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Chapter 3

Busse balloons for the
GKGS-system

The Ginzburg-Landau analysis of the last chapter is weakly nonlinear in the sense
that it is valid only given the necessary assumption that the parameter a is close
to its critical value a∗ at which the Turing(-Hopf) bifurcation takes place, that is,
|a − a∗| = O(ε2) for a small parameter 0 < ε ≪ 1. Naturally, we are interested in
the existence of stable patterns if a is not asymptotically close to a∗. In this chapter,
by using novel techniques implemented in the continuation software package Auto

[10], we will present a complete picture of all the instabilities that spatially periodic
patterns can undergo for different values of a and fixed values for b, c and γ. This
complete picture will be called the Busse balloon, after the physicist F. Busse who
introduced the concept in [4]. Later, mostly partial presentations of Busse balloons
for reaction-diffusion systems have been presented, see [6, 30, 56] and the references
therein. To our knowledge, the first complete Busse balloon has been described in
[21]. In this chapter, we will give a description of a series of Busse balloons for the
GKGS-model. See also Figure 2.3, in which we have depicted the Eckhaus region as
part of the larger Busse balloon.

To be more precise, let us consider the GKGS-system (0.5) for some fixed B, C
and γ and let, as before, κ be the nonlinear wavenumber.1 A Busse balloon for the
GKGS-system (0.5) for B, C and γ is a (not necessarily connected) set B in (A, κ)-
space with the following property: a point (A, κ) lies in B if equations (0.5) with
parameter A allow for at least one stable periodic solution (Up, Vp) with wavenum-
ber κ. Periodic patterns on the boundary of a Busse balloon ∂B are marginally stable.

The Busse balloon is part of the larger realm of existing (i.e., not necessarily sta-
ble) patterns. Let us give a proper definition for the convenience of terminology.

1Remark that we silently switched back to the original parameters A, B and C in (0.5). We will
comment on the relation between A, B and C on the one hand and a, b and c on the other hand in
§4.3.2.
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42 CHAPTER 3. BUSSE BALLOONS FOR THE GKGS-SYSTEM

The existence region or existence balloon is a (not necessarily connected) set E in
(A, κ)-space with the following property: a point (A, κ) lies in E if equations (0.5)
with parameter A allow for at least one periodic solution (Up, Vp) with wavenumber
κ. Typically, this means that the set has nonempty interior [71].

In this chapter, we present a series of Busse balloons for a number of choices for
the values of B, C and γ (we will explain our choices for the values of these param-
eters later). First, we briefly present some facts from the stability theory of wave
trains. Then, we consider the instabilities that will appear in the construction of the
Busse balloons. Thirdly, we explain the numerical continuation method.

Stability of wave trains. The GKGS-system (0.5) can be recast in a moving
frame of reference, with respect to the variables (ξ, t) = (x − st, t) (and with a slight
abuse of notation),

{

Ut = (Uγ)ξξ + (s + C)Uξ + A(1 − U) − UV 2

Vt = DVξξ + sUξ − BV + UV 2 (0.1)

The basic advantage here is that generic wave trains uper(ξ) = (Uper(ξ), Vper(ξ)) with
ξ = κx + Ωt and uper(ξ) = uper(ξ + 2π) then become stationary L-periodic solutions
for s = Ω/κ (and with L = 2π/κ),

{

0 = (Uγ
per)ξξ + (s + C)Uper,ξ + A(1 − Uper) − UperV

2
per

0 = DVper,ξξ + sUper,ξ − BVper + UperV
2
per

(0.2)

To establish spectral stability, we linearize (0.1) about uper = (Uper, Vper) by perturb-
ing the wave train with u(ξ)eλt. We obtain the linear problem (write u = (U, V )),



λU = γUγ−1
per Uξξ + D1Uξ − D2U − 2UperVperV

λV = DVξξ + sVξ + V 2
perU − (B − 2UperVper)V

(0.3)

with D1 = D1[Uper, γ, s, C] := γ(γ−1)UperU
γ−2
per,ξξ +γ(γ−1)(γ−2)U2

perU
γ−3
per,ξξ +s+C

and D2 = D2[Uper, Uper, γ, A, ] := 2γ(γ − 1)UperU
γ−2
per,ξξ + A + V 2

per. Written as a first-
order ODE, (0.3) defines a four-component system

φξ = Aλ(uper(ξ))φ (0.4)

with

Aλ(uper(ξ)) =











0 1 0 0
λ+D2

γUγ−1
per

− D1

γUγ−1
per

2UperVper

γUγ−1
per

0

0 0 0 1

−V 2
per

D 0
λ+B−2UperVper

D − s
D











, (0.5)

The matrix Aλ(uper(ξ)) is L-periodic. Hence, by Floquet theory, there exists an L-
periodic matrix Bλ(ξ) and a constant matrix Rλ such that the fundamental solution
to the above first-order system is given by
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Φλ(ξ) = Bλ(ξ)eRλξ.

Since we only allow for bounded perturbations, it follows that the Floquet exponents
ν of Φλ are purely imaginary, ν = ik. That is, the dispersion relation

d(λ, ik) := det(Φλ(L) − eikLI) = 0 for some k (0.6)

holds. This is equivalent to the boundary value problem (see [70])

λu = Liku

u(0) = u(L) (0.7)

uξ(0) = uξ(L)

with Lik : H1
per(0, L) ⊕ H1

per(0, L) → L2
per(0, L) ⊕ L2

per(0, L) defined by

Lik :=

(

γUγ−1
per ∂2 + D1 · ∂ − D2 −2UperVper

V 2
per D∂2 + s∂ − [B − 2UperVper]

)

, (0.8)

where ∂ := ∂ξ + ik. We will occasionally refer to (0.7) as the dispersion relation for
the linearization about uper.

The operator Lik has compact resolvent for each k, so its spectrum consists of
countably many isolated eigenvalues [?]. Since each of these eigenvalues is a root
of the complex analytic dispersion relation d(λ, ik), one can continue the eigenvalues
λj(k), j ∈ N globally in k. By periodicity, each homotopy along λj(k) → λj(k + 2π)
will map the set of eigenvalues λj(k), j ∈ N onto itself (notice however that it will
generally not be the case that each eigenvalue λj is mapped onto itself by the homo-
topy!). Therefore, the essential spectrum of the wave train uper will generally consist
of (at most) countably many connected components. One of these components is
connected to the translational eigenvalue at the origin.

A spatially periodic pattern is marginally stable if its associated operator Lik and the
dispersion relation d(λ, ν) (0.7) satisfy the conditions in Definition 2.1.1.

Each of the destabilization mechanisms through which a periodic pattern (Uper, Vper)
may destabilize, is characterized by a specific configuration of the essential spectrum.
The GKGS-model with C 6= 0 breaks the spatial symmetry that allows for Turing pat-
terns. This is a crucial observation, since the robust codimension-one destabilization
mechanisms for generic wave trains are in principle different from the destabilization
mechanisms for Turing patterns [71]. We only discuss the robust codimension-one
instability mechanisms that we have encountered for wave trains in our construction
of Busse balloons for the GKGS-model; these are: Turing-Hopf instability2, fold and
sideband instability. Note that Hopf instabilities and sideband instabilities are robust
destabilization mechanisms for all wave trains, while a fold is not a robust instability

2With slight abuse of terminology, in the context of perturbations of periodic patterns we abbre-
viate the Turing-Hopf instability to ‘Hopf instability’ in the rest of this paper.
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Re ReO O

ImIm

Figure 3.1: Sketches of spectra at Hopf instabilities with λ ∈ C. Left: Spectral branches for
C = 0. Due to the reversibility, the spectral branches have collapsed to curved line segments
(see [21]). Right: Spectral branches for C 6= 0.

mechanism for generic spatially periodic patterns (with Ω 6= 0 and κ 6= 0) though it
is robust for Turing patterns (Ω = 0) (see [71]).

A spatially periodic pattern uper undergoes a Hopf instability at A = A∗ if the
operator Lik in (0.8) is at marginal stability with k∗ 6= 0 at critical eigenvalue λ = iω∗
with ω∗ 6= 0. See Figure 3.1. A fold and a sideband instability are both character-
ized as instabilities for which k∗ = 0 at critical eigenvalue λ = iω∗ = 0. A sideband
instability satisfies the additional condition that

Re
∂2λ

∂k2

∣

∣

∣

∣

k=k∗

= 0. (0.9)

We have depicted the difference between the fold (in the reversible case) and the
sideband instability schematically in Figure 3.2. Note that the dispersion relation in
the reversible case possesses the symmetry d(λ, ν) = d(λ,−ν) and is thus of the form

d(λ, ik) = a1λ + a2λ
2 + a3k

2 + a4λk2 + a5k
4 + O(λ3 + k6), (0.10)

where aj ∈ R. See also [71]. A fold occurs at a1 = 0 and the sketches in the top row
of Figure 3.2 correspond to a1 < 0, a1 = 0, a1 > 0 (and aj > 0 for j > 1).

Methods and implementation notes. For the construction of the Busse bal-
loons, we have made use of the continuation and bifurcation software package Auto

(see [10]). The methods we have used to construct the Busse balloons are based upon
[70]. In this section, we describe these methods.

Using (0.2), a wave train solution (U, V ) of the GKGS-model can be written as a
first order system,
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Figure 3.2: Sketches of spectral configurations we encounter for wave trains close to marginal
stability, when a system parameter is crossing a critical value. Top row: reversible fold for
C = 0. Bottom row: sideband instability for general C.

Uξ = P

Pξ = − 1

γUγ−1

[

γ(γ − 1)Uγ−2P 2 + A(1 − U) − UV 2 + (s + C)P
]

Vξ = Q (0.11)

Qξ = −D−1
[

sQ − BV + UV 2
]

We denote the vectorfield at the right hand of (0.11) by F = F (U,P, V,Q) : R
4 → R

4

and write ψ = (U,P, V,Q)T . If we normalize the period L to unity, then (0.11)
together with the boundary condition from (0.7) can be written as

ψξ = LF (ψ)

ψ(0) = ψ(1) (0.12)

In Auto, the nonlinear equation for the wave train (0.12) is solved together with the
dispersion relation (0.7). By a translation of the independent variable via ∂ζ = ∂ξ+ik,
the dispersion relation (0.7) can also be conveniently cast as a first order system.
Translating back and normalizing the period L to unity again, one obtains

φξ = L[Aλ(uper(ξ)) − ik]φ

φ(0) = φ(1) (0.13)
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with Aλ(uper(ξ)) as in (0.4). Hence, we consider the boundary value problem

ψξ = LF (ψ)

φξ = L[Aλ(uper(ξ)) − ν]φ

φ(0) = φ(1)

ψ(0) = ψ(1) (0.14)

In Auto, we consider the boundary value problem (0.14) for general ν, as this allows
us to switch between connected components of the essential spectrum [70]. The
essential spectrum is characterized by solutions to (0.14) such that ν = ik. We also
impose the normalization conditions

∫ 1

0

〈ψξ, ψold − ψ〉 dξ = 0;

∫ 1

0

〈φold − φ〉 dξ = 1, (0.15)

where the solutions ψold and φold are solutions from a previous continuation step or
an initial solution [70].

Remark that ψ ∈ R
4 and φ ∈ C

4 ≃ R
8. Hence, we have 8+4 = 12 real unknowns.

On the other hand, we have 12 boundary conditions plus 3 real integral conditions, so
we need 3 + 1 = 4 parameters for continuation. We have at our disposal the system
parameters A, B, C and D, as well as Reλ, Imλ, the linear wavenumber k = Re ν,
the imaginary part Im ν, the comoving frame speed s and the spatial period L (that
is related to the (nonlinear) wavenumber via κ = 2π

L ).

The sideband can be continued by defining the curvature

λ|| :=
∂2Reλ0

∂k2

∣

∣

∣

∣

k=k∗

where λ0(k) is the curve through the origin, and k∗ the wavenumber associated to
λ0(k∗) = 0 at the origin (cf. (0.9)). We refer to [70] for an exact account on the
implementation.

Hopf instabilities are continued in a similar way. Hopf instabilities generically oc-
cur when a connected component of the essential spectrum crosses the imaginary
axis, see Figure 3.1(b). A sufficient condition in order to fix the spectral component
at marginal stability when a system parameter is changed, is:

Reλ|k=k∗
= 0 and

∂Reλ

∂k

∣

∣

∣

∣

k=k∗

= 0. (0.16)

This condition makes sure that the connected component of the essential spectrum
extends into the left half-plane when continued from λ(k∗) = iω∗. In Auto, one
therefore defines the tangency

λ| :=
∂Reλ

∂k
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and keeps it zero during a continuation of Hopf instabilities, along with Reλ. The
implementation can be derived in the same way as for the sideband instability by dif-
ferentiating the dispersion relation. (Note that some terms do not vanish for λ 6= 0.)

The above considerations are purely local in the spectrum. The determination of
(marginal) stability requires more effort. We refer to [70] for the algorithms.. In ad-
dition, we checked the stability of the spectrum within the Busse balloon by explicit
numerical evaluations on a grid.

3.0.7 The existence balloon

From §2.1.3 we know that the stationary state u+ undergoes a Turing-Hopf in-
stability at some A = A∗ with critical eigenmode eik∗ and critical frequency λ = iω∗.
Hence, at A = A∗ the dispersion relation of the stationary state u+ (1.6) satisfies

d(iω∗, ik∗) = 0.

In §2.1.4 we deduced by our Ginzburg-Landau approach (see also Figure 2.3), that
for A < ATH sufficiently close to the Turing-Hopf instability of the background
state u+ = (U+, V+), there exists a parabolically shaped region of periodic pat-
terns. More precisely, for A < ATH sufficiently close to ATH, there exists an interval
IA = (κ−(A), κ+(A)) such that for each κ ∈ IA there is a spatially periodic pattern
with wavenumber κ and these form a continuous family. For each A, the endpoints
κ± = κ±(A) of the interval IA are characterized by the dispersion relation of u+ at
A,

d(iΩ±, iκ±) = 0. (0.17)

We remark that this characterization for the endpoints κ± of IA holds for a full range
of A < ATH not necessarily close to ATH. An equivalent formulation to (0.17) can be
given by means of the first order ODE formulation of the linearisation about u+ (see
(0.4)),

φξ = Aλ(u+)φ. (0.18)

(notice that Aλ(u+) is a constant matrix here). The dispersion relation (1.6) satisfies
(0.17) for some Ω∗ and κ∗ if and only if there exists an Ω∗ such that there is a solution
to (0.18) for λ = iΩ∗ that has purely imaginary eigenvalues ν = iκ∗.

More generally, λ ∈ C is in the essential spectrum of u+ if and only if there is
a solution to (0.17) for some ν = iκ. Since the wavenumbers ν from the dispersion
relation of the stationary state u+ (1.6) appear as eigenvalues to the spatial ODE
(0.18), they are also referred to as spatial eigenvalues. With Auto, we have traced
out a curve of boundary points κ± = κ±(A) that mark the boundary of the existence
balloon in (A, κ)-space. By construction, this provides an extension of the existence
of the band of periodic patterns near the Turing-Hopf instability that is predicted by
the GLE.

We digress a little on the characterization of the boundary of the existence balloon.
Let C 6= 0, and consider fixed A and κ+ = κ+(A), so that there exists a λ = iΩ
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A

T

iκ+

iκ−

κ+

κ−

κ

s6

s5

s4

s3

s2

s1

TH

A

iκ−

iκ+

κ+

κ+

κ

(a) (b)

Figure 3.3: The boundary of the existence region near the Turing and Turing-Hopf bifur-
cations. Closed curves are sketches of some periodic patterns for fixed A, illustrating the
amplitude variations. Compare with Figure 2.3. Insets show the configurations of spatial
eigenvalues of u+ at the boundary of the existence balloon at this value of A. (a) the
reversibly symmetric case C = 0 with s ≡ 0; spatial eigenvalues are two pairs of purely
imaginary values. (b) Asymmetric case C, s 6= 0, where spatial eigenvalues change with s;
note that at each end of the dotted curve, a different (single) pair of eigen valueslies on the
imaginary axis.

such that (0.18) has purely imaginary spatial eigenvalue κ+ and therefore a pair of
complex conjugated spatial eigenvalues ±κ+. Hence, for fixed A, and by changing
the speed s of the comoving frame, typically two spatial eigenvalues ±iκ+ cross the
imaginary axis so that a Hopf bifurcation occurs. Therefore, locally there exists a
one-parameter family of periodic orbits parametrized by the speed s.

Likewise, there exists a one-parameter family of periodic orbits when the other pair
of eigenvalues ±κ− crosses the imaginary axis. By a continuation of the two families
of periodic patterns with Auto, we have found that they are connected. See Figure
3.3(b). This extends the band of periodic patterns that is described by the GLE close
to the Turing-Hopf bifurcation for A = ATH.

If C = 0, the reversible symmetry forces the spatial spectrum to be symmetric with
respect to the real axis and the imaginary axis. At the Turing bifurcation of the sta-
tionary state u+, the spatial spectrum shows a 1:1 reversible Hopf bifurcation: there
are two identical pairs of complex conjugate purely imaginary spatial eigenvalues ±k∗.
By the reversible symmetry, for A < ATH , two pairs of spatial eigenvalues will move
along the imaginary axis. Then one can apply the reversible Lyapunov center theorem
[9]: for (non-resonant) κ− as well as for (non-resonant) κ+, there is a one-parameter
family of periodic orbits with limiting wavenumber κ± as the orbits approach the
background state u+. (At resonances additional bifurcations occur, which are not
relevant here.) Again, by continuation, we find that the family that emerges from κ−
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Figure 3.4: The V±-component of the stationary states u± against A, with B = 1. (a)
reflection symmetric case C = 0. (b) the nonsymmetric case C 6= 0. The insets show the
typical configuration of the spatial spectrum of the stationary state u+. In the nonsymmetric
case, the spatial spectrum depends on s – the speed of the pattern – and thus various distinct
configurations have been plotted. Compare to Figure 3.3.

is connected to the family that emerges from κ+, which in turn extends the connected
band of periodic solutions close to the Turing-Hopf bifurcation that we know from
the Ginzburg-Landau analysis. See Figure 3.3(a).

The spectral stability of a stationary state is partly characterized by its spatial spec-
trum. In Figure 3.4 we have plotted the spatial spectrum of the stationary states u+

and u− for different values of either A and the comoving frame speed s. We briefly
comment on Figure 3.4(b) here. First, we check that the speed of the critical pattern
that appears at the Turing-Hopf instability equals s∗ = −ω∗

k∗

. If we write the (sta-
tionary) dispersion relation ds(λ, ν) in (1.6) with respect to a comoving coordinate
ξ = x − st, it holds that ds(λ, ν) = d0(λ − sν, ν). In particular, if k∗ 6= 0 we see

dω∗/k∗
(0, ik∗) = d0 (iω∗, ik∗) = 0.

Secondly, the spatial spectrum of the fold of the stationary states u− and u+ is
characterized by a complex conjugated pair of purely imaginary eigenvalues that come
together in the origin and move on to the real axis. Thirdly, we remark that for fixed
ASN < A < ATH for any relevant value of s and κ−(A) < κ < κ+(A), the spatial
spectrum of the stationary state u+ has no intersection with the imaginary axis. In
Figure 3.4(b), s+ is the critical frame speed when κ+ crosses the imaginary axis and
s− is the critical frame speed when κ− crosses the imaginary axis. In the pictures
of spatial spectra for the different si, i = 1, 2, 3 it is understood that the comoving
frame speed s varies but differs from either s−, s+ or s∗.

3.0.8 Busse balloons for the GKGS-model

In this section we present a series of Busse balloons for a number of parameter
sets, that we have constructed using Auto (by methods discussed above).
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Figure 3.5: Busse balloon and existence balloon for B = 0.2, C = 0.4, γ = 1. Here, periodic
patterns become unstable by either sideband or Hopf instability. Compare Figure 1.5.

In [46] the parameters of the Klausmeier model have been estimated. In our scaling of
the GKGS-model, it is estimated that Atree ∈ [18.9, 169], Btree ∈ [5.7 ·10−3, 5.1 ·10−2]
and Dtree ∈ [4.2·10−4, 1.2·10−2] and that Agrass ∈ [0.127, 1.13], Bgrass ∈ [5.7·10−2, 5.1·
10−1] and Dgrass ∈ [5.2 ·10−3, 1.5 ·10−2]. The advection term that measures the slope
of the surface has been put to C = 182.5. We therefore set B = Bgrass = 0.2 and
D = 1.0 ·10−3. In the results we are about to present, we found interesting behaviour
for C satisfying 0 < C < 1, which is relatively small compared to the estimate of C
in [46]. There seem to be no significant changes in the characteristics of the Busse
balloon for C > 1. Therefore, we focus on Busse balloons with these parameter values
for C rather than on Busse balloons with C ≈ 182.5. This means that we focus on a
presentation of Busse balloons that describe periodic patterns for ecosystems with a
weaker slope than in [46]. The power γ in the nonlinear diffusion term is either set
to γ = 1 or γ = 2.

We have checked that the Turing-Hopf bifurcation indeed takes place at the parame-
ter values predicted by the analysis in §2.1.2 and 2.1.3. Consider for instance Figure
3.5. There, B = 0.2, C = 0.4, D = 0.001, γ = 1 and further ATH ≈ 1.24 and
k∗ ≈ 9.1. The estimates for a∗ and k∗ from Proposition 2 are satisfied given that
(2γ + 1)β − (γ + 1)α = 2σ. Further, it must hold that ν satisfies its critical scaling
(1.18): ν = 1

2 (3 − γ)α + (γ − 2)β. For α = 1
2 , β = 1, γ = 1, ν = − 1

2 and σ = 1

(so that D = 0.001 gives δ =
√

0.001) these conditions are satisfied. The rescaling

for k introduced in §2.1.3 is then: k∗ = δ
1
2
(γ+1)α−γβ k̃∗ = 1.62 since k̃ ≈ 9.0. Fur-
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ther, we compute a∗ = Aδ−α = 1.24 · δ−1/2 = 7.0, b = Bδ−β = 0.2 · δ−1 = 6.3 and
c = Cδ−ν = 0.4 ·δ1/2 = 0.07. Hence, the estimates of Proposition 2 are easily verified:
k2
∗ = 1.622 < 6.3 = b and a2

∗ = 7.02 > 42.9 ≈ (3 − 2
√

2) · 6.33.

Both branches of sideband instabilities extend far into the region that is not asymp-
totically close to ATH. More precisely, there exists an interval Isb = (Asb, ATH) such
that for each A ∈ Isb there is an interval (κsb−(A), κsb+(A)) of stable patterns that
destabilize by sideband instabilities at κsb−(A) and κsb+(A). Notice that this is anal-
ogous to the existence of the Eckhaus region of stable patterns near ATH (see Figure
2.3).

3.0.8.1 Hopf instabilities In Figure 3.5 both branches of sideband instabilities
are crossed by a branch of Hopf instabilities. The nature of these Hopf instabilities
can be better understood if we first deal with the situation for C = 0, so we first
discuss the Hopf instabilities for C = 0 and refer to the more elaborate account on
this topic in [21] when necessary.

H1

A A

Hm1

inner hull of Hopf
instabilities

Hm2

H1

κ κ

H−1
H−1

Figure 3.6: Left: sketch of a Hopf dance for the GKGS-model with C = 0. Right: four Hopf
curves, each associated to a different Floquet multiplier m. For each m ∈ S

1 there exists a
Hopf curve Hm. At the right, the inner hull of Hopf instabilities forms the boundary of the
Busse balloon. It is assumed that m1 6= m2 and m1, m2 6= ±1. The horizontal lines indicate
the stable region.

For C = 0, the branch of Hopf instabilities decouples in two intertwining curves of
Hopf bifurcations (see [21]). As is shown in [21], the reversibility induces a symmetry
of the essential spectrum Σess. See, for example, Figure 3.1. Each connected compo-
nent that has the structure of a closed loop for C > 0, collapses to a (slightly) bended
line-segment in the limit C = 0. Due to an additional effect (called the ‘Belly-dance’,
see [21]), a Hopf instability occurs only if one of the end points of the destabilizing
line segment crosses the imaginary axis (see Figure 3.1(b)). It is shown that the end
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points are associated with Floquet multipliers m = eik· 2π
L that satisfy m = −1 or

m = 1. Hence, the Hopf bifurcation for C = 0 occurs either with respect to a Fourier
mode that is in phase (m = 1) with the destabilizing periodic pattern or with re-
spect to a Fourier mode that is exactly out of phase (m = −1) with the destabilizing
pattern. Each of these instabilities traces out a different curve in (A, κ)-space. As
a consequence, in the reversible case the boundary of the Busse balloon associated
to a Hopf bifurcation, typically has a (nonsmooth) fine structure of two intersecting
curves, one associated to m = 1 and the other to m = −1, separated by co-dimension
two points; the intersections of these m = ±1 curves.

For C > 0, the reversible symmetry is broken. Therefore, the essential spectrum
consists of at most countably many open or closed loops. Each loop is parametrized
by Floquet exponents k, k ∈ [0, L], or equivalently, by Floquet multipliers m ∈ S

1. A
Hopf instability occurs when a loop crosses the imaginary axis. In Figure 3.1(a) one
can see a closed loop of essential spectrum crossing the imaginary axis. The destabi-
lizing Fourier mode is characterized by its Floquet multiplier m ∈ S

1. The difference
between the reversible case and the irreversible case is that in the irreversible case the
destabilizing modes exhaust all Floquet multipliers m ∈ S

1, while in the reversible
case the destabilizing Floquet multiplier is either m = −1 or m = 1. For each Floquet
multiplier m ∈ S

1 there exists a curve of Hopf instabilities that is associated to m.
The multitude of these curves defines an inner hull of Hopf instabilities that is the
boundary of the Busse balloon. See Figure 3.6 for a schematic picture.

3.0.8.2 The homoclinic fall of patterns An intriguing characteristic of all
Busse balloons we have constructed for the GKGS-equation is that the homoclinic
pattern, i.e., a localized vegetated ‘oasis’ state with wavenumber κ = 0, is the last
pattern to become unstable if we change A and keep all other parameters fixed. On
the one hand, this is not atypical for reaction-diffusion models; in the context of
Gierer-Meinhardt type equations it is called Ni’s conjecture (see [60] and [21] for a
deeper discussion). On the other hand, it is certainly not well understood why this
‘homoclinic fall of patterns’ turns up naturally in reaction-diffusion equations.

The homoclinic fall of (stable) patterns is strongly associated to the appearance of
the ‘Hopf-dance’ at the boundary of the Busse balloon near the homoclinic tip that
we described in §3.0.8.1. In fact, the Hopf-dance phenomenon has been discovered
in the context of our research of the GKGS model and led to [21] as ‘spin-off’. In
this paper it is shown for a class of reversible model problems that the intertwining
m = ±1 Hopf curves described above (§3.0.8.1) accumulate on the homoclinic tip
of the Busse balloon as A approaches its minimal value (for which stable periodic
patterns exist). Thus, the curves have countably many intersections that accumulate
on the homoclinic tip of the Busse balloon – see Figure 3.6(a) for a schematic sketch.
The GKGS-model is not of this class (certainly not for γ = 2) but we found that all
Busse balloons for the GKGS model with C = 0 do exhibit this ‘Hopf-dance’ near
the homoclinic tip. Of course, this fine structure and its associated co-dimension two
points immediately disappear as C becomes unequal to zero and gives rise to a simple
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smooth oscillating curve of Hopf instabilities. See Figure 3.6.

3.0.8.3 Upper branch of sideband instabilities An intriguing phenomenon
is the fact that this branch of Hopf instabilities crosses the upper branch of sideband
instabilities, moves out of the Busse balloon for increasing C. See Figure 3.7 for a se-
ries of (zoomed in) Busse balloons and a schematic sketch from which the ‘dynamics’
of the Hopf bifurcation curve are more clear. More precisely, there exists a CT1

> 0
such that the branch of Hopf instabilities is tangent to the branch of sideband insta-
bilities. For C slightly larger than CT1

, two connected components of the boundary
of the Busse balloon consist of Hopf instabilities. At C = CH > CT1

the branch of
Hopf instabilities gets connected to the origin. For C slightly larger than CH , locally
there is only one connected component of the boundary of the Busse balloon that
consists of Hopf instabilities. If one increases C even further, it passes a second value
CT2

at which there is a tangency between the branch of Hopf instabilities and the
branch of sideband instabilities. For C > CT2

the sideband is the only destabilization
mechanism for long wavelength patterns.

If C = 0, the sideband reaches the A-axis at A 6= 0. However, the intersection of
the upper branch of sideband instabilities with the A-axis rapidly moves to A = 0 as
C is increased. This is certainly not fully understood.

3.0.8.4 Lower branch of sideband instabilities We recall that the lower
branch of sideband instabilities is intersected by a branch of Hopf instabilities as
well. See Figure 3.8, where we have magnified the intersection between the lower
branch of sideband instabilities and the right branch of Hopf instabilities. It is visible
as a strikingly sharp cusp. In Figure 3.8 we have also depicted the spectrum asso-
ciated to the stability of a solution at the sideband instability close to the crossing
point, denoted by À, the spectrum associated to the solution at the crossing point,
denoted by Á, and the spectrum associated to a solution close to the crossing point
undergoing a Hopf instability, denoted by Â. The crossing point Á is a codimension-
two point at the boundary of the Busse balloon: the solution at the crossing point
simultaneously undergoes a sideband instability and Hopf instability, as is visible in
the plot of the spectrum of solution 2.
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Figure 3.7: Upper panels: The left Hopf curve moving out of the Busse balloon for increasing
C. The horizontal lines indicate the stable region. Center panel magnify the box in left
panels. The fold curve in the upper left panel has not been plotted in the other panels for
readability. Lower panels: A schematic sketch of the same process (sb=sideband). (a) The
curve of Hopf instabilities has one intersection with the upper branch of sideband instabilities.
(b) At C = CT1 , there is a tangency between the two curves. (c) For CT1 < C < CH there are
two connected components of the boundary of the Busse balloon formed by Hopf instabilities.
(d) At C = CH , the curve of Hopf instabilities is connected to the origin: only one connected
component of the boundary that consists of Hopf instabilities. (e) At C = CT2 , there is a
second tangency between the two curves remains. (f) For C > CT2 , the sideband remains as
the only destabilization mechanism in the homoclinic tip (see §3.0.8.2).
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Figure 3.8: Close-up of the crossing point between the right curve of Hopf instabilities and
the lower branch of sideband instabilities. Here, C = 0.2 and B = 0.2. The spectra near
the origin for the solutions 1, 2 and 3 indicated in the magnification are plotted in the three
figures at the bottom.
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Figure 3.9: The right branch of Hopf instabilities disappears into the A-axis when C ↓ 0.
At the left, we see a part of the Busse balloon for C = 0.1. In the middle, C = 0.01. At the
right, C = 0.001. The fold curve plotted in the left panel has moved very close to the Hopf
and sideband curves in the other panels so that it cannot be visually distinguished.

When C approaches zero, the lower branch of sideband instabilities stretches out to-
wards the A-axis and thereby decreases the size of the branch of Hopf instabilities.
The Hopf instabilities disappear at C = 0 where also the sideband curve merges with
the very nearby fold curve (see [21]). The fact that reversible folds yield sideband
instabilities upon symmetry breaking can be readily seen by perturbing (0.10). See
also Figure 3.2. In Figures 3.9 we have plotted three close-ups of the Busse balloons
for C = 0.1, C = 0.01 and C = 0.001.

A second intriguing phenomenon is the irregular ‘jazzy’ behaviour of the lower branch
of sideband instabilities for relatively small C (C = 0 to approximately C = 0.8). See
Figure 3.10. This fine structure of the lower branch of sideband instabilities is in sharp
contrast with the regular, parabolically shaped Eckhaus region for A near ATH. Even
a closed curve of sideband instabilities occurs (see Figure 3.10(b)). For increasing C,
the fine structure gradually disappears.

While the fine structure of sideband instabilities lies in the unstable region, we digress
a little on its structure and location within the existence region. To the right of the
fine structure lies the fold curve mentioned above (see Figure 3.9, left), which we refer
to as the right fold. For the C values considered in Figure 3.10, the right fold curve
(see the discussion in §4.4.1) terminates on the equilibrium curve at some (Afe, κfe)
near (0.8, 4). Hence, for A < Afe there is a second co-existing ‘sheet’ of (unstable)
spatially periodic patterns.

In the lower panel of Figure 3.11(a) we plot (for a different C) the L2-norm for
fixed κ to illustrate the different sheets of solutions. Here the co-existence region
is rather small. See top right panel. continuation of periodic patterns for constant
wavenumber κ. Comparison with Figures 3.9 and 3.10 shows how the fine structure
of sideband instabilities is to the left of the right fold, thus lying on the same “sheet”
of solutions as the stable periodic patterns of the Busse balloon.

An additional phenomenon of the existence region is shown by the region near A = 0.3:
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Figure 3.10: (a-d) The fine structure of the lower branch of sideband instabilities for B = 0.2
and (a) C = 0.2, (b) C = 0.4, (c) C = 0.6, (d) C = 1.0. The equilibrium continues through
the fold and reaches a second sheet of (unstable) patterns; therefore it is plotted with a
dashed curve. The intersection point of the Hopf instabilities with the sideband is indicated
with a black circle. Also, the intersection point of the fold with the equilibrium is indicated
with a black circle. Note that some pieces of the curve of sideband instabilities are missing;
here the continuation of the sideband with Auto becomes extremely difficult since the norm
of one of the eigenvectors in (0.15) rapidly increases.

there are two more folds which emerged through a cusp bifurcation when decreas-
ing C from C = 0.2. lower branch, thereby giving rise to a cusp. We notice that
this behaviour of the unstable sheet of solutions close to the Busse balloon is highly
nongeneric. Indeed, the existence region has a much richer structure than what we
encounter within the Busse balloon. Finding out the precise geometrical mechanism
that triggers the formation of this cusp is beyond the scope of the present paper.
However, this will be the subject of future research.
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Figure 3.11: Computations for B = 0.2, C = 0.01. (a) Plot for continuation in A with
constant wavenumber κ = 2.78. Top panels magnify the indicated regions. (b) Part of the
existence balloon. The thick line indicates the value of κ used in (a).
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3.0.9 Busse balloons for C > 0 and γ = 2

We are not aware of any (even partial) representations of a Busse balloon for a
system with nonlinear diffusion in the literature. Nevertheless, the approach with
Auto developed here can also be directly applied to the GKGS model (0.5) with
γ > 1. In Figure 3.12 an existence and a Busse balloon for periodic patterns of the
GKGS-model with γ = 2 and B = C = 0.2 are shown. One can see that the structure
of the Busse balloon of the existence region closely resembles the structure of the
Busse balloon and existence region of the GKGS-model for γ = 1 (see for instance
Figure 3.5).

As before for γ = 1, we check that the Turing-Hopf bifurcation indeed takes place
at the parameter values predicted by the analysis in §2.1.2 and §2.1.3. We there-
fore check whether k2

∗ < b and a3
∗ = aγ+1

∗ > gγb2γ+1 = 2gb5 with k = k∗ scaled
as in §2.1.3 and Figure 3.12. There, B = 0.2, D = 0.001, γ = 2 and further
ATH ≈ 0.525 and k∗ ≈ 8.9. If γ = 2, the estimates for a∗ and k∗ from Proposi-
tion 2 are satisfied given that 5β − 3α = 2σ. Since D = δ2σ = 0.001 we choose
σ = 1 and δ =

√
0.001 and α = β = σ = 1. The rescaling for k introduced in

§2.1.3 is then: k̃∗ = δ−
1
2
(γ+1)α+γβk∗ = δ1/2k∗ = (0.001)1/4 · 8.9 ≈ 1.58. Further,

we compute a = Aδ−α = 0.525 ·
√

1000 ≈ 16.6 and b = Bδ−β = 0.2 ·
√

1000 ≈ 6.3.
Hence, the estimates of Proposition 2 are verified by k2

∗ = 1.582 < 6.3 = b and
a3
∗ = 16.63 ≈ 4.75 · 103 > 3.47 · 103 ≈ 2gb5.

A priori, the GKGS-model for γ = 2 can of course not be interpreted as a ‘per-
turbation’ of the GKGS-model for γ = 1. Quantitatively the structure between the
Busse balloon for γ = 2 and the Busse balloons for γ = 1 is quite different. This is
already apparent in the simple verification of the parameter estimates for a, b and
c above. Nevertheless, qualitatively the structure of the Busse balloon for γ = 2 is
remarkable akin to the structure of the Busse balloons for γ = 1. All main features of
the (behavior of the) Busse balloon for various C as studied in the previous section
for γ = 1 and described in the Introduction, also appear for γ = 2. Figure 3.12 shows
that the sideband instabilities make most of the boundary of the Busse balloon, until
the upper and lower branches of sideband instabilities are crossed transversally by
Hopf instabilities for decreasing wavenumbers k. Also, for relatively small C > 0
there is a ‘Hopf dance’ (if C = 0) in the homoclinic tip of the upper branch of side-
band instabilities. In the Figure, where C = 0.2, there is a Hopf curve crossing the
upper branch of sideband instabilities. Just as in the case for γ = 1, the left curve of
Hopf instabilities disappears into the unstable region for bigger values of C. These
are not new phenomena and are known from the previous numerical analysis of the
GKGS-model for γ = 1.
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Figure 3.12: An existence balloon (left) and a Busse balloon (right) for the GKGS-model
with γ = 2. B and C are B = C = 0.2. The intersection points of the Hopf instabilities
with the upper and lower curves of sideband instabilities are indicated with a black circle.




