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Chapter 1

Introduction

Life is what happens to you while you’re busy making other plans
John Lennon

This thesis hovers over the interaction of coalgebras and modal logics. Coal-
gebras arise from computer science as a promising mathematical foundation for
computer systems. Modal logic has its origins in philosophy but thanks to the
so-called relational semantics it has found its way to areas such as linguistics,
artificial intelligence, and computer science [19]. In this thesis we study the
o!spring of the encounter of coalgebras and modal logics. More concretely, this
manuscript has two parts: Modalities in de Stone age and Coalgebraic modal
logics at work. In the first part of this manuscript we investigate coalgebraic modal
logics which have become one of the main currents of modal logics for coalgebras.
Coalgebraic modal logics bring uniformity to the rising wave of modal logics in
computer science and provide generality to the interactions of coalgebras and
modal logics. In the second part of this manuscript we investigate how these logics
can be used to study coalgebras.

In this introduction we tell the story of how coalgebras meet modal logics. The
structure of the introduction is as follows. In the next section we will elaborate
on the relation of coalgebras and transition systems. In Section 1.2, we will give a
brief overview of the historical framework that lead modal logics to become the
language for coalgebras. We finish with Section, 1.3 where we sketch the outline
and contributions of this thesis.

1.1 Coalgebras and Systems

We begin by discussing coalgebra in more detail. Widely speaking, coalgebras
provide a mathematical theory of states and observations. The definition of
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2 Chapter 1. Introduction

coalgebra strikes by its simplicity.
A coalgebra consists of a state space, or set of states X; and a function

! : X "# T (X),

where the elements of T (X), depending on the contex, can be read as: the tran-
sitions from, or in, X, or the observations from X, or the computations from
X. Formally speaking, T is given by a functor T : Set "# Set, where Set is the
category of sets and functions.

Coalgebras provide a perspective to study di!erent state-based systems where
the set of states can be understood as a black box to which one has limited access.
Universal coalgebra is a mathematical theory of systems which we understand via
observations [96].

For a more intuitive illustration of the coalgebraic view, the reader can think
of a co!ee vending machine. Most people do not really know what the inner
mechanism of the machine is, or even have ever seen such mechanism. Nevertheless
they can use the machine e"ciently. Here we have an interaction with a system
from the black box perspective. We could even say that coalgebras are machines
from the point of view of the user. With this in mind, we can stress that we all
have had coalgebraic experiences and that they are more common than what we
would think. Moreover, it is not rare to be confronted with situations where we
make coalgebraic inferences. Here are two examples: The first example involves
two machines that look identical but one pours co!ee for free. In such a situation,
after having observed the behaviour of the two machines, many of us will take
advantage and use the the free machine as far as it keeps the behaviour. Here
we have made the coalgebraic inference that in reality the inner mechanisms of
the two machines are not identical, or at least do not behave the same, and the
free machine is more advantageous for us. Elaborating a bit further, for most
of us the inner mechanism of the machine is irrelevant. Most of us do not care
why one machine gives free beverages and the other does not. We just care that
as far as when we press the button we obtain the chosen beverage. The second
example of coalgebraic inference is when this does not happen. In case we press
the button and no beverage comes out of the machine we then make a coalgebraic
inference and conclude that there is something wrong with the inner mechanism
of the machine.

Next we show two more formal examples of coalgebras as systems to illustrate
this perspective on coalgebras.

The first example is the so-called systems with termination, or one-button
machines [58]. A one button machine is a function ! : X "# 1 +X, where 1 is a
singleton set disjoint from X; an evaluation of the function accounts for pressing
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the button. We say that x $ X terminates if !(x) $ 1; this is written x %"#. If
!(x) = y then we write x "# y and say “there is a transition from x to y”.

The second example is deterministic automata on an alphabet A. These can
be seen as coalgebras for the functor 2& (")A. A coalgebra ! : X "# 2&XA is
described by two functions !1 : X "# 2 and !2 : X "# XA. The former function is
the characteristic function of the set of accepting states of the automaton. The
latter function describes the transition of the the system, i.e. if !2(x)(a) = y we
write x

a"# y and read “there is a transition a from x to y”.

Historically, the formal definition of coalgebras, as the dual of algebras, can be
traced back to the origins of categorical algebra, see e.g [82]. However, coalgebras
did not receive much attention as such. The field did not begin its rise until com-
puter scientists realised that coalgebras could be used as an unifying environment
to model di!erent computer systems. Among the first illustrations of this we have
the modelling of: linear dynamic systems [4, 10], data types of infinite objects
[111, 11], and the behaviour of systems [93].

The crucial breakthrough that made coalgebra a promising field for a mathe-
matical foundation of computer systems was achieved by Aczel ([2], and [3]). In
those papers, Aczel introduced coalgebras for a functor T as a generalisation of
transition systems, showing that Kripke frames, or non-deterministic transition
systems, could be presented as coalgebras. On the top of this he made three
crucial observations: 1) coalgebras come with a canonical notion of observational
or behavioural equivalence (induced by the functor T ); 2) this notion of behavioural
equivalence generalizes the notion of bisimilarity from computer science and modal
logic; 3) any ‘domain equation’ X '= T (X) has a canonical solution, namely the
final coalgebra.

The idea of a type of dynamic systems being represented by a functor T
and an individual system being a T -coalgebra, led Rutten [96] to the theory of
universal coalgebra which, parametrized by T , applies in a uniform way to a
large class of di!erent types of systems. In particular, final semantics and the
associated proof principle of coinduction (which are dual to, respectively, initial
algebra semantics and induction) find their natural place here. These ideas have
been proved very successful. For example, nowadays, coalgebras encompass such
diverse systems as, for example, labelled transition systems [2], deterministic
automata [95], "-calculus processes [38], HD-automata [36], stochastic systems
[32], neighborhood frames [45], among others.

1.2 Coalgebras and Modal Logics

Modal logics began as a formalisation of modalities. We can trace its origins to
philosophy almost a century ago, though the informal study of modalities can
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be traced to the work of medieval logicians and back to the ancient Greeks [19].
In the middle of the XX century a perspective of Modal Logics as a fine tuning
of the structure of classical logics was developed [19]. This second perspective
has its roots in the invention of graph based relational semantics (by J. Hintikka,
S. Kanger, and S. Kripke), usually know as Kripke semantics. This perspective
emphasises modal languages as means that bring to light the inner structure
of classical systems. Or as said in [20], modal languages provide an internal,
local perspective on relational structures. This view has helped to place modal
languages as the appropriate choice of languages to describe coalgebras. Moreover,
nowadays, it is also fair to say that modal logics are coalgebraic [28].

The use of modal logic for coalgebras can be seen as an attempt to open
the black boxes of coalgebras. The reason for this is that modal formulas are,
traditionally, evaluated on the states of a coalgebra. Hence, somehow coalgebraic
modal logics require, and give, access to the state space of a coalgebra. The reason
for this is duality; we will elaborate on this in Section 1.2.4.

We will now explain how the encounter of modal logic and coalgebras took
place, and how from this modal logics became the language for coalgebras. We
identify four steps, more details can be found below.

1.2.1 Basic modal logic & coalgebras

The first important step towards modal logics for coalgebras was achieved by
Aczel in [2] where he noticed that Kripke frames are coalgebras for the covariant
power set functor. We now explain this.

A Kripke frame, or non-deterministic transition system, is a pair (X,R), where
X is a set and R is a binary relation on X. To see these as coalgebras for the
covariant power set functor notice that a binary relation R ( X &X can be seen
as a function

!R : X "# Pow(X),

where Pow denotes the covariant power set functor. The function !R maps a set x
to its set of successors, i.e. !R(x) = {y $ X | xRy}. Conversely, given a function
! : X "# Pow(X) we can define a binary relation R!, on X by xR!y i! y $ !(x). In
the future, if y $ !(x) we write x "# y and read “there is a transition from x to y”.

As we mentioned before, Kripke frames or graph based relational semantics was
invented to study basic modal logic. Thus, the work of Aczel gave a first glimpse
to the use of modal logics for coalgebras. Using the coalgebraic perspective on
Kripke frames, the modalities ! (universal modality) and " (existential modality)1

1Through this thesis we call ! the universal modality and call " the existential modality, as
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have the following interpretations on a coalgebra ! : X "# Pow(X).

[[!#]]! =
!
x $ X | !(x) ( [[#]]!

"
, and [["#]]! =

!
x $ X | !(x) ) [[#]]! %= *

"
.

Since !(x) is the set of successors of x, and by definition xR!y i! y $ !(x). We
can write the previous interpretations in the standard relational notation [20];
more explicitly this is

[[!#]]! =
!
x $ X | (+y)(xR!y , y $ [[#]]!)

"
, and

[["#]]! =
!
x $ X | (-y)(xR!y . y $ [[#]]!)

"
.

1.2.2 Moss logic

A bit before Aczel, Moss & Barwise [16] made a step that would prove to be
crucial for the development of coalgebraic modal logic. They introduced another
perspective on basic modal logic. Their intention here was to account for non
well-founded sets, and various phenomena involving circularity and self-reference.
This logic is called the Nabla logic or the Moss Logic.

The Moss logic has one modality: the nabla /. This modality is a bit exotic
in the sense that it takes sets of formulas, instead of just formulas, as parameters.
In particular, this means that the structure of the formulas in Moss logic is out of
the scope of (standard) universal algebra as in [24]. The interpretation of / in a
coalgebra ! : X "# Pow(X) is as follows: Given a set of formulas #

[[/#]]! =
!
x $ X | (+y $ !(x))(-# $ #)(y $ [[#]]!) and

(+# $ #)(-y $ !(x))(y $ [[#]]!)
"
.

The modality /, and the usual modalities are interdefinable as follows:

/# = !
#

"!!

# .
$

"#, !# = /* 0/{#}, "# = /{1,#};

where "# = {"# | # $ #}, and 1 denotes truth.

The second braketrough towards modal logics as the appropriate language
for coalgebras was achieved by Moss [84]. Moss noticed that his work on the /
modality for basic modal logic [16] could be presented parametric in the functor
T and lifted to the coalgebraic level of generality.

above. The reader should be aware that such terminology is sometimes used for the modalities
“for all states...” and “there exists a state...”, respectively. We refer to those modalities as the
global universal modality and the global existential modality, respectively.
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His idea was to take T itself as a modality; this modality is denoted as /T , or
just /. More precisely, if M is the set of formulas of the language and t $ T (M)
then /t $ M. We postpone details of the semantics because in the general case
the / modality can be quite involved. We treat this logic in full detail in Section
3.3.1.

The crucial contribution of [84], for the development of modal logics for
coalgebras, was that it demonstrated that each coalgebra type comes equipped
with a generic notion of modality. Hence it was quite natural to ask whether the
uniformity that coalgebra brings to transitions systems could also be achieved
for modal logics. This opened the door to the use of modal logics to describe,
or specify, the behaviour of coalgebras. However, the immediate developments
on modal logics for coalgebras did not follow Moss approach; an exception to
this is [12]. Interest on the Moss logic came back to the research arena when
Venema [108, 106] pointed out that Janin and Walukiewicz [60], had already,
independently, observed that, in basic modal logic, the connectives / and 0 may
replace the connectives !,",.,0. This observation, which is closely linked to
fundamental automata-theoretic constructions, lies at the heart of the theory of
the modal µ-calculus, and has many applications, see for instance [30, 97]. In
[71] Kupke & Venema generalized the link between fix-point logics and automata
theory to the coalgebraic level of generality by showing that many fundamental
results in automata theory are really theorems of universal coalgebra. Future
generalizations of Moss idea were investigated in [29]. A complete and sound
system for the Moss logic was introduced in [69]. Recent work on the Moss Logic
can be found in [17, 18].

1.2.3 Modal logics for coalgebras

After Moss [84] it was clear that the connection between modal logic and coalge-
bras was worth to develop. It was by then not totally clear how the general Moss
modality could be seen as a modality in the standard extension of the word [20].
At a more technical level the modality / is not easily studied with the techniques
of modal logic or universal algebra. Subsequently [72] and [52] proposed a more
standard modal logic for a restricted class of coalgebras. Although both of these
works presented generic methods to define standard modalities, they needed some
involved machinery to describe the fundamental example of basic modal logic as
in Section 1.2.1. It was Pattinson [88], taking ideas from Jacobs & Hermida [50],
Jacobs [52] and Rößiger [94], who explicitely proposed a general simple pattern
behind modalities like ! and ", and for coalgebras in general. Their idea was
to use the so-called predicate liftings (Definition 3.1.1). Even more important
was that Pattinson’s approach presented modalities in the standard tradition
of universal algebra i.e. without the use of a multi-sorted language as in [52].
The logic of all predicate liftings was first investigated in [99, 64]. We detail this
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perspective in Chapter 3.

Using predicate liftings, the motto modal logics are coalgebraic really gained
strength. It has been shown that rank-1 modal logics are coalgebraic [100]. Some
PSPACE bounds for coalgebraic logics have been established [102]. There are
results on the finite model property [98], correspondence theory [103], and cut
elimination in coalgebraic logics [90, 89]. But even more important are the
innumerable applications of predicate liftings. In this thesis we will encounter
predicate liftings in the following modal logics: basic modal logic, propositional
dynamic logic, probabilistic modal logic, graded modal logic, non-normal modal
logics, and game logic. To mention a few more, nowadays we can find predicate
liftings for conditional logics [90], hybrid logics [86], description logics [101], and
µ-calculus [27], among others. There is even a coalgebraic logic satisfiability solver
[25]. A more detailed survey of the scope of predicate liftings and coalgebraic
logics in general can be found in [28].

1.2.4 From modalities to functors

The last step in the development of modal logics for coalgebras was to try to
generalize the theory of boolean algebras with operators for modal logics, as in
[20], to the coalgebraic level of generality. In fact, this development was done
almost in parallel with the development of predicate liftings.

Here is an intuitive explanation of the idea. There are two key relations
between concepts and mathematical structures which interest us for the moment.
On the one hand we have coalgebras as a theory of systems [96]. On the other
hand, we have the well known perspective of algebras as presentations of logics.
The question is, how modalities fit into this picture. Modal logic can be seen as
extension of classical logic. We rephrase this by saying that the intuitive concept
of modality provides a link between logics and systems. Hence on the formal side,
coalgebraic modal logics, should provide a link between algebras and coalgebras.
The following picture depicts the situation:

logics algebras!

systems coalgebras!

"
modalities

"
modal logics

#

#

$ $

(1.1)

On the left side we have the intuitions, or concepts; on the right side we have the
formal mathematical structures. The horizontal lines represent the formalisation
of the concept on the left side with the structure on the right side. Because of this
interaction we can say that using modal logics we open the black box of coalgebra.
More precisely, modalities transform coalgebras into algebras and the latter are
well known to have a state space to which we have full access.



8 Chapter 1. Introduction

In the case of basic modal logic, this picture presents the theory of modal
algebras, or algebraic semantics for modal logic. This perspective makes use of
Stone duality, see [20] for details. A similar picture was also seen in domain theory
[1] where a duality is used to connect systems and logics. The idea of semantics
and syntax being connected by an adjunction can be traced back to Lawvere [78].

Modal algebras, or more generally boolean algebras with operators, are, nowa-
days, a well developed area in (classical) modal logic. They allow the use of
powerful algebraic techniques to bear on modal logic problems, see [107] for a
survey and more uses of algebra in modal logic. For example, the algebraic
semantics is better behaved than the frame based semantics; every normal modal
logic is complete with respect to its class of algebras, see [20] for details. Given
the prosperity of Boolean Algebras with Operators in (classical) Modal Logic, it
was quite natural to generalize those to arbitrary coalgebras to give an algebraic
account of the rising mass of logics for coalgebras. First attempts towards a
general framework can be found in [51, 52].

It was first explicitly noticed by A. Kurz and M. Bonsangue, in a talk at
TACL(2003) [21], using ideas from [1], that the right vertical connection in
Diagram (1.1) could be extended to all coalgebras by liftings, in a manner to be
precise later, of the functors

Setop
P

!!
BA

S
"" (1.2)

in Stone duality. Here P is the contra variant power set functor and S is the
ultrafilters functor. This was later used in [68] to present coalgebraic logics as
functors over BA. More specifically, the situation is described by the following
picture

SetT
## P

!!
BA

S

$$ L
%%

(1.3)

where the functor T provides the type of transition and the functor L provides
the modal logic. This is called the functorial framework for coalgebraic modal
logics. This is the approach we follow in Part I of this dissertation.

1.3 Outline and contributions of this thesis

This thesis is divided in two parts. Part I, Modalities in the Stone age, is dedi-
cated to show how Diagram (1.3) generalizes the theory of Boolean algebras with
operators to arbitrary coalgebras and how using this we can lay a general map
of coalgebraic logics. Part II, Coalgebraic modal logics at work, is dedicated to
further investigate the uses of coalgebraic modal logics to describe coalgebras.
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In the Historical context, Part I finds its natural place as follows: Both the
Moss logic and the logic of all predicate liftings have their own merits to be called
a generic logic of coalgebras. A natural question/task was to compare them to
explicitly reveal their similarities and di!erences. A first systematic study for a
restricted class of functors was started in [80, 79]. There the relation between the
Moss logic and logics of predicate liftings was not clarified mainly because the
theory of Boolean algebras with operators was not used in its full power. Thus
to depict the general map of coalgebraic modal logics a more general approach
that could account for the algebraic semantics of modal logic was needed. More
explicitly, Part I has its origins when trying to lay a general picture of modal
logics in the functorial framework.

Part II finds its natural place as follows: One of the insights of Part I is to
show that all coalgebraic logics in the functorial framework are logics of predicate
liftings. Hence a natural task is to investigate some concrete boundaries of the
framework. In Part II we study three cases where we try to see how far can we
push the use of coalgebraic modal logics.

We now outline the chapters of this dissertation and the contributions of the
material.

Chapter 2 is a technical introduction to the material of this dissertation. Here
we fix our basic notation. We begin by introducing algebras and coalgebras.
Quite some space is dedicated to algebras for a functor and their relation to
algebraic signatures. This will be of crucial importance to show how to arrive
to the functorial framework for coalgebras. We also discuss varieties and more
specifically the finitely presentability of varieties of finitary signatures. Those
will be important technical tools in our work. We finish the Chapter by formally
introducing the modal logics that will make the running examples trough this
manuscript, in particular, we also describe the coalgebraic semantics for those
logics.

The following three chapters constitute Part I of the manuscript.

Chapter 3 introduces the functorial framework for modal logics. Most of the
ideas and definitions here are taking from the literature. Novel to the chapter is
the presentation. We first introduce modal similarity types in the tradition of
universal algebra using predicate liftings. We then develop in detail how from here
we can arrive to the functorial framework in Diagram (1.3). We deliberately do
not use Stone duality to introduce modal logics because we want to stress that the
duality is not essential to define modal logics and compare them. In this Chapter
we try to find a balance between categorical abstraction and concrete presentation.
Since coalgebras are more naturally presented in the categorical language, the
Chapter is more inclined to the categorical perspective. In particular, we introduce
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the notion of coalgebraic modal logic based on a category of power set algebras
(Definition 3.2.12). This notion allows us to handle various modal logics not based
on modal logic.

Chapter 4 introduces the basic translation techniques to compare coalgebraic
modal logics. The contributions of the chapter can be summarised as follows: we
introduce the notion of one-step translation (Definition 4.1.1). We develop the
notions of singleton lifting (Definition 4.2.5) and translator (Definition 4.2.1), from
[79], into the functorial framework for coalgebraic modal logics. In particular we
show that every singleton lifting has a translator. We develop the notion of logical
translator (Definition 4.3.2) for any category of power set algebras (Definition
3.2.12). The most important contribution is the use of the structural properties of
the category of boolean algebras to show that every translator induces a one-step
translation. We give conditions on the type of coalgebras for a translation between
the Moss logic and logics of predicate liftings to exist.

Chapter 5 illustrates various uses of translators and translations introduced in
the previous chapter. The main contributions of this chapter can be summarised
as follows: We introduce a new type of predicate liftings called the Moss liftings
(Definition 5.1.12). Using these we can define a new translation of the Moss
Logic into the language of predicate liftings (Proposition 5.1.21). We prove two
representations theorems that exhibit any coalgebraic modal logic (Definition
3.2.13) as a logic of predicate liftings (Theorems 5.2.2 and 5.2.17). We develop
a novel equational coalgebraic logic (Section 5.3) with a sound and complete
axiomatization for it.

The following three chapters form Part II of this dissertation.

Chapter 6 discusses the relation between final coalgebras and languages for
coalgebras. Our main contribution is a systematic study of the relationship be-
tween following three characterisations of behavioural equivalence for coalgebras:
the structural characterisation using final coalgebras, the logical characterisation
using coalgebraic languages, the structural characterisation using logical congru-
ences. The gain of this study is that we simplify various of the existing proofs
in the literature. In particular we show that the relation above mostly relies on
structural properties of the base category.

In Chapter 7 we concentrate on a coalgebraic framework for modal logics
which encompasses (test free) Propositional Dynamic Logic and Game Logic.
Our key idea is to consider extra structure on the functor T . We exploit this
structure to give the desired outer perspective on programs/games. For example,
for sequential composition we assume T to be a monad (Section 7.3.1). The main
contributions of this chapter can be summarised as follows. We provide a general



1.3. Outline and contributions of this thesis 11

notion of dynamic structure which describes the algebraic structure on programs,
and their interpretation as T -coalgebras. Once this view is in place, labelled
modalities arise in a natural way by a generic process of labelling (Definition
7.1.1). We then proceed to investigate the nature of PDL and GL axioms such as
[a; b]# 2, [a][b]# and [a 3 b]# 2, [a]# . [b]# in our general setting. We show
that such axioms hold if the underlying T -modality preserves the extra structure
on T in a manner that we make precise in Theorem 7.3.7 (sequential composition)
and Theorem 7.3.18 (pointwise operations).

In Chapter 8 we introduce automata for an arbitrary type of coalgebras (Def-
inition 8.2.1). More precisely, given a set of monotone predicate liftings $, we
introduce $-automata as devices that accept or reject pointed T -coalgebras on
the basis of so-called acceptance games. The main technical contribution of this
chapter concerns a small model property for $-automata (Theorem 8.3.4). We
show that any $-automaton A with a non-empty language recognises a pointed
coalgebra (!, x) that can be obtained from A via some uniform construction
involving a satisfiability game (Definition 8.3.2) that we associate with A. The
size of (X, !) is exponential in the size of A. We also provide some hints of how
coalgebra automata could be treated within the functorial approach to modal
logics.

Our final chapter is Chapter 9. Here we discuss further paths for research.

The origins of the material

Parts of the material in this thesis have been previously published or are cur-
rently awaiting publication. More specifically the relation between chapters and
publications is as follows:

• Part I is based on [80] and joint work with Alexander Kurz [74, 73].

• Chapter 6 is based on joint work with Clemens Kupke [70].

• Chapter 7 is based on joint work with Helle Hansen [46]

• Chapter 8 is based on joint work with Gaëlle Fontaine and Yde Venema [41].




