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5. A variance component model for purchase incidence 

5.1 Introduction 

In this chapter we will study the use of a variance component model to consumer panel 
data. The motivation for a model comes from our specific interest in a quantity called the 
period product penetration, i.e. the fraction of households that buys a certain product in a 
certain period (month, quarter, year, etc.). The data that we analyse concern a set of fast 
moving consumer goods in the field of meat products. For each product we observe a 
matrix of numbers of purchases for different households in different weeks. We refer to this 
type of data as count data. In practice it happens that we do not know the numbers of 
purchases of all households for all weeks. In such a case the data matrix contains gaps, and 
it is not possible to estimate the penetration directly by the fraction of households that had 
at least purchase. In such a case the use of a model is essential to estimate the period 
product penetration. 

We assume that the process of purchasing consumer goods at the individual level is a 
renewal process (see Chapter 3). We will study the use of a variance component model as 
discussed by AALEN and HUSEBYE (1991). The motivation to study this model came from 
the problems we encountered when we worked with the Poisson process as a model for the 
process of purchasing consumer goods. The Poisson assumption fixes the variation of the 
time between purchases at the individual level, i.e. the coefficient of variation is pinned 
down to 1. It is not necessarily true that this assumption is reflected by the empirical 
process (see chapter 4). We need a model that allows us to estimate the different variance 
components (between and within individuals). For the variance component model it is 
neither possible to find an analytical expression for the distribution of M(t), nor for its 
Laplace transform. We will try to solve this problem by treating the unknown interpurchase 
times as missing data and by use of imputation methods. This imputation technique could 
be applied to any distribution for the interevent times. 

In dealing with this problem we will meet two types of missing data. The first type is a 
consequence of the fact that we have count data while the model is specified in 
interpurchase times. The information on interpurchase times is missing. The second type of 
missing data is a result of survey nonresponse. Some households in the survey do not give 
information about the number of purchases of certain weeks. The empirical data we will 
analyse contain purchases of meat products of 1625 households during the third quarter of 
1994. These data suffer both types of missing data, since they consist of numbers of 
purchases and there is nonresponse. Table 5.1 shows a frequency table of the numbers of 
weeks in which these households responded. We will develop methods to deal with these 
types of nonresponse, and to evaluate these methods using synthetic data. The synthetic 
data mimic the empirical data of the purchasing of three products. 
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Table 5.1 Frequency table of response weeks of households in Telepanel, third quarter of 1994  
number of weeks number of respondents percentage cumulative percentage 

1 108 6.6 6.6 
2 119 7.3 14.0 
3 131 8.1 22.0 
4 112 6.9 28.9 
5 73 4.5 33.4 
6 119 7.3 40.7 
7 93 5.7 46.5 
8 122 7.5 54.0 
9 106 6.5 60.5 

10 116 7.1 67.6 
11 133 8.2 75.8 
12 217 13.4 89.2 
13 176 10.8 100.0 

total 1625 100.0 100.0 

The outline of this chapter is as follows. After introduction of the variance component 
model in section 5.2 we will discuss the problem of censoring (section 5.3). The problem of 
missing interpurchase times will be the topic of section 5.4, and the problem of missing 
numbers of purchases will be the topic of section 5.5. In all these sections we will use 
synthetic data to evaluate the quality of the method. In section 5.6 we will apply the method 
to empirical data. In section 5.7 we will make a comparison between the variance 
component model and the Poisson based models of chapter 3. Finally, we will draw some 
conclusions in section 5.8. 

5.2 A variance component model 

In this section we will formulate a variance component model for the interpurchase times, 
i.e. the times between consecutive purchases. Since the theory that we will develop applies 
to a wider field than consumer behaviour, we shall also refer to interpurchase times by 
terms like spell, or duration, or interevent time). Variance component models are widely 
used to study differences between groups, and are usually based on normal distributions 
(see e.g. PETERSEN, ANDERSEN and GILL, 1996). We will use such a model to split the 

variance of the process between and within individuals. We will assume that the spells Xn, 
Xi2, ... of the renewal process satisfy the model 

\og{Xij) = M + Ui + E,j ( 5 1 ) 

where jj. is the overall mean and the individual score Ui and the residual Etj are random 

variables, that are stochastically independent and normally distributed with zero mean and 

variances a] and a] respectively (see AALEN and HUSEBYE (1991)). As a consequence the 
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spells are lognormal distributed. A random spell of a given individual i with individual 
score U- has a lognormal distribution with parameters 

X-p, ~LN{n + Ut,a]) 

and a random spell of a random individual has a lognormal distribution with parameters 

X.. ~LN{jU,al + al) 

The variance is split in such a way, that the variation between individuals (heterogeneity) is 
modelled by the random variables Ui, and the variation within individuals (in time) by the 
random variables Er. The parameters form a characterisation of the process, or, as in our 
case, of a product. The parameter a] refers to the heterogeneity of the buyers, and the 
parameter a] denotes the regularity in which a product is purchased. In particular, if 
a\ = 0 then there is no heterogeneity between individuals: all individuals will have the 
same average frequency of events. If on the other hand a] = 0, then the processes at the 
individual level are deterministic, since for a given individual all spells are equal. Given the 
parameters o] and o] the parameter /J tells us something about the average frequency in 
which a product is bought, since the expected interpurchase time of a random individual is 
exp(// + y o\ + y a] ). To study the sources of variance we need to estimate the parameters 
a1 and a), together with the overall mean //. We will describe the use of maximum 
likelihood estimation. At this stage we will ignore censoring problems, and proceed as if we 
observe complete interevent times. The problem of censoring is the topic of the next 
section. Suppose that we observe n interevent times Xl,X2,...,Xll. We can write the 
probability of such a observation as a product of conditional probabilities. 

P(X, =*,,... X„=x„) 

= P(X, = xl)P(X2=x2\Xl=xl)...P(Xn=xn\Xl=xl,...Xn_l =*„_,) ( 5 2 ) 

Since the logarithmic transformed interevent times are normally distributed it is relatively 
easy to find analytic expressions for the conditional probabilities (see section 5.9.1). We 
find that the contribution of one individual to the loglikelihood function (if we ignore 
constant terms) is 

L ( / / , a > > £ J - ^ 0 o g ( X ) - ^ 2 - l o g ( r , ) (5.3) 

where £ and r2 are the conditional expectation and variance of Xj given the previous j - 1 

interevent times, i.e. 
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H 
4J=Vj_lM + (\-vJ_l)—-Jjlog(Xm) 

J ' m=l 

(5.4) 

and 

where 

(5.5) 

er: 
(5.6) 

The factor vH serves as a trade-off factor that determines how much the conditional 
expectation relies on the empirical data versus the model assumption. Note that the factor 
vH does not depend on the observed values, but merely on the number of observations. If 
j = 1 then there is no empirical data at hand and the conditional expectation is equal to the 
model parameter /u . If on the other hand the number of observations increases, then 
Vy_i —> 0, which indicates that the conditional expectation relies more and more on the 

empirical data. In order to find the full log-likelihood, we merely have to sum equation (5.3) 
over all individuals. 

5.3 Censoring 

We observe the individual processes through a certain time window. As a consequence we 
find that in some cases the observations are censored, i.e. the information on a duration is 
incompletely recorded. 

Figure 5.1 Different types of censoring using a time window [r, ,/2 

left censored observation, Xi2: uncensored observation, Xß: right censored observation, 
Xjj. observation that is both left and right censored 
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Figure 5.1 shows the process of two individuals (i and/), and different kinds of censored 
observation that occur, when we use the observation window [t\, t{\. The first observation 
of individual i, X,i, is left censored, since the start of the duration time is on the left of the 
observation window. Observation Xa is uncensored or complete; there is no censoring on 
the left or right. Observation XQ is right censored, because the duration is ended at the right 
hand side of our observation window. Observation Xj\ is both left and right censored. It is 
possible to deal with these censoring problems under quite mild conditions (see VERMUNT, 
1996, for a discussion of both left and right censoring problems and possible solutions). 

5.3.1 Right censoring 

Right censoring is the most common form of incomplete information in event history 
analysis. It can not be avoided, since the reference period is of fixed length. The censoring 
mechanism (or the stopping 'decision') is crucial to the validity of the analysis. The missing 
data problem can easily be solved if we may assume that the censoring is independent of the 
process itself, in other words, if individuals are not censored because they have a high or 
low probability of experiencing an event (see VERMUNT, 1996) 

Figure 5.2 Right censoring  

x, x2 x„_, x„ 
•^-—" ~~--v-" ~~~~~̂  

x„_, 
-̂  

\t\ Y h 

[t\,t-i\: observation window, Y: right censored observation. A-,,: underlying complete observation 

A probabilistic view to the problem of right censoring is discussed in ANDERSEN, BORGAN, 
GELL and KEDDING (1993). They state that this problem can easily be solved in the case that 
the censoring times are stopping times, a probabilistic concept from martingale theory. The 
interpretation is that censoring may depend only on the past, not on future events. This is 
typically the case in our study, since censoring occurs using a fixed time window. When the 
censoring takes place at stopping times, it can be shown that the likelihood is the same as if 
censoring had occurred at some fixed time for each individual. This implies that we can 
obtain the complete log-likelihood by summing the individual log-likelihood. 

Thus we can make the following generalisation with respect to the uncensored case. In a 
given time interval we find for an individual a stochastic number of events, N, the 
interevent times X|, Xi, ..., X^, and a (right) censored observation Y. We can write the 
probability of a realisation with n observations as a product of conditional probabilities as 
follows 
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P(N = n,Xl =x„...,Xn = xn,Y = y) 

= P(Xl=xl)P(X1=x2\Xl=xl)... 

...P{Xn=x,\xx =xl,...Xn_t=xn_])P(Xn+]>y\X]=xl,...Xn=x„) (5.7) 

The contribution of one individual to the log-likelihood function (ignoring constant terms) 
is 

U.V.OÎ.02,) 

I - — ( I o g ( X ) - £ . ) 2 - l o g ( r , ) +log O iog(r)-£,+, (5.8) 

where Ç, and T] are given by equations (5.4) and (5.5) respectively. Notice the extra term 

coming from right censored data, compared with equation (5.3). 

5.3.2 Left censoring 

The missing data problem in the presence of left censoring is more complex to solve than in 
the case of right censoring. In experimental settings the experiments are usually set up in 
such a way that the problem of left censoring is avoided. Still, if data are left censored, 
some strategies exist for dealing with this problem (see VERMUNT, 1996). In our case, 
where we assume that we are dealing with a renewal process, we will make the extra 
assumption that the renewal process is in equilibrium, i.e. we act as if the process has run 
infinitely long. Thus the effect of the exact position of the starting point of our observation 
window with respect to the starting point of the process is cancelled. We will introduce two 
random variables that play a role in the context of left censoring: the failure time selected 
and the forward recurrence time. 

We observe the renewal process during a time interval (observation window) [tt,t2]. The 
equilibrium assumption implies that the start r, of the observation window is random and 
uniformly distributed over the time axis. In general r, will cut some renewal time XQ (see 
Figure 5.3). We will refer to this renewal time X0 as the failure time selected. The part of 
the failure time selected that is observed (the left censored observation) X\ is called the 
forward recurrence time (see Cox, 1962) 
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Figure 5.3 Left censoring 

[ti,t2]: observation window, X0: failure time selected, X,: forward recurrence time 

We can derive the distribution of the failure time selected from the notion that large 

duration times have a higher probability of containing ?, than small ones. The probability 

that a duration time contains ?, is proportional to its length. If/denotes the density function 

of failure time, then the density function ƒ„ of the. failure time selected is 

/ o « : 
xf(x) 

V, 
(5.9) 

where fif = EfX is the expected duration time. The density function ƒ, the forward 

recurrence time, can be derived from the notion that t], the starting point of the observation 

window, is sampled within the selected failure time according to a uniform distribution. 

More precisely: given a selected failure time X = x0 the forward recurrence time is 

uniformly distributed over the interval [Q,x0]. Consequently 

l-F(x) 

Mf 
(5.10) 

where F is the distribution function of X. The distribution of the forward recurrence time is 
J-shaped (see Cox, 1962). If failure-times arbitrary close to zero have positive probability 
density then there is a unique mode at zero (see Figure 5.4) 

In the case of the variance component model (5.1) the failure time X is lognormal 

distributed. For the failure time of a given individual i we have X\Ui ~ LN{/j. + Un<j]), 

and for the failure time of a random individual X ~ LN(ß,<77
u +o]). It can be shown that 

X0, the failure time selected, is again lognormally distributed (see section 5.9.2). For the 

failure time selected of a given individual i with score Ul we find 
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Figure 5.4 Density of forward recurrence times in the variance component model 

0 1 2 3 4 5 6 7 8 9 10 II 12 13 14 15 

X0\U, ~LN(H + U,+O],G\) 

so that for the failure time selected of a random individual we have 

X0 ~LN{ß + al,(rl+al) 

Unfortunately the forward recurrence time Xt does not have a lognormal distribution. This 
follows directly from the remark that its distribution is J-shaped. Consequently we loose the 
convenient analytical expressions for the conditional expectations and variance as in 
equations (5.4) and (5.5). This is a serious drawback from a computational point of view. In 
order to preserve the computational benefits of the lognormal distribution, we will 
approximate the distribution of the forward recurrence time X, by a lognormal distribution. 

We will study two approximating distributions. A first lognormal distribution will have the 
property that the first two moments are equal to those of ƒ, {approximation A). For a 

second lognormal distribution we set the second parameter to a\ + CJ] and will choose the 

first parameter in such a way that the first moment is equal to the first moment of ƒ, 

{approximation B). In the appendix it is proved that we find the following approximating 

distribution for the forward recurrence time of a given individual i with score Ut 

X\Ut~ LN{v + U,+al AA) ST2 - i ^ ' l 
-c. ,<j +c2 ) 

by approximation {A) (5.11) 
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so that we find for the forward recurrence time of a random individual 

X, ~ LN(II + G: +c\A\a] +a] +c[M) by approximation (A) (5.12) 

where 

c{A )=-21og(2)+±log(3), and 

c2
A )=21og(2)-log(3) 

The parameters of lognormal approximation (B) can be derived in the same way as for 
approximation (A). We find that 

X,|f/,. -LNiß + Ut +a]+c(-B\a]) by approximation (B) (5.13) 

so that we find for the forward recurrence time of a random individual 

X, ~ LN(ju + a]+cm,ol+a]) by approximation (B) (5.14) 

where 

ciB) = - log(2) 

Figure 5.5 shows the density ƒ, with the two lognormal approximations (A) and (B), and 

the density ƒ of the renewal times. Between the constants of the two approximations we 

have the following relationship 

c\A)+\c^=ciB). 

This is a consequence of the equality of the first moments, since the first moment of 

lognormal LN(v,T2) distribution is exp(v + ̂ r 2 ) . We can give the following 

interpretation to the value of c(ß)(and of the value of c,M) +\c\A) ) . From the equilibrium 

assumption we know that t0, the starting point of the observation window, is sampled 

within the failure time selected according to the uniform distribution. Hence the expectation 

of the forward recurrence time is half the expectation of the failure time selected: 

EX, =exp(/i + ( j ' +clB) +Ha] + al)) 

= exp(c(S) ) exp(// + <y]+\{ol+a])) 

= ±FX 
— 2 CA, 
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Figure 5.5, Density of forward recurrence times in the variance component model and its approximation 

0.25 -

-density of forward recurrence limes 

- approximation (B) 

approximation (A) 

density of failure times (approximation by ignorance) 

5.3.3 Finding estimates in the case of censored observations 

The discussion on censoring in the previous sections leads to the following strategy to 
obtain estimates for the variance component model. In order to deal with right censored 
observations we will use the extended version of the likelihood function (see equation 
(5.8)). In order to deal with left censored observation we will use lognormal distributions 
that approximate the distribution of left recurrence times. Here we can choose between 
approximation (A) and (B), of which the latter is less accurate, but will also prove to be 
much less burdensome from a computational point of view if we study multivariate 
variance component models (Chapter 6). 

Summarising, we find that the contribution of one individual to the log-likelihood function 
(ignoring constant terms) is 

i=i 

Xj--^r(log(X,)-£)2-log(r,.)f + logjl O 
'iog(y)-«f„+;^ 

(5.15) 
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where £. and rj for approximation (A) are given by 

g;=// + ̂ -(log(X1)-(^ + ^+cr))+
g' (g î+^A))i(log(XJ-/f) 

and 

2 2 2 ^K+(y-2)wf} 
r: = cr„ + cr + —^ 5—-

1 " * (<r f
2+0--2)<r>, 

where 

(see section 5.9.3). The full log-likelihood is obtained by summing equation (5.15) over the 
individuals. In order to obtain the likelihood function for approximation (5) one must 
substitute c\A)=c{B) and c\A) = 0. 

As mentioned earlier, we have a specific interest in estimating the product period 
penetration, i.e. the probability that an individual buys at least one item within a certain 
time period. In the case of an ordinary renewal process there is a simple expression for the 
penetration in terms of the model parameters. 

logd) 

P(X < t) = P{\og(X) < log(0) = j / w ( ^ + o f ) ( ^ = ^ ( ^ ^ ) ( 1 ° g ( ' ) ) (5.16) 

where ƒ , , and F , , are the density and distribution function of the normal 

N(jU,cr2
u +&1) distribution respectively. The penetration can be estimated from the data by 

substitution of the parameter estimates, and merely requires a numerical evaluation of the 
normal distribution function. In the case of a renewal process that is in equilibrium the 
computation of the penetration 

P(X]<t) = jf](x)dx (5.17) 

is not so easy. Here ƒ, is the density function of the forward recurrence time in a 
heterogeneous population, or 

Mx)=jfl(x\U = u)fu(u)du 

where 
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/ < » = /,v(o,a;,(")> 

F(x\U = u) 
f](x\U = u): 

E[X\U = u] u + u + at 
'-J-W«,^)^ (5.18) 

and f , is the density function of the lognormal LN(u + u,a2) distribution. The 

derivation above shows that computation of the penetration from the parameter estimates 
involves three integrals. We can solve one of these integrals analytically, but are left with a 
two dimensional integral that has to be computed numerically. 

P(M(t) 
' s 1 

>0) = exp(-//--Ler+J-cru
2)f - [f = 

)y 

xexp 
, (log(y) -M)2 + Ißo] + < + 2<7,? log(y))A 

: _ 2 . _ 2 

V c; + a 
dyds (5.19) 

/ 

If we estimate the penetration using the approximating lognormal distributions (A) and (B) 
for the forward recurrence time, we find expressions that are easier to handle 

P(Xt < t) « FN(fi+a,+cral+a2MA))(\og(t)) by approximation (A) (5.20) 

and 

P(X, < 0 - FN(^w,l]al+a]){\og{t)) by approximation (B) (5.21) 

5.3.4 Some results on synthetic data 

We studied the quality of these methods for censored data by a Monte Carlo experiment. 

We created synthetic data that looked like our empirical data. The empirical data consist of 

numbers of purchases of three products (pork, beef and veal) of 1625 respondents during 13 

weeks. Therefore we generated 100 data sets for 1625 households using fi = 0.6, a\= 0.9 

and G\ = 0.7 . These parameters are close to the true parameters of the product pork. We 

did the same for the products beef and veal. For beef we use the parameters /J = 1.1, 

o\ = 1.2 and a] = 0.6 and for veal ß = 6.0, e r = 5.0 and a\ = 1.0. 
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Table 5.2 Average estimated parameter values (and standard errors) for the variance component model for 
100 sets of generated data of 1625 households, using the fine and the rough approximation for the forward 
recurrence times. 

M s. e. Ou s.e. a,1 s. e. 

pork original parameters 0.600 0.900 0.700 
estimated using approximation (A) 0.566 0.025 0.869 0.041 0.728 0.010 
estimated using approximation (B) 0.521 0.024 0.834 0.040 0.767 0.012 
estimated ignoring left censoring 0.536 0.025 0.849 0.040 0.825 0.016 

beef original parameters 1.100 1.200 0.600 
estimated using approximation {A) 1.051 0.032 1.158 0.054 0.636 0.010 
estimated using approximation (B) 0.978 0.031 1.089 0.052 0.689 0.013 
estimated ignoring left censoring 0.969 0.030 1.065 0.050 0.768 0.018 

veal original parameters 6.000 5.000 1.000 
estimated using approximation (A) 5.172 0.244 3.786 0.563 1.183 0.128 
estimated using approximation (B) 4.601 0.276 3.045 0.543 1.363 0.178 
estimated ignoring left censoring 5.825 0.201 4.800 0.561 1.609 0.220 

We generated the synthetic data assuming that the renewal process is in equilibrium, and 
tried to re-estimate the parameters using the two approximations for the forward recurrence 
time. Table 5.2 shows parameter estimates averaged over 100 data sets for each product. 
We found that the parameters were re-estimated with a slight bias. The parameters ß and 
a\ are underestimated whereas a] is overestimated. As could be expected, the bias is 
larger for the approximation (B) than for the approximation (A). Table 5.2 also shows 
results if we ignore the problem of left censoring. In that case we act as if the left censored 
observations are uncensored, or - equivalently - as if the observations come from an 
ordinary renewal process. Ignoring left censoring forces that the previous purchase was 
done exactly at the start of the observation window. As a consequence the regularity 
parameter a1' is overestimated even more. 

Table 5.3 shows the results for the penetration. Here we used two methods to obtain an 
estimate for the penetration from the parameter estimates. First we used numerical methods 
to evaluate equation (5.17) after substitution of the parameter estimates. Second we derived 
penetration estimates using the same approximation that we used to estimate the model 
parameters, i.e. equation (5.20) for approximation (A) and equation (5.21) for 
approximation (B). Table 5.3 shows that the former strategy is rather precise for pork and 
beef, but shows a large bias for the product veal. The alternative strategy where we use 
approximations gives us reasonable results for all products. Table 5.3 also shows results for 
the penetration if left censoring is ignored. We start with parameter estimates that are 
obtained with left censoring ignored (see Table 5.2). To derive penetration estimates, we 
may use equation (5.17), thus taking left censoring into account to obtain the penetration 
estimate from the parameter estimates. Alternatively we may use equation (5.16), thus 
ignoring left censoring completely. Note that complete ignorance of left censoring with 
respect to penetration estimation gives results that are comparable to using the 
approximating distribution. 
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Table 5.3 Average estimated quarter penetrations (and standard errors) for the variance component model for 
100 sets of generated data of 1625 households, using approximations (A) and (B) and ignoring left censoring. 

penetrations s.e. penetrations s.e. 
estimated by estimated by 

equation (5.17) equation (5.20), 
(5.21)or(5.16) 

pork true penetration 0.934 0.934 
estimated using approximation (A) 0.935 0.003 0.938 0.003 
estimated using approximation (B) 0.935 0.003 0.940 0.004 
estimated ignoring left censoring 0.924 0.004 0.942 0.003 

beef true penetration 0.878 0.878 
estimated using approximation (A) 0.880 0.006 0.883 0.006 
estimated using approximation (B) 0.883 0.005 0.884 0.006 
estimated ignoring left censoring 0.871 0.006 0.881 0.006 

veal true penetration 0.097 0.097 
estimated using approximation (A) 0.126 0.008 0.099 0.007 
estimated using approximation (B) 0.148 0.009 0.099 0.007 
estimated ignoring left censoring 0.079 0.013 0.099 0.007 

5.4 Unknown Interpurchase Times. 

In the remainder of this chapter we will deal with the missing data problems. In this section 
we assume that we have count data, and that the interpurchase times are missing. In section 
5.5 we will deal with the situation where some of the count data are missing. 

5.4.1 The EM-algorithm 

We assume that we have a sample of households, and that we observe the numbers of 
purchases in all weeks of a certain period. Although these data give us some information 
about the interpurchase times, we do not know them exactly. In order to solve such a 
missing data problem the EM-algorithm comes to mind. The EM-algorithm is an iterative 
procedure for maximum likelihood estimation in missing data situations (see DEMPSTER, 
LAIRD and RUBIN, 1977). Define Z to be the complete but unobserved data (the 
interpurchase times), Y the observed but incomplete data (the numbers of purchases in 
successive weeks) and let 9 be the vector of parameters. In our case the ML-estimator for 
6 can easily be found from the complete data. To find it from the incomplete data, we start 
from some initial value for 90, and compute the expected value of the log-likelihood of the 

complete data given the parameter value 90 and the observed data Y (E-step). We compute 

0, as a next value by taking the ML-estimate of 8 given the expected value of the log-

likelihood (M-step). So given a current value 6i of the parameter, the next value can be 

found by taking successively 

E-step: Compute Q(9 10,) = E e [loglikelihoodz{6) I Y] 

M-step: Take 6M that maximises Q(018t ) 
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For the E-step we need to evaluate conditional expectations of the log-likelihood given a set 
of parameters and the available data. It suffices to evaluate conditional expectations of the 
sufficient statistics. If we ignore censoring problems, and restrict ourselves to the simple 
loglikelihood function of equation (5.3), the sufficient statistics are linear and quadratic 
forms of log(X). Already the computation of the conditional expectations of the linear 
terms log(X) is quite complicated. To illustrate this, suppose that we observe only one 
time interval [0,r] with n events, and wish to evaluate the conditional expectation of 
log(X) given the observation, i.e. 

4log(Xy)l5„<r,5„+1>f] 

where S„ is the time up to the rath event (S„ = X, +X2+...+Xn). We can write this 
expectation as 

E\\og(Xj)\Sn <f„S„+1 >t] =j'oE[\og(Xl)\Sn=u]h(u)du 

where 

h(u)= f„(^-F(t-u))du ( 5 2 2 ) 

l'ofn(v)(l-F(t-v))dv 

is the conditional density for having exactly ra observations in the time interval [0,r]. Here 
ƒ„ is the n-fold convolution of the X/s, and F is the distribution function of X,l+1. Already at 
this stage the computational burden is high: evaluation of the n-fold convolution ƒ„ , of the 
conditional density h(u) and evaluation of the conditional expectation all require numeric 
procedures. Now suppose that apart from this interval we also observe m events in a next 
interval [t, t + s]. In that case we have to evaluate 

£[log(X, )|5„ < t,Sn+] > ?,S„+m < t + 5,5„+m+1 > t + s] 

This requires integration with respect to the conditional density for having exactly n events 
in [0,r] and m events in [t,t + s]. The expression gets even more complicated as the 
number of periods grows, and too complex to handle computationally. 

5.4.2 The MCEM-algorithm 

In the previous section we saw that the application of the EM-algorithm to the missing data 
problem gives us numerical problems, because of the computational complexity of the E-
step. In this section we will study an alternative version of the EM-algorithm, where the E-
step is replaced by Monte Carlo integration to evaluate the conditional expectation. The 
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EM-algorithm thus becomes the MCEM-algorithm (see WEI and TANNER, 1990). Given a 

current value 0, of the parameter 0 , the next value can be found by taking successively 

• MCE-step: Compute ß ( m )(0 \6!) = — Y log likelihood^ W)(0) 

• M-step: Take 0,+1 that maximises Q{m){010,.) 

Here Z (0, ) is one of m generated data sets from the conditional distribution of Z given 

0 = 0, and the observed count data Y = y . So instead of taking the expectation of the log-

likelihood we take a mean over m imputations. 

Drawing samples from the conditional distribution is usually done using the Gibbs sampler 
technique. Define the complete data Z to consist of the individual latent scores Ui and of 
the unobserved transformed interpurchase times log(X tf). If we ignore the problem of 

censoring this vector is multivariate normal distributed, with independence between 
individuals. For one individual we start with Uj = 0 and some values for log(X,y) that fit 

the given number of purchases in the consecutive weeks. We draw a new value of each 
element Z, of Z by drawing from the conditional distribution of 

Z,.|ZW = z " ' , Y = y 

where Z~' is Z with Z, omitted. If Z,. denotes a latent score U,, then the conditional 
distribution can be derived from the multivariate normal distribution of the vector 
((/,.,log(X,.,),...,log(X,.„)). If Z, denotes one of the log(Xi:/)'s then we have to take the 
observed data into account, and we have to draw from a multivariate distribution that 
consists of truncated normal distributions in order to maintain the fit with the given 
numbers of purchases in consecutive weeks. This is not very appealing from a 
computational point of view, especially if we want m = 100 imputations (see CHAN and 
LEDOLTER, 1995) for each iteration, and expect to need many (say 100) iterations to find a 
maximum for the log-likelihood. We conclude that also this approach is unfeasible since 
expected computation time is very high. 

5.4.3 Imputation of interpurchase times 

Since the application of the EM- or MCEM algorithm as described in the previous sections 
poses too many computational problems, we will somehow impute the time points at which 
the purchases were done. There are many possible strategies to impute the time points of 
events according to a given set of numbers of events in a sequence of weeks. We will 
discuss six of these methods in this section. Two of the imputation methods we used are 
deterministic (we will denote them by regular" and regular3), and four are stochastic 
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(triangular, uniform", uniform and uniform). The deterministic methods distribute the 
time points equally over each interval. The difference between the two methods lies in the 
distance between the time points and the interval bounds. If an interval contains three time 
points regular0 will place them at 1/4, 1/2 and 3/4 of the interval, while regular" will put 
them at 1/6, 1/2 and 5/6 of the interval. This difference has consequences for distances 
between time points of successive intervals, leading to more regular patterns for regular1 

(see Figure 5.6). 

Figure 5.6 Illustration of different techniques for imputation of purchase times in the case where there are 
three purchases in period 1 and one purchase in period 2. 

The stochastic methods are all based on the uniform distribution. In uniformt the time 
points themselves are drawn independently from the uniform distribution. This gives highly 
irregular patterns. In uniform" and uniform0 the times between the time points are drawn 
from the uniform distribution. The difference between the two is that for uniform" the 
obtained result is centred within the original time interval, leading to more regular patterns. 
This explains why in Figure 5.6 the single time point in period 2 is exactly in the centre of 
the time interval for uniform" and not for uniform . Triangular is similar to uniform" except 
that the time between two time points is now determined by the sum of two independent 
draws from the uniform distribution (i.e. the triangular distribution). As a consequence 
triangular leads to patterns that are even more regular than uniform1'. Figure 5.6 shows all 
imputation techniques in reverse order of regularity. Note that the imputation techniques 
imply that we have to deal with left and right censored observations. 

To test the quality of these imputation methods we extended the experiment of section 5.3. 
We started by generating interpurchase times using the same parameter values. Next we 
created an incomplete data set by changing the interpurchase times into numbers of 
purchases in the 13 subsequent weeks. Finally we re-estimated the parameters and the 
quarter penetration on the basis of the incomplete data. Table 5.4 shows results for the three 
collections of synthetic data sets that correspond to the three products pork, beef and veal. 
The estimated parameters are averaged over the 100 simulated data sets, using 
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approximation (A) for the forward recurrence time. Results for approximation (B) and for 
ignoring left censoring can be found in the appendix. 

The lines labelled original parameters in Table 5.4 show the values of the model 
parameters that were used to generate the data, and the corresponding theoretical 
penetration for t = 13 weeks. These are also the values that we try to re-estimate. The lines 
labelled regular" through uniform"' show the results using the count data and the different 
imputation techniques. In order to estimate the penetration we used equation (5.20). 

Table 5.4 Average estimated parameter values and (13-week) penetrations plus standard errors for the 
variance component model over 100 data sets of 1465 households, using complete count data and six different 
imputation methods, and using approximation A for the forward recurrence time  

a s.e. aj s.e. ae
2 s.e. penetration s.e. 

pork true values 0.600 0.900 0.700 0.934 
regular" 0.724 0.026 0.969 0.049 0.392 0.011 0.962 0.003 
regular 0.653 0.025 0.915 0.046 0.531 0.013 0.954 0.003 
triangular 0.674 0.025 0.915 0.044 0.508 0.010 0.955 0.003 
uniform" 0.567 0.027 0.818 0.036 0.774 0.020 0.934 0.004 
uniform'' 0.434 0.025 0.767 0.034 1.028 0.021 0.910 0.004 
uniform' 0.301 0.026 0.735 0.033 1.351 0.022 0.872 0.005 

beef true values 1.100 1.200 0.600 0.878 
regular" 1.199 0.033 1.315 0.066 0.367 0.012 0.905 0.006 
regular'' 1.127 0.033 1.235 0.063 0.492 0.014 0.895 0.006 
triangular 1.144 0.033 1.233 0.059 0.473 0.010 0.897 0.006 
uniform" 1.020 0.034 1.073 0.048 0.720 0.023 0.875 0.006 
uniform'' 0.882 0.032 0.995 0.046 0.958 0.022 0.852 0.006 
uniform' 0.739 0.032 0.925 0.040 1.250 0.031 0.816 0.007 

veal true values 6.000 5.000 1.000 0.097 

regular" 5.735 0.322 4.597 0.785 0.702 0.165 0.099 0.007 
regular'' 5.578 0.328 4.359 0.773 0.831 0.180 0.099 0.007 
triangular 5.603 0.280 4.375 0.684 0.802 0.135 0.099 0.007 
uniform" 5.284 0.269 3.881 0.583 1.059 0.165 0.099 0.007 
uniform'' 4.985 0.274 3.529 0.561 1.346 0.176 0.099 0.007 
uniform' 4.676 0.303 3.155 0.503 1.638 0.244 0.098 0.007 

These results show that estimates both for the parameters and the penetration depend on the 
imputation method. This is especially true for estimates of o], which seem to mirror the 
irregularity of the imputation method. We find that a lower estimate for a2

e corresponds to 
higher estimates for both fi and a]. Also the estimates for the penetration are affected 
significantly. Note that imputed uniform" performs best in terms of estimation of ae and 
the penetration. The fact that a uniform distribution performs best makes sense when we 
consider that the conditional distributions of the X,, given n events, are identically 
distributed (i = 2, 3,...,«). In the imputed uniform" method, this is also the case. 
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5.5 Unknown number of purchases 

In this section we will describe a strategy to deal with the fact that some of the count data 
may be missing as a result from nonresponse (this is the second type of missing data that we 
discussed in section 5.1). The strategy that we will discuss is rather an ad hoc solution. We 
perform the analysis acting as if the observed intervals are contiguous intervals. From these 
data we impute the interpurchase times as in section 5.4. In the case of a Poisson process 
this would be a reasonable thing to do, since the number of purchases in a given amount of 
time is a sufficient statistics. To see how well this method works in the case of the variance 
component model we extended the Monte Carlo study of sections 5.3 and 5.4 by adding 
nonresponse to the synthetic data. Therefore we used the response pattern of the empirical 
data set that we will discuss later (we saw the frequency distribution of the number of 
response weeks in Table 5.1). Table 5.5 shows results for approximation (A). Results for 
approximation (B) and for ignoring left censoring can be found in the appendix. 

Table 5.5 Average estimated parameter values and (13-week) penetrations plus standard errors for the 
variance component model over 100 data sets of 1465 households, using incomplete count data and six 
different imputation methods, and using approximation A for the forward recurrence time. 

ß s.e. c„2 s.e. <T,2 s.e. penetration s.e. 

pork true values 0.600 0.900 0.700 0.934 
regular" 0.769 0.031 1.025 0.061 0.367 0.014 0.960 0.004 
regular'' 0.673 0.030 0.932 0.056 0.517 0.016 0.953 0.004 
triangular 0.696 0.030 0.941 0.054 0.492 0.013 0.954 0.004 
uniform" 0.545 0.032 0.803 0.044 0.773 0.026 0.937 0.004 
uniform'' 0.374 0.032 0.723 0.042 1.043 0.028 0.917 0.005 
uniform' 0.205 0.031 0.679 0.039 1.369 0.035 0.884 0.006 

beef true values 1.100 1.200 0.600 0.878 
regular" 1.226 0.041 1.353 0.078 0.346 0.016 0.903 0.007 
regular* 1.130 0.041 1.240 0.075 0.482 0.019 0.897 0.007 
triangular 1.148 0.040 1.245 0.070 0.461 0.014 0.898 0.007 
uniform" 0.983 0.043 1.051 0.055 0.720 0.033 0.882 0.008 
uniform 0.800 0.040 0.941 0.053 0.987 0.035 0.861 0.008 
uniform' 0.622 0.044 0.864 0.045 1.289 0.043 0.830 0.008 

veal true values 6.000 5.000 1.000 0.097 
regular" 5.672 0.446 4.591 0.978 0.679 0.217 0.105 0.010 
regular' 5.488 0.458 4.327 0.971 0.829 0.239 0.106 0.010 
triangular 5.516 0.405 4.350 0.872 0.799 0.198 0.106 0.010 
uniform" 5.218 0.440 3.914 0.789 1.039 0.303 0.106 0.010 
uniform' 4.797 0.440 3.446 0.788 1.445 0.307 0.106 0.010 
uniform' 4.414 0.464 3.025 0.744 1.821 0.345 0.106 0.010 

Comparison of the situation where we have both missing count data and missing 
interpurchase times with the situation where we have merely missing interpurchase times 
(i.e. comparison of Table 5.4 with Table 5.5), shows an increase in both bias and variance 
of the parameter estimates and the penetration. We see that the imputation method uniform" 
gives us overall quite reasonable results. 
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5.6 Empirical data 

We will now apply the variance component model to empirical budget data. The data we 
use were gathered from the Telepanel, and consist of numbers of purchases for pork, beef 
and veal of 1625 households in the third quarter of 1994. We already showed a frequency 
table of the numbers of response weeks in Table 5.1. We applied the six imputation 
methods to the budget data to estimate the parameters and penetrations for these products. 
The results are shown in Table 5.6 using approximation (A). The results for using 
approximation (B) and for ignoring left censoring are in the appendix. Standard errors are 
estimated from the Hessian matrix. The tables show a similar pattern as those of synthetic 
data. The estimates for the parameter values vary for the different imputation methods. This 
is especially the case for ae

2 the variance component at the individual level. Estimates for 
the penetration are reasonably stable. Given the results of the previous section, it seems 
reasonable to assume that imputed uniform" performs best. 

Table 5.6 Parameter values and (quarter) penetrations with their standard errors for the variance component 
model for the Telepanel budget data, using six different methods for imputing the purchase times, and 
approximation A for the forward recurrence time  

u ^e. çv ££. q£^ s^ penetration s.e. 
pork regular" 0.830 0.035 0.980 0.065 0.653 0.014 0.917 0.006 

regular 0.649 0.035 0.768 0.057 0.875 0.019 0.912 0.006 
triangular 0.730 0.035 0.851 0.060 0.786 0.017 0.913 0.006 
uniform" 0.526 0.034 0.624 0.049 1.078 0.022 0.899 0.006 
uniform' 0.287 0.034 0.470 0.041 1.410 0.027 0.876 0.006 
uniform' 0.083 0.034 0.392 0.037 1.775 0.031 0.838 0.007 

beef regular" 1.383 0.043 1.330 0.088 0.622 0.017 0.825 0.010 
regular* 1.205 0.044 1.097 0.080 0.826 0.022 0.822 0.010 
triangular 1.308 0.043 1.223 0.085 0.711 0.019 0.823 0.010 
uniform" 1.076 0.044 0.927 0.072 0.996 0.026 0.814 0.009 
uniform 0.823 0.044 0.712 0.063 1.310 0.032 0.798 0.009 
uniform' 0.616 0.044 0.607 0.057 1.626 0.037 0.767 0.009 

veal regular" 6.370 0.487 5.649 1.205 0.918 0.165 0.069 0.008 
regular' 6.150 0.493 5.312 1.162 1.081 0.193 0.069 0.008 
triangular 6.317 0.491 5.611 1.204 0.979 0.175 0.069 0.008 
uniform" 6.015 0.505 5.206 1.160 1.235 0.219 0.069 0.008 
uniform 5.170 0.575 3.972 1.052 1.884 0.361 0.070 0.008 
uniform' 5.725 0.529 4.777 1.123 1.454 0.268 0.070 0.008 
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5.7 A comparison between the variance component model and Poisson based models 

In this section we compare the use of the described methodology based on the variance 
component model with the use of the traditional Poisson based models (see EHRENBERG, 
1988). We will make the comparison with respect to the estimation of the penetration, and 
will use synthetic data (both with and without missing cells), and empirical data. For the 
Poisson based models we will study three different types of heterogeneity: the non-
heterogeneous Poisson model, the Poisson Gamma model and the Poisson Spike model. For 
the variance component model we will restrict ourselves to the uniform" imputation 
method. 

Table 5.7 shows results for estimating the penetration using synthetic data with missing 
interpurchase times only. For these data, counts are available for all households all weeks. 
The figures for the variance component model using the imputation method uniform" come 
from Table 5.4 and the corresponding tables in the appendix. We see that the variance 
component model using the uniform" imputation method give us quite reasonable estimates. 
If we look at the Poisson based models, we see that the Poisson model without 
heterogeneity the penetration is overestimated. If we compare the Poisson models with two 
parameters, we see that the Poisson Spike performs best, since it fits the direct estimator of 
the penetration. 

Table 5.7 Penetrations estimated for synthetic data with missing interpurchase times only using the variance 
component model with uniform" imputation and four Poisson based models 

pork beef veal 
penetration s.e. penetration s.e. penetration s.e. 

true values 0.934 0.878 0.097 
VC approximation (A) 0.934 0.004 0.875 0.006 0.099 0.007 
VC approximation (B) 0.939 0.004 0.880 0.907 0.099 0.007 
VC ignoring left censoring 0.941 0.004 0.880 0.006 0.099 0.007 
Poisson 1.000 0.000 0.997 0.001 0.212 0.046 
Poisson Gamma 0.905 0.005 0.831 0.008 0.097 0.007 
Poisson Spike 0.935 0.006 0.878 0.007 0.099 0.007 

Because the results of Table 5.7 may be the consequence of overfitting, it is more 
interesting is to compare these models for the case where we have missing count data. If 
there is missing count data, the penetration can not be estimated directly and we must rely 
on model assumptions. Table 5.8 shows the results for this case. We see that the variance 
component model performs reasonably well for the synthetic data for pork and beef. We 
saw these results before in Table 5.5 and the corresponding tables in the appendix. For the 
product veal we see a slight overestimation. The Poisson based models with two parameters 
show opposite behaviour. Both the Poisson Gamma and the Poisson Spike models show a 
large bias to fit the synthetic data of pork and beef, but prove to be reasonable for 
estimating the relatively low penetrated product veal. This type of behaviour we saw earlier 
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when we studied Poisson based models for relatively short time periods (see section 3.2). 
The Poisson model without heterogeneity overestimates the penetration. 

Table 5.8 Penetrations estimated from synthetic data with missing interpurchase times and missing count 
data using a variance component model with uniform" imputation and four Poisson based models 

pork beef veal 
penetration s.e. penetration s.e. penetration s.e. 

true values 0.934 0.878 0.097 
VC approximation (A) 0.937 0.004 0.882 0.008 0.106 0.010 
VC approximation (B) 0.945 0.004 0.892 0.007 0.110 0.011 
VC ignoring left censoring 0.944 0.004 0.888 0.008 0.104 0.010 
Poisson 1.000 0.000 0.997 0.001 0.209 0.055 
Poisson Gamma 0.904 0.007 0.828 0.011 0.092 0.009 
Poisson Spike 0.882 0.010 0.812 0.012 0.087 0.010 

Table 5.9 shows results for the empirical data. The pattern is more or less similar to that in 
Table 5.8. Note that for the empirical data the three parameter Poisson Gamma Spike model 
does converge for the products pork and beef. 

Table 5.9 Penetrations estimated for empirical data using the variance component model with uniform" 
imputation and four Poisson based model 

pork beef veal 
penetration s.e. penetration s.e. penetration s.e. 

VC approximation (A) 0.899 0.006 0.814 0.009 0.069 0.008 
VC approximation (B) 0.904 0.006 0.822 0.010 0.071 0.008 
VC ignoring left censoring 0.907 0.006 0.819 0.010 0.067 0.008 
Poisson 0.998 0.000 0.987 0.001 0.138 0.011 
Poisson Gamma 0.864 0.009 0.762 0.012 0.062 0.007 
Poisson Spike 0.775 0.012 0.690 0.013 0.058 0.007 

Table 5.8 and Table 5.9 show that the use of variance component models makes a 
difference. In the case of the synthetic data set we see that the use of variance component 
models is a serious improvement of the Poisson based models. 

5.8 Conclusions and Discussion 

In this paper we studied the application of a variance component model to a budget data 
problem. Application of such a model is not straightforward since the budget data are 
formulated in terms numbers of events (product purchases) per unit of time (week). The 
model on the other hand is formulated in terms of interevent (interpurchase) times, and this 
information is missing. 

We tried to apply EM-like algorithms, but given the structure of the data, the E-step (or 
MCE-step) is too complex from a computational point of view. As an alternative we 
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translated the count data into event history data by imputing time points. But even then 
some problems remain. One such problem is how to deal with left censoring. Another 
problem is what to do if we do not know the numbers of events (purchases) in all weeks? 

With respect to the first problem (left censoring) we made some efforts to approximate the 
distribution of left recurrence times. We conclude that with respect to parameter estimation, 
ignoring left censoring implies an overestimation of a] and an underestimation of ß and 
a\ (see Table 5.2). These biases are reduced by use of an approximating distribution for 
the forward recurrence time. With respect to the estimation of the penetration, however, we 
may ask ourselves whether it is worth the effort to use these approximations, since the 
penetration estimates do not differ much (see Table 5.3). We discussed different imputation 
methods and saw that they lead to different parameter estimates (see Table 5.4). Random 
imputation of uniformly distributed interevent times {uniform") seemed to be superior, 
although the support for this statement is based on a small simulation study. With respect to 
the second problem - the problem of unknown number of purchases - we proposed an ad 
hoc solution that we act as if the observed intervals were contiguous intervals. In Table 5.5 
we saw that the parameter estimates show an increase in bias, although the uniform" 
imputation method seemed to perform reasonably good. 

We compared the use of the variance component model with the use of Poisson based 
models. We found that for synthetic data the estimates of Poisson based models showed a 
bias, whereas the use of the imputation technique and the variance component model gave 
results that are much better. This is in line with the conclusion of the previous section 
where we stated that it is essential to take the regularity of the individual process into 
account. Although the technique that was presented in this section has certain flaws in the 
sense that we needed approximations in order to keep computing time down, we succeeded 
to develop a technique that takes this regularity into account. 
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5.9 Appendix 

5.9.1 Conditional distributions for the uncensored case 

We will derive the conditional distribution of log(X-) given the previous events 

X, , . . . ,X W (equations (5.4) through (5.7)). From the assumption that the interevent times 

are lognormal distributed (equation (5.2)), it follows that the logarithmic transformed 

interevent times are simultaneous normal distributed. The vector log(X) is sampled from a 

multivariate normal distribution with mean vector |i, consisting of// 's only and covariance 

matrix Z that has the form 

~ ~-2 , _ 2 „1 o\ 

< o\+°l o\ 

1 = a2 a2 

u u 

^r2 , ^r2 

We write in vector-matrix notation: 

logC K)~N(ß,Z) 

2 

c: + o„ 

(5.23) 

To derive the conditional distribution of log(X,.) log(X,)...log(X._,) we partition the 

vector (1 and the covariance matrix E into the given past (dimension i — 1 ) and the present 
(dimension 1). 

From multivariate normal theory (see e.g. CHATFIELD and COLLINS, 1980, page 99) we 
know that if X is multivariate normal distributed N(p,Z), and can be partitioned 

(5.24) 

with corresponding partitions 

~ZU ßx 

Mi 
and Z = (5.25) 
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then the conditional distribution of X2 |X,=x, is again multivariate normal with 

expectation 

ffx^x^x.^m + ̂ .z^x.-u,) (5.26) 

and variance 

Var[X2|X,=x,] = E22-5:2,SH'£, (5.27) 

In our situation where we partition into given history and present, it follows that T.u is an 
0-1)-vector that consists of a]'s only, and Si, is a ( i- l)x(i- l)-matrix that has form 
(5.23). From the multivariate theory we know that 

log(X,)|log(X,)...log(X,_,) 

is normally distributed with expectation and variance given by equations (5.26) and (5.27). 
Although the inversion of Su could be done numerically, we are interested in finding 
analytical expressions for the conditional expectation and variance. 

To find such an expression we will use some basic matrix algebra (see e.g. MORRISON, 

1976). Suppose that we have a symmetric non-singular matrix A, and that we partition A as 

A = 
A n A l2 

A21 A22 

(5.28) 

If we assume that the submatrices An and A22 are again symmetric non-singular matrices, 
than we can express A"1 in terms of its submatrices by 

A"1 = 

(A,, — A]2A22A21 j A]2A22 ^A|, A12A22A2IJ 

-AäA1I(A11-A12A2A2I)"' A-2+A-2A21(A„-A12A-2A2))"
1A12A-

(5.29) 

Next to expression (5.29) we can obtain an alternative expression by reversing the positions 
of A, i and A22 in (5.28). As a consequence we find the following identity 

(A,, - A,2A22A2,)"'= A;,'+ A;,1 A]2(A22 - A2An'A12)"'A2Aï (5.30) 

In particular if A is pxp matrix and non-singular, b is a p vector and c is a scalar, then we 
find 



(A + cbb') 
l + cb'AHb 

A bb'A (5.31) 

Note that the covariance matrix (5.23) has the same form as the nxn matrix K, where 

K = 

a c c • • c 
c a c • • c 

c c a c (5.32) 

From equation (5.31) we can easily derive the inverse of the nxn matrix K. Define the nxn 
matrix A = (a-c)I, the «-vectorb'=[l 1 ••• l] , and write E = bb', a matrix consisting 
of ones only. Then K = A + cE , and from equation (5.31) it follows that 

K I 
a-c (a-c)[a + c(p-\)] 

In other words, K~' is a matrix with diagonal elements 

a + (n — 2)c 
(a — c)[a + («— l)c] 

and off diagonal elements 

(5.33) 

(a -c)[a + (n— l)c] 

From equation (5.33) it follows that Zn ' , the inverse matrix of the ( / - l ) x ( / - l ) -matrix 
Su has diagonal elements 

(r)+(i-2)al 
a2

e(al + {i-l)al) 

and off-diagonal elements 
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a){al + {i-\)(7l) 

Substitution of these matrices into equations (5.26) and (5.27) gives us the expressions for 
§ and Ti2, the conditional expectations and variances of log(X,) given the history of previous 
observations: 

l=E[\og(.Xi)\Xl,...,X,_l] = /i+ , I7' ,X( log(* ; ) - /*) <534) 
at + (i - 1)<7„ y=1 

and 

T,2=Var[log(X,)IX1,...,XM] = (T„ + cr, j 
( f - I K 

a; + (i - l)cr„ 
(5.35) 

We can rewrite this as 

£ . = v . ^ + (1_V;JJ_£lOg(X.) 

and 

9 7 2 

where 

v ,=l — 
«<7„ 

er; + a\ + (i - l)a„ < + * < cr„; 

1 i 

which proves equations (5.5) through (5.7). 

5.9.2 Densities of failure time selected and forward recurrence time 

In this section we will study two random variables that play a role with respect to the left 
censoring problem: the failure time selected and the forward recurrence time. We will study 
their density functions, and will derive approximations for the forward recurrence time 
using the lognormal distribution. We will use the following notation with respect to the 
normal distribution: we write ƒ , for the density function and F//(/t^) for the 
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distribution function of a normal distribution N(ß,o2) that has expectation ß and variance 
a2. 

We assume that in a renewal process the failure times X follow a lognormal distributed, in 
notation X ~ LN(ju,a2). It follows (by definition) that the distribution function F of X is 

log(') 
f(0=^^,aog(0)= jf^^Mdx 

The expected value fif of the failure time X is then 

//ƒ = EfX=exp(ju + ±cr2). 

Figure 5.7 Failure time selected and forward recurrence time 

[t>J2]- observation window, •¥,: forward recurrence time, X„: failure time selected 

First we will show that the failure time selected is again lognormal distributed. Let F0 be 
the distribution function of X0, the failure time selected. Then 

F0(t) = \f0(s)ds = ] ^ d s = ^\fN^:)(log(s))ds 

The first equation follows from the definition of a distribution function, the second equation 
follows from the definition of fQ (see equation (5.9)), and the third equation follows from 
the log-normal assumption of X. If we choose h(x) = ex in the substitution rule for 
integration 

\g(s)ds= \ g(h(x))dh(x) 

it follows that 
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, log(0 

FJt) = f ƒ ! (x)exdx 
H-f _«, 

j = exp<j-4l : 

M f L 41K01 \ \ a 

1 T 1 , h c - ( / / + CTz) J -^exp - ^ ^ U ^ > exp(// + ^cr2) £ ^2KG2 

g(0 

f ƒ 2 2 (x)dx = .F„ , 2,(log(r)) 
) J N(in-a2.a2)y ' Niti+a'.a')^ o v / y 

log(l) 

, - : i This proves that if the renewal time X is lognormal distributed, i.e. X0 ~ LN(jU,a ) , then 
the failure time selected, is again lognormal distribution, although with different 
parameters: X0 ~ LN(}i + 0 ,<J'). 

Unfortunately X,, the forward recurrence time, does not follow a lognormal distribution. 
This can directly be seen by studying its density 

l-F(x) 
ƒ](*) = 

The forward recurrence time has a positive density in zero ( ƒ, (0) = \/juf > 0), whereas the 
density of a lognormal distribution in zero is zero. We will look at two lognormal 
distributions that are close to the distribution of X|. Suppose that 

Y~ LN(v,r2) 

First we will choose v and r such that the first two moments of X\ and Y are equal. We 
shall refer to this approximation as approximation (A). Later we will fix r2 = <72and will 
choose v such that only the first moments of Xi and Y are equal, and find approximation 
(B). For the random variable Y we know that (see JOHNSON and KOTZ, 1972) 

£F = exp(v + j r 2 ) (5.36) 

and 

£Y2=exp(2v+2r2) (5.37) 
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The moments of A", can be obtained by use of partial integration 

EX\ = xf\ (x)dx = —xdx = y—!-\: 
-o o M, 

1 „ V2 exp(2// + 2cr2) , , , 

and likewise 

FY1- ] J7 y ' , e x p ^ + fcr2) 

By equating equation (5.36) with equation (5.38) and equation (5.37) with equation (5.39), 

we find that v = n + a2 - 2 log(2) + j log(3) and T2 = a2 - log(3) + 2 log(2), and therefore ' 

X, ~ LN(ju + a2+clA,,a2 +c(
2
A)) by approximation (A) 

where 

c,M)=-21og(2) + ^log(3),and 

c ^ = 2 1 o g ( 2 ) - l o g ( 3 ) . 

By fixing r2 = a2 and equating equation (5.36) with equation (5.38) we find that 
v = ß + a2 - log(2), and therefore 

X, ~ LN(ß + a2 +c ( B \ c r 2 ) by approximation (B) 

where 

c< a ,=-log(2). 
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5.9.3 Conditional expectation for the censored case 

In the case that we use lognormal approximation (A) for the forward recurrence time, we 
find that 

l og (X u ) )~ N(fiw,£w) 

where 

fH + a]+c\A)^ 

M 

and 

f ^3. . _ 2 , (A) 
<T„ + (Je + C\ 

2 

o:, 
EM ,= 

a\ + G\ 
2 

a' 

o„ + a. 

7 

er 
(5.40) 

Note that matrix (5.40) is similar to the covariance matrix (5.23) except for its first element. 
So we are interested in the inverse of a matrix of the form 

H 

d c c ••• c 

c a c ••• c 

c c a c 

which is a slightly modified version of the nxn matrix K of equation (5.32). In order to find 
H" we partition the matrix as in equation (5.28), where the submatrix A n is the scalar d 
An and A2i are vectors consisting of c's only, and A22 is a submatrix of the form (5.32). 
Application of equation (5.33) gives us that the inverse matrix H"1 has the form 
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H 

e f f -
f g h -
f h g 

f h h 

a + (n-3)c 

where 

d{a + (n-3)c)-(n-2)c2 

(5.41) 

ƒ 
d(a + (n-3)c)-(n-2)c2 

8 = 
{a + (n- A)c] {d(a + (n- 3)c - (n - 2)c2} + (a - c)c 

(a-c)(a + (n- 3)c) {d{a + (« - 3)c) - (n - 2)c2} 

-c{ J(g + (w - 3)c - (n - 2)c2} + (a - c)c2 

(fl - c)(a + (n - 3)c){rf(a + (n - 3)c) - (n - 2)c2} 

Substitution of the inverse matrix of SM)given by equation (5.41) into equations (5.26) and 
(5.27) gives 

(7,(7 
l=M + !^{log(Xl)-(M + ol+cr))+

ff2'{a2'+c>A))ft(log(Xj)-M) 
J=2 

and 

al{al + {i-2)w] 
r; = cr; + cr;+-

(a] + {i-2)a2
u)Wi 

where 

w, = (a)+a\ + 4A) )(a;+(i-2)(Tl)-(i-2)a*, 

5.9.4 Additional tables 

The tables below are additional for tables 5.4 through 5.6. The tables here show the case of 
using approximation (B) for the forward recurrence times and ignoring left censoring. 



Table 5.10 Average estimated parameter values and ( 13-week) penetrations plus standard errors for the 
variance component model over 100 data sets of 1465 households, using complete count data and six different 
imputation methods using approximation (B) for the forward recurrence time. 

ß s.e. ff„2 s.e. o;2 s.e. penetration s.e. 
pork true values 0.600 0.900 0.700 0.934 

regular" 0.704 0.025 0.963 0.049 0.425 0.012 0.965 0.003 
regular 0.631 0.024 0.904 0.045 0.548 0.013 0.958 0.003 
triangular 0.650 0.024 0.905 0.044 0.531 0.010 0.958 0.003 
uniform" 0.532 0.026 0.792 0.034 0.787 0.021 0.939 0.004 
uniform* 0.393 0.023 0.732 0.033 1.035 0.023 0.916 0.005 
uniform' 0.253 0.027 0.694 0.031 1.352 0.024 0.876 0.005 

beef true values 1.100 1.200 0.600 0.878 
regular" 1.149 0.031 1.260 0.062 0.408 0.012 0.906 0.006 
regular 1.080 0.031 1.186 0.060 0.516 0.014 0.899 0.006 
triangular 1.093 0.031 1.183 0.057 0.504 0.010 0.900 0.006 
uniform" 0.968 0.032 1.027 0.045 0.730 0.021 0.880 0.007 
uniform 0.819 0.031 0.936 0.042 0.972 0.024 0.856 0.007 
uniform' 0.668 0.032 0.861 0.039 1.264 0.028 0.818 0.007 

veal true values 6.000 5.000 1.000 0.097 
regular" 5.162 0.342 3.766 0.739 0.856 0.190 0.099 0.007 
regulär* 5.029 0.348 3.583 0.729 0.970 0.205 0.099 0.007 
triangular 5.035 0.308 3.571 0.658 0.957 0.171 0.099 0.007 
uniform" 4.765 0.287 3.188 0.556 1.184 0.177 0.099 0.007 
uniform 4.418 0.273 2.813 0.501 1.529 0.213 0.098 0.007 
uniform' 4.124 0.317 2.510 0.500 1.832 0.252 0.098 0.007 

Table 5.11 Average estimated parameter values and (13-week) penetrations plus Standard errors for the 
variance component model over 100 data sets of 1465 households, using complete count data and six different 
imputation methods and ignoring left censoring 

ß s.e. C":," s.e. Gt~ s. e. penetration s.e. 
pork true values 0.600 0.900 0.700 0.934 

regular" 0.621 0.024 0.825 0.039 0.443 0.012 0.958 0.003 
regular 0.587 0.024 0.833 0.039 0.560 0.013 0.953 0.003 
triangular 0.599 0.024 0.822 0.038 0.556 0.011 0.953 0.003 
uniform" 0.555 0.025 0.819 0.037 0.834 0.019 0.941 0.004 
uniform 0.484 0.026 0.841 0.039 1.108 0.023 0.932 0.003 
uniform' 0.423 0.026 0.885 0.042 1.494 0.030 0.918 0.004 

beef true values 1.100 1.200 0.600 0.878 
regular" 1.024 0.028 1.040 0.048 0.447 0.015 0.897 0.006 
regular 1.002 0.029 1.053 0.049 0.551 0.016 0.891 0.006 
triangular 1.009 0.029 1.038 0.048 0.549 0.013 0.892 0.006 
uniform" 0.977 0.030 1.033 0.048 0.794 0.022 0.880 0.006 
uniform 0.924 0.031 1.072 0.051 1.063 0.026 0.869 0.006 
uniform' 0.880 0.032 1.121 0.053 1.418 0.034 0.855 0.006 

veal true values 6.000 5.000 1.000 0.097 
regular" 5.548 0.181 4.278 0.454 1.106 0.247 0.099 0.007 
regular* 5.605 0.185 4.383 0.471 1.203 0.253 0.099 0.007 
triangular 5.594 0.175 4.350 0.467 1.197 0.220 0.099 0.007 
uniform" 5.699 0.182 4.517 0.517 1.416 0.183 0.099 0.007 
uniform' 5.865 0.206 4.864 0.592 1.707 0.238 0.099 0.007 
uniform' 6.026 0.205 5.178 0.628 2.033 0.237 0.099 0.007 
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Table 5.12 Average estimated parameter values and (13-week) penetrations plus standard errors for the 
variance component model over 100 data sets of 1465 households, using incomplete count data and six 
different imputation methods, and using approximation (B) for the forward recurrence time. 

M s. e. o-„2 s. e. i 
ar~ s. e. penetration s. e. 

pork true values 0.600 0.900 0.700 0.934 
regular" 0.713 0.029 0.993 0.057 0.405 0.014 0.965 0.004 
regular* 0.623 0.029 0.904 0.054 0.533 0.016 0.960 0.004 
triangular 0.639 0.029 0.914 0.053 0.519 0.014 0.960 0.004 
uniform" 0.483 0.029 0.770 0.044 0.783 0.026 0.945 0.004 
uniform 0.303 0.028 0.682 0.040 1.055 0.025 0.925 0.005 
uniform' 0.132 0.033 0.636 0.036 1.369 0.031 0.893 0.005 

beef true values 1.100 1.200 0.600 0.878 
regular" 1.129 0.037 1.267 0.073 0.394 0.016 0.911 0.007 
regular' 1.044 0.038 1.170 0.070 0.507 0.018 0.906 0.007 
triangular 1.055 0.036 1.174 0.065 0.498 0.014 0.906 0.007 
uniform" 0.891 0.039 0.989 0.054 0.742 0.031 0.892 0.007 
uniform 0.700 0.039 0.872 0.055 1.010 0.032 0.870 0.007 
uniform' 0.518 0.040 0.794 0.048 1.310 0.040 0.838 0.008 

veal true values 6.000 5.000 1.000 0.097 
regular" 5.042 0.492 3.787 0.951 0.875 0.282 0.109 0.011 
regular 4.884 0.505 3.578 0.945 1.007 0.305 0.109 0.011 
triangular 4.915 0.453 3.601 0.851 0.975 0.270 0.109 0.011 
uniform" 4.554 0.452 3.127 0.750 1.284 0.309 0.110 0.011 
uniform' 4.229 0.510 2.815 0.809 1.625 0.374 0.109 0.010 
uniform' 3.835 0.495 2.409 0.660 2.024 0.415 0.109 0.011 

Table 5.13 Average estimated parameter values and (13-week) penetrations plus Standard errors for the 
variance component model over 100 data sets of 1465 households, using incomplete count data and six 
different imputation methods ignoring left censoring. 

f s.e. j s.e. CT,2 s.e. penetration s.e. 
pork true values 0.600 0.900 0.700 0.934 

regular" 0.568 0.027 0.803 0.044 0.445 0.016 0.963 0.004 
regular' 0.543 0.028 0.803 0.044 0.557 0.018 0.958 0.004 
triangular 0.551 0.028 0.798 0.044 0.566 0.015 0.958 0.004 
uniform" 0.519 0.028 0.796 0.044 0.860 0.031 0.944 0.004 
uniform 0.458 0.029 0.817 0.045 1.165 0.034 0.933 0.004 
uniform' 0.410 0.033 0.874 0.050 1.577 0.042 0.916 0.005 

beef true values 1.100 1.200 0.600 0.878 
regular" 0.940 0.033 1.002 0.055 0.463 0.020 0.910 0.007 
regular' 0.927 0.033 1.008 0.056 0.562 0.022 0.904 0.007 
triangular 0.931 0.033 0.998 0.055 0.575 0.017 0.904 0.007 
uniform" 0.914 0.034 0.995 0.055 0.841 0.034 0.888 0.008 
uniform 0.876 0.036 1.040 0.058 1.140 0.043 0.874 0.008 
uniform' 0.850 0.038 1.107 0.064 1.538 0.051 0.854 0.008 

veal true values 6.000 5.000 1.000 0.097 
regular" 5.486 0.238 4.235 0.579 1.218 0.392 0.106 0.010 
regular' 5.545 0.242 4.324 0.597 1.314 0.391 0.105 0.010 
triangular 5.537 0.241 4.300 0.597 1.313 0.375 0.105 0.010 
uniform" 5.655 0.275 4.457 0.684 1.539 0.338 0.104 0.010 
uniform' 5.880 0.265 4.857 0.703 1.899 0.440 0.101 0.010 
uniform' 6.091 0.301 5.232 0.825 2.274 0.427 0.099 0.010 
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Table 5.14 Parameter values and (quarter) penetrations with their standard errors for the variance component 
model for empirical data using six different methods for imputing the purchase times and approximation (B) 
for the forward recurrence time 

ß s. e. 2 

cv s. e. a,2 s. e. penetration s. e. 
pork regular" 0.790 0.034 0.960 0.060 0.677 0.014 0.919 0.006 

regular 0.622 0.034 0.766 0.054 0.871 0.018 0.916 0.006 
triangular 0.692 0.034 0.836 0.056 0.797 0.016 0.917 0.006 
uniform" 0.461 0.033 0.587 0.046 1.101 0.022 0.904 0.006 
uniform'' 0.218 0.033 0.433 0.039 1.439 0.027 0.879 0.006 
uniform' 0.038 0.033 0.376 0.036 1.737 0.030 0.846 0.007 

beef regular" 1.292 0.040 1.234 0.079 0.655 0.017 0.830 0.010 
regular* 1.135 0.041 1.040 0.074 0.829 0.021 0.828 0.010 
triangular 1.207 0.041 1.121 0.076 0.753 0.019 0.829 0.010 
uniform" 1.039 0.041 0.923 0.069 0.953 0.024 0.822 0.010 
uniform 0.720 0.042 0.641 0.057 1.347 0.032 0.801 0.009 
uniform' 0.536 0.042 0.547 0.052 1.615 0.036 0.774 0.009 

veal regular" 5.645 0.469 4.568 1.023 1.108 0.192 0.071 0.008 
regular' 5.460 0.479 4.307 0.995 1.252 0.222 0.071 0.008 
triangular 5.633 0.469 4.546 1.019 1.116 0.194 0.071 0.008 
uniform" 5.511 0.482 4.441 1.018 1.250 0.218 0.071 0.008 
uniform 5.048 0.517 3.810 0.958 1.619 0.300 0.072 0.008 
uniform' 4.763 0.553 3.446 0.943 1.860 0.358 0.072 0.008 

Table 5.15 Parameter values and (quarter) penetrations with their standard errors for the variance component 
model for empirical data using six different methods for imputing the purchase times and ignoring left 
censoring 

ff„~ s.e penetration 
pork regular" 

regular* 
triangular 
uniform" 
uniform* 
uniform' 

0.784 
0.739 
0.760 
0.708 
0.624 
0.573 

0.032 
0.033 
0.032 
0.034 
0.036 
0.038 

0.960 
0.937 
0.940 
0.892 
0.864 
0.908 

0.057 
0.059 
0.058 
0.059 
0.062 
0.068 

0.653 
0.824 
0.770 
1.084 
1.437 
1.863 

0.013 
0.017 
0.016 
0.022 
0.030 
0.038 

0.920 
0.916 
0.916 
0.907 
0.900 
0.884 

0.006 
0.006 
0.006 
0.006 
0.006 
0.006 

beef regular" 1.262 0.037 1.189 0.073 0.662 0.017 0.831 0.010 
regular* 1.240 0.038 1.189 0.076 0.814 0.021 0.826 0.010 
triangular 1.250 0.038 1.183 0.074 0.769 0.019 0.827 0.010 
uniform" 1.229 0.039 1.161 0.077 0.995 0.025 0.819 0.010 
uniform 1.185 0.042 1.197 0.083 1.335 0.034 0.807 0.010 
uniform' 1.167 0.044 1.227 0.088 1.623 0.041 0.796 0.010 

veal regular" 6.633 0.446 6.044 1.225 1.395 0.219 0.068 0.008 
regular 6.703 0.452 6.184 1.254 1.489 0.233 0.068 0.008 
triangular 6.648 0.447 6.075 1.231 1.416 0.222 0.068 0.008 
uniform" 6.763 0.455 6.279 1.275 1.592 0.247 0.067 0.008 
uniform 7.093 0.486 7.074 1.442 1.944 0.302 0.066 0.008 
uniform' 7.308 0.503 7.473 1.531 2.330 0.354 0.065 0.008 

91 




