEs [61]. Even if we restrict ourselves to the
description of spatially periodic patterns, such a theory does not exist. For example,
one wants to know how the Eckhaus region of stable periodic patterns introduced in
§1.3.1 extends to the region that is far-from-equilibrium, i.e. the region where the
assumption that |µ − µ∗| = O(ε2) is violated. More specifically, one wants to know
which destabilization mechanisms destabilize stable periodic patterns in regions that
are far-from-equilibrium. A full (graphical) description of the stable spatially periodic
patterns (parametrized by their nonlinear wavenumber κ) for each value of µ and the
instabilities that destabilize these patterns is called a Busse balloon and a significant
part (in particular, chapter 3) of this thesis is devoted to the construction of Busse
balloons of the GKGS-system (0.5). See Figure 1.5.

Busse balloons are named after the physicist F. Busse who introduced the concept in
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the seventies [4]. As far as we know, only partial representations of Busse balloons
have been published before [6, 30, 56]. This thesis (see chapter 3) contains a series of
complete Busse balloons for the GKGS-system (0.5).

A Busse balloon gives a complete picture of all the instabilities that spatially peri-
odic patterns can undergo. Therefore, it gives a complete overview of the instabilities
that trigger the rise and fall of periodic vegetation patterns in semi-arid ecosystems.
However, it is not immediately clear what happens to a stable periodic pattern if it
approaches the boundary of the Busse balloon. Forcing the wavenumber to be fixed,
this will ultimately lead to a destabilization of the periodic pattern, though generally,
without forcing, we expect that it will transform into a periodic pattern with a differ-
ent (smaller) wavenumber. This way, transforming gradually into periodic patterns
with ever smaller wavenumbers, we expect it to move into the singular region, where
the patterns are strongly localized and desertification ultimately happens. See Figure
1.5. In order to gain insight into this process, one needs to supply the Busse balloons
with PDE simulations that describe the PDE dynamics of periodic patterns near the
boundary. The Busse balloons that we have constructed and that are presented in
chapter 3 give full insight into the instabilities that occur to the stable periodic pat-
terns; therefore, they form a fundamental first step in the analysis of the dynamics
along the curve of (sideband) instabilities that forms the boundary of the Busse bal-
loon.

The methods we have used are based on relatively small extension(s) of the methods
introduced in [70]. They will be elaborately described in chapter 3 and can also be
found in [70], so due to the technical nature of the methods, we refrain from doing
this here.

1.3.3 Hopf dances

In chapter 4, we describe in detail a generic destabilization mechanism that we have
found numerically for the Gray-Scott system (i.e. the GKGS-system for γ = 1 and
C = 0). Also, we analytically describe the destabilization mechanism for the gen-
eralized Gierer-Meinhardt system [37, 22]. The Hopf dance appears for a class of
two-component, singularly perturbed reaction-diffusion equations that we describe
in chapter 4. Here, it suffices to think about the Gray-Scott system – both the
Gray-Scott system and the Gierer-Meinhardt system belong to this class of reaction-
diffusion systems, though we stress that the GKGS-model for C 6= 0 does not: an
essential ingredient is that the system possesses the reversibility symmetry x → −x.
In this section, we briefly explain the basic idea that underlies the Hopf dance.

Assume the Gray-Scott system (or any other system of the class described in chapter
4, for that matter) is solved by some spatially periodic solution (Uper(x), Vper(x))
with wavelength 2L,



16 CHAPTER 1. INTRODUCTION

A

κ

Busse balloon

Hopf

sideband

TH

Figure 1.5: A Busse balloon for the GKGS-model (0.5) with B = C = 0.2 and γ = 1.
The boundary exists of a branch of sideband instabilities that is crossed by a curve of Hopf
bifurcations on the left and a curve of Hopf bifurcations on the right.

0 = Uper,xx + (1 − A)Uper − UperV
2
per,xx

0 = δ2Vper,xx − BVper,xx + UperV
2
per,xx

We are interested in the (spectral) stability of this solution, so we perturb it by

(U(x, t), V (x, t)) = (Uper(x) + u(x)eλt, Vper(x) + v(x)eλt)

To first order, this leads to the equation

λu = uxx − Au − V 2
per,xx · u − 2UperVper · v

λv = δ2vxx − Bv + V 2
per,xx · u + 2UperVper · v

This linearization about the periodic solution (Uper(x), Vper(x)) defines a linear first
order (ODE) problem by

φ(x) = (u(x), p(x) = ux(x), v(x), q(x) = vx(x)) : R → C
4,

and a 2L-periodic 4 × 4 matrix A(x),

φx = A(x;λ, 2L)φ. (3.12)
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Figure 1.6: The loops – continuous images of S
1 – collapse to line segments due to the

reversible symmetry. The endpoints are γ-eigenvalues associated to γ = ±1.

The reversibility symmetry entails that the if φ(x) is a solution, then Rφ(x) := φ(−x)
is also a solution. It follows from Floquet Theory (see [95]) that solutions to (3.12)
are of the form

φ(x) = ψ(x)ecx, c ∈ C with ψ(x) 2L-periodic in x.

Now, since we only allow for bounded perturbations φ(x), it follows that c ∈ iR.
Hence, for γ = e2Lc,

φ(x + 2L) = γφ(x), γ ∈ S
1

We can now define the notion of γ-eigenvalue.12

Definition 1.3.1 [35] λ ∈ C is a γ-eigenvalue if the linear system (3.12) has a
solution φ(x;λ) such that

φ(x + 2L;λ) = γφ(x;λ) for a γ ∈ S
1.

It turns out that the spectrum associated to the stability problem (3.12) consists en-
tirely of γ-eigenvalues [34].

It follows from the above that the spectrum σ(Uper, Vper) consists of (up to countably
many) ’loops’ λ(S1), i.e. continuous images of S

1 (some of these ’loops’ could go to
infinity and need not be closed). However, the reversibility of the system causes these
loops to collapse to curves with endpoints.

Lemma 1.3.2 If λ is a γ-eigenvalue, then λ is also a γ̄-eigenvalue.

12Notice that there is the risk of confusion with the parameter γ that describes the nonlinear
diffusion of (0.5). However, the notion of γ-eigenvalue has become quite standard and so we will
abide to this terminology.
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Figure 1.7: Left: The ’snaking’ Hopf curves in the Busse balloon. There are no instabilities
corresponding to γ-eigenvalues for γ 6= ±1 and all codimension 2 points exist as instabilities.
Right: A stable spectral branch just before it crosses the imaginary axis, depicted twice after
a half turn. The spectral branch crosses the imaginary axis only for γ-eigenvalues λ with
γ = ±1.

Proof. If φ(x) is a solution of the linear problem, then by the reversibility, φ̂(x) :=
Rφ(−x) is also a solution:

φ̂(x) = Rφ(−x) = (u(−x),−p(−x), v(−x),−q(−x)).

Let λ be a γ-eigenvalue, i.e. there is a φ(x;λ) s.t.

φ(x + 2L;λ) = γφ(x;λ).

Then

φ̂(x + 2L;λ) = Rφ(−x − 2L;λ) =
1

γ
Rφ(−x;λ) = γ̄φ(x;λ).

¤

Hence ‘generic loops’ become curves with endpoints. See Figure 1.6.

Using the Evans function, we are also able to derive that near the homoclinic ‘end
point’ of the Busse balloon the curve is actually, to first order, a line segment that
shrinks and rotates as the wavenumber of the periodic pattern decreases towards 0.
Moreover, if it is (almost) vertical, it is slightly bent towards the imaginary axis (see
the right side of Figure 1.7). (We do not delve into the details here; an exposition
on this can be found in chapter 4.) Therefore, either the +1 or the −1 ‘endpoint’ of
the critical spectral branch will be the first to cross the imaginary axis and since the
rotation speed increases with a factor 1/k (here k is the linear wavenumber), there
is an accumulating succession of countably many codimension 2 points at which the
+1 and −1 endpoints simultanuously move through the imaginary axis. In Figure 1.8
the typical ‘in-phase’ respectively ‘out-of-phase’ character of the −1, resp. +1 Hopf
bifurcations are sketched.
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1.4 Outline

This thesis is the start of the study of the generalized Klausmeier-Gray-Scott system
for vegetation patterns. Our primary focus is on the rise and fall of spatially periodic
patterns.

In chapter 2, we consider the rise of patterns. As explained in section 1.3.1 of
this introduction, the emerging patterns can be consistently described by studying
Ginzburg-Landau equations. This chapter appeared as the first part of the arti-
cle Rise and fall of periodic patterns for a Generalized Klausmeier-Gray-Scott model
that has been submitted to Journal of Nonlinear Science for publication. The main
mathematical approach we use here is the Ginzburg-Landau equation in its role as
modulation equation.

In chapter 3, we present a series of Busse balloons for different ecologically rele-
vant parameter values. This chapter forms the second part of the paper Rise and
fall of periodic patterns for a Generalized Klausmeier-Gray-Scott model. The Busse
balloons have been constructed by extensive use of the methods developed in [70].

In chapter 4, we study the generic Hopf dance mechanism that we have found for the
Gray-Scott system which is, in fact, generic for a class of reversible two-component,
singularly perturbed reactions-diffusion equations and has also been recovered for the
GKGS-model with nonlinear diffusion. This chapter will appear as Hopf dances near
the tips of Busse balloons in the journal Discrete and Continuous Dynamical Systems
S. The main mathematical approach used in this chapter is the Evans function.

We must point out that this thesis mainly focuses on a description of the existence and
stability of periodic patterns generated by (0.5). From a practical point of view, the-
oretical ecologists are naturally interested in the sudden collapse of semi-arid ecosys-
tems to the desert state. Therefore, future studies of the GKGS-system should at
least in part focus on the dynamics of periodic patterns near the boundary of the
Busse balloon and especially the singular region where A and κ are small (the region
for small A and small κ), as this is basically where desertification takes place.

Also, many other interesting solutions such as N -pulses and N -fronts, as well as
more complicated patterns generated by (0.5), are not dealt with in this thesis.

An interesting question is raised when we ask what happens if A decreases and
a periodic pattern with fixed wavenumber κ approaches the boundary of the Busse
balloon. PDE simulations of the dynamics near the boundary will be needed here.
More on this and other possible future work will be addressed in chapter 5.
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Figure 1.8: Above: A sketch of the in-phase dynamics of a periodic pattern that has become
unstable due to a perturbation associated to γ = 1. Below: The out-of-phase dynamics
caused by a perturbation associated to γ = −1.




