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Chapter 3

Complexity and Descriptive
Difficulty of Reasoning about Cooperation
in Modal Logics

In the previous chapter, we have seen an example of a formal framework for
reasoning about strategic interaction of groups of agents in an explicit way.
Investigating the complexity of that logic has led us to the question of how we
can get a clear grip on the computational properties of logical systems designed
for reasoning about certain aspects of strategic interaction.

In this chapter, we analyze the complexity of reasoning about the strategic
abilities of groups and individuals in different modal logic frameworks. In
general, the frameworks we consider in this chapter are all designed to cap-
ture situations as the one of the rivaling companies explained in the previous
chapter.

The analysis given in this chapter is motivated by the following question
which plays a crucial role in the process of designing formal frameworks for
reasoning about interaction between agents.

• Given that we want to develop a modal logic that can capture certain
aspects of cooperation, how much expressive power would we need for
this, and what will be the complexity of such a logic?

We aim to answer this question focusing on the following three general
types of approaches to modal logics for cooperation and preferences:

1. very simple models that directly represent coalitional power,

2. action-based coalitional models that explicitly represent the actions by
which (groups of) agents can achieve something,

3. power-based coalitional models that focus on how the ability of groups
arises from that of their subgroups.
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52 Chapter 3. Complexity of Modal Logics for Cooperation

For each class of models, we evaluate the following: how much expressive
power is needed for expressing certain concepts inspired from game theory
and social choice theory? And what will be the complexity of the resulting
logical systems?

Similarly to the previous chapter, this chapter contributes to the area of
modal logics for agency (cf. e.g. Horty and Belnap (1995)) and reasoning about
social concepts, with a particular focus on coalitional power (cf. e.g. Pauly
(2002a)) and preferences (cf. e.g. Girard (2008)). On the technical side, this
chapter also provides a semantic comparison of different logics by giving trans-
formations between different classes of models.

3.1 Reasoning about efficiency and stability in
modal logics

We can think of cooperative and non-cooperative game theory as theories of
stability of states of interactive systems, and social choice theory as a theory of
fairness and efficiency of such states.

This chapter contributes to the general project of bringing the perspective
of descriptive complexity to the analysis of problems raised by the analysis
of multi-agent systems in terms of stability, efficiency and connected concepts.
We are concerned with studying the expressive power required for logical
languages to reason about interactive systems in terms of such notions. Conse-
quences in computational complexity can then be drawn, paving the way for a
descriptive perspective on the complexity of certain types of game- and social
choice theoretical reasoning. In this chapter, we take an abstract perspective (as
e.g. Roux et al. (2008)) on interactive systems and represent the structures for
cooperative ability together with the preferences of individuals as simple rela-
tional structures, as it is done in modal logics for reasoning about cooperation
in multi-agent systems. We aim towards a unified perspective on modal logics
for coalitional power of agents with preferences, both on a model-theoretical
and syntactic level. It is important to note that contrary to the previous chapter,
the objective of this chapter is not to propose a new modal logic for interac-
tion but to develop a unifying perspective on different classes of existing ones.
Our work is similar in spirit to e.g. Goranko (2001), Broersen et al. (2009) and
Goranko and Jamroga (2004), aiming towards a unified perspective on differ-
ent logics for multi-agent systems modeling similar concepts. We distinguish
logics that explicitly represent the actions (such as e.g. CLA+P of Chapter 2)
and those that take coalitional power as a primitive.

Our main aim is to determine the expressive power and complexity needed
for modal logics to express concepts from game theory and social choice theory.
For qualitative coalitional games (Wooldridge and Dunne 2004) a similar anal-
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ysis has been done by Dunne et al. (2007). Our work differs in the sense that
we represent agents’ individual preferences by binary relations over the state
space instead of considering goals whose achievement leads to the satisfaction
of agents.

How much expressive power and complexity is needed for expressing cer-
tain concepts depends of course on the associated semantic structures of the
logics. We analyze three classes of models for cooperation and determine how
demanding different concepts from game theory and social choice theory are on
each class of models. Our results help to make design choices when developing
modal logics for cooperation since we clarify the impact of certain choices on
the complexity and expressive power required to express different concepts.

Let us briefly outline the methodology followed in this chapter. First of
all, we focus on classes of logics for cooperation with natural and well studied
model-theoretical properties. We consider three different normal modal logic
frameworks for reasoning about the cooperative ability of agents1 and extend
them with agents’ preferences as total preorders over the states. Then, we
analyze both the relation between these logics and also consider the relation to
CL. Next, we focus on some notions of interest for reasoning about cooperation,
and give their natural interpretations in each of the models. We then determine
the expressive power required by these notions; we do this by checking under
which operations these properties are invariant. Using characterization results
for extended modal logics, we then obtain extended modal languages that
can express the notions. Among these, we choose the ones with the lowest
expressive power and give explicit definability results for the notions in these
languages. Using known complexity results for extended modal logics, we then
also obtain upper bounds (UB) on the complexity of the satisfiability problem
(SAT) and on the combined complexity of the model checking problem (MC)
of modal logics expressing each notion.

3.2 Three ways of modeling cooperation

We consider three classes of models that are simplifications or generalizations
of models used in the literature. We choose simple and general models in
order to avoid additional complexity resulting from particular constraints on
the models. Our simple models then allow us to distinguish clearly how
expressing the notions is demanding by itself and also to evaluate from a high-
level perspective how appropriate the models are for reasoning about which
aspects of cooperation.

1Thus, our approach is similar to that of Broersen et al. (2009) who also investigate different
normal modal logics for cooperation, with the difference that we consider generalizations of
existing approaches, dropping several assumptions on the models.



54 Chapter 3. Complexity of Modal Logics for Cooperation

The first class of models we consider is the class of coalition-labeled transi-
tion systems (Dégremont and Kurzen 2009a; Dégremont 2010). These models
focus on the interaction between preferences and cooperation, simplifying the
computation of coalitional powers itself as they are directly represented as ac-
cessibility relations for each coalition. The second class of models, action-based
coalitional models, represents coalitional power in terms of actions. The third
class, power-based coalitional models, focuses on reasoning about and computing
coalitional power itself, representing groups’ choices as partitions of the state
space. Unless explicitly stated otherwise, preferences on all the models are
represented by total preorders (TPO) (i.e., total, reflexive and transitive binary
relations) over the states.

At this point, we note that our choice of three different approaches to mod-
eling coalitional power by no means completely covers the whole range of ap-
proaches existing in the literature2. The three approaches we consider present
three examples of how coalitional power can be modeled from different per-
spectives. There are existing approaches to coalitional power which in a sense
combine different aspects of the models we consider (e.g. Herzig and Lorini
(2010); Lorini et al. (2009)).

Our main aim is to explain how coalitional power is represented in each of
the different approaches. We also briefly give extended modal languages which
can be interpreted on the models, and also axiomatizations of the corresponding
logical systems.

The reader mainly interested in the conceptual differences of coalitional
ability in the three approaches can skip the sections with the languages and
axiomatizations and refer back to it later in Section 3.3.4, where we use the
extended modal languages to express interesting properties.

We will use the following notation in this chapter.

Notation Our models are again based on a finite set of agents N. j ranges over
N. prop is still the set of propositional letters and nom a set of nominals, which
is disjoint from prop. A nominal is true in exactly one state. We let p ∈ prop
and i ∈ nom. For R being a binary relation on a set W, i.e., R ⊆W×W, we write
R[w] := {v ∈W | wRv}.

3.2.1 Coalition-labeled transition systems

Sequential or turn-based systems – Kripke models with an accessibility relation
for each coalition – can be used for reasoning about coalitional power: in each
state a group (if it is its turn) has the power to move the system into exactly

2See e.g. Troquard et al. (2009) for an approach in which coalitional power arises from
individuals’ abilities to control the truth value of propositional letters.
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the states accessible by that group’s relation. These models generalize conver-
sion/preference games (Roux et al. 2008) and the models of agency introduced
by Segerberg (1989). The former take an abstract view on game theoretical
models, based on the idea that game theory is a theory of stable vs. unstable
states in interactive systems. Here, the focus is not on how coalitional power
arises from the powers of individuals. Rather coalitional power itself is taken
as a primitive.

Definition 3.1 (LTSmodel) A labeled transition system (LTS) indexed by coali-
tions in ℘(N) is a 5-tuple of the form �W, N, ( C→)C⊆N, (≤ j) j∈N,V�, where

• W � ∅ is a set of states,

• N is a finite set of agents,

• C→⊆ W ×W for each C ⊆ N represents the coalitional power of C: w C→ v
means that it is in the power of coalition C to change the system’s state
from w into v.

• ≤ j⊆W ×W is a TPO for each j ∈ N, which represents agent j’s preferences
over the states: w ≤ j v means that j finds v at least as good as w,

• V : prop ∪ nom → ℘(W) is a valuation function with |V(i)| = 1 for each
i ∈ nom.

We also refer to labelled transition systems indexed by coalitions in ℘(N) by
℘(N) − LTSmodels or simply as LTSmodels (if the set of agents is clear). �

Thus, an LTS models a system of agents by representing the ability of groups
of agents in terms of transitions between states of the system, over which the
individuals have preferences.

Example 3.2 Consider the following example of an LTS labelled by coalitions
of the set of agents N = {1, 2}. We let all agents be indifferent between all states,
and do not explicitly represent the preferences here.

w

u v{1, 2}

{1}

{2}

{1, 2}

p
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Then the grand coalition has the power to change the state of the system
from w into u and also into v. The singleton coalition consisting of agent 1
(agent 2) only has the power to change the state of the system from w into u
(keep the system in state w). �

As an example of an interactive situation represented in an LTS model, we
will consider a multi-agent resource allocation setting (cf. Endriss et al. (2006)).
The idea is that the state space represents the possible allocations, and the
relations for the coalitions represent the possible changes of allocations that
groups of agents can achieve by exchanging their resources.

Example 3.3 Consider a resource allocation setting as studied by Endriss et al.
(2006). Given a finite set of agents N and a finite set of resources R, an allocation
divides all resources in R amongst agents in N: An allocation is a function
A : N → ℘(R) such that for all j, j� ∈ N it holds that A( j) ∩ A( j�) = ∅ and�

j∈NA( j) = R.
Then a deal among a subset of agents is an exchange of resources among

them. Thus a deal can be seen as a transition from one allocation to a different
one. A deal is then represented as a pair δ = (A,A�) such that A � A�. Each
agent j ∈ N has a utility function uj : ℘(R) → IR that represents how much the
agent likes each set of resources.

Given a set of agents N a set of resources R, and the set A of all allocations
of R to N, we can model this scenario in a ℘(N) − LTSmodel as follows. We can
defineM = �W, N, ( C→)C⊆N, (≤ j) j∈N,V�with

• W = A,

• A C→ A� iff there is deal δ = (A,A�) that involves only agents in C,

• A ≤ j A� iff uj(A) ≤ uj(A�).

The valuation function can be chosen to fit the context of the allocation setting;
e.g. we might be interested in who is assigned a particular resource. This can
be represented by a corresponding propositional letter for each agent, which
is then made true in exactly those states in which that agent is assigned that
resource.

With our formalization, we can then study resource allocation settings from
an abstract perspective as graphs, and find logical characterizations of relevant
properties, e.g. the existence of loops of rational deals. A deal can be called
rational if it does not decrease the utility of any of the agents involved in it. In
our model, a rational deal for a set of agents would then be a transition along
the intersection of the coalition relation for that set of agents and each of the
agents’ preference relations. �
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To summarize, the class of coalition-labeled transition systems models co-
operative ability of agents in a simple way. In each state, a coalition (if it is its
turn) has the power to make the system move into exactly the states accessible
by the relation labeled with that coalition.

An interesting feature of the class of℘(N)−LTS is that except for the assump-
tion of agents’ preferences being total preorders, preferences of individuals and
coalitional ability are modeled in the same way. Both for checking if a coalition
can force that some formula is true and also for checking if an agent prefers
a state in which a formula is true, we need to check the states accessible by
the corresponding accessibility relation and check if the formula is true there.
This is interesting from a conceptual perspective, and, as we will see later, also
has interesting technical consequences concerning the expressive power and
complexity needed to reason about properties involving both coalitional power
and preferences.

Language interpreted on ℘(N) − LTS
Now we can define our basic language LLTS and some of its extensions. Note
that here and later for the other systems we will only define those fragments of
extended modal languages that we need later for expressing some interesting
properties; thus we do not give the definitions for a full hybrid extension or a
full extension with PDL modalities (cf. e.g. Fischer and Ladner (1979a); Harel
(1984)).

We start by defining a set of programs.

α ::= ≤ j | C

Then, LLTS is defined as follows.

ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | �α�ϕ,

where j ∈ N,C ∈ ℘(N),C � ∅, p ∈ prop.
Extending the language by allowing intersections of the modality, we get

the language LLTS(∩), which is defined just as the basic language with

α ::= ≤ j | C | α ∩ α.

Another extension that we will need later is the hybrid extension ofLLTS, which
we denote byHLLTS(↓).

α ::= ≤ j | C
ϕ ::= p | i | x | ¬ϕ | ϕ ∧ ϕ | �α�ϕ | ↓x.ϕ

where j ∈ N, C ∈ ℘(N),C � ∅, p ∈ prop, i ∈ nom, x ∈ svar. svar is a countable
set of variables.
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For all these languages, programs α are interpreted as binary relations
Rα ⊆W ×W.

R≤j = ≤ j

RC =
C→

Rα∩β = Rα ∩ Rβ
Formulas are interpreted with an assignment g : svar→W. Boolean combina-
tions are interpreted in the standard way.

M,w, g |= p iff w ∈ V(p)
M,w, g |= i iff {w} = V(i)
M,w, g |= x iff w = g(x)
M,w, g |= �α�ϕ iff ∃v : wRαv andM, v, g |= ϕ
M,w, g |=↓x.ϕ iff M,w, g[x := w] |= ϕ

Thus, the languages we consider for the class of ℘(N) − LTS models include a
hybrid extension of the basic language and also extensions that allow for inter-
sections inside the modalities, which then gives us modalities that run along
the intersections of the basic coalition relations and the preference relations of
individuals.

Axiomatization

We briefly give the axioms for the different fragments we will use later. For the
basic system, we have a multi-modal logic with the K axiom for each coalition
modality. The preference fragment is axiomatized by S4.3.

Definition 3.4 The axioms of the basic logic for the class of LTS contain the
axiom schemes of propositional logic and additionally the following axiom
schemes.

K([C]) [C](ϕ→ ψ)→ ([C]ϕ→ [C]ψ)
K([≤ j]) [≤ j](ϕ→ ψ)→ ([≤ j]ϕ→ [≤ j]ψ)
4(�≤ j�) �≤ j��≤ j�p→ �≤ j�p
T(�≤ j�) p→ �≤ j�p
.3(�≤ j�) �≤ j�p ∧ �≤ j�q→ �≤ j�(p ∧ �≤ j�q) ∨ �≤ j�(p ∧ q) ∨ �≤ j�(q ∧ �≤ j�p)

The rules of inference are modus ponens, uniform substitution and neces-
sitation. �

The hybrid and Boolean extensions of the basic system are axiomatized in
the standard way.

From the class of LTS which models coalitional power from a high-level
perspective, focusing on the distribution of power among coalitions in a social
system, we will now move on to classes of models focusing on agents making
simultaneous and independent decisions.
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3.2.2 Action-based coalitional models

In the second class of models that we consider – action-based models – coali-
tional power arises from the agents’ abilities to perform actions, just as in the
models considered in Chapter 2 and e.g. those developed by Borgo (2007) and
Walther et al. (2007).

Definition 3.5 (ABC) An action-based coalitional model (ABC model) indexed
by a finite set of agents N and a collection of finite sets of actions (Aj) j∈N is a

5-tuple of the form �W, N, ( j,a−→) j∈N,a∈Aj , (≤ j) j∈N,V�,where

• W � ∅ is a set of states,

• N is a finite set of agents,

• j,a−→⊆W×W for each j ∈ N, a ∈ Aj represents the effects of agents performing

actions: w
j,a−→ v means that if in w agent j performs action a then the system

might move into state v,

• ≤ j⊆W ×W is a TPO for each j ∈ N, which represents agent j’s preferences
over the states: w ≤ j v means that j finds v at least as good as w,

• V : prop ∪ nom → ℘(W) is a valuation function with |V(i)| = 1 for each
i ∈ nom. �

Let us now look at how the ability of agents is modeled in action-based coali-
tional models. At a state w, agent j can guarantee by doing a that the next state

is one of the states in
j,a−→ [w]. In general, at w agent j can guarantee that the next

state is in X ⊆W if and only if for some a ∈ Aj, we have that
j,a−→ [w] ⊆ X.We say

that X is in the exact power of j at w if for some a ∈ Aj, it holds that
j,a−→ [w] = X.

Power of individuals extends to power of coalitions as follows. Let C =

{ j1, . . . , j|C|}. Then, at w, C ⊆ N can force the next state to be in {� j∈C
j,aj−−→ [w] |

(a1, . . . , a|C|) ∈ × j∈CAj}. Again, X ⊆W is said to be in the exact power of coalition

C at w if X ∈ {� j∈C
j,aj−−→ [w] | (a1, . . . , a|C|) ∈ × j∈CAj}. Note that as opposed to the

previous class of models (℘(N)−LTS), with the above definitions, in action-based
coalitional models powers are additive in the sense that powers of coalitions
arise from the powers of individuals.

Example 3.6 Consider the following ABC model with N = {1, 2}, actions A =
{a, b, c} and A1 = {a, b}, A2 = {c}.
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w

t

v u p

a

b a

c

c b

In the model, we can see what are the effects of actions being performed in
state w. E.g., if action a is executed, the system will move either to u or to v. At
state w the coalition {1, 2} can make the system move into u, by 1 doing a and 2
doing c. �

The definition of ABC models is very general and allows e.g. for states in
which there are no outgoing transitions for any action. We will now consider
some reasonable assumptions on ABCmodels

Definition 3.7 We say that an ABC model is reactive if the following condition
is fulfilled:

• For any (aj) j∈N ∈ × j∈N(Aj), and for all w,
�

j∈N
j,aj−−→ [w] � ∅, i.e., for every

collective choice of actions there is some next state.

We say that an ABC model is N-determined if for all w ∈ W and all action

profiles (aj) j∈N ∈ × j∈N(Aj) j, we have that | � j∈N
j,aj−−→ [w] | = 1.

ABCNR denotes the class of N-determined reactive ABCmodels.

Thus, in reactive ABC models, in every state agents have available actions
and there is always a successor state. ABC models are N-determined if the next
state is completely determined by the choice of the grand coalition.

To summarize, in ABCNR models, agents each have a set of actions from which
they can choose. The choices of all the agents then completely determine the
next state of the system. Thus, as opposed to the models of CLA+P discussed
in the previous chapter, the grand coalition here has complete control of the
system.

Language interpreted on ABCmodels.

We now give the language for reasoning about ABC models. More precisely,
we have a family of languages indexed by collections (Aj) j∈N. We start with the
basic language LABC, which is defined as follows.

α ::= ≤ j | aj



3.2. Three ways of modeling cooperation 61

ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | �α�ϕ
Then, the first extension we consider allows to talk about the intersection

of actions and preferences. This language LABC(∩) is defined just as the basic
language LABC with also allowing α ∩ α inside the modalities.

The first hybrid extension we need later is the extension of the basic language
with the binder ↓. This languageHLABC(↓) is defined as follows.

α ::= ≤ j | aj

ϕ ::= p | i | x | ¬ϕ | ϕ ∧ ϕ | �α�ϕ| ↓x.ϕ.

Extending it with an intersection modality, we then getHLABC(↓,∩) with

α ::= ≤ j | aj | α ∩ α

ϕ ::= p | i | x | ¬ϕ | ϕ ∧ ϕ | �α�ϕ| ↓x.ϕ.

Analogously, we haveHLABC(↓, −1):

α ::= ≤ j | aj | α−1

ϕ ::= p | i | x | ¬ϕ | ϕ ∧ ϕ | �α�ϕ | ↓x.ϕ

We will also use a full hybrid extension with intersection.
HLABC(@, ↓,∩) is defined as follows

α ::= ≤ j | aj | α ∩ α

ϕ ::= p | i | x | ¬ϕ | ϕ ∧ ϕ | �α�ϕ | @iϕ | @xϕ | ↓x.ϕ

where j ∈ N, aj ∈ Aj (the set of actions available to j) and i ∈ nom, p ∈ prop.
The modality �aj� runs along the relation

j,a−→. The other relations are defined
as for LTS.

Raj =
j,a−→

R≤j = ≤ j
Rα∩β = Rα ∩ Rβ
Rα−1 = {(v,w) | wRαv}

The semantics is now defined in the standard way.

M,w, g |= p iff w ∈ V(p)
M,w, g |= i iff {w} = V(i)
M,w, g |= x iff w = g(x)
M,w, g |= �α�ϕ iff ∃v : wRαv andM, v, g |= ϕ
M,w, g |= @iϕ iff M, v, g |= ϕ for V(i) = {v}
M,w, g |= @xϕ iff M, g(x), g |= ϕ
M,w, g |=↓x.ϕ iff M,w, g[x := w] |= ϕ
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We will make use of some shortcuts when writing big conjunc-
tions/disjunctions or intersections/unions. For C ⊆ N, we let �C := × j∈CAj. For
an action profile �aj = (aj) j∈C ∈ �C we often write

�
�aj to stand for

�
j∈C aj. As an

example, for the language indexed by A1 = {T1,M1,B1} and A2 = {L2,R2} instead
of writing [T1∩L2]p ∨ [M1∩L2]p ∨ [B1∩L2]p ∨ [T1∩R2]p ∨ [M1∩R2]p ∨ [B1∩R2]p,
we often write

�
�aj∈ �{1,2}[∩�aj]p.

Thus, the basic modalities of the hybrid Boolean modal language for ABC
run along the accessibility relations for individual actions and preferences.

Axiomatization

The axiomatization of the basic modal logic on ABC models is just as the one
for the class of LTS. We have K and Dual for each coalition modality and the
preference fragment is axiomatized by S4.3. The rules of inference are again
modus ponens, uniform substitution and necessitation.

The extensions are axiomatized in the standard way.

3.2.3 Power-based coalitional models

We will now focus on approaches that are taking coalitional power itself as
a primitive and use formal systems specifically designed to model coalitional
power. The best known of such modal systems is CL. As CL uses neighborhood
semantics, we will not work with CL itself in this chapter but rather consider
its normal simulation NCL, which uses Kripke models. This then makes a
systematic comparison with the two previously discussed approaches (LTS and
ABC) easier. We will now first give an overview of NCL (Broersen et al. 2007),
briefly discuss the computational properties of the logic and then present a
generalization of this approach, which we will then work with in this chapter.

Normal Coalition Logic

We give a brief overview of Normal Coalition Logic (NCL). Broersen et al. (2007)
show that CL can be simulated by a normal modal logic which is based on a
combination of STIT with a temporal modality. The definitions we present are
equivalent to those given in Broersen et al. (2007), adapted to our notation.

Definition 3.8 (NCLmodel) An NCLmodel is defined to be a 5-tuple of the form
�W, N, (∼C)C⊆N,FX,V�, where

• W is a set of states,

• N is a finite set of agents,
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• for each C ⊆ N, ∼C⊆ W × W is an equivalence relation, satisfying the
following conditions.

1. for all C,D ⊆ N, ∼C∪D⊆∼C,

2. ∼N= Id = {(w,w) | w ∈W},
3. NCL-Independence: for all C ⊆ N, ∼∅⊆ (∼C ◦ ∼C); for ◦ being the

composition of relations.

• FX : W →W is a total function,

• V : prop→ ℘(W) is a valuation function. �

Let us take a closer look at how the ability of groups is modeled in NCL.
The equivalence classes of ∼C represent different choices of coalition C. Each
equivalence class of ∼∅ represents one situation. The equivalence classes of ∼C
inside such a class are the choices C has in that situation.

The function FX gives the outcomes (the next state) resulting from the choices
of the agents. The three additional assumptions on the equivalence relations
correspond to natural properties about coalitional power of different coalitions.
We will now give the intuition behind each of the three conditions.

1. for all C,D ⊆ N, ∼C∪D⊆∼C.

This condition says that the choices of a coalition are at least as refined as
the choices of its subcoalitions. The power of a coalition does not decrease
as the coalition gets bigger. This corresponds to the property of Coalition
Monotonicity.

2. ∼N= Id = {(w,w) | w ∈W}.
The equivalence relation of the grand coalition being the identity relation
means that the grand coalition completely determines what will be the
next state (which is then given by FX). Put differently, once all agents have
made their choices, the outcome is completely determined. This corre-
sponds to N-maximality. Remember that also N-determined ABC models
have such a property.

3. NCL-Independence: for all C ⊆ N, ∼∅⊆ (∼C ◦ ∼C).

The states in an equivalence class [w]∼∅ each represent a possible collective
choices of all agents together. The condition then says that each of these
collective choices can be achieved by independent choices of a coalition
and its complement.

We will now give an example in which we construct an NCL model from a
simple strategic game.
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Ann

Bob
Heads Tails

Heads 1,−1 −1, 1
Tails −1, 1 1,−1

Example 3.9 Consider the matching pennies game between Ann and Bob.
We can take two propositional letters pA happy and pB happy. Now. we can

construct an NCLmodel representing the situation in which Ann and Bob play
the games once and after stay in a state in which the winner is happy and the
loser is not. The NCLmodel is depicted below.

w1 w2

w3 w4

v1

FX

v2

FX

∅

{Bob} {Bob}

{Ann}

{Ann}

{Ann, Bob} {Ann, Bob}

{Ann, Bob} {Ann, Bob}

∅, {Ann}, {Bob}, {Ann, Bob}

∅, {Ann}, {Bob}, {Ann, Bob}

pB happy

pA happy

FX

FX

FX

FX

�

Definition 3.10 The language LNCL of NCL is given by

ϕ ::= p ¬ϕ ϕ ∧ ϕ [C]ϕ Xϕ .

where j ∈ N, C ∈ ℘(N) and p ∈ prop. �

The modalities [C] run along ∼C and X runs along FX.

Definition 3.11 Propositional formulas and Boolean connectives are inter-
preted in the standard way and for the the modalities we have:

M,w |= [C]ϕ iff ∀v : if w ∼C v thenM, v |= ϕ
M,w |= Xϕ iff M,FX(w) |= ϕ. �
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Theorem 3.12 (Broersen et al. (2007)) The logic NCL based on the axiom schemes
for propositional logic, S5 schemes for every [C], additional axioms listed below and
rules of inference modus ponens and necessitation is sound and complete with respect
to the class of NCL models.

C −Mon. [C]ϕ→ [C ∪D]ϕ
Elim([∅]) �∅�ϕ→ �C��C�ϕ
Triv([N]) ϕ→ [N]ϕ
K(X) X(ϕ→ ψ)→ (Xϕ→ Xψ)
D(X) Xϕ→ ¬X¬ϕ
Det(X) ¬X¬ϕ→ Xϕ. �

In Schwarzentruber (2007) and Balbiani et al. (2008b) it is shown that the
satisfiability problem of NCL is NEXPTIME-complete. This high complexity re-
sults from the conditions on the equivalence relations which force the models
to be grid-like. As in this chapter we want to determine how much complexity
is required for being able to express different properties on power-based coali-
tional models, we will drop the assumption that forces the grid-like models and
consider a more general class of power-based coalitional models whose basic
logic is of lower complexity. The class of models we consider is basically just
as NCL models but only requires the relations ∼C to be equivalence relations,
without any further requirements. We also add preference relations for the
individual agents just as we have done for for the coalition-labeled transition
systems and action-based coalitional models.

Power-based coalitional models

Definition 3.13 (PBCmodel) A power-based coalitional model (PBCmodel) in-
dexed by a finite set of coalitions ℘(N)) is a 6-tuple of the form �W, N, (∼C
)C⊆N,FX, (≤ j) j∈N,V�,where

• W � ∅ is a set of states,

• N is a finite set of agents,

• for each C ⊆ N, ∼C⊆W ×W is an equivalence relation,

• FX : W →W is a total function,

• ≤ j⊆W ×W is a TPO for each j ∈ N, which represents agent j’s preferences
over the states: w ≤ j v means that j finds v at least as good as w,

• V : prop ∪ nom → ℘(W) is a valuation function with |V(i)| = 1 for each
i ∈ nom. �
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Language interpreted on PBCmodels

We extend LNCL with preference modalities, one for each agent, and obtain our
basic language LPBC. Note that the fact that we use �C� here as a primitive
instead of the box is for technical convenience only.

ϕ ::= p ¬ϕ ϕ ∧ ϕ �C�ϕ Xϕ �≤ j�ϕ.

The first hybrid extension we will use isHLPBC(↓), which is defined as follows.

ϕ ::= p i x ¬ϕ ϕ ∧ ϕ �C�ϕ Xϕ ↓x.ϕ

We also use the full hybrid extensionHLPBC(@, ↓):

ϕ ::= p i x ¬ϕ ϕ ∧ ϕ �C�ϕ Xϕ @iϕ @xϕ ↓x.ϕ

and the binder-extension with a converse modality for preferencesHLPBC( −1, ↓).

α ::= ≤ j α−1

ϕ ::= p i x ¬ϕ ϕ ∧ ϕ �C�ϕ Xϕ �α�ϕ ↓x.ϕ

It is important to note that, as opposed to the languages we defined for LTS
and ABC, we now only take the Boolean modal extension with respect to the
preferences.

R≤j = ≤ j
Rα−1 = {(v,w) | wRαv}

Now, the semantics is defined as follows. �C� runs along ∼C and X runs
along FX.

M,w, g |= �C�ϕ iff ∃v : w ∼C v andM, v, g |= ϕ
M,w, g |= Xϕ iff M,FX(w), g |= ϕ
M,w, g |= �α�ϕ iff ∃v : wRαv andM, v, g |= ϕ

In NCL, the power of a coalition to force the system into some set of states
involves a combination of the equivalence relations for the empty set, the
equivalence relation for the coalition itself, and also the outcome function FX.
In principle, we could thus also consider Boolean extensions that allow e.g.
for taking intersections of preferences and coalition relations, or of preferences
and the outcome function. These are however conceptually harder to motivate
and to understand. Moreover, we will see that Boolean combinations of pref-
erences alone are sufficient for expressing interesting concepts on power-based
coalitional models.
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Axiomatization

Definition 3.14 The axioms of the basic system for PBC models contain axiom
schemes for propositional logic, S5 schemes for every [C] and the axioms listed
below.

K(X) X(ϕ→ ψ)→ (Xϕ→ Xψ)
D(X) Xϕ→ ¬X¬ϕ
Det(X) ¬X¬ϕ→ Xϕ.

and additionally S4.3 for the preference fragment. The rules of inference are
modus ponens and necessitation. �

In this section, we have introduced three classes of normal modal logic
systems for reasoning about the abilities of agents. In Section 3.3, we will
then evaluate the models and determine how much expressive power and
complexity is required for reasoning about cooperative ability on each of the
classes. We start by clarifying the relationship between the different models.

3.3 Comparing modal logics for cooperation
This section gives the main results of this chapter. First we clarify the relation
between the classes of models we introduced; then we analyze how demanding
different concepts from game theory and social choice theory are on them. We
start by analyzing coalitional power as modeled in the frameworks of PBC, NCL
and CL and also determine the precise relationship between different standard
assumptions on coalitional power. For this, we take a purely semantic perspec-
tive. We note that determining the relationship between different assumptions
about coalitional power could also have been done using (extended) modal lan-
guages that can express these assumptions and then use the logics themselves
to prove certain dependencies between them.

3.3.1 Coalitional power in power-based coalitional models
We now take a closer look at properties of coalitional ability as it is modeled
in power-based coalitional models. We investigate the relationship between
some cooperation-specific assumptions that can be made on the models. On
PBCmodels, we say that a coalition C can force a set X at w iff at w it is the case
that C can guarantee that the next state is in X. On these models, this means
that there is a state v ∈ [w]∼∅ , such that for any v� ∈ [v]∼C , FX(v�) ∈ X. So
basically, this means that at w, C can choose a ∼C-equivalence class that has a
nonempty intersection with the ∼∅-equivalence class of the current state and
whose image under FX is a subset of X.
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We say that Y is in the exact power of C at w, which we denote by Y ∈ PC(w),
if for some v with w ∼∅ v, we have that Y = {F(v�) | v ∼C v�}. Thus, C can force
X at w iff there is some Y ∈ PC(w) with Y ⊆ X.

Definition 3.15 For a PBC model M = �W, N, (∼C)C⊆N,FX, (≤ j) j∈N,V�, the set of
exact powers of a coalition C ⊆ N at a state w ∈W is defined as follows.

PC(w) =
� �

v�∈[v]∼C

FX(v�) | w ∼∅ v
�

As the definition does not use preferences, we can define the set of exact powers
in an NCLmodel in the same way. �

Thus, PC(w) contains the smallest sets of states coalition C can force the
system to move into at w.

Some reasonable assumptions about the coalitional powers reflect the in-
dependence of agents and are generally assumed in the literature (e.g. Pauly
(2002a); Broersen et al. (2007); Belnap et al. (2001)). We consider three assump-
tions and show their relation. Independence of coalitions then says that two
disjoint coalitions cannot force the system to move into disjoint sets of states.

Definition 3.16 (Independence of coalitions (IC)) For all w, if C∩D = ∅ then
for all X ∈ PC(w) and all Y ∈ PD(w) we have that X ∩ Y � ∅. �

The next condition says that the powers of a coalition and its complement have
to be consistent.

Definition 3.17 (Condition about complementary coalitions (CCC)) For all
w ∈ W and all X ⊆ W, if there is some X� with X ⊇ X� ∈ PC(w), then there
is no Y ⊆W such that X ⊇ Y ∈ PC(w). �

Coalition monotonicity says that if a coalition can achieve something then so
can all supersets of this coalition.

Definition 3.18 (Coalition monotonicity (CM)) For all w ∈ W and X ⊆ W, if
C ⊆ D and there is some Y ⊆ W such that X ⊇ Y ∈ PC(w), then there is some
Z ⊆W such that X ⊇ Z ∈ PD(w). �

We now show some results about the connection between the different condi-
tions. The first result says that if for all choices of any two disjoint coalitions,
there is a next state then the powers of coalitions and their complements have
to be consistent.

Fact 3.19 IC implies CCC.
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Proof. Let w ∈ W,X ⊆ W. Assume that for some X� ∈ PC(w), X� ⊆ X. Now
suppose that there is some Y ∈ PC(w) such that Y ⊆ X. But then by IC, since
C∩C = ∅, it follows that X� ∩Y = ∅ and thus Y � X�, which contradicts Y ⊆ X
because X ⊆ X�. �

Now, we can show that under the assumption of coalition monotonicity,
also the converse holds.

Fact 3.20 CCC and CM together imply IC.

Proof. Let C,D ⊆ N such that C ∩ D = ∅, and let X ∈ PC(w) for some w ∈ W.
Now suppose towards contradiction that there is some Y ∈ PD(w) such that
X ∩ Y = ∅, i.e., Y ⊆ X. Since C ∩ D = ∅,D ⊆ C. Then by CM, there is some
Z ∈ PC(w) with Z ⊆ X. But this then contradicts CCC. �

Note that on PBC models, CCC actually says the following: For all w ∈ W and
X ⊆ W, if for some v ∈ [w]∼∅ we have that {FX(v�) | v� ∈ [v]∼C} ⊆ X, then there is
no v̇ ∈ [w]∼∅ such that {FX(v̇�) | v̇� ∈ [v̇]∼C

} ⊆ X.
NCLmodels have the property of NCL-Independence (Definition 3.8), which

says that every collective choice of the grand coalition can also be achieved by
independent choices of a coalition and its complement.

We now show that on PBC models with FX being injective, CCC and NCL-
Independence turn out to be equivalent. Injectivity of FX is needed here in
order to get the correspondence between CCC, which is about properties of the
sets of states coalitions can force the system to move into (after the application
of FX) and the property of NCL-Independence which is about the partitions from
which complementary coalitions can choose and thereby determine a set whose
FX-image are the possible next states.

Proposition 3.21 On PBCmodels with the function FX being injective, CCC is equiv-
alent to NCL-Independence.

Proof. From left to right, assume that NCL-Independence does not hold. Then
there is some model such that for two states w, v we have that w ∼∅ v and there
is no v� such that w ∼C v� and v� ∼C v. Thus, [w]∼C ∩ [v]∼C

= ∅. Now, since
FX is injective, {F(w�) | w ∼C w�} ∩ {F(v�) | v ∼C v�} = ∅. This then means that
{F(v�) | v ∼C v�} ⊆ {F(w�) | w ∼C w�}, which means that CCC does not hold.

From right to left, assume that CCC does not hold. Then there is a model
with some state w and some set of states X such that for some v ∈ [w]∼∅ it holds
that {FX(v�) | v ∼C v�} ⊆ X and there is some v̇ ∈ [w]∅ such that {FX(v̇�) | v̇ ∼C v̇�} ⊆
X. Now, as FX is injective,it follows from {FX(v�) | v ∼C v�}∩ {FX(v̇�) | v̇ ∼C v̇�} = ∅
that [v]∼C ∩ [v̇]∼C

= ∅. Therefore, we have that v ∼∅ v̇ holds but it is not the case
that v ∼C ◦ ∼C v̇, which thus means that NCL-Independence does not hold. �
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To illustrate the role of injectivity of FX in the preceding proposition, we
give an example of a PBCmodel in which FX is not injective and CCC holds but
NCL-Independence does not.

Example 3.22 Consider the PBC model illustrated below. We omit the repre-
sentation of the agents’ preferences as they are irrelevant for this example.

w1 w2 w3

FX

∅

{1}, {2}, {1, 2}

{1}, {2}, {1, 2} ∅, {1}, {2}, {1, 2}

FX

FX

NCL-Independence is violated in w1 and w2, as w1 ∼∅ w2 but it is not the case
that w1 ∼{1} ◦ ∼{2} w2, and neither that w2 ∼{1} ◦ ∼{2} w1. CCC on the other hand
is satisfied as in fact for each state it holds that the powers of all coalitions are
the same (they all can force {w3}). �

Let us sum up the preceding results.

• If the exact powers of disjoint coalitions are consistent, then so are the
powers of complementary coalitions (Fact 3.19).

• Under the assumption that coalitions can at least achieve what their sub-
coalitions can achieve, the converse of the previous result also holds: If
the powers of complementary coalitions are consistent then so are the
exact powers of disjoint coalitions (Fact 3.20).

• When FX is injective, complementary coalitions having consistent powers
then means that every possible next state can be the result of complemen-
tary coalitions making their independent choices (Proposition 3.21).

Figure 3.1 illustrates the relations between these properties of PBCmodels.
Moreover, CCC and NCL-Independence are actually equivalent if the func-

tion FX is injective.

3.3.2 On the relation between NCL and CL
In order to clarify the relationship between power-based coalitional models and
non-normal modal frameworks for cooperation such as CL, we now analyze
the relation between CL and the subclass of power-based coalitional models
without preferences NCL. In Broersen et al. (2007), a translation τ from LCL to



3.3. Comparing modal logics for cooperation 71

DRAFT M
arc

h 31
, 2

01
1

1.3. Comparing modal logics for cooperation 11

Now, we can show that under the assumption of coalition monotonicity,
also the converse holds.

Fact 1.2 CCC + CM implies IC.

Proof. Let C,D ⊆ N such that C ∩ D = ∅, and let X ∈ PC(w) for some w ∈ W.
Now suppose towards contradiction that there is some Y ∈ PD(w) such that
X ∩ Y = ∅, i.e. Y ⊆ X. Since C ∩ D = ∅,D ⊆ C. Then by CM, there is some
Z ∈ PC(w) with Z ⊆ X. But this then contradicts CCC. �

Note that on PBC models, CCC actually says the following: For all w ∈ W and
X ⊆ W, if for some v ∈ [w]∼∅ we have that {FX(v�) | v� ∈ [v]∼C} ⊆ X, then there is
no v̇ ∈ [w]∼∅ such that {FX(v̇�) | v̇� ∈ [v̇]∼C

} ⊆ X.
As mentioned on page 6, for NCL, ? assume the condition of NCL-

Independence (Definition 1.4).
We now show that on PBC models with FX being injective, CCC and NCL-

Independence turn out to be equivalent. Injectivity of FX is needed here in
order to get the correspondence between CCC, which is about properties of the
sets of states coalitions can force the system to move into (after the application
of FX) and the property of CC which is about the partitions from which com-
plementary coalitions can choose and thereby determine a set whose FX-image
are the possible next states.

Proposition 1.1 On PBC models with the function FX being injective, CCC is equiv-
alent to NCL-Independence.

Proof. From left to right, assume that NCL-Independence does not hold. Then
there is some model such that for two states w, v we have that w ∼∅ v and there
is no v� such that w ∼C v� and v� ∼C v. Thus, [w]∼C ∩ [v]∼C

. Now, since FX is
injective, {F(w�) | w ∼C w�} ∩{ F(v�) | v ∼C v�} = ∅. This then means that that
{F(v�) | v ∼C v�} ⊆ {F(w�) | w ∼C w�}, which means that CCC does not hold.

From right to left, assume that CCC does not hold. Then there is a model
with some state w and some set of states X such that for some v ∈ [w]∼∅ it holds
that {FX(v�) | v ∼C v�} ⊆ X and there is some v̇ ∈ [w]∅ such that {FX(v̇�) | v̇ ∼C v̇�} ⊆
X. Now, as FX is injective,it follows from {FX(v�) | v ∼C v�}∩ {FX(v̇�) | v̇ ∼C v̇�} = ∅
that [v]∼C ∩ [v̇]∼C

= ∅. Therefore, we have that v ∼∅ v̇ holds but it is not the case
that v ∼C ◦ ∼C v̇, which thus means that NCL-Independence does not hold. �

To sum up, we have shown that IC implies CCC; and together with CM, CCC
also implies IC. Moreover, IC and NCL-Independence are actually equivalent if
the function FX is injective.
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As mentioned on page 6, for NCL, ? assume the condition of NCL-

Independence (Definition 1.4).
We now show that on PBC models with FX being injective, CCC and NCL-

Independence turn out to be equivalent. Injectivity of FX is needed here in
order to get the correspondence between CCC, which is about properties of the
sets of states coalitions can force the system to move into (after the application
of FX) and the property of CC which is about the partitions from which com-
plementary coalitions can choose and thereby determine a set whose FX-image
are the possible next states.

Proposition 1.1 On PBC models with the function FX being injective, CCC is equiv-
alent to NCL-Independence.

Proof. From left to right, assume that NCL-Independence does not hold. Then
there is some model such that for two states w, v we have that w ∼∅ v and there
is no v� such that w ∼C v� and v� ∼C v. Thus, [w]∼C ∩ [v]∼C

. Now, since FX is
injective, {F(w�) | w ∼C w�} ∩{ F(v�) | v ∼C v�} = ∅. This then means that that
{F(v�) | v ∼C v�} ⊆ {F(w�) | w ∼C w�}, which means that CCC does not hold.

From right to left, assume that CCC does not hold. Then there is a model
with some state w and some set of states X such that for some v ∈ [w]∼∅ it holds
that {FX(v�) | v ∼C v�} ⊆ X and there is some v̇ ∈ [w]∅ such that {FX(v̇�) | v̇ ∼C v̇�} ⊆
X. Now, as FX is injective,it follows from {FX(v�) | v ∼C v�}∩ {FX(v̇�) | v̇ ∼C v̇�} = ∅
that [v]∼C ∩ [v̇]∼C

= ∅. Therefore, we have that v ∼∅ v̇ holds but it is not the case
that v ∼C ◦ ∼C v̇, which thus means that NCL-Independence does not hold. �

To sum up, we have shown that IC implies CCC; and together with CM, CCC
also implies IC. Moreover, IC and NCL-Independence are actually equivalent if
the function FX is injective.
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Now, we can show that under the assumption of coalition monotonicity,
also the converse holds.

Fact 1.2 CCC + CM implies IC.

Proof. Let C,D ⊆ N such that C ∩ D = ∅, and let X ∈ PC(w) for some w ∈ W.
Now suppose towards contradiction that there is some Y ∈ PD(w) such that
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We now show that on PBC models with FX being injective, CCC and NCL-
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order to get the correspondence between CCC, which is about properties of the
sets of states coalitions can force the system to move into (after the application
of FX) and the property of CC which is about the partitions from which com-
plementary coalitions can choose and thereby determine a set whose FX-image
are the possible next states.
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Proof. From left to right, assume that NCL-Independence does not hold. Then
there is some model such that for two states w, v we have that w ∼∅ v and there
is no v� such that w ∼C v� and v� ∼C v. Thus, [w]∼C ∩ [v]∼C

. Now, since FX is
injective, {F(w�) | w ∼C w�} ∩{ F(v�) | v ∼C v�} = ∅. This then means that that
{F(v�) | v ∼C v�} ⊆ {F(w�) | w ∼C w�}, which means that CCC does not hold.

From right to left, assume that CCC does not hold. Then there is a model
with some state w and some set of states X such that for some v ∈ [w]∼∅ it holds
that {FX(v�) | v ∼C v�} ⊆ X and there is some v̇ ∈ [w]∅ such that {FX(v̇�) | v̇ ∼C v̇�} ⊆
X. Now, as FX is injective,it follows from {FX(v�) | v ∼C v�}∩ {FX(v̇�) | v̇ ∼C v̇�} = ∅
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= ∅. Therefore, we have that v ∼∅ v̇ holds but it is not the case
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there is some model such that for two states w, v we have that w ∼∅ v and there
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injective, {F(w�) | w ∼C w�} ∩{ F(v�) | v ∼C v�} = ∅. This then means that that
{F(v�) | v ∼C v�} ⊆ {F(w�) | w ∼C w�}, which means that CCC does not hold.

From right to left, assume that CCC does not hold. Then there is a model
with some state w and some set of states X such that for some v ∈ [w]∼∅ it holds
that {FX(v�) | v ∼C v�} ⊆ X and there is some v̇ ∈ [w]∅ such that {FX(v̇�) | v̇ ∼C v̇�} ⊆
X. Now, as FX is injective,it follows from {FX(v�) | v ∼C v�}∩ {FX(v̇�) | v̇ ∼C v̇�} = ∅
that [v]∼C ∩ [v̇]∼C

= ∅. Therefore, we have that v ∼∅ v̇ holds but it is not the case
that v ∼C ◦ ∼C v̇, which thus means that NCL-Independence does not hold. �

To sum up, we have shown that IC implies CCC; and together with CM, CCC
also implies IC. Moreover, IC and NCL-Independence are actually equivalent if
the function FX is injective.

Figure 3.1: Different properties of PBCmodels. White areas are empty.

LNCL is given such that for all ϕ ∈ LCL, ϕ is satisfiable in a CL model iff τ(ϕ) is
satisfiable in a NCLmodel. The crucial clauses of the definition of the translation
τ are the following.

Definition 3.23 The translation τ from LCL to LNCL is defined as follows

τ(p) = p, τ(�[C�] ϕ) = �∅�[C]Xτ(ϕ).

For Boolean combinations, the translation is defined in the standard way. �

The main result is then the following.

ϕ is a theorem of CL iff τ(ϕ) is one of NCL.

The right-to-left direction of their proof is constructive, while the left-to-
right direction uses completeness of CL and soundness of NCL to show that
whenever τ(ϕ) is satisfied in an NCL model, there is also some CL model that
satisfies ϕ.

We give a constructive proof of the right-to-left direction of this result in
order to get a clear view of how the two frameworks are related. We give
a procedure of how to translate pointed NCL models (M,w) into CL models
f (M,w) such that for all ϕ ∈ LCL,

(M,w) |= τ(ϕ) iff f (M,w) |= ϕ.
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We insist on the fact that the proposition itself was already proven; the novelty
is that we provide a method to construct a CL model from an NCL-Kripke
structure, and thus give a constructive proof of this proposition. This clarifies
the relationship between the two logics in purely syntactic terms. We belief
that this can have conceptual benefits for understanding the normal simulation
of CL. The idea of our proof is as follows. The effectivity functions of the CL
model are constructed such that Ew(C) contains the exact powers of C at w in
the NCLmodel and also their supersets.

Definition 3.24 We transform NCLmodels into CLmodels as follows. ForM =
�W, N, (∼C)C⊆N,FX, (≤ j) j∈N,V�, we define f (M) := �N, (W,E),V�, where

Ew(C) := {{Y|Y ⊇ FX[[w�]∼C]}|w� ∈ [w]∼∅},

with FX[[w�]∼C] := {FX(w��) | w�� ∈ [w�]∼C}. �

We now use the above transformation to give a constructive proof of the
following proposition by Broersen et al. (2007).

Proposition 3.25 For all ϕ ∈ LCL, if τ(ϕ) is satisfiable in a pointed model (M,w) of
NCL, then ϕ is satisfiable in a model f (M,w) of CL.

Proof. We define f as in Definition 3.24. First, we show that E is playable and
thus f (M) is a CLmodel. Liveness follows from the totality of FX. Termination
follows from the closure of Ew(C) under supersets. For N-maximality, let X ⊆W
such that W \ X � Ew(∅). Then there is some w� ∈ [w]∼∅ such that FX(w�) ∈ X.
Since X ⊇ FX[{w�}] = {FX(w�)}, X ∈ Ew(N). Outcome-monotonicity follows
from the closure of Ew(C) under supersets. For Superadditivity, let X1,X2 ⊆
W,C1,C2 ⊆ N, such that C1 ∩ C2 = ∅. Assume that X1 ∈ Ew(C1) and X2 ∈ Ew(C2).
Then for all i ∈ {1, 2}, ∃wi ∈ [w]∼∅ such that Xi ⊇ FX[[wi]∼Ci

]. We have that
Ew(C1 ∪ C2) = {{Y|Y ⊇ FX[[w�]∼C1∪C2

]}|w� ∈ [w]∼∅}. Thus, we have to show that
∃w+ ∈ [w]∼∅ : X1 ∩ X2 ⊇ FX[[w+]∼C1∪C2

]. We have that w1 ∼∅ w2. Thus, w1 ∼C1

◦ ∼C1
w2 and since C1∩C2 = ∅ and thus C2 ⊆ C1,∼C1

⊆∼C2 . Then w1 ∼C1 ◦ ∼C2 w2.
Thus, ∃w+ : w1 ∼C1 w+ and w+ ∼C2 w2. Thus, w+ ∈ [w1]∼C1

∩ [w2]∼C2
and therefore

[w+]∼C1
= [w1]∼C1

and [w+]∼C2
= [w2]∼C2

. Since ∼C1∪C2⊆ (∼C1 ∩ ∼C2), [w+]∼C1∪C2
⊆

[w+]∼C1
∩[w+]∼C2

. Hence, FX[[w+]∼C1∪C2
] ⊆ X1∩X2, and thus X1∩X2 ⊆ Ew(C1∪C2).

This shows that f (M) is a CL model. Now, we show by induction that for
all ϕ ∈ LCL, for an NCL modelM,M,w |= τ(ϕ) iff f (M,w) |= ϕ. The interesting
case is ϕ := �[C�] ψ. Let M,w |= �∅�[C]Xτ(ψ). Then there is some w� ∈ [w]∼∅
such that for all w�� ∈ [w�]∼C , M,FX(w��) |= τ(ψ). By induction hypothesis,
f (M,FX(w��)) |= ψ. Now, �ψ� f (M,w) ∈ Ew(C) follows from the fact that for all
w�� ∈ [w�]∼C , f (M,FX(w��)) |= ψ. For the other direction, let f (M,w) |= �[C�] ψ.
Then, there is some X ∈ Ew(C) such that X ⊆ �ψ� f (M,w). By definition of f (M,w),
there is some w� ∈ [w]∼∅ such that X ⊇ FX[[w�]∼C]. Since by inductive hypothesis,
�τ(ψ)�M,w = �ψ� f (M,w), X ⊆ �τ(ψ)�M,w. Hence,M,w |= �∅�[C]Xτ(ψ). �
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So, we have shown how to transform NCL models into corresponding CL
models by transforming the partitions of the equivalence relations ∼C and the
function FX together into corresponding effectivity functions. The key of the
transformation is to construct the effectivity functions from the exact powers
and their supersets. Our proof thus sheds some light on the relation between CL
and its normal simulation by clarifying the relationship between the semantic
structures of both logics.

3.3.3 Coalitional power in action-based coalitional models
Let us now take a closer look at coalitional power as it is modeled by action-
based coalitional models. In this section, we will try to position action-based
coalitional models with respect to power-based approaches. This way we can
clarify how coalitional power is made explicit in ABC, and also determine the
role of some natural assumptions on ABC models such as being N-determined
or reactive.

In order to determine the relationship between power– and action-based
coalitional models, we will show how to construct a power-based coalitional
model from a given action-based coalitional model in such a way that coalitions
have the same powers in the models.

Definition 3.26 For every pointed ABCNR model (M,w) which is given byM =
�W, N, ( j,a−→) j∈N,a∈Aj , (≤ j) j∈N,V�, and w ∈ W, we construct the following PBC model
M�. M� = �W�, N, (∼C)C⊆N,FX, (≤�j) j∈N,V��,where

• W� =W × �N,

• (w, (aj) j∈N) ∼C (v, (a�j) j∈N) iff w = v and for all j� ∈ C, ((aj) j∈N) j� = ((a�j) j∈N) j� ,

• FX((w, (aj) j∈N)) = (v, (aj) j∈N)) for {v} = � j∈N
j,aj−−→ [w],

• (w, (aj�) j�∈N) ≤ j (v, (a�j�) j�∈N) iff w ≤ j v,

• for each p ∈ prop, V�(p) = V(p) × �N. �

The reason why we only transform reactive N-determined ABCmodels instead of
arbitrary ABCmodels is that the two conditions help to define the total function
FX.

Fact 3.27 If M is reactive and N-determined, M� is an NCL model extended with
preferences.

Proof. We first show thatM� is indeed a proper PBCmodel. It is easy to see that
∼C is an equivalence relation for each C. The fact that FX is a function follows
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fromM being N-determined. FX being total follows fromM being reactive. As
for every j ∈ N the preference relation ≤ j is a total preorder, this also holds for
each ≤�j. Lastly, we note that V� is a proper valuation function but it will have
to be adapted for nominals, to ensure that they cannot be true in more than one
state. This could be done by adding for each nominal i a new nominal i(aj) j∈N for
each (aj) j∈N ∈ �N and setting V�(i(aj) j∈N) = {(w, (aj) j∈N)}, for V(i) = {w}.

We now show that indeedM� is an NCLmodel (extended with preferences).
We show that M� satisfies the three additional conditions on the powers of
coalitions.

1. for all C,D ⊆ N, ∼C∪D⊆∼C

2. ∼N= Id = {(w,w) | w ∈W�}.

3. NCL-Independence: for all C ⊆ N, ∼∅⊆ (∼C ◦ ∼C),

The first two follow immediately from the definition of ∼C for each C ⊆ N.
For NCL-Independence let us first look at how ∼∅ is defined inM�. From our
definition it follows that (w, (aj) j∈N) ∼∅ (v, (a�j) j∈N) iff w = v. So, take two states
(w, (aj) j∈N), (w, (a�j) j∈N) ∈W�. Then it follows that these are also related by∼C ◦ ∼C
because (w, (aj) j∈N) ∼C (w, (a��j ) j∈N) with a��j = aj for all j ∈ C and a��j = a�j for all j ∈
C. Analogously, (w, (a��j ) j∈N) ∼C (w, (a�j) j∈N). Hence, (w, (aj) j∈N) ∼C ◦ ∼C (w, (a�j) j∈N).
Thus, NCL-Independence holds, which concludes the proof that M� is an NCL
model with preferences. �

Now, by definition of ∼C and FX we immediately get the following fact.

Fact 3.28 Let C � ∅. Then X is in the exact power of C at w if and only if inM� it
holds that X × �N is in the exact power of C at every state in {w} × �N. �

Note that we focused purely on the semantic relationship between NCL and
ABCwith respect to the powers of coalitions. On a more syntactic level, we thus
have a correspondence between formulas of the following form

Fact 3.29

M,w |=
�

�aj∈�C

��
�aj

�
p iff for all (aj) j∈N ∈ �N, M�, (w, (aj) j∈N) |= �∅�[C]Xp.

�

After we have clarified the relationship between different approaches to
modeling cooperative ability of agents, we will now evaluate how much com-
plexity and expressive power is needed for reasoning about interesting con-
cepts.
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3.3.4 What game– and social choice theoretical notions de-
mand: complexity and expressivity.

This section analyzes the complexity of describing and reasoning about interac-
tive systems from an abstract perspective. We summarize the main results that
we obtained when investigating how much expressive power and complexity
is required for reasoning about coalitional power. As mentioned before, we
obtain our results by determining under which operations on models certain
properties are invariant.

All the properties that we will discuss are definable in first-order logic with
one free variable. Table 3.1 gives an overview of the characterization results
that we use.

For the definitions of these operations and a detailed discussion of the
underlying characterization results, the reader is referred to Blackburn et al.
(2001) and ten Cate (2005). Figure 3.2 illustrates the expressive power hierarchy
of some extended modal logics.

Invariance Modal Language

Bisimulation basic modal language LML, (van Benthem 1976)

∩-bisimulation LML(∩)

generated submodels HLML(↓,@), (Feferman 1969; Areces et al. 2001)

Table 3.1: Characterization Results.

Table 3.2 summarizes the results we use for upper bounds on the complexity
of modal logics with different expressive powers. HLML(↓) − � ↓� denotes the
fragment of HLML(↓) without occurrences of alternations of the form � ↓ �,
where � stands for a box-modality. Note that these complexity results (the
upper bounds) also transfer to the classes of LTS, ABC and PBC. For NCL however,
this is not the case as already its basic logic has a higher complexity. As already
mentioned, all properties that we discuss are definable in first-order logic, and
therefore the data complexity of checking whether the property holds in a given
model is in LOGSPACE.

We start our analysis with the simplest notions of coalitional power and
preferences.

Simple coalitional power and preference

The property of a coalition C having the power to ensure that in the next state
some proposition p will be the case turns out to be invariant under bisimulation
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ML

ML(−1) ML(∩)

HLML(↓,∩)

HLML(↓)

HLML(↓,@)

first-order logic
HLML(↓, )

ML( )

ML( ,∩)

Figure 3.2: Expressive power hierarchy of some extended modal logics.

on LTS, PBC and NCL. Let us briefly argue why this is the case. On LTS, the
property simply says that there is a C→-successor which satisfies the proposition
p. On PBC it means the following. From the current state there is a∼∅-accessible
state such that in all states∼C-accessible from that one it holds that the FX-image
is a state that satisfies p. Even though this might look more complicated than
for LTS, note that we just needed existential and universal quantification over
accessible states.

Thus, we can conclude that for LTS, PBC and NCL the property of a coalition
having the power to force that in the next state p holds can be expressed using
the respective basic multi-modal languages. To be more precise, we can express
this property by �C�p on LTS and by �∅�[C]Xp on PBC and NCL. For LTS and
PBC, we thus get PSPACE and P as upper bounds on SAT and MC of logics
expressing the property of C being able to achieve that p. For NCL, the upper
bound for SAT are much higher: NEXPTIME (Schwarzentruber 2007). For MC

on the other hand, there is no difference as this can be done using a model
checker for the basic multi-modal logic as the models of NCL are just a special
kind of multi-agent Kripke structures. Hence, we have a P upper bound for
MC of NCL.

On ABC models on the other hand, saying that a coalition can achieve
something requires the intersection of the relations for the actions for the
agents. This is because C being able to force the system into a p-state means
that there are actions for each member of C such that all states accessible by
the intersection of these action relations satisfy p. It is not invariant under
bisimulation (see Fact 3.30) but it is under ∩-bisimulation, a bisimulation that
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Complexity of the logic

Language MC SAT

LML P (Fischer and Ladner
1979b)

PSPACE (Ladner 1977)

LML(∩) P (Lange 2006) PSPACE (Donini et al.
1991)

HLML(↓) − � ↓� PSPACE (Franceschet
and de Rijke 2003)

EXPTIME (ten Cate and
Franceschet 2005)

HLML(↓,@) PSPACE (Franceschet
and de Rijke 2003)

Π0
1 (ten Cate and

Franceschet 2005)

HLML(↓,@, −1) PSPACE Π0
1 (ten Cate and

Franceschet 2005)

Table 3.2: Complexity for different modal logics.

also checks for the intersection of the relations. Thus it can be expressed in
the basic language with intersection. This can be done using the formula�
�aj∈�C[
�
�aj]p. Even though we need more expressive power here (as we

need the intersection modality) than on the other models, the upper bounds
on SAT and MC that we obtain are still PSPACE for SAT and P for MC,
respectively. Thus, we can add intersection to the language without increasing
the complexity. To summarize, the ability of a group to force the system into
a state where some proposition holds is invariant under bisimulation on the
models of LTS and PBC. This implies that the property can thus be expressed
in the basic language on these models. On ABC, the property is invariant
under ∩-bisimulation but not under bisimulation, which then means that it
cannot be expressed in the basic language but in the language extended with
an intersection modality for modalities of basic individual actions. The results
are listed in Table 3.3.

Fact 3.30 On ABC models “C can ensure that in the next state p is true.” is not
invariant under bisimulations.

Proof. As a counter example consider the models depicted in Figure 3.3, in
which the dashed line represents the relation Z = {(w0, v0), (w1, v1)}∪ ({w2,w3}×
{v2, v3}).

We claim that Z is a bisimulation. For (w1, v1), (w2, v2), (w2, v3), (w3, v2) and
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Invariance Formula Upper bound for MC,SAT

LTS Bisimulation �C�p P,PSPACE

ABC ∩-Bisimulation
�
�aj∈�C[
�
�aj]p P,PSPACE

PBC Bisimulation �∅�[C]Xp P,PSPACE

NCL Bisimulation �∅�[C]Xp P, NEXPTIME

Table 3.3: “C can ensure that in the next state p is true.”

(w3, v3) this is easy to see. Thus, it remains to show that for (w0, v0), the back
and forth conditions are satisfied for each relation in our similarity type. To
increase readability, we give the witnesses in a table, on the left the transitions
inM1 and on the right the corresponding transitions inM2.

Forth for 1,a1−−→ Zig Zag
(w0,w1) (v0, v1)
(w0,w3) (v0, v2)

Forth for 1,b1−−→ Zig Zag
(w0,w2) (v0, v3)

Forth for 2,a2−−→ Zig Zag
(w0,w1) (v0, v1)
(w0,w2) (v0, v2)

Forth for 2,b2−−→ Zig Zag
(w0,w3) (v0, v3)

The witnesses for the back condition can also be read off the preceding table,
by switching Zigs and Zags. Thus, Z is a bisimulation. However, we have that
inM1,w0 the coalition {1, 2} can force p by agent 1 doing a1 and agent 2 doing
a2, whereas inM2, v0 the coalition cannot achieve that p because agent 1 and 2
together cannot make sure that the system moves into state v1. �

Now, let us move to basic concepts involving the other primitive in our
models: preferences. The simplest preference notion we consider here is that
of an agent finding some state at least as good in which some proposition p is
true. Since in all our models preferences are represented in the same way and
the preference fragments of the different languages we consider are the same,
we get the same results for this notion on all three classes of models.

Therefore, an agent finding a state at least as good where p is true can thus
be expressed on all models using the corresponding basic modal language
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w0

M1

w2

w1p w3 v1p

v0

M2

v2

v3

1, a1 , 2, a2

1, b1 2, a2
1, a1 , 2, b2 1, a1 , 2, a2

1, a1 2, a2
1, b1 , 2, b2

Figure 3.3: Coalitional power is not invariant under bisimulation on ABC. Note
that preference relations and the reflexive loops for all actions at w1,w2,w3, v1, v2
and v3 are omitted.

Invariance Formula Upper bound for MC,SAT

LTS, ABC, PBC Bisimulation �≤ j�p P,PSPACE

Table 3.4: “ j finds a state at least as good where p is true.”

with MC in P and SAT in PSPACE (see Table 3.4). Let us now move on
and look at more interesting properties combining coalitional power and
preferences. For a similar study of notions involving preferences, we refer the
reader to Dégremont and Kurzen (2009a) and to Chapter 7 of Dégremont (2010).

Coalition C can make agent j happy. A very basic combination of coalitional
power and individual preference – which we were also already concerned with
in the previous chapter – is the ability of a coalition to guarantee that the next
state will be one that is at least as good for some agent. Our invariance results
show that this property turns out to be easiest to express on LTS. Here, it is
invariant under ∩-bisimulation, as the ability of a group to make the system
move into a state at least as good for some agent just says that there is some state
that is accessible both by the coalition relation and by the preference relation of
the agent.

For ABC and PBC on the other hand, the property turns out to be more
complicated. For ABC, a coalition being able to force the system into a state at
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least as good for some agent means that there are actions for all members of
the coalition such that the set of states that is accessible by the intersection of
the relations for the individual actions is a subset of the set of states accessible
by the preference relation for the agent. On PBC, the property means that in the
current state, the coalition can choose a cell within the ∼∅-cell of the current
system such that no matter what the other agent chooses, the FX image of the
resulting state will be at least as good for the agent as the current state. This also
involves reasoning about the states accessible by one relation being a subset of
the states accessible by another relation. Both for ABC and PBC, the property is
not invariant under any natural kind of bisimulation. For ABC, this is shown
in Fact 3.31, and for PBC the idea is very similar. Nevertheless, the property of
a coalition being able to force the system into a state at least as good for some
agent is indeed invariant under taking generated submodels.

Fact 3.31 On ABC models, “C can move the system into a state which is as least as
good for j as the current state” is not invariant under ∩-bisimulation.

Proof. Consider the countable infinite modelsM1 andM2, both with one agent
(1) and one action (a). The accessibility relation for the action is defined as
depicted in Figure 3.4, with the preference relation for the agent running ver-
tically: In M1, 1 finds wi at least as good as wj iff i ≥ j, and analogously in
M2 1 finds vi at least as good as vj iff i ≥ j. Now, in the state w0 of M1, by
performing action a, agent 1 can force the system into a state as least as good
for her, namely into w1. InM2, on the other hand, in v0 agent 1 cannot force the
system into a state at least as good for her, as for any action she can perform
(which is only a), there is the possibility that the system moves into v−1, which
is strictly worse for her than v0. �

Both for ABC and PBC, showing that the property is invariant under taking
generated submodels is straightforward as the property only involves reason-
ing about states being accessible from the current state by different relations.
All these states will still be accessible from the current state in the generated
submodel, and moreover no states will be accessible that were not already
accessible in the original model.

Fact 3.32 On ABC and PBC the property of a coalition having the power to force that
the next state is at least as good as the current one for some agent is invariant under
generated submodels. �

Table 3.5 summarizes the results for the ability to make an individual happy.
These results nicely illustrate that the choice of models has a great impact on
how difficult it is to express certain concepts. Saying that a coalition can ensure
that an agent will be at least as happy as before can be done quite easily (by
only adding intersection to the basic language) in coalition-labeled transition
systems, while it seems to require undecidable logics on the other two classes.
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v−1

M1

w0

w1

w2

w3

...

v−1

M2

v0

v1

v2

v3

...

1, a

1, a

1, a

1, a

1, a

Figure 3.4: Coalitional ability to force the system into a state at least as good
for some agent is not invariant under ∩-bisimulation. The preference relation
≤1 in both models runs from bottom to top.

Next, we investigate stability notions. To be precise, we consider two ver-
sions of Nash-stability.

Nash-stability

Nash-stability says that no single agent has the power to make the system move
into a state that is strictly better for him. In Nash-stable states, individuals thus
do not have an incentive to act in order to change the current state.

On LTS, a state being Nash-stable means that for every agent all the states
accessible by the relation for the coalition consisting of that agent have to be at
least as bad as the current one for that agent; i.e., for all of them it holds that
the current state is at least as good.

On ABC, Nash-stability means that no agent can choose an action that is
guaranteed to lead to a strictly better state for that agent. Thus, for every action
of every agent, there has to be at least one accessible state by that relation which
is at least as bad as the current state for that agent.

For PBC models, a Nash-stable state has the following property. For any
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Invariance Formula MC,SAT

LTS ∩-Bisimulation �C∩ ≤ j�� P,PSPACE

ABC GSM
�
�aj∈�C(↓x.[

�
�aj](↓ y.@x�≤ j�y)) PSPACE,Π0

1

PBC GSM ↓x.�∅�[C]X ↓ y.@x�≤ j�y PSPACE,Π0
1

Table 3.5: “C can move the system into a state at least as good for j.”

Invariance Formula MC, SAT

LTS GSM
�

j∈N ↓x.[ j]�≤ j�x PSPACE,EXPTIME

ABC GSM
�

j∈N
�

aj∈Aj
↓x.�aj��≤�x PSPACE,EXPTIME

PBC GSM
�

j∈N ↓x.[∅]�{ j}�X�≤�x PSPACE,EXPTIME

Table 3.6: “The current state is Nash-stable.”

cell that a singleton coalition (a coalition consisting of one agent only) chooses,
there is a possible next state (a FX-successor) that is not strictly better for that
agent than the current state.

On all these models, Nash-stability is invariant under taking generated
submodels. We now give the proof for ABC.

Fact 3.33 On ABC models, Nash-stability is invariant under generated submodels.

Proof. We show that if a state is not Nash-stable, then so is its image in a
generated submodel (and conversely). Assume that M,w is not Nash-stable
and without loss of generality assume that agent i is the witness. Then there
exists some action ai for i, which by definition has at least one successor, such
that for every v ∈ ai[w], w ≤i v and v �i w. By definition of a generated
submodel, w will have the same ai-successors and the preferences relations
between w and all the v ∈ ai[w] will be the same, making w not Nash-stable
either. The other direction is similar. �

The proofs for the other two classes of models are similar. The key idea is once
again that the property is only about states accessible from the current state.

On all three classes of models, Nash-stability can be expressed in a modal
logic with the combined complexity of MC in PSPACE and with SAT in
EXPTIME. Our results for Nash-stability are summarized in Table 3.6.
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Strong Nash-stability

Strong Nash-stability says that no single agent has the power to make the
system move into a state that is at least as good for him. Thus, if a state is
strongly Nash-stable then it is also Nash-stable.

Invariance Formula MC,SAT

LTS ∩-bisimulation ∧ j∈N[{i}∩ ≤ j]⊥ P,PSPACE

ABC GSM ¬ ∨ j∈N ∨aj∈Aj ↓x.[aj]�≤−1�x PSPACE,Π0
1

PBC GSM ¬∨ j∈N ↓x.�∅�[{ j}]X�≤−1�x PSPACE,Π0
1

Table 3.7: “The current state is strongly Nash-stable.”

On LTS, strong Nash-stability is invariant under ∩-bisimulation. This is easy
to see as strong Nash-stability on LTS just says that for every agent it holds
that there is no state that is accessible by the intersection of the preference
relation and the ability relation of some agent. On ABC and PBC, strong Nash-
stability is invariant under taking generated submodels, but not under bounded
morphisms (see e.g. Blackburn et al. (2001)for a definition) or any natural
bisimulations. Comparing this to the results for Nash-stability, we can see that
on LTS strong Nash-stability is easier to express than Nash-stability while on
ABC and PBCwe get opposite results.

Fact 3.34 On NCLmodels, strong Nash-stability is not invariant under bounded mor-
phisms, and thus it is neither invariant under bounded morphisms on PBC.

Proof. Take two single-agent models with N = { j}: M = �W, N, (∼C)C⊆N,FX, (≤ j
) j∈N,V�, with W = {w, v, s, t}. and M� = �W�, N, (∼�)C⊆N,FX

�, (≤�j) j∈N,V�� with
W� = {v�, t�}. Let FX(s) = FX(w) = s and FX(t) = FX(v) = t. Let ∼{ j} be the
smallest equivalence containing (w, v), (t, s) and let the TPO ≤ j be defined such
that w ≤ j v ≤ j t ≤ j w � j s. Let the valuation functions V and V� be such
that every propositional letter is false everywhere. Let F�X(t�) = F�X(v�) = t�,
∼�{ j}= {(t�, t�), (v�, v�)} and ≤�i= (W� ×W�). Consider the function f : W →W� with
f (w) = f (v) = v� and f (s) = f (t) = t�.

The following figure illustrates the models and the function between their
domains. The preference relation runs from bottom to top. The dashed boxed
represent the cells of the equivalence relations for { j}, and the dotted boxes
those of the empty coalition.

The forth condition is trivial for ≤ j because ≤�i= W� ×W�. For ∼{ j} the forth
condition is also easily checked. For FX it holds because f (w) = f (v) = v� and
f (s) = f (t) = t� and that we have F�X(t�) = F�X(v�) = t�.
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For the back condition, ∼�j and F�X are easy. For ≤�j, note that for f (s) ≤�j v�,
we have the witnesses w and v as s ≤ j w, s ≤ j v and f (w) = f (v) = v�.

Now it should be clear that in M, at w and v agent j cannot exclude that
the next will be a state that she finds strictly worse, while in v� in W� she can
(trivially) guarantee that the next state will be at least as good. �

Table 3.7 gives our results for strong Nash-stability. At this point we have to
mention that the notions of Nash-stability used in LTS and ABC/PBC/NCLmodels
are strongly related but mathematically slightly different. Note also that our
logical definition of Nash-stability with respect to ABC models crucially draws
on the fact that the preference relation is a total preorder.

Let us summarize the main results concerning the expressive power and
complexity. First of all, we have seen that on LTS and ABC expressing the
intersection of two relations is often needed for expressing interesting concepts.
We have seen that for LTS strong Nash-stability is easier to express than weak
Nash-stability. Both for ABC and PBC, it is exactly the other way around.

Lower bounds

In the end, we would like to be able to say that if on some class of models one
wants to be able to reason about some property, then – under the assumption
that one chooses a normal modal logic with some natural property – this logic
(MC and SAT) will have at least a certain complexity. It would be very useful for
developers of modal logical frameworks for multi-agent systems to have some
guidelines that give both upper and lower bounds that can be expected for the
complexity of a modal logic system that can reason about certain interesting
concepts on a given class of models.

Such an upper bound then tells the system designer that it is possible to
build a logic that can reason about the concepts under consideration in such
a way that the logic has at most a certain complexity. A lower bound on the
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other hand would say what will be the lowest possible complexity that we can
expect from a normal modal logic that can reason about certain concepts. In
other words, such a lower bound can be interpreted as follows: Being able
to express the concept under consideration forces that the logic is of a certain
complexity (or higher).

In our analysis in this chapter, we have only given upper bounds on the
complexity of normal modal logics being able to express certain concepts that
are interesting for reasoning about the cooperative ability of groups.

Our invariance results indicate that our definability results are tight to
some extent. Indeed, they show that within a large family of known extended
modal languages with a natural model-theoretical characterization we could
not improve on them. Upper bounds on the complexity are thus accurate to
some extent. However, it is of course always possible to design ad hoc logics to
express exactly the notion of interest. This leads us to the question of whether
we can find a strategy to identify tight lower bounds. We would have to show
that for every logic interpreted on some class of structures, if the logic can
express a particular property, then its satisfiability (model-checking) problem
has at least a certain complexity. A first idea could be to use results from
the computational social choice literature to obtain lower bounds on the data
complexity of model-checking a logic that can express some notion. In general,
the difficulty is that the results from this literature often take the number of
resources (and/or number of agents) as primitives, while the data complexity
of a modal logic is usually taken relatively to the size of the model whose
domain is in general exponentially bigger than the number of resources. Recall
Example 3.3, in which the size of the LTS constructed from a resource allocation
setting is exponential in the number of resources.

3.4 Conclusions and Further Questions

We will now summarize the main results of this chapter and then give conclu-
sions and further questions.

3.4.1 Summary

In this chapter, we made a step towards a unified perspective on modal logics
for cooperation, focusing on the complexity and expressive power required
to reason about interesting concepts from social choice and game theory in
different logics. We have seen that action- and power-based models, together
with coalition-labeled transition systems, constitute three natural families of
cooperation logics with different primitives.

We now summarize the results we obtained for each class of systems.
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Coalition-labeled transition systems

The results for coalition-labeled transition systems can be found in Table 3.8.
We can see that only Nash-stability cannot be expressed in the basic language
extended with an intersection modality. The fact that coalitional power is
simplified a lot in this class of models pays off in terms of computational
complexity of the logics we determined for reasoning about various concepts.
As opposed to both action- and power-based coalitional models, on LTS all
the properties we considered could be expressed in modal logics that have a
complexity of at most EXPTIME (for SAT).

Property expressible in Upper bounds MC,SAT

Simple coalitional power LLTS P,PSPACE

Simple preference LLTS P,PSPACE

C can make j happy LLTS(∩) P,PSPACE

Nash-stability HLLTS(↓) PSPACE,EXPTIME

strong Nash-stability LLTS(∩) P,PSPACE

Table 3.8: Results for LTS.

Action-based coalitional models

The results for action-based coalitional models can be found in Table 3.9. We
notice that already for expressing that a coalition can force that a proposition
holds, the basic language is not sufficient as we need to be able to take the
intersection of action relations. Expressing the ability of a coalition to make
the system move into a state at least as good for some agent does not seem to
be possible in a decidable normal modal logic with natural model theoretical
properties. The same holds for strong Nash-stability. For regular Nash-stability
on the other hand, we identified a hybrid extension of the basic logic that can
express this property and whose satisfiability problem is in EXPTIME. The
key for getting a decidable hybrid extension here is that we can express Nash-
stability in the fragment without the alternation � ↓�.

Power-based coalitional models

Table 3.10 summarizes the results for power-based coalitional models. The
basic property of a coalition being able to force that a proposition holds can be
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Property expressible in Upper bounds MC,SAT

Simple coalitional power LABC(∩) P,PSPACE

Simple preference LABC P,PSPACE

C can make j happy HLABC(@, ↓,∩) PSPACE,Π0
1

Nash-stability HLABC(↓) PSPACE,EXPTIME

strong Nash-stability HLABC(↓, −1) PSPACE,Π0
1

Table 3.9: Results for ABC.

expressed in the basic language using three modalities (one for the equivalence
relation of the empty set, one for that of the coalition itself, and one for the
outcome function). Again, the fact that for Nash-stability the bounded fragment
without alternations � ↓� is sufficient makes this stability notion expressible
in a decidable logic. For the ability of a coalition to force the system into a state
at least as good for some agent we could only identify an undecidable hybrid
extension. The same holds for strong Nash-stability, for which we also need
the converse modality.

Property expressible in Upper bounds MC,SAT

Simple coalitional power LPBC P,PSPACE

Simple preference LPBC P,PSPACE

C can make j happy HLPBC(@, ↓) PSPACE,Π0
1

Nash-stability HLPBC(↓) PSPACE,EXPTIME

strong Nash-stability HLPBC(↓, −1) PSPACE,Π0
1

Table 3.10: Results for PBC.

3.4.2 Conclusions
We now present the conclusions that we can draw from the above results.

Intersection is crucial for reasoning about cooperation. In general, our in-
variance results show that interesting notions about coalitional power and
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preferences are often not invariant under bisimulation. However, in many
cases it is only a matter of allowing the underlying logics to reason about the
intersection of two relations. From this, we can draw the conclusion that be-
ing able to express intersection is crucial when reasoning about cooperation of
agents in normal modal logics.

On simple coalition-labeled transition systems, intersection is needed as
soon as we want to reason about coalitions having the ability to make an agent
happy (by forcing the system into a state the agent prefers). On action-based
coalitional models, the intersection of action relations is already needed for
expressing even the simplest notion involving coalitional power: the ability to
make some proposition true. The good news is that we can add an intersection
modality to the basic language without (significantly) increasing the complexity
of the logic. In general, the observation that the intersection of agents’ ability-
modalities is needed for many interesting properties of coalitional ability is not
surprising: talking e.g. about a particular state being in a certain relation for
more than one agent seems to be at the heart of reasoning about coalitions.
The same holds for the intersection of ability modalities and preferences: the
combination of ability and preference plays a central role as soon as we want
to reason about the ability to achieve an improvement of the situation for an
agent.

Choice of primitive has a great impact on whether strong or weak stability
notions are easier to express. One of our main findings is that the choice
of primitives of the modal frameworks for cooperation has a great impact on
whether strong or weak stability notions are easier to express.

• In action- and power-based models, weak stability notions require less
expressive power and complexity than strong stability notions.

• In coalition-labeled transition systems, the situation is just the opposite.

This has to do with whether coalitional power to achieve an improvement
for an agent can be expressed in a simple way such that the intersection of
relations is sufficient to express the stability notion or whether we need to
express something like a subset relation.

Let us come back to our first research question.

Research Question 1 What formal frameworks are best suited for rea-
soning about which concepts involved in interaction?

• What should be the primitive notions a formal approach should be
based on?

With our above results, we can thus draw the following conclusions for
answering the question.
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1. For a framework that makes explicit how coalitional power arises from
that of individuals which have preferences, being able to express the
intersection of relations is crucial.

2. Making coalitional power explicit in terms of the power of subcoalitions
or in terms of actions in general leads to a higher complexity than choosing
a very general approach, abstracting away from the intrinsic structure of
coalitional power.

3. In the design of modal logic frameworks for reasoning about game theo-
retical concepts, special attention needs to be paid to whether the system
should be able to reason about weak or strong stability notions.

Remarks

It is important to note that in our definability results we made use of very big
conjunctions and disjunctions. When taking conjunctions/disjunctions over all
coalitions, they will be exponentially related to the number of agents. The con-
sequences we draw about the upper bounds on the complexity of satisfiability
or of combined complexity of model checking is thus to be balanced by the fact
that we generally use very big conjunctions or disjunctions that might well be
exponential if we take the number of agents as a parameter for the complexity
results.

The fact that both for action- and power-based models for relatively basic
notions such as the ability of a group to make an agent happy we identified
very expressive logics which are undecidable could be understood as bad news
for reasoning about cooperation using modal logic. However, we note that the
models we considered are very general and for modeling specific scenarios at
hand it will often be possible to take restricted classes of models for which less
expressive power is needed.

Our invariance results indicate that our definability results are tight as far
as we are concerned with expressibility in modal logics with natural model-
theoretic characterization.

3.4.3 Further Questions
The work in this chapter gives rise to some interesting questions for further
research.

• What are natural extensions of our analysis?
The stability notions that we considered in this work express that agents
do not have an incentive to change the current state within one step. In
order to express more sophisticated stability notions for interactive sys-
tems fixed point logics such as the modal µ-calculus are needed. A central
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open problem arising from our work is to extend action-based models to
reason about transitive closure in order to simulate more powerful logics
such as ATL∗.

• How can our complexity results be interpreted in a way that takes into
account how succinctly the different properties can be expressed in the
different logical frameworks?
Here, a detailed analysis using methods from parametrized complexity
could lead to more insights, showing which are the exact parameters that
contribute to the complexity.

• How can tight lower bounds be obtained for the complexity of logics that
can express some concept?
As we have discussed on page 84, we could focus purely on the al-
gorithmic tasks of checking certain properties on the different semantic
structures. Precisely determining this complexity will then give us lower
bounds on the data complexity of model checking these properties on the
different classes of models.

3.4.4 Concluding Part I
The work in this part has clarified the impact of certain design choices for the
complexity of modal logics for cooperation. We have seen how the choice of
primitives influences the complexity required for expressing certain concepts
inspired by game theory. While we could pinpoint specific sources of the
complexity, we also note that the kind of complexity analysis that we were
concerned with in Part I is very general as we considered satisfiability and
model checking problems. These problems are concerned with any formula
of a given language. Hence, they tell us something about the complexity of
deciding whether any property expressible in some language holds in some/any
model. However, it might just be the case that the properties that are relevant
for reasoning about interaction all lie at one end of the complexity spectrum.
Thus, the complexity results given so far can rather be seen as describing the
complexity of theories of interaction than describing the complexity of interaction
itself.

In order to focus more on the complexity of interaction itself, Part II will an-
alyze the computational complexity of very interaction-specific decision prob-
lems, such as

• deciding whether a player has a winning strategy (Chapter 4),

• deciding whether the information states of two agents are in a certain
relation (Chapter 5),
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• deciding what are the legal moves in a game (Chapter 6).

While we will still use modal logic frameworks in Chapter 4 and 5, our com-
plexity analysis will be about the complexity of decision problems specifically
about the interaction of individual agents.




