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Summary

Semi-arid ecosystems, ecosystems with an annual precipitation between 250 mm and
500 mm, cover about 30% of the earth’s crust. In the fifties, when the first pictures
of the earth’s surface were taken from outer space, one discovered patterns in many
of these ecosystems. Because of their scale, they were often hard to see from the
ground. During the last twenty years, theoretical ecologists have become convinced
that these vegetation may reveal the imminent threat of desertification – a process
that has dramatic ecological and humanitarian consequences.

In 1999, C.A. Klausmeier proposed a model to describe the water infiltration and
the vegetation density of semi-arid ecosystems. His model was a reaction-advection-
diffusion-system. This thesis generalizes this model and studies the existence and
stability of periodic patterns. We call it the generalized Klausmeier-Gray-Scott model,
since it is a generalization of the Gray-Scott system as well as of the Klausmeier sys-
tem. The generalized Klausmeier-Gray-Scott system is a so-called partial differential
equation: the components that are described by it depend on time as well as on space.

More precisely, the generalized Klausmeier-Gray-Scott model describes two compo-
nents that both depend of time and space: the vegetation density and the water
infiltration. The change in time of each of the components depends on different
mechanisms. Some of these describe the nonlinear diffusion of water or the ‘diffusion’
of the vegetation density, an other describes the advection of water, and others de-
scribe the uptake of water through the roots of plants. Despite the existence of other
(linear) mechanisms that may influence the change of the components in time, these
systems are called reaction-advection-diffusion systems.

This thesis contributes to the study of periodic patterns described by the Klausmeier-
Gray-Scott model. It mainly consists of three parts. The first part deals with the
appearance (‘rise’) of these patterns in a Turing(-Hopf) bifurcation when a system
parameter (such as the rainfall or the grazing pressure we mostly consider the rain-
fall) passes a critical value. The second part deals with the disappearance (‘fall’) of
periodic patterns when the system parameter decreases considerably. The third part
describes a novel destabilization mechanism for a class of reaction-diffusion equations.

The appearance of periodic patterns from a homogeneous state can be dealt with
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by the derivation of a so-called modulation equation that describes the slow spatial
and temporal variation of the amplitude of the periodic patterns near the critical
value. The modulation equation that describes this behaviour is called the Ginzburg-
Landau equation. In this thesis a Ginzburg-Landau equation is derived for the full
Klausmeier-Gray-Scott system with nonlinear diffusion (see chapter 2). We show
that the Turing(-Hopf) bifurcation is supercritical for some parameter values of the
parameter describing nonlinear diffusion, while it is subcritical for other parameter
values. However, the values for which the Turing(-Hopf) bifurcation is supercritical,
are not realistic.

The description of periodical patterns when the system parameter is no longer asymp-
totically close to the critical value for the Turing(-Hopf) bifurcation, can, so far, only
be done by very limited analytical methods. However, a thorough study of the in-
stabilities of periodical patters can be done by the application of recently developed
numerical methods (see chapter 3). These methods enable us to determine the spec-
trum of periodic patterns locally near the origin. In this thesis we set out to construct
so-called Busse balloons. A Busse balloon is an area in (parameter, wavenumber)-
space that consists of stable patterns. The limits are drawn by the instabilities of the
periodic pattern. In this thesis we demonstrate that the boundary of Busse balloons
for the generalized Klausmeier-Gray-Scott system always consists of either sideband
instabilities or Hopf bifurcations, and only in the case of the model for flat ecosystems
(no incline) it can also be a fold.

In the third section of this thesis (chapter 4) we deal with the so-called Hopf dance, a
novel destabilization mechanism that destabilizes periodical patterns for small values
of the rainfall parameter, such that the desert is the only stable state. The Hopf
dance is a type of instability that consists of two intertwining Hopf bifurcations. We
show that the Hopf dance can be constructed numerically in the Gray-Scott model,
and we prove the existence of the Hopf dance in the case of the Gierer-Meinhardt
system.




