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Chapter 2

Algebras & Coalgebras

This chapter is a technical introduction to the material that will be covered
through this thesis. Here we fix our notation and terminology. With this chapter
we also intend to point the reader to the relevant literature in the background of
our work.

We have tried to make this manuscript understandable for both the modal
logic community and to the category theory community. Of course we expect the
manuscript to be understandable for the coalgebra community. Nevertheless, in
several occasions we will use some advanced categorical techniques.

We do not expect the reader to be an expert in category theory but still some
previous exposure to the subject is required. The reader should at least be familiar
with basic concepts like functor, natural transformation, diagram, limit, colimit,
and adjunction.

We do not require background in modal logic but familiarity with one or two
modal logics will help to give body to the concepts introduced here.

We try to give a survey on coalgebras but it is far from complete and didactic.
Some familiarity with the subject is expected.

This chapter is not intended to be self contained or present a state of the art
of the subjects.

2.1 Coalgebras and Algebras

We begin with the general definition of algebras and coalgebras for a functor.

Definition 2.1.1. Let C be a category and T : C "# C be an endofunctor.

1. A T -coalgebra is a pair (X, !) where X is an object in C and ! is an arrow

! : X "# T (X) (in C.)

13



14 Chapter 2. Algebras & Coalgebras

We call X the carrier or the state space and ! is called the structural map.
A pointed coalgebra is a pair (!, x) where x is a point1 in the state space of
!.

2. A T -algebra is a pair (A,$) where A is an object in C and $ is an arrow

$ : T (A) "# A (in C.)

We call A the carrier and $ is called the structural map.

The functor T is called the signature functor and the category C is called base
category. Often, we denote T -coalgebras and T -algebras by using only the
structural map, from which the carrier can be deduced. If there is no risk
for confusion T -coalgebras and T -algebras will be simply called coalgebras and
algebras, respectively.

The following will be our convention to denote algebras and coalgebras.

Notation. Structural maps will always be denoted by small Greek letters. Coal-
gebras will always have carriers denoted by X, Y and Z; the structural maps will
be !, % and &, respectively. Algebras will always have carriers denoted by A and B;
the structural maps will be denoted by $ and ' respectively. In some occasions,
we will also use the letters A,B,X, Y and Z to denote objects in a category.

We now introduce morphism of algebras and coalgebras.

Definition 2.1.2. Let T : C "# C be an endofunctor.

1. A morphism between T -coalgebras (X, !) and (Y, %) is a morphism f : X
"# Y , in the base category, such that the following diagram

T (X) T (Y )!
T (f)

X Y!f

"
!

"
%

commutes i.e. %f = T (f)!.

The category of T -coalgebras, morphisms of T -coalgebras, and usual com-
position is denoted by Coalg(T ).

1Concerning points: In the case C = Set, points of the state space are just the elements of X.
However, in a general category points are regarded as morphisms from an initial object into X.



2.1. Coalgebras and Algebras 15

2. A morphism between T -algebras (A,$) and (B, ') is a morphism f : A
"# B, in the base category, such that the following diagram

A B!
f

T (A) T (B)!T (f)

"
$

"
'

commutes i.e. f$ = 'T (f). Morphism of T -algebras are also called T -
homomorphisms.

The category of T -algebras, morphisms of T -coalgebras, and usual composi-
tion is denoted by Alg(T ).

If there is no risk for confusion we simply refer to morphisms of coalgebras and
algebras.

The following class of functors will be an important source of examples.

Definition 2.1.3. A Kripke polynomial functor [94], or KPF for short, is a functor
T : Set "# Set built according to the following grammar

T ::= Id | KC | (")A | Pow | T + T | T & T | T 4 T

where Id is the identity functor, KC is the constant functor that maps all sets to
the finite set C, (")A is the exponential functor for a finite set A, i.e. XA is the
set of functions from A to X; and Pow is the covariant powerset functor. Functors,
in KPF, that are built without using Pow are called polynomial functors .

Remark 2.1.4. Notice that we can define a polynomial functor on any category
C provided that C has products and coproducts.

In the following, we fix the notation for some functors that will appear often.

1. We use Pow : Set "# Set for the covariant powerset functor. This functor
maps a set X to its power set and a function f : X "# Y to its direct image.

2. The finite distribution functor D maps a set X to the set of probability
distributions on X, i.e. D(X) is the set of functions µ : X "# [0, 1] such
that

%
x!X

µ(x) = 1, with finite support. On functions, D maps a function

f : X "# Y to the function D(f) : D(X) "# D(Y ) which maps a probability
distribution µ : X "# [0, 1] the function D(f)(µ) : Y "# [0, 1] given by

y 5#
&

x!f!1({y})

µ(x).
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Since µ is a probability distribution with finite support so is D(f)(µ). A
similarly functor is the subdistribution functor, written D", which maps
X to the set of sub-probability distributions, i.e. {µ : X "# [0, 1] |
µ has fin. sup. and %x!Xµ(x) 6 1}.

3. We write BN : Set "# Set for the finite multiset functor. The idea follows
the same spirit used in the example of distributions. BN maps a set X to
BN(X) which consists of all maps (‘bags’) B : X "# N with finite support.
For f : X "# Y , the function BN(f) maps B : X "# N to the function
BN(f)(B) : Y "# N given by y 5#

%
x!f!1({y})

B(x).

4. We use P : Setop "# Set for the contravariant power set functor. This functor
maps a set X to its power set and a function f : X "# Y to its inverse
image. Recall that P(X) = 2X = Set(", 2).

5. We use Pop : Set "# Setop for the dual of contravariant power set functor. If
there is no risk of confusion we also denote this functor by P .

6. The composition of P after Pop, i.e. PPop, is called the neighborhood
functor.

7. We use Mon : Set "# Set to denote the monotone neighborhood functor.
This functor maps a set X to its set of monotone neighbourhoods. More
explicitly,

Mon(X) = {N $ PPop(X) | if U $ N . U ( V then V $ N}

This functor maps a function f to (f#1)#1.

In several occasions, in order for everything to work properly, we will need
some extra technical assumptions on functors. The next definition makes some of
these assumptions explicit and precise.

Definition 2.1.5. Let T : Set "# Set be a functor.

1. the functor T is standard if T preserves (non-empty) inclusions and the equal-
izer 0 "# 1 # 2. The latter condition ensues T preserves monomorphism
with empty domain.

2. Given a standard functor T and a regular cardinal (, we can define the
(-bounded version of T , written T#, as follows: The functor T# maps a set
X to T#(X) =

'
{T (Y ) | Y ( X, |Y | < (}; an arrow f : X "# Y is mapped

to the restriction of T (f) to T#(X).

3. A standard functor is (-accessible i! T = T#. A functor is accessible if it is
(-accessible for some regular cardinal (.
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4. A standard functor is said to be finitary i! T = T$ i.e. if it is )-accessible.

5. A functor T : Set "# Set preserves finite sets if it maps finite sets to finite
sets.

Here are some illustrations of the previous definition.

Example 2.1.6. 1. All Kripke polynomial functors, as in Definition 2.1.3,
preserve finite sets whereas the multiset functor and finite distributions
functor do not.

2. The ( bounded version of Pow maps a set X to the set of subsets of X
of cardinality less than (. In particular Pow$ maps X to its set of finite
subsets.

3. The finite multiset functor BN is the finitary version of the functor which
maps a set X to the set of functions Set(X, N̄), where N̄ = N 3 {7}; the
action on arrows is the same of BN.

4. The finite distribution functor is the finitary version of the functor which
maps a set X to the set of probability distributions on X, i.e. functions
µ : X "# [0, 1] such that

%
x!X µ(x) = 1; the action on arrows is the same

of D.

The next remark shows that in all our investigations we can assume Set-functors
to be standard.

Remark 2.1.7. In all our investigations, without lose of generality, we can
assume functors T : Set "# Set to be standard. Indeed, given any T we can
define T $(X) = T (X) for X %= 0 and T (0) as the equaliser T (0) "# T (1) # T (2).
Further, given T $ we can find a naturally isomorphic T $$ that preserves inclusions.
The details can be found in [9]. The important point for us is that the categories
of T -coalgebras and T $$-coalgebras are (concretely) isomorphic.

The following examples illustrate the situation.

Example 2.1.8. Consider the functor (")2 which maps a set X to the set of
functions from 2 to X. This functor is not standard because functions can only
be equal if their codomains are equal hence if X ( Y to say X2 ( Y 2 does not
even make sense unless X = Y . However, (")2 is isomorphic to Id& Id which is
standard.

A similar remark applies to B and D. For example, D becomes standard if we
replace a function µ : X "# [0, 1] with the set {(x, µ(x)) | µ(x) %= 0}.

The next remark concerns some of the general categorical definitions of acces-
sibility.
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Remark 2.1.9. In the general categorical world a functor is finitary i! it preserves
filtered colimits and accessible i! it preserves (-filtered colimit; see [7] for details.

In case T is not standard we can define the (-bounded version of T by mapping
a set X to T#(X) =

'
{T (iY )[T (Y )] | Y ( X, |Y | < (}, where iY : Y "# X is the

inclusion. Compare this with the computation of directed colimits in Proposition
A.0.6.

2.2 More on Universal Coalgebra...

Coalgebras are generalized transition systems. The states of the system are the
elements of the set X, the type of transitions are described by the functor T and
the transitions of the system are given by the function ! : X "# T (X).

In this section we introduce some of the basic theory of universal coalgebra.
This includes bisimulations, relation lifting, and colimits. We begin by illustrating
some examples of coalgebras as generalized transition system. The first three
examples were already mentioned in the introduction but we repeat them for the
sake of completeness.

Example 2.2.1. 1. Coalgebras for 1 + Id are transition systems with termi-
nation. In a coalgebra ! : X "# 1 + X we say that x $ X terminates if
!(x) $ 1; this is written x %"#. If !(x) = y then we write x "# y and say that
there is a transition from x to y.

2. Coalgebras for 2& (")A are deterministic automata on the alphabet A. A
coalgebra ! : X "# 2 &XA is described by two functions !1 : X "# 2 and
!2 : X "# XA. The former function provides the accepting states of the
automaton, the latter function describe the transition of the the system, i.e.
if !2(x)(a) = y we write x

a"# y and read “there is a transition a from x to
y”.

3. Coalgebras for the covariant power set functor are Kripke frames, also known
as non-deterministic (unlabelled) transitions systems [2]. For this, recall
that a function ! : X "# Pow(X) can be seen as a binary relation R!, on X,
defined as xR!y i! y $ !(x). If y $ !(x) we write x "# y and read “there is
a transition from x to y”.

4. Slight variations of the previous examples allow us to add labels to transitions
of states. Coalgebras for PowA are labelled transition systems. Equally
important are non-deterministic automata which can be seen as coalgebras
for 2& PowA.

5. Coalgebras for the finite distribution functor are discrete-time Markov chains
[15], also known as probabilistic transition systems. This can be seen as
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follows. Given a coalgebra ! : X "# D(X) and a state x $ X, we obtain a
probability distribution !x = !(x) : X "# [0, 1]. If !x(y) = p, we write x

p"# y
and read “the probability of having a transition from x to y is p”.

6. Coalgebras for the finite multiset functor are directed graphs with N-weighted
edges, often referred as multigraphs [110]. The idea follows the same spirit
used in the example of distributions. Given a coalgebra ! : X "# BN(X) we
can describe the transitions as follows: if !(x)(y) = n we write x

n"# y and
read “there is a transition from x to y and the multiplicity, or weight, of y
is n”.

7. Coalgebras for the neighborhood functor, i.e. PPop-coalgebras, are known
as neighborhood frames in modal logic and are investigated as coalgebras in
[45]. A coalgebra ! : X "# PP(X) can be interpreted as a two player game
where a move in state x1 consists of the first player choosing a set S $ !(x1)
and the second player then the successor-state x2 $ S.

Bisimulations

The traditional notion of bisimilarity can be captured coalgebraically as follows.

Definition 2.2.2. Two states xi, (i = 1, 2), in two coalgebras (Xi, !i) are T -
behaviourally equivalent , written x1 ' x2, if there is a coalgebra (Z, &) and two
coalgebra morphisms fi : (Xi, !i) "# (Z, &) such that f1(x1) = f2(x2).

Going back to Example 2.2.1, one finds that this notion of behavioural equiva-
lence coincides with the standard notions found in computer science. In detail: in
Example 2.2.1 two states are behavioural equivalent in (1), i! they do precisely
the same number of steps before terminating; in (2), i! they accept the same
language [95]; in (3-7), i! they are behavioural equivalent in the sense of process
algebra and modal logic [2, 96, 31, 45].

The next remark describes the relation of behavioural equivalence with the
usual notion of bisimulation.

Remark 2.2.3. A bisimulation between two coalgebras (X1, !1) and (X2, !2) is a
relation B ( X1 &X2 such that there is a coalgebra B "# T (B) making the two
projections B "# Xi into coalgebra morphisms. In case the functor T preserves
weak pullbacks (see Proposition 2.2.10), to say that there is a bisimulation relating
x1 and x2 is the same [96] as to say that x1 and x2 are behavioural equivalent
according to Definition 2.2.2. In case T does not preserve weak pullbacks , the
notion of bisimulation is problematic, e.g. it is not transitive, but the notion of
behavioural equivalence still works fine.
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One of the key contributions of universal coalgebra was to characterisation of
behavioural equivalence (and bisimilarity) as a structural property of categories
of coalgebras. As we mentioned, it was noted [2, 96] that behavioural equivalence
(bisimilarity) could be characterised using final systems, also called final coalgebras.

Definition 2.2.4. A final coalgebra for an endofunctor T is a terminal object in
Coalg(T ). Explicitly, a final coalgebra is a coalgebra & : Z "# T (Z) such that for
any coalgebra ! : X "# T (X) there exists a unique morphism f! : ! "# &. This
morphism is called the final map of !.

Final coalgebras are to coalgebra what initial algebras or term algebras are to
algebra, see e.g. [58]. The key result to keep in mind is the following:

Proposition 2.2.5. If a final T -coalgebra exists, two states xi, (i = 1, 2), in
coalgebras !i are behavioural equivalent if and only if they are mapped to the same
state of the final coalgebra, i.e. f!1(x1) = f!2(x2).

The previous result can be also read as follows: In case a final coalgebra exists,
we can define the behaviour of a state as its image in the final coalgebra. In other
words, the states of a final T -coalgebra represent all the possible behaviours of
states in T -coalgebras, i.e. transition system of type T .

Unfortunately, final coalgebras do not always exist. One way to show this is
using Lambek’s lemma.

Lemma 2.2.6 (Lambek’s Lemma). If a final T -coalgebra exists, its structural
map is an isomorphism.

Notice that the previous lemma implies that there is no final Pow-coalgebra
because of cardinality reasons. In Chapter 6 we will discuss how to describe final
coalgebras using logics for coalgebras.

Another reason to pay attention to final coalgebras is that they can also be used
to formalise the notions of coinduction, which is dual to the notion of induction
from algebra. We do not treat this here.

Relation Lifting

Given relations R ( X & Y , R$ ( Y & Z we write their composition as R;R$ and
the converse of a relation is denoted by Ro.

Definition 2.2.7. Given a binary relation R ( X & Y with projections X
p18"

R
p2"# Y , the relation lifting T (R) ( T (X)& T (Y ) of R is the set

T (R) =
!
(t, t$) $ T (X)& T (Y ) | (-r $ T (R))(T (p1)(r) = t and T (p2)(r) = t$

"
.

There are at least two other perspectives on relation lifting:
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1. If we identify functions with their graphs, we can show T (R) = (T (p1))o;T (p2).

2. T (R) is the image of T (R)
%T (p1),T (p2)&""""""""# T (X)& T (Y ).

Here are some concrete examples of relation lifting.

Example 2.2.8. Let R be binary relation between X and Y .

1. In the case of T = Id, for every relation R we have T (R) = R.

2. For T = Pow, the lifting of a relation R ( X & Y is the set

T (R) =
!
(#,*) $ Pow(X)& Pow(Y ) |

(+x $ #)(-y $ *)(xRy) . (+x $ *)(-y $ #)(xRy)
"

Compare this with the description of basic modal logic using / (Section
1.2.1). Relation lifting is closely related to bisimulation. A binary relation
B between Kripke frames (X,R0) and (Y,R1) is a bisimulation i! for all
(x, y) $ B we have (R0[x], R1[y]) $ Pow(B); here R[x] denoted the set of
R-successors of x.

3. Using the distribution functor the lifting of a relation R ( X & Y can be
described as follows: Recall that a distribution µ : X "# [0, 1] can be seen
as a finite list {(xi, pi) | i $ n} (Example 2.1.8); the idea is that µ(xi) = pi.
Using this perspective, we see that {(xi, pi) | i $ n}D(R){(yj, qj) | j $ m}
holds i! there exists (rij)1"i"n,1"j"m, rij $ [0, 1] such that if ¬(xiRyj) then
(rij = 0) and

%
i rij = qj and

%
j rij = pi. As said in the previous item,

relation lifting is related to bisimulation; in [31] a presentation like the one
above is used to describe bisimulation of probabilistic systems.

In the case of Kripke polynomial functors, relation lifting can be described
inductively as follows:

Proposition 2.2.9 ([53]). Let R ( X & Y be a binary relation. The following
induction presents the relation lifting T (R) ( T (X) & T (Y ), for each kripke
polynomial functor.

• Id(R) = R,

• KC(R) = &C,

• T1 & T2(R) =
()

(t1, t2), (t$1, t
$
2)
*
| (t1, t$1) $ T1(R) and (t2, t$2) $ T2(R)

+
,

• T1 + T2(R) =
(
((1(t),(1(t$) | (t, t$) $ T1(R)

+
3
(
((2(t),(2(t$) | (t, t$) $ T2(R)

+
,

• PowT (R) =
(
(#,') | (+# $ #)(-* $ ')((#,*) $ T (R))

and (+* $ ')(-# $ #)((#,*) $ T (R))
+
.
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Relation lifting and functors

The process of relation lifting described in Definition 2.2.7 determines a function
T mapping relations to relations. In case T preserves weak pullbacks, T is a
functor

T : Rel "# Rel,

where Rel is the category with sets as objects and relations as arrows.
More explicitly, T maps a set X to T (X) and a relation R : X "# Y to

T (R) : T (X) "# T (R).
The following result will be used very often

Proposition 2.2.10. For a functor T : Set "# Set the following are equivalent:

1. T preserves weak pullbacks (Definition A.0.1, page 215)

2. T : Rel "# Rel is a functor

3. the T relation lifting preserves the composition of relations i.e. T (R 4 S) =
T (R) 4 T (S).

A proof of this fact appears in [13] although it is not explicitly stated there.

Some structural properties of coalgebras

Two constructions of coalgebras are important for us. Those are disjoint unions
and quotients. It is well known that to construct the disjoint union of two Kripke
frames we first take the disjunction of the carriers and then “extend” the relational
structure. This procedure works for any type of coalgebras. The same principle
applies to the formation of quotients of coalgebras i.e. we first form the quotient
of the carrier and then extend the “relational structure”, see Chapter 6 for more
on quotients of coalgebras. In fact, every (finite) colimit can be constructed using
disjoint unions and and quotients. The property to remember is that colimits of
coalgebras are build by first performing the respective operation on the carrier
and then extending the coalgebraic structure using the universal property. In the
categorical language this means that the forgetful functor creates colimits.

Proposition 2.2.11. The forgetful functor U : Coalg(T ) "# C, where C is the
base category, creates colimits.

Products, or limits in general, of coalgebras are wild creatures. In general,
the product of two coalgebras might even fail to exists [?]. Another example of
bad behaved limits of coalgebras are final coalgebras. As mentioned, those do
not exist in general. Chapter 6 is devoted to the construction of final coalgebras.
During most of this manuscript limits of coalgebras will not torment us.
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2.3 Algebras, algebraic signatures, and functors

We recall some familiar definitions from Universal algebra.

Definition 2.3.1. A (finitary) algebraic signature is a set of symbols % together
with a function ar : % "# N. A symbol p $ % is called an operation; we refer to
ar(p) as the arity of the operation. The subset of n-ary operations of % is denoted
by %n.

An algebra of type % is a set A together with a function pA : Aar(p) "# A for
each p $ %. We denote a %- algebra as a tuple (A, pA)p!".

A homomorphism between %-algebras (A, pA)p!" and (B, pB)p!" is a function
f : A "# B preserving the given operations, i.e. for each n-ary operation p,
fpA(a1, . . . , an) = pB(f(a1), . . . , f(an)).

2.3.1 Algebraic signatures as functors

Algebras for an algebraic signature correspond to algebras for a polynomial functor
and viceversa. This fact will be of vital importance during all this manuscript.

Given an algebraic signature % we call the functor

T" =
,

n<$

%n & (")n (2.1)

the associated functor of the signature. Given a polynomial functor as above,
the associated signature is given by the set % =

-
n<$ %n.

T"-algebras and T"-morphisms coincide with %-algebras and homomorphism
of %-algebras.

Indeed, given a T"-algebra $ : T"(A) "# A for each operation p $ %n induces
a function $(p,") : An "# A, we regard this function as pA; in other words each
T"-algebra is a %-algebra. By the universal property of coproducts, $ is univocally
determined by these functions, this means that each %-algebra is a T"-algebra.

In order to see the correspondence between homomorphisms of %-algebras and
T"-morphisms, notice that by the universal property of coproducts, a T"-morphism
between algebras (A,$) and (B, ') is a function f : A "# B such that for each n
and each p $ %n the following diagram

A B!
f

An Bn!fn

"
$(p,")

"
'(p,")
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commutes. Recall that fn(a1, . . . , an) = (f(a1) . . . f(an)). Therefore, the diagram
above literately codes the defining property of %-homomorphisms.

Notation. Given the perfect correspondence between algebras for an algebraic
signature and algebras for a polynomial functor, we will denote the associated
functor, Equation (2.1), of an algebraic signature % also by %.

The next remark provides another description of the associated functor of a
signature.

Remark 2.3.2. The associated functor of a signature % can also be described as-
p!"(")ar(p).

It is important to notice that algebras for a functor do not cover the whole
landscape of universal algebra. In order to give account for varieties using functors
we need monads and algebras for a monad (see Section 2.3.3). Algebras for a
functor correspond to varieties that can be axiomatized by axioms of rank 1, see
Section 5.1, on page 95, for more details.

Some structural properties of algebras

The situation for algebras is dual to that of coalgebras. It is well known that
the product of two algebras (A,$) and (B, '), for an algebraic signature, is
obtained/defined by taking the cartesian product of the carriers and then extending
the operations componentwise. This procedure also works for algebras for a functor
in general. In full generality, we can show that (finite) limits, i.e. products and
congruences (subalgebras), are obtained by taking the respective operations on
the carrier and then extending them using universal properties. In the categorical
language this means that the forgetful functor creates limits.

Proposition 2.3.3. The forgetful functor U : Alg(T ) "# C, where C is the base
category, creates limits.

Quotients, homomorphic images, and congruences of algebras are very well
understood in universal algebra. We refer the reader to a standard text like [24]
for details or to a text like [8] for a categorical perspective.

Term Algebras

Term algebras will play a crucial role in our development of coalgebraic modal logic.

In Universal Algebra the terms of a signature % are defined as the smallest
subset closed under the operations in %. The next definition makes this precise.
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Definition 2.3.4. Let % be a (finitary) algebraic signature; let %n be the set of
operations of arity n in %. Let X be a set; call the elements of X propositional
variables. The set T"(X) of terms of type %, over X, is the smallest set such that:

1. X 3 %0 ( T"(X),

2. if t1, . . . tn $ T"(X) and p $ %n then p(t1, . . . , tn) $ T"(X).

The term algebra of type %, over X, written T"(X), has as carrier the set T"(X);
an operation p $ %n is interpreted as the function pT!(X) : T"(X)n "# T"(X)
defined by the clauses above. More explicitly, a tuple t1, . . . tn $ T"(X) is mapped
to pT!(X)(t1, . . . tn) = p(t1, . . . tn). The term algebra over % is also referred as the
absolutely free %-algebra.

In the language of Category Theory, term algebras define a left adjoint to the
forgetful functor.

Proposition 2.3.5. Let % be a polynomial functor. The forgetful functor U" :
Alg(%) "# Set has a left adjoint T" : Set "# Alg(%). The functor T" maps a set
X to the %-term algebra over X.

2.3.2 Varieties

In this section we discuss some properties of varieties, of algebras, which will
play an important role trough the dissertation. More concretely, these properties
concern the finite presentability of variates of algebras for a finitary signature.
The standard text in the subject is [7].

Definition 2.3.6. Let % be an algebraic signature. A class A ( Alg(%) is said to
be a variety if it is closed under products, homomorphic images, and subalgebras.
The signature % is called the algebraic signature of A and is often written as %A.

Remark 2.3.7. By definition all our varieties are finitary, this means that they
are varieties over a finitary algebraic signature. Often we will add some redundancy
referring to (finitary) varieties. This is to stress that things could go wrong if the
operations of the signature are not of finite arity.

A well known theorem of Birkho! shows that the varieties of algebras are
precisely the equationally definable classes of algebras, see [24] for details and [8]
for a categorical version. Example of varieties are boolean algebras and distributive
lattices. We denote these categories with the usual morphism by BA and DL,
respectively.

Varieties for an algebraic signature can in fact be described by operations
of finite arity and equations. Every variety A comes equipped with a forgetful
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functor U : A "# Set, which has a left-adjoint F : Set "# A.

In a finitary variety, every algebra A $ A is a colimit of finitely generated free
algebras in a canonical way [8], more explicitly it is the colimit of all valuations n
"# U(A). The next definition and proposition make this precise.

Definition 2.3.8. Let A be a variety of algebras and letA0 be the full subcategory
of finitely generated free algebras. For each algebra A $ A, the canonical diagram
of A, denoted by DA

0 , with respect to A0, is the natural forgetful functor DA
0 :

A0 9 A "# A, where A0 9 A denotes the comma category over A.

More explicitly, the objects in the comma category A0 9 A are all homomor-
phism i : F (ni) "# A, i.e valuations ni "# U(A), where ni is a finite set. The
morphisms are substitution of variables in a valuation; more explicitly, given
valuations i : ni "# U(A) and j : mj "# U(A) a morphism from i to j is a function
f : ni "# mj such that i = j 4 f . Hence the canonical diagram of A is given by
the family

)
f j
i : F (ni) "# F (mj)

*
where i : ni "# U(A) and j : mj "# U(A) range

over all valuations; and f j
i : ni "# mj is a function such that i = f j

i 4 j.
In case A = Set the canonical diagram of a set A correspond to all finite

subsets of A. Morphism are then given by permutations of the elements of those.
With this example in mind, the canonical diagram will generalise the following
fact to algebras in a variety. Every set is the join of its finite subsets. The
next proposition makes this precise and present other properties of the canonical
diagram that will be relevant for us.

Proposition 2.3.9. For any (finitary) variety A the following holds.

1. Every algebra in A is the colimit of its canonical diagram, i.e. for every
A $ A we have A '= colim(DA

0 ).

2. The canonical colimit is directed.

3. The forgetful functor U : A "# Set preserves the canonical colimit, thus it
can be computed as in Set. In general U preserves all directed colimits.

4. Moreover, the canonical colimit commutes with finite products. More pre-
cisely, this means that given a finite number of algebras {Ai | i $ m} in A,
we have

colim(D
!

i"m Ai

0 ) '=
.

i!m

Ai
'=

.

i!m

colim(DAi
0 ).

The details can be found in [8].

Remark 2.3.10. In case the variety does not correspond to a finitary algebraic
signature it is not enough to consider finitely generated algebras. We refer the
reader to [8] for a detail account of those situations.
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The next remark addresses some divergence of our terminology with the
terminology used in the literature.

Remark 2.3.11. The property in Item 4 in the previous proposition tells us that
the the canonical colimit is in fact a so-called sifted colimit . In this dissertation
the only relevant sifted colimit is the canonical colimit.

More formally a category D is sifted if finite products in Set commute with
colimits over D. A sifted colimit is the colimit of a diagram whose domain is a
sifted category. More explicitly, a category D is sifted i!, for every diagram

D : D& I "# Set

where I is a finite discrete category we have

colim

/
.

i!I

D(d, i)

0
'=

.

i!I

(colim(D(d, i)))

as we said this property will only matter for the canonical colimit.

One of the important properties of finitary varieties is that to define a functor
L : A "# A, it is enough to describe L on A0 and then extend it to general A $ A
via colimits. As mentioned before, this colimit is preserved by U and thus it is
calculated as in Set. The next definition makes this precise.

Definition 2.3.12. We say that a functor L on a variety A is determined by
finitely generated free algebras if for every algebra A $ A we have L(A) '=
colim(L 4DA

0 ).

In more detail, a functor L is determined on finitely generated algebras if for
every algebra A, the algebra L(A) is the colimit of the application of L to the canon-
ical diagram of A. More explicitly, if A is the colimit of

)
f j
i : F (ni) "# F (mj)

*

then L(A) is the colimit of

1
LF (ni)

L(fj
i )"""# LF (mj)

2
.

The next remark addresses the general definition of functor generated by
finitely generated algebras.

Remark 2.3.13. A functor is determined by finitely generated free algebras i!
it preserves, so-called, sifted colimits [7]. It was proved in [76] that a functor
preserves sifted colimits i! it can be described by operations and equations [22].

We will see examples of such presentations in Chapter 5
In particular the forgetful functor of any finitary variety is determined by

finitely generated algebras [76].

We can also describe natural transformations by describing them on finitely
generated algebras.
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Proposition 2.3.14. Let L and L$ be functors determined by finitely generated
algebras. Let {(+$)n : LF (n) "# L$F (n)}n!$ be a family natural on n, i.e. a
natural transformation on finitely generated algebras.

There exists a (unique) natural transformation + : L "# L$ extending +$, i.e.
+ and +$ coincide on finitely generated algebras.

Proof. This is immediate by the universal property of colimits. More explicitly,
the A-component +A : L(A) "# L$(A) is the unique arrow such that the following
diagram

LF (ni) L$F (ni)!
(+$)n

L(A) L$(A)!+A

$
L(i)

$
L$(i)

commutes for every i : F (ni) "# A.

2.3.3 Monads and Algebras

As we mentioned, to describe varieties using functors we need monads.

Definition 2.3.15. A monad on a category C is a triple M = (M, ,, µ) where M
is a functor on C, , is a natural transformation , : Id "# M called the unit, and µ
is a natural transformation µ : M2 "# M called the multiplication; such that the
following diagrams

M

id
%
%
%%&

M M2!M(,)
M#,M

"
µ id

'
'

''(
M2 M!

µ

M3 M2!M(µ)

"
µM

"
µ

commute.

Example 2.3.16. The following are examples of monads.

1. The functor 1 + Id is a monad. The unit ,X : X "# 1 + X is given by
inclusion. The multiplication µX : 1 + 1 +X "# 1 +X maps x $ 1 + 1 +X
to :, the only element of 1, if x $ 1 + 1 and to itself if x $ X.

2. The covariant power set functor Pow is a monad with unit ,X(x) = {x} and
multiplication µX({Ui | i $ I}) =

'
i!I Ui.

3. The distribution functor D is a monad. The unit ,X : X "# D(X) maps
x to the probability Dirac distribution dx : X "# [0, 1], i.e. dx(x) = 1 and
dx(y) = 0 in any other case. The multiplication µ : DD(X) "# D(X) maps
D $ DD(X) to the probability distribution µ(D) : X "# [0, 1] which maps
x to

%
d!D(X)(D(d) · d(x)).
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4. The neighbourhood functor PPop is a monad with unit ,X(x) = {U $
PX | x $ U} and multiplication µ defined for all W $ (PPop)(PPop)(X) by

µX(W ) = {U $ P(X) | {H $ PPop(X) | U $ H} $ W}.

5. The functor Mon is also a monad. The unit , and multiplication µ are ob-
tained by restricting the ones for PPop. In particular, forW $ Mon(Mon(X)),
the multiplication is defined by µX(W ) = {U $ P(X) | {H $ Mon(X) |
U $ H} $ W}.

6. Note that there is no natural way to define a monad structure on the functors
Pow(")A, for an arbitrary set A, neither for the functor (B & Id)A where A
and B are arbitrary sets, unless A = B.

We can also define algebras for a monad.

Definition 2.3.17 (Eilenberg-Moore algebras). Let M = (M, ,, µ) be a monad
on a category C. An Eilenberg-Moore algebra for M, or M-algebra for short, is an
arrow $ : M(A) "# A such that the following diagrams

A M(A)!,A

idA

%
%
%
%%&

A
"

$

M(A) A!
$

M2(A) M(A)!M($)

"

µA

"

$

commute. Morphisms of M-algebras are defined as morphisms of algebras for the
functor M . The respective category is denoted by Alg(M), or (CM, UM); where
UM is the (natural) forgetful functor. Clearly this category is concrete over C.

An important property of monads is that every monad comes from an adjunc-
tion and every adjunction defines a monad.

Proposition 2.3.18. In any category C we have:

1. Every adjunction (F, U,#, ,, -), where U : A "# C, induces a monad
(M, ,, µ) = (UF, ,, U-F ).

2. For every monad M = (M, ,, µ), on C, there exists a category A, a func-
tor U : A "# C, and an adjunction (F, U,#, ,, -), such that (M, ,, µ) =
(UF, ,, U-F ).

The first item is a straight forward computation. For the second item we can
take A to be the category of Eilenberg-Moore algebras for M and U the natural
forgetful functor. However this is not the only way. In Section 7.2 we discus
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another manner of obtaining the mentioned adjunction.

Putting the previous proposition together with proposition 2.3.5 we can see
that for every polynomial functor % : Set "# Set the term algebras define a monad
T" : Set "# Set, this is called the free monad of %. A important property is that
the categories Alg(%) and Alg(T") are equivalent. In general, given a functor
T : C "# C such that the forgetful functor U : Alg(T ) "# C has a left adjoint, F ,

the monad C T=UF"""""""# C is called the free monad of T . In case the free monad
exists, the categories Alg(T ) and Alg(T) are equivalent.

Using monads we can characterise categories of algebras abstractly as follows:

Definition 2.3.19. A category A is said to be monadic, or algebraic, over a
category C, if (1) it is concrete over C, i.e there is a faithful functor U : A "# Set,
and A is concretely isomorphic to a category (CM, UM) for some monad on C. In
case (A, U) is monadic, we say that the functor U is monadic.

The gain of this is that now we have a categorical presentation of categories of
algebras and varieties.

Example 2.3.20. The following categories are monadic.

1. Let % be a (finitary) algebraic signature. Every variety A ( Alg(%) is
monadic. It can be shown that the category A is isomorphic to the category
of Eilenberg-Moore algebras for the monad UF , where U : A "# Set is the
forgetful and F is its lefts adjoint.

2. In fact, any category Alg(T ) for an accessible functor is monadic. In such
case the monad UF is called the free monad generated by T .

The previous example shows that monadic categories subsume varieties for
finitary signatures. However, monads can also account for (some) infinitary
algebraic theories.

Example 2.3.21. The following categories are monadic:

1. The category of complete atomic Boolean Algebras complete boolean algebra
homomorphisms is monadic.

2. The category Frm, of frames and frame homomorphism, is monadic. This is
usually proven by factoring the forgetful functor U : Frm "# Set via some
intermediate category as Pos or DL. A survey of such factorisations can be
found in [62].

In Section 5.1 we show which monads correspond to finitary categories of
algebras.
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2.4 A first glance at logics for coalgebras

Modal languages have been widely studied as simple yet expressive languages
which provide an internal, local perspective on relational structures, see [20]. As
we discussed in the introduction, modal logics have a coalgebraic nature. In this
section we present the coalgebraic semantics for various well known modal logics.
In Part I, we will show how all these systems can be studied under the single
uniform framework of coalgebraic modal logic.

In the introduction we discussed the case of basic modal logic (Section 1.2.1). As
a remainder we recall that Kripke frames correspond to Pow-coalgebras. Morphism
of Pow-coalgebras correspond to bounded morphisms [2].

2.4.1 Probabilistic modal logic & coalgebras

Probabilistic modal logic [49] has modalities of the following type: For each real
number p $ [0, 1] there is a modality "p with the following reading “the probability
of # is at least p”. Another common probabilistic modality is "p with the reading
“the probability of # is at most p”.

Recall that coalgebras for the finite distribution functor are discrete time
Markov chains [15], also known as probabilistic transition systems. Probabilistic
modal logic can be interpreted over D-coalgebras as follows. The semantics of "p

and "p on a coalgebra ! : X "# D(X) is given by:

[["p#]]! =

3
4

5x $ X | p 6
&

y![["]]!

!(x)(y)

6
7

8 , and

[["p#]]! =

3
4

5x $ X |
&

y![["]]!

!(x)(y) 6 p

6
7

8 .

Graded modal logic & coalgebras

Another example of modal logics for coalgebras is graded modal logic [37]. In this
logic, for each natural number n there is a modality "n with the following reading:
“there are at least n successors satisfying #”.

Using coalgebras we can interpret graded modal logic can be interpreted over
directed graphs with N-weighted edges, often referred as multigraphs or graded
Kripke frames; these can be see as coalgebras for the finite multiset functor [110].

The idea follows the same spirit used in the example of distributions. The
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semantics of "n on a coalgebra ! : X "# BN(X) is given by

[["n#]]! =

3
4

5x $ X | n 6
&

y![["]]!

!(x)(y)

6
7

8 .

Since !(x) : X "# N assigns a weight to each element of X. This shows that the
equation above gives the usual interpretation of graded modalities .

2.4.2 Propositional dynamic logic & coalgebras

Slight variations of this example allow us to add labels to transitions of states and
the modalities. As we saw, coalgebras for PowL are labelled transition systems.
We elaborate on this.

Notice that a coalgebra ! : X "# Pow(X)L curries into a function

9! : X & L "# Pow(X).

hence for each a $ L we have a function !a : X "# Pow(X) which, by the discus-
sion on Kripke frames, corresponds to a binary relation Ra ( X &X. In other
words, a PowL coalgebra can be presented as a a relational structure (X, {Ra}a!L)
where xRay i! y $ !(x)(a). We can then describe the transitions of the systems
as follows: if y $ !(x)(a), we write x

a"# y and read “there is a transition a from x
to y”.

Propositional Dynamic Logic (PDL) [39, 92], see [47] for a more detailed
account, started as a modal logic for reasoning about program correctness. Modal-
ities are indexed by programs; a formula [a]# should be read as “after all halting
executions of a, # holds”. PDL programs are built inductively using the oper-
ations of choice (3), sequential composition (;) and iteration ('). Moreover, a
formula # can be turned into a program #? by the test operation ?. Complex
programs are interpreted by operations on relations, i.e Pow-coalgebras as follows:
sequential composition is interpreted as relation composition, choice as union, iter-
ation as reflexive, transitive closure, and a test #? as the relation {(x, x) | x $ [[#]]}.

Using the relational presentation above, we can now see that the interpretation
of [a] on a coalgebra ! : X "# Pow(X)L is as follows:

[[[a]#]]! =
!
x $ X | !(x)(a) ( [[#]]!

"
.

In terms of relational structures this can be written as

[[[a]#]]! =
!
x $ X | (+y)(xRay , y $ [[#]]!)

"

We will discuss more on PDL and labelled transition systems in Chapter 7.
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2.4.3 Non-normal modal logic

Non-normal modal logics [26] are modal logics for which the K axiom from basic
modal logic may fail. Their semantics is usually given by the so called neighborhood
frames. Those can be seen as coalgebras for the double contravariant power set
functor, also known as the neighbourhood functor [45].

More explicitly, a neighborhood frame is a function

! : X "# PPop(X)

where P : Setop "# Set is the contravariant power set functor, and Pop : Set "# Set
is its dual. In other words, the function ! assigns to each x $ X a family of
subsets of X. This can be interpreted as a two player game where a move in state
x1 consists of the first player choosing a set S $ !(x1) and then the second player
chooses a successor-state x2 $ S.

The non normal modality ! has the following semantics over a coalgebra ! : X
"# PPop(X).

[[!#]]! =
!
x $ X | [[#]]! $ !(x)

"
.

Logics like coalition logic, also called logics for social software, are labelling of
non-normal modal logics, i.e. they are modal logics interpreted over (PPop)L-
coalgebras; in this case, the elements of L are usually interpreted as agents,
coalitions, or games; see [91] for a survey.

It is very common to require a bit more of structure and consider the monotone
neighborhood functor Mon instead of the neighborhood functor PPop. Later, for
various purposes we will assume non-normal modal logic is interpreted over Mon
coalgebras. The semantics of ! on Mon-coalgebras is the same as for PPop.

Game Logic

Among non-normal modal logics, we will pay particular attention to game logic.
Game logic is in some sense the non-normal (monotone) version of PDL, see
Chapter 7. Game Logic (GL) [87, 91] is a non-normal modal logic for reasoning
about strategic ability in determined 2-player games. Informally, a modal formula
[%]# should be read as “player 1 has a strategy in the game % to ensure an outcome
in which # holds”.

Game operations extend the program operations of PDL with the operation
dual ( d) which corresponds to a role switch of the two players. Formally, let (0

be a set of atomic games. The games and formulas of Game Logic are defined as
follows:

games % $ (, % ::= g | % 3 % | %; % | %' | %d | #? where g $ (0,
formulas # $ #, # ::= ; | ¬# | # 0 # | [%]#
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Game Logic semantics is given by multi-modal monotone neighbourhood models
[26]. For simplicity we leave out atomic propositional variables from the language,
but these can easily be included and interpreted by valuations as usual. A GL
model M = (X, {Ea| g $ (0}) consists of a set of states X, and a monotone
neighbourhood function Eg : X "# Mon(X) for each atomic game g $ (0. Truth of
formulas and interpretations of complex games are again defined by simultaneous
induction. The clauses for the Boolean operations are as usual, and [[[%]#]]M =
{x $ X | [[#]]M $ E%(s)}. Complex game semantics is defined in [87, 91] in terms
of the transposed neighbourhood functions.

Recall that the transpose of . : X "# PPop(X) is given by 9.(U) = {x $ X |
U $ .(s)} for all U ( X. Note that 9. : P(X) "# P(X) is a monotonic map
whenever . is a monotonic neighbourhood function. For %,/ $ ( and U ( X,

9E%(&(U) = 9E%(U) 3 9E&(U), 9E%;&(U) = 9E%( 9E&(U)),
9E%#(U) = µY.U 3 9E%(Y ), 9E%d(U) = X \ ( 9E%(X\U)).
9E"?(U) = [[#]]M ) U,

(2.2)

2.4.4 Translations

We finish this chapter by introducing the concept of translation. This will be
important trough Part I of this thesis.

Definition 2.4.1. Let T be set functor and let L1 and L2 be language that can
be interpreted on T -coalgebras. A translation is a function tr : L1 "# L2 that
preserves the semantics, i.e. for every # $ L1 and every coalgebra !, we have
[[#]]L1

! = [[tr(#)]]L2

! .
The domain of tr is called the source language and the codomain of tr is called

the target language.




