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Chapter 6

The Complexity of Playing Eleusis

Throughout this dissertation, our complexity analysis of interactive processes
has moved from the study of formal logical systems to the complexity analysis
of actual tasks relevant for the interaction of agents. The next and last step in
our work is now to determine what a complexity theoretical analysis of formal
frameworks for interaction can actually tell us about the difficulties that real
agents face in interactive situations.

Research Question 4 Finally, to what extent can we use a formal anal-
ysis of interactive processes to draw conclusions about the complexity of
actual interaction?

• Are there concrete examples of interactions in which participants
actually encounter very high complexities which make it impossible
for them to act?

In this chapter, we present a concrete case study in which we investigate
the computational complexity involved in actually playing a particular recre-
ational game. It is important to mention that as opposed to e.g. Chapter 4 we
focus on the complexity which is already involved when just performing legal
moves in the game, and we are thus not so much concerned with strategic con-
siderations such as deciding whether a winning strategy exists or computing
such a winning strategy. The advantage of this is that the complexity involved
in performing a legal move in a sense cannot be avoided by the players. Hence,
a study of those tasks will allow us to draw conclusions for the complexity of
actually playing the game.

One might expect that for concrete recreational games, the tasks of deter-
mining legal moves should be tractable as this task is at the very heart of
actually playing a game. However, we will show that in the game we consider
here, which belongs to the class of inductive inference games, this is not the
case and even without strategic considerations, players can face intractable and
even undecidable problems during the play.
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166 Chapter 6. The Complexity of Playing Eleusis

6.1 Eleusis: an inductive inference game

In this chapter, we want to put forward the complexity theoretical analysis of
a particular class of games, called inductive inference games, which are not only
interesting from a game theoretical and computational perspective but also
from a philosophical and learning theoretical point of view as they provide a
simulation of scientific discovery. Thus, this chapter also links up with Chapter
4 where we investigated Sabotage Games, which can also be seen as a model of
learning theoretical interaction. The general idea of inductive inference games
is that players try to infer a general rule from the feedback they get to their
moves. One designated player has to come up with a rule about which moves
of the other players are accepted and which are rejected. The goal of the other
players is then to discover the rule. They make their moves (which can e.g.
be of the form of playing cards (Abbott 1977; Gardner 1977; Golden 2011) or
building configurations with objects (Looney et al. 1997)) and the first player
gives feedback as to whether a move was accepted or rejected. Then the players
use this information to inductively infer the rule.

In the card game Eleusis, Player 1 – who in the game is referred to as God or
Nature – comes up with a rule about sequences of cards. Then the other players
– called Scientists – take turn in each playing a card in a sequence. After each
move, Player 1 announces whether the card was accepted. Rejected cards are
moved out of the sequence and stay below the position for which they were
played. This way during the whole game, all players can see which cards have
been accepted or rejected at which positions.

Eleusis has received attention within the philosophy of science literature,
since it nicely illustrates scientific inquiry (Romesburg 1978): Playing the cards
can be seen as performing experiments, and the feedback given by Player 1
(i.e., the acceptance or rejection of the cards played) can be thought of as the
outcomes of the experiments. The players form hypotheses about the rule and
choose to perform experiments accordingly, after each move updating their
information state with the outcome of the experiment, and then revising their
hypotheses. The game Eleusis can thus be seen as a nice simulation of scientific
inquiry in which players employ two kinds of strategies: selection strategies,
which determine what experiment to perform (i.e., what cards to play), and
reception strategies for using the results of the experiments (i.e., the acceptance
and rejection of the cards) for constructing and choosing hypotheses about the
rule (Romesburg 1978). Eleusis has also been investigated within the computer
science and artificial intelligence literature since there is a close relationship to
pattern recognition as discovering a rule essentially means to discover a pattern
in the sequence of accepted cards. Several algorithms have been developed
taking the role of the scientist in Eleusis (Berry 1981; Diettrich and Michalski
1989; Michalski et al. 1985). Some sample secret rules have been classified
informally with respect to the difficulty for the scientist players to discover
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them (cf. Golden (2011)). However, to the best of our knowledge, there has not
been done any complexity theoretical analysis of Eleusis. In this chapter, we
show that computational complexity plays a crucial role in Eleusis and give
complexity results with a practical relevance for the actual play of the game.
Player 1’s choice of rule not only determines the difficulty of the tasks of the
other players during the game but also has an impact for herself since as we
show there are secret rules that Player 1 can choose that make it impossible for
herself to give feedback to the other players since she is faced with undecidable
problems during the play.

6.2 Eleusis: The rules
In this section, we will describe the rules of the card game Eleusis. There are
several versions of the rules (Abbott 1977; Gardner 1977; Golden 2011). In this
chapter, we will focus on The New Eleusis (Matuszek 1995). We first briefly give
the rules in order to give the reader an idea of the actual game, as it is played in
practice, and then proceed by pointing out some connections to similar games
that the reader might be familiar with.

  value:    1   2   3   4   5   6   7    8    9  10  11  12  13

Figure 6.1: Deck of cards and their associated values.

6.2.1 The New Eleusis
The New Eleusis is a card game played with decks of cards as depicted in Figure
6.1. The number of decks needed depends on the number of players but a
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(small) finite number of decks is sufficient. We now briefly go through the
rules of the game.
Beginning of the Game. One player (we call her Player 1) has the designated

role of God or Nature. She starts the game by constructing a secret rule
determining which sequences of cards are accepted. An example of such
a rule is the following: “every black card has to be followed by a card with an
even value”. Player 1 writes down the rule on a piece of paper without
any other player seeing it.

Secret Rule. The only constraints on the secret rule are that it can only take into
account the sequence of cards previously accepted and the card currently
played. Thus, whether a particular card is accepted can only depend on
the cards previously accepted and the card itself. External factors, such
as who played the card or whether the player uses his left or right hand
to play the card, have to be irrelevant.

Playing Procedure. Then each of the other players receives a number of cards
(usually 14). Player 1 draws cards from the deck until she draws one
that is accepted according to the rule; this card is called the starter card
and will be the first card of what is called the mainline. Cards that have
been rejected as starter card are placed below the starter card position,
in the sideline. Then the other players take turns in each playing one of
their cards by appending it on the right to the mainline. After each move,
Player 1 announces whether this card is accepted according to the secret
rule. If it is rejected, it is moved from the mainline to the sideline, directly
below the position at which it was played in the mainline, and the player
who played the card has to draw an additional card from the deck. In
case the card played is accepted, it stays in the mainline and the player
does not need to draw a card. If a player thinks that none of the cards
on his hand would be accepted, he can declare “no play”. In this case,
his hand of cards has to be shown to everyone, and Player 1 has to check
whether indeed none of the cards would have been accepted. If this is
the case, Player 1 gives him a new hand of cards, which should be one
card less than the hand he had before, and the old hand of cards is placed
above the mainline. If Player 1 finds a card that could have been played,
he plays it and the player has to draw five cards from the deck. Figure
6.2 shows an example of a configuration of the game.

Further Tasks of Player 1 (God). Player 1 has to keep track of the number of
accepted cards. This can be done by putting a marker every ten cards.
After 40 accepted cards, a sudden death period starts in which the other
players are expelled as soon as their card is rejected. If there is a prophet,
Player 1 has to approve/disprove of each of the prophet’s decisions con-
cerning the acceptance of cards.
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Becoming a Prophet. After playing a card, a player can declare himself
Prophet, in case the following three conditions hold.

1. There is not already a prophet.

2. The player has not been a prophet before.

3. There are still at least two other scientist players in the game.

Being a Prophet. A prophet has to take over the job of the god player and has
to announce whether played cards are accepted or rejected. After having
done this correctly 30 times, a sudden death period starts in which the
other players are expelled as soon as their card is rejected. If the prophet
makes a mistake, he is overthrown by the god player and returns to
normal play with his hand of cards and additionally five more cards.

End of the Game. The game ends in any of the following cases:

1. A player does not have any cards any more.

2. All players have been expelled during a sudden death period.

Scoring. The player with the highest score wins, where the score is calculated
as follows.

• For the scientist players:

– Everyone gets as many points as the highest number of cards
held by any player minus the cards in his/her own hand.

– Players without cards get four points bonus.
– A prophet who survived until the end gets one point for each

correctly accepted card and two points for each correctly rejected
card.

• For the god player:

– The god player’s score is the minimum of the highest score of
the other players and twice the number of cards played before
the prophet who survived until the end started being a prophet.

Note that the idea is to play repeatedly until every player has been the
god player once and add up the points of the plays.
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mainline

sideline

0 1 2 3 4 5position

Figure 6.2: Example configuration of the game with e.g. the following secret
rule “Alternate cards of odd and even value, with the following exception: if an ace
has been accepted, accept any card at the next position”.

Discussion of the rules. The winning conditions of the game as given above
seem rather complicated. The scoring rules reflect the aim of designing the
game in such a way as to achieve that Player 1 has an incentive to choose a
secret rule which is of a level of difficulty that makes the game entertaining
to play1. Player 1 gets the most points if she chooses a rule that is difficult
enough to not be discovered too quickly but still easy enough so that there is
a player who will eventually become a prophet and survive as a prophet until
the end of the game. Looking more closely into the scoring for the prophet, we
can see that both for a successful prophet and for Player 1 it is best if the other
players are still far from discovering the rule as the prophet (and eventually
also Player 1 (depending on when the successful prophet became a prophet))
get more points for cards being correctly rejected by the prophet.

From the perspective of the scientist players, discovering the rule can surely
be seen as profitable, as this allows them both to play the correct cards and
also to be come a successful prophet. In the process of discovery a scientist
player might face the problem of trade-off between playing cards which he
expects to be accepted and cards he expects to have the highest eliminative
power (Gierasimczuk and de Jongh 2010) with respect to the set of rules the
player still considers possible candidates for being the secret rule.

1This is different from Eleusis Express (Golden 2011) in which the player taking the role of
Player 1 does not get any points in that round.
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6.2.2 Connection to other games

As discovering the rule plays a crucial role in Eleusis, it is closely related to
the game Zendo (Looney et al. 1997), a game in which the goal is to inductively
infer a secret rule about the configurations of pyramid shaped pieces.

Even though in Eleusis, discovering the rule is not the main objective of the
scientist players, it still gives bonus points, and the reader familiar with the
game Mastermind might see some similarities between Eleusis for two players
and Mastermind. Mastermind is a code breaking game which has received
a lot of attention within computer science (Knuth 1976; Kooi 2005; Stuckman
and Zhang 2006) and also psychology (Best 2000; Verbrugge and Mol 2008). In
this game, one player constructs a code consisting of four pegs that can each
have one of six different colors. The other player starts by guessing the code
and gets feedback from the first player saying how many colors were at the
correct position, and how many were at wrong positions. The game continues
until Player 2 has inferred the code. Whereas the roles of the players seem
similar in Mastermind and Eleusis, there are some substantial differences. For
Mastermind, there are strategies that allow a player to infer the secret code with
certainty within a small number of rounds (e.g. five, cf. Kooi (2005)). In Eleusis,
in general this is not possible as there are rules that cannot be identified with
certainty at a finite stage of the game. Speaking in terms of formal learning
theory, there are thus rules which are not finitely identifiable (Mukouchi 1992).
To illustrate this, consider the situation in which the play seems to suggest that
the secret rule is to alternate black and red cards. Then no matter how long the
game has been going on already, it will still be possible that the rule says that
only for the first n cards (for n being some number greater than the number
of cards already accepted at the current position) black and red cards have to
alternate, and from position n + 1 only red cards will be accepted.

Another difference between Eleusis and Mastermind is the impact of the
chosen code or rule on the difficulty of the subsequent play. In Mastermind,
the difficulty for Player 2 to infer the code and for Player 1 to check the guesses
of Player 2 are similar for all the codes that Player 1 could choose. As we
illustrate in Section 6.3, in Eleusis on the other hand, the choice of secret rule
has a great influence on the difficulty of the game for both players.

6.3 Complexities in Eleusis

In this section, we will give a complexity analysis of different decision problems
and tasks involved in Eleusis. It is important to note that we do not propose
a game theoretical analysis of the game but give a complexity theoretical anal-
ysis of some decision problems involved in actually playing the game. One
motivation for our study is to investigate the complexity involved in scientific
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inquiry, trying to determine what features of rules contribute to the difficulty of
their inductive discovery. We are interested in the complexity that agents face
in interactive processes involving inductive inference. Thus, we examine the
complexity of the game Eleusis from an agent-oriented perspective focusing on
different tasks the players face during the game rather than taking an external
perspective examining the complexity of determining which player has a win-
ning strategy. There are several levels of complexity in the game of Eleusis. On
the one hand, there is the complexity or difficulty of playing the game itself, as
there is the challenge for Player 1 to choose a rule of adequate complexity. Note
that there is a close relationship between the complexity/difficulty of playing
the game and the complexity of the secret rule.

One way to determine the complexity of the secret rules would of course be
empirically, by determining how difficult it is for human subjects to discover
them. This would lead to an interesting study identifying the features of rules
about (finite) sequences that make their discovery easy or difficult. For the
moment, we leave such an analysis to future work, and in this chapter we
focus on a theoretical analysis of the complexity involved in Eleusis.

Another perspective from which we can investigate the complexity in Eleu-
sis is to capture the complexity of the secret rules using methods from descrip-
tive complexity by specifying the formal languages in which the rules can be
expressed. This way, the complexity of a rule is captured by the expressive
power required to express it in a formal language.

Example 6.1 As examples of rules of different descriptive complexity, consider
the following two rules

1. “At even positions, accept a card iff it is red, and at odd positions accept a card
iff it is black.”

2. “First accept two black cards, then three red, then five black, . . . then p2k red,
then p2k+1 black cards, etc.”, where pn is the n-th prime number. �

Then, it is easy to see that Rule 1 can be expressed by a regular ex-
pression (cf. e.g. Chapter 2 of Sudkamp (1988)) while Rule 2 cannot. Rule
1 can be expressed by the following regular expression over the alphabet
Σ = {(1,�), (1,�), (1,�), (1,�), . . . , (13,�), (13,�), (13,�), (13,�)} representing a set
of cards. Note that | stands for a Boolean “or”.

((h | d)(s | d))∗(� | (h | d)),

with h = ((1,�) | . . . | (13,�)), d = ((1,�) | . . . | (13,�)), s = ((1,�) | . . . | (13,�))
and c = ((1,�) | . . . | (13,�)). For showing that Rule 2 cannot be expressed by a
regular expression, we can use the pumping lemma (cf. e.g. pages 175–179 of
Sudkamp (1988)).
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With the only restriction of the acceptance of a card only depending on pre-
viously accepted cards, it is clear that rules from a wide range of the Chomsky
hierarchy can be taken.

The complexity of the secret rules can also be analyzed by investigating
the computational complexity of different decision problems arising from the
secret rules. We will now present some of these decision problems informally
and explain their motivation, before we will investigate them in more detail.
Consider the following decision problems related to Eleusis.

1. Given a class of rules, a configuration of the game (i.e., a finite sequence
of cards (accepted/rejected)), is there a rule in the class such that the play
so far has been consistent with the rule (i.e., a rule that could have been
the secret rule)?

2. Given a rule and a configuration of the game, is the play consistent with
the rule?

3. Given a rule, a finite sequence of previously accepted cards, and a card c,
is c accepted by the rule?

Problem 1 is the Eleusis analogue of the Mastermind-Satisfiability prob-
lem, which has been shown to be NP-complete (Stuckman and Zhang 2006).
However, an important difference of the problem for Eleusis is that we restrict
the class of secret rules. The reason for this is the following. Suppose we are
given a sequence of cards that have been accepted/rejected in the game so far.
Now, if we ask whether there is some rule that could be the secret rule that
Player 1 constructed, we only need to check if no card has been both rejected
and accepted at the same position. If there is no such card, then the answer
to the question is yes because there are rules that are consistent with the play
so far (e.g. the rule that explicitly says for each position to accept the card that
actually has been accepted and to reject the cards that have been rejected).

Problem 2 is a problem that the scientist players encounter when analyzing
the current situation in the game and deliberating whether a certain rule might
be the secret rule. Problem 3 is relevant in the game because it describes the
very task that Player 1 has to solve in each round. This problem is of course very
relevant in practice and should be kept in mind by Player 1 when constructing
the rule.

A closer investigation of these decision problems requires that we first
formalize some aspects of Eleusis. Let us start by fixing some notation.

Notation

• We let Card be a finite set, representing the set of cards; alternatively we
could also represent cards as a pair consisting of its value and its suit.
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• Card∗ is the set of finite sequences of elements of Card.

• For s ∈ Card∗, |s| denotes the length of the sequence s, defined in the
standard way.

• si denotes the i-th element of the sequence of cards s, and s<i denotes
the initial subsequence of s of length i, i.e., if s = s0s1 . . . si . . . sn, then
s<i = s0s1 . . . si−1

• For s, t ∈ Card∗, st is the sequence of cards resulting from the concatenation
of s and t.

• By Ci, we denote the set of cards that have been rejected at position i. �

Next, we want to formalize the secret rules. Considering Eleusis in practice,
human players mostly define rules in terms of certain properties or attributes
that the cards have, such as color, suit and value but also properties of having
a face (of some gender) and certain numerical properties of the value, such as
being even/odd, greater/smaller than some number or being prime. Analyzing
the reasoning involved in humans playing Eleusis requires a cognitively ad-
equate representation of the rules in terms of the attributes and properties of
the cards. Technically speaking however, all of the rules can of course also be
expressed in terms of the cards itself. This is what we will do in this chapter.

An Eleusis rule says which sequences of cards are accepted and which are
not. The way in which the rules are used in the game is that in each round
Player 1 has to check whether it is accepted to extend the current sequence
with a certain card. Thus, we represent rules as functions that tell us for every
pair consisting of a sequence of cards and a single card whether appending the
sequence with the card is allowed.

Definition 6.2 Eleusis rules ρ are functions ρ : Card∗ × Card→ {0, 1}. �

Note that with this definition, whether a card is accepted is fully determined
by the sequence of cards that have been accepted so far; the previously rejected
cards are irrelevant here. In practice, it can probably be observed that most
rules chosen by human players have the property that accepted sequences are
closed under taking prefixes, i.e., for any s ∈ Card∗, if ρ(s, c) = 1, then also for
every 0 ≤ i < |s|, ρ(s<i, si) = 1. However, in the rules of the game, this is not
required (Matuszek 1995), and therefore neither will we do here. Note however
that all rules we work with in this chapter are actually prefix-closed and our
complexity results also hold for a definition of Eleusis rules that requires the
rules to be closed under taking prefixes. To give the reader an intuition of what
it means for Eleusis rules to be prefix-closed, we give an example of a rule that
satisfies this constraint and one example of a rule that does not.
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Example 6.3 As an example of a prefix-closed secret Eleusis rule consider the
following rule.

• Accept a card iff accepting it implies that all accepted cards are red.

This rule on the other hand is not prefix-closed.

• Accept a card iff after accepting it the sum of the values of all accepted cards is
odd �

We will later see that the property of being closed under prefixes plays an
important role when we want to interpret complexity results about Eleusis
rules with respect to their impact on the difficulties for actual play.

6.3.1 Is a play consistent with a given class of rules?
In the following we will focus on several restricted classes of rules.

Definition 6.4 (Periodic Rules) We call a secret Eleusis rule ρ periodic if it
satisfies the following condition: There is some p ∈ IN such that for all s, s� ∈
Card∗, c ∈ Card, if |s| = |s�| = n and for all 0 ≤ l < |s|, it holds that if l mod p = n
mod p then sl = s�l , then it holds that ρ(s, c) = ρ(s�, c). We call the greatest such p
the number of phases of ρ. A periodic rule ρwith p phases can then be written
as a sequence of rules (ρ0, . . .ρp−1), where ρ(s, c) = ρi(s, c) if |s| mod p = i. �

Periodic rules are thus rules that can be split into different phases, each
following some rule which is independent of the other phases. Let us give
some examples of periodic rules with different numbers of phases.

Example 6.5 (Periodic Rules)

1. 1 Phase: “At every position, accept all the red cards and the black ones with a
male face. The other black cards are only accepted if they are preceded by two red
cards.”

2. 2 Phases: “On even positions only accept cards that have a face or a value
greater than or equal to the one of the card at the previous even position. At odd
positions, accept any card.”

3. 3 Phases: “Two cards of even value, then one with an odd value, then two even
ones again, etc.” �

Comparing these rules, we see that in Rule 3 we only need to look at the current
position in order to determine whether a card is accepted. In Rule 1, on the
other hand, if a black card without a male face is played, then Player 1 has to
look at the two previously accepted cards in order to determine if the card is
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accepted. In Rule 2, on even positions we also have to look at the card that is
placed at the previous even position, in order to check if a card is accepted.

This leads us to the notion of lookback, which is the length of the sequence
of previously accepted cards that are relevant when deciding whether a card
should be accepted.

Definition 6.6 (Lookback) Let ρ be an Eleusis rule ρ. Now if

min{l ∈ IN | for all c ∈ Card, s, s�, s�� ∈ Card∗ with |s��| ≤ l,ρ(ss��, c) = ρ(s�s��, c)}

is defined, we call it the lookback of ρ. �

Example 6.7 The following are example rules with lookback.

• Lookback 0: “Accept all black cards and all red cards that have a face; reject all
the others.”

• Lookback 1: “If the previous card had a female face, accept only aces.”

• Lookback 2: “Accept a card if and only if at least one of the following conditions
is satisfied

1. It is not the case that immediately before two cards with prime values have
been accepted,

2. The card is red.” �

Definition 6.8 (Periodic Rules with Lookback) We define Pp
l to be the class of

periodic rules ρ of p phases, such that the maximum lookback of ρ0, . . . ,ρp−1 is
l. �

Intuitively speaking, the simplest secret rules in Eleusis are those that ac-
cept a card only on the basis of the card itself, and neither take into account
previously played cards nor the position at which a card is played. These are
the rules in the class P1

0.

Fact 6.9 For every ρ ∈ P1
0, the following condition is satisfied: For all s, s� ∈ Card∗,

and c ∈ Card,ρ(s, c) = ρ(s�, c). Every rule ρ ∈ P1
0 can thus be expressed as a function

ρ� : Card→ {0, 1}. �

Example 6.10 The following are examples of rules in P1
0.

1. “Accept all red cards, reject all black cards.”

2. “Accept all cards with a value ≤ 7, reject all the others.”

3. “Accept all cards of clubs and all the ones of hearts that have an even value, reject
all the others.” �
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After we have introduced some formal notation and defined some classes of
Eleusis rules, we will now start investigating the complexity of decision prob-
lems related to Eleusis. We start with the Eleusis satisfiability problem ESAT,
which can be seen as an analogue to the problem investigated for Mastermind
in Stuckman and Zhang (2006). For Mastermind, the problem asks given a con-
figuration of the game, whether there is any secret code that is consistent with
the play so far. For Eleusis, the problem ESAT is to determine whether, given a
configuration of the game, there is some rule which is consistent with the play
so far. If we do not make any restrictions onto the class of rules under consid-
eration, this problem becomes easy as it boils down to just checking whether
the same card has been both rejected and accepted at the same position2.

Definition 6.11 For R being a class of Eleusis rules, the decision problem
ESAT(R) is defined as follows.

Decision Problem 6.12 ESAT(R)
Input: A sequence of cards s ∈ Card∗, and for each i, 0 ≤ i ≤ |s| a set Ci ⊆ Card
(representing the cards rejected at position i).
Question: Is there some ρ ∈ R such that for all i with 0 ≤ i < |s|, ρ(s<i, si) = 1 and
for all c� ∈ Ci,ρ(s<i, c�) = 0? �

The first class of rules for which we investigate this problem is the class of very
simple rules P1

0. Given a configuration of the game Eleusis, it is quite easy to
check whether it is possible that the secret rule that Player 1 has in mind is
in P1

0 . These rules are so simple because whether a card is accepted does not
depend on the current position of the sequence on the table, and neither on the
cards played so far. If during the play one card has ever once been accepted
and once been rejected, then the secret rule cannot be in P1

0. On the other hand,
if no card has been both accepted and rejected, then it is indeed possible that
the secret rule is in P1

0. Any rule that accepts all the cards that have previously
been accepted and rejects those who have not is a candidate.

Proposition 6.13 The problem ESAT(P1
0) can be solved in polynomial time.

Proof. Going through the sequence of cards, for each position, we check
whether the card accepted at the current position is rejected at the same position
or at a further position, and then for each card rejected at the current position,
we check if this card is accepted at any future position. As soon as we find a
card where any of this is the case, we can stop and the answer is no. If we reach
the end of the sequence, the answer is yes. Since in this procedure each card in

2This is the case because whenever there is no card accepted and rejected at the same
position, any function ρ : Card∗ × Card → {0, 1} that extends the current play (i.e., that accepts
the accepted cards at the correct positions and rejects the rejected ones) is an Eleusis rule
consistent with the game so far.
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the input is compared to at most all the other cards, this takes time at most n2

in the worst case, for n being the size of the input. �

We now look at ESAT for periodic rules without lookback.

Proposition 6.14 For any p ∈ IN, the problem ESAT(Pp
0) can be solved in polynomial

time.

Proof. First of all, if p ≥ |s|, then we only need to check if there is some position
i ≤ |s| such that si ∈ Ci. If this is the case, the answer is no, otherwise the answer
is yes. If p < |s|, then for all i, j such that i ≤ j < |s| and j mod p = i mod p, we
check if si ∈ Cj or sj ∈ Ci. If this is the case for any such i, j, then we can stop,
and the answer is yes. If there are no such i, j, then the answer is no. �

We will now move to rules that do take into account previously accepted
cards. Let us first consider ESAT(P1

1). Rules in P1
1 have the property that

whether a card is accepted is completely determined by the card accepted at
the previous position. So, we have to look for an instance where the same card
has been accepted at two positions, and at the immediate respective successors
of these positions the same card has been rejected in one case and accepted in
the other. If we find such an instance, we know that the secret rule cannot be
in P1

1.

Proposition 6.15 ESAT(P1
1) can be solved in polynomial time.

Proof. In order to solve this problem, we can go through the sequence of cards,
and for all 0 ≤ i < |s|, we check if there are i, j, i ≤ j < |s|− 1 such that si = sj and
si+1 ∈ Cj+1 or sj+1 ∈ Ci+1. If we find such i, j, then the answer is no. Otherwise,
the answer is yes. �

Note that given a sequence of cards, deciding whether there is some p such
that there is a rule in Pp

0 that could be the secret rule is trivial, as the answer is
’yes’ if and only if no card has been accepted and rejected at the same position.

A similar problem to investigate would be the problem of given a sequence
of cards and some k ∈ IN, decide whether there is some p ≤ k such that there
is a rule in Pp

0 that could be the secret rule. For this problem, it is sufficient to
check if is the case that the secret rule could consist of k independent rules.

Solving ESAT(P1
k), and in general ESAT(Pp

k) can be done analogously to
Proposition 6.15; instead of looking for positions where the same card has been
accepted, for each phase we have to look for two sequences of positions where
the same k cards have been accepted, and then check if it is the case that at the
next positions one card has been once accepted and once rejected.

Corollary 6.16 ESAT(Pp
k) can be solved in polynomial time. �
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Thus, we have seen that for several classes of rules, it can be decided in
polynomial time whether there is a rule in the class that is consistent with the
play so far. In actual play, we can think of Player 2 solving this problem for
various classes of rules, trying to restrict the set of rules that are still possible. In
other words, coming back to Eleusis as a simulation of scientific inquiry, this is
the problem describing the scientist checking whether there is some hypothesis
in a certain class that is consistent with the experimental results so far.

6.3.2 A hard task for Player 1: accept or reject?
After having discussed various tractable decision problems in Eleusis, we will
now show that Eleusis also gives rise to hard problems. We give a secret Eleusis
rule that has the property that checking whether the sequence of cards on the
table is consistent with the rule is NP-complete.

We use the Collision-Aware String Partition Problem (CA-SP) which Condon
et al. (2008) have shown to be NP-complete. CA-SP is the problem of deciding
whether a string can be partitioned into substrings of at most length k such that
no two substrings are equal.

Decision Problem 6.17 (Collision-Aware String Partition) Input: A string s ⊆
Σ∗, for Σ being a finite alphabet, and a natural number k ∈ IN.
Question: Is there a collision-free k-partition of s? That is, are there strings
p1, . . . , pl ⊆ Σ∗ such that

• p1 . . . pl = s,

• |pi| ≤ k for all i with 1 ≤ i ≤ l and

• for all i, j such that i � j and 1 ≤ i � j ≤ l it holds that pi � pj? �

Condon et al. (2008) investigate this problem also for strings over a four-
letter alphabet (i.e., |Σ| = 4) and show that it stays NP-complete. The motivation
behind studying the problem for an alphabet of size four is that it relates to
problems involved in the synthesis of long strands of DNA (sequences over
the alphabet {A,C,G,T}). We will show that CA-SP can also occur in a game of
Eleusis.

The following is the task Player 1 has to solve in each round of Eleusis
when giving feedback to Player 2. In the strategic considerations of Player 1,
the complexity of this task plays of course a crucial role since in practice she
should be able to solve it in reasonable time.

Decision Problem 6.18 E − Check(ρ)
Input: A sequence of cards s ∈ Card∗, and a card c ∈ Card.
Question: Is it the case that ρ(s, c) = 1? �
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Note that here we don’t take ρ to be part of the input but keep it fixed. This
way, we measure the complexity independently of the representation of the
rule.

We now show that there are Eleusis rules that make it NP-hard for Player 1
to check if a card should be accepted. One such example is a rule that forces
Player 1 to solve the problem CA-SP, because she has to check if the sequence
of suits of the cards accepted so far can be partitioned into k substrings such
that no two of them are equal. The parameter k will be given by the sequence
of accepted cards, or more precisely, by the position of the first King that has
been accepted. The rule we define does not force Player 1 to solve the CA-SP
problem in every round, but only whenever a so called trigger card is played.
This trigger card, (7,�) is accepted if and only if the sequence of previously
accepted cards represents a positive instance of CA-SP.

ρCA−SP(s, c) :=



1 if c � (7,�) or there is no i such that 0 ≤ i <
|s| and Valuesi = 13

or c = (7,�) and k := min{i | Value(si) = 13} is de-
fined and it holds that suit(s0)suit(s1) . . . suit(s|s|−1) can be
k-partitioned into strings of length at most k such that no
two strings are equal.

0 otherwise.

Now, the following proposition follows immediately.

Proposition 6.19 E − Check(ρCA−SP) is NP-complete.

Proof. NP membership is straightforward as it can be checked in polynomial
time if a proposed k-partitioning of the sequence of cards is indeed correct in
the sense that no substring is longer than k and no two are equal. NP-hardness
follows by reduction from CA-SP, as we will show now.

Given an instance of CA-SP over the alphabet Σ = Suit = {�,�,�,�} i.e., a
sequence s ⊆ Σ∗ and some k ∈ IN, we transform it into the following instance
f (s, k) of E − Check(ρCA−SP).

(s0,n0) . . . (s|s|−1,n|s|−1)(7,�),

where nk = 13 and for all the other ni with i � k we let ni ∈ {1, . . . , 12}.
Now, if s, k is a positive instance of CA-SP, then s can be k-partitioned into

different substrings, which then implies that (7,�) is accepted as the sequence
of the suits of the cards accepted before can be k-partitioned in the same way.

The other direction is also immediate: If (7,�) is accepted, then as there is
a King in the sequence it means that the sequence of the suits of the of cards
played before can be k-partitioned into different substrings, for k being the
position of the first King. Hence, (s, k) is also a positive instance of CA-SP. �
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The property that we used in the above proof is that the cards can be used
to code hard problems. We chose a reduction from the collision-aware string
partition problem because the transformation from a string of a four letter
alphabet to a sequence of cards of four different suits is particularly straight-
forward, showing that the coding of hard problems is not only theoretically
possible but can even be practically feasible to do in the actual play of the game.
This leads us to the question of what our analysis means for Player 1’s choices
in the game. Our hardness result shows that when Player 1 is constructing
a secret rule, she should be aware of its complexity to ensure that she won’t
be faced with intractable problems when she has to give feedback to the other
players, as it happens with the rule ρCA−SP.

6.3.3 An impossible task for Player 1: accept or reject?
We can now show that Eleusis allows for even harder rules: we give an Eleusis
rule such that it can get undecidable to compute whether a card should be
accepted. We will first introduce some notation for this.

Notation • We now use standard decks of cards, and let Card = Value×Suit,
for Value = {1, . . . , 13} and Suit = {�,�,�,�}.

• For a sequence of cards s ∈ Card∗, value(s) denotes the sequence of the
values, i.e., value(s) = value(s0) . . . value(s|s|−1).

• We define a function color : Card → {b, r}, assigning to each card its color
(black or red), defined as follows.

color(c) =
�

b if suit(c) ∈ {�,�}
r if suit(c) ∈ {�,�} �

We now define the set of black (red) words in a sequence of cards. The set of
black (red) words in a sequence of cards contains all the maximal subsequences
of black (red) cards in the sequence, i.e., the subsequences of black (red) cards
that are separated by red (black) cards. Let us illustrate this with an example.
Given the sequence s = (4,�)(3,�)(9,�)(8,�), its set of red words is the singleton
{(9,�)}, and its set of black words is {(4,�)(3,�), (8,�)}.
Definition 6.20 For a sequence s ∈ Card∗, we define the set of black words of s
BW(s) to be the set of all those w ∈ Card∗ with |s| ≥ 1 that satisfy the following
conditions.

1. ∀i such that 0 ≤ i < |w| it holds that color(wi) = b and

2. ∃i such that 0 ≤ i < |s| and ∀ j with 0 ≤ j < |w| it holds that si+ j = wj and

(i) if i > 0, then color(si−1) = r and
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(ii) if i + |w| < |s|, then color(s(i+ j)+1) = r.

The set of red words of a sequence of cards s, RW(s), is defined analogously
by swapping r and b in the above definition. Then, the multiset of black words
BW(s) of a sequence of cards s is defined as BW(s) = (BW(s),m), where m
gives the multiplicity of how many occurrences of each black word in BW(s)
there are in s. RW(s) is defined analogously. �

For constructing a rule that gives rise to an undecidable problem, we will use
the above definition and view a sequence of cards as a sequence of black and red
words. Our proof of undecidability is by reduction from Post’s Correspondence
Problem (Post 1946).

Decision Problem 6.21 Post’s Correspondence Problem
Input: A finite set of pairs of non-empty strings over a finite alphabet Σ, P =
{(x1, y1), . . . (xn, yn)}.
Question: Is there a sequence (i1, . . . im) for some m ∈ IN, with 1 ≤ ij ≤ n such that
for all 1 ≤ j ≤ m

xi1 . . . xim = yi1 . . . yim? �

Even if Σ is small (|Σ| = 2), the problem is undecidable (Ruohonen 1983).
We define an Eleusis rule that has the property that the problem of deciding

whether a card should be accepted is in general at least as hard as solving
Post’s Correspondence Problem. Before giving the formal definition, let us
explain the intuition. The idea of the rule is the following. Every card which
is not the trigger card (7,�) is accepted. The trigger card is accepted if and
only if the following holds: If we view the sequence of previously accepted
cards as a sequence of pairs, each consisting of a red word and a black word,
then it is possible to rearrange the order of these pairs (possibly using a pair
more than once or not at all) such that the resulting string of red values is the
same as the resulting sequence of black values. Let us illustrate this with an
example showing a positive instance. Consider the sequence of accepted cards
(9,�)(3,�)(9,�)(10,�)(3,�)(3,�)(10,�)(3,�)(3,�)(3,�), and assume that the next
card being played is the trigger card (7,�).Reading the sequence of previously
accepted cards as a sequence of red and black words, gives

(9,�)
����

wb
1

(3,�)(9,�)
����������������

wr
1

(10,�)(3,�)
������������������

wb
2

(3,�)(10,�)
������������������

wr
2

(3,�)(3,�)
����������������

wb
3

(3,�)
����

wr
3

.

Now, (3,2,2,1) is a solution since (value(wb
3) value(wb

2) value(wb
2) value(wb

1)) =
(3 3 10 3 10 3 9) = (value(wr

3) value(wr
2) value(wr

2) value(wr
1)). Similarly, (3, 2, 1) is

a solution. Thus, (7,�) is accepted.
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Formally, we define the rule ρPost as follows.

ρPost(s, c) :=



1 if c � (7,�) or
|BW(s)| � |RW(s)| or
|BW(s)| = |RW(s)| and s = wr

1wb
1wr

2wb
2 . . .w

r
kw

b
k with

wb
l ∈ BW(s) and wr

l ∈ RW(s) then ∃(i1 . . . im) with 1 ≤ ij ≤ k
and (value(wr

i1
) . . . value(wr

im
)) = (value(wb

i1
) . . . value(wb

im
)) or

|BW(s)| = |RW(s)| and s = wb
1wr

1wb
2wr

2 . . .w
b
kw

r
k with

wb
l ∈ BW(s) and wr

l ∈ RW(s) then ∃(i1 . . . im) with 1 ≤ ij ≤ k
and (value(wr

i1
) . . . value(wr

im
)) = (value(wb

i1
) . . . value(wb

im
));

0 otherwise.

Even though, this rule looks more complicated than the rules we have previ-
ously discussed, it is easy to see that it is still a proper Eleusis rule as it can
be written on a small piece of paper and moreover the acceptance of a card
only depends on the card itself and previously accepted cards. We now show
undecidability of E − Check(ρPost), the problem of deciding whether for a given
sequence s ∈ Card+, ρPost(s) = 1.

Theorem 6.22 E − Check(ρPost) is undecidable.

Proof. By reduction from Post’s Correspondence Problem with alphabet Σ =
Value = {1, . . . 13}. Given P = {(x1, y1), . . . (xn, yn)} with xj, yj ∈ Value∗,
we transform it into a sequence of cards. We define a (partial) function
g : Value∗ → (Value × Suit)∗ as follows: For each (xi, yi) ∈ P, we define
g(xi) = (xi0,�)(xi1,�) . . . (xi|xi|−1,�) and g(yi) = (yi0,�)(xi1,�) . . . (yi|yi|−1,�). Then,
let g�(P) = g(x1)g(y1) . . . g(xn)g(yn) and finally define the reduction function f
as follows: f (P) = (g�(P), (7,�)). First of all, note that f can be computed in
polynomial time since g� and g can be computed in polynomial time. Now, we
have to show that f is indeed a proper reduction.

Assume that P = {(x1, y1), . . . (xn, yn)} is a positive instance of Post’s Cor-
respondence Problem. Then there is a sequence (i1 . . . im) , with 1 ≤ ij ≤ n
such that xi1 . . . xim = yi1 . . . yim . Now, we have to show that ρPost( f (P)) =
ρPost(g�(P), (7,�)) = 1. First of all, note that by construction |BW(g�(P))| =
|RW(g(P))|. Moreover, (value(wr

i1) . . . value(wr
im)) = (value(wb

i1) . . . value(wb
im)).

Thus ρPost( f (P)) = 1.
For the other direction, assume that ρPost( f (P)) = 1, for f (P) = (g�(P), (7,�)).

By construction of g�(P), it has to be the case that |BW(g�(P))| = |RW(g�(P))|,
and g�(P) has to start with a red card. Thus, g�(P) = wr

1wb
1wr

2wb
2 . . .wr

kwb
k with

wb
l ∈ BW(g�(P)),wr

l ∈ RW(g�(P)) and there is a sequence(i1 . . . im) with 1 ≤ ij ≤ k
such that (value(wr

i1) . . . value(wr
im)) = (value(wb

i1) . . . value(wb
im)). But then it

must also be the case that xi1 . . . xim = yi1 . . . yim . This concludes the proof. �
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We have thus shown that whereas there are various tractable problems in
Eleusis, the game also gives rise to NP-complete problems and problems that
are undecidable even when played with a standard deck of cards.

This section has shown that the inductive inference game Eleusis is inter-
esting from a complexity theoretical point of view as it gives rise to decision
problems of various complexities. We also showed that there are hard decision
problems that are relevant for the actual play of the game, as they are not about
deciding which player has a winning strategy as the usual complexity results
about games, but instead describe the tasks the players face during the game.
Considering the problem E − Check(ρ), we have seen that as opposed to Mas-
termind, in Eleusis the complexity for Player 1 crucially depends on her choice
at the beginning of the game, as some choices can make it impossible for her to
make a move, i.e., to give feedback to Player 2. Therefore, we have shown that
the first player has a very active role in Eleusis, and as opposed to the literature
where the difficulty of Eleusis is only discussed with respect to the difficulty
to discover certain rules, our results show that Player 1’s first move has crucial
complexity implications also for herself. Coming back to Eleusis as a simula-
tion of scientific inquiry, our work thus fits with approaches putting forward
an interactive view on learning, with the environment or teacher having an
active role (Gierasimczuk 2010).

Linking up to previous chapters. As the current chapter presents a very
concrete setting, the reader might wonder how this relates to some of the
abstract concepts discussed in previous chapters.

Preferences In this concrete game, preference of the players can be seen as
given by the points they get at the end of the game.

Coalitional power Cooperation plays a crucial role in the game as in many
situations players can have an incentive to cooperate, e.g. in order to
stop some other player from winning or to be able to test some hypothe-
ses about the secret rule which they could not have tested individually
because they do not have the cards needed for that.

Information Players have perfect information about the course of the game
played so far but do not know what cards the other players have and
of course the Scientists do not know the secret rule. Playing a card and
getting feedback reduces the uncertainty as some hypotheses might be
discarded based on the feedback given by Player 1.
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6.4 Conclusions and Further Questions
We start by summarizing the main results of this chapter which we obtained
by giving a complexity theoretical analysis of different problems arising in the
game Eleusis.

As technical methods for showing hardness and undecidability, we used
reductions from a variation of the Partition problem which has relevance for the
synthesis of long strands of DNA, and a reduction from Post’s Correspondence
Problem, respectively.

6.4.1 Summary
This chapter brought together complexity theory, game theory and learning
theory. We investigated the inductive inference game Eleusis and gave a com-
putational complexity analysis of different tasks that players face during the
play of the game, ranging from polynomial time solvable to undecidable.

Tasks for scientists.
First of all, we have shown that for the natural class of periodic secret rules

with a fixed number of phases and lookback it can be decided in polynomial
time whether there is such a rule that is consistent with the current state of
the game. For the actual play of the game this means that if before the game
players agree to only use rules from one of these classes, it will be tractable
for the scientist players to check during the game whether a rule they have in
mind might be the secret rule.

Tasks for Player 1.
Moreover, our results also show that Eleusis can give rise to intractable

problems. We have constructed a rule that requires the players to solve the
NP-complete Collision-Aware String Partition Problem in order to decide if a
card should be accepted.

Finally, using Post’s Correspondence Problem, we showed that – even when
played with standard decks of cards – Eleusis allows for rules that make it
undecidable for Player 1 to check whether cards are accepted. This result
implies unplayability of the game in practice: Following the official rules of
the game, Player 1 can get into a situation in which she cannot decide anymore
whether a card should be accepted, and thus cannot perform a legal move any
more.

6.4.2 Conclusions
Let us come back to our research question.
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Research Question 4 Finally, to what extent can we use a formal anal-
ysis of interactive processes to draw conclusions about the complexity of
actual interaction?

• Are there concrete examples of interactions in which participants
actually encounter very high complexities which make it impossible
for them to act?

Based on our results in this chapter, we can give the following answers.

1. A complexity theoretical analysis of algorithmic tasks in recreational
games allows us to draw conclusions about the complexity that play-
ers face during play.
The main challenge for a formal complexity theoretical study to be able
to have some impact on real interaction seems to be carefully choose
appropriate problems to be analyzed. While complexity results for logical
theories or problems arising in sophisticated strategical reasoning do not
seem to have immediate practical implications3, the study of tasks in
recreational games which players cannot avoid seems to be promising.

2. In the game Eleusis we could identify undecidable problems which a
player can be forced to face after some move she has made in the first
round (i.e., constructing a secret rule which involves undecidable prob-
lems).

All our complexity results also extend to other versions of Eleusis such as
Eleusis Express (cf. Golden (2011)), but not immediately to other inductive
inference game such as Zendo (Looney et al. 1997).

Recommended rule adjustments. Based on our analysis, we give two recom-
mendations for adjusting the rules of Eleusis, restricting the set of secret rules
that Player 1 can choose from.

1. For the sake of actual playability, having in mind the limited computa-
tional power of actual players we recommend to restrict the set of Player
1’s possible choices of secret rules with respect to the complexity of check-
ing whether a card is accepted (Decision Problem 6.18).

2. For keeping the game entertaining, we suggest to explicitly require that
a secret rule should satisfy the following condition.

At every position, there is at least one card that is accepted.
3At least not without having carefully determined the precise connection between such

theories and forms of reasoning and interaction of real agents.
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The first suggestion could of course be made precise by formulating it in
terms of the computational complexity of the decision problem E − Check(ρ)
(Decision Problem 6.18). For the actual play however, simply adding an appro-
priate time-limit for Player 1 for deciding about the acceptance of a card (and
a penalty in terms of point deduction or immediate loss in case the time limit
is exceeded) would solve the potential problem, as this would make it more
apparent – especially for beginning players – to keep in mind the complexity
of the secret rule.

The second adaptation of the rules of the game ensures that it cannot happen
that at some point in the game all cards will be rejected. The following secret
rule would e.g. be forbidden by our second suggestion.

“Accept any card as the first card. Then accept a card if and only if its
value is greater than that of the previously accepted card”

This rule could be easily adapted by adding the exception “After a King has
been accepted, accept any card at the next position”. While in principle it is not
a problem to have a secret rule that at some point rejects all cards, we have
noticed that especially beginning players construct such rules without being
aware that at some point no cards will be accepted any more.

It is important to note that our recommended adjustments of the rules are
not aimed towards changing the actual game but rather to make explicit some
particularities of the game in order to make Player 1 aware of the consequences
of her choice of secret rule so that she can avoid rules that lead to undesired
pathological plays. These adjustments are probably unnecessary for experi-
enced players but certainly helpful for beginners.

6.4.3 Further Questions

From the complexity theoretical analysis of Eleusis given in this chapter, a
number of directions for further research arise.

Are there other examples of recreational games in which players can be forced
to encounter undecidable problems? The game we chose seems to be quite
special in the sense that the secret rules about sequences could in principle be
used to encode problems of arbitrary complexity. For other inductive inference
games such as Zendo, constructing very hard rules seems to be more difficult
than in Eleusis. It remains to be investigated whether there are also other
classes of recreational games which are actually being played and in which
very hard problems can arise already for just making a legal move.
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Game theoretical analysis of Eleusis. A precise game theoretical analysis of
Eleusis still has to be given. A first suggestion would be to look at versions in
which the set of rules to be chosen from is restricted. When considering the
strategic abilities of the players, the role of cooperation also needs to be taken
into account, as there could be an incentive for coalitions consisting of Player
1 and a Scientist to form, as collusion of such a form could lead to high payoff
for those two players.

Challenges for AI in games Eleusis as such presents some challenges for AI
methods for game playing due to high complexities that can arise. Considering
different simpler two-player variations in which Player 1 can only choose rules
of a certain (manageable) complexity would then allow an analysis of these
variations with respect to the existence of winning strategies for the players,
e.g. using methods from Schadd (2011).

Eleusis, complexity and formal learning theory. The work in this chapter
also promotes a categorization of secret Eleusis rules not only with respect to
their difficulty of being discovered but also with respect to how difficult it is for
the first player to give feedback to the other players. Our work thus fits with
approaches to formal learning theory that consider the learning process as an
interaction between a learner and a teacher (Gierasimczuk 2010; Gierasimczuk
et al. 2009b). Considering variations of Eleusis in which Player 1’s feedback is
more refined than simply accepting or rejecting a card, Eleusis can also be used
as a concrete setting in which different levels of helpfulness of a teacher can be
illustrated.

More generally, the current work promotes the computational complexity
analysis of inductive inference games, showing that a variety of interesting
problems arise, ranging from very easy to undecidable. This complexity the-
oretical perspective gives us new insights into the strategic abilities of agents
engaged in interactive processes that involve inductive inference and also high-
lights the special role complexity plays in inductive inference games, distin-
guishing them from other inference games such as Mastermind.

Empirical investigation of inductive inference games A natural follow-up
of our analysis would be an empirical investigation of the game being played
by human players. As a first step towards this, we refer to the webpage of
Sangati (2011) which is used to collect data of plays of the game. We will come
back to this in Section 7.3.4.




