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Chapter 1

Introduction

Looking back at the most exciting and best days of your life so far, there is a
good chance that most of these days will probably not be days of total isolation.
Most probably, they will to some extent involve interaction with other beings.
Moreover, it is not only the exciting life changing encounters but also very
basic situations in everyday life in which interaction with other individuals
plays an essential role. Examples of interaction in everyday life include having
a meeting at work, having dinner with friends or family while discussing recent
life developments and plans for the weekend, giving or attending lectures and
engaging in some sports activity after work. More abstractly, much of politics
and economics is also about the interaction of individuals or institutions.

Additionally, interaction is an interesting and up-to-date topic due to tech-
nological developments which have the effect of interaction changing form,
making the world in some sense more connected and allowing for faster com-
munication and exchange of information between individuals (cf. e.g. Friede-
wald and Raabe (2011)). Increased speed and number of participants of interac-
tive processes can lead to an increased difficulty of predicting what will be the
outcome of such processes, e.g. who will be the winner of an Internet auction,
or how long it will take until some new piece of information has reached a
certain part of the population.

The emerging networks involving computer- and communication technolo-
gies are becoming increasingly heterogeneous and complicated, which calls for
a solid foundational theory for the analysis of such systems that will help us to
get a deeper understanding of interactive processes (Ministry of Public Man-
agement, Home Affairs, Posts and Telecommunications, Japan 2004; Egawa
et al. 2007). Such a theory should provide us with

1. tools to formalize different interactive processes and

2. a measure of complexity of interaction.

1
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In this dissertation, we propose a formal study of the complexity of networks
of interaction. We choose an approach based on modal logic and computational
complexity theory. The main motivation for this the following.

1. Using modal logic we can model interaction networks on an abstract level,
and moreover various more specific frameworks have been built upon
modal logic to model more particular concepts involved in interaction.

2. Computational complexity theory provides us with tools to classify prob-
lems and tasks according to their intrinsic difficulty, abstracting away
from particular implementations.

We now present the basics of both of them and illustrate how they can be
used to study interactive processes. We start with modal logic.

1.1 Modal logics for interaction – the basics
Taking an abstract perspective on modern interaction, much of it can be repre-
sented as networks: sets of nodes with different kinds of connections between
them. Examples of this include communication networks and social networks.

In general, modal logic is a formal framework for reasoning about relational
structures. Basic relational structures are closely related to graphs as they
basically consist of a set of vertices (states, worlds, points) and binary relations
on this set; the binary relations can be seen as edges or transitions. As an
example of such a structure, think about all your friends and construct a graph
by taking all friends as vertices and adding an edge between any two persons
who are friends of each other. This will be a relational structure.

For a detailed introduction to modal logic, we refer the reader to Blackburn
et al. (2001), and to van Benthem (2010) for an introduction to different ways to
use modal logic for reasoning about interaction.

To fix the notation, in what follows, we let prop be a countable set of
propositional variables, typical members of which are denoted by p, q, . . . etc.
They will be used to represent simple facts, which can be either true or false.

Definition 1.1 (Basic Kripke models) A Basic Kripke model M is of the form
(W,R,V), where

• W � ∅ is a set of worlds (states), also referred to as the domain ofM and
also denoted by Dom(M).

• the accessibility relation R is a binary relation on W, i.e., R ⊆W ×W, and

• V : prop→ ℘(W) is a propositional valuation function, assigning to each
propositional letter a subset of W. �



1.1. Modal logics for interaction – the basics 3

Such a model can be used to represent a network in which we have one
kind of connection. As an example, consider a computer network; i.e.,

• W is a set of computers,

• for all w, v ∈W we have (w, v) ∈ R if and only if there is a cable connecting
the computers w and v.

• Propositional letters could then e.g. represent different properties of com-
puters.

In most of this dissertation, we will be concerned with Kripke models that
have more than one accessibility relation. Mostly, we will deal with models that
are designed for formalizing a situation involving a set of individuals (which
we refer to as agents), and there will be an accessibility relation for each agent.

Definition 1.2 (Multi-agent Kripke models) A Kripke modelM for a finite set
of agents N is of the form (W, (Ri)i∈N,V), where

• W � ∅ is a set of worlds (states), also referred to as the domain of M,
denoted by Dom(M).

• for each i ∈ N, Ri is a binary relation on W, i.e., Ri ⊆W ×W, and

• V : prop→ ℘(W) is a propositional valuation function. �

The above definition is very general and allows for many different interpre-
tations as to what the accessibility relations of the agents should mean. Some
examples of possible interpretations of (w, v) ∈ Ri – sometimes also denoted by
wRiv – are the following:

• Agent i finds the state v at least as good as w (cf. Chapters 2 and 3).

• At w, agent i considers it possible that he actually is in v (cf. Chapter 5).

• At w, agent i can

– change the situation from w into v (cf. Chapter 3),
– move to v (cf. Chapter 4).

A straightforward generalization is to take an accessibility relation for each
subset of N, i.e., for each group (sometimes referred to as coalition) of agents
(cf. Chapters 2 and 3). Additionally, in Chapters 2 and 3, we will also consider
models in which we have accessibility relations for actions. These relations
then show how performing actions can change the state of a system.

More generally, we have Kripke models of the form

M = (W, (Ra)a∈Σ,V),
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where Σ is a finite set of labels, which are used to represent different kinds of
connections between the elements in W. We will now give some examples to
illustrate different kinds of Kripke models

Example 1.3 Consider a situation in which we have a competition between
three competitors C1,C2,C3 and the outcome of the competition will be a
ranking of the three candidates. As an external observer, we can then have
preferences over the six possible outcomes. The following is a graphical rep-
resentation of the situation, with the arrows representing our preferences over
the different outcomes.

A Kripke modelM = (W,R,V) can then be defined accordingly.

• W contains the six possible outcomes.

• R is defined in such a way that wRv if and only if v is preferred over w,
and

• the valuation V defined such that each propositional variable pC1pC2 , pC3 ,
is made true in exactly those outcomes in which the respective candidate
wins.

With such a formalization, we can reason e.g. about whether for some outcome
it is the case that there is some outcome which is better and for which pC1 is
true (i.e., C1 wins). �
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Example 1.4 Consider the situation in which five individuals can communicate
via a communication network represented as follows.

We can define a Kripke model M = (W, (Ra)a∈Σ,V), with Σ being the set
of labels representing the four types of connections (landline, mobile, email,
letter).

• W = {Ann, Bob, John, Kate, Susan},
• each Ra is defined as in the diagram, and

• we have one propositional letter pidea, with V(pidea) = {Bob}.
Interesting questions that arise here could e.g. be whether Bob’s idea can be

communicated to Kate even if after each communication step some connection
breaks down. We will consider such a setting in Chapter 4. �

Example 1.5 (Cards on a train) Consider a situation with four agents travel-
ing by train, sitting in positions as depicted below. They want to play a game,
and in order to determine who is the first to play they distribute four cards
among them. Three are of the suit � and one is of the suit �. The player who
gets the � wins this pre-game and will be the first to start the real game. Sup-
pose that each player has gotten one of the four cards. They each can see their
own card, and due to the positions in which they are sitting, additionally
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• both 3 and 4 can see the card of 2,

• 4 can see the card of 3.

1 2 3 4

Now, we construct a Kripke model for the four agents which represents the
information they have about who might have the �. We use propositional
letters pi to represent the fact that agent i has the card �.

w1

p1

w2

p2

w3

p3

w4

p4

1, 2, 3, 4
2, 3

1, 2, 3, 4
1

1

1, 2, 3, 4

1, 22

1, 2, 3, 4

Formally, the model is defined as follows. M = (W, (Ri)i∈N,V) with N = {1, 2, 3, 4},
where

• W = {w1,w2,w3,w4} is the set of four possible situations; wi represents the
situation in which agent i has the �,

• the accessibility relations Ri representing the uncertainty of the agents are
defined as follows

– R1 = Id ∪ {(w2,w3), (w3,w2), (w2,w4), (w4,w2), (w3,w4), (w4,w3)},
– R2 = Id ∪ {(w1,w3), (w3,w1), (w4,w1), (w1,w4), (w3,w4), (w4,w3)},
– R3 = Id ∪ {(w1,w4), (w4,w1)},
– R4 = Id,
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with Id = {(w,w) | w ∈W},

• V(pi) = wi for all i ∈ {1, 2, 3, 4}.
Now, some interesting questions come up such as e.g.

• Can we make a public announcement to the agents that has the effect that
after this all agents have the same information that they would have if
agent 1 was facing the other direction (i.e., if he was facing left instead of
right)?

• Does agent 1 have the same information about agent 2 as 2 has about 1?

Questions of this type will be investigated in Chapter 5. �

A related framework more general than the Kripke models defined above
is that of neighborhood models, which instead of a binary accessibility relation
on Dom(M) have a function ν : Dom(M) → ℘(℘(Dom(M))) assigning to every
state a set of sets of states. For the details we refer to Hansen et al. (2009).
In Chapters 2 and 3, we will consider neighborhood frameworks specifically
designed for reasoning about the strategic ability of groups.

Then a formal language for Kripke models is specified as follows.

Definition 1.6 (Multi-agent modal language) The basic modal language for
the finite set of agents N is defined as follows.

ϕ ::= p | ⊥ | ¬ϕ | ϕ ∨ ψ | �iϕ

with p ∈ prop and i ∈ N. �

Additionally, we will use �i, the dual operator of �i: �iϕ := ¬�i¬ϕ. For
notational convenience, we also use the following (standard) abbreviations.
ϕ ∧ ψ := ¬(¬ϕ ∨ ¬ψ), ϕ → ψ := ¬ϕ ∨ ψ, ϕ ↔ ψ := (ϕ → ψ) ∧ (ψ → ϕ) and
� := ¬⊥.

The language is interpreted at a state w in a multi-agent Kripke modelM
as follows.

M,w |= p iff w ∈ V(p).
M,w |= ⊥ never.
M,w |= ¬ϕ iff it is not the case thatM,w |= ϕ.
M,w |= ϕ ∨ ψ iff M,w |= ϕ orM,w |= ψ.
M,w |= �iϕ iff there is some v with (w, v) ∈ Ri andM, v |= ϕ.

Definition 1.7 (Multi-agent modal logic KN) The basic multi-agent modal
logic KN for a finite set of agents N has the following axioms.

(K) �i(p→ q)→ (�ip→ �iq)

for each i ∈ N and the following three rules of inference:
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Modus ponens: From ϕ and ϕ→ ψ conclude that ψ.

Uniform substitution: From ϕ conclude that χ, with χ being obtained from ϕ
by uniformly replacing propositional letters by formulas.

Necessitation: From ϕ, conclude that �iϕ. �

We write |M| to refer to the size of the modelM – to be more precise, the
size of a reasonable representation of the model. We refer to a pair (M,w) with
w ∈ Dom(M) as a pointed model. We will come back to this in Chapter 4.

Comparing models and reasoning about submodels

In various parts of our investigation we will need a reasonable notion of two
models being similar. We make use of the notions of simulation, simulation
equivalence and bisimulation.

Definition 1.8 (Simulation) We say that a pointed Kripke model (M,w), with
M = (W, (Ri)i∈N,V) and w ∈ W, is simulated by another pointed Kripke model
(M�,w�) (denoted by (M,w) � (M�,w�)) withM� = (W�, (R�i)i∈N,V�) and w� ∈W�

if the following holds.
There exists a binary relation Z ⊆ W ×W� such that wZw� and for any pair

of states (x, x�) ∈W ×W�, whenever xZx� then for all i ∈ N:
1. x, x� verify the same proposition letters.

2. if xRiz inM then there exists z� ∈W� with x�R�i z
� and zZz�. �

We say thatM = (W, (Ri)i∈N,V) is simulated byM� = (W�, (R�i)i∈N,V�) (denoted
byM �M�) if there are w ∈ W and w� ∈ W� such that (M,w) � (M�,w�). We
say that a simulation Z ⊆ W ×W� is total if for every w ∈ W, there is some
w� ∈ W� such that wZw�, and for every w� ∈ W�, there is some w ∈ W such
that wZw�. If M is simulated by M� by means of a total simulation, we say
M �total M�. Moreover, we say thatM = (W, (Ri)i∈N,V) andM� = (W�, (R�i)i∈N,V�)
are simulation equivalent ifM simulatesM� andM� simulatesM.

The truth of positive existential formulas in pointed models is preserved
under simulations.

Example 1.9 In order to get an intuitive idea of simulation, consider two
pointed Kripke models (M,w), (M�,w�) both with one agent (Bob), and the
accessibility relations representing the uncertainty of Bob. Then

(M,w) � (M�,w�)

means that in (M,w) Bob has more refined information than in (M�,w), i.e., in
(M�,w�) Bob has more uncertainty. �
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The following notion is stronger than simulation equivalence.

Definition 1.10 (Bisimulation) A local bisimulation between two pointed
Kripke models with set of agents N, (M,w) withM = (W, (Ri)i∈N,V) and (M�,w�)
withM� = (W�, (R�i)i∈N,V�) is a binary relation Z ⊆ W ×W� such that wZw� and
also for any pair of worlds (x, x�) ∈W ×W� whenever xZx� then for all i ∈ N:

1. x, x� verify the same proposition letters.

2. if xRiu inM then there exists u� ∈W� with x�R�iu
� and uZu�.

3. if x�R�iu
� inM� then there exists u ∈W with xRiu and uZu�. �

We say that M = (W, (Ri)i∈N,V) and M� = (W�, (R�i)i∈N,V�) are bisimilar
(M↔M�) if there are w ∈ W and w� ∈ W� such that (M,w)↔(M�,w�). A
bisimulation Z ⊆ Dom(M) × Dom(M�) is total if for every w ∈ Dom(M), there
is some w� ∈ Dom(M�) such that wZw�, and for every w� ∈ Dom(M�), there is
some w ∈ Dom(M) such that wZw�. Then we writeM↔totalM�.

Bisimilarity is an equivalence relation. Bisimilarity implies modal equiv-
alence: If two pointed models are bisimilar, they satisfy the same modal for-
mulas. We will use this primarily in Chapters 3 and 5. In Chapter 3, we also
use that invariance under bisimulation characterizes exactly those formulas
of first-order logic with one free variable that are equivalent to the standard
translation of a modal formula into first-order logic formulas (van Benthem
1976).

In order to illustrate why the notion of bisimulation is interesting for our
investigation, let us go back to Example 1.5 where we formalized the situation
of the four travelers playing cards on a train. For determining if this situation
is equivalent (with respect to the information of the players) to a situation in
which they sit in a different configuration, we basically have to check if the two
models are bisimilar.

In Example 1.5, we were also interested in whether it was possible to make
a public announcement that has the effect of reducing the uncertainty of some
agent in a certain way. A public announcement can have the effect that some
situations that were considered possible before can be eliminated. This moti-
vates why we would like to have a way to talk about parts of a model, e.g. only
those states in which some proposition is true. For this, we need the notion of
a submodel.

Definition 1.11 (Submodel) We say that M� is a submodel of M iff W� ⊆ W,
∀i ∈ N, R�i = Ri ∩ (W� ×W�), ∀p ∈ prop, V�(p) = V(p) ∩W�. �

Definition 1.12 (Generated submodel) We say that M� = (W�, (Ri)�i∈N,V
�) is a

generated submodel of M = (W, (Ri)i∈N,V) iff W� ⊆ W and ∀i ∈ N, R�i = Ri ∩
(W� ×W�), ∀p ∈ prop, V�(p) = V(p) ∩W� and if w ∈ W� and wRiv then v ∈ W�.
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The submodel ofM generated by X ⊆ W is the smallest generated submodel
M� ofMwith X ⊆ Dom(M�). �

A generated submodel is actually bisimilar to the original model: for all w� ∈
Dom(M�) we have that (M,w�)↔(M�,w�). Thus, the truth of modal formulas is
invariant under taking generated submodels.

To summarize, we have thus seen the basic ideas of how the framework
of modal logic can be used to model interaction. In Chapter 3, we will ad-
ditionally introduce some hybrid and Boolean modal extensions of modal logic
which can explicitly refer to particular states in the model and e.g. talk about
the intersection of relations.

In general, we are interested in what kind of social phenomena we can model
in modal logic. However, it is not only important whether some situation can
be modeled but if we want to actually use the formal framework of modal
logic to reason about social phenomena, computational properties also play
an important role as we want to be able to reason efficiently. This leads us to
computational complexity theory, which we will use to capture the complexity
of interaction.

1.2 The basics of computational complexity – from
the perspectives of modal logic and interaction

In our investigation of the complexity of interaction, we will use computational
complexity theory. We will now briefly present the basics that underlie the
complexity analyses that are given in Chapters 2 to 6.

First of all, we note that in this dissertation, we use complexity theory purely
as a tool for analyzing different problems with respect to how difficult it is to
solve them computationally. For the reader interested in the details of compu-
tational complexity theory itself, we refer to the literature (e.g. Papadimitriou
(1994)). To be more precise, the way in which we use computational complex-
ity theory here is to classify decision problems according to their “difficulty”. By
decision problems we mean problems that consist of some input and a yes/no-
question about the input. In order to give the reader an idea of such problems,
we will now give those decision problems which are usually used to evaluate
a logic with respect to how efficiently it can be used for reasoning.

Decision Problem 1.13 (Satisfiability of a logic) (SAT)
Input: Formula ϕ in the language L of a logic L.

Question: Is there a model of L that satisfies the formula ϕ? �
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What does the satisfiability problem actually mean for modal logics for rea-
soning about interaction?

In the context of modal logic frameworks for interaction, the satisfiability
problem is concerned with deciding whether it is possible to design a system
according to the specifications given by the formula ϕ, i.e., a system in which
ϕ holds. This is somewhat in line of what mechanism design (cf. Osborne and
Rubinstein (1994)) is about.

Decision Problem 1.14 (Model checking of a logic) (combined complexity)
Input: Formula ϕ in the language L of a logic L, a finite modelM of L.
Question: DoesM satisfy ϕ? �

Decision Problem 1.15 (Model checking a formulaϕ of some logic) (data
complexity)
Input: A finite modelM of a logic L.
Question: DoesM satisfy the formula ϕ? �

Note the difference between the two versions of model checking: In Problem
1.14, the formula is part of the input while in Problem 1.15 the formula is fixed.

What do the two model checking problems actually mean for modal logics
for reasoning about interaction?

Both problems ask whether a system has a certain property ϕ. More con-
cretely, in the context of interaction, the problems are concerned with whether
an interactive situation has the property ϕ. Interesting choices for ϕ could be

• the property of the current state of the interaction being stable in the sense
that none of the participants has an incentive to act in order to change it
(cf. Chapter 3),

• the property that a particular agent has the ability to ensure that the
interaction leads to success for her (cf. Chapter 4),

• the property that some particular fact is common knowledge among all
the agents (cf. Chapter 5).

As for Problem 1.15 the formula is not part of the input, but fixed, this problem
is independent from how succinctly the formula ϕ expresses a certain property
we are interested in. Investigating the complexity of this problem for a given
logic and a given formula ϕ of the logic’s language, thus tells us how difficult
it is to check whether the particular property ϕ holds.

Decision problem 1.14 is of a different nature. Investigating its complexity
for a given logic tells us how difficult it is in general to check if systems have
certain properties definable in the logic.
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In computational complexity theory, the difficulty of decision problems is
understood in an abstract computational way: it is understood in terms of how
much more resources (in terms of time and space) are needed to compute an
answer to the question as the size of the input gets bigger. For a classification of
problems according to their computational difficulty, a model of computation
is needed. Here, we use the Church-Turing Thesis (Church 1936; Turing 1936),
which says that a problem can be solved algorithmically if and only if this can
be done using a Turing machine.

Deterministic Turing machines are a theoretical model of computation; they
consist of an infinite tape, a head which is used to read the input from the tape
and to write on it, a transition function that specifies for every state the machine
can be in and for every symbol that it can read on the tape what it should do:
i.e., what symbol it should write or whether it should move one step further
left or right on the tape. The computation stops once a final state is reached.
Nondeterministic Turing machines differ in the way that instead of transition
functions they can have arbitrary transition relations.

The time needed for a computation is measured in terms of the number of
steps of the computation. The (memory) space needed for a computation refers
to the number of tape cells needed for the computation.

For a categorization of problems according to their complexity indepen-
dently of particular implementations of algorithms, we use the invariance thesis
which says that for reasonably encoded input and two reasonable machines
the complexity of the computation of the machines given that input differs by
at most polynomial time and constant memory space (van Emde Boas 1990).

We now give the complexity classes into which most of the problems con-
sidered in this dissertation fall.

1.2.1 Complexity classes

Deterministic logarithmic space (L) The class L (LOGSPACE) contains very
easy problems which can be solved by a deterministic Turing machine using
only memory space logarithmic in the size of the input.

Nondeterministic logarithmic space (NL) The easiest problems that we ex-
plicitly encounter in this dissertation are in the class NL, which is the class of
problems that can be solved using a nondeterministic Turing machine that uses
an amount of memory space that is logarithmic in the size of the input. An
example of such a problem is the Reachability problem, the problem of deciding
if there is a path between two given points in a graph.

As example instance of Reachability consider the following input: the graph
drawn in Example 1.4 and the vertices Bob and Ann. Then the reachability
problem asks whether there is a path from Bob to Ann in the communication
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network.
The reachability problem will be used in Chapters 4 and 5, where it will

appear in a game on a graph, and in the reasoning about whether a fact is
commonly known among a group of agents, respectively.

Deterministic polynomial time (P) The class P (PTIME) contains NL and is
the class of all problems that are solvable by a deterministic Turing machine
within polynomial many time steps with respect to the size of the input. P is
one of the most important complexity classes; problems which are in P are said
to be tractable as they can be solved in an efficient way.

An example of a problem in this class is the decision problem of given
two Kripke models to decide whether there is a bisimulation between them
(Balcázar et al. 1992), which is a problem we will examine more closely in
Chapter 5 when investigating the complexity of comparing the information
that different agents have.

Nondeterministic polynomial time (NP) NP contains all the previously men-
tioned classes. It is the class of problems solvable by a nondeterministic Turing
machine in polynomial time with respect to the size of the input. Intuitively, this
class contains problems for which a proposed positive answer can be verified
(deterministically) in polynomial time.

Problems which are at least as hard as all the problems in NP are called
NP-hard. A problem P� is NP-hard if every problem P in NP can be reduced
to it by a polynomial many-one reduction: a function which can be computed
in polynomial time that transforms instances (input) x of P into an instance
f (x) of P� such that x is a positive instance of P if and only if f (x) is a positive
instance of P�. If a problem is NP-hard and in NP, it is NP-complete. For the
details, we refer to Garey and Johnson (1990). A very prominent example of an
NP-complete problem is the satisfiability problem of propositional logic.

Polynomial space (PSPACE) PSPACE contains the problems which can be
solved by a Turing machine using only a polynomial amount of memory space,
with respect to the size of the input. PSPACE-completeness and -hardness are
defined analogously as for NP. This complexity class also plays a central role
in this dissertation as first of all for many game-like interaction processes for
two players the problem of deciding which of the players can win is PSPACE-
complete. An example of such a game will be studied in Chapter 4. Moreover,
the class also plays an important role in modal logic, as for the basic modal
logic the satisfiability problem is PSPACE-complete (Ladner 1977).

We remark that allowing for nondeterminism does not add any computa-
tional power for deterministic PSPACE Turing computations (Savitch 1970).
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Deterministic exponential time (EXPTIME), nondeterministic exponential
time (NEXPTIME)

EXPTIME is the class of problems solvable by a deterministic Turing ma-
chine within exponentially many time steps, with respect to the input size.

NEXPTIME is the class of problems solvable by a nondeterministic Turing
machine within exponentially many time steps, with respect to the size of the
input. In Chapters 2 and 3, we will encounter problems for which we only
know procedures that can solve them in nondeterministic exponential time

Undecidable problems There is also a whole hierarchy of classes of problems
which cannot be solved algorithmically. We will encounter some of those
problems in Chapter 3, when investigating the satisfiability problem of some
logics for reasoning about cooperation of agents. Also, in Chapter 6 we will
find an undecidable problem that can come up in the play of a particular card
game.

To summarize, we have thus seen some examples of how modal logic can
be used for reasoning about relevant concepts in the interaction of agents. Ex-
amples of such concepts include preferences, actions and information. Com-
putational complexity provides us with tools to classify decision problems
according to their intrinsic difficulty.

From the examples we considered, we could already see that

the choice of decision problem crucially determines to what extent we can
draw conclusions about the complexity of interactive situations.

This is something that we will pay particular attention to throughout the
remainder of this dissertation. After having introduced the setting in which
our investigations take place, we will now present the main questions that we
address.

1.3 Research questions

The basic frameworks previously introduced give rise to a variety of interesting
questions to be investigated with respect to the complexity of interaction. In
the current work, we will start with an abstract perspective, focusing on logical
theories for social actions and from there move to more concrete settings in
which we focus on the algorithmic tasks that interacting agents face.
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1.3.1 Complexity of reasoning about interaction in modal log-
ics

We have seen that using modal logic we can model various aspects of networks
of interaction. For capturing an interactive situation involving multiple agents
on an abstract level, the strategic ability of agents plays a crucial role. We can
describe an interactive situation in terms of what the abilities of the agents are,
i.e., what results they can achieve. This can then be done on different levels
of abstraction. We could for instance just focus on the abilities of different
companies to achieve a certain market share themselves and also ensure that
a certain competitor does does not get a share bigger than some percentage.
This way we will get an abstract and external description of how the power is
distributed in the interactive scenario involving the different companies. This
way, we could make predictions of what are the possible outcomes that can
arise. But sometimes this might not be enough, as an analysis at this level only
reveals what could eventually be achieved. As soon as we want to reason about
the situation on a more concrete level, the question that will come up is how
exactly the results can be achieved. If we want to be able to reason about this,
we also need to represent actions by which results can be achieved.

This illustrates that motivated by conceptual considerations, there are vari-
ous ways to model strategic interaction of individuals and groups.

Then the question arises as to what kinds of modal logic frameworks are
“best” for modeling which aspects of interaction, which is our first research
question.

Research Question 1 What formal frameworks are best suited for rea-
soning about which concepts involved in interaction?

• What should be the primitive notions a formal approach should be
based on?

We will address this question in Chapters 2 and 3 on an abstract level, for very
general modal logic frameworks for reasoning about the abilities of individuals
and groups to achieve something. Evaluating how good some framework is for
reasoning about certain aspects of cooperation can be done in different ways. A
natural way to evaluate a system for reasoning about interaction is to determine
which interesting concepts can be expressed and reasoned about. In the context
of logics for the interaction of agents, it is often desired that the formal system
can express concepts from game theory (Osborne and Rubinstein 1994), e.g. the
property that a certain state of the system is stable in the sense that there is no
incentive to act in order to change the state.

Apart from being able to express interesting concepts, also computational
properties of the logical framework play an important role in its evaluation.
The complexities of model checking and satisfiability problems tell us how
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much computational resources are needed to check if a given system has some
property, and how difficult it is to determine if there is a system that has certain
properties, respectively. For the design of modal logics for reasoning about
interacting agents, the challenge is to develop systems which are sufficiently
expressive given the particular situations to be modeled while still having good
computational properties so that reasoning can be done efficiently. This illus-
trates the need for a systematic study of the connection between expressivity
of logics with respect to concepts from game theory and social choice theory
and the computational complexity of the logics. In Chapter 3, we study this
by a semantic comparison of modal logic systems for reasoning about group
ability.

Both model checking (combined complexity) and satisfiability are problems
concerned with every formula of a logic’s language. As our aim is to investigate
the complexity of interactive processes, let us recall the main objective of this
dissertation, which is to investigate the complexity of interaction. An analy-
sis in terms of the complexity of satisfiability and model checking of logical
frameworks for interaction provides a very abstract view on the complexity of
interaction. This leads us to the following question.

What do the complexity of satisfiability and model checking really tell us
about the complexity of interaction?

Describing the complexity of interaction in terms of satisfiability and model
checking might not be very accurate in the sense that it might just be the case
that model checking and satisfiability for formulas that express interesting
concepts about interaction all live on one side of the complexity spectrum.
In other words, it might e.g. just be the case that the formulas interesting for
interaction are not the ones which make satisfiability or model checking hard.

From complexity of logics for interaction to complexity of interaction itself.
In order to get closer to the complexity of interaction itself, rather than the
general complexity of formal systems used to reason about interaction, there
are basically two possible paths to take.

1. Focus the complexity theoretical analysis of logical frameworks on those
properties that are relevant for interaction.

2. Investigate the algorithmic complexity of tasks that arise in interaction.

Let us start with the first one. For this, we will move to more concrete
settings of interaction of individual agents.
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1.3.2 Complexity of interaction of diverse agents
Coming back to frameworks of reasoning about the power and abilities of
agents, if we want to analyze how the power of agents is distributed among
the participants, the ability to achieve success plays a crucial role. In game-like
interaction processes, this can correspond to the ability to win. This then leads
us to the concept of a winning strategy. Having a winning strategy means to
have the power to ensure that the interaction process leads to success.

In the context of modern interaction, much of success of these processes
relies on information and communication networks. Such networks can be un-
stable as connections can break down. Successfully traversing such an unstable
network can then be seen as a game against an adversary opponent who causes
the failure of certain connections. Analyzing this situation leads us to deciding
whether there is a strategy to traverse the network to the final destination.

Considering the adversary player who cuts connections in the network,
this player’s objective can indeed also be seen as guiding the traversal to some
particular destination by cutting all the alternative routes. In general, such a
framework can be seen as a two-player game between one player who traverses
the network and another one who cuts connections. In this context, our next
research question arises.

Research Question 2 What is the role of cooperation vs. competition in
the complexity of interaction?

• Does analyzing an interactive situation in general become easier if
the participants cooperate?

We address this question in Chapter 4 within the framework of Sabotage
Games. Here, we will determine the complexity of deciding if a winning strat-
egy exists, while we consider different variations of objectives of the players,
distinguishing between cooperative and non-cooperative versions.

While Sabotage Games can be used as a model of information flow in net-
works with flaws, the information of the players themselves is not explicitly
considered in this framework. However, the information of agents plays a cru-
cial role in interaction. Intuitively, both the difficulty involved in interacting
and the difficulty of reasoning about interactive situations or making predic-
tions about them are affected by the underlying information structure of the
interactive process. By this we mean the information that agents have about
facts but also about the information that other agents have.

Similarly as for the complexity of deciding if a winning strategy exists,
also for information, there are specific properties that play a special role in
interaction. It is often crucial how information about facts and other agents’
information is distributed among the agents. Do they have similar informa-
tion about each other? In case of diverse agents, the question arises as to
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whether it is possible to induce information similarity of the agents by giving
information to those who have less knowledge about the actual situation. The
complexity of such questions could be investigated within fragments of exist-
ing epistemic modal logic frameworks. However, in order to proceed with our
aim to investigate interaction itself rather than properties of logical theories of
interaction, a complexity study of the algorithmic tasks that arise when ana-
lyzing information structures of agents seems more appropriate in the context
of this dissertation.

Focusing on a purely semantic perspective on how information is modeled
in modal epistemic logics, tasks involved in reasoning about agents’ infor-
mation boil down to comparing and manipulating the relational structures
that represent the knowledge and beliefs that agents have. Intuitively speak-
ing, there seems to be a difference in complexity of just reasoning about the
information that one individual agent has about facts, and reasoning about
higher-order information in a system with a large number of agents.

This leads us to the next research question.

Research Question 3 Which parameters can make interaction difficult?

• How does the complexity of an interactive situation change when
more participants enter the interaction or when we drop some sim-
plifying assumptions on the participants themselves?

We will address this question in Chapter 5 by focusing on what makes
comparing and manipulating agents’ information difficult. As we deal with
concrete tasks, as opposed to the more abstract decisions problems such as
satisfiability, many such tasks can be expected to be efficiently solvable. The
questions that arise are the following.

What tasks about information comparison and manipulation are tractable?
When do they become intractable?

Here, particular interest should be paid to the effect of certain assumptions that
are often made when formalizing knowledge, such as veridicality and positive
and negative introspection. Can these assumptions make tasks which are in
general intractable efficiently solvable?

These three research questions guide us from a high-level perspective on
interaction using modal logics to an analysis of algorithmic tasks involved when
reasoning about the information individual agents have. As our analysis is
originally motivated by the need of a formal theory underlying real interaction,
this leads us to the following last step in the analysis and thus back to interaction
in the real world.
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1.3.3 Complexity of interacting
It remains to determine whether results of a complexity theoretical analysis of
interaction also have implications for real interactive processes. Intuitively, we
would expect that it would be results about specific tasks which could have
immediate implications for real interaction in the sense that human agents face
similar tasks when interacting.

Research Question 4 Finally, to what extent can we use a formal anal-
ysis of interactive processes to draw conclusions about the complexity of
actual interaction?

• Are there concrete examples of interactions in which participants
actually encounter very high complexities which make it impossible
for them to act?

For addressing this question, we need a setting in which tasks arise which
can be analyzed formally and which are tasks that real agents also have to face.
Real (recreational) games are a natural choice here for us because recreational
game playing is a very natural process, and moreover game rules control the
interaction, which helps for a formal analysis.

If we want to analyze the complexity of tasks in games and be able to
draw conclusions about the complexity that humans face in playing the game,
it is important to focus the analysis on those tasks which players actually
encounter in real play. Tasks that arise in sophisticated strategic reasoning
such as computing if a winning strategy exists do not seem suitable candidates
here as for recreational game playing solving such tasks is not necessary during
the play. Of course such tasks do play a role also in recreational game playing
but we cannot conclude that players are actually forced to complete such a task.
Hence, we should focus on those tasks, which players are forced to face by the
rules of the game. This leads us to the very basic task of performing a legal
move. This task is at the very heart of game playing as the rules of a game
actually “force” the players to face this task.

Having determined the kind of task for the complexity analysis, it remains
to choose an appropriate class of recreational games to study. Here, the class
of inductive inference games seems to be a natural candidate. In these games a
designated player has to construct a rule about which moves of the other players
are accepted and which are rejected. Then the other players get feedback for the
moves they make and based on this inductively infer the secret rule. For our
investigation, choosing an inductive inference game has the great advantage
that it allows for a wide range of variations with respect to the complexity. There
is a direct correspondence between the chosen secret rule and the difficulties
that arise in the game. Inductive inference games exist of various kinds. For
a formal analysis, a game in which both the secret rule and the moves of
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the players can be easily defined formally would be the best. This leads us
to the card game Eleusis in which the secret rule is about sequences of cards
and moves of players consist simply of placing cards in a sequence on the
table. Additionally, Eleusis is also of interest for formal learning theory (cf.
Gold (1967)), as the game illustrates learning scenarios in which general rules
grammars are learned from inductively given data.

Fields to which this dissertation contributes. The results of this dissertation
connect up between different areas of research, such as logic (in particular,
modal logics for agency), computational complexity, game- and social choice
theory, algorithmic game theory and formal learning theory.

1.4 Outline

This dissertation is structured as follows.
In Part I, we investigate the complexity of modal logics for reasoning about

the abilities of groups of agents to achieve something.
Chapter 2 presents an example of a modal logic system for reasoning about

interaction. More precisely, this chapter focuses on the concepts of coalitional
power, actions and preferences. The logic we present is based on the coopera-
tion logic with actions (CLA) developed by Sauro et al. (2006). We extend this
framework with a fragment of the preference logic developed by van Benthem
et al. (2007) in which agents have preferences over the states. Our resulting
logic (cooperation logic with actions and preferences (CLA+P)) can distinguish
between different ways to collectively achieve some results, not only with re-
spect to how the results can be achieved but also with respect to whether or
not it can be done in a way that leads to an improvement for individual agents.
We analyze the satisfiability problem of CLA+P and show that it is decidable.
We also show that it is EXPTIME-hard as so is the underlying action logic.

Then in Chapter 3 we take a broader perspective on cooperation logics,
proposing a systematic analysis of how much expressive power and complexity
is needed for interesting reasoning about coalitional power and preferences in
different kinds of modal logics. We focus on three classes of modal logic frame-
works; a simple framework based on transition systems in which transitions are
labeled with coalitions, an action-based approach and a so called power-based
approach. Moreover, we identify a range of notions and properties involving
coalitional power and preferences and for each of these properties (ranging
from the simple group ability to ensure that some fact is true, to more involved
stability notions) we determine under what model theoretical operations it is
invariant. This way, we can determine what kind of extended modal languages
are appropriate for each of the classes of models for expressing the properties.
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The languages determined by this method lead us to extended modal logics
with certain complexities for model checking and satisfiability. Our method-
ology allows us to make precise what is the impact of design choices (e.g.
whether to make coalitional power explicit in terms of actions) on how difficult
it is to express certain kinds of properties. In addition to this analysis, we
also study the relationship between action-based models for cooperation and
power-based models. In particular, we focus on common assumptions on the
powers of coalitions and discuss their interpretations on different models.

After this formal analysis of modal logics for reasoning about the interaction
of groups of agents, Part II then analyzes the interaction between diverse agents.

In Chapter 4, we investigate a class of games played on a graph, called
Sabotage Games. These games, originally introduced by van Benthem (2005),
are two-player games in which one player (Runner) moves along the edges
of the graph and the other player (Blocker) acts in the game by removing
edges. In the standard version of this game, Runner tries to reach a goal state
while Blocker tries to prevent this. Originally motivated by the interaction
between Learner and Teacher in formal learning theory, we give two variations
of the game: one in which Runner tries to avoid reaching a goal state (while
Blocker tries to force him to move to a goal state) and a cooperative version
in which both players want Runner to reach the goal. For each version, we
analyze the complexity of deciding which player has a winning strategy. We
show that the cooperative game is the easiest (NL-complete) while both non-
cooperative games are more complex (PSPACE-complete). On the technical
side, we discuss different methods for obtaining the complexity results and
also point out which of them can lead to technical problems depending on
which exact definition of a Sabotage Game is taken. Additionally, we consider
a variation in the procedural rules of the games allowing Blocker to refrain
from removing an edge. We show that this does not affect the winning abilities
of the players.

Chapter 5 focuses on the concept of information, by analyzing different tasks
that arise when reasoning about agents that are diverse in the sense that they
have different information. This analysis takes place in the semantic structures
of (epistemic) modal logic. Instead of investigating the complexity of such
modal logic systems, this chapter analyzes concrete tasks such as determining
whether two agents have similar information (about each other), and deter-
mining whether it is possible to give some information to one of the agents
such that as a result both agents have similar information. In the complexity
analysis, we pay particular attention to tracking where the border between easy
(polynomially decidable) and hard (NP-hard) problems lies. We show that in
general most tasks about deciding if agents have similar information (about
each other) are tractable with some cases being trivial and others being among
the hardest problems known to be tractable. For more dynamic tasks involving
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information change, the situation is different. We extend some hardness-results
from graph theory in order to show that deciding if we can give some infor-
mation to one agent so that his new information state will be of a certain shape
is in general NP-complete. With the assumption of epistemic models being
based on partitions however, in the single-agent case the problem turns out to
be tractable.

Finally, Chapter 6 aims to answer the question as to what a formal com-
plexity theoretical study can tell us about interaction in practice. This is done
by investigating a particular card game: The New Eleusis, which is an inductive
inference game. In this game, one designated player takes the role of God or
Nature and constructs a secret rule about sequences of cards. Then the other
players (Scientists) play cards in a sequence and each time get feedback from
the first player about whether the card is accepted or rejected according to the
secret rule. With this information, players try to inductively infer what might
be the secret rule and test their hypotheses by playing certain cards. We exam-
ine the computational complexity of various tasks the players face during the
game such as the task for the Scientist players of determining whether some
rule might be the secret rule or the task of the first player of deciding whether
a card is accepted or rejected. We show that if before the game players agree to
only consider secret rules in a certain class, then the problems for the Scientists
are tractable. Without these additional restrictions, the game however allows
for the first player to construct a rule that is so complex that she even cannot
give accurate feedback any more as to whether a card is accepted. This chapter
thus shows that in the case of this game a complexity theoretical study indeed
allows us to draw some conclusions for the actual play of the game. Based on
this, we give some recommendations for adjusting the rules of the game.

Chapter 7 concludes this dissertation and presents some directions for fur-
ther work.

Sources of the chapters. The logical system for explicit reasoning about
groups of agents with preferences presented in Chapter 2 has been devel-
oped in Kurzen (2007). The complexity analysis given in this chapter is based
on Kurzen (2009). Earlier version of it have been presented at the 8th Confer-
ence on Logic and the Foundations of Game and Decision Theory (LOFT 8) and at
the workshop Logic and Intelligent Interaction at the European Summer School in
Logic, Language and Information 2008 (ESSLLI 2008).

Chapter 3 is based on joint work with Cédric Dégremont. The analysis of
expressive power and complexity of modal logics for cooperation presented
in this chapter is a continuation of Dégremont and Kurzen (2009a), which
has been presented at the Workshop on Knowledge Representation for Agents and
Multi-Agent Systems (KRAMAS 2008).
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Different previous versions of the work in Chapter 3 have been presented
at the workshop Logical Methods for Social Concepts at ESSLLI 2009, at the Second
International Workshop on Logic, Rationality and Interaction (LORI-II) (Dégremont
and Kurzen 2009b) and at the 9th Conference on Logic and the Foundations of Game
and Decision Theory (LOFT 9) (Dégremont and Kurzen 2010).

Chapter 4 is based on joint work with Nina Gierasimzcuk and Fernando
Velázquez-Quesada. The complexity analysis of Sabotage Games given in that
chapter 4 originally started as a formal analysis of language learning, pre-
sented at the 10th Szklarska Poreba Workshop. Follow-up versions of it, focusing
on the interactive view on learning and teaching have been presented at the
workshop Formal Approaches to Multi-Agent Systems (FAMAS 2009) (Gierasim-
czuk et al. 2009a) and at the Second International Workshop on Logic, Rationality
and Interaction (LORI-II) (Gierasimczuk et al. 2009b). The technical results on
the complexity of the different versions of Sabotage Games have also been
presented at the workshop G∀AMES 2009.

The complexity analysis of tasks involved in reasoning about information
of diverse agents as presented in Chapter 5 is based on joint work with Cédric
Dégremont and Jakub Szymanik. It has been presented at the workshop Reason-
ing about other minds: Logical and cognitive perspectives at TARK XIII and appears
in Dégremont et al. (2011).

Chapter 6 extends the complexity analysis of the recreational card game
Eleusis given in Kurzen (2010), which has been presented at the International
Workshop on Logic and Philosophy of Knowledge, Communication and Action 2010
(LogKCA-10). Earlier versions of it have been presented at the student session
of the ICCL Summer School 2010 on Cognitive Science, Computational Logic and
Connectionism and the workshop G∀AMES 2010. Joint work with Federico
Sangati and Joel Uckelman has lead to a wild ideas talk on the game Eleusis at
the first ILLC colloquium and to Federico Sangati’s online implementation of the
game (Sangati 2011).




