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Chapter 4

Variations on Sabotage – Obstruction and
Cooperation

While in the two previous chapters, our complexity analysis of interactive
processes has focused on various forms of strategic ability in very general
models of interaction, we will now move on to investigating more concrete
interactive processes. We shift the perspective from general frameworks for
group ability to concrete settings of interaction between diverse individual
agents.

Instead of analyzing the computational complexity of logical theories for
social action, we now investigate the complexity of deciding if in a particular
interactive setting some agent has the ability to achieve success.

For the choice of interactive setting to be investigated, let us come back
to our original motivation to develop formal theories that lead to a deeper
understanding of modern interaction. Analyzing communication networks as
given in Example 1.4, an important question is how robust such a system is
against flaws in the network: do messages still reach the intended recipient
when connections can break down?

In a sense, a strategy for success can here be seen as a strategy to traverse
the network in a way that even if connections break down the destination can
be reached.

The breakdowns of the connections can be seen as the work of an adversary
agent, and the resulting interaction can be seen as a two-player game between
one player traversing the network and the other one cutting edges of the net-
work. This can be modeled in the framework of Sabotage Games, which are
two-player games played on a graph in which one player travels through the
graph while the other one cuts connections.

Sabotage Games have received attention in modal logic as they have cor-
responding modal logic extended with dynamic modalities for the removal of
edges in the model. Their complexity has been well studied and they can be
used to model various situations, including the following.
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96 Chapter 4. Variations on Sabotage – Obstruction and Cooperation

• Travel through a transportation networks with trains breaking down or
flights being canceled (van Benthem 2005)

• Fault-tolerant computation and routing problems in dynamically chang-
ing networks (Klein et al. 2010)

• Process of language learning in which a learner moves from one gram-
mar to another by changing his mind in response to observations, and a
teacher acts by providing information which makes certain mind changes
impossible (Gierasimczuk et al. 2009b; Gierasimczuk 2010)

Especially in the last of the above interpretations, it also seems to be very
intuitive to think of the “adversary” player as actually having the objective of
guiding the other player to a certain destination. This consideration leads us to
new variations of Sabotage Games and thus to our second research question.

Research Question 2 What is the role of cooperation vs. competition in
the complexity of interaction?

• Does analyzing an interactive situation in general become easier if
the participants cooperate?

In Part I, we have already seen that logical theories of cooperating agents
can be rather complex if they are designed in a way that makes explicit the
internal structure of cooperation. In this chapter we investigate in how far the
complexity of Sabotage Games is sensitive to changes in the objectives of the
players.

This chapter contributes to the complexity theoretical study of games on
dynamically changing structures (cf. e.g. Rohde (2006)), while paying particular
attention to how sensitive complexity results of such games are to variations
in players’ objectives and to variations in the procedural rules. With respect to
logic, our contributions lie in the field of modal logics that have the property
that evaluating a formula can change the model (cf. e.g. Gabbay (2008)).

4.1 Sabotage Games
The framework of Sabotage Games has originally been introduced by van Ben-
them (2005). It can be used to model the dynamics of networks in which
transitions can break down. Examples of such systems include transportation
networks with flights being canceled or trains breaking down, and commu-
nication networks with unstable connections. The underlying idea is that the
breakdowns can be seen as the result of the interference of an adversary player
who is trying to obstruct the travel through the network.
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A Sabotage Game is a two-player game played on a multi-graph, i.e., a
graph that can have more than one edge between two vertices. The two players,
Runner and Blocker, move in alternation with Runner being the first to move.
Runner’s moves consist of making a transition along an edge. Blocker moves
by deleting an edge from the graph. The game ends when a player cannot move
or Runner has reached one of the designated goal vertices. To be more precise,
as Runner is the first to move, it cannot happen that the game ends because
Blocker cannot remove any edge, as the game would have already ended when
it was Runner’s turn and he could not move. Runner wins if he has reached a
goal vertex; otherwise Blocker wins.

4.1.1 Representing Sabotage Games
To define the game formally, let us first introduce the structure in which Sabo-
tage Games take place.

Definition 4.1 (Directed multi-graph) A directed multi-graph is a tuple (V,E)
where V is a finite set of vertices and E : V × V → N is a function indicating
the number of edges between any two vertices. For a given vertex v ∈ V, we
let E(v) denote the number of outgoing edges from v, i.e., E(v) := Σu∈VE(v,u).�

The Sabotage Game is then defined as follows.

Definition 4.2 (Sabotage Game (Rohde 2006)) A Sabotage Game SG =
�V,E0, v0,F� is given by a directed multi-graph (V,E0) with V � ∅, a vertex
v0 ∈ V, and F ⊆ V,F � ∅. v0 is Runner’s starting point and F is the set of goal
vertices. We let SG denote the class of all Sabotage Games.

A position of the game is then given by �τ,E, v�, where τ ∈ {0, 1} determines
whose turn it is (Runner’s turn if τ = 0 and Blocker’s turn if τ = 1), E ⊆ E0 and
v ∈ V.

Each match is played as follows. The initial position is given by �0,E0, v0�,
and each round consists of two moves, as indicated in Table 4.1. A round from
position �0,E, v� consists of the following moves.

1. First Runner chooses some vertex v� ∈ V such that E(v, v�) > 0.

2. In the resulting position �1,E, v��, Blocker picks some edge (u,u�) such
that E(u,u�) > 0.

The game continues in position �0,E−(u,u�), v��where E−(u,u�) is defined as follows
for each (w,w�) ∈ V × V:

E
−(u,u�)(w,w�) :=

�
E(w,w�) − 1 if (w,w�) = (u,u�)
E(w,w�) otherwise.
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Position Player Admissible moves

1. �0,E, v� Runner
�
�1,E, v�� | E(v, v�) > 0

�

2. �1,E, v�� Blocker
�
�0,E−(u,u�), v�� | E(u,u�) > 0

�

Table 4.1: A round in the Sabotage Game

Final Position Winner

�0,E, v�, with E(v) = 0 Blocker

�1,E, v�, with v ∈ F Runner

Table 4.2: Final Positions in the Sabotage Game

The match ends as soon as Runner has reached a vertex in F (in which case
he wins) or Runner cannot make a move (in which case Blocker wins). The
precise conditions are given in Table 4.2.

As in every round one edge is removed, every Sabotage Game �V,E0, v0,F�
ends after at most

�
(v,v�)∈V×V E0(v, v�) rounds. �

In the above definition, Blocker’s moves of deleting an edge are represented
by subtracting 1 from the value of E(u,u�) for the chosen pair of vertices (u,u�).
As we will see later, this definition can lead to some technical problems when
we want to interpret a modal logic over these structures. Therefore, we will now
present an alternative definition of a Sabotage Game, which we subsequently
show to be equivalent with respect to the existence of winning strategies.

Definition 4.3 (Directed labeled multi-graph) LetΣ = {a1, . . . am} be a finite set
of labels. A directed labeled multi-graph based on Σ is a tuple (V,E), where V is
a finite set of vertices and E = (Ea1 , . . . ,Eam) is a sequence of binary relations
over V, i.e., Eai ⊆ V × V for each ai ∈ Σ. For each vertex v ∈ V, we define
E(v) :=

�
a∈Σ{u ∈ V | (v,u) ∈ Ea}. Thus, E(v) denotes the set of all vertices u such

that there is an edge from v to u, labeled by a label in Σ. �

In this definition, labels fromΣ are used to represent multiple edges between
two vertices. The sequence E is simply an ordered collection of binary relations
on V with labels from Σ. Accordingly, the modified definition of Sabotage
Games is as follows.
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Definition 4.4 (Labeled Sabotage Game) A Labeled Sabotage Game SG =
�V,E0, v0,F� is given by a directed labeled multi-graph (V,E0) (based on
Σ = {a1, . . . am}) with V � ∅, a vertex v0 ∈ V and subset of vertices F ⊆ V,F � ∅.
Vertex v0 is Runner’s starting point and F is the set of goal vertices. We let SG
denote the class of all Labeled Sabotage Games.

Each match is played as follows. The initial position is given by �0,E0, v0�,
and each round consists of two moves, as indicated in Table 4.3. In words, a
round from position �0,E, v� with E = (Ea1 , . . . ,Eam) consists of the following
moves.

1. First, Runner chooses a vertex v� such that (v, v�) ∈ Eai for some ai ∈ Σ.

2. Then the game continues in position �1,E, v�� with Blocker picking some
edge (u,u�) and a label aj ∈ Σ such that (u,u�) ∈ Eaj .

The game then continues in position �0,E−(u,u�),aj , v��, where E−(u,u�),aj is given by

E−(u,u�),aj = (Ea1 , . . . ,Eaj \ {(u,u�)}, . . . ,Eam).

Position Player Admissible moves

1. �0,E, v� Runner
�
�1,E, v�� | (v, v�) ∈ Eai for some ai ∈ Σ

�

2. �1,E, v�� Blocker
�
�0,E−(u,u�),aj , v�� | (u,u�) ∈ Eaj for some aj ∈ Σ

�

Table 4.3: A round in the Labeled Sabotage Game

The match ends when Runner has reached a vertex in F or cannot make a
move. In the first case, Runner wins and in the second case Blocker wins. The
precise conditions are given in Table 4.4.

Final Position Winner

�0,E, v�, with E(v) = ∅ Blocker

�1,E, v�, with v ∈ F Runner

Table 4.4: Final Positions in the Labeled Sabotage Game

As in every round an edge is removed and the set of labels is finite, every
Labeled Sabotage Game �V,E0, v0,F� ends after at most

�
a∈Σ |Ea

0| rounds. �
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Note that due to the order in which the players make their moves, the
positions given in Table 4.4 are the only final positions.

The only difference between the two definitions of a Sabotage Game is the
way in which the multiple edges are represented: while the standard Sabotage
Game uses a function that tells us how many edges are between any given pair
of vertices, the labeled version uses relations with different labels.

Note that both games have the history-free determinacy property:

if a player has a winning strategy, (s)he has a positional winning
strategy, i.e., a winning strategy that depends only on the current
position of the game, and not on which moves have led to it.

Then, in particular, in a Labeled Sabotage Game �V,E0, v0,F�, a round from
position �0,E, v� with Runner choosing to move to v� and Blocker choosing
to let the game continue in position �0,E−(u,u�),aj , v�� can be seen as a transition
from the game �V,E, v,F� to the game �V,E−(u,u�),aj , v�,F� because all previous
moves become irrelevant. We will use this fact throughout this chapter. Also,
by edges and vertices of a game �V,E, v,F�, we will mean edges and vertices of
its underlying directed (labeled) multi-graph (V,E).

In Labeled Sabotage Games, the labels of the edges are irrelevant for the
existence of a winning strategy: Observation 4.5 shows that only the number
of edges between each pair of vertices matters.

Observation 4.5 Let SG = �V,E, v0,F� and SG� = �V,F , v0,F� be two Labeled
Sabotage Games, both based on the set of labels Σ, such that the games differ only in
the labels of the edges, i.e., given E = (Ea1 , . . . ,Eam) and F = (F a1 , . . . ,F am), we have
that for all (v, v�) ∈ V × V it holds that

����{a ∈ Σ | (v, v�) ∈ Ea}
���� =
����{a ∈ Σ | (v, v�) ∈ F a}

����.

Then Runner has a winning strategy in SG if and only if he has a wining strategy in
SG�.

Proof. Follows from the fact that between any two vertices v, v� ∈ V there are
the same number of edges in E as there are in F , and thus there is a bijection

f(v,v�) : {a ∈ Σ | (v, v�) ∈ Ea}→ {a ∈ Σ | (v, v�) ∈ F a}.

Assume that Runner has a winning strategy in SG. Now, if the strategy tells
him that in the first round, he should choose position �1,E0, v��, then in the
first round of SG� he can choose �1,F0, v�� as this is a legal move. Then, when
Blocker replies in SG� by choosing position �0,F0

−(u,u�),ai , v��, Runner can now
use the winning strategy he has for position �0,E0

−(u,u�), f−1
(u,u�)(ai), v�� in SG. If this

strategy tells him to choose position �1,E0
−(u,u�), f−1

(u,u�)(ai), v��� then in SG� he can
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choose position �1,F0
−(u,u�),ai , v���. It is clear that proceeding this way, Runner

will also be able to win SG�.
The other direction is analogous: If inSG Blocker removes an edge between

two vertices u,u� Runner can always respond by doing the move he would have
done in SG� if Blocker had removed an edge between the same two vertices
with the corresponding label (now using the function f(u,u�)). �

Using Observation 4.5, we can now prove the following theorem, which
states that Sabotage Games and Labeled Sabotage Games are equivalent w.r.t.
the existence of winning strategies. More precisely, we show the following.
First of all, for every Sabotage Game, there is a Labeled Sabotage Game that
has the same set of vertices, the same set of goal vertices and also the same
number of edges between any two vertices, and moreover the players have the
same abilities to win. Second, for every Labeled Sabotage Game, there is also
such a corresponding Sabotage game satisfying the same conditions. Thus, we
show that the games can be transformed into each other while the winning
abilities stay the same and the games are of the same size if we measure the
size as the sum of the vertices and the edges between them1.

Theorem 4.6 1. We can define a function f : SG → SG such that, for every
Sabotage Game SG = �V,E, v,F� in SG,

(a) f (SG) is based on the set of labels Σ = {1, . . . ,m}, where m is the
largest number of edges between any two vertices in SG, that is, m :=
max{E(u,u�) | (u,u�) ∈ (V × V)};

(b) SG and f (SG) have the same vertices, initial vertex and set of goal vertices;

(c) the number of edges between any two vertices is the same in SG and f (SG);

(d) Runner has a winning strategy in SG iff he has one in f (SG).

2. We can define a function g : SG → SG such that, for every Labeled Sabotage
Game SG = �V,E, v,F� in SG with Σ its set of labels,

(a) SG and g(SG) have the same vertices, initial vertex and set of goal vertices;

(b) the number of edges between any two vertices is the same inSG and g(SG);

(c) Runner has a winning strategy in SG iff he has one in g(SG).

Proof.

1At this point, it is possible to argue that encoding the multiplicity of the edges as (binary)
numbers is more succinct than using different relations, which results in a unary coding of the
multiplicity of the edges.
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1. For any Sabotage Game SG = �V,E, v,F� in SG, define Σ := {1, . . . ,m}
with m as in the theorem statement. Then, define the Σ-based Labeled
Sabotage Game f (�V,E, v,F�) as

f (�V,E, v,F�) := �V,E, v,F�

where E := (E1, . . . ,Em) and every Ei is given by

Ei := {(u,u�) ∈ V × V | E(u,u�) ≥ i}

Points (a) and (b) follow immediately from f ’s definition. For (c), the
number of edges in SG between any two vertices u,u� is given by E(u,u�),
but then the pair (u,u�) will be in every Ei such that i ≤ E(u,u�), i.e., in
exactly E(u,u�) of the relations in E. It is just left to show that Runner has
a winning strategy in SG iff he has one in f (SG).
The proof is by induction on n :=

�
(v,v�)∈V×V E(v, v�), the total number of

edges of SG which, by point (c), is also the total number of edges in f (SG).
Moreover, since f only changes the way the vertices are represented, we
will be more precise and denote f (�V,E, v,F�) as �V, f (E), v,F�.

The base case. Straightforward, since when there are no edges, in both
games Runner has a winning strategy iff v ∈ F.

The inductive step. From left to right, suppose that Runner has a winning
strategy in the game �V,E, v,F�with n+ 1 edges. If Runner wins immedi-
ately, v ∈ F and he also wins f (�V,E, v,F�) immediately. Otherwise, there
is some v� ∈ V such that E(v, v�) > 0 and Runner has a winning strategy in
all games �V,E−(u,u�), v�,F� that result from Blocker choosing to remove an
edge between u and u� with E(u,u�) > 0. Since all games �V,E−(u,u�), v�,F�
have n edges, by inductive hypothesis Runner has a winning strategy in
�V, f (E−(u,u�)), v�,F�.
But then, by Observation 4.5, Runner has also a winning strategy in all
games �V, f (E)−(u,u�),i, v�,F� that result from removing an edge from u to u�
with label i (with 1 ≤ i ≤ m and (u,u�) ∈ Ei) because the only possible
difference between �V, f (E−(u,u�)), v�,F� and �V, f (E)−(u,u�),i, v�,F� is in the
labels of the edges between u and u�: in the former, the removed label
is the largest; in the latter, the removed label is any. Since moving to v�
is also an admissible move in �V, f (E), v,F�, Runner also has a winning
strategy in this latter game.

From right to left. If Runner has a winning strategy in �V, f (E), v,F�, he
can choose some v� with (v, v�) ∈ Ei for some i with 1 ≤ i ≤ m such that he
has a winning strategy in all games �V, f (E)−(u,u�),i, v�,F� that result from
Blocker removing an edge with label i between a pair of vertices (u,u�).
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Now, by Observation 4.5, if Runner has a winning strategy in ev-
ery such �V, f (E)−(u,u�),i, v�,F� then he has a winning strategy in every
�V, f (E−(u,u�)), v�,F� because, again, the only difference between the two
games is in the labels of the edges. But then, by the inductive hypothesis,
he also has a winning strategy in every �V,E−(u,u�), v�,F�. Hence, since v� is
also an admissible move in �V,E, v,F�, Runner has a winning strategy in
this latter game.

2. For any Labeled Sabotage Game SG = �V,E, v,F� ∈ SG with Σ :=
{a1, . . . , am}, define

g(�V,E, v,F�) := �V,E, v,F�
where E is defined as follows, for every (u,u�) ∈ V × V,

E(u,u�) :=
����{a ∈ Σ | (u,u�) ∈ Ea}

����.

Point (a) is given by g’s definition. For (b), note that for every pair of
vertices (u,u�), E(u,u�) is given by the number of relations Ea that contain
(u,u�). For (c), showing that Runner has a winning strategy in SG iff
he has one in g(SG) is straightforward and can be done by induction on
the number of edges of SG, given by

�
a∈Σ |Ea|. In the inductive step, for

the left-to-right direction, the idea is that Runner can respond to Blocker
removing an edge in the same way as he would have in SG if Blocker
had removed the edge with the highest label. The other direction uses
Observation 4.5.

This concludes the proof. �

We have thus shown that Labeled Sabotage Games and Sabotage Games as
defined originally are very similar. For each game in one of the classes, there is
a corresponding one with the same vertices, same number of edges and same
winning abilities in the other class. In the remainder of this chapter, we will
work with Labeled Sabotage Games. We now continue with Sabotage Modal
Logic, a framework in which we can reason about the abilities of the players in
Sabotage Games.

4.1.2 Sabotage Modal Logic
Sabotage Modal Logic (SML) (van Benthem 2005) has been introduced to reason
about reachability-type problems in dynamic structures, such as the graph of
our Sabotage Games. Besides the standard modalities, its language contains
“transition-deleting” modalities for reasoning about model change that occurs
when an edge is removed. More precisely, we have formulas of the form −�ϕ,
expressing that it is possible to delete a pair of states from the accessibility
relation such that ϕ holds in the resulting model at the current state.
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Definition 4.7 (Sabotage Modal Language (van Benthem 2005)) Let PROP be
a countable set of propositional letters and let Σ be a finite set. Formulas
ϕ of the language of Sabotage Modal Logic are given by

ϕ ::= p | ¬ϕ | ϕ ∨ ϕ | �aϕ | −�aϕ

with p ∈ PROP and a ∈ Σ. The formula −�aϕ is defined as ¬−�a¬ϕ, and we also
define the following abbreviations:

�ϕ :=
�

a∈Σ
�aϕ −�ϕ :=

�

a∈Σ
−�aϕ

�

The language of Sabotage Modal Logic is interpreted over Kripke models
that here will be called Sabotage Models.

Definition 4.8 (Sabotage Model (Löding and Rohde 2003b)) Given a count-
able set of propositional letters PROP and a finite set Σ = {a1, . . . , am}, a Sabotage
Model is a tuple M = �W, (Rai)ai∈Σ,V� where W is a non-empty set of worlds,
each Rai ⊆W ×W is an accessibility relation and V : PROP→ ℘(W) is a proposi-
tional valuation function. The pair (M,w) with w ∈W is called Pointed Sabotage
Model. �

For the semantics, we define the model resulting from removing an edge.

Definition 4.9 Let M = �W,Ra1 , . . .Ram ,V� be a Sabotage Model. The model
M−(u,u�),ai that results from removing the edge (u,u�) ∈ Rai is defined as

M−(u,u�),ai := �W,Ra1 , . . . ,Rai \ {(u,u�)}, . . .Ram ,V�. �

Definition 4.10 (Sabotage Modal Logic: Semantics (van Benthem 2005))
Given a Sabotage Model M = �W, (Ra)a∈Σ,V� and a world w ∈ W, atomic
propositions, negations, disjunctions and standard modal formulas are
interpreted as usual. For “transition-deleting” formulas, we have

(M,w) |= −�aϕ iff ∃ u,u� ∈W : (u,u�) ∈ Ra and (M−(u,u�),a,w) |= ϕ. �

Complexity of SML. The computational complexity of SML has been an-
alyzed by Löding and Rohde (2003a). The satisfiability problem of SML is
undecidable; the proof is by reduction from Post’s Correspondence Problem.
Model checking is PSPACE-complete.

We will see in Section 4.2.2 how the logic can be used to express the existence
of winning conditions in Sabotage Games and some variations, which we will
now define and analyze.
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4.2 From Obstruction to Cooperation

In this section, we look at variations of the standard Sabotage Game that differ
with respect to the attitude of the players. In the standard version, Runner
wins if and only if he reaches a goal state, and Blocker wins if and only if she
can prevent this.

However, in many game like interactions on graphs it also makes sense
to think of one player trying to avoid reaching certain bad states, and another
player trying to force him to reach such a state. This motivation is related to
the situations modeled in Cops and Robbers games (cf. e.g. Fomin et al. (2008);
Kreutzer (2011)) when we look at it from the perspective of the robbers, or in
a variation of the recreational board game Scotland Yard (Sevenster 2006), in
which we can think of the cops trying to block escape routes of the fugitive
and this way forcing him to move to the prison. We will consider a variation
on Sabotage Games with a Safety winning condition. The moves of the players
stay the same, as do the final positions of the game, but the winning conditions
change: Runner looses as soon as he reaches a vertex in F. He wins otherwise
(i.e., when the game stops in a position in which he is not at a goal state, which
is the case when he reaches a dead-end which is not in F.

Learning theoretical interpretation of Sabotage Games. In previous work
(Gierasimczuk et al. 2009b), we have shown that Sabotage Games and their
variations can also model processes which at first sight might not be so closely
related to strategic game-like interactions, namely the processes of learning
and teaching.

Here the idea is that the underlying graph of the Sabotage Game represents
the set of hypotheses or grammars, and the transitions between them represent
the ways how the learner can change his mind when he gets new information.
The set of goal states represents the correct grammars. Then in the standard
Sabotage Game, Learner (taking the role of Runner) tries to reach such a goal
state while the evil Teacher (Blocker) is trying to obstruct him by giving infor-
mation that makes certain transitions impossible (represented by cutting the
edges). Then with the safety winning condition, we can model the situation
in which Teacher wants Learner to reach the learning goal, but the learner
however is not willing to learn and is trying to stay away from the goal.

Under the interpretation of the learning scenario, also a third kind of Sabo-
tage Games makes sense because it can be seen to represent the ideal learning
situation in which both Teacher and Learner have the aim of the learner reach-
ing the goal, and both cooperate in order to make this happen. Of course, with
the learning interpretation the question arises as to what is the most natural
sabotage framework to model the interaction of Teacher and Learner. This
could lead us to new variations of Sabotage Games with a mix of competition
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and cooperation of the players, e.g. variations in which Teacher’s aim is that
Learner reaches the goal within a certain number of rounds and Learner starts
with a safety objective but switches to reachability after some rounds.

We will very briefly come back to the learning theoretical interpretation of
Sabotage Games at certain points throughout the remainder of this chapter. For
a more detailed discussion of this interpretation of Sabotage Games, the reader
is referred to Chapter 7 of Gierasimczuk (2010).

4.2.1 Complexity of three Sabotage Games

In this section, we will describe the variations of the Sabotage Games and
investigate their complexity, i.e., the complexity of deciding whether a player
has a winning strategy.

Definition 4.11 (Variations on Sabotage Games) We distinguish three differ-
ent versions of Sabotage Games,SGReach (the standard Sabotage Game),SGSafety

and SGCoop. The structure on which the games are played and the moves al-
lowed for both players remain the same as in Definition 4.4. The winning
conditions are as given in Table 4.5. �

Game Final Position Winner

SGReach �1,E, v�, with v ∈ F Runner
�0,E, v�, with E(v) = ∅ Blocker

SGSafety �1,E, v�, with v ∈ F Blocker
�0,E, v�, with E(v) = ∅ Runner

SGCoop �1,E, v�, with v ∈ F both
�0,E, v�, with E(v) = ∅ none

Table 4.5: Three Sabotage Games

The different winning conditions correspond to different levels of Blocker’s
helpfulness and Runner’s attitude towards reaching the set of vertices F. Hav-
ing defined games representing various types of Blocker-Runner interaction,
for each version of the game we now determine the complexity of deciding
whether a player has a winning strategy.

In previous works (e.g. (Gierasimczuk et al. 2009b; Löding and Rohde
2003b)) an upper bound on the complexity of the games has been obtained by
transforming the games into corresponding pointed Kripke models and then
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using a PSPACE model checking algorithm to check if a formula characterizing
the existence of a winning strategy is true.

In the current work, we also consider different approaches, following ideas
from Rohde (2006) and Klein et al. (2010), in order to show that tight complexity
bounds for all three versions of the game can be given, even without using
Sabotage Modal Logic. The decision problems that we investigate are the
following.

Decision Problem 4.12 (Winning strategy for SGReach (SGSafety))
Input: Labeled Sabotage Game SG = �V,E, v,F�.
Question: Does Runner have a winning strategy in SGReach (SGSafety)? �

Decision Problem 4.13 (Winning strategy for SGCoop))
Input: Labeled Sabotage Game SG = �V,E, v,F�.
Question: Do Runner and Blocker have a joint winning strategy in SGCoop? �

We now investigate the complexity of this problem for the three different
winning conditions.

Sabotage Game with reachability winning condition (SGReach). For the stan-
dard Sabotage Game with reachability objective in which numbers are used
to represent the multiplicity of the edges, Rohde (2006) has shown a PSPACE

upper bound for deciding which player has a winning strategy. This is done by
showing that each game can be transformed into an equivalent one in which
both the multiplicity of the edges and the size of the set of goal vertices is
bound by a constant. Then an alternating PSPACE algorithm is given to solve
the game. Exactly the same ideas can be used for the labeled version of the
game. Note that using these techniques then allows us to transform labeled
games into equivalent games in which the multiplicity of edges is bound by
a constant. This will take care of the potential problem arising from the way
the multiplicity of edges is coded in labeled games (cf. Footnote 1 on page
101). PSPACE-hardness is shown by reduction from Quantified Boolean Formula
(Löding and Rohde 2003b; Rohde 2006).

We can use these results and immediately obtain the same complexity
bounds for Labeled Sabotage Game with reachability winning condition.

Theorem 4.14 SGReach is PSPACE-complete. �

Sabotage Game with safety winning condition (SGSafety). Whereas at first
sight, SGSafety andSGReach might seem to be duals of each other, the relationship
between them is more complex due to the different nature of the players’ moves:
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Runner moves locally by choosing a state accessible from the current one, while
Blocker moves globally by removing an arbitrary edge.

This is one of the reasons why determining the complexity of the safety
game (especially the upper bound) turns out to be quite interesting in the sense
that it does not immediately follow from the complexity of the reachability
game.

We will start with discussing different options we have for obtaining an
upper bound, thus also shedding some light on the different methods which
have in general been suggested for determining the complexity of Sabotage
Games in the literature. We will discuss the following three options.

1. Reduction to Sabotage Games with reachability winning condition.

2. Using model checking of SML, as done in Gierasimczuk et al. (2009b).

3. Explicitly giving a PSPACE algorithm for solving the game.

Option 1 is a method that would fit best into the focus of this dissertation
on the complexity of different interactive processes. Being able to establish a
relationship between the games with reachability and safety winning condi-
tion would be conceptually nice as it would clarify the effect of changing the
objectives of the players. In order to compute such a reduction, we need to find
a way to transform a Sabotage Game with safety winning condition into one
with reachability winning condition such that Runner has a winning strategy
in the former if and only if he has one in the latter. The first intuition would be
to use the idea that Runner wins the safety game if and only if he can at some
point reach a vertex from which there is no path to F.

Following this line of thought would result in the following transformation.
Given a safety Sabotage Game, transform it into a reachability Sabotage Game
on exactly the same graph with the only difference that the new set of goal
vertices F� is the set of vertices from which there is no path to goal set F of the
original game.

However, this is not a correct reduction as there can be situations in which
Runner can reach a goal vertex in the reachability game and can only do it
by moving through a vertex that is in F. We illustrate this with an example.
Assume that we have the following graph for the safety game with Runner
starting in the leftmost vertex and the vertex in the middle being the goal.

x ··

Then Runner will loose the safety game once he has moved.
Using the transformation explained above we will obtain the following

graph for the reachability game, with Runner having the same starting position
and the goal vertex now being the rightmost vertex.
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x ··

As Runner is the first to move, he can indeed win this game. How could
we repair the transformation in order to make it a proper reduction? One idea
would be to remove the goal states of the original game from the graph of the
reachability game.

For our example, this would give us the a reachability game on the following
graph without any edges.

x ··

Now, Runner also looses this game as he cannot move from the initial vertex.
Nevertheless, we note that the above example is very particular in the sense
that the games end very quickly. In general, the above procedure does not
work because in general the operation of transforming a safety game into a
reachability game and the operation of one round of the game being played
do not commute. This is because of the following: once Runner has made a
move in the safety game, Blocker could decide to remove an edge that has the
effect that now there are no paths from some vertex v to F. Then transforming
the game into a reachability game will then add v to the goal vertices F� of
the reachability game. If on the other hand, we first transform the game and
Runner and Blocker make the same moves, then no vertex is added to F�. This
shows that a reduction from safety Sabotage Games to reachability Sabotage
Games cannot be done with the transformation just explained. The challenge
in constructing such a reduction lies in the dynamic nature of the game as the
set of vertices from which there is no path to the goal vertices eventually grows.

Let us discuss Option 2: reducing the problem of deciding if a player can
win the safety Sabotage Game to the model checking problem of SML. This will
indeed be discussed in detail in Section 4.2.2 where we will show how Labeled
Sabotage Games can be transformed into Kripke models such that SML can be
used to reason about the existence of winning strategies.

For Option 3 – directly designing a PSPACE procedure, we suggest methods
developed by Klein et al. (2010) who showed that for any winning condition for
the randomized Sabotage Game which can be expressed by a formula of linear
temporal logic (LTL) (interpreted over the path of vertices visited by Runner
through the game) deciding whether Runner has a winning strategy can be
done in PSPACE. In the randomized Sabotage Game, which is similar to the
games against nature introduced by Papadimitriou (1985), edges are removed
with a certain probability. The same methods can indeed also be applied for our
safety Sabotage Game. Expressing the safety winning condition as a formula
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of LTL is straightforward as it boils down to saying that the path has to satisfy
that at every state ¬goal has to be true and moreover at some point a vertex is
reached that does not have a successor.

To summarize our discussion of how a PSPACE upper bound can be shown
for the safety Sabotage Game: both SML and LTL model checkers can be used
on a formula that expresses the existence of a winning strategy for Runner. A
direct reduction from safety Sabotage Games to reachability Sabotage Games
still needs to be developed and would have the great conceptual benefit of
clarifying the (non-trivial) relationship between both games.

We also show PSPACE-hardness of SGSafety. This can be done by a reduc-
tion from Quantified Boolean Formula. The proof follows similar ideas as the one
of the reachability Sabotage Game being PSPACE-hard, as shown in Theorem
2.20 of Rohde (2006). For every formula that can be the input for QBF, we
construct a labeled multi-graph with an initial vertex and a set of goal vertices
such that the formula is true if and only if Runner has a winning strategy
in the game with safety winning condition starting in the initial vertex. The
idea of the multi-graph is that for each quantifier occurring in the formula we
have a component in the graph such that in the components for the existential
quantifiers Runner chooses a value for the respective variable and in the com-
ponents corresponding to the universal quantifiers, Blocker chooses the value.
The graph is constructed in a way that forces the players to go through the
components in the order as given by the formula. The final component of the
graph corresponds to the Boolean formula containing the variables bound by
the quantifiers. It contains subcomponents for each clause in the formula and
Blocker chooses which of the components Runner has to move to. Once Runner
is in such a clause component, he has the choice of moving to different vertices
that each represent a literal occurring in the clause. The graph is constructed
in a way that Runner can win if and only if one of the literals is true under the
assignment given earlier in the game.

Theorem 4.15 SGSafety is PSPACE-complete.

Proof. SGSafety being in PSPACE follows from Theorem 4.20 of the next section
and the fact that model-checking of SML is in PSPACE.

PSPACE-hardness is proved by showing that the Quantified Boolean Formula
(QBF) problem, known to be PSPACE-complete, can be polynomially reduced
to SGSafety. Let ϕ be an instance of QBF, i.e., a formula:

ϕ := ∃x1∀x2∃x3 . . .Qxnψ

where Q is the quantifier ∃ for n odd, and ∀ for n even, andψ is a quantifier-free
formula in conjunctive normal form.
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We will now construct a directed labeled multi-graph on which SGSafety is
played, such that Runner has a winning strategy in the game iffϕ is true. We first
describe the essential components of the graph (a ∀-gadget for each universally
quantified variable in the formula, a ∃-gadget for each existential quantifier in
the formula, and a verification gadget for the quantifier free formula ψ), and
the key properties they have with respect to how they force the course of the
game. After that we show that with this construction it holds that Runner can
win the safety game on that graph if and only if the formula is true.

The ∃-gadget. Figure 4.1 shows the subgraph corresponding to the existential
quantifier for xi, with i odd. Curly edges represent edges with a multiplicity of
five and the symbol # represents a dead end. Edges drawn as↔ represent two
edges, each going in one direction. The numbers labeling edges stand for the
multiplicity of the edges, thus an edge labeled with n represents n edges each
with a different label from 1, . . . ,n. The vertices represented by circles are the
vertices in F.

When Runner enters the gadget at A, he can choose between going towards
Xi or going to X̄i. In our interpretation, Runner moves to Xi if he wants to
make xi false and to X̄i if he wants to make xi true. Once Runner has chosen
which path to take, there is no choice for Blocker other than removing the four
edges from the variable vertex that Runner is approaching to the dead end #. If
Blocker removes an edge somewhere else in the graph, Runner will win since
when he arrives at the variable vertex (i.e., Xi or X̄i), there is still an edge left
to #. So, we can assume that when Runner reaches the variable vertex, there
is only one edge to # left, which Blocker will then remove. Then in the next
round, Runner will move to B because the only other choice would be to move
to the goal vertex in which case he would loose immediately. When Runner is
at vertex B, Blocker is forced to remove the edge from B to the other variable
vertex as that one still has four edges to #, and thus if Blocker doesn’t prevent
Runner from going there, he will win. Then in the next round Runner is forced
to exit the gadget at B, because moving back to the variable vertex he came
from is of no use for him as Blocker can then remove the edge back to B, thus
forcing Runner to move to the goal.

The ∀-gadget. Figure 4.2 shows the subgraph corresponding to the universal
quantifier for xi, with i even. In this component, Blocker can choose the value
of the variable xi. Runner enters the gadget at A, and in the next three rounds,
he moves towards C.

If Blocker wants Runner to pass through Xi (corresponding to Blocker choos-
ing to make xi false) she does the following: While Runner is on his way from
A to C, she removes the three edges from C to X̄i. Then when it is Runner’s
turn to move from C, no edge to X̄i is left and he is forced to move via D to Xi.
During these four rounds, Blocker has to remove the four edges from Xi to #,
because otherwise Runner can win by moving to # once he has arrived at Xi.
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Figure 4.1: The ∃-gadget
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Figure 4.2: The ∀-gadget

So, when it is Runner’s turn again, he will move to B because his only other
option is moving to F. Now, Blocker has to remove the edge from B to X̄i in
order to prevent Runner from moving to X̄i from where he could win, as there
are still four edges to #. So, next Runner will exit the gadget.

If Blocker wants Runner to pass through X̄i (to make xi true), the analysis is
more complicated as Runner can not actually be forced to traverse the gadget
via X̄i. In what follows, we first analyze what will happen if Runner indeed
moves as intended and then we consider the case when he does not. With
Runner starting to move along the path from A, Blocker can now remove three
of the four edges from X̄i to #. Then when it is Runner’s turn to move from
C, there is one edge left from X̄i to #. Now, there are in principle two options
for Runner: first, to move to X̄i as intended. Second, to move to D and from
there to Xi. In the first case, if Runner moves to X̄i, then Blocker has to remove
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the last edge to #. Then Runner will move to B as the only other option is to
move to F. When Runner is in B, Blocker has to remove the edge leading to Xi,
preventing Runner from reaching # via Xi. Then Runner will exit the gadget.

Now, consider the case that Runner decides to move from C to D instead of
moving to X̄i. If this happens, Blocker has to make sure that all the four edges
are removed before it is Runner’s turn again to move from Xi. Then Runner
will move from Xi to B because the only other possibility would be to move to
F. Once Runner reaches B, the gadget looks like in Figure 4.3 and it is Blocker’s
turn. Then there are three possible scenarios.

A

D

Xi

C

X̄i

#

B

·· ··

in

3

outfrom verification gadget from verification gadget

Figure 4.3: The ∀-gadget when Runner does not move to X̄i as intended, with
B being the current position of Runner, and Blocker being the one to move.

1. Blocker removes the remaining edge from X̄i to #.

2. Blocker removes the edge from B to X̄i.

3. Blocker removes an edge somewhere else in the graph.

In Case 1, Runner will leave the gadget because he would not want to go to
X̄i or Xi as Blocker could force him to move to F from there.

In Case 2, Runner will also leave the gadget since as in the first case he
would not want to move back to Xi.

In Case 3, if Runner moves to X̄i, Blocker can still remove the last edge to #,
in which case Runner will move back to B. Then it is Blocker’s turn again. No
matter what she does, if Runner does not want to loose, he will exit the gadget,
as returning to one of the variable vertices leads him to a situation in which
Blocker can force him to move to F.

Note that in Case 1, if Runner returns to one of the variable vertices later
via an edge from the verification gadget then Blocker can win by removing the
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edge to B thus forcing Runner to move to F. In the two other cases, there is
one edge left from X̄i to # and when Runner ever comes back to X̄i from the
verification gadget, Blocker can still make sure that Runner does not reach #,
and neither any other dead end.

Thus, we can conclude that in the case that Blocker chooses to make xi true
and acts as described above (i.e., she removes three of the four edges from X̄i to
#), there is no benefit for Runner in moving from C to D. Thus, we can assume
that Runner will then indeed move to X̄i as intended.

The verification gadget. Figure 4.4 shows the verification gadget for the case
that ψ consists of k clauses, i.e., ψ = c1 ∧ c2 ∧ . . . ∧ ck. Each subgraph with root
vertex Cj represents the clause cj in ψ. Accordingly, each vertex Ljh represents
the literal ljh occurring in clause cj, i.e., cj = lj1 ∨ lj2 ∨ . . . ∨ ljmj . If the literal is of
the form xi then there is an edge from Ljh to Xi in the corresponding quantifier
gadget (∃-, if i is odd and ∀- otherwise). If the literal is of the form ¬xi, then
there is an edge from Ljh to X̄i in that corresponding quantifier gadget.

Runner enters the gadget at the top, and Blocker can choose which clause
vertex Cj, Runner has to move to. He can do this by removing the edges from
Aj� to Cj� for all j� < j, and the edge from Aj to Aj+1 (or to #, if j = k). Note
that this way Runner has no choice as to where to move until he reaches Cj.
Once Runner reaches Cj, Blocker has to remove the edge from there to #. Then
Runner can choose to move to one of the literal vertices Ljh. At this point,
Blocker can remove an edge somewhere in the graph. The crucial point here
is that if ljh is true under the assignment chosen through the traversal of the
quantifier gadget for the variable in ljh, then Runner can win because there are
still at least three edges left from Xi to # in case ljh = xi, and analogously at
least three edges from X̄i to # if ljh = ¬xi. This is because in the intended play,
in the traversal of the quantifier gadgets, if xi was chosen to be true, X̄i was
visited and the edges between Xi and # remained intact, and analogously for
the case when xi was chosen to be true. For the converse, if ljh is false under
the assignment chosen through the traversal of the quantifier gadget for the
variable in ljh then Blocker can win because the variable vertex that Runner will
move to has been visited before and thus all the edges from it to # have been
removed and Blocker can force Runner to move to F.

Now, to summarize the essential properties of the construction: if ϕ is true
then in each ∃-gadget Runner can choose a truth value for xi for i odd such
that once Blocker has forced him to move to some clause vertex Cj, there is
some literal vertex that Runner can move to that leads to a variable vertex
back in one of the quantifier gadgets that has enough edges left to #, allowing
Runner to move there and win. For the other direction, ifϕ is false then Blocker
can choose truth values for the xi with i even such that when the verification
gadget is reached, she can force Runner to move to some Cj such that under the
assignment made through the traversal of the quantifier gadgets all the literals
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Figure 4.4: The verification gadget

occurring in the clause cj are false, and thus the corresponding variable vertices
have been visited already. So, no matter which literal vertex Runner chooses,
there are not enough edges left from the variable vertex that he could arrive to
#. Thus, Blocker can force him to move to F and Blocker wins.

Moreover, the construction of the graph for the game can clearly be done
in polynomial time with respect to the size of ϕ. This concludes the proof of
SGSafety being PSPACE-hard. �

Corollary 4.16 SGSafety is PSPACE-complete. �

We have thus shown that the games with reachability winning condition
(SGReach) and safety winning condition (SGSafety) for Runner have the same
complexity.

Cooperative Sabotage Game (SGCoop) Finally, let us look at SGCoop. This
game is different from the two previous ones: Runner and Blocker win or lose
together. Thus, a joint winning strategy does not need to take into account all
possible moves of an opponent. This suggests that this version should be less
complex than SGReach and SGSafety.

Note that Runner and Blocker have a joint winning strategy if and only if the
goal vertex is reachable from Runner’s position. Thus, determining whether
they can win SGCoop is equivalent to solving the Reachability (st-Connectivity)
problem, which is known to be non-deterministic logarithmic space complete
(NL-complete) (Papadimitriou 1994).

Theorem 4.17 SGCoop is NL-complete.

Proof. The equivalence of SGCoop and Reachability follows from the fact that
Runner and Blocker have a joint winning strategy if and only if there is a path



116 Chapter 4. Variations on Sabotage – Obstruction and Cooperation

from v to an element of F. From left to right this is obvious. From right to left,
if there is such path, then there is also one without cycles, and a joint winning
strategy is e.g. one in which Runner follows this acyclic path and at each step
Blocker removes the edge that has just been used by Runner. �

Note that Theorem 4.17 relies on the fact that Runner is the first to move. If
Blocker was the first to move, it is easy to construct a graph in which F is
reachable in one step from Runner’s initial position, and moreover this edge
is the only edge of the graph so that Blocker is actually forced to make F
unreachable.

Table 4.6 summarizes the complexity results for the different Sabotage
Games.

Game Winning Condition Complexity

SGReach Runner wins iff he reaches F, Blocker wins
otherwise

PSPACE-
complete.

SGSafety Runner wins iff he can avoid F throughout
the game, Blocker wins otherwise.

PSPACE-
complete.

SGCoop Both players win iffRunner reaches the goal
state. Both lose otherwise.

NL-
complete.

Table 4.6: Complexity Results for Sabotage Games

This section has shown that Sabotage Games with a safety objective for
Runner have the same complexity as the standard version of the game, whereas
the cooperative version of the game is easier. It is important to note here that
the results seem to crucially rely on the fact that Runner is the first to move.
Moreover, some of our constructions used directed graphs, which leads to the
question of whether the complexity for safety games changes in the case of
undirected graphs.

We will now make the connection between Sabotage Games and Sabotage
Modal Logic more precise.

4.2.2 Sabotage Games in Sabotage Modal Logic
Sabotage Modal Logic is useful for reasoning about graph-like structures where
edges can be removed; in particular, it is useful for reasoning about Sabotage
Games. In order to do that, we need to transform the structure on which
the Labeled Sabotage Game is played into a Pointed Sabotage Model where
formulas of the logic can be interpreted. The straightforward construction is as
follows.
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Definition 4.18 Let SG = �V,E, v,F� be a Labeled Sabotage Game with E =
(Ea)a∈Σ. The Pointed Sabotage Model PSM(SG) over the atomic propositions
PROP := {goal} is given by

PSM(SG) :=
�
�V,E,V�, v

�

where V(goal) := F. �

In the light of this construction, Sabotage Modal Logic becomes useful for
reasoning about players’ strategic power in Sabotage Games. Each winning
condition in Table 4.5 can be expressed by a formula of SML that characterizes
the existence of a winning strategy, that is, the formula is true in a given pointed
Sabotage Model if and only if the corresponding player has a winning strategy
in the game represented by the model.

Reachability Sabotage Game (SGReach) Consider SGReach, the original Sab-
otage Game (van Benthem 2005). Define the formula γReach

n inductively as
follows:

γReach
0 := goal, γReach

n+1 := goal ∨�−�γReach
n .

The following result is Theorem 7 of Löding and Rohde (2003b), now for
Labeled Sabotage Games. We provide a detailed proof to show how our labeled
definition avoids a technical issue present in the original proof.

Theorem 4.19 Runner has a winning strategy in theSGReach SG = �V,E, v,F� if and
only if PSM(SG) |= γReach

n , where n is the number of edges of SG, i.e., n =
�

a∈Σ | Ea |.

Proof. The proof is by induction on n.
Base case (n = 0).

(⇒) If Runner has a winning strategy in a game SG with no edges, then he
should be already in F, i.e., v ∈ F. Thus, v ∈ V(goal) so PSM(SG) |= goal and
hence, PSM(SG) |= γReach

0 .
(⇐) If PSM(SG) |= γReach

0 then PSM(SG) |= goal. But then v ∈ V(goal) so v ∈ F
and therefore Runner wins SG immediately.
Inductive case.

(⇒) SupposeSG has n+1 edges, and assume Runner has a winning strategy.
There are two possibilities: Runner’s current position is in F (i.e., v ∈ F), or it is
not.

In the first case, we get v ∈ V(goal), hence PSM(SG) |= goal and then
PSM(SG) |= γReach

n+1 . In the second case, since Runner has a winning strategy
in SG = �V,E, v0,F�, there is some state v� ∈ V with v� ∈ E(v) such that in
all games SG−(u,u�),aj = �V,E−(u,u�),aj , v�,F� that result from Blocker removing the
edge (u,u�) from a relation labeled aj, Runner as a winning strategy.
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All such games have n edges, so by inductive hypothesis we have

PSM(SG−(u,u�),aj) |= γReach
n

for every edge (u,u�) ∈ V × V and label aj ∈ Σ such that (u,u�) ∈ Eaj . Now,
the key observation is that each such PSM(SG−(u,u�),aj) is exactly the model that
results from removing edge (u,u�) with aj from the pointed model

�
�V,E,V�, v�

�
.2

Then, for all such (u,u�) and aj, we have

�
�V,E,V�−(u,u�),aj , v�

�
|= γReach

n .

It follows that
�
�V,E,V�, v�

�
|= −�γReach

n and therefore
�
�V,E,V�, v

�
|= �−�γReach

n , that
is, PSM(SG) |= γReach

n+1 .
(⇐) Suppose PSM(SG) |= goal ∨�−�γReach

n , and recall that PSM(SG) is given
by
�
�V,E,V�, v

�
. Then, v ∈ F or else there is a state v� ∈ E(v) such that�

�V,E,V�, v�
�
|= −�γReach

n , i.e.,

�
�V,E,V�−(u,u�),aj , v�

�
|= γReach

n

for all edges (u,u�) and labels aj ∈ Σwith (u,u�) ∈ Eaj . By inductive hypothesis,
Runner has a winning strategy in each game that corresponds to each pointed
model

�
�V,E,V�−(u,u�),aj , v�

�
, but these games are exactly those that result from

removing any edge from the game �V,E, v,F� after Runner moves from v to v�.
Hence, Runner has a winning strategy at �V,E, v,F�, the game that corresponds
to the pointed model PSM(SG), as required. �

We have thus seen that Sabotage Modal Logic can express the existence of
a winning strategy for Runner in SGReach; the crucial point in the proof being
the fact that with Labeled Sabotage Games the operations of removing an edge
and building the corresponding Kripke model commute. We now continue
by expressing the existence of a winning strategy in the safety game using
Sabotage Modal Logic.

2In the original definition of a Sabotage Game in which the edges are given by a function from
a pair of vertices to a natural number (Definition 4.2) this is not the case. With that definition,
transforming such a model into a Kripke model does not commute with the operation of
removing an edge. First transforming a game into a model and then removing an edge does
not always give the same result as first removing an edge and then transforming the game into
a model. This is because removing and edge from the model does not mean that we have to
remove the edge with the label corresponding to the highest number.
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Safety Sabotage Game (SGSafety) Now consider SGSafety, the game in which
Blocker tries to force Runner to go to F and Runner tries to avoid reaching F.
Inductively, we define γSafety

n as

γSafety
0 := ¬goal ∧ �⊥, γSafety

n+1 := ¬goal ∧ (�⊥ ∨�−�γSafety
n ).

We show that this formula corresponds to the existence of a winning strategy
for Runner. The idea of the proof is the same as for the reachability game.

Theorem 4.20 Runner has a winning strategy in the SGSafety SG = �V,E, v,F� if
and only if PSM(SG) |= γSafety

n , where n =
�

a∈Σ | Ea |.

Proof. The proof is by induction on n.
Base case (n = 0).

(⇒) If Runner has a winning strategy in a gameSGwith no edges, then this
means that he cannot be in F and moreover he cannot move anywhere as there
are no edges, i.e., v � F and E(v) = ∅. Thus, PSM(SG) |= ¬goal ∧ �⊥.

(⇐) If PSM(SG) |= ¬goal ∧ �⊥ then v � F and E(v) = ∅. Therefore, Runner
wins SG immediately.
Inductive case.

(⇒) Assume that
�

a∈Σ | Ea |= n + 1 and Runner has a winning strategy.
There are two possibilities: Runner wins immediately, or he doesn’t.

In the first case, we get v � V(goal) and E(v) = ∅, hence PSM(SG) |=
¬goal ∧ �⊥ and thus PSM(SG) |= γSafety

n+1 . In the second case, since Runner has
a winning strategy in SG = �V,E, v,F�, he cannot have lost immediately and
thus v � F (which means that PSM(SG) |= ¬goal) and there is some state v� ∈ V
with v� ∈ E(v) such that in all games SG−(u,u�),aj = �V,E−(u,u�),aj , v�,F� that result
from Blocker removing edge (u,u�) from the relation labeled aj, Runner has a
winning strategy.

All such games have n edges, so by inductive hypothesis we have

PSM(SG−(u,u�),aj) |= γSafety
n

for every edge (u,u�) ∈ V × V and label aj ∈ Σ such that (u,u�) ∈ Eaj . Now,
each such PSM(SG−(u,u�),aj) is exactly the model that results from removing edge
(u,u�) with label aj from the pointed model

�
�V,E,V�, v�

�
. Then, for all such (u,u�)

and aj, we have �
�V,E,V�−(u,u�),aj , v�

�
|= γSafety

n .

It follows that
�
�V,E,V�, v�

�
|= −�γSafety

n and therefore
�
�V,E,V�, v

�
|= �−�γSafety

n .

Hence,
�
�V,E,V�, v

�
|= ¬goal ∧ (�⊥ ∨�−�γSafety

n ), i.e PSM(SG) |= γSafety
n+1 .
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(⇐)Assume that PSM(SG) |= ¬goal∧(�⊥∨�−�γSafety
n , and recall that PSM(SG)

is given by
�
�V,E,V�, v

�
. Then, v � F and either E(v) = ∅ (and Runner wins SG

immediately) or there is a state v� ∈ E(v) such that
�
�V,E,V�, v�

�
|= −�γSafety

n , i.e.,
�
�V,E,V�−(u,u�),aj , v�

�
|= γSafety

n

for all edges (u,u�) and labels aj ∈ Σwith (u,u�) ∈ Eaj . By inductive hypothesis,
Runner has a winning strategy in each game that corresponds to each pointed
model

�
�V,E,V�−(u,u�),aj , v�

�
, but these games are exactly those that result from

removing any edge from the game �V,E, v,F� after Runner moves from v to v�.
Hence, Runner has a winning strategy in �V,E, v,F�, the game that corresponds
to the pointed model PSM(SG), as required. �

Cooperative Sabotage Game (SGCoop) Finally, for SGCoop, the corresponding
formula is defined as

γCoop
0 := goal, γCoop

n+1 := goal ∨�−�γCoop
n .

Theorem 4.21 Blocker and Runner have a joint winning strategy in the SGCoop

SG = �V,E, v,F� if and only if PSM(SG) |= γCoop
n , where n is the number of edges of

SG.

Proof. As argued in the proof of Theorem 4.17, Runner and Blocker have a joint
winning strategy if and only if there is a path from v to an element of F. The
theorem follows by observing that γCoop

n expresses the existence of such path,
keeping in mind that Blocker can remove edges used by Runner. �

The above results are summarized in Table 4.7.

Game Winning Condition in SML Winner

SGReach γReach
0 := goal, γReach

n+1 := goal ∨�−�γReach
n Runner

SGSafety γSafety
0 := ¬goal ∧ �⊥, γSafety

n+1 := ¬goal ∧ (�⊥ ∨�−�γSafety
n ) Runner

SGCoop γCoop
0 := goal, γCoop

n+1 := goal ∨�−�γCoop
n Both

Table 4.7: Winning Conditions for SG in SML

Thus, the existence of winning strategies for all three winning conditions
can be expressed in SML. After establishing a relationship between SML and
Sabotage Games, let us briefly come back to the learning theoretical interpre-
tation of Sabotage Games.
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Learning theoretical interpretation of the results. The existence of a winning
strategy in a Sabotage Game with learning interpretation corresponds to the
existence of a strategy for Learner, Teacher or both (depending on the variation
of the game) to ensure that the learner reaches the learning goal for the learner,
or the teacher, or both, depending on the winning condition. The complexity
results for Sabotage Games thus give us the complexity of PSPACE of deciding
whether a there is a strategy (for Learner or Teacher, depending on whether we
have a reachability or safety winning condition) that guarantees that Learner
reaches the learning goal in the non-cooperative case, and NL in the cooperative
case.

What does the undecidability of the satisfiability problem of SML mean with
the learning interpretation? As formulas of SML express the abilities of Teacher
and Learner regarding Learner’s abilities to reach a state with certain properties
(e.g. the state being the learning goal), this means that there are specifications
about the learning and teaching abilities of Learner and Teacher, respectively
such that it cannot be decided whether this is a consistent specification, i.e., we
can design a learning scenario according to the specification. Concluding the
learning theoretical interpretation of the complexity results, we can say that
the analysis of a learning scenario with respect to the learning and teaching
abilities of Learner and Teacher, respectively can be done in PSPACE and in
the cooperative case it can be done in NL. Giving a procedure for designing a
scenario from given specifications is in general impossible.

In this chapter, up to now we have considered different Sabotage Games
that differed only in the winning positions, while the available moves for the
players were exactly the same. Next, we will consider a variation in which
Blocker has additional moves to choose from.

4.3 Allowing breaks

As mentioned before, the players’ moves are asymmetric: Runner moves locally
(moving to a vertex accessible from the current one) while Blocker moves globally
(removing any edge from the graph, and thereby manipulating the space in
which Runner is moving). Intuitively, both in the case that Blocker wants
to stop Runner from reaching F and in the case that she tries to force him
to reach F, it is not always necessary for her to react to a move of Runner
immediately. This leads us to a variation of aSG in which Runner’s move does
not in principle need to be followed by Blocker’s move; i.e., Blocker has the
possibility of skipping a move.

Definition 4.22 A Sabotage Game without strict alternation (for Blocker) is a tuple
SG∗ = �V,E, v0,F�. Moves of Runner are as in SG and, once he has chosen a
vertex v�, Blocker can choose between removing an edge, in which case the next
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Position Player Admissible moves

1. �0,E, v� Runner
�
�1,E,u�� | (u,u�) ∈ Eai for some ai ∈ Σ

�

2. �1,E,u�� Blocker
�
�0,E−(v,v�),aj ,u�� | (v, v�) ∈ Eaj for some aj ∈ Σ

�
∪
�
�0,E,u��

�

Table 4.8: A round in the Labeled Sabotage Game without strict alternation

game is given as in SG, and doing nothing, in which case the game continues
as �V,E, v�,F�; Table 4.8 shows a round in this game. Again, there are three
versions with different winning conditions, now called SG∗Reach, SG∗Safety and
SG∗Coop. �

After defining the class of games SG∗, the natural question that arises
is how the winning abilities of the players change from SG to SG∗, since
in the latter Blocker can choose between removing an edge or doing noth-
ing. In the rest of this section, we show that for all three winning conditions
(SG∗Reach,SG∗Safety,SG∗Coop), the winning abilities of the players remain the same
as in the case in which players move in strict alternation. This is surprising in
the case of SGSafety, since we might expect that with the possibility of skipping
a move Blocker would not be forced to remove an edge that leads to the goal.

We start with the reachability game SG∗Reach. Note that even though in this
new setting matches can be infinite, in fact if Runner can win the game, he can
do so in a finite number of rounds. We now give a lemma stating that if Runner
can win some SGReach in some number of rounds, then he can do so also if the
underlying multi-graph has additional edges.

Definition 4.23 (Supergraph of a directed labeled multi-graph) Let
Σ = {a1, . . . , am} be a finite set of labels. For directed labeled multi-graphs,
H = (V,E) and H � = (V�,E�), we say that H � is a supergraph of H if V ⊆ V�
and Eai ⊆ E�ai for all labels ai ∈ Σ. �

Lemma 4.24 If Runner has a strategy for winning the SGReach = �V,E, v,F� in at
most n rounds, then he can also win any SGReach = �V,E�, v,F� in at most n rounds,
where (V,E�) is a supergraph of (V,E).

Proof. The proof is by induction on the number of rounds n. In the inductive
step, for the case that Blocker removes an edge which was not in the original
multi-graph, note that the resulting graph is a supergraph of the original one.
Then we can use the inductive hypothesis. �
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Theorem 4.25 Consider the SG = �V,E, v,F� with (V,E) a directed labeled multi-
graph, v a vertex and F a subset of vertices. Runner has a winning strategy in the
corresponding SGReach iff he has a wining strategy in the corresponding SG∗Reach.

Proof. From left to right, we show by induction on n that Runner can win
the SGReach in at most n rounds, then he can also win the SG∗Reach in at most n
rounds. In the inductive step, in the case that Blocker responds by not removing
any edge, we first use the previous lemma and can then apply the inductive
hypothesis.

The direction from right to left is immediate: if Runner has a winning
strategy for SG∗Reach, then he can also win the corresponding SGReach by using
the same strategy. �

The case of Runner trying to avoid reaching F, i.e., the game SG∗Safety, is
more interesting. One might expect that the additional possibility of skipping
a move gives more power to Blocker, since she could avoid removals that
would have made the goal unreachable from the current vertex. However, we
can show that this is not the case. First we state two lemmas. The first one
says that if from Runner’s current position there is a path to F and no path to a
vertex from which there is no path to F, then Blocker can win. The idea is that
wherever Runner moves, he will stay on a path to F, so Blocker can make sure
that Runner will eventually reach F.

Lemma 4.26 Consider the SG∗Safety = �V,E, v,F�. If there is a path from v to a vertex
in F and there is no path from v to a vertex from where there is no path to F then Blocker
has a winning strategy.

Proof. Suppose that all vertices reachable from v are on paths to F. Then even if
Blocker refrains from removing any edge, Runner will be on a path to F. Now,
either the path to F does not include a loop or it does. If it does not then Blocker
can simply wait until Runner is at F. If it does, Blocker can remove the edges
that lead to the loops in such a way that F is still reachable from any vertex. �

The next lemma says that if Blocker can force Runner to reach F, then she
can do so as well on a graph that is the same as the original one except that an
edge is removed which is not on a path to F.

Lemma 4.27 For all SG∗Safety = �V,E, v,F�, if Blocker has a winning strategy and
there is an edge (u,u�) ∈ Ea for some a ∈ Σ such that no path from v to a vertex in F
uses (u,u�), then Blocker also has a winning strategy in �V,E−(u,u�),a, v,F�.
Proof. If u is not reachable from v, it is easy to see that the claim holds. Assume
that u is reachable from v. Blocker’s winning strategy should prevent Runner
from moving from u to u� (otherwise Runner wins). Hence, Blocker can also
win if (u,u�) is not there. �
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Using the two previous lemmas, we now show that if Blocker can win SG∗Safety,
then she can also win by not skipping any moves.

Theorem 4.28 Blocker has a winning strategy in the SG∗Safety = �V,E, v,F�, then she
also has a winning strategy in which she removes an edge in each round.

Proof. The proof proceeds by induction on the number of edges n =
�

a∈Σ |Ea|.
The base case is straightforward. For the inductive case, assume that Blocker

has a winning strategy in SG∗Safety = �V,E, v,F�with
�

a∈Σ |Ea| = n + 1.
If v ∈ F we are done. Otherwise, since Blocker can win, there is some v� ∈ V

such that (v, v�) ∈ Ea for some a ∈ Σ and for all such v� we have:

1. there is a path from v� to F and

2. (a) Blocker can win �V,E, v�,F�, or
(b) there are (u,u�) ∈ V × V and a ∈ Σ such that (u,u�) ∈ Ea and Blocker

can win �V,E−(u,u�),a, v�,F�.
If 2b holds, since

�
a∈Σ |E�a| = n, we are done: we use the inductive hypothesis

to conclude that Blocker has a winning strategy in which she removes an edge
in each round (in particular, her first choice is to remove (v, v�) from Ea. Let us
show that 2b holds.

If there is some (u,u�) ∈ V × V such that (u,u�) ∈ Ea for some a ∈ Σ and
this edge is not part of any path from v� to F then by Lemma 4.27, Blocker can
remove this edge and 2b holds, so we are done.

If all edges in (V,E) belong to a path from v� to F, from 1, there are two cases:
either there is only one, or there is more than one path from v� to F.

In the first case (only one path), the edge (v, v�) can be chosen since it cannot
be part of the unique path from v� to F. Assume now that there is more than
one path from v� to F. Let p = (w1, . . . ,wg) with v� = w1 be the/a shortest path
from v� to a wg ∈ F. This path cannot contain any loops. Then, from this path
take wi such that i is the smallest index for which it holds that from wi there is
a path (wi,w�i+1, . . . ,w

�
g) to a w�g ∈ F that is at least as long as the path following

p from wi (i.e., (wi,wi+1, . . . ,wg)).
Intuitively, when following path p from v� to F, wi is the first point at which

Runner can deviate from p in order to take another path to F (recall that we
consider the case where every vertex in the graph is part of a path from v�
to a F-state). Now it is possible for Blocker to choose ((wi,w�i+1), a) such that
(wi,w�i+1) ∈ Ea. Then, after removing (wi,w�i+1) from Ea we are in the game
�V,E−(wi,w�i+1),a, v�,F�. Note that due to the way we chose the edge to be removed,
in the new graph it still holds that from v there is no path to a vertex from which
a F-state is not reachable (this holds because from wi F is still reachable). Then
by Lemma 4.26, Blocker can win �V,E−(wi,w�i+1),a, v,F�, which then implies 2b.

Hence, we conclude that 2b is the case and thus using the inductive hypoth-
esis, Blocker can win �V,E, v,F� also by removing an edge in every round. �
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Corollary 4.29 Blocker has a SG∗Safety winning strategy in �V,E, v,F� iff she has a
SGSafety winning strategy. �

As the reader might have noticed, the result that if Blocker can win aSG∗Safety

then she can also win the corresponding SGSafety relies on the fact that Runner
is the first to move. For instance, in a graph with two vertices, the initial v
and a single goal state vg, and one edge leading from the first to the second, if
Blocker was to move first, she can win the SG∗Safety only by skipping the move.

Finally, let us consider the cooperative case.

Theorem 4.30 If Runner and Blocker have a joint SG∗Coop-winning strategy in
�V,E, v,F� then they have a joint SGCoop-winning strategy

Proof. If the players have a joint SG∗Coop-winning strategy, then there is an
acyclic path from v to F, which Runner can follow. In each round, Blocker can
remove the just used edge. �

Let us briefly conclude this section. We have shown that in SG, allowing
Blocker to skip moves does not change the winning abilities of the players.
Using these results, both the complexity and definability results for all three
winning conditions from the previous section also apply to the games in which
Blocker can skip a move.

Allowing Runner to take a break. The reader might wonder why we did not
consider the variation in which Runner has the possibility of skipping a move.
With reachability winning condition, it is easy to see that Runner would not
want to use the option of skipping a move as this will just have the effect of the
graph getting smaller and thus restricting his way to the goal states. Similarly,
in the cooperative case Runner skipping a move does not have any advantages
for the team of Runner and Blocker. In the game with safety winning condition
on the other hand, giving Runner the possibility of skipping moves results in
a trivial game which Runner can win if and only if he starts at a vertex which
is not in F. He can do so by simply skipping all the moves and waiting until
eventually all goal vertices have become unreachable.

4.4 Conclusions and Further Questions

We will now summarize the main results of this chapter and then give conclu-
sions and further questions.
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4.4.1 Summary

This chapter has analyzed the complexity of deciding if a player has a winning
strategy in a game on a graph in which players have asymmetric kinds of
moves.

We considered three different winning conditions for Sabotage Games and
showed that the complexity of the game with safety winning condition is the
same as the complexity of the reachability version (PSPACE-complete).

We have discussed different options of getting upper bounds on the com-
plexity for the safety game, thus clarifying different methods used in the liter-
ature.

The analysis in this chapter has shown that Sabotage Games are also
PSPACE-complete when Runner has a safety objective and wants to avoid
reaching certain states. The upper bound was obtained by giving a reduction
from the standard Sabotage Games, thus clarifying the relationship between
the two games, which is interesting as roles of the players are asymmetric with
Runner moving locally and Blocker moving globally.

Moreover, we have shown that cooperation makes the Sabotage Game much
easier (NL-complete). We also considered further variations of the game that
allow Blocker to take a break and skip a move. We showed that this additional
freedom for Blocker does not have any influence on the strategic abilities of the
players and neither on the complexity of the games. We have not considered a
version in which Runner can skip some moves, as this will not help him when
he has a reachability objective and in the case of the safety game as we have
defined it here, this variation will lead to a trivial game as Runner either looses
immediately or does not have any incentive to move.

Throughout this chapter, we analyzed the complexity of deciding whether a
player has the ability to win, no matter what the other player does. Our results
of Section 4.2.2 connect this to the complexity analysis of the previous chapters
in which we were concerned with the complexity of logics for reasoning about
strategic ability of agents. We have seen that the existence of winning strategies
in Sabotage Games can be expressed in Sabotage Modal Logic. Thus, deciding
if a player has a winning strategy can be done by using a model checking
algorithm to check if the corresponding formula is true in the model that
corresponds to the game.

4.4.2 Conclusions

Let us come back to our research question.

Research Question 2 What is the role of cooperation vs. competition in
the complexity of interaction?
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• Does analyzing an interactive situation in general become easier if
the participants cooperate?

Our main conclusions towards answering this question are the following.

1. Based on the results in this chapter, we can conclude that in the context of
Sabotage Games, cooperation has the effect of making it easier to decide
if a winning strategy exists.

2. Even though the precise connection between the two different non-
cooperative versions (with safety and reachability objective) does not
seem straightforward, they are equivalent with respect to the complexity
of deciding who can win.

Complexity of logical theories of interaction vs. complexity of interaction.
This chapter was motivated by the need to study problems which are more
interaction-specific than model checking and satisfiability of logics for inter-
action, as studied in the previous two chapters. In the light of this, we note
that for Sabotage Modal Logic, model checking formulas characterizing the
winning strategies in non-cooperative safety and reachability games is among
the hardest tasks in model checking Sabotage Modal Logic.

Learning theoretical interpretation of our results. Interpreting the results of
this chapter in terms of formal learning theory, with Runner being Learner and
Blocker being Teacher, we conclude the following

1. Deciding if in the non-cooperative case learning or teaching can be suc-
cessful is PSPACE-complete.

2. Deciding if cooperative learning and teaching can be successful is easier
(NL-complete).

3. It does not matter for successful learning and teaching if Teacher does not
give feedback after each step of Learner.

4. On a more general level, considering Sabotage Modal Logic as a logic
for reasoning about Learner-Teacher interaction we conclude that the
analysis of learning scenarios with respect to the abilities of the two
participants is PSPACE-complete. The problem of deciding whether it is
possible to design a scenario according to specifications given in Sabotage
Modal Logic however is undecidable.

In the other direction, the learning theoretical perspective can also lead us
to new analyses of the complexity of Sabotage Games, inspired from learning
theory (Gierasimczuk and de Jongh 2010).
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4.4.3 Further Questions

The work in this chapter gives rise to some interesting new directions for further
research.

Let us start with some technical questions regarding the variations on Sab-
otage Games discussed in this chapter.

Technical questions about SGSafety and SGReach.

• Is SGSafety also PSPACE-hard on undirected graphs?

In our proof of Theorem 4.15 we used directed multi-graphs for showing
hardness. In fact, the directedness is crucial in the reduction that we
give. It remains to be investigated whether a similar reduction can also
be constructed for undirected multi-graphs.

• How can SGSafety be transformed into corresponding SGReach?

In Section 4.2.1, we have discussed some ideas for transforming reach-
ability games into safety games. Such a transformation still has to be
worked out and would have the great conceptual benefit of clarifying the
relationship between the two games.

Variations of Sabotage Modal Logic. The analysis of Sabotage Games given
in this chapter gives rise to some variations of Sabotage Modal Logic which are
motivated by game variations.

• From Sabotage Modal Logic to “Pacman’s Logic”.

A key feature of Sabotage Games is the asymmetry between the play-
ers as Runner acts locally while Blocker acts globally. Eliminating this
asymmetry by making Blocker’s moves also local, then leads to a game
closely related to Pacman (Heckel 2006), in which Blocker moves along
the edges and removes them by moving along them. Based on this game
variation, we can construct a variation of Sabotage Modal Logic in which
the sabotage modalities act locally. We will briefly come back to this in
the last chapter.

• From skipping a move to iterating moves.

While we have discussed the variation in which Blocker is allowed to
skip a move, there would also be the possibility to allow players to make
a sequence of moves. With respect to the corresponding logic, this would
then lead to the addition of something like a Kleene star operator.
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What is the complexity involved in actually playing Sabotage Games?
While the analysis given in this chapter does focus on more specific prob-
lems in interaction than the two previous chapters, the question as to what
we can conclude about the complexity of actually playing Sabotage Games is
mostly left open. However, we can draw some conclusions as to the complexity
of evaluating a game configuration with respect to ones own abilities to win: In
general, this is intractable (as it is PSPACE-complete) both for the reachability
game and for the safety game.

For getting better grip on the complexity involved in actually playing the
game, concrete board game implementations of Sabotage Games should be
considered; or taking this even a step further also a pervasive game version can
be constructed and investigated as has been done e.g. for Pacman (Magerkurth
et al. 2005).

Let us briefly sum up what we have done so far in our quest for getting
a better grip on the complexity of interaction. In Part I we started with log-
ical frameworks for social action and determined the complexity of some of
such theories. Our perspective on interactive processes was quite abstract and
external. The concepts that we considered in that context included coalitional
power, preferences and actions. In the current chapter we considered a concrete
type of game, but still take an external perspective from which we reason about
the abilities of players to win. For being able to draw some conclusions not
only about the difficulties of reasoning about interaction but also of interacting
itself, we have to switch perspective and zoom in more into the reasoning of
agents. This leads us to the concept of information.

From strategic ability to information. The concept of information was only
implicitly present in the previous two chapters and in the current one. From the
way the strategic abilities were distributed among the agents in modal logics
for cooperation and the way Sabotage Games are defined, we can draw some
conclusions about the uncertainty that agents have: in Sabotage Games for
instance, the players have perfect information about what has happened so far
in the game and also how the graph looks like; in CLA+P or ABC on the other
hand, at each state we can think of agents making their choices simultaneously,
thus not knowing what the others’ choices are.

We will now move on to an explicit investigation of the fine-structure of
agents’ information and concrete tasks that arise when analyzing information
structures.

With respect to our analysis of complexity in interaction, we will now inves-
tigate which parameters make reasoning about agents’ information difficult.




