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1. Introduction 

1.1 Motivation 

Although count data of purchases are widely studied there are still many unsolved problems 
as how to model such data. This thesis is about purchases of meat products, or rather, 
counting the number of purchases, or even simpler, whether the number of purchases is 
zero or larger than zero. The process underlying this seemingly simple problem is complex. 
This is why estimation of the penetration of meat products is also complex. At first we tried 
to solve the problem by using simple models, but after a while these models turned out to 
be inadequate. So, starting with simple univariate Poisson models, we ended up with 
multivariate heterogeneous renewal models. This thesis describes every step in this process. 
From the naive to the numerical problems that arise when complex probability theory is 
implemented. 

Information on consumer behaviour is of great interest to manufacturers and retailers of the 
goods that are consumed. Why would they be so interested in detailed information from 
their customers? Initially manufacturers and retailers think primarily in terms of sales. How 
many products are sold and what is the amount of money associated with it? Usually they 
are also very interested in changes. Are sales going up or down? At a later stage they realise 
that the people that buy the products vary highly. Most customers buy the products 
occasionally, while there is a small group of heavy buyers that is responsible for a 
substantive part of the sales. Data that provide this insight separate sales into two 
components', numbers of buyers and how much they buy. Two main variables that indicate 
the sales of a product are: 

• Penetration: the proportion of households that buy an item at least once in a given 
period (month, quarter, year, etc.). 

• Purchase frequency: the average number of times these buyers buy the item in a given 
period. 

From these quantities, sales equal the number of buyers times the average number of 
purchased packs per buyer times the average price or size of the pack. At a later stage one 
may want to know how the customers vary in needs and habits. This is usually done by 
making profiles of the clients and by creating market segments in order to meet different 
customers in their needs and stay in business (see EHRENBERG, 1988). In this thesis we will 
not go as far as creating market segments. We will focus on simply estimating average sales 
and penetrations for different products and for different periods. 

During the period of a year we gathered data from two thousand Dutch households every 
week. For this purpose we used the 'telepanel' where data are collected by using modern 
techniques: computers, modems and programs for Computer Assisted Self Interviewing 



(CASI). Every week, the members of the households fill out a questionnaire that is sent 
from the central computer of the institute to the computers at their homes. The respondents 
have the possibility to fill out the questionnaire at a time that suits them. After completion 
of the interview the data are sent back to the institute automatically. Thus data are collected 
from a large number of households without interference of interviewers. The topics of the 
questionnaires depend on the projects that run at the time. They show a large variety that is 
reflected by the wide field of studies that were carried out on the basis of 'telepanel data'. 
Some examples are a budget survey (SARIS et. al., 1992), a time budget survey (KALFS, 
1993), trade-union membership (VAN RIJ, 1994), evaluation of survey questions 
(SCHERPENZEEL, 1995) crime victimisation (DENKERS, 1996), and psychological and 
economical aspects of saving behaviour (NYHUS, 1996). In some cases the 'telepanel' 
method itself is an object of study (see e.g. GELDORP, 1993, OPPENHUISEN, 1994 and 
BLANKERT, 1996). The Stichting TelePanel (STP) at the Universiteit van Amsterdam 
initiated the 'telepanel' in 1991. Nowadays CentERdata at Tilburg University continues its 
exploitation and preserves a large data base that contains a part of the information collected 
so far. Every week the household panel delivers a new data set. 

The budget survey was set up in an international co-operation to construct a Completely 
Automated System for Information Processing (CASEP, see SARIS, et al., 1992). STP 
constructed a system for data collection based on an electronic diary of the expenditures of 
the households. In 1994 STP used that system to gather data on meat, poultry and eggs to 
report consumption for the product board for livestock and meat and for the product board 
for poultry and eggs. From these data we produced reports that contained figures on prices 
and volumes of different products. 

1.2 Overview of the thesis 

The layout of the thesis follows the chronological order of problems and solutions we found 
on our way to create the consumption reports. One of the first problems arose from the 
increase in the response burden when we started the project for the product boards. Before 
this particular project the questionnaires on fast moving consumer goods were administered 
once every quarter. When we started administering the questionnaires on consumption 
every week, there was a severe increase in panel attrition. This affected the quality of the 
data, both for the budget survey and for the other surveys, and made us think of changing 
the design in order to reduce the response burden. We studied the effects of a reduction of 
budget measurements on the precision of the estimators, and will discuss the results in 
Chapter 2. 

A second problem arose from the necessity to report on product period penetrations. 
Incomplete data prevent the use of the sample fraction as an estimator for penetrations. For 
figures on volume (the total amount of products consumed or the money associated with it) 
a balanced survey design or a re-weighting scheme will lead to unbiased estimators that 
solve the problems that arise from incomplete data. For penetrations there is no simple 



solution. If the number of missing observations is low one may think of standard imputation 
techniques. If the amount of missing information is substantial - for instance because the 
design is such that observations are taken every two weeks - then the use of a model seems 
a more appropriate approach. A suitable model may capture enough information from the 
incomplete data to obtain satisfactory penetration estimates. And, as a bonus, the model 
parameters may give extra insight in the consumption behaviour related to a certain 
product. The question is what model we should use. The literature discusses many models 
that can be applied to consumption data. For reasons that will be explained later in this 
thesis, we started using Poisson models. In fact, we studied a set of Poisson models that 
differ in complexity for dealing with heterogeneity. The use of this set of models is the 
topic of Chapter 3. 

A third problem was caused by the fact that we report over cumulative periods. For 
example each quarterly report contains information about the current quarter, but also about 
the cumulative period of all quarters so far in the current year. We estimated penetrations 
for the current quarter by estimating the model parameters from the data of the current 
quarter, and obtained an estimate for the penetration from the model parameters. There is 
no problem there. For the cumulative period we aggregated the data over these periods, re-
estimated the model parameters on the aggregated data set, and obtained penetration 
estimates from those values of the model parameters. The problem is that in some cases it 
occurred that the penetration estimates for the cumulative period were lower than the 
penetration estimate of one of the underlying periods. The product boards were very 
dissatisfied with penetration estimates that decreased as a function of the reference period, 
and demanded an improved procedure. In order to solve this problem we studied the use of 
multivariate heterogeneous Poisson processes. Chapter 4 shows us that, although we 
succeeded in describing how such a model can be estimated, we did not succeed in 
estimating the multivariate models for the empirical data. We attribute the failure of these 
models to the fact that Poisson models treat the regularity of the interpurchase times as a 
fixed parameter. This may not be reflected by the data. Our conclusion is that we have to 
abandon the Poisson assumption for the underlying process. 

As a next step we studied models that are not Poisson-based. We came across variance 
component models for event history data and found them elegant while providing a clear 
interpretation of the model parameters (see AALEN and HUSEBYE, 1992). The application of 
variance component models to consumer data is the topic of Chapters 5, 6 and 7. In Chapter 
5 we will explain the model and will apply it to consumption data of one period (the 
univariate case). In doing so we came across several problems to apply the model to our 
situation. In Chapter 6 we will extend the variance component model to the case of more 
periods (the multivariate case). Our objective is to create an estimation procedure that can 
be applied in the setting of the project. Therefore, computational feasibility is a limiting 
condition to the estimation procedure. In Chapter 7 we will focus on moment-based 
estimators for the variance component model that need little computing time. Finally, in 
Chapter 8, we will evaluate the work that is laid down in this thesis and provide 
recommendations for future research. 





2. Optimising response burden1 

2.1 I n t r o d u c t i o n 

In budget surveys and consumer panels the burden of the respondents can be a major 

problem. The work load associated with filling out diaries is considered to be an important 

reason for the high initial non response rate for budget surveys compared to other 

household surveys ( L I N D S T R ö M , 1989; L Y B E R G , 1991). A second effect of response burden 

is the phenomenon of underreporting. It is common to find that the number of reported 

purchased products in the first week is higher than in the second week ( H A R R I S O N , 1991; 

N E V R A U M O N T , 1991; R I B E , 1991). In consumer panels the response burden also influences 

the panel attrition (S ILBERSTEIN and I A C O B S , 1989). Modern techniques like bar scanning 

methods and electronic diaries ( S A R I S et. al., 1992) are applied to relieve the respondent's 

task. But in spite of these techniques a respondent still has to do a considerable amount of 

work, especially in panels that aim at continuous measurement of expenditures. It may be, 

however, unnecessary to collect the budget data for every week. When we take only a 

sample of weeks this may result in a relative small loss of precision. On the other hand, it 

may result in a lower attrition rate as fewer respondents become fed up with their task. 

In this chapter we study the relation between response burden and the precision of 

estimators of change in consumer panels. Response burden is defined here as the number of 

weeks during a certain period (e.g. three months or a year) that respondents have to fill out 

a diary. Although it affects initial non-response and underreporting as well, we will focus 

on the effect on panel attrition. Therefore we assume a simple model which describes the 

attrition as a function of the response burden. In exploring the effect of panel attrition to the 

precision of our estimators, we will concentrate on the effect to the variance, not the bias. 

Most literature on panel attrition deals with bias effects. Some examples are the use of 

Markov chain models for non-random non response to estimate gross flows in categorical 

data ( S T A S N Y , 1987), econometric regression analyses to correct for attrition bias 

( H A U S M A N and W I S E , 1979), bias reduction by sample designs ( V A N D E P O L , 1989) and 

bias corrections by weighting techniques ( V A N D E P O L , 1993). For ease of exposure we will 

assume that households are sampled by simple random sampling, although the theory can 

easily be generalised to other sampling methods. W e will assume that the households that 

dropped out of the panel are immediately replaced using a quota sampling method ( V A N DE 

P O L , 1989). Consequently the bias due to attrition is kept to a minimum, and the panel size 

is constant over time. 

W e will study two models that correspond with two panel designs. The first design deals 

with a panel that is dedicated to measure expenditures on consumption goods. This is the 

case in most consumer panels. W e will call this a single purpose panel. In the second 

An adapted version of this chapter will appear in Journal of Official Statistics, 1998, Vol. 14. 



design, however, the panel is also used for other purposes. An example of this is the Dutch 
Telepanel, where the burdensome questionnaires on expenditures are interchanged with 
questionnaires on a variety of other topics. We will call this a multi purpose panel. The 
theory derived here is stated in general terms as to make it applicable to a more general 
situation. 

2.2 Preliminary notation and relations 

We are interested in estimates (e.g. of consumption or purchases of fast moving consumer 
goods) over a certain period of M weeks. Usually M is equal to 13, a three month period, 
but we also may consider M = 4, M = 26 or M = 52. In every wave (or week) we have n 
households from a much larger population of N households. It is assumed that there is a 
constant attrition q. For each week every panel member has a probability q to drop out of 
the panel independent of the other panel members and independent of what happens in 
other weeks. Hence, if we denote the probability to stay in the panel by p (p = \-q), a 
respondent who is in the panel at week j has probability pk~' to still be a panel member at 
weekloj. Let 

X>!' be the amount of purchases by household i in weeky' of period t 

Xj:) = Nn'] ^ X.p , the estimated population total for weeky' of t 

Xu) = £ Xj° the estimated population total for period t. 

It is assumed that for given j and t the Xj° are independent and identical distributed with 

variance <T for the households i. For different values of /' and t we assume the Xl" to be 

homoscedastic (possessing equal variances). We focus our attention to more or less daily 
shopping routines, and assume that this is a stable process that is in equilibrium, although 
the process may be different for each household. When there is a regular weekly pattern in 
such purchases it is reasonable to assume that for a combination (j,u) * (k,v) we have 

'J 'k H (2.1) 

(a covariance matrix with compound symmetry). Of course, such an assumption is violated 
for a product that does not follow such a weekly pattern, e.g. when it is purchased on a two-
weekly basis. Such types of variables are outside the scope of this chapter. This may 
suggest that the assumptions are rather restrictive. When, however, broad categories are 
used like meat, green vegetables, fruit or candies, the assumptions apply, at least in the 



Dutch society, to the most important results that have to come out of a budget survey. Our 
main interest is to measure the changes from one period to another. The absolute 
consumption level of a product in itself is not a very useful figure. In terms of the variables 
defined above this means that we are interested in the precision of X(,+l) - X 1 " (and as a 
by-product of X0)). Consequently, we need to know the covariances of the terms of which 
these quantities consist. Let njk be the number of panel members which are in both wave y 

and in wave k >j in a period t. Then njk has a binomial distribution with parameters n and 

pk~'. Assume that the panel members are numbered such that the first njt are in both 

waves. Then we can compute 

cov(ZJ",Z<°) = E cov(Xf,Xl n \n j t) + cov„ {EX'^EX^n ) 

= E^±cov(X<;\X^) 
n 1=1 

= N2pk-'pa2 In 

This yields the following variance of Xll) : 

M 

var(X(") = var(^X]')) 
7=1 

(2.2) 

X2cov(X<'U<'>) 
7=1 t=l 

tfV M-K\ 
M-

2p(M-\)p 2ppl(\-pM-]) 

\-p 

and for the variance of Xu+]) - X (" : 

a-p? (2.3) 

var(X (/+i) X"0 = var X^r-M" 
\J=' 7=1 

:var(X( '+") + var(A: (")-2££cov(A r<'+ , ) ,X<' ,) 
7=1 *=1 

2N2a2 M \2 \ 
M { 2p(M-\)p Ipp'jl-p»-*) pp{\-pM) 

1 - / 7 (i-pr (i-pr (2.4) 



These (rather complex) formulas were derived under the assumption that the correlations 
between the purchases in the different weeks are constant. This assumption is unrealistic: 
one can at least expect some sampling fluctuation, seasonal fluctuation and fluctuation for 
special occasions like Christmas. Before we continue with the assumption of a constant 
correlation we report on a theoretical exercise and show some practical examples of our 
data where this assumption is not exactly met. In that case we have 

cov(x«»ur)=pr (2.5) 

As a consequence the variances of our estimators can not be simplified into the formulas (3) 
and (4), since they will now depend on a whole matrix of correlations. 

Theoretically, we studied the effect of changing single correlations from the average. When 
for only one combination (j,k,u,v) the value pl"k

v) differs from the other correlations, then 
the effect to var(X(,)) and var(X(,+1) —Xfl)) will depend on the position of the correlation 
in the matrix. If u- v = t, an increase of the correlation will both increase var(X,,,)and 
var(X(,+l) -X{,)). If u*t (i.e. u = t and v = t + \) then this will have no effect on 
\2x(XU)), but var(X('+" -X ( " ) will decrease. If a correlation decreases the effects will be 
in the opposite direction. In a matrix where several correlations are different from the 
average p most effects will cancel out. Practically, we studied correlation matrices of 
expenditures on six products in a period of two quarters (26 weeks). One of these 
correlation matrices (for the product 'eggs') can be found in the appendix. We computed 
variances for our estimators in two ways: using the complete correlation matrix, and using 
the average correlation. Table 2.1 shows factors between the variances obtained from the 
two methods. These are the factors that should be applied to the variances we find if we use 
the average correlation, in order to obtain the actual variances. For the product 'eggs' 
var(Xu)) is overestimated by 11%, var(X"+") is underestimated by 10%, and 
var(X<,+" -X ( , ))is underestimated by 3%. Our conclusion is that on the whole the errors 
introduced by assuming equal correlations are small. 

Table 2.1 Average correlations and factors by which variances are over/underestimated by assuming equal 
correlations between different pairs of weeks for six products. 

average over/underestimation factor obtained from the assumption of 
correlation equal correlations 

product P var(X'") var(X"*") var(X"*" - X"') 

eggs 0.24 1.11 0.90 0.97 
poultry 0.16 0.96 1.05 1.02 
red meat 0.24 1.03 0.95 0.93 
pork 0.21 0.98 0.99 0.92 
meat products 0.33 0.98 1.01 0.95 
meat & meat pr. 0.45 0.98 1.00 0.89 



The relationships (2.3) and (2.4) hold when the respondents are required to fill in the 
questionnaire during all M weeks of periods t and t +1. When the respondents are required 
to fill in the questionnaire during only m out of M weeks we can distinguish two different 
models, corresponding with two different panel designs. For the first design we assume that 
immediately after the measurement a fraction q = \- p to drops out of the panel. In the 

weeks when no measurement with respect to the X.p takes place there is no attrition. This 

corresponds to a single purpose panel, in which the panel is dedicated for the budget 
survey. In a multi purpose panel, in contrast, the panel is used for more than only the budget 
survey, and the attrition continues in the weeks when no measurement with respect to the 
X»" takes place. This is the typical case of a Telepanel, which may be used for many 
purposes. Both models lead to slightly generalised versions of equations (2.3) and (2.4). We 
generalise our definition of X(p to 

Xip=Mm'iNn'yXU) 

•I 4—d 'J (2.6) 

so that 

i=\ j 

where j takes the values of only those weeks in which respondent i fills in a questionnaire. 
Then for the single purpose panel we have 

var(X(,)) = 
MLNl(Tl 

m + 
2p(m-\)p 2pp(l-p"->) 

\-p a-pf (2.7) 

and 

var(X ( ' + l ) -X ( 0 ) 

_^2M2N2a2fmi 2p{m-l)p 2pp\\-p-1) pp(\-pmf 

\-p iX-pY (i-/»r (2.8) 

These expressions are identical to equations (2.3) and (2.4), except that the total period M is 

replaced by the observed period m, and for the factor M2/m2 . For the multi purpose model 

we have 

var(X ( , )): 
MN2a2 r 

and 

M + 
2p{m-\)p m-l2pp(l-pm-') 

\-p M-\ {\-pf (2.9) 



var(X <(+i) •Xe") 

\4N2o2( 2p{m-\)p m-\ 2pp2{\-pm ') 

\-p M-\ {\-p) 

-MppK 2p(m-l)p" 
\-p 

m-\ 2ppM+2(l-pM-') 
M- (1-PY (2.10) 

provided that the sampling design is balanced with respect to first and second order 
inclusions of the weeks in the sample, i.e. every week j and every combination (J,k) of 
weeks appears in the sample with the same frequency. This is proved in the appendix. 

In practice the weekly attrition q is rather small. Realistic values for q range from 0.1% to 
5%, depending on the subject matter and the time horizon. Such values of q are sufficiently 
small to justify a linear and quadratic approximation of formulas (2.7) through (2.10) for 
reasonable values of m. An illustration is given in Figure 2.1. Throughout this chapter we 
will use approximations in order to change complex relations into simpler ones. In some 
cases optimum values for m are intractable for the variance functions that we study, but not 
for their linear approximations. Figure 2.1 shows formula (2.8) and two approximations in a 
single purpose panel with 1% attrition a week in a period of M = 52 weeks for a product 
with p= 0.7. 

Figure 2.1. Var^"""-,^") and its first and second order approximations for q in the single purpose panel for a 
product for which p = 0.7 and a panel with attrition rate •? = 0.01.  

• True variance • 

20 30 40 

Number of weeks 

- First order approximation Second order approximation 

50 
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In the region of a quarter var(X ( , + l )-X ( , )) and its approximations are almost equal. 
Because in the case of a single purpose model M only serves as a cut-off value, this shows 
that approximations are good if M = 13. We now give the formulas for the first order 
approximation. First and second order approximations are derived in the appendix. The 
linear approximation formula for v&r(X(n ) in the case of a single purpose panel is 

var(X ( , ))= N M a (l + (m-l)p-(m2-\)pq/3) 

The second term of formula (2.11) represents the well known cluster effect due to the fact 
that repeated measurements take place on the same respondents (see e.g. KISH, 1965). The 
third term shows a decrease of this cluster effect because of the attrition: an expected 
proportion of q panel members is replaced every week. For m>0 formula (2.11) is a 
decreasing function of m. So, clearly, it is optimal to have as many measurements as 
possible. 

The first order approximation of the variance of var(Z(,+1) -Xu)) in the case of a single 

purpose panel, is given by formula (2.12) and derived in the appendix. 

var(X('+1) - X") = 2N2MV (1 - p + (2m2 + \)pq I 3) (2.12) 

The second term shows us the gain from correlations using panel data. The third term 
shows us that these gains are reduced by the attrition. By differentiating formula (2.12) with 
respect to m, we can find where this approximation takes a minimum. We find such a 
minimum because there is an implicit relation between the number of budget measurements 
and the attrition in a period of M weeks. Finding such optimal values of m will be the topic 
of the next section in which we will study relationships between response burden and 
attrition. In the formulation of a multi purpose panel there is no such relation between the 
quarterly attrition and m. This is reflected in the approximation formulas for the variances 
that are derived in the appendix 

var(X"') = ^ ^ f l + (m- l ) P( l-^±i,) 
(2.13) 

and 

2N2M2a2 

var (X ( ' + , ) -X ( " )» (\-p + Mmpq) 
nm K^-L1*) 

Both equation (2.13) and (2.14) are decreasing functions in m: we measure more accurately 
when more weeks are observed. This changes, however, when we assume a relationship 
between q and m. 



2.3 Models for response burden and attrition 

In this section we assume a relationship between response burden and attrition. We will 
study the behaviour of var(;f('+l) - Xu)) as a function of the attrition. The behaviour of 
var(X(") is trivial, because this variance is minimal when we have as many as possible 
independent observations; consequently, it decreases when attrition increases. This makes 
the behaviour of var(X(") less interesting, not only from the substantive point of view, but 
also from the statistical point of view. When we measure differences between intervals, 
however, it is well known that dependent observations may give higher precision than 
independent observations (see KlSH, 1965). 

We define response burden to be m, the number of measurements in a given period of M 
possible measurements. For the single purpose panel, such a relationship is already implied 
by its definition, as each measurement causes a fraction q = 1 - p to leave the panel. By 
differentiating formula (2.12) with respect to m, it is easily shown that in this approximation 
the variance takes a minimum for 

3 \-p 1 
2 pq 2 (2.15) 

So the optimum value of m0 decreases with both p and q. This makes sense. When q goes to 
zero, it is desirable to have a large m because attrition is low and we can take advantage 
from the fact that we have correlated single source data which are well suited for measuring 
differences. When p goes to zero, we have no reason to be careful to keep single source 
data for measuring differences, so we may just as well measure as often as possible, 
regardless of the attrition. If, on the other hand, p goes to one, the optimum value of m 
becomes less than one, so m = 1 is the best possible value. From this one observation we 
can with certainty predict the differences between X\p at other moments. 

So far it was assumed that there is no direct relation between q and m. A reasonable 
assumption is that q may have the form of 

q = Am" 
(2.16) 

where both X and a are parameters, that can empirically be determined. Such a model 
comes from the theory of magnitude estimation, where one tries to relate the magnitude of a 
number to the magnitude of the sensation produced by a stimulus magnitude (see e.g. 
HAMBLIN, 1974). In our case the stimulus magnitude is m, the number of budget 
questionnaires held in a period, and the sensation caused by it, is the response burden 
percepted by the panel members. If we assume that the probability of leaving the panel is 
proportional to the percepted response burden, we obtain formula (2.16). 
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For the single purpose panel the attrition model implies that the expected attrition in M 
weeks (q small) is of order a + \, i.e. linear when a = 0, quadratic when a = 1, etc. To 
explore the consequences of this assumption we substitute q in equation (2.12). This leads 
to 

var(X('+,)-X<',) = ^ ^ ^ ( l - p - ^ ( 2 m a + 2 + m a ) p / 3 ) 
nm (2.17) 

This equation has analytic minima for a = 0 (when A. = q), a~\ and a = 2. If a = 1 the 
minimum is 

_ f 3 1-/?V 
m°'{4 Xp ) (2.18) 

and if a = 2 the minimum m0 satisfies 

V-Uw* 12 V 1 4 4 2Ap ( 2 '1 9 ) 

The interpretation of equations (2.18) and (2.19) is similar to the interpretation of equation 
(2.15), where À has taken the role of q. By taking the respective roots, the values of ma 

decrease when a increases. For small values of p the optimal value m0 is high; if p —> 1, 
m0 tends to zero. Since the effect of response burden increases with a the optimal value 
m0 decreases with a. 

In the case of a multi purpose panel, the response burden comes not only from the budget 
survey, but also from the other questionnaires. This leads to a multivariate version of (2.16) 
in which the attrition q has the form 

q = Amasß
 ( 2 2 0 ) 

Here m is the number of budget surveys,.? is the number of questionnaires on other topics, 
and A, a and ß are parameters that may be estimated from experiments. Suppose that s 
is fixed, then the expected attrition in M weeks (q small) is of order a, i.e. linear when 
a = 1, quadratic when a = 2, etc. Substitution of q into equation (2.14) and differentiation 
with respect to m leads to the optimum number of observed weeks 

i 

_ ' \-p y+' 
m°'{~Mc^p) (2-21) 
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where A, = Xsß. Note the similarity with equation (2.18) if a = 2 . Here too m0 decreases 
with X, because the higher the attrition associated with the budget survey, the smaller the 
optimum number of weeks to observe. 

2.4 Practical considerations 

Having derived these theoretical relationships, it becomes interesting to discuss their 
practical implications for the research design of the Telepanel budget survey. The Telepanel 
is a multi purpose panel. Every week two questionnaires are administered. In 1993 the 
budget survey was held once in the first quarter and twice in each of the last three quarters. 
Since respondents were supposed to report on all purchased products, no second 
questionnaire could be administered (so we act as if a budget measurement takes two 
questionnaires). In 1994, the budget survey was held every week, but respondents report 
only their purchases on meat, poultry and eggs. Therefore in that period the budget survey 
was administered next to a questionnaire on some other topic (so here we take a budget 
measurement as one questionnaire). 

Table 2,2 Attrition in the Telepanel 
period m s mean fraction of attrition per week 

0.0078 1st quarter 1993 2 24 
2nd-4th quarter 1993 4 22 
1994 13 13 

0.0109 
0.0176 

The data we used on attrition in the Telepanel consist of 68 weeks: all weeks of 1993 and 
the first 16 weeks of 1994. Table 2.2 shows the values of m and s in the different periods in 
compliance of what we explained above, together with the mean attrition per week. We see 
that the mean attrition per week increased from 0.78% to 1.76% due to a higher response 
burden caused by more budget measurements. 

Fitting the multivariate attrition model (2.20) to the Telepanel data by use of non-linear 
regression, gave us the following values of the parameters: X = 0.00245, a = 0.518 and 
ß = 0.251. The fact that a has a larger value than ß suggests that budget questionnaires 
tend to be more burdensome than questionnaires on other topics. In our data the number of 
questionnaires on other topics is maximal (s = 26-m), and the attrition in terms of m is 
shown as the solid line in Figure 2.2 (note that it is actually a step function). 

14 



Figure 2,2. Weekly attrition q expressed as a function of the number of budget questionnaires in a quarter. 
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In order to optimise the research design for the budget survey we will fix s, the number of 
questionnaires on other topics, to the constant number of 13. The attrition as a function of m 
for this situation can also be found in Figure 2.2 (dashed line) and is below the line with a 
maximal number of questionnaires on other topics because of the lower response burden. 
We will use this function for the attrition in order to find an optimal value of m for the 
variance var(X(,+1> - Xu)). Having estimated the parameters of the attrition model, we find 
the number of budget measurements that minimises the variance for a given product by 
application of equation (2.21). Figure 2.3 shows the number of measurements as a function 
of p. We see that if the correlation of the product is low, the optimum will be to measure on 
a continuous basis, i.e. take measurements in all 13 weeks of a quarter. If correlations are 
higher than 0.40, it is optimal to do less measurements. For most of the products we 
presented in Table 2.1, the optimal design is to take measurements on a continuous base. 
For the product 'meat and meat products', which has a correlation of 0.45, the optimum is 
to take 11 measurements in a quarter. Although this suggests that a design with continuous 
measurements is best, we like to point out that there is a large region in which results are 
obtained that are very close to the optimum. Figure 2.4 shows var(X<,+" - X'") both for the 
product 'eggs' (p = 0.24) and for 'meat and meat products' (p = 0.45) as a function of m. As 
mentioned before, for p = 0.45 the minimum is near m = 11. For p = 0.24 the variance 
keeps decreasing with m. Yet the picture shows clearly that there is a very small increase of 
variance if the number of measurements would be fixed at 7. This minimum, however, is 
rather flat. Consequently, a sub optimal design does not give results that are much worse. 
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Figure 2.3 The optimal number of budget measurements at the Telepanel as a function of the correlation p. 
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2.5 Summary and conclusions 

In panel research, especially with a telepanel, research design is a difficult problem, because 
there are many factors to be considered. Even in a perfect world, where all respondents 
happily fill in their questionnaires without measurement error and without being bored by 
the many detailed questions about products, expenses, quantities etc., there are complex 
optimisation problems because products are bought in different patterns, for which different 
sampling schemes are optimal. In this chapter we restricted ourselves to global product 
categories for which it is reasonable to assume that they follow more or less the same 
patterns each week. We did not assume, however, a perfect world, but respondents who 
may become overloaded with their task. Under some very strict model assumptions we were 
able to calculate the variance of difference scores between two periods. Under even stricter 
model assumptions we could give expressions for m0, the optimum number of weeks to be 
observed in a quarter or a year. In our practical situation it seemed reasonable have the 
respondent fill in a questionnaire for one of every two weeks. 

There is still a world to be discovered in this field. In the first place the assumption that all 
respondents drop out of the panel with equal probability is not very realistic. It is more 
likely that there is a group of faithful respondents who, if it were up to them, would stay in 
the panel for life, and another group who drops out very rapidly. In the second place there 
are products that are bought with longer intervals than one week. When the purchasing 
process of such products is fitted to some statistical model, a pattern of correlations 
between different weeks may come out that would not necessarily lead to untraceable 
results. In the third place other classes of estimators (like composite estimators) may 
improve on the results we have given here. In the fourth place models to correct for 
measurement error (which have not been considered in this chapter) may have their impact 
on sampling design and estimation. Finally, time series models from which empirical Bayes 
estimators can be derived, can be used for optimum estimation of consumption. 
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2.6 Appendix 

2.6.7 Design of the multi purpose panel 

Let the n individuals be randomly assigned to L groups G\, G2, ..., GL- The group of 

individual ; we denote by G(i). The groups correspond to the sets of weeks ƒ], r%, ..., 72. 

Each set 7] consists of m out of the M weeks. The design is such that for every week j we 

have that the number of individuals that have week j in their set \i:j e r o ( 0 = nmj M, and 

for every combination (j,k) of weeks we have \i:j,k e r c ( J = nmim- ])/(M(M - 1)). In 

other words in each week the budget survey is held for a fraction m/ M of the respondents 

and in each combination of weeks for a fraction m{m-\)l(M(M -1)) of the respondents. 

Now let X^'be the amount of purchases by household i in week j of period t if j e r c ( 0 . 

This definition is a slight generalisation of the definition in the main text. Now let us 

calculate the variances and the covariances of the variables Xj" defined according to 

equation (2.6). 

var(X<")=^Ç £ var(4"): 

and for k > j 

n m yjtir nm(M-i) 

The covariances between weeks in two successive periods are similar, except for a factor 

pM for the attrition in M weeks. So we find for k >j 

nm(M-\) 

from which the equations (2.3) and (2.4) can easily derived. 

••JeTa,, 



2.6.2 Correlation matrix of weekly purchases on eggs in first half year of 1994 

.04 .20 .21 .23 .18 .29 .26 .18 .18 .25 .13 .25 .12 .21 .25 .29 .14 .25 19 .24 .21 .26 .21 .22 

)4 . 14 . 18 .16 .21 .22 .16 .16 .15 .17 .16 .10 .17 .18 .20 .18 .22 .15 .32 .07 .31 .19 . 19 .29 

20 . 14 . 11 .17 .23 .15 .21 .19 .20 .23 .18 .25 .16 .32 .21 .20 .24 .18 .22 .32 .29 .22 .15 . 16 

21 . 18 . 11 .15 .21 .21 .24 .27 .28 . 17 .21 .27 .25 .17 .26 .14 .19 .24 .26 .17 .32 .28 .20 . 24 

23 . 16 . 17 . 15 .14 .20 .23 .17 .26 .28 .22 .26 .21 .27 .26 .28 .23 .28 .24 .26 .27 .28 . 22 .22 

18 .21 . 23 . 21 .14 .25 .28 .24 .23 .25 .32 .26 .22 .36 .25 .28 .29 .27 .39 .23 .34 . 19 .31 .22 

29 . 22 . 15 .21 .20 .25 .18 .16 .33 .27 .14 .22 .16 .25 .28 .28 .12 .37 .23 .20 .20 .32 . 16 .25 

26 . 16 .21 . 24 .23 .28 . 18 .20 .32 .20 .29 .30 .18 . 19 .30 .29 .30 .35 .31 .31 .32 . 19 .27 . 29 

18 . 16 . 19 .27 .17 .24 .16 .20 .09 .22 .13 .21 .24 .18 .23 .32 .23 .24 .29 .24 .22 .21 .29 . 18 

18 . 15 . 20 .28 .26 .23 .33 .32 .09 .14 .30 .19 .29 .21 .30 .15 .23 .33 .30 .18 .29 .23 .21 .22 

25 . 17 . 23 . 17 .28 .25 .27 .20 .22 .14 .14 .30 .23 .37 .28 .29 .24 .30 .23 .27 .20 .19 .26 . 15 

13 . 16 . 18 .21 .22 .32 .14 .29 .13 .30 .14 .17 .19 .23 .32 .17 .26 .32 .28 .28 .30 .16 .20 .23 

25 . 10 . 25 .27 .26 .26 .22 .30 .21 .19 .30 .17 .12 .22 .21 .22 .22 .20 .24 .28 .23 .24 .21 .27 

12 . 17 . 16 .25 .21 .22 .16 .18 .24 .29 .23 .19 .12 .15 .27 .20 .23 .29 .18 .21 .26 .22 . 17 . 22 

21 . 18 .32 . 17 .27 .36 .25 .19 .18 .21 .37 .23 .22 . 15 .20 .33 .31 .34 .35 .33 .32 .34 . 24 .27 

25 .20 . 21 .26 .26 .25 .28 .30 .23 .30 .28 .32 .21 .27 .20 .18 .26 .37 .33 .27 .38 .28 .28 .35 

29 . 18 . 20 .14 .28 .28 .28 .29 .32 .15 .29 .17 .22 .20 .33 .18 .23 .27 .30 .39 .29 .29 .27 .30 

14 . 22 .24 .19 .23 .29 .12 .30 .23 .23 .24 26 .22 .23 .31 .26 .23 .20 .34 .22 .31 .23 .28 .23 

25 . 15 . 18 .24 .28 .27 .37 .35 .24 .33 .30 .32 .20 .29 .34 .37 .27 .20 .21 .39 .29 .34 .31 .26 

19 . 32 . 22 .26 .24 .39 .23 .31 .29 .30 .23 .28 .24 . 18 .35 .33 .30 .34 . 21 .16 .42 .36 .37 . 37 

24 . 07 .32 .17 .26 .23 .20 .31 .24 .18 .27 .28 .28 .21 .33 .27 .39 .22 .39 .16 .23 .26 .18 .24 

21 .31 .29 .32 .27 .34 .20 .32 .22 .29 .20 .30 .23 .26 .32 .38 .29 .31 .29 .42 .23 .21 .34 .44 

26 . 19 .22 .28 .28 .19 .32 .19 .21 .23 .19 .16 .24 .22 .34 .28 .29 .23 .34 .36 .26 .21 . 13 .26 

21 . 19 .15 .20 .22 .31 .16 .27 .29 .21 .26 .20 .21 .17 .24 .28 .27 .28 .31 .37 .18 .34 . 13 .25 

22 . 29 . 16 .24 .22 .22 .25 .29 .18 .22 .15 .23 .27 .22 .27 .35 .30 .23 .26 .37 .24 .44 .26 . 25 

22 .22 .25 .18 .20 .21 .22 .28 .22 .22 .25 .18 .24 .23 .21 .22 .30 .29 .25 .27 .34 .30 .31 .30 .19 

2.6.3 First and second order approximations in the single purpose panel design 

We start from formula (2.7). Writing q = 1- p and c, = N2M2a2/n we can write for the 

variance of Xl0 

-i xA 

var(Xu,) = —V m + \ 
m2\ q q 

m 
m - 2 p ( m - l ) - 2 p ( l - (1-<?)"'"') 

u"\ 2p{m -1) + 4p(l - (1 - g)""1 ) 2p{\ - (1 - g)"'"1 ) 

q i 

m-2p(m-\)-2p\\ \q 
m-V\ (m-

2p{m-\) + Ap\\ i \q- 2 j<T+[ 3 

uVWV fm-V 

3 , 

in- 1 

4 
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m 
(l + (m - ï)p-\{m - l)(m + \)pq + ^(m- \)(m - 2)(w + \)pq2) 

In a similar way we can approximate the covariance between Xu) and X ('~" 

m2 
COV(Xu\X{l+')) = ̂ Tp(l-q){l-(\-qy")2 I q2 

-p{l-(l-qTV , p{\-(\-qTY 

i f 12 

"?1ll*~ 

2^ 

= —H/np — m pq + j2m(m — \)(Jm + \)pq 
m 

This enables us to compute the second order approximation of the variance of X ' — X(' 

var(X<r+I) - X{,)) » ^ - ( l - p + }(2m2 + \)pq -±(m - l)(6w2 + 2m + 2)pq2) 

2.6.4 First and second order approximations in the multipurpose panel design 

We start with formula (2.9). Writing c2 = N2Ma2/n we can write for the variance of X(l): 

yar(,Y(")=C2f^ 1 MmzWLj} 2p(m-l)(l-g)2(l-(l-g)"-')v 

ml, q (M-\)q2 
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m 
M-2p(m-\)\ 1 

1 

{M-\)q 

2 

{M-\)q 

(M-ï) (M-ï) , (M-ï) 3 (M-, H ^ M ' H * 
A/-n fM-n 2 (M-

i 

(M-Y) 

M-V\ (M-\ 

i r i 2 i« 

Me, (l + ( m - l ) p - i ( m - l ) ( M + l)p<7 + TV(m-l)(M-2)(m + l)p<72 

In a similar way we can approximate the covariance between X*" and X[ H) 

cov(X('\X('+1,) = — \MfKl-q)'  
m 

m - 1 „n \« 2(M-\){\-q) 2{\-q)\\-{\-q)M-X) 

q 

Mc„ mp-{M + \{m-\){AM + Y)}pq 

+ { iM(M-l ) + TL(m- l ) (HM 2 -3M-2)}^ 2 

so for the variance of Xu+]) - X10 we find: 

var(X( '+,)-X(0) = ̂ ^ 2 - | l-p + Mmpq-j;M(5Mm-2M-m-2)pq' 
m 
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3. Poisson based models1 

3.1 Introduction 

A consumer panel is used to observe the purchase behaviour on fast moving consumer 
goods, during a given time interval, e.g. a month or a quarter. At first, the data are based on 
complete registration of expenditures. This is, however, a very time consuming and tedious 
task for the respondents. We found that a high response burden leads to a high attrition and 
affects the precision of change estimators (see chapter 2). It is desirable to reduce the 
registration to a limited number of weeks in a given time period. 

A quantity of interest is the penetration of a product for a given time period. This is the 
fraction of consumers who bought at least one product in the given time period. When the 
data set is incomplete because of missing observations in certain weeks, a problem arises. 
The product penetration can only be measured using a model that gives a description of the 
stochastic behaviour of the process. To this end, many models are available. A wide class of 
models is based on the Poisson assumption for the purchase incidence at the individual 
level. Heterogeneity, the distribution of intensities over the individuals, can be added in 
several ways. If a Gamma distribution is assumed, we obtain the classical Negative 
Binomial Distribution (EHRENBERG, 1959). MORRISON and SCHMITTLEIN (1988) discuss the 
addition of a class of non-buyers to this model. SICHEL (1982) suggests to generalise the 
Gamma heterogeneity to the wider generalised inverse Gaussian family (see also CHHIKARA 
and FOLKS, 1977). The Poisson assumption is often criticised, because it assumes the highly 
irregular exponential distribution of the interpurchase times. CHATFœLD and GOODHART 
(1973) discuss the application of the more regular Erlang distribution. WHEAT and 
MORRISON (1990) show how regularity can be estimated if we observed two interpurchase 
times. Other distributions that are studied for interpurchase times are the inverse Gaussian-
natural conjugate (BANERJEE and BHATTACHARYYA, 1976), the lognormal distribution 
(LAWRENCE, 1980) and the Weibull distribution (suggested in CHATFIELD and GOODHART, 

1973). 

3.2 Discussion of models 

We assume that the process of purchasing consumer goods at the individual level is a 
renewal process. A renewal process requires that the times between successive purchases of 
a given individual are independent identical distributed random variables. Let us denote the 
time between two events (purchases) of a given individual by a random variable X , and, 
starting at t = 0, the time up to the first event by X,, the time between the first and second 

1 An adapted version of this chapter appeared in Statistica Neerlandica, 1995, Vol. 49, pp. 378-391 
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event by X2, and so on. The sequence X1,X2,... of interevent times forms an (ordinary) 

renewal process if all X{ are independent and identical distributed with common 

probability density function fix). Our data are count data. Therefore we are interested in 

the distribution of M (?), the number of purchases in a given time period t. The distribution 

of M if) is related to the distribution of X , by the equation 

P(M(t)<m) = P(X}+...+Xm>t) 

Starting from a distribution of the interpurchase times, it is sometimes possible to find an 
analytic form for the distribution function of M it). In general, however, the distribution of 
M{t) is very hard to track, because it will require numerical evaluation of the m-fold 
convolution of fix). An exception is the case where the interevent times are assumed to be 
exponentially distributed. In that case Mit) follows a Poisson distribution, and the process 
is called a Poisson process. For the general case where we assume some distribution 
function F for the interpurchase times, we can use Laplace transforms as an instrument to 
deal with convolutions (see classical renewal theory, Cox, 1962), but problems remain 
since inversion of Laplace transforms again is computationally awkward. We will discuss 
four models that are based on the Poisson assumption. The models differ in the way that 
heterogeneity between individuals is modelled. The most general model we will use here is 
the Negative Binomial Distribution with spike-at-zero as discussed in MORRISON and 
SCHMITTLEIN (1988). Then Mit), the number of purchases between 0 and t, has the 
following distribution: 

P{M(0 = 0} = p 0 + ( l - p 0 ) ^ _ ( 3 2 ) 

» , „ , „ i ,, , *(fc+ ! ) - ( * +1»-1) jbt)m 

P{Mit) = m} = 0-p0) _ _ r . m = U . . . ( 3 3 ) 

Here the parameter po is the proportion of the latent class of never-buyers; the parameter A 
of the Poisson process is a latent variable that is gamma distributed with scale parameters b 
and shape parameter k. We will refer to this model as the PGS-model. The penetration of a 
product over a period of t weeks, being 1 - P{Mit) = 0}, can be estimated by use of 
equation (3.2). The other three models are all simplifications of this model, and will be 
discussed later in this section. For short time periods the distribution function of the 
heterogeneity of X is more or less arbitrary. This can be seen by the following consideration. 
Let the heterogeneity of X be described by the distribution function G and let the first two 
moments be denoted by X\ and Xj, respectively. Then for small values of t the probability of 
never-buying is 
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P{M(t) = 0} = ]e-"'dG(X) - ƒ (1 - At + ±A2t2)dG(A) = 1 - Axt+\A2t
2
 ( 3 4 ) 

o o 

for any distribution G of A for which this quadratic approximation is reasonable. In a 
similar way we have P{M(t) = 1} » A,r- A / and P{M(f) = 2} =4/l2r2. In other words, the 
distribution of M{t) is almost completely determined by the first two moments of G. If 
equation (3.4) holds, estimation of even a plausible three parameter model like the PGS 
model can be problematic because of identification problems. These considerations made us 
decide not to use more complex models for heterogeneity like the Generalised Inverse 
Gaussian distribution. As could be expected from equation (3.4), it turned out that for some 
products we could not find parameter estimates with the PGS-model. In such cases we have 
to turn to simpler models. The PGS-mode has two obvious simplifications. First we can 
assume that p0 is zero. In that case we allow only the gamma heterogeneity, and are in the 
case of the Poisson-Gamma (PG) model. Secondly we can allow a group of never-buyers, 
and fix the purchase rate for the buyers at a value A. We will refer to this model as the 
Poisson-Spike model (PS). If even these two-parameter models will not give us solutions, 
we can fit a one-parameter Poisson process (P). Figure 3.1 shows the nesting of these four 
models. 

Figure 3.1 The nesting of four Poisson models  

PGS 
PGS: Poisson-Gamma with a Spike at zero 
PG: Poisson-Gamma 

PG PS PS: Poisson with a Spike at zero 
P: Poisson 

3.3 Estimation methods 

There are several methods to arrive at estimates for the model parameters from the data. 
The data consist of numbers of purchases of a certain product by the different households in 
a certain time periods. A first method is the method of moments. If the parameter vector 9 of 
a distribution is s-dimensional, this method chooses as an estimate that value of öthat make 
the first s moments of the model equal to those in the sample, i.e. satisfying 

E9X
k=-Yxf, k=l,2,..,s. 

n M 

In some cases it is more convenient to use of central moments (see e.g. HOEL, PORT and 
STONE, 1971). We will refer to these estimators as moment estimators. For example, in the 
case of the two parameter PG-model we find analytical expressions in terms of the sample 
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mean M and the sample variance V. Since E(M(t)) = bkt and Var(M(t)) = bkt + b2kt2, we 

find as moment estimators: 

(3.5) 

(3.6) 

A second set of estimators can be obtained by fitting the observed proportion P0 of non-
buyers, together with certain sample moments. If a distribution is characterised by a s-
dimensional parameter vector, this method will use the first s -1 moments. We will refer to 
these estimators as fit-estimators. For example, in the case of the PG-model, the fit-
estimator requires that we solve 

P.=(l + bt)~k ={\ + Mlkyk 
0 ' (3.7) 

for k > 0, in order to find kfII. A solution can only be obtained using numerical procedures, 

since equation (3.7) does not yield analytical expressions. An estimate for the scale 

parameter can be found by bfil = Mjkfll . In the case of the PGS model we need two 

moments (sample mean and variance) together with the sample fraction of non-buyers to 
find estimates. Theoretically the most satisfactory procedure is to use maximum likelihood 
estimators {ML-estimators). Likelihood functions can easily be derived from (3.2) and (3.3) 
and similar expressions. In the case of the PG-model we find that the log-likelihood 
function of the parameters b and k given n observed numbers of purchases m\, ..., m„ in a 
period t is 

L(b,k\m],...,mn,t) = 

+ mi log(fcr)-(m, + k)log(l + bt)\ + C 

where C is a constant that does not depend on the parameters b and k. In order to find a 
maximum we have to use numerical procedures again. As computational speed is required 
in our situation we considered the Newton-Raphson algorithm. This algorithm works well 
in case the log-likelihood is concave and if one can use adequate start values. When the 
Newton-Raphson algorithm for finding ML-estimates does not converge, we have to be 
satisfied with the moment- or fit-estimators or with simpler models. An overview of the 
estimators of the different models can be found in Figure 3.2. An illustration of the 
problems we face in the estimation procedure is the situation where the data consist of 
zeroes and ones only: a fraction p of households purchased the product once, while the 
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P: 
PG-moment: 
PG-fit: 
PG-ml: 
PS-fit: 
PS-ml: 
PGS-fit: 

PGS-ml: 

other households, a fraction q (q = \- p), purchased none. Suppose, for instance, that we 
want to fit the Poisson-Gamma model. In this case the sample mean M = p and is larger 
than the sample variance V = p{\ - p). From equations (3.5) and (3.6) it follows that both 
moment estimators give estimates outside their domain. In this situation also the fit-
estimator gives no good estimates for b and k and the computational procedure for the 
maximum likelihood estimator does not converge. The basic reason for this is that there is 
underdispersion in the data: the variance of the data is smaller than predicted by any model; 
in such a case we stick to the Poisson model. 

Figure 3.2. List of estimators applied to estimate penetrations 

Poisson model (ML-estimator) 
Poisson-Gamma model (moment-estimator) 
Poisson-Gamma model (estimator that fits mean and zero-buyers) 
Poisson-Gamma model (ML-estimator) 
Poisson model with Spike at zero (fits mean and zero-buyers) 
Poisson model with Spike at zero (ML-estimator) 
Poisson-Gamma model with Spike at zero (estimator that fits mean, variance and zero-
buyers) 
Poisson-Gamma model with Spike at zero (ML-estimator) 

3.4 Different observation periods 

In a panel survey it one will be confronted with phenomena like wave non-response and 
panel attrition. As a result households will report over time periods with different lengths. 
This makes that we have to take the individual observation periods {?,} into account, so 
that an observations will exists of pairs (r.-.m,.). The estimators presented in section 0 have 
to be generalised to deal with this problem. We will discuss the consequences for the 
estimating the parameters of the PG-model. 

If we have different observation periods, it is more convenient to work with Af(f,.) / tn the 
average number of purchases per time unit (week). The moment estimators for the PG-
model are based on the sample mean M and the sample variance V of purchases per time 
unit. We have E(M(t, )lti) = bk and Var(M(tt )/t,) = bk/t,+b2k, and find: 

(3.9) 

(3.10) 
*^ moment 

where 
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a = —y — 
n&t, 

Note that in the case of equal observation periods a = 1 / t . In order to obtain the fit-
estimators if observation periods differ, we now have to solve 

P0 = - £ ( ! +to,)"* = - £ ( 1 + ^ . I ky (3.11) 

for k > 0 numerically to obtain an estimator for k, and then find an estimator for b from 
b = M/k. In order to find ML-estimator s in the situation where we have different 
observation periods we need to maximise a log-likelihood function that contains different 
ti'S 

L(b,k\(ml,tl)...,(m„,tJ) = 

1=1 [V/=1 

where C is a constant independent of the parameters b and k 

+ ml\og(bt,)-{mi+k)\og(\ + bti)\ + C 

3.5 Empirical results for the period of one month 

In order to study the application of the models presented in the previous sections, we used 
data on the purchases on meat products in 1994. In this section we will present results 
using these models for the period of one month. In section 3.6 we will discuss their use for 
longer periods. 

We used data of the month January 1994 and removed households that missed one or more 
weeks. This left us with 789 households that participated all four weeks. For the complete 
data we can use direct estimators for the penetration. This helped us to create three groups 
of products. For 50 products we found a penetration larger than 10%, 78 products between 
2% and 10% and for 147 products lower than 2%. We will refer to these groups as high, 
moderate and low penetrated products. Application of the estimators presented in Figure 3.2 
to this data set shows us the PG-, the PS- and the PGS-estimators do not always give us 
usable results, as a consequence of over-parameterisation, a phenomenon we discussed in 
section 3.2. For the cases where the computational process does converge and where 
parameters are inside their domain, we will say we found feasible estimates. Closer 
inspection showed us that non-convergence is mainly the case with low penetrated products 
(see Table 3.1). The P-model gives estimates for all products. The PG- and the PS-model 
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give estimates in 78.1% of the cases, but seems to fail only for products that have low 
penetrations. The PGS-model can only be used for about 25% of the products. 

Table 3.1. Percentages of convergences for different models and different groups of products 

all high pen. mod. pen. low pen. 
P: 100.0 100.0 100.0 100.0 
PG-moment: 78.1 100.0 100.0 52.0 
PG-fit: 78.1 100.0 100.0 52.0 
PG-ml: 78.1 100.0 100.0 52.0 
PS-fit: 78.1 100.0 100.0 52.0 
PS-ml: 78.1 100.0 100.0 52.0 
PGS-fit: 24.1 51.1 28.6 8.8 
PGS-ml: 24.6 53.3 26.0 9.8 

As a next step we are interested in the bias caused by the model assumption. Since we do 
not now the 'true' penetration of a product we will study the (squared) differences between 
9 the biased mode! estimator of the penetration of product p and 9dp the unbiased direct 

estimator. We will average these squared differences over the products for which this 
estimator was feasible, in order to obtain the following indicator for the fit of the model 

where P is the total number of products. Taking averages over products can be motivated if 
we assume a superpopulation model, where we regard the 276 products as a sample of an 
infinite population of products, and wish to evaluate the use of a model for a randomly 
drawn product using the root mean squared error in the population. The root mean squared 
differences - as defined here - is an estimate for this quantity and can easily be computed 
and gives us a reasonable insight (see Table 3.2). 

Table 3.2 Root mean squared differences for different models and different groups of products 

all high pen. mod. pen. low pen. 
P: 2.915 6.160 1.541 0.360 
PG-moment: 0.412 0.883 0.181 0.067 
PG-fit: 0.000 0.000 0.000 0.000 
PG-ml: 0.101 0.221 0.032 0.010 
PS-fit: 0.000 0.000 0.000 0.000 
PS-ml: 0.000 0.000 0.000 0.000 
PGS-fit: 0.000 0.000 0.000 0.000 
PGS-ml: 0.000 0.000 0.000 0.000 

Although the P-model has the nice property that it always converges, it also turns out to be 
the worst in terms of model-bias. Yet the bias is not so large for products with a low 
penetration. The estimators that fit the sample fraction of non buyers (the PG-fit estimator, 

29 



2 11 55 205 
32 135 225 296 
246 328 324 203 
509 315 183 43 

and all estimators of models with a spike), take the same value as the direct estimator, 
resulting into a zero squared difference for all products. These results gave us the idea to 
build a scheme in which we use complex models if the data allow us, and stick to simpler 
models if estimators do not converge. The scheme we applied is the following: use the 
PGS-ml estimator if possible, else use the PGS-fit estimator if possible, else use the PS-ml 
estimator if possible, and so on. In other words of all estimators that converge we pick the 
one on the lowest line of Figure 3.1. To study the quality of this scheme we did the 
following experiment. We took the data matrix of the 789 households with four observed 
weeks and created 10% of missing cells. Thus our data became to exist of 509 households 
for which we observe four weeks, 246 households with three weeks, 32 households with 
two weeks, and 2 households with one week. From this data we estimate the penetration 
using our model estimators and also using the direct estimator based on the 509 complete 
cases. We compute differences with the direct estimator based on the 789 complete cases. 
Likewise we created data sets with 20% of missing cells (315 complete cases), 30% missing 
cells (183 complete cases) and 50% missing cells (only 43 complete cases). We added a 
second data set with 50% missing cells, where for each household two cells were made 
missing (see Table 3.3). 

Table 3.3 Number of households in different data sets 

07c 107c 20% 30% 50% two weeks 
1 week 
2 weeks 
3 weeks 
4 weeks 789 

Table 3.4 shows the percentages of convergence (the first column repeats the earlier results 
of Table 3.1). We see a light trend that convergence percentages decrease as the numbers of 
missing cells increase, but the effect is not drastic. Note that the last column tells us that it 
is not possible to obtain direct estimates for the penetration from the data set with 'two 
weeks missing', since there are no complete observations. Table 3.5 shows root mean 
squared differences where differences are taken with the direct estimator based on the 
complete cases (753 households). The scheme that is used was explained before. To 
compute the root mean squared difference for the line PGS-ml, we used PGS-ml estimate 
conditional on convergence, or else the PGS-fit estimate it there is convergence, and so on. 
First note that the root mean squared differences in the first column (0% missing 
observations) changed a little compared with Table 3.2. The reason is that here averages are 
taken over all 275 products, and not just over the products for which the estimates were 
feasible, so that in some cases a biased estimate form the P-model had to be taken for all 
models. Secondly we see a general trend of increase in root mean squared differences, as 
more missing cells occur. In the case of the direct estimator this is a consequence of an 
increase in variance caused by a decrease of the number of complete cases. Thirdly we see 
that on the whole the root mean square difference is minimal for the estimators of the PS-
model. This suggests that the more simple models have a larger bias, and the parameters of 
the more complex PGS-model have a larger variance. Finally we see that the root mean 
squared differences for the PS-model is low compared to that of the direct estimator. This is 
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a consequence of the ability of the model to include the incomplete data, whereas all 
information is lost if a direct estimator is used. 

Table 3.4 Percentages of feasibility for different models, 
percentages of missing cells for the period of a month. 

different groups of products and different 

percentage of missing cells 
0% 10% 20% 30% 50% two weeks 

ALL 
Direct: 
P: 
PG-moment: 
PG-fit: 
PG-ml: 
PS-fit: 
PS-ml: 
PGS-fit: 
PGS-ml: 

HIGH PEN. 
Direct: 
P: 
PG-moment: 
PG-fit: 
PG-ml: 
PS-fit: 
PS-ml: 
PGS-fit: 
PGS-ml: 

MOD. PEN. 
Direct: 
P: 
PG-moment: 
PG-fit: 
PG-ml: 
PS-fit: 
PS-ml: 
PGS-fit: 
PGS-ml: 

LOW PEN. 
Direct: 
P: 
PG-moment: 
PG-fit: 
PG-ml: 
PS-fit: 
PS-ml: 
PGS-fit: 
PGS-ml: 

100.0 100.0 100.0 100.0 
100.0 100.0 100.0 100.0 
78.1 86.1 78.2 77.1 
78.1 85.7 84.5 80.7 
78.1 75.8 73.6 72.0 
78.1 85.7 84.5 80.7 
78.1 75.8 73.6 72.0 
24.1 22.9 16.8 12.4 
24.6 19.7 21.4 22.0 

100.0 100.0 100.0 100.0 
100.0 100.0 100.0 100.0 
100.0 100.0 100.0 100.0 
100.0 100.0 100.0 100.0 
100.0 100.0 100.0 100.0 
100.0 100.0 100.0 100.0 
100.0 100.0 100.0 100.0 
51.1 51.1 42.2 35.6 
55.6 53.3 55.6 48.9 

100.0 100.0 100.0 100.0 
100.0 100.0 100.0 100.0 
100.0 96.1 92.2 85.7 
100.0 96.1 92.2 87.0 
100.0 98.7 97.4 93.5 
100.0 96.1 92.2 87.0 
100.0 98.7 97.4 93.5 
28.6 28.6 15.6 11.7 
26.0 20.8 22.1 20.8 

100.0 100.0 100.0 100.0 
100.0 100.0 100.0 100.0 
52.0 72.3 57.1 59.4 
52.0 71.3 71.4 66.7 
52.0 47.5 42.9 41.7 
52.0 71.3 71.4 66.7 
52.0 47.5 42.9 41.7 

8.8 5.9 6.1 2.1 
9.8 4.0 5.1 10.4 

100.0 
100.0 
65.0 
72.0 
68.2 
72.4 
68.2 
5.1 

12.1 

100.0 
100.0 
91.1 
93.3 

100.0 
93.3 

100.0 
8.9 

31.1 

100.0 
100.0 
72.7 
76.6 
85.7 
77.9 
85.7 
6.5 

11.7 

100.0 
100.0 
45.7 
57.6 
38.0 
57.6 
38.0 
2.2 
3.3 

0.0 
100.0 
65.9 
65.9 
65.9 
65.9 
65.9 

0.0 
100.0 
100.0 
100.0 
100.0 
100.0 
100.0 
22.2 
22.2 

0.0 
100.0 
87.0 
87.0 
87.0 
87.0 
87.0 
6.5 
6.5 

0.0 
100.0 
32.6 
32.6 
32.6 
32.6 
32.6 
4.2 
2.1 
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Table 3.5 Root mean squared differences for different models and different groups of products percentage of 
missing cells for the period of a month 

percentage of missing cells 

0% 10% 20% 30% 50% two weeks 

ALL 
Direct: 0.000 0.560 0.953 1.492 3.422 -.-
P: 2.915 2.896 2.972 3.038 3.090 3.076 

PG-moment: 0.412 0.515 0.649 0.881 1.187 1.185 

PG-fit: 0.000 0.252 0.376 0.458 0.835 0.935 

PG-ml: 0.101 0.250 0.390 0.482 0.755 0.958 

PS-fit: 0.000 0.271 0.370 0.438 0.698 0.884 

PS-ml: 0.000 0.266 0.367 0.436 0.692 0.884 

PGS-fit: 0.000 0.259 0.370 0.446 0.696 0.883 

PGS-ml: 0.000 0.257 0.371 0.445 0.717 0.885 

HIGH PEN. 
Direct: 0.000 0.946 1.492 2.112 5.633 -.-
P: 6.160 6.090 6.188 6.297 6.284 6.375 

PG-moment: 0.883 1.035 1.294 1.770 2.081 2.365 

PG-fit: 0.000 0.422 0.620 0.738 1.304 1.772 

PG-ml: 0.221 0.420 0.669 0.823 1.278 1.832 

PS-fit: 0.000 0.475 0.612 0.678 1.072 1.624 

PS-ml: 0.000 0.462 0.601 0.685 1.098 1.624 

PGS-fit: 0.000 0.444 0.611 0.713 1.108 1.624 

PGS-ml: 0.000 0.438 0.612 0.714 1.169 1.628 

MOD. PEN. 
Direct: 0.000 0.552 1.052 1.787 3.343 -.-
P: 1.541 1.562 1.632 1.645 1.745 1.578 

PG-moment: 0.181 0.345 0.439 0.556 1.103 0.767 

PG-fit: 0.000 0.248 0.389 0.486 0.889 0.729 

PG-ml: 0.032 0.243 0.381 0.472 0.701 0.728 

PS-fit: 0.000 0.249 0.382 0.481 0.740 0.753 

PS-ml: 0.000 0.249 0.382 0.474 0.703 0.753 

PGS-fit: 0.000 0.247 0.382 0.475 0.702 0.750 

PGS-ml: 0.000 0.247 0.383 0.474 0.702 0.750 

LOW PEN. 
Direct: 0.000 0.250 0.383 0.638 1.540 -.-
P: 0.360 0.358 0.391 0.445 0.593 0.581 

PG-moment: 0.067 0.130 0.157 0.213 0.378 0.289 

PG-fit: 0.000 0.119 0.151 0.181 0.357 0.278 

PG-ml: 0.010 0.119 0.147 0.179 0.339 0.278 

PS-fit: 0.000 0.119 0.145 0.185 0.337 0.276 

PS-ml: 0.000 0.119 0.146 0.179 0.335 0.276 

PGS-fit: 0.000 0.119 0.147 0.179 0.337 0.277 

PGS-ml: 0.000 0.119 0.147 0.177 0.339 0.277 
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3.6 Empirical research for periods longer than one month 

To study the application of the set of Poisson based models for longer periods we repeated 
the study we did for one month for the period of a quarter, a half-year and a full year. The 
number of households that provided data over all weeks becomes lower as the period gets 
longer. In fact the data contain 374 households that participated all weeks of the first 
quarter of 1994, 126 households that participated the first half year and 26 households that 
participated a full year. The complete results for the longer periods as presented in Table 
3.4 and Table 3.5 can be found in the appendix. In this section we will focus on the results 
for the design where we measure half the number of weeks (the last column of Table 3.4 
and Table 3.5). 

l a u i c j . u i O I V W . M . S 

month quarter half year full year 

P: 100.0 100.0 100.0 100.0 

PG-moment: 65.9 77.0 86.9 77.1 

PG-fit: 65.9 77.0 86.4 77.1 
PG-ml: 65.9 77.0 86.4 77.1 

PS-fit: 65.9 77.0 86.4 77.1 

PS-ml: 65.9 77.0 86.4 77.1 

PGS-fit: 8.8 34.3 35.4 35.4 

PGS-ml: 7.8 31.8 29.8 26.9 

Table 3.6 shows that the feasibility of the models increases as the period gets longer. This is 
what we expected, since we saw earlier that the feasibility of models is better for higher 
penetrations, and penetrations increase with the length of a period. The dip that we see in 
the period of a full year can be explained by the small sample size: only 26 households 
provided data for a full year. Table 3.7 shows that for the root mean square error there is a 
drastic increase as the length of the period gets longer To our great surprise the Poisson 
Gamma model gives us the best results for long periods, provided that we use the fit-
estimator or the ML-estimator. Apparently the reduction in bias using the more complex 
PGS-model does not weigh up to the increase in variance. 

Table 3.7 Root mean squared differences for different models for different periods with half time 

month quarter half year full year 

p- 3.076 11.353 19.654 29.640 

PG-moment: 1.185 2.061 3.242 8.069 

PG-fit: 0.935 1.386 2.449 6.049 

PG-ml: 0.958 1.450 2.473 6.424 

PS-fit: 0.884 2.112 4.260 7.222 

PS-ml: 0.884 2.112 4.260 7.222 

PGS-fit: 0.883 1.681 3.260 6.446 

PGS-ml: 0.885 1.653 3.187 6.403 
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3.7 Conclusions 

In this chapter we studied the use of four models of different complexity to estimate the 
penetration of product. We found that the PGS- the PS-model and the PG-model have a 
small bias when estimating the penetration, but have the problem that they will not always 
converge. On the whole the simple P-model imposes a larger bias, but this bias is small in 
those cases where the other models do not converge. This led to the idea to construct a 
scheme of trying a more complex model first and a simpler model if the estimator can not 
be computed. This scheme appeared to work well. 

To estimate penetrations of product for the period of a month we found that the PS-model 
gave the best results, and for longer periods the PG-model. Although it may be obvious that 
these models are not realistic, they gave the best approximations of reality in terms of root 
mean squared differences. 
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3.8 Appendix 

Table 3.8 Percentages of convergences for different models, different groups of products and different 
percentages of missing cells for the period of a quarter 

percentage of missing cells 
0% 10% 20% 30% 50% six weeks 

ALL 
Direct: 100.0 100.0 100.0 100.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 84.1 86.0 88.8 85.4 77.7 77.0 
PG-fit: 84.1 86.4 89.2 92.1 83.3 77.0 
PG-ml: 84.1 81.9 80.9 76.6 73.8 77.0 
PS-fit: 84.1 86.4 89.2 92.1 83.3 77.0 
PS-ml: 84.1 81.9 80.9 76.6 73.8 77.0 
PGS-fit: 32.9 34.2 36.1 34.3 30.9 34.3 
PGS-ml: 27.6 27.6 29.9 32.2 29.6 31.8 

HIGH PEN. 
Direct: 100.0 100.0 100.0 100.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-fit: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-ml: 100.0 100.0 100.0 100.0 100.0 100.0 
PS-fit: 100.0 100.0 100.0 100.0 100.0 100.0 
PS-ml: 100.0 100.0 100.0 100.0 100.0 100.0 
PGS-fit: 53.6 52.2 60.9 62.3 62.3 69.6 
PGS-ml: 49.3 50.7 49.3 56.5 58.0 62.3 

MOD. PEN. 
Direct: 100.0 100.0 100.0 100.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 98.6 97.3 97.3 98.6 94.6 94.6 
PG-fit: 98.6 98.6 97.3 98.6 94.6 94.6 
PG-ml: 98.6 97.3 97.3 95.9 91.9 94.6 
PS-fit: 98.6 98.6 97.3 98.6 94.6 94.6 
PS-ml: 98.6 97.3 97.3 95.9 91.9 94.6 
PGS-fit: 37.8 41.9 43.2 33.8 31.1 35.1 
PGS-ml: 35.1 32.4 37.8 39.2 32.4 36.5 

LOW PEN. 
Direct: 100.0 100.0 100.0 100.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 63.1 68.0 74.5 64.6 46.7 46.9 
PG-fit: 63.1 68.0 75.5 81.3 61.1 46.9 
PG-ml: 63.1 58.0 55.1 44.8 38.9 46.9 
PS-fit: 63.1 68.0 75.5 81.3 61.1 46.9 
PS-ml: 63.1 58.0 55.1 44.8 38.9 46.9 
PGS-fit: 15.5 16.0 13.3 14.6 6.7 8.3 
PGS-ml: 7.8 8.0 10.2 9.4 5.6 6.3 
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Table 3.9 Root mean squared differences for different models and different groups of products for the period 
of a quarter 

percentage of missing cells 
0% 10% 20% 30% 50% six weeks 

ALL 
Direct: 0.000 2.620 6.572 23.399 ._. 
P: 11.016 11.038 11.130 11.232 11.632 11.353 
PG-moment: 1.215 1.340 1.433 1.674 2.149 2.061 
PG-fit: 0.006 0.406 0.636 0.875 1.336 1.386 
PG-ml: 0.233 0.491 0.721 0.959 1.415 1.450 
PS-fit: 0.006 0.537 0.858 1.143 1.945 2.112 
PS-ml: 0.006 0.533 0.852 1.145 1.901 2.112 
PGS-fit: 0.006 0.479 0.741 1.003 1.484 1.681 
PGS-ml: 0.006 0.466 0.696 0.932 1.475 1.653 

HIGH PEN. 
Direct: 0.000 3.883 10.114 30.794 ___ _ _ 
P: 19.872 19.779 19.825 19.924 20.276 20.131 
PG-moment: 2.184 2.379 2.525 2.936 3.600 3.520 
PG-fit: 0.000 0.626 1.024 1.379 2.058 2.219 
PG-ml: 0.437 0.810 1.202 1.564 2.237 2.358 
PS-fit: 0.000 0.895 1.473 1.904 3.262 3.616 
PS-ml: 0.000 0.885 1.459 1.908 3.187 3.616 
PGS-fit: 0.000 0.774 1.237 1.629 2.340 2.756 
PGS-ml: 0.000 0.747 1.140 1.477 2.310 2.703 

MOD. PEN. 
Direct: 0.000 2.681 6.111 28.014 ___ _ _ 
P: 5.693 5.699 5.838 5.852 6.248 5.853 
PG-moment: 0.635 0.732 0.778 0.899 1.427 1.307 
PG-fit: 0.012 0.368 0.494 0.731 1.149 1.103 
PG-ml: 0.053 0.371 0.497 0.725 1.136 1.099 
PS-fit: 0.012 0.397 0.533 0.822 1.279 1.346 
PS-ml: 0.012 0.402 0.535 0.818 1.249 1.346 
PGS-fit: 0.012 0.391 0.518 0.781 1.209 1.278 
PGS-ml: 0.012 0.389 0.519 0.782 1.233 1.267 

LOW PEN. 
Direct: 0.000 0.982 2.452 8.749 -__ 
P: 1.409 1.442 1.474 1.534 1.724 1.781 
PG-moment: 0.204 0.252 0.320 0.395 0.592 0.595 
PG-fit: 0.000 0.176 0.271 0.355 0.537 0.556 
PG-ml: 0.000 0.176 0.271 0.356 0.530 0.556 
PS-fit: 0.000 0.175 0.264 0.358 0.542 0.558 
PS-ml: 0.000 0.174 0.262 0.358 0.537 0.558 
PGS-fit: 0.000 0.175 0.265 0.356 0.546 0.560 
PGS-ml: 0.000 0.176 0.266 0.354 0.543 0.559 
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Table 3.10 Percentages of convergences for different models, different groups of products and different 
percentages of missing cells for the period of a half year 

percentage of missing cells thirteen 
0% 10% 20% 30% 50% weeks 

ALL 
Direct: 100.0 100.0 0.0 0.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 88.8 92.0 88.8 87.4 87.7 86.9 
PG-fit: 88.8 92.0 88.4 87.0 88.1 86.4 
PG-ml: 88.8 87.1 84.8 83.0 78.1 86.4 
PS-fit: 88.8 92.0 88.4 87.0 88.1 86.4 
PS-ml: 88.8 87.1 84.8 83.0 78.1 86.4 
PGS-fit: 37.5 36.2 36.6 34.1 34.7 35.4 
PGS-ml: 33.0 30.8 29.9 25.6 31.1 29.8 

HIGH PEN. 
Direct: 100.0 100.0 0.0 0.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-fit: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-ml: 100.0 100.0 100.0 100.0 100.0 100.0 
PS-fit: 100.0 100.0 100.0 100.0 100.0 100.0 
PS-ml: 100.0 100.0 100.0 100.0 100.0 100.0 
PGS-fit: 46.4 52.2 50.7 50.7 53.6 60.9 
PGS-ml: 42.0 40.6 43.5 39.1 50.7 50.7 

MOD. PEN. 
Direct: 100.0 100.0 0.0 0.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 95.0 96.0 93.1 93.1 90.1 85.0 
PG-fit: 95.0 96.0 92.1 93.1 91.1 85.0 
PG-ml: 95.0 94.1 92.1 90.1 82.2 85.0 
PS-fit: 95.0 96.0 92.1 93.1 91.1 85.0 
PS-ml: 95.0 94.1 92.1 90.1 82.2 85.0 
PGS-fit: 44.6 40.6 41.6 36.6 32.7 26.0 
PGS-ml: 36.6 35.6 33.7 27.7 28.7 22.0 

LOW PEN. 
Direct: 100.0 100.0 0.0 0.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 63.0 74.1 66.7 60.4 65.3 62.1 
PG-fit: 63.0 74.1 66.7 58.5 65.3 58.6 
PG-ml: 63.0 57.4 51.9 47.2 38.8 58.6 
PS-fit: 63.0 74.1 66.7 58.5 65.3 58.6 
PS-ml: 63.0 57.4 51.9 47.2 38.8 58.6 
PGS-fit: 13.0 7.4 9.3 7.5 12.2 6.9 
PGS-ml: 14.8 9 3 5,6 18 %2 6^9_ 
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Table 3.11 Root mean squared differences for different models and different groups of products for the 
period of a half year 

percentage of missing cells thirteen 
0% 10% 20% 30% 50% weeks 

ALL 
Direct: 0.000 7.690 -.- -.- -.- -.-
P: 18.416 18.475 18.635 18.504 18.581 19.654 
PG-moment: 2.122 2.314 2.597 2.692 3.278 3.242 
PG-fit: 0.033 0.821 1.259 1.744 2.387 2.449 
PG-ml: 0.378 0.919 1.350 1.806 2.422 2.473 
PS-fit: 0.033 0.922 1.555 2.405 3.788 4.260 
PS-ml: 0.033 0.911 1.544 2.396 3.732 4.260 
PGS-fit: 0.033 0.874 1.416 2.136 3.155 3.260 
PGS-ml: 0.033 0.859 1.353 2.067 3.069 3.187 

HIGH PEN. 
Direct: 0.000 10.321 -.- -.- -.- -.-
P: 30.449 30.506 30.725 30.393 30.246 30.538 
PG-moment: 3.430 3.648 3.987 4.108 4.954 4.447 
PG-fit: 0.000 1.082 1.638 2.457 3.135 3.167 
PG-ml: 0.664 1.308 1.840 2.587 3.232 3.188 
PS-fit: 0.000 1.262 2.188 3.654 5.771 6.524 
PS-ml: 0.000 1.244 2.161 3.629 5.684 6.524 
PGS-fit: 0.000 1.168 1.918 3.146 4.547 4.673 
PGS-ml: 0.000 1.138 1.760 3.016 4.391 4.532 

MOD. PEN. 
Direct: 0.000 6.905 -.- -.- -.- -.-
P: 10.657 10.742 10.926 10.909 10.816 10.742 
PG-moment: 1.346 1.592 1.926 2.008 2.438 2.585 
PG-fit: 0.048 0.786 1.223 1.523 2.292 2.156 
PG-ml: 0.124 0.791 1.242 1.535 2.280 2.190 
PS-fit: 0.048 0.850 1.383 1.843 2.827 2.501 
PS-ml: 0.048 0.841 1.385 1.849 2.784 2.501 
PGS-fit: 0.048 0.828 1.323 1.747 2.664 2.379 
PGS-ml: 0.048 0.822 1.327 1.720 2.624 2.372 

LOW PEN. 
Direct: 0.000 4.477 -.- -.- -.- -.-
P: 3.136 3.295 3.306 3.361 3.710 4.549 
PG-moment: 0.511 0.683 0.851 0.910 1.096 1.280 
PG-fit: 0.014 0.382 0.589 0.717 0.893 1.028 
PG-ml: 0.014 0.383 0.591 0.715 0.897 1.030 
PS-fit: 0.014 0.378 0.585 0.698 0.873 1.032 
PS-ml: 0.014 0.378 0.583 0.698 0.871 1.032 
PGS-fit: 0.014 0.379 0.585 0.707 0.871 1.038 
PGS-ml: 0.014 0.379 0.585 0.707 0.870 1.037 
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Table 3.12 Percentages of convergences for different models, different groups of products and different 
percentages of missing cells for the period of a full year 

percentage of missing cells twenty 
four 

0% 10% 20% 30% 50% weeks 
ALL 
Direct: 100.0 0.0 0.0 0.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 76.3 90.5 87.7 87.6 86.4 77.1 
PG-fit: 76.3 89.4 87.7 87.6 88.8 77.1 
PG-ml: 76.3 86.6 83.8 82.6 77.5 77.1 
PS-fit: 76.3 90.5 87.7 87.6 88.8 77.1 
PS-ml: 76.3 87.2 84.4 83.1 77.5 77.1 
PGS-fit: 36.7 39.7 38.5 38.2 33.7 35.4 
PGS-ml: 28.4 33.0 30.7 30.9 29.6 26.9 

HIGH PEN. 
Direct: 100.0 0.0 0.0 0.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 98.5 98.5 100.0 98.5 98.5 98.5 
PG-fit: 98.5 98.5 100.0 98.5 98.5 98.5 
PG-ml: 98.5 98.5 98.5 98.5 98.5 98.5 
PS-fit: 98.5 100.0 100.0 98.5 98.5 98.5 
PS-ml: 98.5 98.5 98.5 98.5 98.5 98.5 
PGS-fit: 58.5 56.9 63.1 64.6 56.9 58.5 
PGS-ml: 49.2 52.3 56.9 55.4 53.8 46.2 

MOD. PEN. 
Direct: 100.0 0.0 0.0 0.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 90.7 88.0 84.0 81.3 77.0 70.7 
PG-fit: 90.7 86.7 84.0 81.3 79.7 70.7 
PG-ml: 90.7 84.0 80.0 77.3 66.2 70.7 
PS-fit: 90.7 88.0 84.0 81.3 79.7 70.7 
PS-ml: 90.7 85.3 81.3 78.7 66.2 70.7 
PGS-fit: 48.0 40.0 33.3 30.7 24.3 30.7 
PGS-ml: 33.3 28.0 20.0 21.3 18.9 21.3 

LOW PEN. 
Direct: 100.0 0.0 0.0 0.0 0.0 0.0 
P: 100.0 100.0 100.0 100.0 100.0 100.0 
PG-moment: 42.7 82.1 74.4 81.6 83.3 51.4 
PG-fit: 42.7 79.5 74.4 81.6 90.0 51.4 
PG-ml: 42.7 71.8 66.7 65.8 60.0 51.4 
PS-fit: 42.7 79.5 74.4 81.6 90.0 51.4 
PS-ml: 42.7 71.8 66.7 65.8 60.0 51.4 
PGS-fit: 6.7 10.3 7.7 7.9 6.7 2.9 
PGS-ml: 5.3 10.3 7.7 7.9 3.3 2.9 
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Table 3.13 Root mean squared differences for different models and different groups of products for the 
period of a full year 

percentage of missing cells twenty 
four 

0% 10% 20% 30% 50% weeks 
ALL 
Direct: 0.000 -.- -.- -.- -.- -.-
P: 26.396 28.778 29.067 29.693 30.741 29.640 
PG-moment: 4.895 5.690 6.062 6.606 8.363 8.069 
PG-fit: 0.172 1.953 2.908 3.920 6.515 6.049 
PG-ml: 1.242 2.459 3.316 4.248 6.710 6.424 
PS-fit: 0.172 2.053 3.223 4.458 7.640 7.222 
PS-ml: 0.172 2.055 3.225 4.466 7.642 7.222 
PGS-fit: 0.172 2.017 3.040 4.257 6.963 6.446 
PGS-ml: 0.172 2.000 3.013 4.265 6.983 6.403 

HIGH PEN. 
Direct: 0.000 -.- -.- -.- -.- ... 
P: 36.618 36.235 36.630 37.116 37.015 37.212 
PG-moment: 7.648 8.028 8.190 8.774 10.320 10.683 
PG-fit: 0.186 2.416 3.586 4.614 7.943 7.451 
PG-ml: 2.204 3.405 4.385 5.301 8.211 8.191 
PS-fit: 0.186 2.626 4.294 5.772 10.129 9.610 
PS-ml: 0.186 2.637 4.304 5.792 10.121 9.610 
PGS-fit: 0.186 2.569 3.932 5.356 8.824 8.111 
PGS-ml: 0.186 2.534 3.879 5.387 8.884 8.042 

MOD. PEN. 
Direct: 0.000 -.- -.- -.- -.- -.-
P: 24.593 24.592 24.898 25.464 26.624 25.519 
PG-moment: 3.354 3.761 4.580 5.190 7.209 6.525 
PG-fit: 0.212 1.908 2.860 4.079 6.122 5.861 
PG-ml: 0.447 1.990 2.950 4.129 6.282 5.928 
PS-fit: 0.212 1.918 2.830 4.133 6.330 6.266 
PS-ml: 0.212 1.911 2.824 4.129 6.342 6.266 
PGS-fit: 0.212 1.894 2.803 4.116 6.258 6.126 
PGS-ml: 0.212 1.891 2.796 4.098 6.233 6.097 

LOW PEN. 
Direct: 0.000 -.- -.- -.- -.- -.-
P: 15.180 21.205 21.203 22.222 24.628 20.631 
PG-moment: 2.596 3.739 4.067 4.426 5.918 4.724 
PG-fit: 0.098 0.886 1.282 1.651 3.150 2.493 
PG-ml: 0.118 0.901 1.302 1.670 3.197 2.532 
PS-fit: 0.098 0.875 1.242 1.546 2.780 2.270 
PS-ml: 0.098 0.876 1.242 1.545 2.804 2.270 
PGS-fit: 0.098 0.877 1.245 1.550 2.800 2.277 
PGS-ml: 0.098 0.878 1.248 1.553 2.801 2.285 
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4. Multivariate Heterogeneous Poisson Processes1 

4.1 Introduction 

In chapter 3 we described four Poisson based models that were used for budget data. The 
models differ in the way heterogeneity is treated. The first and most complex of these 
models distinguishes a class of never buyers and allows Gamma heterogeneity for the class 
of buyers (Poisson Gamma Spike). The other models are all simplifications. The second 
model allows Gamma heterogeneity but no class of never buyers (Poisson Gamma), the 
third provides a class of never buyers but no heterogeneity within the class of buyers 
(Poisson Spike) and the fourth allows no heterogeneity at all (Poisson). The models and 
their parameters are listed in Table 4.1. 

Table 4.1 Four Poisson models and their parameters 

model parameters 
Poisson X (intensity) 
Poisson Gamma b (scale), k (shape) 
Poisson Spike X, pH (probability of being a never buyer) 
Poisson Gamma Spike Pa, b, k 

If we are interested to estimate the model parameters of two subsequent periods, we can do 
this either separately where we find a different set of parameters for each period, or 
combined where we add the data of the two periods and estimate on the combined data one 
set of new parameters. These parameters can be used to describe the distribution of the 
number of purchases Af,, M2 and M for the first, second and combined quarters 
respectively. In the course of the process we first estimate the model for the first quarter. In 
the case of a Poisson Gamma Spike model we have estimates for pol, £>, and kt, that may 
be obtained by ML-estimation (see SIKKEL and HOOGENDOORN, 1995). From these 
estimates the penetration for the first quarter is derived and published. The next quarter we 
estimate p02, b2 and k2 from which we derive the penetration for the second quarter. In 
order to estimate a half-year penetration we can apply the same estimation procedure to the 
combined data of the complete period. Then the parameters that reflect the complete period 
are p0, b and k. This strategy, however, can create a problem. When the parameter set 
p0l, il, and £, is different from pm, b2 and k2 this is 'interpreted' by the estimation 

procedure as extra heterogeneity within households, since the coefficient of variation of the 
purchases in time is fixed. The more heterogeneity the higher the variance of the 
distribution of the number of purchases. So this may lead to the inconsistency that the 
estimate of P{M = 0} is larger than the estimate of P{M[ =0} or P{M2 =0} (in half a 

An adapted version of this chapter will appear in Statistica Neerlandica, 1998, vol. 52 
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year there are more non-buyers than in one or each of the quarters). The penetrations, which 
are the compliments of the zero-probabilities then, are also inconsistent. Practically, it is 
impossible to avoid this problem, since an estimated penetration has to be published 
immediately after a quarter. Theoretically, it is a drawback of the combined model. With 
the exceptions of the Poisson process and the Poisson Gamma process with equal shape 
parameters, it is simply not true that a succession of two processes with different parameters 
leads to the same process with 'average' parameters. As a consequence, we can not use the 
combined model and have to look for an alternative. Therefore we will treat the quarters as 
two separate dimensions. Although we separate these dimensions, it does not mean that 
they are independent. In fact we will find correlated data as a result from unobserved 
heterogeneity. We must take the dependency between these dimensions into account. 

In this chapter we will generalise the existing models to multivariate models. We will 
formulate and analyse bivariate models for both the Poisson Gamma model and the Poisson 
Spike model under the assumption that the model parameters of two subsequent quarters 
were estimated separately by application of univariate estimators to the marginal data, and 
that the corresponding estimates for penetrations were published. Our goal is to find an 
estimator for the penetration of the combined period that will not contradict earlier 
published figures. Therefore we will study the dependency between two marginal processes 
by estimating the extra parameters from the combined data, where we consider the marginal 
processes given. To gain insight we will link this problem to classical measurement theory, 
where attenuation of dependencies plays a crucial role. 

4.2 Bivariate Poison processes 

In this section we will discuss two bivariate Poisson processes: the bivariate Poisson 
Gamma process and the bivariate Poisson Spike process. For each model we will formulate 
two estimation procedures: moment estimation and maximum likelihood estimation. We 
will describe the models in terms of latent variables for the intensity of the Poisson process. 
We will start with a derivation of bivariate density functions and will find expressions for 
the correlation between the two components of the bivariate random variable. 

4.2.1 The bivariate Poisson Gamma process 

The Poisson Gamma process is a latent variable model. It assumes the existence of a latent 
variable A that indicates the intensity of the individual Poisson processes. The distribution 
of A is assumed to be a gamma(b,k) distribution, where b is the scale parameter and k is 
the shape parameter of the gamma distribution. In the bivariate case we have variables A, 
and A2 for the first and the second period and with gamma(b{,k\) and gamma(b2,k2) 

distributions respectively. We will discuss a bivariate version of the gamma distribution as 
given in JOHNSON and KOTZ (1972). Therefore we suppose that A, and A2 may have 

42 



different shape parameters fc, and k2, but have both a scale parameter 1. The idea behind 

the formulation of a bivariate gamma distribution, is that the two jointly distributed random 

variables A, and A2 have a common part X0 besides independent parts X, and X 2 , so 

that we can write 

and 

A , = X 0 + X, 

TVT A n T A j 

Here X0, X] and X2 all have the same scale parameter 1, but have different shape 

parameters h0, ht and h2 respectively, with k^=hQ + hx and k2 = h0+h2. Note that by 

definition h0 < m i n ^ , , ^ ) . Since the joint density of X0, Xt and X2 is defined as 

r> \ | /Ç)-l fc,-l h~-\ -(jr„+A|+A'2) 

the joint density of X0, A, and A2 is 

f(x0,A],A2) = x<? '(A, -x0)'' (A2-x0)
2 eH' 

T{\)Y(hx)Y(h2) (4i) 

By integrating formula (4.1 ) with respect to xo from 0 to A , where A is the minimum of 
Al and À2, we can find the joint density function of A, and A2 

/ (A | , / l 2 )= e . f*o'~'(4 - x 0 ) A , H a 2 - x 0 ) ' ^ l e - t " ^ 0 

r(/!0)r(ft,)r(Ä2)J
0 I4-A> 

The correlation p* between A, and A2 can easily be derived from the definition 

• _ K K 

Since we fixed the scale parameters all to unity, the number of free parameters in this 
approach is three. However there will be no loss of generality: we can re-scale time in such 
a way that the scale parameters are equal to one. 
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4.2.2 The bivariate Poisson Spike process 

The Poisson Spike process is essentially a mixture model at the zero observations. It 

assumes the existence of a latent variable C that indicates that an individual is a buyer. 

When C = 0 the individual is a non-buyer, when C = 1 the individual buys according to a 

Poisson process. The model contains two parameters: p0 the probability of being a non-

buyer and p. the intensity of the Poisson process of the buyers. In the bivariate case we have 

variables C, and C2 for the first and the second quarter respectively with the same meaning 

as C. The variables C, and C2 , however, are not independent and not identically 

distributed. We can describe the distribution of the latent classes by a transition matrix Q, 

where the elements qtj are the transition probabilities to move from class i' to class j 

(i, j = 0,1). Let the initial distribution of the latent Markov process be pQ] and 1 - pol, then 

Pol = / ' o i ' 7oo + ( 1 -Po i )9 ]o ( 4 4 ) 

The number of free parameters in the bivariate Poisson Spike model then has five free 

parameters. The model can be specified in such a way that four parameters (//,, p0l, / i , 

and p02) determine the marginal distributions, and that one remaining parameter (e.g. qm) 

determines the dependency in the model. The marginal distributions put restrictions to the 

values of qm. Apart from the obvious bounds of 0 and 1 the value of gM should also be 

smaller than pm/p0l and should be larger than (p0l + p02 - l ) / p 0 ] . 

The Poisson Spike process can also be formulated in terms of a latent variable model. In 

that case we will say that a non-buyer 'buys' according to a Poisson process with intensity 

0, so that the latent variable A indicating the intensity of the individual Poisson process is 

discrete and takes two values: zero (with probability p0) and /j with (with probability 

l — p0). In the bivariate case we have two latent variables A, and A 2 , representing the 

intensities of the first and second period respectively. The bivariate latent variable has a 

discrete distribution in the four points (0,0), (//,,0), (0,p2) and {jilt/i2) with 

probabilities xm, x]0, 7t0] and KU respectively. Relationships between the probabilities 

pm and qit on the one hand and the probabilities n~ on the other can easily be derived. 

The correlation p' between A, and A2 is 

V^IO + n\ I X^OO+^01 )(tf 00 + 'T,,) X^Ol + T, 1 ) 

= 1 - Poi - Po2 + Poigoo - 0 - Po. )0 - Pm) 

V P O I O - P O I J A B O - A E ) ( 4 ' 5 ) 
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4.3 Estimation based on correlation in a two way table 

The data on which we base the estimation of the parameters consist of numbers of 

purchases of respondents in the two periods. Let M|(f,)be the number of purchases of a 

respondent who reported over a time /, in the first quarter and M2(t2) be the number of 

purchases of a respondent who reported over a time /, in the second quarter. If all 

respondents reported over the same time period f, and t2, then the data can be written in the 

form of a two-way table {mtj}, where mtf is the number of respondents that reported i 

purchases of a product in the first quarter and j purchases in the second quarter. In this 
section we will describe how we can estimate the bivariate model using a direct estimator 
of the correlation in the table {m,;} for both the bivariate Poisson Gamma model and the 
bivariate Poisson Spike model. The estimation procedure is based on equating the first two 
marginal moments and the correlation coefficient of M,(r, ) and M2(t2) in the table {mit} 

to the theoretical population values. The method can be seen a generalisation of the method 
of moments (see e.g. HOEL, PORT and STONE, 1971). In order to formulate this estimator we 
will first discuss the notion of attenuation. The attenuation relates the correlation of the 
latent variable that indicates the frequency of the individual renewal process to the 
observable variable M (t). 

4.3.1 Attenuation 

In classical test theory the notion of attenuation is used to describe the effect of 
measurement error on correlations between observed variables (see e.g. LORD and NOVICK, 
1968). If we have a classical model for tests the observed score X is split into two parts: a 
true score T, which is a latent variable, and a measurement error E 

X = T + E 

We assume that the measurement error E has zero expectation and is uncorrelated with 
respect to the true score T. The correlation p(X,T) between observed and true score is 

called the reliability of the measurement, and is equal to the quotient <J2
T/(J2

X of variances 

of Tand X. As a consequence the reliability takes values between 0 and 1. Suppose that we 

have two measurement instruments Xt and X2 that measure the true scores 7, and T2. 

Because the true scores are measured with some error, the correlation between the observed 

scores will be lower than the correlation between the true scores. The correlation p(7",, T2 ) 

between the true scores 7, and T2 is given by 

Vp(x,,r,)p(x2,r2) 
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The idea is that correlations between observed scores are less than the correlations between 
corresponding true scores, because the former correlations are attenuated by the 
unreliability of the measurements. We can also write 

p(X„X2) 
P(" 2' c,c2 (4-6) 

where we call c, the attenuation factor of measurement (': 

c, =Jp(X„T,), ( /=1 ,2 ) . 

The notion of attenuation can also be applied to heterogeneous renewal processes (see 
SIKKEL and JELIERSE, 1987). Here the role of the true score is played by/ , the frequency of 
the individual renewal process. In general ƒ will be a function of a latent variable A, that 
models the heterogeneity of the individuals. Note that ƒ itself can also be considered to be a 
latent variable. The role of the observed score is played by M(t), the number of renewals in 
an observation time period t. Although we assume that M(t) is observed without 
measurement error, we find lower correlations between observed scores than between latent 
scores. The attenuation comes from observing the latent variable ƒ as if we have some 
measurement error through the randomness of the renewal data. For a heterogeneous 
renewal process the analogue of equation (4.6) is 

p(M,(f,),M2(72)) 
PU"h)- C|(r |)c2(r2) (4-7) 

where the attenuation factor ci{tl ) is now a function of tt, the length of the observation 

period. The attenuation factors for the renewal process are then 

c,(t,) = 4p(MjiJT) 

2 2 

p^iM^A^ + tfa] (4-8) 

It follows that c,(r.) i O for f, 4-0, and that c,(f,)-»l for tj -^ <*> (see SIKKEL and 

JELIERSE, 1987). 

4.3.2 The bivariate Poisson Gamma model 

In order to formulate an estimator based on the correlation in a two way table, we will first 
find an expression for the attenuation for the univariate Poisson Gamma model in terms of 
the estimated parameters. In the case of a univariate Poisson Gamma model the 
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heterogeneity is modelled in such a way that the frequency ƒ, of the individual Poisson 

process in period i has a gammaib^k^ distribution. Note that in this case we have no 

distinction between f. and A,. Conditional on A, then Mj{tl) is a Poisson process, so that 

EA [cr2(M,(r,)IA,)]= EA[Aiti] = blkiti. Since a} =bfki it follows from equation (4.8) the 

attenuation factor c, (r, ) for the Poisson Gamma model is 

, b,t, 

-b,t, (4.9) 

Now we can formulate a procedure to find an estimate for h0. Using the table {mr } we first 

apply standard methods to find maximum likelihood estimates for the four parameters bx, 

k,, b2 and k2 of the univariate Poisson Gamma models using only the marginal totals 

{»i,+ }and [m+J} of the table. Based on the table {mr/} we can also compute a correlation 

coefficient p between M,(r,) and M2(t2). We can relate this to p\ the correlation 

between A, and A2 by (4.7) using the attenuation factors of equation (4.9), so that p' can 

be estimated by 

_, _ 11 + V , 1 + V 2 -

The next step is to transform the marginal distributions such that they become standard 
gamma distributions (bx=b2 = \). This can be achieved by changing the unit of time by a 

factor b, and b2, respectively. By defining w, = bltl and u2 =b2t2 the table {m,-,} can be 

interpreted as if it refers to the time interval M, and u2. The corresponding random 

variables have a gamma-distribution with scale parameters 1. From equation (4.3) we find 

that the value of h0 can be estimated by 

h0=p'Jklk 
(4.11) 

4.3.3 The bivariate Poisson Spike model 

In the case of a univariate Poisson Gamma model the heterogeneity is such that the 
frequency ft is either 0, with probability p0l., or /u,. Note that there is no distinction 

between ƒ, and A, again. We find here that EA [<T2(AfI(fI)IA,.)]= £A [Ajti] = ju^^t- and 

o\ = / / 2 p 0 l ( l - / ? 0 / ) . The attenuation factor <:,(?,) for the Poisson Spike model is then 
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c ( 0 = PM 
' ' V + PM (412) 

Now we can define in the same way as for the Poisson Gamma model an estimator for the 

fifth parameter of the bivariate Poisson Spike model. We start with univariate ML-estimates 

for the four parameters //,, pm, jU2 and p02. Next we find an estimate p for the 

correlation in the table {mtf} that we can use to estimate p*, the correlation between the 

latent intensities by 

i PoM hihih (4-13) 

From equation (4.5) it then follows we estimate qm by 

- _ -y/PoiO - Poi)Po2(1 - Pm)p' + PmPai 

'°° pm (4.14) 

4.4 Maximum likelihood estimation 

In this section we will derive maximum likelihood estimators based on the individual 
observations of A/, (r, ) and M2 (t2 ) for both the bivariate Poisson Gamma and the bivariate 
Poisson Spike model. Again we will consider the situation where we already estimated the 
marginal distributions, so that we maximise the conditional likelihood given the marginal 
distributions. 

4.4.1 The bivariate Poisson Gamma model 

In order to find the maximum likelihood estimator for h0 we need an expression for 

P{ M] (r, ) = m],M2(t2) = m2] . Since we consider the estimates of /?,, k]t b2 and k2 t obe 

given we can transform the time by changing t] into u\=btt\ and u^=b2U, Now in the 

transformed time the marginal Gamma distributions have scale parameter 1. Let 

L(h0\ml,m2,ul,u2)be the likelihood P[Ml(ul) = m^M^u^) — m2} for h0. According to the 

Poisson Gamma process, by equation (4.1) we have 

L(h0;m.,m2,u,,u2) = 
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J-o J-J-, nKWWnh,) m,\m2\ ^ 1 

xe-{x"+À'-x,M:~'")dx0dÂ]dÀ2 

™r "r 7 e-|("l+J|)"1+(^+J;)l,:| [(*„ + *, )«,]"" [(*„ +X2)u2]
m 

i0lll0r(h0)nh,)r(h2) mi \m2 ! 
x n X, -X-, 

xe ^^^dxQdbCidfc , 

m, /n-> ™ ™ ™ 

I I I J J^("'+"2+,)^+;' +72-1 

r(Ä0 )r(fc, )r(/ï2 )m, ! m2 ! A=1 A=l (;=0 ̂ o ,;L0 

h 

2\e-
x'{u'+l]xym'-J'-'e-xM+t]x!?+^-h-1dxndxtdxn 

m, V m 

h A h S 
n f y , + h + 72 )

r ( ^ + m, - ;', ) r(*, + m2 - j2 ) 
u"'lu2

:/(ml\m2i) A A 

röörööfog J à (H.+I^+I)**
 +>, + i)"l+ ~%+i) 

II u>'uHl"+h] 

;ï=i ;2=i7i !72 ! l"i +"2 + 

», 
4-Al.I fcL^-AJ 

(m,-i, )!(«,+!)'" -M^2-i2)("2+l)"!+" (4.15) 

where we write Am =h(h + V)...(h + j-l) f o r ; > 0, and hm = \. Note that since the 

marginal parameter estimates are given, we have /i, =k,-hQ and h1=h1-\. Then the 

log-likelihood of a given sample is equal to 

W = I I I I«(»i„m2)M1,M2)log(L(/i0;m1,m2>«1,M2)) 

where n(m],m2,u],u2) is the number of respondents who reported m, and m2 purchases 

over transformed periods of lengths w, and M2 respectively. 
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4.4.2 The bivariate Poisson Spike model 

Our situation is that the parameters //,, p0], //, and p02 of the marginal distributions of 

the bivariate Poisson Spike distribution are given. In order to find the ML estimator for the 

fifth parameter qm we need expressions for the probability distribution of the outcomes. 

These can easily be written down, e.g. 

P(M l(r l) = 0,M2(?2) = O) = p o l ( ? 0 O +(l - 1 ? o o )exp(- / / 2 / 2 ) ) 

+ (1 - pm )exp(-//, f, )(qw + (1 - ql0 ) exp(-//2?2 )) 
(4.16) 

Note that ql0 can be written as a function of pQI, pm and qm by equation (4.4). Then from 
this and other expressions for the probabilities we can derive the likelihood function for the 
bivariate distribution of M^t{) and M2(t2). 

4.5 Results 

We applied the bivariate Poisson models and the described estimation methods to a set of 
budget data. We used the purchase data of 450 households on three meat products (pork, 
beef and horse) of the first two quarters of 1994. The results for the Poisson Gamma and the 
Poisson Spike models are shown in and Table 4.2 respectively, but before we present these 
results we will discuss the estimation scheme of the two methods for the bivariate Poisson 
Gamma model (see Figure 4.1 and Figure 4.2). 

Figure 4.1 Estimation scheme for bivariate moment estimators for the Poisson Gamma model. 

bivariate moment 

margin {m1+| > buk. C|(f,) 

margin \m+ * blz k-, * c2(t2) h» penetration 

table )m,,} 

Both methods start with estimation of the marginal distributions. From these distributions 
the attenuation factors are estimated. In the case of the moment estimator the next step is to 
compute the sample correlation coefficient from the two-way table {m, }. Together with the 
estimated attenuation it is possible to give an estimate for the correlation at the latent level 
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p*. This helps us to an estimate for h0, and finally to an estimate for the penetration. In the 

ML case the estimation scheme is simpler. Based on the two-way table jml(.} an estimate 

for h0 is obtained by maximising the conditional likelihood given the estimates of the 

marginal parameters &,, kx, b2 and k2. This leads directly to an estimate for the 

penetration. As a by-product we may then derive estimates for the correlations p' and p . 

Figure 4.2. Estimation schemes for bivariate ML estimators for the Poisson Gamma model. 

bivariate ML 

margin (m,+ } 

margin [mH} * b2, k 

table (»!,-,-} 

buk. Cl(fl) 

• c2(t2. 

* hn penetration 

Table 4.1 Estimates of parameters, attenuation, penetrations and correlations for three meat products using the 
univariate Poisson Gamma model for Quarter 1, Quarter 2 and the combined Half-year, and using two 
estimation methods for the bivariate Poisson Gamma model for the Half-year. 

attenuation penetration hu 

pork 
Quarter 1 
Quarter 2 
Half-year 
Half-year 
Half-year 
beef 
Quarter 1 
Quarter 2 
Half-year 
Half-year 
Half-year 
horse 
Quarter 1 
Quarter 2 
Half-year 
Half-year 
Half-year 

combined 
bivariate mom. 
bivariate ML 

combined 
bivariate mom. 
bivariate ML 

combined 
bivariate mom. 
bivariate ML 

0.6897 
0.5757 
0.6536 

0.5212 
0.4864 
0.5359 

0.2848 
0.1021 
0.1857 

0.9465 
0.9471 
0.9062 

0.8683 
0.8070 
0.7791 

0.0539 
0.0949 
0.0664 

0.9485 
0.9392 

0.9335 
0.9292 

0.8873 
0.7552 

0.8865 
0.8680 
0.9271 
0.9410 
0.9370 

0.8315 
0.7995 
0.8783 
0.8933 
0.8949 

0.0801 
0.0771 
0.1104 
0.1063 
0.1028 

0.8554 0.8048 
0.9043 0.8509 

0.8205 0.8503 
0.8070' 0.8362 

0.0728 0.6826 
0.0539* 0.5050 

0.9035 
0.9551 

0.9802 
0.9641 

1.0186 
0.7535 

: estimate of h0 at upper bound 
*: estimate of h0 outside domain 

In Table 4.1 the rows labelled Quarter I and Quarter 2 show parameter ML-estimates of b 

and k obtained from the univariate Poisson Gamma distribution, and the quarter penetration 
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estimates derived from these parameter estimates. The rows labelled Half-year combined 
show the results of combining the data, and estimate a new set of ML-estimates b and k. 
From this new set of estimates the half-year penetration of the products is estimated. 
Although it does not occur in these examples, it may happen that the estimated half-year 
penetration is lower than one of the quarter penetrations. The rows labelled Half-year 
bivariate mom. and Half-year bivariate ML show results for the bivariate estimators 
explained in sections 3 and 4 respectively. For the product pork an estimate for the 
penetration by way of a moment estimator based on the correlation in the two way table, has 
the value 0.9410 (column labelled attenuation). This estimate is based on the table 
correlation p that was estimated at 0.8048 (column labelled penetration). Together with the 
'given' estimates for bt and b2 the attenuation of the Poisson Gamma process could be 

estimated, leading to an estimate of p' of 0.9035 using equation (4.8). As a next step h0 

was estimated at 0.8554 using equation (4.9), leading finally to an estimate of the half-year 
penetration of 0.9410 using 

P{M,(/,) = 0,M,(r2) = 0} = 
1 1 

(1 + V . + V 2 ) * O + V, ) ' 1 ^ (i + b2t2t-^' (4.17) 

The rows labelled Half-year bivariate ML show estimates of the half-year penetration based 
on a ML-estimate for h0, as described in section 4.4. For pork h0 was estimated at 0.9043. 

From h0 estimates for the penetration and for the correlations p' and p were derived. 

Table 4.2. Estimates of parameters, attenuation, penetrations and correlations for three meat products using the 
univariate Poisson Spike model for Quarter 1, Quarter 2 and the combined Half-year, and using two estimation 
methods for the bivariate Poisson Spike model for the Half-year. 

ß Po attenuation penetration <?(X) P p' 

pork 
Quarter 1 0.7980 0.1821 0.8086 0.8179 
Quarter 2 0.6737 0.1906 0.7908 0.8093 
Half-year combined 0.6870 0.1378 0.8622 
Half-year bivariate mom. 0.7745 1.2383" 0.8048" 1.2586" 
Half-year bivariate ML 0.8690 0.7189 0.4058 0.6346 
beef 
Quarter 1 0.5741 0.2119 0.7827 0.7876 
Quarter 2 0.5178 0.2419 0.7871 0.7572 
Half-year combined 0.5051 0.1733 0.8267 
Half-year bivariate mom. 0.7073 1.3816" 0.8503" 1.3801" 
Half-year bivariate ML 0.8366 0.7704 0.3942 0.6399 
horse 
Quarter 1 0.1807 0.9150 0.8261 0.0769 
Quarter 2 0.0862 0.8876 0.7063 0.0758 
Half-year combined 0.1098 0.8877 0.1058 
Half-year bivariate mom. 0.0840 1.0002" 0.6826" 1.1699" 
Half-year bivariate ML 0.1087 0.9559 0.4138 0.7092 

: estimate of qm outside domain 
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Table 4.2 has basically the same structure as Table 4.1. The parameters to be estimated for 

the univariate Poisson Spike model are ß and p0. For the bivariate case both estimation 

methods discussed in section 3 and 4 are applied to estimate qm and the penetration. The 

row labelled Half-year bivariate mom. shows an estimate of the penetration based on an 

estimate of p from the observed table {mg}. Note that these estimates are identical to those 

in Table 4.1, since these are direct estimates, and do not depend on the model. From p we 

can estimate p', this time using equation (4.12). From p" we can derive an estimate for 

qm, and finally estimate the penetration. The row labelled Half-year bivariate ML shows 

the ML-estimate of qm. From this estimate the penetration, p" and p are derived. 

4.6 Discussion of the results 

Table 4.1 and Table 4.2 show some interesting features that we like to discuss here. A first 
thing that occurred, is that the estimation method based on the correlation in a two-way 
table, may lead to an estimated correlation p' that is larger than 1. This happened in the 
Poisson Gamma model for the product horse, and in the Poisson Spike case for all three 
products. In that case estimates of h0 and qm are out of their domain and the estimates of 
penetrations should not be taken seriously. Secondly we noticed that for the bivariate 
Poisson Gamma model there are two products (beef and horse) where the ML-estimate of 
h0 is at the maximum of its domain (being the minimum of the two estimates ks and k2 ) . 
This does not suggest a good fit for the models. Thirdly, comparison of Table 4.1 and Table 
4.2 shows a large difference in attenuation between the Poisson Gamma and the Poisson 
Spike process. For example: the total attenuation for the product pork (estimated by the 
quotient of p/p' ) in the PG-model is 0.89, whereas for the PS-model it is 0.64. We 
expected the attenuation for the two models to be equal, since that would have been the 
case if moment estimators were used for the marginal parameters. Apparently using Mis
estimates or moment estimators gives quite different results. Where does this all leave us? 
We may question the Poisson assumption of the underlying purchasing process. In the case 
of the Poisson Spike model we encountered problems related to a badly fitting attenuation, 
leading to overestimation of p* based on an estimate of p - the correlation in the observed 
table [m,-} - and to an underestimation of p based on ML-estimate of p'. But also in the 

case of the Poisson Gamma model the attenuation may not be reflected by the data. This 
becomes obvious if we generalise the interpurchase times in the Poisson Gamma model 
from an exponential distribution to a gamma distribution with shape parameter a. Since in 
that case both the interpurchase times A and the heterogeneity variable A have a gamma 
distribution, this model is called the gamma-gamma model. Let us assume that the 
heterogeneity parameter A has a gamma(b,k) distribution. Then the interpurchase times A 
for a certain individual with A = A have a gamma(\/A,a) distribution and the purchasing 
frequency is ƒ = 1/£[A] = A/a. Note that here there is a distinction between the variables 
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A and/. If we take a = 1 we have a Poisson Gamma process or the NBD model. Setting 
a = 2 , brings us to the situation of Erlang-2 distributed interpurchase times, i.e. the CNBD 
model (see section 4.1). In a process with given intensity A the asymptotic variance for 
t —> °° is given by 

tint, M »\ a1(A\A)t At 
cr(M(f)IA) = — '- = —-

1 E[A\Af av

isée Cox, 1962) so that 

EA[v*(M(t)\A)] = ^ 
1 a 

Since 

r2 b2k 
a) = a\Aja) = 

a 

we find by substitution of these results into equation (4.8) that the attenuation for the 
gamma-gamma model 

, bt 
c(t) 

+ bt 

Note that the attenuation formula for the gamma-gamma model is exactly the same as for 
the Poisson Gamma model in equation (4.9). This result, however, is misleading. If we fix 
the average purchasing frequency bk/a to 1, then we find 

, at 
c(t) 

k + at 

This result has significant consequences. It implies that without careful estimation of the 

regularity parameter a, the time scale that is used for the attenuation c(t) is arbitrary. 

When a increases, p' decreases. As a result the estimation method can only be used for 

products for which the Poisson assumption is reasonable. 

4.7 Conclusions 

The results of the application of bivariate Poisson models to budget data are not too good. 
The estimation method based on the correlation of the observed table (m, } leads to 
estimates that are out of their domain. The maximum likelihood estimation method does not 
suffer this problem, but in the case of the Poisson Gamma model we may end up with 
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estimates at the edge of the domain. In the case of the Poisson Spike model we find a severe 
gap between the estimated correlation from the model compared with the observed 
correlation in the table {mlt}. 

The argument in the previous section on generalising the Poisson process to a process with 
Gamma distributed interpurchase times, shows that the Poisson assumption is essential and 
that the method described here can only be use for processes where the Poisson assumption 
is reasonable. If one is not sure, it is necessary to take the regularity parameter a, the 
variance within time, into account. Variance component models (see e.g. ZWINDERMAN, 
VAN HOUWELINGEN and SCHWEITZER, 1995) allow such an approach, and their use to the 
budget data is the object of study of chapters 5, 6 and 7. 
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5. A variance component model for purchase incidence 

5.1 Introduction 

In this chapter we will study the use of a variance component model to consumer panel 
data. The motivation for a model comes from our specific interest in a quantity called the 
period product penetration, i.e. the fraction of households that buys a certain product in a 
certain period (month, quarter, year, etc.). The data that we analyse concern a set of fast 
moving consumer goods in the field of meat products. For each product we observe a 
matrix of numbers of purchases for different households in different weeks. We refer to this 
type of data as count data. In practice it happens that we do not know the numbers of 
purchases of all households for all weeks. In such a case the data matrix contains gaps, and 
it is not possible to estimate the penetration directly by the fraction of households that had 
at least purchase. In such a case the use of a model is essential to estimate the period 
product penetration. 

We assume that the process of purchasing consumer goods at the individual level is a 
renewal process (see Chapter 3). We will study the use of a variance component model as 
discussed by AALEN and HUSEBYE (1991). The motivation to study this model came from 
the problems we encountered when we worked with the Poisson process as a model for the 
process of purchasing consumer goods. The Poisson assumption fixes the variation of the 
time between purchases at the individual level, i.e. the coefficient of variation is pinned 
down to 1. It is not necessarily true that this assumption is reflected by the empirical 
process (see chapter 4). We need a model that allows us to estimate the different variance 
components (between and within individuals). For the variance component model it is 
neither possible to find an analytical expression for the distribution of M(t), nor for its 
Laplace transform. We will try to solve this problem by treating the unknown interpurchase 
times as missing data and by use of imputation methods. This imputation technique could 
be applied to any distribution for the interevent times. 

In dealing with this problem we will meet two types of missing data. The first type is a 
consequence of the fact that we have count data while the model is specified in 
interpurchase times. The information on interpurchase times is missing. The second type of 
missing data is a result of survey nonresponse. Some households in the survey do not give 
information about the number of purchases of certain weeks. The empirical data we will 
analyse contain purchases of meat products of 1625 households during the third quarter of 
1994. These data suffer both types of missing data, since they consist of numbers of 
purchases and there is nonresponse. Table 5.1 shows a frequency table of the numbers of 
weeks in which these households responded. We will develop methods to deal with these 
types of nonresponse, and to evaluate these methods using synthetic data. The synthetic 
data mimic the empirical data of the purchasing of three products. 
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Table 5.1 Frequency table of response weeks of households in Telepanel, third quarter of 1994  
number of weeks number of respondents percentage cumulative percentage 

1 108 6.6 6.6 
2 119 7.3 14.0 
3 131 8.1 22.0 
4 112 6.9 28.9 
5 73 4.5 33.4 
6 119 7.3 40.7 
7 93 5.7 46.5 
8 122 7.5 54.0 
9 106 6.5 60.5 

10 116 7.1 67.6 
11 133 8.2 75.8 
12 217 13.4 89.2 
13 176 10.8 100.0 

total 1625 100.0 100.0 

The outline of this chapter is as follows. After introduction of the variance component 
model in section 5.2 we will discuss the problem of censoring (section 5.3). The problem of 
missing interpurchase times will be the topic of section 5.4, and the problem of missing 
numbers of purchases will be the topic of section 5.5. In all these sections we will use 
synthetic data to evaluate the quality of the method. In section 5.6 we will apply the method 
to empirical data. In section 5.7 we will make a comparison between the variance 
component model and the Poisson based models of chapter 3. Finally, we will draw some 
conclusions in section 5.8. 

5.2 A variance component model 

In this section we will formulate a variance component model for the interpurchase times, 
i.e. the times between consecutive purchases. Since the theory that we will develop applies 
to a wider field than consumer behaviour, we shall also refer to interpurchase times by 
terms like spell, or duration, or interevent time). Variance component models are widely 
used to study differences between groups, and are usually based on normal distributions 
(see e.g. PETERSEN, ANDERSEN and GILL, 1996). We will use such a model to split the 

variance of the process between and within individuals. We will assume that the spells Xn, 
Xi2, ... of the renewal process satisfy the model 

\og{Xij) = M + Ui + E,j ( 5 1 ) 

where jj. is the overall mean and the individual score Ui and the residual Etj are random 

variables, that are stochastically independent and normally distributed with zero mean and 

variances a] and a] respectively (see AALEN and HUSEBYE (1991)). As a consequence the 
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spells are lognormal distributed. A random spell of a given individual i with individual 
score U- has a lognormal distribution with parameters 

X-p, ~LN{n + Ut,a]) 

and a random spell of a random individual has a lognormal distribution with parameters 

X.. ~LN{jU,al + al) 

The variance is split in such a way, that the variation between individuals (heterogeneity) is 
modelled by the random variables Ui, and the variation within individuals (in time) by the 
random variables Er. The parameters form a characterisation of the process, or, as in our 
case, of a product. The parameter a] refers to the heterogeneity of the buyers, and the 
parameter a] denotes the regularity in which a product is purchased. In particular, if 
a\ = 0 then there is no heterogeneity between individuals: all individuals will have the 
same average frequency of events. If on the other hand a] = 0, then the processes at the 
individual level are deterministic, since for a given individual all spells are equal. Given the 
parameters o] and o] the parameter /J tells us something about the average frequency in 
which a product is bought, since the expected interpurchase time of a random individual is 
exp(// + y o\ + y a] ). To study the sources of variance we need to estimate the parameters 
a1 and a), together with the overall mean //. We will describe the use of maximum 
likelihood estimation. At this stage we will ignore censoring problems, and proceed as if we 
observe complete interevent times. The problem of censoring is the topic of the next 
section. Suppose that we observe n interevent times Xl,X2,...,Xll. We can write the 
probability of such a observation as a product of conditional probabilities. 

P(X, =*,,... X„=x„) 

= P(X, = xl)P(X2=x2\Xl=xl)...P(Xn=xn\Xl=xl,...Xn_l =*„_,) ( 5 2 ) 

Since the logarithmic transformed interevent times are normally distributed it is relatively 
easy to find analytic expressions for the conditional probabilities (see section 5.9.1). We 
find that the contribution of one individual to the loglikelihood function (if we ignore 
constant terms) is 

L ( / / , a > > £ J - ^ 0 o g ( X ) - ^ 2 - l o g ( r , ) (5.3) 

where £ and r2 are the conditional expectation and variance of Xj given the previous j - 1 

interevent times, i.e. 
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H 
4J=Vj_lM + (\-vJ_l)—-Jjlog(Xm) 

J ' m=l 

(5.4) 

and 

where 

(5.5) 

er: 
(5.6) 

The factor vH serves as a trade-off factor that determines how much the conditional 
expectation relies on the empirical data versus the model assumption. Note that the factor 
vH does not depend on the observed values, but merely on the number of observations. If 
j = 1 then there is no empirical data at hand and the conditional expectation is equal to the 
model parameter /u . If on the other hand the number of observations increases, then 
Vy_i —> 0, which indicates that the conditional expectation relies more and more on the 

empirical data. In order to find the full log-likelihood, we merely have to sum equation (5.3) 
over all individuals. 

5.3 Censoring 

We observe the individual processes through a certain time window. As a consequence we 
find that in some cases the observations are censored, i.e. the information on a duration is 
incompletely recorded. 

Figure 5.1 Different types of censoring using a time window [r, ,/2 

left censored observation, Xi2: uncensored observation, Xß: right censored observation, 
Xjj. observation that is both left and right censored 
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Figure 5.1 shows the process of two individuals (i and/), and different kinds of censored 
observation that occur, when we use the observation window [t\, t{\. The first observation 
of individual i, X,i, is left censored, since the start of the duration time is on the left of the 
observation window. Observation Xa is uncensored or complete; there is no censoring on 
the left or right. Observation XQ is right censored, because the duration is ended at the right 
hand side of our observation window. Observation Xj\ is both left and right censored. It is 
possible to deal with these censoring problems under quite mild conditions (see VERMUNT, 
1996, for a discussion of both left and right censoring problems and possible solutions). 

5.3.1 Right censoring 

Right censoring is the most common form of incomplete information in event history 
analysis. It can not be avoided, since the reference period is of fixed length. The censoring 
mechanism (or the stopping 'decision') is crucial to the validity of the analysis. The missing 
data problem can easily be solved if we may assume that the censoring is independent of the 
process itself, in other words, if individuals are not censored because they have a high or 
low probability of experiencing an event (see VERMUNT, 1996) 

Figure 5.2 Right censoring  

x, x2 x„_, x„ 
•^-—" ~~--v-" ~~~~~̂  

x„_, 
-̂  

\t\ Y h 

[t\,t-i\: observation window, Y: right censored observation. A-,,: underlying complete observation 

A probabilistic view to the problem of right censoring is discussed in ANDERSEN, BORGAN, 
GELL and KEDDING (1993). They state that this problem can easily be solved in the case that 
the censoring times are stopping times, a probabilistic concept from martingale theory. The 
interpretation is that censoring may depend only on the past, not on future events. This is 
typically the case in our study, since censoring occurs using a fixed time window. When the 
censoring takes place at stopping times, it can be shown that the likelihood is the same as if 
censoring had occurred at some fixed time for each individual. This implies that we can 
obtain the complete log-likelihood by summing the individual log-likelihood. 

Thus we can make the following generalisation with respect to the uncensored case. In a 
given time interval we find for an individual a stochastic number of events, N, the 
interevent times X|, Xi, ..., X^, and a (right) censored observation Y. We can write the 
probability of a realisation with n observations as a product of conditional probabilities as 
follows 
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P(N = n,Xl =x„...,Xn = xn,Y = y) 

= P(Xl=xl)P(X1=x2\Xl=xl)... 

...P{Xn=x,\xx =xl,...Xn_t=xn_])P(Xn+]>y\X]=xl,...Xn=x„) (5.7) 

The contribution of one individual to the log-likelihood function (ignoring constant terms) 
is 

U.V.OÎ.02,) 

I - — ( I o g ( X ) - £ . ) 2 - l o g ( r , ) +log O iog(r)-£,+, (5.8) 

where Ç, and T] are given by equations (5.4) and (5.5) respectively. Notice the extra term 

coming from right censored data, compared with equation (5.3). 

5.3.2 Left censoring 

The missing data problem in the presence of left censoring is more complex to solve than in 
the case of right censoring. In experimental settings the experiments are usually set up in 
such a way that the problem of left censoring is avoided. Still, if data are left censored, 
some strategies exist for dealing with this problem (see VERMUNT, 1996). In our case, 
where we assume that we are dealing with a renewal process, we will make the extra 
assumption that the renewal process is in equilibrium, i.e. we act as if the process has run 
infinitely long. Thus the effect of the exact position of the starting point of our observation 
window with respect to the starting point of the process is cancelled. We will introduce two 
random variables that play a role in the context of left censoring: the failure time selected 
and the forward recurrence time. 

We observe the renewal process during a time interval (observation window) [tt,t2]. The 
equilibrium assumption implies that the start r, of the observation window is random and 
uniformly distributed over the time axis. In general r, will cut some renewal time XQ (see 
Figure 5.3). We will refer to this renewal time X0 as the failure time selected. The part of 
the failure time selected that is observed (the left censored observation) X\ is called the 
forward recurrence time (see Cox, 1962) 
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Figure 5.3 Left censoring 

[ti,t2]: observation window, X0: failure time selected, X,: forward recurrence time 

We can derive the distribution of the failure time selected from the notion that large 

duration times have a higher probability of containing ?, than small ones. The probability 

that a duration time contains ?, is proportional to its length. If/denotes the density function 

of failure time, then the density function ƒ„ of the. failure time selected is 

/ o « : 
xf(x) 

V, 
(5.9) 

where fif = EfX is the expected duration time. The density function ƒ, the forward 

recurrence time, can be derived from the notion that t], the starting point of the observation 

window, is sampled within the selected failure time according to a uniform distribution. 

More precisely: given a selected failure time X = x0 the forward recurrence time is 

uniformly distributed over the interval [Q,x0]. Consequently 

l-F(x) 

Mf 
(5.10) 

where F is the distribution function of X. The distribution of the forward recurrence time is 
J-shaped (see Cox, 1962). If failure-times arbitrary close to zero have positive probability 
density then there is a unique mode at zero (see Figure 5.4) 

In the case of the variance component model (5.1) the failure time X is lognormal 

distributed. For the failure time of a given individual i we have X\Ui ~ LN{/j. + Un<j]), 

and for the failure time of a random individual X ~ LN(ß,<77
u +o]). It can be shown that 

X0, the failure time selected, is again lognormally distributed (see section 5.9.2). For the 

failure time selected of a given individual i with score Ul we find 
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Figure 5.4 Density of forward recurrence times in the variance component model 

0 1 2 3 4 5 6 7 8 9 10 II 12 13 14 15 

X0\U, ~LN(H + U,+O],G\) 

so that for the failure time selected of a random individual we have 

X0 ~LN{ß + al,(rl+al) 

Unfortunately the forward recurrence time Xt does not have a lognormal distribution. This 
follows directly from the remark that its distribution is J-shaped. Consequently we loose the 
convenient analytical expressions for the conditional expectations and variance as in 
equations (5.4) and (5.5). This is a serious drawback from a computational point of view. In 
order to preserve the computational benefits of the lognormal distribution, we will 
approximate the distribution of the forward recurrence time X, by a lognormal distribution. 

We will study two approximating distributions. A first lognormal distribution will have the 
property that the first two moments are equal to those of ƒ, {approximation A). For a 

second lognormal distribution we set the second parameter to a\ + CJ] and will choose the 

first parameter in such a way that the first moment is equal to the first moment of ƒ, 

{approximation B). In the appendix it is proved that we find the following approximating 

distribution for the forward recurrence time of a given individual i with score Ut 

X\Ut~ LN{v + U,+al AA) ST2 - i ^ ' l 
-c. ,<j +c2 ) 

by approximation {A) (5.11) 
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so that we find for the forward recurrence time of a random individual 

X, ~ LN(II + G: +c\A\a] +a] +c[M) by approximation (A) (5.12) 

where 

c{A )=-21og(2)+±log(3), and 

c2
A )=21og(2)-log(3) 

The parameters of lognormal approximation (B) can be derived in the same way as for 
approximation (A). We find that 

X,|f/,. -LNiß + Ut +a]+c(-B\a]) by approximation (B) (5.13) 

so that we find for the forward recurrence time of a random individual 

X, ~ LN(ju + a]+cm,ol+a]) by approximation (B) (5.14) 

where 

ciB) = - log(2) 

Figure 5.5 shows the density ƒ, with the two lognormal approximations (A) and (B), and 

the density ƒ of the renewal times. Between the constants of the two approximations we 

have the following relationship 

c\A)+\c^=ciB). 

This is a consequence of the equality of the first moments, since the first moment of 

lognormal LN(v,T2) distribution is exp(v + ̂ r 2 ) . We can give the following 

interpretation to the value of c(ß)(and of the value of c,M) +\c\A) ) . From the equilibrium 

assumption we know that t0, the starting point of the observation window, is sampled 

within the failure time selected according to the uniform distribution. Hence the expectation 

of the forward recurrence time is half the expectation of the failure time selected: 

EX, =exp(/i + ( j ' +clB) +Ha] + al)) 

= exp(c(S) ) exp(// + <y]+\{ol+a])) 

= ±FX 
— 2 CA, 
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Figure 5.5, Density of forward recurrence times in the variance component model and its approximation 

0.25 -

-density of forward recurrence limes 

- approximation (B) 

approximation (A) 

density of failure times (approximation by ignorance) 

5.3.3 Finding estimates in the case of censored observations 

The discussion on censoring in the previous sections leads to the following strategy to 
obtain estimates for the variance component model. In order to deal with right censored 
observations we will use the extended version of the likelihood function (see equation 
(5.8)). In order to deal with left censored observation we will use lognormal distributions 
that approximate the distribution of left recurrence times. Here we can choose between 
approximation (A) and (B), of which the latter is less accurate, but will also prove to be 
much less burdensome from a computational point of view if we study multivariate 
variance component models (Chapter 6). 

Summarising, we find that the contribution of one individual to the log-likelihood function 
(ignoring constant terms) is 

i=i 

Xj--^r(log(X,)-£)2-log(r,.)f + logjl O 
'iog(y)-«f„+;^ 

(5.15) 

66 



where £. and rj for approximation (A) are given by 

g;=// + ̂ -(log(X1)-(^ + ^+cr))+
g' (g î+^A))i(log(XJ-/f) 

and 

2 2 2 ^K+(y-2)wf} 
r: = cr„ + cr + —^ 5—-

1 " * (<r f
2+0--2)<r>, 

where 

(see section 5.9.3). The full log-likelihood is obtained by summing equation (5.15) over the 
individuals. In order to obtain the likelihood function for approximation (5) one must 
substitute c\A)=c{B) and c\A) = 0. 

As mentioned earlier, we have a specific interest in estimating the product period 
penetration, i.e. the probability that an individual buys at least one item within a certain 
time period. In the case of an ordinary renewal process there is a simple expression for the 
penetration in terms of the model parameters. 

logd) 

P(X < t) = P{\og(X) < log(0) = j / w ( ^ + o f ) ( ^ = ^ ( ^ ^ ) ( 1 ° g ( ' ) ) (5.16) 

where ƒ , , and F , , are the density and distribution function of the normal 

N(jU,cr2
u +&1) distribution respectively. The penetration can be estimated from the data by 

substitution of the parameter estimates, and merely requires a numerical evaluation of the 
normal distribution function. In the case of a renewal process that is in equilibrium the 
computation of the penetration 

P(X]<t) = jf](x)dx (5.17) 

is not so easy. Here ƒ, is the density function of the forward recurrence time in a 
heterogeneous population, or 

Mx)=jfl(x\U = u)fu(u)du 

where 
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/ < » = /,v(o,a;,(")> 

F(x\U = u) 
f](x\U = u): 

E[X\U = u] u + u + at 
'-J-W«,^)^ (5.18) 

and f , is the density function of the lognormal LN(u + u,a2) distribution. The 

derivation above shows that computation of the penetration from the parameter estimates 
involves three integrals. We can solve one of these integrals analytically, but are left with a 
two dimensional integral that has to be computed numerically. 

P(M(t) 
' s 1 

>0) = exp(-//--Ler+J-cru
2)f - [f = 

)y 

xexp 
, (log(y) -M)2 + Ißo] + < + 2<7,? log(y))A 

: _ 2 . _ 2 

V c; + a 
dyds (5.19) 

/ 

If we estimate the penetration using the approximating lognormal distributions (A) and (B) 
for the forward recurrence time, we find expressions that are easier to handle 

P(Xt < t) « FN(fi+a,+cral+a2MA))(\og(t)) by approximation (A) (5.20) 

and 

P(X, < 0 - FN(^w,l]al+a]){\og{t)) by approximation (B) (5.21) 

5.3.4 Some results on synthetic data 

We studied the quality of these methods for censored data by a Monte Carlo experiment. 

We created synthetic data that looked like our empirical data. The empirical data consist of 

numbers of purchases of three products (pork, beef and veal) of 1625 respondents during 13 

weeks. Therefore we generated 100 data sets for 1625 households using fi = 0.6, a\= 0.9 

and G\ = 0.7 . These parameters are close to the true parameters of the product pork. We 

did the same for the products beef and veal. For beef we use the parameters /J = 1.1, 

o\ = 1.2 and a] = 0.6 and for veal ß = 6.0, e r = 5.0 and a\ = 1.0. 
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Table 5.2 Average estimated parameter values (and standard errors) for the variance component model for 
100 sets of generated data of 1625 households, using the fine and the rough approximation for the forward 
recurrence times. 

M s. e. Ou s.e. a,1 s. e. 

pork original parameters 0.600 0.900 0.700 
estimated using approximation (A) 0.566 0.025 0.869 0.041 0.728 0.010 
estimated using approximation (B) 0.521 0.024 0.834 0.040 0.767 0.012 
estimated ignoring left censoring 0.536 0.025 0.849 0.040 0.825 0.016 

beef original parameters 1.100 1.200 0.600 
estimated using approximation {A) 1.051 0.032 1.158 0.054 0.636 0.010 
estimated using approximation (B) 0.978 0.031 1.089 0.052 0.689 0.013 
estimated ignoring left censoring 0.969 0.030 1.065 0.050 0.768 0.018 

veal original parameters 6.000 5.000 1.000 
estimated using approximation (A) 5.172 0.244 3.786 0.563 1.183 0.128 
estimated using approximation (B) 4.601 0.276 3.045 0.543 1.363 0.178 
estimated ignoring left censoring 5.825 0.201 4.800 0.561 1.609 0.220 

We generated the synthetic data assuming that the renewal process is in equilibrium, and 
tried to re-estimate the parameters using the two approximations for the forward recurrence 
time. Table 5.2 shows parameter estimates averaged over 100 data sets for each product. 
We found that the parameters were re-estimated with a slight bias. The parameters ß and 
a\ are underestimated whereas a] is overestimated. As could be expected, the bias is 
larger for the approximation (B) than for the approximation (A). Table 5.2 also shows 
results if we ignore the problem of left censoring. In that case we act as if the left censored 
observations are uncensored, or - equivalently - as if the observations come from an 
ordinary renewal process. Ignoring left censoring forces that the previous purchase was 
done exactly at the start of the observation window. As a consequence the regularity 
parameter a1' is overestimated even more. 

Table 5.3 shows the results for the penetration. Here we used two methods to obtain an 
estimate for the penetration from the parameter estimates. First we used numerical methods 
to evaluate equation (5.17) after substitution of the parameter estimates. Second we derived 
penetration estimates using the same approximation that we used to estimate the model 
parameters, i.e. equation (5.20) for approximation (A) and equation (5.21) for 
approximation (B). Table 5.3 shows that the former strategy is rather precise for pork and 
beef, but shows a large bias for the product veal. The alternative strategy where we use 
approximations gives us reasonable results for all products. Table 5.3 also shows results for 
the penetration if left censoring is ignored. We start with parameter estimates that are 
obtained with left censoring ignored (see Table 5.2). To derive penetration estimates, we 
may use equation (5.17), thus taking left censoring into account to obtain the penetration 
estimate from the parameter estimates. Alternatively we may use equation (5.16), thus 
ignoring left censoring completely. Note that complete ignorance of left censoring with 
respect to penetration estimation gives results that are comparable to using the 
approximating distribution. 
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Table 5.3 Average estimated quarter penetrations (and standard errors) for the variance component model for 
100 sets of generated data of 1625 households, using approximations (A) and (B) and ignoring left censoring. 

penetrations s.e. penetrations s.e. 
estimated by estimated by 

equation (5.17) equation (5.20), 
(5.21)or(5.16) 

pork true penetration 0.934 0.934 
estimated using approximation (A) 0.935 0.003 0.938 0.003 
estimated using approximation (B) 0.935 0.003 0.940 0.004 
estimated ignoring left censoring 0.924 0.004 0.942 0.003 

beef true penetration 0.878 0.878 
estimated using approximation (A) 0.880 0.006 0.883 0.006 
estimated using approximation (B) 0.883 0.005 0.884 0.006 
estimated ignoring left censoring 0.871 0.006 0.881 0.006 

veal true penetration 0.097 0.097 
estimated using approximation (A) 0.126 0.008 0.099 0.007 
estimated using approximation (B) 0.148 0.009 0.099 0.007 
estimated ignoring left censoring 0.079 0.013 0.099 0.007 

5.4 Unknown Interpurchase Times. 

In the remainder of this chapter we will deal with the missing data problems. In this section 
we assume that we have count data, and that the interpurchase times are missing. In section 
5.5 we will deal with the situation where some of the count data are missing. 

5.4.1 The EM-algorithm 

We assume that we have a sample of households, and that we observe the numbers of 
purchases in all weeks of a certain period. Although these data give us some information 
about the interpurchase times, we do not know them exactly. In order to solve such a 
missing data problem the EM-algorithm comes to mind. The EM-algorithm is an iterative 
procedure for maximum likelihood estimation in missing data situations (see DEMPSTER, 
LAIRD and RUBIN, 1977). Define Z to be the complete but unobserved data (the 
interpurchase times), Y the observed but incomplete data (the numbers of purchases in 
successive weeks) and let 9 be the vector of parameters. In our case the ML-estimator for 
6 can easily be found from the complete data. To find it from the incomplete data, we start 
from some initial value for 90, and compute the expected value of the log-likelihood of the 

complete data given the parameter value 90 and the observed data Y (E-step). We compute 

0, as a next value by taking the ML-estimate of 8 given the expected value of the log-

likelihood (M-step). So given a current value 6i of the parameter, the next value can be 

found by taking successively 

E-step: Compute Q(9 10,) = E e [loglikelihoodz{6) I Y] 

M-step: Take 6M that maximises Q(018t ) 
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For the E-step we need to evaluate conditional expectations of the log-likelihood given a set 
of parameters and the available data. It suffices to evaluate conditional expectations of the 
sufficient statistics. If we ignore censoring problems, and restrict ourselves to the simple 
loglikelihood function of equation (5.3), the sufficient statistics are linear and quadratic 
forms of log(X). Already the computation of the conditional expectations of the linear 
terms log(X) is quite complicated. To illustrate this, suppose that we observe only one 
time interval [0,r] with n events, and wish to evaluate the conditional expectation of 
log(X) given the observation, i.e. 

4log(Xy)l5„<r,5„+1>f] 

where S„ is the time up to the rath event (S„ = X, +X2+...+Xn). We can write this 
expectation as 

E\\og(Xj)\Sn <f„S„+1 >t] =j'oE[\og(Xl)\Sn=u]h(u)du 

where 

h(u)= f„(^-F(t-u))du ( 5 2 2 ) 

l'ofn(v)(l-F(t-v))dv 

is the conditional density for having exactly ra observations in the time interval [0,r]. Here 
ƒ„ is the n-fold convolution of the X/s, and F is the distribution function of X,l+1. Already at 
this stage the computational burden is high: evaluation of the n-fold convolution ƒ„ , of the 
conditional density h(u) and evaluation of the conditional expectation all require numeric 
procedures. Now suppose that apart from this interval we also observe m events in a next 
interval [t, t + s]. In that case we have to evaluate 

£[log(X, )|5„ < t,Sn+] > ?,S„+m < t + 5,5„+m+1 > t + s] 

This requires integration with respect to the conditional density for having exactly n events 
in [0,r] and m events in [t,t + s]. The expression gets even more complicated as the 
number of periods grows, and too complex to handle computationally. 

5.4.2 The MCEM-algorithm 

In the previous section we saw that the application of the EM-algorithm to the missing data 
problem gives us numerical problems, because of the computational complexity of the E-
step. In this section we will study an alternative version of the EM-algorithm, where the E-
step is replaced by Monte Carlo integration to evaluate the conditional expectation. The 
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EM-algorithm thus becomes the MCEM-algorithm (see WEI and TANNER, 1990). Given a 

current value 0, of the parameter 0 , the next value can be found by taking successively 

• MCE-step: Compute ß ( m )(0 \6!) = — Y log likelihood^ W)(0) 

• M-step: Take 0,+1 that maximises Q{m){010,.) 

Here Z (0, ) is one of m generated data sets from the conditional distribution of Z given 

0 = 0, and the observed count data Y = y . So instead of taking the expectation of the log-

likelihood we take a mean over m imputations. 

Drawing samples from the conditional distribution is usually done using the Gibbs sampler 
technique. Define the complete data Z to consist of the individual latent scores Ui and of 
the unobserved transformed interpurchase times log(X tf). If we ignore the problem of 

censoring this vector is multivariate normal distributed, with independence between 
individuals. For one individual we start with Uj = 0 and some values for log(X,y) that fit 

the given number of purchases in the consecutive weeks. We draw a new value of each 
element Z, of Z by drawing from the conditional distribution of 

Z,.|ZW = z " ' , Y = y 

where Z~' is Z with Z, omitted. If Z,. denotes a latent score U,, then the conditional 
distribution can be derived from the multivariate normal distribution of the vector 
((/,.,log(X,.,),...,log(X,.„)). If Z, denotes one of the log(Xi:/)'s then we have to take the 
observed data into account, and we have to draw from a multivariate distribution that 
consists of truncated normal distributions in order to maintain the fit with the given 
numbers of purchases in consecutive weeks. This is not very appealing from a 
computational point of view, especially if we want m = 100 imputations (see CHAN and 
LEDOLTER, 1995) for each iteration, and expect to need many (say 100) iterations to find a 
maximum for the log-likelihood. We conclude that also this approach is unfeasible since 
expected computation time is very high. 

5.4.3 Imputation of interpurchase times 

Since the application of the EM- or MCEM algorithm as described in the previous sections 
poses too many computational problems, we will somehow impute the time points at which 
the purchases were done. There are many possible strategies to impute the time points of 
events according to a given set of numbers of events in a sequence of weeks. We will 
discuss six of these methods in this section. Two of the imputation methods we used are 
deterministic (we will denote them by regular" and regular3), and four are stochastic 
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(triangular, uniform", uniform and uniform). The deterministic methods distribute the 
time points equally over each interval. The difference between the two methods lies in the 
distance between the time points and the interval bounds. If an interval contains three time 
points regular0 will place them at 1/4, 1/2 and 3/4 of the interval, while regular" will put 
them at 1/6, 1/2 and 5/6 of the interval. This difference has consequences for distances 
between time points of successive intervals, leading to more regular patterns for regular1 

(see Figure 5.6). 

Figure 5.6 Illustration of different techniques for imputation of purchase times in the case where there are 
three purchases in period 1 and one purchase in period 2. 

The stochastic methods are all based on the uniform distribution. In uniformt the time 
points themselves are drawn independently from the uniform distribution. This gives highly 
irregular patterns. In uniform" and uniform0 the times between the time points are drawn 
from the uniform distribution. The difference between the two is that for uniform" the 
obtained result is centred within the original time interval, leading to more regular patterns. 
This explains why in Figure 5.6 the single time point in period 2 is exactly in the centre of 
the time interval for uniform" and not for uniform . Triangular is similar to uniform" except 
that the time between two time points is now determined by the sum of two independent 
draws from the uniform distribution (i.e. the triangular distribution). As a consequence 
triangular leads to patterns that are even more regular than uniform1'. Figure 5.6 shows all 
imputation techniques in reverse order of regularity. Note that the imputation techniques 
imply that we have to deal with left and right censored observations. 

To test the quality of these imputation methods we extended the experiment of section 5.3. 
We started by generating interpurchase times using the same parameter values. Next we 
created an incomplete data set by changing the interpurchase times into numbers of 
purchases in the 13 subsequent weeks. Finally we re-estimated the parameters and the 
quarter penetration on the basis of the incomplete data. Table 5.4 shows results for the three 
collections of synthetic data sets that correspond to the three products pork, beef and veal. 
The estimated parameters are averaged over the 100 simulated data sets, using 
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approximation (A) for the forward recurrence time. Results for approximation (B) and for 
ignoring left censoring can be found in the appendix. 

The lines labelled original parameters in Table 5.4 show the values of the model 
parameters that were used to generate the data, and the corresponding theoretical 
penetration for t = 13 weeks. These are also the values that we try to re-estimate. The lines 
labelled regular" through uniform"' show the results using the count data and the different 
imputation techniques. In order to estimate the penetration we used equation (5.20). 

Table 5.4 Average estimated parameter values and (13-week) penetrations plus standard errors for the 
variance component model over 100 data sets of 1465 households, using complete count data and six different 
imputation methods, and using approximation A for the forward recurrence time  

a s.e. aj s.e. ae
2 s.e. penetration s.e. 

pork true values 0.600 0.900 0.700 0.934 
regular" 0.724 0.026 0.969 0.049 0.392 0.011 0.962 0.003 
regular 0.653 0.025 0.915 0.046 0.531 0.013 0.954 0.003 
triangular 0.674 0.025 0.915 0.044 0.508 0.010 0.955 0.003 
uniform" 0.567 0.027 0.818 0.036 0.774 0.020 0.934 0.004 
uniform'' 0.434 0.025 0.767 0.034 1.028 0.021 0.910 0.004 
uniform' 0.301 0.026 0.735 0.033 1.351 0.022 0.872 0.005 

beef true values 1.100 1.200 0.600 0.878 
regular" 1.199 0.033 1.315 0.066 0.367 0.012 0.905 0.006 
regular'' 1.127 0.033 1.235 0.063 0.492 0.014 0.895 0.006 
triangular 1.144 0.033 1.233 0.059 0.473 0.010 0.897 0.006 
uniform" 1.020 0.034 1.073 0.048 0.720 0.023 0.875 0.006 
uniform'' 0.882 0.032 0.995 0.046 0.958 0.022 0.852 0.006 
uniform' 0.739 0.032 0.925 0.040 1.250 0.031 0.816 0.007 

veal true values 6.000 5.000 1.000 0.097 

regular" 5.735 0.322 4.597 0.785 0.702 0.165 0.099 0.007 
regular'' 5.578 0.328 4.359 0.773 0.831 0.180 0.099 0.007 
triangular 5.603 0.280 4.375 0.684 0.802 0.135 0.099 0.007 
uniform" 5.284 0.269 3.881 0.583 1.059 0.165 0.099 0.007 
uniform'' 4.985 0.274 3.529 0.561 1.346 0.176 0.099 0.007 
uniform' 4.676 0.303 3.155 0.503 1.638 0.244 0.098 0.007 

These results show that estimates both for the parameters and the penetration depend on the 
imputation method. This is especially true for estimates of o], which seem to mirror the 
irregularity of the imputation method. We find that a lower estimate for a2

e corresponds to 
higher estimates for both fi and a]. Also the estimates for the penetration are affected 
significantly. Note that imputed uniform" performs best in terms of estimation of ae and 
the penetration. The fact that a uniform distribution performs best makes sense when we 
consider that the conditional distributions of the X,, given n events, are identically 
distributed (i = 2, 3,...,«). In the imputed uniform" method, this is also the case. 
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5.5 Unknown number of purchases 

In this section we will describe a strategy to deal with the fact that some of the count data 
may be missing as a result from nonresponse (this is the second type of missing data that we 
discussed in section 5.1). The strategy that we will discuss is rather an ad hoc solution. We 
perform the analysis acting as if the observed intervals are contiguous intervals. From these 
data we impute the interpurchase times as in section 5.4. In the case of a Poisson process 
this would be a reasonable thing to do, since the number of purchases in a given amount of 
time is a sufficient statistics. To see how well this method works in the case of the variance 
component model we extended the Monte Carlo study of sections 5.3 and 5.4 by adding 
nonresponse to the synthetic data. Therefore we used the response pattern of the empirical 
data set that we will discuss later (we saw the frequency distribution of the number of 
response weeks in Table 5.1). Table 5.5 shows results for approximation (A). Results for 
approximation (B) and for ignoring left censoring can be found in the appendix. 

Table 5.5 Average estimated parameter values and (13-week) penetrations plus standard errors for the 
variance component model over 100 data sets of 1465 households, using incomplete count data and six 
different imputation methods, and using approximation A for the forward recurrence time. 

ß s.e. c„2 s.e. <T,2 s.e. penetration s.e. 

pork true values 0.600 0.900 0.700 0.934 
regular" 0.769 0.031 1.025 0.061 0.367 0.014 0.960 0.004 
regular'' 0.673 0.030 0.932 0.056 0.517 0.016 0.953 0.004 
triangular 0.696 0.030 0.941 0.054 0.492 0.013 0.954 0.004 
uniform" 0.545 0.032 0.803 0.044 0.773 0.026 0.937 0.004 
uniform'' 0.374 0.032 0.723 0.042 1.043 0.028 0.917 0.005 
uniform' 0.205 0.031 0.679 0.039 1.369 0.035 0.884 0.006 

beef true values 1.100 1.200 0.600 0.878 
regular" 1.226 0.041 1.353 0.078 0.346 0.016 0.903 0.007 
regular* 1.130 0.041 1.240 0.075 0.482 0.019 0.897 0.007 
triangular 1.148 0.040 1.245 0.070 0.461 0.014 0.898 0.007 
uniform" 0.983 0.043 1.051 0.055 0.720 0.033 0.882 0.008 
uniform 0.800 0.040 0.941 0.053 0.987 0.035 0.861 0.008 
uniform' 0.622 0.044 0.864 0.045 1.289 0.043 0.830 0.008 

veal true values 6.000 5.000 1.000 0.097 
regular" 5.672 0.446 4.591 0.978 0.679 0.217 0.105 0.010 
regular' 5.488 0.458 4.327 0.971 0.829 0.239 0.106 0.010 
triangular 5.516 0.405 4.350 0.872 0.799 0.198 0.106 0.010 
uniform" 5.218 0.440 3.914 0.789 1.039 0.303 0.106 0.010 
uniform' 4.797 0.440 3.446 0.788 1.445 0.307 0.106 0.010 
uniform' 4.414 0.464 3.025 0.744 1.821 0.345 0.106 0.010 

Comparison of the situation where we have both missing count data and missing 
interpurchase times with the situation where we have merely missing interpurchase times 
(i.e. comparison of Table 5.4 with Table 5.5), shows an increase in both bias and variance 
of the parameter estimates and the penetration. We see that the imputation method uniform" 
gives us overall quite reasonable results. 
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5.6 Empirical data 

We will now apply the variance component model to empirical budget data. The data we 
use were gathered from the Telepanel, and consist of numbers of purchases for pork, beef 
and veal of 1625 households in the third quarter of 1994. We already showed a frequency 
table of the numbers of response weeks in Table 5.1. We applied the six imputation 
methods to the budget data to estimate the parameters and penetrations for these products. 
The results are shown in Table 5.6 using approximation (A). The results for using 
approximation (B) and for ignoring left censoring are in the appendix. Standard errors are 
estimated from the Hessian matrix. The tables show a similar pattern as those of synthetic 
data. The estimates for the parameter values vary for the different imputation methods. This 
is especially the case for ae

2 the variance component at the individual level. Estimates for 
the penetration are reasonably stable. Given the results of the previous section, it seems 
reasonable to assume that imputed uniform" performs best. 

Table 5.6 Parameter values and (quarter) penetrations with their standard errors for the variance component 
model for the Telepanel budget data, using six different methods for imputing the purchase times, and 
approximation A for the forward recurrence time  

u ^e. çv ££. q£^ s^ penetration s.e. 
pork regular" 0.830 0.035 0.980 0.065 0.653 0.014 0.917 0.006 

regular 0.649 0.035 0.768 0.057 0.875 0.019 0.912 0.006 
triangular 0.730 0.035 0.851 0.060 0.786 0.017 0.913 0.006 
uniform" 0.526 0.034 0.624 0.049 1.078 0.022 0.899 0.006 
uniform' 0.287 0.034 0.470 0.041 1.410 0.027 0.876 0.006 
uniform' 0.083 0.034 0.392 0.037 1.775 0.031 0.838 0.007 

beef regular" 1.383 0.043 1.330 0.088 0.622 0.017 0.825 0.010 
regular* 1.205 0.044 1.097 0.080 0.826 0.022 0.822 0.010 
triangular 1.308 0.043 1.223 0.085 0.711 0.019 0.823 0.010 
uniform" 1.076 0.044 0.927 0.072 0.996 0.026 0.814 0.009 
uniform 0.823 0.044 0.712 0.063 1.310 0.032 0.798 0.009 
uniform' 0.616 0.044 0.607 0.057 1.626 0.037 0.767 0.009 

veal regular" 6.370 0.487 5.649 1.205 0.918 0.165 0.069 0.008 
regular' 6.150 0.493 5.312 1.162 1.081 0.193 0.069 0.008 
triangular 6.317 0.491 5.611 1.204 0.979 0.175 0.069 0.008 
uniform" 6.015 0.505 5.206 1.160 1.235 0.219 0.069 0.008 
uniform 5.170 0.575 3.972 1.052 1.884 0.361 0.070 0.008 
uniform' 5.725 0.529 4.777 1.123 1.454 0.268 0.070 0.008 
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5.7 A comparison between the variance component model and Poisson based models 

In this section we compare the use of the described methodology based on the variance 
component model with the use of the traditional Poisson based models (see EHRENBERG, 
1988). We will make the comparison with respect to the estimation of the penetration, and 
will use synthetic data (both with and without missing cells), and empirical data. For the 
Poisson based models we will study three different types of heterogeneity: the non-
heterogeneous Poisson model, the Poisson Gamma model and the Poisson Spike model. For 
the variance component model we will restrict ourselves to the uniform" imputation 
method. 

Table 5.7 shows results for estimating the penetration using synthetic data with missing 
interpurchase times only. For these data, counts are available for all households all weeks. 
The figures for the variance component model using the imputation method uniform" come 
from Table 5.4 and the corresponding tables in the appendix. We see that the variance 
component model using the uniform" imputation method give us quite reasonable estimates. 
If we look at the Poisson based models, we see that the Poisson model without 
heterogeneity the penetration is overestimated. If we compare the Poisson models with two 
parameters, we see that the Poisson Spike performs best, since it fits the direct estimator of 
the penetration. 

Table 5.7 Penetrations estimated for synthetic data with missing interpurchase times only using the variance 
component model with uniform" imputation and four Poisson based models 

pork beef veal 
penetration s.e. penetration s.e. penetration s.e. 

true values 0.934 0.878 0.097 
VC approximation (A) 0.934 0.004 0.875 0.006 0.099 0.007 
VC approximation (B) 0.939 0.004 0.880 0.907 0.099 0.007 
VC ignoring left censoring 0.941 0.004 0.880 0.006 0.099 0.007 
Poisson 1.000 0.000 0.997 0.001 0.212 0.046 
Poisson Gamma 0.905 0.005 0.831 0.008 0.097 0.007 
Poisson Spike 0.935 0.006 0.878 0.007 0.099 0.007 

Because the results of Table 5.7 may be the consequence of overfitting, it is more 
interesting is to compare these models for the case where we have missing count data. If 
there is missing count data, the penetration can not be estimated directly and we must rely 
on model assumptions. Table 5.8 shows the results for this case. We see that the variance 
component model performs reasonably well for the synthetic data for pork and beef. We 
saw these results before in Table 5.5 and the corresponding tables in the appendix. For the 
product veal we see a slight overestimation. The Poisson based models with two parameters 
show opposite behaviour. Both the Poisson Gamma and the Poisson Spike models show a 
large bias to fit the synthetic data of pork and beef, but prove to be reasonable for 
estimating the relatively low penetrated product veal. This type of behaviour we saw earlier 
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when we studied Poisson based models for relatively short time periods (see section 3.2). 
The Poisson model without heterogeneity overestimates the penetration. 

Table 5.8 Penetrations estimated from synthetic data with missing interpurchase times and missing count 
data using a variance component model with uniform" imputation and four Poisson based models 

pork beef veal 
penetration s.e. penetration s.e. penetration s.e. 

true values 0.934 0.878 0.097 
VC approximation (A) 0.937 0.004 0.882 0.008 0.106 0.010 
VC approximation (B) 0.945 0.004 0.892 0.007 0.110 0.011 
VC ignoring left censoring 0.944 0.004 0.888 0.008 0.104 0.010 
Poisson 1.000 0.000 0.997 0.001 0.209 0.055 
Poisson Gamma 0.904 0.007 0.828 0.011 0.092 0.009 
Poisson Spike 0.882 0.010 0.812 0.012 0.087 0.010 

Table 5.9 shows results for the empirical data. The pattern is more or less similar to that in 
Table 5.8. Note that for the empirical data the three parameter Poisson Gamma Spike model 
does converge for the products pork and beef. 

Table 5.9 Penetrations estimated for empirical data using the variance component model with uniform" 
imputation and four Poisson based model 

pork beef veal 
penetration s.e. penetration s.e. penetration s.e. 

VC approximation (A) 0.899 0.006 0.814 0.009 0.069 0.008 
VC approximation (B) 0.904 0.006 0.822 0.010 0.071 0.008 
VC ignoring left censoring 0.907 0.006 0.819 0.010 0.067 0.008 
Poisson 0.998 0.000 0.987 0.001 0.138 0.011 
Poisson Gamma 0.864 0.009 0.762 0.012 0.062 0.007 
Poisson Spike 0.775 0.012 0.690 0.013 0.058 0.007 

Table 5.8 and Table 5.9 show that the use of variance component models makes a 
difference. In the case of the synthetic data set we see that the use of variance component 
models is a serious improvement of the Poisson based models. 

5.8 Conclusions and Discussion 

In this paper we studied the application of a variance component model to a budget data 
problem. Application of such a model is not straightforward since the budget data are 
formulated in terms numbers of events (product purchases) per unit of time (week). The 
model on the other hand is formulated in terms of interevent (interpurchase) times, and this 
information is missing. 

We tried to apply EM-like algorithms, but given the structure of the data, the E-step (or 
MCE-step) is too complex from a computational point of view. As an alternative we 
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translated the count data into event history data by imputing time points. But even then 
some problems remain. One such problem is how to deal with left censoring. Another 
problem is what to do if we do not know the numbers of events (purchases) in all weeks? 

With respect to the first problem (left censoring) we made some efforts to approximate the 
distribution of left recurrence times. We conclude that with respect to parameter estimation, 
ignoring left censoring implies an overestimation of a] and an underestimation of ß and 
a\ (see Table 5.2). These biases are reduced by use of an approximating distribution for 
the forward recurrence time. With respect to the estimation of the penetration, however, we 
may ask ourselves whether it is worth the effort to use these approximations, since the 
penetration estimates do not differ much (see Table 5.3). We discussed different imputation 
methods and saw that they lead to different parameter estimates (see Table 5.4). Random 
imputation of uniformly distributed interevent times {uniform") seemed to be superior, 
although the support for this statement is based on a small simulation study. With respect to 
the second problem - the problem of unknown number of purchases - we proposed an ad 
hoc solution that we act as if the observed intervals were contiguous intervals. In Table 5.5 
we saw that the parameter estimates show an increase in bias, although the uniform" 
imputation method seemed to perform reasonably good. 

We compared the use of the variance component model with the use of Poisson based 
models. We found that for synthetic data the estimates of Poisson based models showed a 
bias, whereas the use of the imputation technique and the variance component model gave 
results that are much better. This is in line with the conclusion of the previous section 
where we stated that it is essential to take the regularity of the individual process into 
account. Although the technique that was presented in this section has certain flaws in the 
sense that we needed approximations in order to keep computing time down, we succeeded 
to develop a technique that takes this regularity into account. 
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5.9 Appendix 

5.9.1 Conditional distributions for the uncensored case 

We will derive the conditional distribution of log(X-) given the previous events 

X, , . . . ,X W (equations (5.4) through (5.7)). From the assumption that the interevent times 

are lognormal distributed (equation (5.2)), it follows that the logarithmic transformed 

interevent times are simultaneous normal distributed. The vector log(X) is sampled from a 

multivariate normal distribution with mean vector |i, consisting of// 's only and covariance 

matrix Z that has the form 

~ ~-2 , _ 2 „1 o\ 

< o\+°l o\ 

1 = a2 a2 

u u 

^r2 , ^r2 

We write in vector-matrix notation: 

logC K)~N(ß,Z) 

2 

c: + o„ 

(5.23) 

To derive the conditional distribution of log(X,.) log(X,)...log(X._,) we partition the 

vector (1 and the covariance matrix E into the given past (dimension i — 1 ) and the present 
(dimension 1). 

From multivariate normal theory (see e.g. CHATFIELD and COLLINS, 1980, page 99) we 
know that if X is multivariate normal distributed N(p,Z), and can be partitioned 

(5.24) 

with corresponding partitions 

~ZU ßx 

Mi 
and Z = (5.25) 
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then the conditional distribution of X2 |X,=x, is again multivariate normal with 

expectation 

ffx^x^x.^m + ̂ .z^x.-u,) (5.26) 

and variance 

Var[X2|X,=x,] = E22-5:2,SH'£, (5.27) 

In our situation where we partition into given history and present, it follows that T.u is an 
0-1)-vector that consists of a]'s only, and Si, is a ( i- l)x(i- l)-matrix that has form 
(5.23). From the multivariate theory we know that 

log(X,)|log(X,)...log(X,_,) 

is normally distributed with expectation and variance given by equations (5.26) and (5.27). 
Although the inversion of Su could be done numerically, we are interested in finding 
analytical expressions for the conditional expectation and variance. 

To find such an expression we will use some basic matrix algebra (see e.g. MORRISON, 

1976). Suppose that we have a symmetric non-singular matrix A, and that we partition A as 

A = 
A n A l2 

A21 A22 

(5.28) 

If we assume that the submatrices An and A22 are again symmetric non-singular matrices, 
than we can express A"1 in terms of its submatrices by 

A"1 = 

(A,, — A]2A22A21 j A]2A22 ^A|, A12A22A2IJ 

-AäA1I(A11-A12A2A2I)"' A-2+A-2A21(A„-A12A-2A2))"
1A12A-

(5.29) 

Next to expression (5.29) we can obtain an alternative expression by reversing the positions 
of A, i and A22 in (5.28). As a consequence we find the following identity 

(A,, - A,2A22A2,)"'= A;,'+ A;,1 A]2(A22 - A2An'A12)"'A2Aï (5.30) 

In particular if A is pxp matrix and non-singular, b is a p vector and c is a scalar, then we 
find 



(A + cbb') 
l + cb'AHb 

A bb'A (5.31) 

Note that the covariance matrix (5.23) has the same form as the nxn matrix K, where 

K = 

a c c • • c 
c a c • • c 

c c a c (5.32) 

From equation (5.31) we can easily derive the inverse of the nxn matrix K. Define the nxn 
matrix A = (a-c)I, the «-vectorb'=[l 1 ••• l] , and write E = bb', a matrix consisting 
of ones only. Then K = A + cE , and from equation (5.31) it follows that 

K I 
a-c (a-c)[a + c(p-\)] 

In other words, K~' is a matrix with diagonal elements 

a + (n — 2)c 
(a — c)[a + («— l)c] 

and off diagonal elements 

(5.33) 

(a -c)[a + (n— l)c] 

From equation (5.33) it follows that Zn ' , the inverse matrix of the ( / - l ) x ( / - l ) -matrix 
Su has diagonal elements 

(r)+(i-2)al 
a2

e(al + {i-l)al) 

and off-diagonal elements 
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a){al + {i-\)(7l) 

Substitution of these matrices into equations (5.26) and (5.27) gives us the expressions for 
§ and Ti2, the conditional expectations and variances of log(X,) given the history of previous 
observations: 

l=E[\og(.Xi)\Xl,...,X,_l] = /i+ , I7' ,X( log(* ; ) - /*) <534) 
at + (i - 1)<7„ y=1 

and 

T,2=Var[log(X,)IX1,...,XM] = (T„ + cr, j 
( f - I K 

a; + (i - l)cr„ 
(5.35) 

We can rewrite this as 

£ . = v . ^ + (1_V;JJ_£lOg(X.) 

and 

9 7 2 

where 

v ,=l — 
«<7„ 

er; + a\ + (i - l)a„ < + * < cr„; 

1 i 

which proves equations (5.5) through (5.7). 

5.9.2 Densities of failure time selected and forward recurrence time 

In this section we will study two random variables that play a role with respect to the left 
censoring problem: the failure time selected and the forward recurrence time. We will study 
their density functions, and will derive approximations for the forward recurrence time 
using the lognormal distribution. We will use the following notation with respect to the 
normal distribution: we write ƒ , for the density function and F//(/t^) for the 
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distribution function of a normal distribution N(ß,o2) that has expectation ß and variance 
a2. 

We assume that in a renewal process the failure times X follow a lognormal distributed, in 
notation X ~ LN(ju,a2). It follows (by definition) that the distribution function F of X is 

log(') 
f(0=^^,aog(0)= jf^^Mdx 

The expected value fif of the failure time X is then 

//ƒ = EfX=exp(ju + ±cr2). 

Figure 5.7 Failure time selected and forward recurrence time 

[t>J2]- observation window, •¥,: forward recurrence time, X„: failure time selected 

First we will show that the failure time selected is again lognormal distributed. Let F0 be 
the distribution function of X0, the failure time selected. Then 

F0(t) = \f0(s)ds = ] ^ d s = ^\fN^:)(log(s))ds 

The first equation follows from the definition of a distribution function, the second equation 
follows from the definition of fQ (see equation (5.9)), and the third equation follows from 
the log-normal assumption of X. If we choose h(x) = ex in the substitution rule for 
integration 

\g(s)ds= \ g(h(x))dh(x) 

it follows that 
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, log(0 

FJt) = f ƒ ! (x)exdx 
H-f _«, 

j = exp<j-4l : 

M f L 41K01 \ \ a 

1 T 1 , h c - ( / / + CTz) J -^exp - ^ ^ U ^ > exp(// + ^cr2) £ ^2KG2 

g(0 

f ƒ 2 2 (x)dx = .F„ , 2,(log(r)) 
) J N(in-a2.a2)y ' Niti+a'.a')^ o v / y 

log(l) 

, - : i This proves that if the renewal time X is lognormal distributed, i.e. X0 ~ LN(jU,a ) , then 
the failure time selected, is again lognormal distribution, although with different 
parameters: X0 ~ LN(}i + 0 ,<J'). 

Unfortunately X,, the forward recurrence time, does not follow a lognormal distribution. 
This can directly be seen by studying its density 

l-F(x) 
ƒ](*) = 

The forward recurrence time has a positive density in zero ( ƒ, (0) = \/juf > 0), whereas the 
density of a lognormal distribution in zero is zero. We will look at two lognormal 
distributions that are close to the distribution of X|. Suppose that 

Y~ LN(v,r2) 

First we will choose v and r such that the first two moments of X\ and Y are equal. We 
shall refer to this approximation as approximation (A). Later we will fix r2 = <72and will 
choose v such that only the first moments of Xi and Y are equal, and find approximation 
(B). For the random variable Y we know that (see JOHNSON and KOTZ, 1972) 

£F = exp(v + j r 2 ) (5.36) 

and 

£Y2=exp(2v+2r2) (5.37) 
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The moments of A", can be obtained by use of partial integration 

EX\ = xf\ (x)dx = —xdx = y—!-\: 
-o o M, 

1 „ V2 exp(2// + 2cr2) , , , 

and likewise 

FY1- ] J7 y ' , e x p ^ + fcr2) 

By equating equation (5.36) with equation (5.38) and equation (5.37) with equation (5.39), 

we find that v = n + a2 - 2 log(2) + j log(3) and T2 = a2 - log(3) + 2 log(2), and therefore ' 

X, ~ LN(ju + a2+clA,,a2 +c(
2
A)) by approximation (A) 

where 

c,M)=-21og(2) + ^log(3),and 

c ^ = 2 1 o g ( 2 ) - l o g ( 3 ) . 

By fixing r2 = a2 and equating equation (5.36) with equation (5.38) we find that 
v = ß + a2 - log(2), and therefore 

X, ~ LN(ß + a2 +c ( B \ c r 2 ) by approximation (B) 

where 

c< a ,=-log(2). 
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5.9.3 Conditional expectation for the censored case 

In the case that we use lognormal approximation (A) for the forward recurrence time, we 
find that 

l og (X u ) )~ N(fiw,£w) 

where 

fH + a]+c\A)^ 

M 

and 

f ^3. . _ 2 , (A) 
<T„ + (Je + C\ 

2 

o:, 
EM ,= 

a\ + G\ 
2 

a' 

o„ + a. 

7 

er 
(5.40) 

Note that matrix (5.40) is similar to the covariance matrix (5.23) except for its first element. 
So we are interested in the inverse of a matrix of the form 

H 

d c c ••• c 

c a c ••• c 

c c a c 

which is a slightly modified version of the nxn matrix K of equation (5.32). In order to find 
H" we partition the matrix as in equation (5.28), where the submatrix A n is the scalar d 
An and A2i are vectors consisting of c's only, and A22 is a submatrix of the form (5.32). 
Application of equation (5.33) gives us that the inverse matrix H"1 has the form 
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H 

e f f -
f g h -
f h g 

f h h 

a + (n-3)c 

where 

d{a + (n-3)c)-(n-2)c2 

(5.41) 

ƒ 
d(a + (n-3)c)-(n-2)c2 

8 = 
{a + (n- A)c] {d(a + (n- 3)c - (n - 2)c2} + (a - c)c 

(a-c)(a + (n- 3)c) {d{a + (« - 3)c) - (n - 2)c2} 

-c{ J(g + (w - 3)c - (n - 2)c2} + (a - c)c2 

(fl - c)(a + (n - 3)c){rf(a + (n - 3)c) - (n - 2)c2} 

Substitution of the inverse matrix of SM)given by equation (5.41) into equations (5.26) and 
(5.27) gives 

(7,(7 
l=M + !^{log(Xl)-(M + ol+cr))+

ff2'{a2'+c>A))ft(log(Xj)-M) 
J=2 

and 

al{al + {i-2)w] 
r; = cr; + cr;+-

(a] + {i-2)a2
u)Wi 

where 

w, = (a)+a\ + 4A) )(a;+(i-2)(Tl)-(i-2)a*, 

5.9.4 Additional tables 

The tables below are additional for tables 5.4 through 5.6. The tables here show the case of 
using approximation (B) for the forward recurrence times and ignoring left censoring. 



Table 5.10 Average estimated parameter values and ( 13-week) penetrations plus standard errors for the 
variance component model over 100 data sets of 1465 households, using complete count data and six different 
imputation methods using approximation (B) for the forward recurrence time. 

ß s.e. ff„2 s.e. o;2 s.e. penetration s.e. 
pork true values 0.600 0.900 0.700 0.934 

regular" 0.704 0.025 0.963 0.049 0.425 0.012 0.965 0.003 
regular 0.631 0.024 0.904 0.045 0.548 0.013 0.958 0.003 
triangular 0.650 0.024 0.905 0.044 0.531 0.010 0.958 0.003 
uniform" 0.532 0.026 0.792 0.034 0.787 0.021 0.939 0.004 
uniform* 0.393 0.023 0.732 0.033 1.035 0.023 0.916 0.005 
uniform' 0.253 0.027 0.694 0.031 1.352 0.024 0.876 0.005 

beef true values 1.100 1.200 0.600 0.878 
regular" 1.149 0.031 1.260 0.062 0.408 0.012 0.906 0.006 
regular 1.080 0.031 1.186 0.060 0.516 0.014 0.899 0.006 
triangular 1.093 0.031 1.183 0.057 0.504 0.010 0.900 0.006 
uniform" 0.968 0.032 1.027 0.045 0.730 0.021 0.880 0.007 
uniform 0.819 0.031 0.936 0.042 0.972 0.024 0.856 0.007 
uniform' 0.668 0.032 0.861 0.039 1.264 0.028 0.818 0.007 

veal true values 6.000 5.000 1.000 0.097 
regular" 5.162 0.342 3.766 0.739 0.856 0.190 0.099 0.007 
regulär* 5.029 0.348 3.583 0.729 0.970 0.205 0.099 0.007 
triangular 5.035 0.308 3.571 0.658 0.957 0.171 0.099 0.007 
uniform" 4.765 0.287 3.188 0.556 1.184 0.177 0.099 0.007 
uniform 4.418 0.273 2.813 0.501 1.529 0.213 0.098 0.007 
uniform' 4.124 0.317 2.510 0.500 1.832 0.252 0.098 0.007 

Table 5.11 Average estimated parameter values and (13-week) penetrations plus Standard errors for the 
variance component model over 100 data sets of 1465 households, using complete count data and six different 
imputation methods and ignoring left censoring 

ß s.e. C":," s.e. Gt~ s. e. penetration s.e. 
pork true values 0.600 0.900 0.700 0.934 

regular" 0.621 0.024 0.825 0.039 0.443 0.012 0.958 0.003 
regular 0.587 0.024 0.833 0.039 0.560 0.013 0.953 0.003 
triangular 0.599 0.024 0.822 0.038 0.556 0.011 0.953 0.003 
uniform" 0.555 0.025 0.819 0.037 0.834 0.019 0.941 0.004 
uniform 0.484 0.026 0.841 0.039 1.108 0.023 0.932 0.003 
uniform' 0.423 0.026 0.885 0.042 1.494 0.030 0.918 0.004 

beef true values 1.100 1.200 0.600 0.878 
regular" 1.024 0.028 1.040 0.048 0.447 0.015 0.897 0.006 
regular 1.002 0.029 1.053 0.049 0.551 0.016 0.891 0.006 
triangular 1.009 0.029 1.038 0.048 0.549 0.013 0.892 0.006 
uniform" 0.977 0.030 1.033 0.048 0.794 0.022 0.880 0.006 
uniform 0.924 0.031 1.072 0.051 1.063 0.026 0.869 0.006 
uniform' 0.880 0.032 1.121 0.053 1.418 0.034 0.855 0.006 

veal true values 6.000 5.000 1.000 0.097 
regular" 5.548 0.181 4.278 0.454 1.106 0.247 0.099 0.007 
regular* 5.605 0.185 4.383 0.471 1.203 0.253 0.099 0.007 
triangular 5.594 0.175 4.350 0.467 1.197 0.220 0.099 0.007 
uniform" 5.699 0.182 4.517 0.517 1.416 0.183 0.099 0.007 
uniform' 5.865 0.206 4.864 0.592 1.707 0.238 0.099 0.007 
uniform' 6.026 0.205 5.178 0.628 2.033 0.237 0.099 0.007 
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Table 5.12 Average estimated parameter values and (13-week) penetrations plus standard errors for the 
variance component model over 100 data sets of 1465 households, using incomplete count data and six 
different imputation methods, and using approximation (B) for the forward recurrence time. 

M s. e. o-„2 s. e. i 
ar~ s. e. penetration s. e. 

pork true values 0.600 0.900 0.700 0.934 
regular" 0.713 0.029 0.993 0.057 0.405 0.014 0.965 0.004 
regular* 0.623 0.029 0.904 0.054 0.533 0.016 0.960 0.004 
triangular 0.639 0.029 0.914 0.053 0.519 0.014 0.960 0.004 
uniform" 0.483 0.029 0.770 0.044 0.783 0.026 0.945 0.004 
uniform 0.303 0.028 0.682 0.040 1.055 0.025 0.925 0.005 
uniform' 0.132 0.033 0.636 0.036 1.369 0.031 0.893 0.005 

beef true values 1.100 1.200 0.600 0.878 
regular" 1.129 0.037 1.267 0.073 0.394 0.016 0.911 0.007 
regular' 1.044 0.038 1.170 0.070 0.507 0.018 0.906 0.007 
triangular 1.055 0.036 1.174 0.065 0.498 0.014 0.906 0.007 
uniform" 0.891 0.039 0.989 0.054 0.742 0.031 0.892 0.007 
uniform 0.700 0.039 0.872 0.055 1.010 0.032 0.870 0.007 
uniform' 0.518 0.040 0.794 0.048 1.310 0.040 0.838 0.008 

veal true values 6.000 5.000 1.000 0.097 
regular" 5.042 0.492 3.787 0.951 0.875 0.282 0.109 0.011 
regular 4.884 0.505 3.578 0.945 1.007 0.305 0.109 0.011 
triangular 4.915 0.453 3.601 0.851 0.975 0.270 0.109 0.011 
uniform" 4.554 0.452 3.127 0.750 1.284 0.309 0.110 0.011 
uniform' 4.229 0.510 2.815 0.809 1.625 0.374 0.109 0.010 
uniform' 3.835 0.495 2.409 0.660 2.024 0.415 0.109 0.011 

Table 5.13 Average estimated parameter values and (13-week) penetrations plus Standard errors for the 
variance component model over 100 data sets of 1465 households, using incomplete count data and six 
different imputation methods ignoring left censoring. 

f s.e. j s.e. CT,2 s.e. penetration s.e. 
pork true values 0.600 0.900 0.700 0.934 

regular" 0.568 0.027 0.803 0.044 0.445 0.016 0.963 0.004 
regular' 0.543 0.028 0.803 0.044 0.557 0.018 0.958 0.004 
triangular 0.551 0.028 0.798 0.044 0.566 0.015 0.958 0.004 
uniform" 0.519 0.028 0.796 0.044 0.860 0.031 0.944 0.004 
uniform 0.458 0.029 0.817 0.045 1.165 0.034 0.933 0.004 
uniform' 0.410 0.033 0.874 0.050 1.577 0.042 0.916 0.005 

beef true values 1.100 1.200 0.600 0.878 
regular" 0.940 0.033 1.002 0.055 0.463 0.020 0.910 0.007 
regular' 0.927 0.033 1.008 0.056 0.562 0.022 0.904 0.007 
triangular 0.931 0.033 0.998 0.055 0.575 0.017 0.904 0.007 
uniform" 0.914 0.034 0.995 0.055 0.841 0.034 0.888 0.008 
uniform 0.876 0.036 1.040 0.058 1.140 0.043 0.874 0.008 
uniform' 0.850 0.038 1.107 0.064 1.538 0.051 0.854 0.008 

veal true values 6.000 5.000 1.000 0.097 
regular" 5.486 0.238 4.235 0.579 1.218 0.392 0.106 0.010 
regular' 5.545 0.242 4.324 0.597 1.314 0.391 0.105 0.010 
triangular 5.537 0.241 4.300 0.597 1.313 0.375 0.105 0.010 
uniform" 5.655 0.275 4.457 0.684 1.539 0.338 0.104 0.010 
uniform' 5.880 0.265 4.857 0.703 1.899 0.440 0.101 0.010 
uniform' 6.091 0.301 5.232 0.825 2.274 0.427 0.099 0.010 
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Table 5.14 Parameter values and (quarter) penetrations with their standard errors for the variance component 
model for empirical data using six different methods for imputing the purchase times and approximation (B) 
for the forward recurrence time 

ß s. e. 2 

cv s. e. a,2 s. e. penetration s. e. 
pork regular" 0.790 0.034 0.960 0.060 0.677 0.014 0.919 0.006 

regular 0.622 0.034 0.766 0.054 0.871 0.018 0.916 0.006 
triangular 0.692 0.034 0.836 0.056 0.797 0.016 0.917 0.006 
uniform" 0.461 0.033 0.587 0.046 1.101 0.022 0.904 0.006 
uniform'' 0.218 0.033 0.433 0.039 1.439 0.027 0.879 0.006 
uniform' 0.038 0.033 0.376 0.036 1.737 0.030 0.846 0.007 

beef regular" 1.292 0.040 1.234 0.079 0.655 0.017 0.830 0.010 
regular* 1.135 0.041 1.040 0.074 0.829 0.021 0.828 0.010 
triangular 1.207 0.041 1.121 0.076 0.753 0.019 0.829 0.010 
uniform" 1.039 0.041 0.923 0.069 0.953 0.024 0.822 0.010 
uniform 0.720 0.042 0.641 0.057 1.347 0.032 0.801 0.009 
uniform' 0.536 0.042 0.547 0.052 1.615 0.036 0.774 0.009 

veal regular" 5.645 0.469 4.568 1.023 1.108 0.192 0.071 0.008 
regular' 5.460 0.479 4.307 0.995 1.252 0.222 0.071 0.008 
triangular 5.633 0.469 4.546 1.019 1.116 0.194 0.071 0.008 
uniform" 5.511 0.482 4.441 1.018 1.250 0.218 0.071 0.008 
uniform 5.048 0.517 3.810 0.958 1.619 0.300 0.072 0.008 
uniform' 4.763 0.553 3.446 0.943 1.860 0.358 0.072 0.008 

Table 5.15 Parameter values and (quarter) penetrations with their standard errors for the variance component 
model for empirical data using six different methods for imputing the purchase times and ignoring left 
censoring 

ff„~ s.e penetration 
pork regular" 

regular* 
triangular 
uniform" 
uniform* 
uniform' 

0.784 
0.739 
0.760 
0.708 
0.624 
0.573 

0.032 
0.033 
0.032 
0.034 
0.036 
0.038 

0.960 
0.937 
0.940 
0.892 
0.864 
0.908 

0.057 
0.059 
0.058 
0.059 
0.062 
0.068 

0.653 
0.824 
0.770 
1.084 
1.437 
1.863 

0.013 
0.017 
0.016 
0.022 
0.030 
0.038 

0.920 
0.916 
0.916 
0.907 
0.900 
0.884 

0.006 
0.006 
0.006 
0.006 
0.006 
0.006 

beef regular" 1.262 0.037 1.189 0.073 0.662 0.017 0.831 0.010 
regular* 1.240 0.038 1.189 0.076 0.814 0.021 0.826 0.010 
triangular 1.250 0.038 1.183 0.074 0.769 0.019 0.827 0.010 
uniform" 1.229 0.039 1.161 0.077 0.995 0.025 0.819 0.010 
uniform 1.185 0.042 1.197 0.083 1.335 0.034 0.807 0.010 
uniform' 1.167 0.044 1.227 0.088 1.623 0.041 0.796 0.010 

veal regular" 6.633 0.446 6.044 1.225 1.395 0.219 0.068 0.008 
regular 6.703 0.452 6.184 1.254 1.489 0.233 0.068 0.008 
triangular 6.648 0.447 6.075 1.231 1.416 0.222 0.068 0.008 
uniform" 6.763 0.455 6.279 1.275 1.592 0.247 0.067 0.008 
uniform 7.093 0.486 7.074 1.442 1.944 0.302 0.066 0.008 
uniform' 7.308 0.503 7.473 1.531 2.330 0.354 0.065 0.008 
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6. A variance component model for more than one period 

6.1 Introduction 

In this chapter we will extend the variance component model that we introduced in chapter 
5 so that we can deal with more than one period. For the original model we assumed that 
they'-th interpurchase time of individual i can be written as 

log(X,, ) = /i + Ui + Eii (6.1) 

where ß is an overall mean and Ui and Eg are random variables, that are stochastically 

independent and normally distributed with zero mean and variances o\ and a] 

respectively. The index j = l,...,n(, the number of purchases of individual i, and the index 

i = \,...,N , the sample size of individuals. The model implies a stationary process that is 

defined by the parameter set ß , a\ and a]. Throughout this chapter we will assume that 

the process is in equilibrium (see Cox, 1962). 

It may be the case that the process is controlled by one set of parameter values in one 
period, but that for different periods different parameter values hold. In that case the process 
is stationary within each period, but there is a change between the periods. In this sense we 
may generalise model (6.1) by addition of an index k that denotes the period 

log(Xijk) = /it + Uik+Eijk (6.2) 

where k = \,...,p, the number of periods, j = l,...,nik, the number of purchases of 

individual i in period k, and i = \,...,N, the sample size of individuals. Here fik is an 

overall mean for period k, and Uik and Eijk are random variables that are normally 

distributed with zero mean and variances a\ and a\ respectively. The random variables 

Un and the En are, as in the original model, assumed to be stochastically independent. 

Also all the error terms EiJt are supposed to be independent. For the variables Ujk and Uu, 

however, we allow that they are correlated with correlation coefficient pu 

Pt,=P(U,tM„) (6-3) 

since an individual that buys a product frequently in one period, is expected to do the same 
in the next period. The number of parameters of the model depends on the number of 
periods. Suppose that we observe p periods then There are 3p parameters to determine the 
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marginal distributions and another ^p(p-l) parameters to determine the correlation 

coefficients. Thus the total number of parameters is 3p + \p(p-\). 

If we assume that the processes in different periods are defined by different values for the 
parameters then we have to make extra assumptions about interevent times that do not fall 
completely within one time period. Figure 6.1 shows a realisation of the purchasing process 
of a certain individual over four periods. The situation is clear if an event starts and ends 
within the same period. For example the interevent time X2 is completely within a certain 
period (period 1), and will be modelled using the parameters of period 1. The situation with 
the interevent timesX,, X3 and X4 is less clear. It is necessary to make some extra 
assumptions about the distribution of these interevent times. 

Figure 6.1 A realisation of a renewal process over four periods. 

X. Xi X, ) Xi 

period 1 period 2 period 3 period 4 

One option is to assume that an interevent time is distributed according to the model 
parameters of the period in which it started. Then the observation X3 in Figure 6.1 is 
modelled according to the parameter values of period 1. The right censored observation X4 

is distributed according the parameter values of period 3. For the left censored interevent 
time Xl we make the extra assumption that the model parameters of the first period also 
hold in the time previous to the first period. We can give these assumptions a physical 
interpretation if we think of the classical example of a renewal process where items break 
down and have to be replaced. Suppose that in different periods items are constructed with 
parameters of that period. If an item breaks down in period k, it will be immediately 
replaced by an item that was constructed in period k, and its renewal time will depend on 
the parameters of period k. We will refer to these assumptions as forward inheritance; a 
duration inherits the parameters of the period of its start. In a similar way we can define 
backward inheritance, where a duration inherits the parameter values of the period of its 
end. An alternative approach that we shall not use in this chapter can be formulated in terms 
of the hazard rate. We could assume that the changes from period to period are given by a 
change in hazard function. Such a change can be interpreted as a change in the environment 
that influences the life expectancy of an item. Unfortunately this approach requires a 
reformulation of the model in terms of hazard rates, for which the parameter estimation too 
hard to implement. 

In this chapter we will discuss estimation methods for the case where we have two periods. 
Theoretically it is easy to generalise the model to more than two periods, but its estimation 
will be more and more difficult, since from the number of parameters is increasing rapidly 
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with the number of parameters. In section 6.2 we will discuss a rather heuristic estimation 
method, where we split the parameter estimation into two stages. In the first stage we 
estimate the marginal distributions independently, and in the second stage we estimate the 
dependence structure given these margins. In section 6.3 we will discuss a method where all 
parameters are estimated simultaneously. In section 6.4 we will discuss how to estimate 
penetration from the parameter estimates. In section 6.5 we will use the discussed 
techniques to estimate the model parameters and penetration of certain goods by use of 
empirical data. 

6.2 Parameter estimation based on correlation in a two way table 

In this section we will discuss a method to estimate the variance component model that uses 
two steps. In the first step we estimate the marginal distributions independently, using the 
methods that were discussed in chapter 5. In the second step we estimate the dependency by 
use of the two way table of numbers of households that did a certain number of purchases in 
period 1 and in period 2 (see Table 6.1). 

Table 6.1 Two way table showing numbers of households that made M, purchases of pork in f, (ten weeks in 
the third quarter of 1994) and M2 purchases in «2(ten weeks in the fourth quarter of 1994). 

number of number of purchases in h 
purchases in t\ M2 = 0 1 2 3 4 5 6 
M, = 0 65 15 3 7 5 0 2 

1 14 14 12 4 2 3 1 
2 4 7 7 5 3 4 4 
3 2 4 7 8 2 5 6 
4 1 2 5 5 6 11 2 
5 1 2 3 6 6 6 2 
6 0 0 2 1 1 5 6 

In order to formulate an estimator for the model parameter for the dependency pn from the 
observed table we need to study the relationship between the theoretical dependency 
parameter and the empirical table. Therefore we will derive statistical properties for the 
observable variable M(t), the number of events (purchases) in a given time interval [0 ,0 , 
and for the latent variable ƒ that denotes the (expected) frequency of action. In section 6.2.1 
we will derive these properties for a given individual and in section 6.2.2 for a 
heterogeneous population. We will study the relation between the empirical and latent 
variable by discussing the notion of attenuation in section 6.2.3. In section 6.2.4 we will 
look at the relationship between the latent frequencies of actions in different periods, and 
finally in section 6.2.5 we will put all ingredients together in order to derive an estimator 
for the dependency parameter from the two way table. 
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6.2.1 The number of events in a time interval for a given individual 

We are interested in the distribution of M{t), the number of events in a given time interval 
[0,0 for a given individual. Although the distribution function is determined by equation 
(6.1), it is not easy to find an analytical expression for it. From renewal theory (see Cox, 
1962, section 3.3) we know that the limiting distribution of M(t) as t -> °° j s a normal 
distribution with asymptotic expectation and variance 

E[M(t)) = - (6.4) 

and 

Var[M(t)] = ~ (6.5) 
T2t 

V 

where v denotes the expected value of the interevent time X of the given individual and r 2 

denotes its variance. Note that both the asymptotic expectation and variance are linear 
expressions in t. We will also write E[M(t)] = ft, where ƒ = E[M(])]= 1/ v is the 
frequency of the individual renewal process per time unit. We know that for a process that 
is in equilibrium equation (6.4) is precise, and that for equation (6.5) it is possible to obtain 
the better approximation (see Cox, 1962, equations 4.1.3 and 4.5.18) 

T2t 
Var[M(t)]= — + 

v 

( \ | r4 v^ 
v 6 2v4 3v3 + o(l) (6.6) 

where v3 is the third central moment of the interevent time X of the individual, and where 
o(l) denotes a function of t that approaches zero as t tends to infinity. From equation (6.1 ) 
it follows that for an individual for which U: = u 

v = exp(// + \a] + u), and 

r 2 = exp(2/z + 2u + a] )(exp(cr2 ) - 1 ) . 

As a consequence we find the following expressions for the expectation and asymptotic 
variance of M(t) of an individual for which Ui = u 

£[Af(r)] = ? e x p ( - / / - ^ c r 2 - w ) (6.7) 

and 

Var[M(t)] = texp(-ß-\o] - u ) ( e x p ( a 2 ) -1) (6.8) 
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The frequency of actions ƒ of an individual for which U, = u is equal to 

ƒ = E[M(l)] = e\p(-ß-^(T^-u) (6-9) 

6.2.2 The number of events in a time interval in a heterogeneous situation 

In our model the different individuals follow different renewal processes. The heterogeneity 

in the process is modelled by U, in equation (6.1). We define M it) as the number of events 

during the time interval [0,0 of a randomly drawn individual. Then 

E[M(t)] = EU[E[ M{t)\U}} 

= fexp(-/z-^)E(/[exp(-ï/)] 

= fexp(-7t-±0?+±<O (6-10) 

and if t is large 

Var(M(t)) = Varv (E[M(t)\U]) + Ev [Var(M(t)\U)] 

= r exp(-2// -a])Varv (exp(-£/)) + rexp(-// - jcr;)(exp(cr(
2) ~ l)£y[exp(-[/)] 

= t2 exp(-2// - o) + o\ )(exp(cr^ ) - 1) 

+t exp(-// -\o]+\a] )(exp(cr^ ) -1 ) (6.11) 

Here we used the rough approximation of Var{M{t)\U) that can be improved by use of 

equation (6.6) instead of (6.5). Note that in the heterogeneous situation the asymptotic 

expectation is still linear in t, but that the asymptotic variance here is quadratic in t. Notice 

further that elimination of the heterogeneity by choosing a] = 0 makes that equations 

(6.10) and (6.11) become equations (6.4) and (6.5) of the homogeneous case. For the 

frequency ƒ of the heterogeneous renewal process, we find the following average and 

variance 

Ef = exp(-//-^<Tf
2+^o-„2) (6.12) 

o) = Var(f) = exp(-2// - a] + o\ )(exp(cr2 ) - 1 ) (6.13) 
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6.2.3 Attenuation 

Attenuation denotes the phenomenon that correlations between observed variables are 
lower than those between the underlying latent variables because of the measurement error 
that occurs when variables are observed. In the case of renewal processes a similar thing 
happens. Relationships between latent variables are attenuated in the relationships between 
the observed variables because the process is observed through a finite time window. The 
attenuation in a renewal process is defined as the correlation between Mit) the observed 
number of events in time interval [0, t] and ƒ the expected number of events in time interval 
[0,f] 

c(t) = p(M(t)J) 

(see equation (4.8)). Since the covariance 

Cov{M(t), ƒ ) = E[M(t) ƒ] - EM(t)E[f] 

= Eu[E[M{t) flUV-tElfj^Eltf^-tElf]2 

= ta\ 

it follows that 

, t a, 
c(t)= (6 14) 

Var(M{t)) K ' 

If we approximate Var(M(t)) by use of equation (6.5), then we obtain the following 

estimator given the estimates /x , <j\ and a1. 

, 2 ^ _ ttxV{-U-\â]+^dl){<t^(âl)-\) 

t exp(-/) -\â]+\âl )(exp(â; ) - 1) + (exp(ô-,2 ) -1 ) *2(o=t..,, r?*r^;s/j;rT'L::^ » (6.15) 

Alternatively we may use the approximation of equation (6.6) that takes the intercept into 
account or approximate the variance by simulations. Note that if in equation (6.15) f = 0 
then c(t) = 0, and if t —» °o then c(t) —» 1. For a heterogeneous renewal process that is 
deterministic at the individual level, (i.e. a\ > 0 and a] = 0) , we have c(t) = 1 for all t. 
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6.2.4 Correlations between frequencies of action in different periods 

Model (6.2) implies that the average frequencies of the renewal process in different periods 
are correlated. For a random individual for which Uik = uk, the frequency of actions in 
period k 

f,t =exP(--"t -T°"£
2)exP(-"*) 

It follows that 

p(A,/ , ) = p(exp([/,),exp([/,)) 

where the vector U = [Ut U,] is bivariate normal distributed with expectation vector zero 
and covariance matrix 

Z M = 
PkPukVu, ali 

We can write 

Covu{E[fk\U},E{fl\U}) + Eu[Covi.fkJl\U)} 
ftft.fi)--

afk
af, 

where a, and as are given by equation (6.13). Conditional on the vector U the second 

term of the numerator is zero. The covariance of the expected frequencies given the vector 
U (the first term of the numerator) can be derived from JOHNSON and KOTZ, 1972, equation 
34.28.1, leading to 

* ƒ , . / , ) = -, ' » y « * - » ^ - , 1 (6.16) 
V(exp(o^)-l)(exp(o^)-l) 

6.2.5 An estimator for the dependency parameter given the marginal distributions 

At this stage we derived all ingredients to construct an estimator for pu from the observed 
two-way table, if we consider the parameter estimates of the marginal distributions to be 
given. Our estimator is based on the equation 
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c*('*)c,(f,) 

that relates the correlation of the latent variables to the correlation of the observed variables. 
The correlation of the latent variables (the left-hand side of equation (6.17)) is related to the 
model parameter pu by equation (6.16). For the correlation of the observed variables (the 
numerator in equation (6.17)) we have a direct estimate p 2 , the observed correlation in 
the two-way table. 

Now we are able to formulate a strategy to estimate the full model of equation (6.2) in the 
case of two periods. We start with estimation of the univariate marginal distributions of 
period k and / separately. Next we estimate the dependency parameter pu by 

Pu =-——In c„tcr„, 

( i i,..._, ^2, „ -_2, m 

(6.18) 
t P2-my V(exp(g;t ) - l)(exp(g^) - 1) 

:('*)c,(f,) 

where ck(tk) and ct(t,) are estimates of the attenuation in period k and / respectively, 
given by equation (6.14). We will discuss some results of this estimation approach as we 
apply these methods to empirical data in section 6.5. 

6.3 A method for simultaneous estimation of all parameters 

In this section we will describe how we can estimate the variance component model by a 
simultaneous estimation of all model parameters. We have to assume that the interevent 
times have the property of either forward inheritance or backward inheritance (see section 
6.1). From a theoretical point of view this approach is rather simple, since it is a 
straightforward extension of the method used to estimate the univariate model. Given the 
computation problems in univarariate case, it is no surprise that estimation in the 
multivariate case can not be done without some simplifications. Therefore we will reduce 
the number of parameters. Therefore we will assume homoscedasticity in both variance 
components. 

Under the assumption of forward inheritance we can write down the distribution of an 
observed vector of interevent times. If we assume that we are dealing with an ordinary 
renewal process, then the logarithmic transformed interevent times are multivariate normal 
with known expectation vector and covariance structure. Suppose that we observe one 
individual during two periods with m\ observations in the first and m2 observations is the 
second period, then the logarithmic transformed interevent times are multivariate normal 
with an ml + m7 -dimensional expectation vector consisting of m] times //, and m2 times 
pz. The covariance matrix has the form 
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£ = 

< + <y) < • • ol pol • • Pol 

< °l+o] pol • • pol 

a\ a] 2 2 

o„ + o; 
2 

po: • • pol 

pol pol • • pol ou + or al 

po\ pol • • Pol al ol+c 

(6.19) 

The likelihood function of an observed vector of interevent times can be written as a 
product of conditional probabilities (see equation (5.2)). The distribution of (logarithmic 
transformed) interevent times given the past, are normal distributions with known 
conditional expectations £,. and variances x] (see equations (5.26) and (5.27)). 
Computation of £, and t] involves the inversion of (top left) submatrices of 21 The 
inversion can be done numerically, but this would require large computation times to find 
ML-estimates. The estimation procedure would speed up drastically if we would have 
analytical expressions at our disposal. 

For the case with two periods we can derive analytic expressions for £, and r, . We 
distinguish two situations. If the history consists of observations of the first period only then 
a top left submatrix is of the simple form (6.19), and we are in the situation of chapter 5 
where we use equations (5.4) and (5.5) for £,. and x) respectively. If the history contains 
both observations from the first and the second period, then we have to invert a matrix of 
the form (6.19), where Z,u is a matrix of dimension m, and X22 is a square matrix of 
dimension i - m, - 1. In that case 

| , =ju2 + ylmi[xl-ßl) + y2(i-ml-\)(x2-}i1) (6.20) 

and 

ï) = ol + al-Yxpal-Y2al (6.21) 

where x, and x2 are averages of the first ni\ and the last i-n\-\ log-transformed 

interevent times respectively, and where yt and y2 are functions of the model parameters 

al, a\ and p (see proposition 1 in section 6.6). 
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So far we ignored left censoring and thereby implicitly assumed that the process is an 
ordinary renewal process. We can deal with left censoring by use of a distribution that 
approximates the forward recurrence time (see section 5.3.2). In proposition 2 in section 
6.7 it is shown, that if we use approximation (B) then the conditional expectation becomes 

£ = ßi + m (*i --",) + 7ia - ™, -1)(*2 -ß2)-rM)+c{B)) (6.22) 

and r2 is given by equation (6.21), the same as for the ordinary renewal process. The use of 
approximation (A) for the forward recurrence time puts us for computational problems, 
because the top left element of the covariance matrix (6.19) is now equal to a) + a2 + ciA). 
For the multivariate case where we deal with p (p>2) periods, we have a matrix that 
consists of p2 submatrices Zu. Then the inversion has to be done numerically, and we 
may expect large computation times. 

6.4 Estimating product period penetrations for the combined period. 

The product period penetration is the probability that a household buys at least one item of 
a certain product in the given period. If we assume forward inheritance then the r-period 
penetration is 

/ 5 ^ . ^ ) = ^ ] ( j ^ ] ) ( l o g ( r ) ) (6.23) 

(see equation 5.16). An estimator for the penetration is obtained by substitution of the 
parameter estimators for //,, a2

ul and cr2,. Note that this quantity is determined by the 
parameter estimates of the first period only. Suppose we use the estimation method where 
we first estimate the marginal distribution independently and afterwards estimate the 
dependency parameter from the two-way table (see section 6.2). Then with respect to 
penetration estimation, it is sufficient to estimate the parameters of the first margin only\ 
The consumer behaviour in the second period and dependencies of behaviour between the 
periods are of no consequence. Also if we estimate the full model (see section 6.3), then the 
estimator of the penetration does depend on parameter estimates of the first period only, and 
is independent of the behaviour in the last period. Under the assumption of backward 
inheritance the situation is similar. In that case the penetration would entirely depend on the 
parameters of the last period. 

6.5 Results for empirical data 

In this section we will apply both methods to the empirical data, that consist of purchases of 
the products pork, beef and veal in the third and in the fourth quarter of 1994. We used the 
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data of 524 households that reported 10 weeks in the third quarter and 10 week in the fourth 
quarter of 1994. In section 6.5.1 we will discuss the application of the estimation method 
where the marginal distributions and the dependency structure are estimated separately (see 
section 6.2). In section 6.5.2 we will discuss the application of the method where the full 
model is estimated with the constraint that a\k = a], = a\ and a]k = a2

d = c r (see section 
6.3). 

6.5.1 Estimation based on correlation in a two way table 

To estimate the marginal distributions we used the methods that were discussed in chapter 
5. We had to decide on how we wanted to deal with left censoring and on which imputation 
method we wanted to use for the purchase times. We used the lognormal approximation (A) 
distribution for the forward recurrence time (see section 5.3), and imputed purchase times 
by the uniform" imputation method (see section 5.4 and 5.5). The results of these univariate 
estimations are shown in Table 6.2. The parameters / / , , a2

u] and a2
c] refer to the third 

quarter and the parameters ß2, a]2 and a2
e2 refer to the fourth quarter of 1994. Note that 

the estimates of the third quarter in Table 6.2 differ slightly from those in chapter 5 (see 
Table 5.6). This is a consequence of the fact that the estimates here are based on a 
subsample of 524 households of the total sample of 1625 households. We also see a slight 
difference between the values of the parameter sets for the two periods. The last column of 
Table 6.2 shows direct estimates of p2-way, the correlation in the two-way tables. The 

correlation is somewhat lower for veal than for the products pork and beef. We expect that 
this is a result of a higher attenuation due to the fact that 10 weeks is a relative short period 
for the product veal. 

Table 6.2 Parameter estimates for marginal distributions of the full variance component model and direct 
estimates of correlations in the two way table for the products pork, beef and veal. 

£i ÇkL S i el Sol Sä! Pi-«™ 
pork 
beef 
veal 

As a next step in the estimation procedure of the parameter pn we need to estimate the 
attenuation in each period (see equation (6.18)) by use of equation (6.14). We have three 
alternatives to estimate the variance Var(M(t)) given a set of parameters. The first two 
alternatives are based on the asymptotic approximations. Alternative 1 is to use the linear 
approximation of equation (6.5) and leads to the estimator of equation (6.15). Alternative 2 
is to use the approximation of equation (6.6) that uses both the linear part and the intercept. 
As a third alternative we used simulations (sample size 50,000) to approximate the 
variance. Table 6.3 shows results for all three alternatives. For the product veal we found 
that alternatives 2 and 3 lead to estimates for Var(M(r)) that are lower than those of t2rx2

t. 
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0.465 0.595 1.038 0.303 0.587 1.011 0.793 
0.994 0.891 0.925 0.836 0.841 0.960 0.836 
5.810 4.672 1.274 4.997 2.207 1.001 0.650 



Therefore we fixed the estimate for the attenuation at its upper bound 1. Estimates for the 
model parameter pn are obtained from equation (6.18). Note that in almost all cases we 
find estimates larger than 1. The independent estimation of the marginals and the 
dependency structure does not give us good estimates. We hope that a simultaneous 
estimation of the dependency structure with the margins will prove to be better. 

Table 6.3. Estimates for the attenuations and for the dependency parameter pl2 the products pork, beef and 
veal. 

asymptotic approximation 
'linear' 

asymptotic approximation 
'linearplus intercept' 

approximation based on 
simulations 

Cift) Clih) Pn c,(t,) c2fe) Pn C l ( f l ) Ciih) Pn 
pork 
beef 
veal 

0.832 
0.880 
0.933 

0.856 
0.877 
0.606 

1.084 
1.054 
1.104 

0.886 
0.922 
1.000 

0.892 
0.919 
1.000 

1.003 
0.991 
0.933 

0.854 
0.906 
0.684 

0.872 1.048 
0.891 1.024 
0.693 1.157 

6.5.2 Simultaneous estimation of all parameters 

In this section we will discuss the results of simultaneous estimation of all model 
parameters for the purchasing processes of the products pork, beef and veal in the third and 
in the fourth quarter of 1994. We used the constraint that a2

ul = a2
u2 and a2

e] = a]2. This 
seems a reasonable assumption given the values in Table 6.2 and keeping the standard 
errors in mind that we saw in chapter 5 (see Table 5.6). The constraint leaves us with five 
parameters / / , , a\, a], p2 and p. 

Table 6.4 Estimates for the parameter and the penetration under the forward inheritance assumption. 

IM <T„2 a2 ß2 p penetration 
pork 0.520 
beef 0.967 
veal 5.783 

0.858 
1.119 
4.751 

0.962 
0.935 
1.300 

0.392 0.964 0.961 
0.909 0.999 0.921 
5.601 1.000 0.142 

Table 6.4 shows results under the assumption of forward inheritance where we used 
approximation (5) for the forward recurrence times. A comparison with the values of the 
parameter estimates in Table 6.2 shows us that the values are different, but that there is no 
clear pattern. We found that the Newton Raphson algorithm was insensitive for starting 
values: the same estimates were obtained if different starting values for the parameter 
estimates were used. We computed penetrations by use of equation (6.23) only for the 
products pork and beef where we obtained parameter estimates inside their domain. For the 
product veal we found a parameter estimate for p outside its domain. 
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If we change the assumption of forward inheritance into backward inheritance we find 
parameter estimates that are rather different (see Table 6.5). The estimator of the 
penetration however is not as sensitive to this change of assumption. 

Table 6.5. Estimates for the parameter and the penetration under the backward inheritance assumption. 

ßi ou
2 a? Mi P penetration 

pork 
beef 
veal 

0.438 
0.904 
3.996 

0.954 
1.159 
2.081 

0.943 
0.902 
2.286 

0.570 
1.049 
4.811 

0.974 
0.983 
1.220 

0.964 
0.929 
0.141 

6.6 Discussion and conclusions 

In this chapter we studied the possibilities of applying the variance component model to the 
situation where we have more than one period. Theoretically it is easy to generalise the 
model, but we need extra assumptions to deal with spells that cross periods. We introduced 
the notions of forward and backward inheritance in order to deal with this problem. Next 
we described two methods to derive estimates for the model. The first method is a rather ad 
hoc method that starts with an independent estimation of the marginal distributions and 
where the dependence structure is estimated by a generalised moment estimator based on 
the observed 2-way table is derived. The second method is the maximum likelihood 
estimation method. For the case where we have two periods, we were able to derive an 
analytical form of the likelihood function under the restriction that a2

ul = a2
u2 and 

We applied the two methods to empirical data in order to obtain parameter estimates for the 
purchasing processes of the products pork, beef and veal in the third and in the fourth 
quarter of 1994. We found that the first method gave us estimates for the dependency 
parameter outside its domain. For the second option we obtained reasonable estimates for 
the parameters, although we found different estimates under different assumptions of 
inheritance. With respect to the estimation of the penetration the method does not guarantee 
consistency in the sense that the penetration of the combined period is by definition higher 
than those in the individual periods. This is because the penetration under forward (or 
backward) inheritance is completely determined by the parameters of the first (or last) 
period, and totally independent from the parameters of the other period. As a way out we 
may consider to use a weighted average between the estimates based on forward and 
backward inheritance. This may solve the problem of inconsistent estimates for the 
penetration, although a strategy of determining the weights is an object of future research. 
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6.7 Appendix 

In this appendix we will derive the conditional distribution of the logarithmic transformed 
interevent time (or spell) log(X,.) given the set of previous spells X],X2,...,Xi_, for the 
variance component model in the case that we have two periods. Suppose that the spells 
XiJt of a renewal process follow the model 

log(Xljk) = pk+Ulk+Elß (6.24) 

where Ulk and EiJk are stochastic random variables that are normal distributed with zero 

expectation and variances a2
uk and a)k respectively. The index i refers to an individual, the 

index k to a period, and the index j to an event of individual i in period k. We assume that 

within a period the random variables Uik and EjJk are independent, and the same for the 

random variables Eijk and Eiß. For the random variable Ulk and Uu, however, we assume 

that they may be correlated with a coefficient pu . If we have two periods then the model 

has seven parameters: pt, a2
ul, a2

el, ß2, o\2, a)2 and p. The first three parameters 

describe the process in the first period, the second three describe the process in the second 

period, and p describes the dependence between the two processes. We will use reduce the 

number of parameters to five by the restrictions that a\x = a\2 and a2
el = a]2. For spells 

that cross periods we will use the assumption of forward inheritance (see section 6.1). We 

are interested in the conditional distribution of log(X,) given the set of previous spells 

Xl,X2,...,Xi_j. The case where the previous observations are all from the same period 

(period 1) was discussed in chapter 5. For the case where the i-\ previous observations 

exist of m observations in period 1 and n observations in period 2, we have the following 

proposition 

Proposition 1. We observe spells of a renewal process in two periods, and assume that 

these spells follow model (6.24) with the restriction that a2
ul = a2

u2 and a2
el = a]2. We 

further assume forward inheritance for spells that cross periods (see section 6.1). If the 

process is an ordinary renewal process then log(X,) given previous spells follows a 

normal distribution 

log (X, ) | l og (X 1 ) . . . l og (X w )~^ 1 . , ^ ) (6.25) 

with expectation 

£ =Mi+myl(x1 - / / , ) + n r 2 ( ^ - ^ 2 ) (6.26) 
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and variance 

^ = <rl + °l-pelri-v2j2 (6.27) 

where xt is the average over the first m log(X ( ) ' s , x2 is the average over the last n 

log(X ;) 's, and 

X, =polß{\-no]a) 

y2 = -mp1<jA
uaß+ a]a{\ + nmp2aß) 

a-
o. +na„ 

{a) + mal )(al + nal ) ~ mnP2(Tl 

Proof. Under the assumptions of proposition 1 the vector of observed log-transformed 
spells is multivariate normal distributed. Suppose that the vector contains m spells of the 
first period and n of the second, then we have that the m + n -vector log(X) is normal 
distributed with expectation vector u. and covariance matrix Z. 

log(X)~ N(fl,£) 

The expectation vector /u consists of two parts containing m times //, and n times ß2 

M 

Mi 

'Mi' M, 

Mi_ Mi 

Mi. 

m times 

n times 

(6.28) 

Likewise the covariance matrix Z consists of four parts 

Z-
^-11 "^12 

Z2] Z22 
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o\+°) 
2 

o,. 

POu 

po\ 

Cf „ + o„ 

PO„ 

pol 

pol 

po: 

po: 

pol 

pol 
^ - 2 , ^-2 

o„ + a„ 

pol 
pol 

Pol 
al 

„-2 i ^-2 

o„+oe_ 

(6.29) 

From multivariate theory we know that 

log(X,.)|log(X,)...log(X,_1) 

is again normal distributed with expectation and variance given by equations (5.26) and 
(5.27) respectively. If ; < m + 1 then we can obtain the conditional expectation and variance 
in the way we did in chapter 5. If, however, i>m+\ then we need to invert top left 
submatrices of E that are of the same form as X where X,, is of dimension m and Z21 is 
of dimension i — m—l. 

We will use basic matrix algebra (see equation (5.28) through (5.31)) to obtain the inverse 
of a matrix that has the form of the covariance matrix. Define a matrix M of dimension 
(m + n)x(m + n) as 

M = 
M„ M, 

M,, M , 

c d 

a d 

d a 

We will use equation (5.29) in order to derive M ', and need to find an expression for 

( M n -M l 2 Mj2M 2 1 )~ ' . We start with finding the inverse of the nxn-matrix M22 from 

(5.32) 

M; 

P q. q 

q p q 

q q p 
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where 

a + {n-2)c 

(a-c)(a + (n-l)c) 

and 

q = 
(a -c) (a + («-l)c) 

We find 

M„-M 1 2 M^M 2 , = c a 

c c 

where 

nd2 

a + (n-l)c 

and 
ndl 

c =c- a + {n-\)c 

The matrix M,, - M 1 2 M ^ M 2 1 is an mxm matrix and by use of (5.32) we find its inverse 

(M^M.MX)" 1 

p' q' - q' 

q' P' 

q q 

where 

P =T~> TZT' 
a' + (m-2)c' 

and 

(a'-c')(a' + (m-\)c') 

q (a'-c')(a' + (m-\)c') 

(6.30) 

(6.31) 

Now we can use equation (5.29) and put all ingredients together to obtain the inverse of the 

full matrix M. We find 
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M 

q r ••• r 

p' r ••• r 

••• r s t 

••• r t s 

where p' and q' are given by equations (6.30) and (6.31) respectively, and where 

r = -daß, 

s = p - dmra , 

t = q - dmra , 

a= p + (n-\)q, and 

ß= p' + {m- \)q'. 

Now we return to the computation of the conditional expectation and variance in the case 
that i > m+1. If we define n = i - m -1 then we have from equation (5.26) 

where EiA is a vector that consists of m times pa\ and n times o\, where Iu is a square 

matrix of dimension m + n and of the form (6.19), and where // is a vector that consists of 

m times jix and « times ju2- If we define a = a] + a], c = a\ and d = per] then Eu = M , 

and 

£,-=//,+ X2lXn'(log(X)-//) 

:/"2+[^ 

<? '• 

<?' P ' r • • r log(X m ) - / i , 

r r s t log(^,n+1)-Az 

r r t s )og(Xm+J-ß2 

log(X,)-//, 
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= H2 +m(d(p' + (m-\)q')+ncr)(x] -//,) + n(mdr + c(s + (n- \)t)){x2 -p2) 

where x, is the average over the first m log(X ;)'s, x2 is the average over the last n 

10g(X;)'S, 

7, = d{p' + (m-\)q')+ ncr 

= pa2J(\-na]a) (6-32) 

and 
y 2 = mdr + c(s + (n - 1)0 

= -mp2a4
uaß + a\a{\ + nmp2aß) 

where, as before, 

a = p + (n-\)q 

1 

(6.33) 

a:+na-
and 

ß= p' + (m-\)q' 

a\ +nal 

{a] + mal Xer« + n(T„ )~ mnP^„ 

thus proving the conditional expectation in equation (6.26). For the conditional variance we 
have 

t-, = ZT, — 2,7,2,u 2-12 

= a] + a]-[d ••• d c ••• c] 

q r 

P' r 
r s 

r t 
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= o\ +a]- md(d{p' + (m - \)q' + ncr) - nc(mdr + c(s + (n- l)f )). 

= o\+a\-mpaly,-na\y1. 

with y and yi as in equations (6.32) and (6.33). This proofs equation (6.27), and completes 
the proof of proposition 1. 

Proposition 2. We observe spells of a renewal process in two periods, and assume that 
these spells follow model (6.24) with the restriction that a2

ul = a\2 and er, = o]2. We 
further assume forward inheritance for spells that cross periods. If the process is in 
equilibrium and we use approximation (B) for the forward recurrence time then 

log(X,)|log(X1)...log(X,_,)~A'(£,,^) (6.34) 

follows a normal distribution with expectation 

£• =M2+rMxl~M]) + y2n(x2-ß2)-yl(a
2

e+c",)) (6.35) 

and variance 

?2
l=°l+ol-pe1Ji-(*

1j2 (6.36) 

Proof. Proposition 2 can be proved in exactly the same way as proposition 1. We need to 

replace the distribution of log(X,) - the normal N(/Jt,al + (redistribution - by the 

approximation (S) distribution of the forward recurrence time 

N(jU, +a2+c[B\ a] +a]) 

(see equation (5.14)). This effects the first element in the expectation vector of the 
multivariate normal distribution in equation (6.28). The covariance matrix in equation 
(6.19) remains unchanged, since the variance and the covariances do not change. The use 
the same covariance matrices as in proposition 1 makes that we find the same conditional 
variance x). With respect to the conditional expectation we find a correction of 

-yM+c^) 

leading to equation (6.22). Finally we remark that the use of approximation (A) instead of 
approximation (S) changes the entire covariance structure (see equation (5.13)). This would 
make the inversion of top left submatrices, and thereby the derivation of £, and T) , a lot 
more complicated. 
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7. Moment estimators for the variance component models 

7.1 Introduction 

We study the use of a variance component model to budget count data. The variance 
component model is defined in terms of interpurchase times. We have count data that 
consist of observed numbers of purchases. In chapters 5 and 6 we transformed the count 
data into data of interpurchase times by imputation. This made it possible to estimate the 
model parameters, although the computation time to estimate the parameters was rather 
high. 

In this chapter we will look for an alternative estimation method that is simpler from a 
computational point of view and works directly on the numbers of purchases. In the 
variance component model (VC model) it is assumed that the interpurchase times have a 
lognormal distribution. This assumption identifies the distribution of M(t), the number of 
purchases in a time interval [0,r). Unfortunately, this distribution is awkward to work with. 
We have to deal with convolutions that are inconvenient from a numerical point of view. 
As an alternative we will use asymptotic properties of the distribution of M it) that are 
known from renewal theory. We will derive generalised moment estimators based on these 
properties. As in chapters 5 and 6, simulation studies have to prove the quality of the 
method. 

7.2 Moment estimators 

In the variance component model that we introduced in chapter 5 we assumed that the 
interpurchase times Xn,Xn,... of the purchasing process of individual i satisfy the model 

log(X„) = ß + U,+El] (7.1) 

where ß is the overall mean and the individual score Ui and the residual Eij are random 

variables, that are stochastically independent and normally distributed with zero mean and 

variances a] and a] respectively (see section 5.2). 

The number of parameters in the model is three. In order to formulate (generalised) moment 
estimators for the model we therefore need three empirical quantities from the data (see e.g. 
HOEL, PORT and STONE, 1971). The question is what three quantities will we use? The first 
two quantities that come to mind are the (sample) mean and variance of Mit). For the third 
quantity we will examine two alternatives. The first alternative is the penetration. The use 
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of this quantity corresponds to what we did in the case of the Poisson Gamma Spike model 
(see chapter 3). The second alternative is to use a quantity that we call internal correlation. 
We will explain in section 7.2.2 what we mean by this quantity. 

7.2.1 Moment estimators based on mean, variance and penetration. 

From renewal theory (see Cox, 1962) some general asymptotic properties of the random 
variable M{t) are known for renewal processes. Under the assumption that the renewal 
process is in equilibrium we derived in chapter 6 that for the VC model M{t) has 
asymptotic mean 

E[M(t)] = te\p(-ß-^rx2 +^a2)yas f->°° 

and asymptotic variance 

Var(M(t)) = t2 exp(-2// - a] + a] )(exp(o"„2 -1)) 

+ tcxp(-ju-^<y2+^a2)(e\p(a2)-\) +0(1), as r->°o 

(7.2) 

(7.3) 

(see equations (6.10) and (6.11)). We will ignore the term 0(1) in equation (7.3), and will 
use equations (7.2) and (7.3) as approximations. As a third quantity we will use the product 
period penetration. For the penetration in a period t we have the following expression 

P(M(t)>0) = P(Xl<t) = jfl(s)ds (7.4) 

where X\ is the forward recurrence time, and /i is its density function given by equation 
(5.18). In appendix 7.8.1 it is shown that we can write this as 

P(M(t)>0) = exp(-M-±<j2 +ja2)t - ]] 1 

i42jt{ol+(72
e)y' 

xexp 
(log(y)-ß)2+2ii<j2 + a] + 2a] log(y)) 

(J'+CT2 
iyds (7.5) 

We find (generalised) moment estimators by linking equations (7.2), (7.3) and (7.4) to the 
empirical data. Therefore we replace the left-hand sides of these equations by their 
empirical counterparts: the sample mean m,, the sample variance s2 and the penetration pt 
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in the sample. The consumer panel data consist of numbers of purchases of different 
households in consecutive weeks. If we observe n households over a time period of t weeks, 
we can condense the nxt data matrix into an «-vector M(f ) that consists of total numbers of 
household purchases in a period of t weeks. From this vector we can easily compute the 
sample mean m,, variance sf and penetration p,. Next substitute m,, sf and p, into the 
equations (7.2), (7.3) and (7.4). From the first two equations we find expressions for ß and 
a] in terms of m,, 5,2 and a] (see appendix 7.8.1). We find 

f s) exp(c72)-0 
In H  

m, m, 
V ' ' J 

(7.6) 

and 

ß = \n(t/m,i-^+^al) (7.7) 

For the penetration we get 

P, = exp(-0-±<r,2+±<r.2)f - JJ 
^2K(ol+o])y 

xexp 
(log(y) -H)1 + Ifur) + o* + 2a] log(y)) 

^ - 2 , _ 2 
iyds (7.8) 

Substitution of equations (7.6) and (7.7) into equation (7.8) gives us an equation with only 
the known sample quantities and the unknown parameter a). We find an estimate a] by 
solving the equation numerically. Estimates for a] and ji are obtained by substitution of 
a] into equations (7.6) and (7.7) respectively. Although this is a clear prescription to 
obtain estimates, there is no guarantee that a solution will exist. We will have to study the 
behaviour of these estimators. 

So far we assumed that all n households reported over a period of t weeks. The method can 
be generalised to the case where we observe the households for different time length 
tni = \,...,n . In that case we study the data vector that consists of elements t~]M(tl ). The 
technical details of this procedure are explained in appendix 7.8.1. Unfortunately, solving 
equation (7.8) numerically is rather time consuming. In this respect the computation time of 
this estimation procedure can be compared in this respect with the methods of chapters 5 
and 6. In the next section we will look for an alternative method that hopefully will be 
faster. 
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7.2.2 Moment estimators based on mean, variance and internal correlation. 

As an alternative approach we will use information that remains hidden when only 
observations M{t) are used. Intuitively, the idea is the following. Based on the frequency 
distribution of M(t) we can barely distinguish which part of the variance has to be ascribed 
to the differences between individuals and which part has to be ascribed to the variance of 
the interevent times. Let us split M(t) into the variables M(0,t\) and M(t\,t), the number of 
events in time interval [0,/i) and [tut) respectively. Then we have the equality 

M(t) = M(0,tl) + M(tl,t). 

When there is no individual heterogeneity the relation between M(0,ti) and M(t\,t) will be 
weak, because there is not much dependence between what happens in [0j\) and what 
happens in [t\,t). When there is individual heterogeneity, this implies a relation between 
M(0,t\) and M(t\,t), because at the individual level they share the same latent variable. We 
will refer to the correlation between M(0,t\) and M(t\,t) as the internal correlation. It can be 
observed in the data by extracting two data vectors M(0,:,)and M(r,,?) from the data 
matrix and computing the sample correlation. We will now relate the internal correlation to 
the model parameters. This equation will give us an alternative quantity that we can use in 
constructing moment estimators. 

The internal correlation can be expressed in terms of attenuation. In chapter 4 we defined 
the notion of attenuation as the phenomenon that, as a result of measurement error, 
correlations between observed variables are lower than the correlations between the 
underlying latent variables. In the situation of a renewal process attenuation is a 
consequence of the fact that we observe the process through a finite time window. The 
attenuation is a function of t, and is defined as 

c(t) = p(M(t),tf) 

where ƒ is the latent variable that denotes the expected number of events in a time unit [0,1) 
(see equation (4.12)). Since Af(0,fi) and M(t\,t) share the same latent variable, the 
correlation between their latent scores is unity, and it follows that 

p(M(0,tl),M(t1,t)) = c(0,t])c(tl,t) 

(see equation (6.17)). If we approximate the variance by use of equation (7.3) then we find 
the following expression of the correlation in terms of the parameters 
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p(M(0, f 1 ) ,M(r„0) 

^jtx{t -tx)exy(-n-\(jl +tol)(ny(ol)-X) 

JtJT^)exp(-ß - j, o] + \ o] )(exp(cr2 ) -1) + (expCcr,2 ) -1) 
(7.9) 

Together with equations (7.2) and (7.3) we find a closed form solution for the model 

parameters. We find for the case that r, = \t as a moment estimator for a 2 

a] = In 
( \-r s2 A 

1 + r, m, 

and from that for 

r
u s1; exp(<T 2 ) -0 

m2 /n, 

and 

ß = Wtlmt){-\o]+\ol) 

where m,, sf and r, are the observed mean, variance and internal correlation in the 

empirical data. The derivation is shown in appendix 7.8.2. The closed form solution makes 

that the estimation procedure is a very fast one. Notice that if we observe that the 

correlation between the two half samples is equal to one, then we would find zero as an 

estimate for cr2 and for a] the logarithm of 1 plus the coefficient of variation. Notice 

further that if we find a large (enough) estimate for a] , then the corresponding estimate for 

(Tu
2 may become negative or even non-existing. We will study the behaviour of the 

estimation method in the next section. 

7.3 Application to simulated data 

We do not have a clear idea of how the two alternatives for generalised moment estimation 
explained in the previous section will behave in practice. In order to find out we will use the 
simulated data of chapter 5 that mimic the purchase data of the products pork, beef and 
veal. Recollect, that we distinguished two types of data. The complete data consisted of 
numbers of purchases of 1465 households over 13 weeks. The incomplete data contained 
missing observations according to the empirical response matrix of the telepanel (see Table 
5.1). 
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For both the method that uses penetration and the method that uses internal correlation we 
do not have the guarantee that they will give us estimates in the domain of the parameters. 
Therefore the first topic of evaluation is feasibility. Table 7.1 shows us percentages of cases 
for which we did find estimates for the two alternatives on the 100 complete and the 
incomplete data sets of all three products. We see that the use of penetration does not give 
us estimates in all cases, i.e. there was no solution to equation (7.8). No estimates were 
found for most of the complete and incomplete data sets of the product veal and for some of 
the incomplete data sets of the product beef. On the other hand the use of internal 
correlation gave us a solution in all cases. 

Table 7.1 Feasibility (percentage of samples where an estimator was oblained) 
data method pork beef veal 
complete data penetration 

internal correlation 
100% 
100% 

100% 
100% 

17% 
100% 

incomplete data penetration 
internal correlation 

100% 
100% 

95% 
100% 

5% 
100% 

Why does the method that uses penetration fail in some cases? Since the data are generated 
according to the variance component model, this is not a consequence of a bad fit of the 
model. The reason must be sought in the fact that we use asymptotic approximations. We 
observe in Table 7.1 that the use of the penetration is rather sensitive to the fact that we use 
approximations. The use of internal correlations turns out to be more stable. How can we 
explain that the method behaves worse for the simulated data sets of veal purchases? The 
purchasing process of veal is a slow process compared to the other two products. The 
average frequency of purchasing differs dramatically. From equation (6.22) we compute 
that the average frequency for the product veal is 0.0183. The corresponding frequencies for 
pork and beef are 0.6065 and 0.4493 respectively. As a consequence the purchase process 
of the product veal is still far from its asymptotic behaviour. The same argument explains 
why the feasibility is worse for incomplete data than for complete data, because the time 
horizon for incomplete data is shorter. 

Table 7.2 Average estimated parameter values and (13-week) penetrations plus standard errors for the 
variance component model over 100 data sets of 1465 households, using complete count data 

V s.e. s.e. o, : s.e. penetration s.e. 
pork true values 0.600 0.900 0.700 0.934 

internal correlation 0.631 0.039 0.884 0.082 0.621 0.025 0.943 0.007 
penetration 0.569 0.087 0.871 0.092 0.731 0.112 0.934 0.006 

beef true values 1.100 1.200 0.600 0.878 
internal correlation 1.117 0.063 1.179 0.153 0.549 0.027 0.886 0.015 
penetration 1.072 0.137 1.167 0.166 0.627 0.157 0.878 0.009 

veal true values 6.000 5.000 1.000 0.097 
internal correlation 5.574 0.267 3.763 0.763 0.658 0.119 0.124 0.012 
penetration 5.206 0.437 4.856 0.568 1.909 0.546 0.101 0.005 

For the product veal the results for moment estimates using penetration are only based on those cases where a 
solution was obtained (see Table 7.1) 
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A second topic is the accuracy of the re-estimation of the model parameters. The results for 
complete data can be found in Table 7.2. With respect to the estimation of a) , we see that 
moment estimation using correlation underestimates, whereas the method using penetration 
overestimates this parameter. If one is interested in the penetration, it is obviously better to 
choose the method that uses the penetration. This can easily be explained from the fact that 
the method fits the penetration to find the parameters, implying that the model estimate of 
the penetration is the same as the direct estimate. It is more interesting to see how these 
methods behave in the case of incomplete data, since we do not have the alternative of 
using direct estimators. Table 7.3 shows the results on incomplete count data. 

Table 7.3 Average estimated parameter values and (13-week) penetrations plus standard errors for the 

M s. e. o,} s.e. 2 
ff, s.e. penetration s. e. 

pork true values 0.600 0.900 0.700 0.934 
correlation 0.643 0.046 0.887 0.090 0.599 0.027 0.945 0.008 
penetration 0.514 0.127 0.812 0.139 0.781 0.149 0.935 0.007 

beef true values 1.100 1.200 0.600 0.878 
correlation 1.110 0.070 1.179 0.168 0.560 0.040 0.885 0.018 
penetration 1.036 0.182 1.138 0.216 0.664 0.195 0.878 0.009 

veal true values 6.000 5.000 1.000 0.097 
correlation 5.596 0.289 3.751 0.778 0.614 0.106 0.125 0.014 
penetration 5.531 0.391 5.134 0.619 1.609 0.623 0.099 0.002 

* For the products beef and veal the results for moment estimates using penetration are only based on those 
cases where a solution was obtained (see Table 7.1) 

For the incomplete data we find results that are similar to those for the complete data. 
Again we find an underestimation of o] if we use the internal correlation and an 
overestimation if we use penetration. To estimate the penetration we find that the results are 
best if we use penetration, but we have to take into account that for the products beef and 
veal this estimate is not always available. 

7.4 A comparison with Poisson based models 

In this section we will compare the use of the VC model with the use of Poisson Gamma 
model. We studied the behaviour of Poisson based models in chapters 3 and 4, and will use 
the ML estimator for that model. For the VC model we will restrict ourselves to the 
moment estimator based on the internal correlation for reasons of feasibility and 
computation time. We will make the comparison on how well the penetration is estimated 
and will use the simulated data of section 7.3, where Table 7.3 showed us average estimated 
parameter values, and 13-week penetrations in the case we have incomplete data. Table 7.4 
shows the comparison with the Poisson based models. 
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Table 7.4 A comparison between the generalised moment estimators that uses internal correlation of a 
variance component model and Poisson based models  

pork beef veal 
penetration ^e. penetration ^e. penetration s.e. 

true value 0.934 0.878 0.097 
Internal Correlation 0.945 0.008 0.885 0.018 0.125 0.014 
Poisson 1.000 0.000 0.997 0.001 0.212 0.056 
Poisson Gamma 0.902 0.007 0.828 0.010 0.091 0.009 
Poisson Spike 0.886 0.009 0.820 0.012 0.088 0.009 

We see that for the products pork and beef the use of the variance component model is a 
considerable improvement over the Poisson based models. For the product veal, however, 
this is not the case. It seems that in some cases the variance component model is better, 
while in other cases one should prefer the Poisson model. There are circumstances when we 
may expect that the Poisson model performs better. One such case is, when the time period 
t is relatively short (or ß relatively large), because we may expect that the asymptotic 
approaches may be bad. Another circumstance may be if the coefficient of variation that 
denotes the regularity of the process is close to 1. Also in such a case using a wrong model 
with reasonable estimators may be better than using the right model with biased estimates. 

Thus it seems that the relative merits of the models depend on the parameters. To obtain 
some idea which model is the better in which case, we generated a large number of samples 
using different parameter values and different time length t. For each data set we estimated 
the parameters both using the generalised moment estimators of the variance component 
model and the maximum likelihood estimator of the Poisson Gamma model. From the 
parameters we estimated the penetration. Since we know the true penetration of the 
generated data, we can decide which of the two methods leads to a better estimation of the 
penetration. Maybe we can deduce from this large number of generated data sets a rule to 
determine which of the two methods one should use. In total we created 1000 data sets. For 
each data set we drrw a random value for the parameter ß (uniformly) between 0 and 5, for 
(T, between 0 and 3 and for a] between 0 and 1. For the time period t either a period of 2, 
4, 6, 8, 10, 13, 16, 20, 26, 39 or 52 weeks was chosen (random with equal probability). 
Table 7.5 shows some descriptive statistics of the experiment. Row 1 to 4 show the 
statistics of the parameters and time period used to generate the samples. Row 5 shows the 
theoretical penetration that is computed by use of equation (7.5). Row 6 shows the 
penetration in the complete sample, i.e. the sample where all numbers of purchases are 
known. Next the response matrix of chapter 5 is applied to the complete data in order to 
obtain the incomplete data, and the two alternative models (Variance Component and 
Poisson Gamma) are estimated. Row 7 through 9 show statistics of the parameter estimates 
of the VC model. Rows 10 and 11 show the penetration estimated by use of the VC model 
and the PG model respectively. Finally row 11 shows statistics of the indicator that the 
penetration estimate of the VC model is closer to the (true) theoretical penetration. We see 
that the VC model is best in 71% of the cases. 
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Table 7.5 Descriptive statistics of 1000 data sets that are generated according to a VC model with different 
parameter values and different timelengths and penetrations estimated by use of moment estimators of the VC 
model and ML estimators of the PG model.  

minimum maximum mean std.deviation data 
1. generated fl 
2. generated Gr 

3. generated ffu 

4. generated t 
5. theoretical penetration 
6. penetration in complete sample 
1. estimated n 
8. estimated (Tt 

9. estimated CJU 

10. estimated penetration (VC) 
11. estimated penetration (PG) 
12. indicator 

.000 

.000 

.003 
2 

.015 

.014 
-.260 
.000 
.000 
.000 
.000 

0 

4.996 2.45517 1.45605 

1.000 .51634 .29698 

2.999 1.50152 .85027 

52 17.26 14.37 

1.000 .57569 .31170 

1.000 .57480 .31091 

5.187 1.96615 1.48575 

.889 .48412 .22397 

4.980 1.33321 .89086 

1.000 .55651 .33812 

1.000 .50099 .32466 

1 .71 .45 

Now we will try to predict when the VC model is to be preferred over the PG model. We 
will use logistic regression (see HOSMER and LEMESHOW, 1989, for an introduction of 
logistic regression) and perform the analyses in two stages. First we will make the 
prediction based on the parameters that were used to generate the data (rows 1 through 4 of 
Table 7.5). This analysis may confirm or reject the conjecture that we expect the variance 
component model to perform better in case of a small value of the parameter fl and large 
t's. Note that in practice this information is not available. A researcher has to decide on the 
outcome of the estimation procedure (rows 7 through 9 of Table 7.5) which of the two 
estimators he will take. Therefore in the second stage we will make the prediction based on 
the estimated parameters and the time t. 

Table 7.6 shows the parameter estimates of the logistic regression for the case where we use 
the true parameter values of the variance component model and the case where we use 
estimated parameter values. We will concentrate on the case of true parameter values first. 
The table shows us that we find a negative value for the 'variable' / / o f - 0.35 . This value 
has the following interpretation. Suppose that we study two processes that follow the 
variance component model (7.1) over a period of t weeks. Let us assume that the two 
processes have the same values for the regularity parameter a) and for the heterogeneity 
parameter a] , but that the first process has a value for the intensity parameter /u that is 1 
higher than the other process. A higher value of ju indicates that the first process has a 
lower intensity. The interpretation of the negative sign of the value -0.35 is that a higher 
of il corresponds to a lower probability that the VC model will be better model to estimate 
the penetration. This is exactly what we expected. The value of - 0.35 tells us that the 
probability differs by a factor 0.5exp(-0.35)/(l+exp(-0.35)) = 0.827 . From the standard 
error we see that the effect of /J is statistically significant with a = 0.05 . 
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Table 7.6 Results of logistic regression that predicts the use of the VC model over the PG model on basis of 
the parameter values that were used to generate the data  

using the true parameter values using estimated parameter values 

'variable' B s.e. B se 

M -0.3559 0.0534 -0.4821 0.0647 
a,2 -3.1203 0.5953 -2.1883 0.5715 
a2 -0.7255 0.2102 0.6087 0.1336 
interaction cV and au 0.5794 0.3171 -0.7843 0.1686 
t 0.0197 0.0057 0.0312 0.0061 
constant 3.8666 0.4538 2.4290 0.2937 

Likewise we see that in the logistic regression the parameter estimates for the 'variables' 
a] and a2

u are negative. This may be explained by the fact that these parameters have a 
similar effect as // on the intensity of the process (see equation (7.2)). We included a term 
for the interaction between o] and o] , but its effect turned out to be insignificant. We find 
a parameter estimate for t that is positive indicating that the VC model is more likely to be 
preferred as we observe the process over a longer period. The second part of Table 7.6 
shows us the results of the logistic regression if we use estimated parameter values. These 
results are similar as in the case where we used the true parameter values. We do find a 
change in sign for the parameter a], and a significant interaction between o] and o\. 
From the results we can derive a rule that allows us to decide from the parameter estimates 
of the variance component model which method we should use. The method gives in 73.5% 
of the sample a good prediction. 

7.5 A method for more than one period 

The model for more than one period is easily obtained by adding an index to model (7.1) 
that represents the period. The model becomes (see section 6.1) 

log(XiJk) = fit+Uik+E,Jk (7.10) 

where k = \,...,p, the number of periods, j = l,...,nlk, the number of purchases of 
individual i in period k, and i = l,...,N, the sample size of individuals. Independence is 
assumed between all Eljk and Uik, and within all Eijt. For the variables Uik and U,,, 

however, we allow that they are correlated with correlation coefficient 

Pn=/*Ulk,Ua) (7.11) 

In chapter 6 we derived a generalised moment estimator for pu that we can apply in the 
case where the margins are fixed (see equation 6.18). Thus we can generalise the method of 
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moments to the case where we have more than one period. Start estimating the parameters 
of the marginal distributions using the moment estimators explained in section 7.2, and then 
estimate the correlation parameter using 

pu =-r~r l n 
p ^ . V(exp((% ) - l)(exp(â„2, ) -1) 

c*(fjc,(r,) 
(7.12) 

See section 6.2 for the technical details. In section 6.2.2 we explained three alternatives to 
find estimates for the attenuations. We will discuss the performance of this approach in 
section 7.6, where we will discuss the use of the moment estimators of the VC model to 
empirical data. 

7.6 Empirical data 

In this section we will examine the behaviour of the moment estimators of the VC model to 
empirical data. Therefore we will use the purchase data that we used in section 6.5 to 
evaluate the estimation techniques based on imputation of interpurchase times. These data 
sets contain information about purchases of 524 households on pork, beef and veal. The 
households reported numbers of purchases during 10 weeks of the third quarter and 10 
weeks of the fourth quarter of 1994. We will study the behaviour of both the moment 
estimator that uses penetration (see section 7.2.1) and the moment estimator that uses the 
internal correlation (see section 7.2.2). The estimation strategy for the two alternatives is 
identical. We start with estimating the marginal parameters using the outlines of section 7.2. 
Next we estimate the dependency parameter pn by use of equation (7.12). 

It turns out that the moment estimator that uses penetration was not feasible for any of the 
six data sets (three products and two periods). The procedure that numerically solves 
equation (7.12) did not converge in any of these cases. This proves once more that the 
sample penetration gives us too little information in order to discriminate between the 
variance components. On the other hand the moment estimator that uses internal correlation 
was feasible for all products. The results of the estimation procedure are shown in Table 
7.7. 

Table 7.7 Parameter estimates for marginal distributions using moment estimators based on the internal 
correlation and direct estimates of correlations in the two way table for the products pork, beef and veal. 

ß\ <T„,2 CT„2 ßi 
_ 2 

0,a <Jr2
2 ft-„„v 

pork 
beef 
veal 

0.586 
1.060 
5.834 

0.562 
0.759 
3.226 

0.678 
0.585 
0.465 

0.453 
0.939 
5.711 

0.566 
0.754 
2.477 

0.584 
0.548 
0.527 

0.793 
0.836 
0.650 

Given the parameter estimates of the marginal distributions and the correlation in the 
observed two-way table (shown in the last column of Table 7.7), we obtain estimates for the 
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dependency parameter pn by use of equation (7.12). As discussed earlier in section 6.2 we 
have three alternatives to estimate the attenuation in the two periods. The first alternative is 
to use the linear approximation of the asymptotic approximation. This corresponds to the 
use of equation (6.15). The second alternative is an improvement of the approximation by 
adding the intercept (see equation (6.6)). The third alternative is to use simulations (sample 
size 50,000) to approximate the variance. The results for the three alternatives are shown in 
Table 7.8. We find that the attenuation is closer to one (i.e. 'less severe') if we add the 
intercept to the asymptotic approximation than if we restrict the approximation to the linear 
part. If we improve the approximation of the variance by use of approximations based on a 
large number of simulations, then the attenuation is even closer to one. In the cases where 
we found estimates for the attenuation larger than one, we restricted its value to 1. 

Table 7.8 Estimates for the attenuations and for the dependency parameter pn the products pork, beef and 
veal. 

asymptotic approximation asymptotic approximation approximation based on 
linear linear plus intercept simulations 

ci('i) ciih) Pn Ci('i) ci(h) Pn Ci(?i) Ci(h) pI2 

pork 0.896 0.926 0.966 0.907 0.930 0.954 0.900 0.941 0.951 
beef 0.918 0.933 0.983 0.926 0.937 0.974 0.940 0.946 0.957 
veal 0.909 0.761 0.986 1.000 1.000 0.866 1.000 0.815 0.932 

Now we are able to make a comparison between the generalised method of moments that 
works directly on the count data (the method we just described) with the maximum 
likelihood method that uses imputation of interpurchase times (the method we described in 
chapter 6). Comparing Table 7.7 with Table 6.2 show that the use of moment estimators 
gives us lower estimates for the regularity parameter a]. Subsequently the parameter 
estimates for p are higher. Comparing Table 7.8 with Table 6.3 we see that using 
generalised moment estimator we find estimates for the dependency parameter pn that are 
within their domain. This was not the case when we used the imputation technique, and is a 
result of the fact that the attenuations are not as low as in the case where we imputed. 

Finally, having obtained estimates of the parameters, we now want to estimate the 
penetration. In order to do so we have to make an assumption on the behaviour of interevent 
times that lie in more than one period. In chapter 6 we assumed that the time between an 
event in one period and an event in another period is completely determined by the 
parameters of the period in which it started {forward inheritance). Similarly we introduced 
the notion of backward inheritance where interevent times are determined by the 
parameters of the period in which an interevent time ends. In both cases there is no change 
in hazard rate if we go from one period to another. Here we will assume that the hazard rate 
in a period is determined by the parameters of that period. There is dependency between the 
hazard functions from the parameter pa . Suppose that we study the renewal process over 
two periods of length f, and t2, then the probability of no event in either of the two periods 
can be written as 
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P(no event in period 1 and no event in period 2) 

= P(no event in period 1) x P(no event in period 21 no event in period 1) 

= P(X] >/,)xP(X2 >f2|X, >f,) 

In the case of an ordinary renewal process both X, and X2 are interevent times. After 
logarithmic transformation the vector of interevent times is bivariate normal distributed. 
The probability P(X, >f,) can be computed by integrating the bivariate normal density 
over a half-plane. In the case of a renewal process that is in equilibrium the random variable 
X, is the forward recurrence time. In that case we can use lognormal approximations in 
order to compute these probabilities from the bivariate normal density (see appendix 7.8.3). 
Table 7.9 shows (10-week) penetration estimates for the product pork obtained in two ways. 

Table 7.9 Estimates for the penetration for 10 weeks based on direct estimates of the complete data, and by 
use of the variance component model 

pork beef veal 

t\ h t ' i h t t\ h t 

1. direct 
2. moment 
3. imputed 

0.809 
0.931 
0.878 

0.832 
0.957 
0.905 

0.875 
0.988 
0.981 

0.702 
0.874 
0.799 

0.769 
0.900 
0.822 

0.836 
0.957 
0.939 

0.055 
0.085 
0.077 

0.061 
0.073 
0.095 

0.086 
0.094 
0.115 

The first line of Table 7.9 shows direct estimates based on the complete data (sample 
fractions of households that bought a product). The second line shows estimates that are 
obtained using the variance component model and generalised moment estimates. The third 
line shows the estimates that are obtained if the imputation technique is used in chapter 6. 
The results for the different estimation methods are very large. It appears that the fit of the 
variance component model is rather bad. It may be that there is a group of households that 
never buys the product. Such a group distorts the model assumptions, and this may cause 
that no good estimates can be obtained. 

We tried to get a better fit for the model by using extra information. At the beginning of the 
consumer survey we asked the persons in households whether they ever buy meat or meat 
products. On the basis of this information we can split the households into two groups. In 
the first group they (say they) will never buy meat and in a second group they (say they) will 
ever buy meat. The 524 households that we used in Table 7.9 was thus split into a group of 
432 ever buyers (82.3%) and 92 never buyers (17.7%). In order to estimate the model 
parameters we used the data of the ever buyers only (the results are in the appendix). An 
estimate of the penetration is then a combination (in fact: the product) of the probability of 
being an ever buyer and the probability of buying the product in a period of time given 
being an ever buyer. The results in Table 7.10 show that the estimates are much better than 
those of Table 7.9. The results depend for a large part on the quality of the variable that 
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indicates whether a household is an ever buyer of a never buyer. In Table 7.10 we find 
direct a estimate for the penetration of pork in the second quarter (r2) and the half year (f) 
that is larger than the fraction of ever buyers. This is a consequence of the fact that there are 
some households that bought pork, although they claimed that they would never buy a 
product. 

Table 7.10 Estimates for the penetration for 10 weeks based on direct estimates of the complete data, and by 
use of the variance component model using extra information of ever buy meat and meat products. 

pork beef veal 
' i h ( ' i h t t, h t 

1. direct 
2. moment 
3. imputed 

0.809 
0.776 
0.738 

0.832 
0.796 
0.759 

0.875 
0.818 
0.813 

0.702 
0.734 
0.679 

0.769 
0.753 
0.694 

0.836 
0.794 
0.785 

0.055 
0.065 
0.055 

0.061 
0.070 
0.065 

0.086 
0.083 
0.140 

7.7 Discussion and conclusions 

In this chapter we developed generalised moment estimators for the variance component 
model that work directly on the count data. The method uses asymptotic properties that are 
known from renewal theory. We studied two versions: one that uses the penetration and one 
that uses the internal correlation as a sample quantity next to the mean and variance. We 
found that the moment estimator that uses the penetration was computational intensive and 
sometimes not feasible. The use of the internal correlation, however, leads to a closed form 
solution that is easy and fast from a computational point of view, and turned out to be 
feasible in most cases. Our interest is on the estimation of penetration. We showed that 
there are circumstances where the proposed model (using the generalised moment 
estimator) has much better results than Poisson Gamma models. We also saw that there are 
some cases where Poisson Gamma models are to be preferred. We created a decision rule 
for practical circumstances, where one can decide on the estimation results which model is 
to be preferred. We also showed that the estimation method can be generalised to the case 
where we have more than one period. Finally we used the developed method to estimate the 
penetration for empirical data. We found that the method overestimates the penetration and 
the observed penetration in the sample. The poor behaviour to the empirical data can be 
explained from the fact that in reality there will be a group of individuals that never will 
buy a certain meat product, whereas the model assumes that everyone buys eventually. We 
saw that the method can be improved by taking a group of never buyers into account. Of 
course, in determining the group of never buyers many new problems will arise. We keep 
them outside the scope of this chapter, and are of the opinion that more research on this 
matter is needed. 
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7.8 Appendix. 

7.8.1 Moment estimates from the sample mean, variance and penetration 

In section 7.2.1 we derived an expression for the penetration in a period t (see equation 
(7.5)) that we will prove here. We write ƒ ff2) for the probability density function of the 

normal distribution with expectation /J and variance a1. We write //JV(/YCT!) for the 

probability distribution function of the lognormal distribution. We have the following 

equations 

i 

P(Af(f)>0) = P(X, <t) = jfl(x)dx 

= llMx\U=u)fNi0ai)(u)dudx 

'r "f1 FI»V+:Q;SX) * {u)dudx 

0 - = 

= f ] ! / , (u)dudx - f ?f /w(0-g' ) ('<) /" ,;^ ) (> , )^««fa 

= &\ç(-fi-i
ia:+Wu)t 

' ' 1 
- f f , =^^exp 

iipK(ol+ol)y 

(\og(y)-ß)2 + 2/io] + a* +2cT,;log(y)) 

V 
2 ~> 2 

dydx 

Thus we are able to integrate out over the heterogeneity variable u. Suppose that we observe 
n households over a time period of length t. From the data vector 

M(f ) = (M, (?) M2(t) ... M„(t)) we obtain the sample mean m,, sample variance s; 

and the penetration p, in the sample. We substitute these sample estimates on the left-hand 

sides of equations (7.2), (7.3) and (7.4) respectively. We find from equation (7.2) 

m, =tt^{-ß-\al+\al) (7-13) 

and by substitution into (7.3) we find 
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s2 = mf (exp(c72 ) - 1) + m, (exp(cr2 ) - 1) (7.14) 

Equation (7.14) allows us to express a] in terms of a] and the observed mean m, and 

variance s, 

In 1 + 
s, exp(cF, ) • 

(7.15) 

Substitution of this expression into equation (7.13) gives us the following expression for 

fl = \n(t/m,) r c r + j 
s, exp(crt, ) -

2 _ ~ (7.16) 

Substituting these expressions for cr2 and ju into equation (7.4) gives us the penetration as 

a function of the parameter ae . Solving this equation numerically gives us the estimate for 

al, and substitution into (7.15) and (7.16) gives us estimates for o] and ji respectively. 

If we observe n households over time periods of different length, we can create a vector 

t- 'M(t) = (/r ,M,(f ]) t-'M2(t2) ... f ; ' M „ ( 0 ) 

of averaged numbers of purchases. From this data vector we obtain a sample mean m, 

variance s2 and penetration p , and relate those to expressions like in equation (7.2), (7.3) 

and (7.4). For the expectation we derive from (7.2) 

E[r[M(t)] = exp(-// -We +\_a]) 

We will regard ? as a stochastic variable, and will assume that t is independent of the rest of 
the process. For the asymptotic variance we have to condition on the varying time lengths t 

Var(r'M(t)) = Var,(E[r'M(t) I ;]) + E,[Var(r'M(t) I 01 

= 0 + E, [exp(-2// - a] + a] )(exp(crn
2 ) -1) + r ' (exp(-^ - a] + a\ )(exp(er2 ) -1)] 

= exp(-2/i - a] + CT2)(exp(cj2) -1) + £,[?"' ](exp(-// - a) + a])(exp(cr2) -1) 
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In order to find the moment estimators we estimate E,[t '] by its sample version 

f' =«"' It;'. We find 

and 

m, = exp(-// - y a] + \ a] ), 

i,2 = m,2 (exp(cr ) -1) + r 'm, (exp(cr2 ) -1) 

p, =-£p(M(/,)>0) 

(7.17) 

(7.18) 

(7.19) 

where 

J>(M(f,.)>0) = e x p ( - / / - j r < + i f f . . ) ' 
f f ! 

xexp 
(log(y)-üQ2 +2/KT,2 +0-; +2CT; log(y)) 

dyds 

From equations (7.17) and (7.18) we can derive expressions for cr2 and // in terms of a] , 
and substitute those into equation (7.19). The sum of n terms in equation (7.19) can be 
reduced to a sum of T terms, where T is the number of different time lengths that are 
observed. For example, in the case the period is a quarter, the households reported their 
purchases either 1, 2, 3, 4, ... or 13 weeks. Solving this equation for the parameter a2 

gives an estimate, and from that estimates of the other parameters can be obtained from 
equations (7.17) and (7.18). 

7.8.2 Moment estimates from the sample mean, variance and internal correlation 

Suppose that we observe n households over a time period of length t. From the data vector 

M(r) = (Ml(f) M2(t) ... M„(/)) we obtain the sample mean m,, variance s,2 and an 

internal correlation rt by splitting the interval into (0,]-r) and {\t,t). We substitute these 

sample estimates on the left-hand sides of equations (7.2), (7.3) and (7.9) respectively. As 
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in section 7.8.1 we find expressions for o] and fi in terms of o] that we can substitute 

into equation (7.9) . This gives us 

\ t exp(-/y - j o] + 1 çr2 )(exp(g„2 ) -1) 

t exp(-// - i cre
2 + i <r2 )(exp(cr2 ) -1) + exp((j ; ) - 1 

w , (exp(g 2 ) - l ) 

m,(exp(o-2)-l) + 2(exp(cr(
2)-l) 

^ - ( e x p ( c r 2 ) - l ) 

= ^; 
^ + (exp(cr2)-l) 
ml 

by substitution of fi and a] respectively. From this relationship we can solve a) , giving 

us 

1 „ „2 A 

1 + r m, 
V ' ' J 

If we observe n households over time periods of different length, we create a vector of 
averaged numbers of purchases. For the expectation and variance we have the expressions 
as in the previous section. For the covariance we find 

— M(tn)—M(t,2) 

= cov. 
M(tn) M{ta) 

h.*a + ET 
M (;,.,) M(fS 

t„ ' t„ tn'hi 

= o~, 

the variance of the frequency of the heterogeneous renewal process, given by equation 
(6.13). We find 
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c2 — 
-^ - (exp(<7 e

2 ) - l ) ' 
m, 

r.=— = 
- ^ + (exp(<re

2)-l)r' 
m, 

and from that 

ô: = In 
( 1 2 ^ 

1 + r, m,t 
V ' J 

7.8.3 Estimating the penetration from given parameter estimates. 

Suppose that a renewal process satisfies the variance component model (7.10). In the first 

period [0,f, ) the process is determined by the parameters //,, cr,2, and a^ . In the second 

period [tl,t] +t2) the process is determined by parameters p2, <Ju2 and ae2. We have to 

make an assumption about interevent times that cross the border between the two periods. 

We assume that there is a change in hazard rate. Before timepoint r, the hazard rate is 

defined by the first set of parameters, and after f, by the second set. Consequently the 

penetration is 

P(M,(f,) + M 2 0 2 ) >0) = 1 - P{Mt{t,) = 0 and M,(t2) = 0) 

= l-P(Mi(tl) = 0)P(M2(t2) = 0\MI(tl) = 0) 

= 1-P(X, >tl)P(X2 > r 2 I X , >r,) 

We focus on the conditional probability. In the case of an ordinary renewal process, we 
have that 

P(X2 = x2 I X, = x, ) = P(log(X2 ) = logU2) I log(X, ) = logU, )) 

= P(p2 + U2+E2 = log(r2 ) I //, +1 / , + El = log(/, )) 

where £/, ~ N(0,a2
u]), £, ~ W(0,cr2), £/2 ~W(0,<72

2), £ 2 - W(0,er2
2), and where all 

these variables are independent, except for p(Un,Un) = pn. We find that the two 

dimensional vector (//,+£/„ + Eijx,ß2 +Ui2 +EiJ2)' is bivariate normal with parameters 

N(p„p2,a
2

u] + cri,<J]2 + o]2,pord), where 
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Para ƒ—; r— — 

We find the conditional probability P(X2 >t2\X] >t]) by integrating the bivariate normal 
density over the quadrant [f,,°°)x[f2,°°) and divide that integral by the integral that is 
obtained form integrating the bivariate normal density over the half plane [r,,°°). 

So far we assumed that the process is an ordinary renewal process. In the case that the 
process is in equilibrium X, is a forward recurrence time and does not have a lognormal 
density (see section 5.3.2). It is computationally convenient to use an approximating 
lognormal distribution. If we use approximation (A) then we find that the vector 
(yU, +£/,, +Ein,/i2 +Ui2 + Eij2) also has a bivariate normal distribution with parameters 

N(p, + 07, +clA\ju2,a
2
ul +2o], +c2

A\a2
u2 + a]2,p ) , where 

Pea 
yja2

e] + 2cr;, + c[A) ^a]2 + a]2 

c\A) and c[A) are given constants (see equation (5.12)). 
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8. Summary, conclusions and recommendations 

Consumer behaviour is a broad field that covers several scientific areas ranging from 
economics and marketing to psychology and anthropology. Our view in this field is a very 
narrow one. We focus on numbers of product purchases and try to describe the purchasing 
process by estimating average numbers of purchases of a household and the fractions of 
households that purchase at all. This task may seem an easy one, but it is not. The thesis 
shows an interesting path along many problems that we encountered while carrying out this 
task. 

In consumer panels it is common practice that households report their consumption on a 
continuous basis. We collected data from the 'telepanel' where respondents already filled 
out questionnaires every week. We gave the respondents electronic diaries to keep track of 
their expenditures. Many respondents did not like this weekly task, and we faced an 
increase in panel attrition. This caused concern about the quality of the data and about the 
cost associated with replacing the panel members that had dropped out. In Chapter 2 we 
studied the effect of reducing the frequency of budget measurements on the precision of 
estimators. Interestingly, we found that for estimators of change the variance is a flat 
function of the number of measurements. There is a lot we can gain from that. It implies 
that almost the same accuracy can be obtained if we reduce the number of measurements 
for each household by 50 percent. Obviously, this will save efforts and money. In practice, 
the effect on the precision of estimators of change from reducing the number of 
measurements may even be more advantageous than we described, since we did not take a 
possible bias reduction into account. The results we obtained in Chapter 2 apply to a wider 
field than consumption reports. They apply to any survey that requires frequent 
measurement and endures possible panel attrition from panel burden. 

The largest part of this thesis discusses the use of models for the consumption data. The 
need for a model arose primarily from the necessity to estimate penetrations. If one would 
have complete data the penetration could be estimated directly by the sample fraction of the 
respondents that bought the product. For incomplete data - in the sense that for some 
individuals we do not have information about the whole period - models are necessary in 
order to estimate the penetration. The most popular models for consumption data are 
Poisson models. The main reason for this is that Poisson models are easy to use and that 
they allow an analysis of product consumption. Even though the Poisson assumption means 
assuming a process with a constant hazard rate - which seems highly inappropriate for 
consumption processes - the Poisson models are very useful to obtain insight in repeat 
buying behaviour. In Chapter 3 we discussed an estimation scheme that uses a set of 
Poisson models that differ in the way they treat heterogeneity between different individuals. 
We successfully implemented the estimation scheme for our task to create the consumption 
reports for the product boards. 

133 



The fact that we had to report on the consumption of cumulative periods forced us to 
resolve another problem. In order to estimate product period penetrations we used the 
following strategy. Using the data of the period concerned, we first estimated the model 
parameters. Then we used the estimated model parameters to obtain an estimate for the 
penetration. Unfortunately this strategy does not necessarily imply that penetration 
estimates increase if the period grows. As a result the reports we published mentioned 
products that were consumed in the first quarter by more people than in the first half-year. 
In order to solve this problem we studied the application of Poisson processes to the 
situation where we have more than one period (Chapter 4). We developed new theory on 
multivariate heterogeneous Poisson processes and defined maximum likelihood estimators 
and generalised moment estimators for both the bivariate Poisson Gamma process and the 
bivariate Poisson Spike process. Unfortunately we did not succeed in estimating these 
models for the empirical data. It seems at this point that we are punished for the 
inappropriate Poisson assumption. Where we had no such problems for a single period, we 
faced a bad behaviour of the estimators in the bivariate case. The Poisson assumption 
determines the regularity of the process by fixing the variation coefficient of the 
interpurchase times to one. If this is not reflected by the empirical data, the bivariate model 
may interpret the heterogeneity within individuals (in time dimension) as heterogeneity 
between individuals. This may explain why the method does not work for consumption 
processes, where it might work in cases where the Poisson assumption seems more 
appropriate. 

The bad experience with Poisson models was a reason for us to look for different models. 
Studying the literature on renewal processes and event history analyses, we came across a 
variance component model that was applied in the field of medicine (see AALEN and 
HUSEBYE, 1991). We liked this model for its simplicity and because the parameters have a 
clear interpretation. Roughly speaking we can say that the three parameters represent the 
average intensity of the process, the regularity of the process at the individual level and the 
heterogeneity between individuals. But, again, the application of the model to empirical 
data turned out to be one with many obstacles. As soon as we solved one problem, some 
other problem emerged. Since most of these problems do not exist for the Poisson model, 
the popularity of this model is easy to understand. The first problem that we had to consider 
is the fact that the variance component model is formulated in terms of interpurchase times, 
while the data are in terms of numbers of purchases. Although the two stochastic quantities 
are related, the mathematical relationship between the two distribution functions is difficult 
to handle from a computational point of view. Nevertheless, we planned an easy solution. 
We used an imputation technique to 'translate' the data of numbers of purchases into data of 
interpurchase times. Although there are several ways to impute interpurchase times from 
count data, we expected that the estimation results would not depend heavily on the method 
that was chosen. However, a simulation study showed that the estimation results do depend 
on the imputation method that is being used. On the other hand, the same simulation study 
showed that one particular imputation method - using stochastic imputation based on the 
uniform distribution - behaved rather well in the cases we studied. We also found that from 
a theoretical point of view this was the best we could get for this model. Theoretically more 
satisfying approaches like the EM-algorithm and MCEM methods appeared impractical for 

134 



our problem because of their computational complexity. Another complicating factor was 
that we had to take both left and right censoring into account. Again we had to take 
approximations, but we managed to find a way out that holds a reasonable balance between 
accuracy and computability. Thus, we ended up with a method for a single period that takes 
the regularity of the process into account and outperformed Poisson models in our 
simulation study (see Chapter 5). 

Having developed a method to estimate the variance component model for a single period, 
the next step was to extend the method for two and more periods. In order to expand the 
theoretical framework we needed to model the behaviour of interpurchase times cross the 
boundaries between periods. We succeeded in extending the theory, and although we were 
able to estimate the parameters the computational work became large and the estimation 
process became slow. Thus we were challenged to build a faster alternative. Combining 
much of the experience we had gathered in this ongoing research, we came up with an idea 
to use generalised moment estimation for the variance component model. Using asymptotic 
properties of the renewal process we were able to derive generalised moment estimators. 
We were surprised to find that the estimator based on the mean, variance and 'internal 
correlation' has a closed form. This makes the estimator very attractive from a 
computational point of view. A simulation study showed that the use of the estimator leads 
to a better estimation of the penetration than estimators based on Poisson assumptions. The 
application of this estimator to empirical data was somewhat disappointing. The empirical 
data may contain a degenerated subclass of individuals that never buy meat products. The 
results seriously improved when we used the extra information where we asked if people 
ever bought meat. The final results show that using the variance component model 
generalised moment estimation is a computationally feasible method that is unique in the 
fields of models in the sense that it takes the regularity of the individual process into 
account. 

There are many topics that we considered including in this thesis but that we had to leave 
out. We will mention a few. One such topic is the estimation of penetrations at the 
individual level. Such estimates could be very useful, since they can be combined to cross-
tabulate penetrations with respect to different background variables without re-estimating 
the model. We made a start with such a study for Poisson models in SIKKEL and 
HOOGENDOORN, 1994. We recommend a similar study for the variance component model. 
A second topic that we had to leave out was to add background variables into the variance 
component model. Replacing the overall mean by a quantity that depends on household 
characteristics might improve the fit of the model. A final topic that we think is very 
promising to apply to this problem is to use Laplace transforms to obtain maximum 
likelihood estimates. Such an approach would imply the study of modern techniques for 
numerical inversion of Laplace transforms or, alternatively, the use of a probabilistic 
interpretation of the Laplace transform to generate new observations that allow immediate 
maximum likelihood estimation. 
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Samenvatting 

Het gedrag van consumenten is een complex proces. Er zijn veel factoren die de 
beslissingen van een consument beïnvloeden. Dergelijke factoren kunnen variëren van een 
aanwijsbare behoefte aan een product tot een ongrijpbare uitstraling van een bepaald merk. 
Het begrijpen of verklaren van individuele koopbeslissingen ligt buiten het bestek van dit 
onderzoek. Bij producenten en verkopers van goederen bestaat echter grote behoefte om 
enige inzicht te hebben in het verkoopproces. Hoewel het individuele koopproces zeer 
moeilijk te vatten is, gelden voor het gehele koopproces - dat wil zeggen het koopproces 
van alle individuen gezamenlijk - bepaalde wetmatigheden die in vrijwel alle markten 
gelden. Deze wetmatigheden blijken te gelden ongeacht het productcategorie, het aantal 
concurrerende merken, de hoeveelheid reclame die besteed wordt, de cultuur, enzovoort. 
Twee grootheden die een belangrijke karakterisering voor een markt vormen zijn: 
penetratie (welke fractie van de huishoudens koopt een bepaald product) en de gemiddelde 
koopfrequentie. Zo hebben ook het Productschap van Vee en Vlees (PVV) en het 
Productschap van Pluimvee en Eieren (PPE) belangstelling voor een karakterisering van de 
verkoop van hun producten in deze twee grootheden. Hiertoe zijn gedurende de periode van 
een jaar aankoopgegevens verzameld bij ongeveer tweeduizend huishoudens van het 
'telepanel'. Op basis van deze gegevens zijn rapportages gemaakt. Het schatten van de twee 
genoemde grootheden vormt het onderwerp van dit proefschrift. 

Het proefschrift doet verslag van een spannende speurtocht naar geschikte modellen om het 
proces van (vlees)aankopen. In hoofdstuk 2 wordt de wenselijkheid van een geschikt model 
duidelijk. In dat hoofdstuk laten we zien dat het soms gunstiger is om huishoudens niet elke 
week te ondervragen, maar bijvoorbeeld de helft van het aantal weken. Dit resultaat geldt 
voor de nauwkeurigheid van verschilschatters. In geval van incomplete data is voor het 
schatten van penetraties - anders dan bij het schatten van totale verkopen - het gebruik van 
modellen essentieel. In hoofdstuk 3 beschouwen we vervolgens het gebruik van de 
populaire Poisson modellen. We creëren een schattingsschema met Poisson modellen met 
verschillende vormen van heterogeniteit. Dit schema hebben we enige tijd gebruikt voor de 
rapportage van penetratieschattingen, totdat zich een probleem voordeed dat we niet hadden 
voorzien. Het volgende probleem deed zich voor. Na het eerste kwartaal publiceerden we 
penetratieschattingen op basis van data van dat kwartaal. Na het tweede kwartaal 
publiceerden we naast schattingen van het tweede kwartaal ook schattingen over het eerste 
half jaar. Hiertoe voegden we de data van de twee kwartalen samen, schatten het model 
opnieuw. In sommige gevallen leidde dit er echter toe dat de penetratieschatting van het 
half jaar lager uitviel dan een van de twee kwartaalschattingen. Deze onwenselijke 
eigenschap heeft er toe geleid dat we het probleem nader bestudeerden in hoofdstuk 4. Om 
dit probleem op te lossen bestuderen we het gebruik van bivariate Poissonmodellen. Helaas 
blijkt dat de modellen niet te schatten zijn op de empirische data. Als reden hiervoor voeren 
we aan dat de Poisson assumptie de regelmaat van het proces voorschrijft, hetgeen niet in 
overeenstemming hoeft te zijn met de empirie. Vervolgens zijn we op zoek gegaan naar 
modellen die de regelmaat van het proces als een vrije, te schatten parameter in zich 
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hebben. In de literatuur stuitten we op het variantie componenten model met drie 
parameters. Grof gezegd bepalen deze parameters de gemiddelde intensiteit van het proces, 
de regelmaat van het proces en de heterogeniteit tussen de individuen. Een directe 
toepassing van dit model op onze situatie is niet eenvoudig, omdat het geformuleerd is in 
termen van tijden tussen gebeurtenissen (aankopen) en wij beschikken over teldata 
bestaande uit aantallen aankopen per week. Om het model toch toe te passen op de teldata 
hebben we de aankooptijden geïmputeerd. We hoopten dat het uiteindelijke resultaat niet 
gevoelig zou zijn voor de gekozen imputatiemethode. Uit een simulatiestudie bleek dit 
echter wel het geval te zijn. Tevens bleek dat een theoretisch fraaiere aanpak via het EM-
algorithme of het MCEM-algorithme rekentechnisch niet haalbaar was. Uit de 
simulatiestudie bleek wel dat een bepaalde imputatie methode waarbij random tijdstippen 
geïmputeerd worden met gebruik van de uniforme verdeling de beste resultaten leverde 
(hoofdstuk 5). Vervolgens hebben we het variantie componenten model uitgebreid opdat 
het meerdere perioden kon modelleren. Tevens hebben we methoden ontwikkeld waarmee 
het multivariate model geschat kon worden. De rekentijd liep echter zo op dat we op zoek 
gingen naar een rekentechnisch gezien aantrekkelijker alternatief. Met de ervaring en kennis 
die we in het eerdere onderzoek opgedaan hebben, hebben we een momentenschatter 
geformuleerd die gebruik maakt van asymptotische eigenschappen van de verwachting, 
variantie en interne correlatie. Tot aangename verassing leverde dit een schatter die een 
gesloten vorm heeft, en daarmee rekentechnisch zeer aantrekkelijk is. Tevens laten we aan 
de hand van gesimuleerde data zien, dat deze schatter te verkiezen is boven die gebaseerd 
op de Poisson assumptie. 
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