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Chapter 4

Comparing Coalgebraic Modal Logics

In this chapter we investigate the use of the functorial framework to find a
translations between the Moss logic (M) and the logic of all predicate liftings (L).
Our main result states that the Moss logic and the logic of all predicate liftings
are equivalent, that is, can be translated into each other, in case that the following
conditions are fulfiled: 1) the functor T preserves weak pullbacks, 2) the functor
T preserves finite sets, and 3) the basic propositional logic is Boolean. Recall that
the first condition is needed because otherwise Moss logic is not defined; Examples
4.3.1 and 4.4.6 explain the other conditions.

Let us emphasise that we are not interested in only showing only that every
formula in L has an equivalent formula in M and viceversa. Rather we want an
inductive definition of the translation, which respects the one-step nature (see
Remarks 3.2.6 and 4.1.5). This stronger property of translations is captured by
the existence of natural transformations L̄ "# M and M "# L.

4.1 One step translations

We start by introducing translations between coalgebraic modal logics within the
functorial framework. Recall that our notion of coalgebraic modal logic assumes a
category A of power-set algebras, a functor L : A "# A and a natural transfor-
mation 1 : LP "# PT , as explained in the previous chapter (Definition 3.2.13).
Also remember that a translation maps formulas in one language into formulas
in another languages preserving the semantics. In the functorial framework for
coalgebraic modal logics this intuition is captured by a natural transformation
between the functors on the algebra side. The next definition makes this precise.

Definition 4.1.1. Let (L1, 11) and (L2, 12) be coalgebraic modal logics, over the
same base category, for a functor T . A one-step translation, written . : (L1, 11)
"# (L2, 12), is a natural transformation . : L1 "# L2 which commutes with the
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68 Chapter 4. Comparing Coalgebraic Modal Logics

semantics, i.e. the following diagram

L1P L2P!.P

PT

11
%
%
%%&

12
'

'
''(

commutes. We say that . translates the logic (L1, 11) into the logic (L2, 12).

The next example illustrates one-step translations with the well known equiva-
lences for the power set functor.

Example 4.1.2. All the coalgebraic logics below are over BA; we write U : BA
"# Set for the forgetful functor and F for its left adjoint; a boolean algebra is
denoted as a pair (A,$).

Let ! and " be the predicate liftings associated with the universal modality and
the existential modality, for Pow, respectively (Example 3.1.3). Let (L{!,"},!+
"), (L!,!), and (L",") be logics of predicate liftings (Example 3.2.11) for the
signatures as indicated. Let (M,/) be the Moss logic for Pow (Example 3.3.6)

1. The interdefinability of the modalities ! and " over BA can be illustrated
using one-step translations as follows. We define a one step translation
. : (L!,!) "# (L",") by presenting a natural transformation + : U "#
UFU = UL" and then extend it freely to a natural transformation L! =
FU

,""""# FU = L". The natural transformation + maps a $ U(A,$) = A
to ¬F¬Aa $ UFU(A,$), where ¬A is the negation of (A,$) and ¬F is the
negation of FU(A,$). Using % and & as formal symbols, see Examples
3.2.7 and 3.2.17, + is just the usual translation i.e. +(%a) = ¬F&¬Aa, the
transpose of + gives the one-step translation . : (L!,!) "# (L","). It is
standard to show that . gives a one-step translation, i.e. it commutes with
the semantics. We now compute this explicitly to illustrate the technique.

Recall that the semantics of the logics are given by the transposes of the
predicate liftings (Example 3.2.11), in this particular case they are given by

FUP = L!P
"!"# PPow and FUP = L"P

"""# PPow. To show that that .
is a one-step translation we ought to argue that 9" 4 . = 9!. By properties of
adjoints (Lemma A.1.3) to show this, it is enough to show U(9") 4 + = !.
We can now compute, given # $ UP (X) we have:

U(9") 4 +(#) = U(9")¬F¬P (X)# (Def. +)

= ¬PPow(X)"¬P (X)# (Def. 9")
= ¬PPow(X)

(
* ( X | * ) ¬P (X)# %= *

+
(Def. ")

=
(
* ( X | * ) ¬P (X)# = *

+
(Def. ¬P (X))

= {* ( X | * ( #} (Proper. ¬P (X))

= !(#). (Def. !)
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It should now be clear how to define a one-step translation . $ : (L",") "#
(L!,!) corresponding to " = ¬!¬. By properties of BA, more specifically
the fact the ¬¬ = id, it is easy to see that . $ is the inverse of the . defined
above; hence the two logics (L",") and (L!,") are isomorphic.

It is important to notice that to define a translation it is not enough to
find a natural transformation, or isomorphism, between the functors; for
example, over DL or Set the functors L! and L" are isomorphic but clearly
there are no translations between these coalgebraic modal logics.

2. The usual translation of " into the Moss logic can be presented as follows: In
this particular case, we can define a one-step translation ." : FU "# FPow$U
by just presenting a natural transformation +" : U "# Pow$U and then
applying F to it. We define +" as follows: an element a $ U(A,$) is mapped
to +"(a) = {a,1A}, where 1A is the top element of (A,$). This correspond
to the translation "# = /{#,1}. The fact that we can just apply F is
particular to "; see Section 4.2 for more on this.

3. The usual translation of ! into Moss logic is given by a natural transfor-
mation .! : FU "# FPow$U . In this case, we define the translation by
presenting a natural transformation +! : U "# UFPow$U . An element
a $ U(A,$) is mapped to +!(a) = {a} 0F ;A, where 0F is the disjunc-
tion of FPow$U(A,$) and ;A is the bottom element of Pow$U(A,$); this
corresponds to the usual translation !a = /{a} 0/*.

4. The well known translation of / into basic modal logic is done as follows:
we want to define a natural transformation .* : FPow$U "# F (U! + U"),
here we write U!+U" to indicate that one factor deals with ! and the other
with ". One more time, using properties of free algebras it is enough to
define a natural transformation + : Pow$U "# UF (U! + U"). Let # be an
element in Pow$U(A,$). Since # is finite there are elements in U!(A,$) and
FU"(A,$) corresponding to

;
A# and

<
F # respectively. We now define

+ as expected, i.e. +(#) =
;

A# .
<

F #. On the one hand, since
<

F is
a conjunction of elements in FU"(A,$) it correspond to a conjunction of
elements "a, a $ #. On the other hand,

;
A is a conjunctions of elements

in U!(A,$) and is itself an element of FU!(A,$) hence it corresponds to
!;

a!! a. In summary, the translation above corresponds to the usual
translation /# = ! ;

a!!
a .

<
a!!

"a.

We now explain how one-step translations can be understood as inductive
definitions of translations between the associated languages. More explicitly, we
will show that given a one-step translation . : (L1, 11) "# (L2, 12) we can define a
function tr : I1 "# I2 such that for every coalgebra ! : X "# T (X) the following
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diagram

I1 I2!
tr

P (X)

[["]](1!
'
'
''*

[["]](2!
%

%
%%)

(4.1)

commutes, where Ii is the carrier of the initial Li algebra. In other words, a
function tr such that for each formula # $ I1 we have [[#]](1! = [[tr(#)]](2! .

Recall (Remark 3.2.2) that the elements of Ii are not “formulas” in the standard
sense i.e. elements of the term algebra for a signature, but equivalence classes of
formulas. The function tr translates those equivalence classes. It is not absolutely
trivial to obtain a translation, in the sense of Definition 2.4.1, between formulas.
Before going into more details we explain how to define the function tr : I1 "# I2
and explain why the diagram above commutes.

Before defining tr we notice that a one-step translation induces a functor
between the corresponding algebras. The next definition makes this precise.

Definition 4.1.3. Let . : (L1, 11) "# (L2, 12) be a one step translation. The
translation functor, induced by . is given by

" 4 . =: Tr, : Alg(L2) "# Alg(L1).

More explicitly, an L2-algebra, $ : L2(A) "# A, is mapped to the following
composite L1(A)

,A"# L2(A)
-"# A, i.e. Tr,(A,$) = (A,$ 4 .A); the functor Tr,

is the identity on arrows.

Notice that since . is a natural transformation the definition above indeed
defines a functor, because any morphism f : A "# A$, which is a morphism of
L2-algebras is also a morphism between the corresponding L1-algebras.

We now show how to define tr : I1 "# I2 in Diagram 4.1. Denote by 2i : Li(Ii)
"# Ii the initial Li-algebra, (i = 1, 2). The function tr : I1 "# I2 is given by the
initial morphism of L1-algebras (I1, 21) "# Tr,(I2, 22). Indeed, from the definition
of Tr, , this morphism is given by a function tr : I1 "# I2.

Now notice that since Tr, is the identity on arrows, the function [["]](2! : I2

"# P (X) is a homomorphism between the L1-algebras Tr,(I2, 12) and Tr, 9P(2(X, !).
This means that the semantics for 12 is a morphism of L1-algebras.

Now we show how to obtain Diagram 4.1, i.e. [["]](1! = [["]](2! 4 tr. First we

show that Tr, 9P(2(X, !) is the complex (L1, 11)-algebra of (X, !). To show this we
will use the fact that . commutes with the semantics, i.e. 12 4 .P = 11. With this
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in mind we obtain

Tr, 9P(2(X, !) = Tr,(P (X), P (!) 4 12) (Def. 9P(2)

= (P (X), P (!) 4 12 4 .P (X)) (Def. Tr,)

= Tr,(P (X), P (!) 4 11) (12 4 .P = 11)

= 9P(1(X, !). (Def. 9P(1)

As we wanted to show. In particular, this implies that the carrier set of Tr, 9P(2(X, !)
is P (X) and that the initial morphism is given by [["]](1! : I1 "# P (X). From

this, since tr : I1 "# I2 is a morphism of L1-algebras and so is [["]](2! : I2
"# P (X), by initiality, we conclude that for any coalgebra ! : X "# T (X) we
have [["]](1! = [["]](2! 4 tr. In other words, tr is a translation.

A gain of the functorial approach is that tr is a morphism in the base category
of the logics, which means that it preserves the basic structure, i.e the basic
propositional logic. In other words, the translation is inductively defined over the
operations of the basic structure. For example, if the basic propositional logic is
that of boolean algebras and we already know how to translate formulas # the
formulas like ¬# are translated by tr(¬#) = ¬tr(#).

We now address the issue that tr is a function between equivalence classes
of formulas and not between formulas. First we make the problem precise. At
this point, a first concern is that it is not clear how to obtain a signature from a
coalgebraic modal logic (Remark 3.2.2). We can go around this because in Chapter
5 we will see that every coalgebraic logic can be seen as a rank 1 axiomatization of
a logic of predicate liftings. More precisely, for every coalgebraic modal logic (L, 1)
there exists a set of predicate liftings $ and a surjection q : L# ( L such that
1̄ = 1 4 q, where 1̄ is the semantics of L#. Under these assumptions the problem
of defining a translation between formulas can be made precise as follows: First
recall (Remark 3.2.15) that LA

# denotes the language of predicate liftings over A,

Given coalgebraic modal logics (L1, 11) and (L2, 12), over a category A,
which are rank 1 axiomatizations of logic of predicate liftings (L#1 , 1̄1)
and (L#2 , 1̄2), respectively. Assume there is a one step translation
. : (L1, 11) "# (L2, 12). Can we always obtain a usual translation
(Definition 2.4.1), i.e. a function tr$ : LA

#1
"# LA

#2
which preserves the

interpretation of formulas?

The short answer is NO; in general we can not obtain a usual translation from
a one-step translation. We now explain this. The idea is that tr$ should make the
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following diagram commute

I1 I2!
tr

LA
#1

LA
#2

!tr$

" "
(4.2)

where the lower horizontal edge is the translation described in Diagram 4.1 and
the vertical arrows are the respective quotient maps. By following the lower edge,
we clearly see that there is always a function t̄r : LA

#1
"# I2. However, to define

tr$ : LA
#1

"# LA
#2

amounts to make a choice of representants in the equivalence
classes (formulas) in I2; moreover such choice should be somehow inductively
defined on the complexity of the formula. The problem is that there is no general
canonical method to make such choice. The following examples illustrate this.

Consider the case of ! and " for Pow. It is well known that one translation
is ! = ¬"¬, however we could also translate ! via ¬¬¬"¬ or ¬"¬¬¬. The
question is how can we guarantee to always choose the first translation? Here we
could argue that the first translation is preferred because it is shorter. In other
words, we can use length to make a canonical choice. This is not always possible,
consider the signature where we add a new unary operator = to the boolean
signature, call this signature %BA% . Boolean algebras can be axiomatized with this
signature putting the axiom = = ¬¬¬ on top of the usual axiomatization. The
one step-translation in Example 4.1.2 still works, but now to define a translation
tr$ : LBA%

! "# LBA%

" in addition to the choices above we could also translate
! via ="¬ or ¬"= and the length argument does not work anymore. If we
insists on making a choice based on length, we should then try using a minimal
functional complete sets of operators and then present BA by a single connective
like NAND(?)1. In conclusion there is no general canonical manner to define
tr$ : LA

#1
"# LA

#2
. It is important to notice that previous examples also show that

the problem of choosing a particular presentation for a translation is also present
in the classical approach to modal logic. Here the issue is addressed by making
a “smart” choice of the signature before hand. The choice of an appropriate
signature hovers over the realms of sociology of mathematics; we do not go into
such discussion in this manuscript.

Until here we have addressed the issue of obtaining usual translations (Defini-
tion 2.4.1) from one-step translations (Definition 4.1.1). We argued that to define
a translation there is a choice problem that can not be solved within the functorial
framework but neither it is solvable in the standard approach. We now proceed
to mention some advantages of one-step transaltions and the functorial approach.

1. One-step translations are independent of the chosen base signature. One-step
translations use its own “weakness” into its favour, they avoid the need of

1The NAND connective is the negation of AND, i.e. ? (p, q) = ¬(p . q). It is well known
that all other Boolean connectives can be expressed using only NAND, see [35] for details.



4.1. One step translations 73

making any choice at all. For example, in the case of translating ! into "
there is no need to choose between ¬"¬, ¬¬¬"¬, or ¬"= because all of
them are in the same equivalence class, hence they are one formula from the
functorial perspective.

2. One-step translation are canonical in the following sense: If a coalgebraic
modal logic (L, 1) is (one-step) complete, then for any other coalgebraic
modal logic (L$, 1$) there is at most one one-step translation . : (L$, 1$)
"# (L, 1).

3. We can use structural properties of the base category to produce transaltions.
This will be illustrated in Section 4.4 where we show how, using Stone duality,
every predicate lifting can be translated into Moss logic.

4. We can use the categorical description of the functor L to define generic
translations. We will illustrate this in Chapter 5 where we use the presenta-
tion of the language of all (finitary) predicate liftings (LT , 1T ), see Definition
3.3.13, to show that every other coalgebraic modal logic is translatable into
(LT , 1T ).

5. Assuming a signature has been given, the functorial approach allows us to
reduce the choice for the translation to the simplest depth-one formulas
of (L#1 , 1̄1). Recall that the translation tr : I1 "# I2 in Diagram 4.1 is a
morphism in the base category hence to define a translation tr$ : LA

#1
"# LA

#2

as indicated in Diagram 4.2, it is enough to choose a representant for tr(!'x)
and then extend inductively to define tr$.

The following proposition summarises what is needed to define the function
tr : I1 "# I2 in Diagram 4.1.

Proposition 4.1.4. Let . : (L1, 11) "# (L2, 12) be a one step translation. The
translation functor, Tr, : Alg(L2) "# Alg(L1) makes the following diagrams

Alg(L2) Alg(L1)!
Tr,

Coalg(T )

9P2

'
'

'
''(

9P1

%
%
%
%%&

A

U2

%
%
%
%%&

U1

'
'

'
''(

commute, where 9Pi is the 1i-lifting of P as described in Definition 3.2.4.
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Proof. The details can be found in the discussion after Definition 4.1.3. We just
recall that the lower triangle commutes because . is natural and that the upper
triangle commutes because .P commutes with 11 and 12.

In the previous proposition, the lower triangle is used to define the translation,
i.e. the function tr : I1 "# I2. The upper triangle is used to show that this
translation preserves the interpretation of formulas i.e. Diagram 4.1 commutes.

The next remark discusses why we do not follow a more standard categorical
approach using free monads.

Remark 4.1.5. Another idea that might come to mind is to define translations
between coalgebraic modal logics using the free monads generated by L1 and L2.
More concretely, the idea would be to define translations as natural transformations,
monad morphism, between those. Such a more general notion would allow, for
example, to express an L1-formula !1#1 as a combination of L2-formulas with
nested modal operators such as e.g. !2"2#2. Moreover, it is well known that
any functor making the lower triangle, in the previous proposition, commute is
induced by such type of natural transformation. However, as we will later see, all
those “advantages” would still not allow us to always find a translation. Examples
4.3.1 and 4.4.6 show that translations simply do not exist. On top of this, our
stronger notion preserves the one step nature of the modalities, hence the name.

4.2 Decomposing predicate liftings

As we illustrated in the previous chapter, the Moss modality can be technically
involved. For this reason, we first show how to translate predicate liftings. Our
long term aim is to find a one-step translation (L̄T , 1T ) "# (MT ,/). This can
be simplified by considering one predicate lifting at the time. In order to tailor
the desired translations, we will first introduce the concept of translators for a
predicate lifting (Definition 4.2.1). Technically speaking, a translator factors a
predicate lifting 0 via !'. Unfortunately, not all predicate liftings have translators
(Example 4.2.4). We can overcome this by showing that all the so-called singleton
liftings (Definition 4.2.5) do have translators and in fact every predicate lifting is
a union of singleton liftings (Proposition 4.2.8).

Definition 4.2.1. A translator for an n-ary predicate lifting 0 is a natural
transformation + : Pn "# T$P such that the following diagram

Pn T$P!+

PT

0
%
%
%%&

!'
'

'
''(

(4.3)

commutes, where !' is the semantics of the Moss Logic (Definition 3.3.4).
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We illustrate the concept with some examples.

Example 4.2.2. The following are examples of translators.

1. Consider the predicate lifting associated with the existential modality "
of the covariant power set functor (Example 3.1.3). The following natural
transformation is a translator for "; we define +X : P(X) "# Pow$P(X)
mapping an element # ( X to +X(#) = {#, X}. Compare this with the
equivalence "# = /{#,1} discussed in Examples 3.3.6 and 4.1.2.

2. Consider the usual probability modality "p, i.e. “the probability of # is at
least p”. This predicate lifting has a translator +p : P "# DP defined as
follows: A set # ( X is mapped to to the probability distribution D"

p : P(X)
"# [0, 1] which assigns p to the set # and 1" p to the set X. Compare this
with the description in Example 3.3.6.

3. We can use the same idea of the previous item to translate the probability
modality "p, i.e. “the probability of # is at most p” (Example 3.1.3). The
translator is given by the natural transformation + p : P "# DP which maps
a set # ( X to the probability distribution, Dp

" : P(X) "# [0, 1], assigning
1" p to the set ¬# and p to the set X, is a translator for "p.

The next remark presents translators in terms of relation lifting.

Remark 4.2.3. Using relation lifting we can describe translators as follows: a
natural transformation + : Pn "# T$P is a translator for a predicate lifting 0 : Pn

"# PT i! for every # : n "# P(X) and every t $ T (X) the following holds

(t, +(#)) $ T ($X) i! t $ 0(#),

where T is as in Definition 2.2.7.

Now we explain the intuition behind translators. The idea of a translator is to
define a translation tr via

tr(!'#) = /+
)
tr(#)

*
. (4.4)

The key issue is to somehow show that +(tr(#) is definable in the base logic.
We come back to this in Section 4.3. A more immediate concern is that not all
predicate liftings have translators. This can be rephrased by saying that not all
predicate liftings can be translated using only / without propositional connectives.
The following example illustrates this.

Example 4.2.4. The following predicate liftings fail to have translators.
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1. Let KC be a constant functor where C has at least two distinct elements c1
and c2. Using Proposition 3.3.9 (see also Example 3.1.3), predicate liftings
correspond to subsets of C. The predicate lifting 0E corresponding to
E = {c1, c2} does not have a translator. This is because the components of
a natural transformation + : P "# KC ought to be constant functions, hence
the cardinality of !'+(X) is always 1, but 0E(X) = E. Nevertheless, notice
that the formula /c1 0/c2 translates the associated modality, i.e. !E.

2. Consider de graded modality "k for the finite multiset functor, i.e. there are
at least k successors satisfying #. Recall from Example 3.3.6 that each /
formula for BN specifies the total number of successors. Since "k does not
declare a specific number of successors, we conclude that "k can not have a
translator.

3. Let ">p be a modality for the finite distribution functor corresponding to the
set (p, 1]; in natural language this modality says the probability of # is strictly
larger than p. In terms of natural transformations this modality maps a set
# ( X to ">p(#) = {d $ D(X) | µd(#) > p}, where µd(#) =

%
x!" d(x).

Each of these modalities fail to have a translator. The reason for this is that
each natural transformation + : P "# DP specifies a probability for each
set #, as an element of P(X), say q; since we want + to be a translator we
must have p < q. Consequently, as seen in Example 3.3.6, /+(#), which
is an element of PD(X), can only contain probability distributions d : X
"# [0, 1] such that

%
x!" d(x) = q. Hence no single natural transformation

can factor ">p via !'; in our terminology, this means that no predicate
liftings corresponding to a modality ">p has a translator. Notice that this
argument does not work for "p because there we can pick q = p; in fact that
is how we define the translator +p there.

In particular the predicate lifting corresponding to the modality !p, the dual
to "p in Example 3.1.3, does not have a translator because it corresponds to
the set (1"p, 1]. Nevertheless, notice!p can be translated into Moss language
using negations because "p is translatable, see the previous example.

4.2.1 Singleton Liftings

Translators are one of our primary means to define transaltions from languages
of predicate liftings into the Moss logic. Before explaining how this is done we
address possible concerns risen from the previous example by showing that for
every functor there are enough predicate liftings that do have translators. For this
purpose, we now introduce singleton liftings. Informally speaking, singleton liftings
are the simplest predicate liftings. As the name indicates, they are associated, via
Proposition 3.3.9, with singleton sets. Here is the formal definition.
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Definition 4.2.5. ([80]) An n-ary predicate lifting 0 is called a singleton predicate
lifting, or a singleton lifting for short, if it is associated (via Proposition 3.3.9)
with a singleton set in PT P(n). More explicitly, a predicate lifting 0 : Pn "# PT
is a singleton lifting if there exists p $ T P(n) such that for every # : n "# P(X)
the following holds

0X(#) = {t $ T (X) | T (/")(t) = p}, (4.5)

where /" : X "# P(n) is the transpose of #. If 0 is a singleton lifting, we write it
0p or just p, where p is the associated element of T P(n).

Here are some examples of singleton liftings and the corresponding translators.

Example 4.2.6. In the following 2 = {1,;}.

1. If T is a constant functor with value C, then the singleton liftings for T are
associated with elements c $ C = T (2). The X-component of a singleton
lifting 0c is the function 0c : PX "# PKC with constant value {c}. A
translator for 0c is given by the natural transformation + : P "# KCP whose
components are functions with constant value c.

2. If T is the identity functor we have T (2) = 2 = {1,;}, then there are two
singleton liftings of arity 1 for Id. The X-component of 0+ is the identity.
Similarly, the X-component of 0, is the function (0,)X : P(X) "# P(X)
mapping a set # ( X to to its complement i.e. 0,(#) = ¬X#. In this case
!' : IdP "# P Id is the identity, using this it is easy to see that id : P "# IdP
is a translator for 0+ and ¬ : P "# IdP , complement, is a translator for 0,.

3. Let T = 1 + Id, we have T (2) = 1 + 2. Consider the set {:} ( 1 + 2, where
: $ 1. The associated singleton lifting 0' : P "# P(1+ Id) maps a set # ( X
to {:}. This modality indicates termination, i.e. x $! 0'# i! a transition
from x leads the system to halt. The natural transformation +' : P "# 1+P
with constant value : is a translator for 0'. The other singleton liftings for
T are similar to those of Id.

4. The covariant power set functor has four singleton liftings of arity 1, explicitly
these are associated with Pow(2) = {*, {1}, {;}, {1,;}}. Given a set
# ( X, the action of these predicate liftings is (we drop the subscripts X):

0-(#) = {*};
0{+}(#) = {U $ Pow(X) | * %= U ( #};
0{,}(#) = {U $ Pow(X) | * %= U ( ¬X#};

0{+,,}(#) = {U $ Pow(X) |U ) ¬X# %= * %= U ) #};

Note that they all have translators, corresponding to /{#}, /{¬X#},
/*, /{#,¬X#}, respectively. We work out the case of 0{+,,} in more
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detail to illustrate what we mean with “corresponding to”. The natural
transformation + : P "# PowP which maps # $ P(X) to the set {#,¬X#} $
PowP(X) is a translator for 0{+,,}.

5. If T is the finite multiset functor we have T (2) = N2. This means that
a singleton lifting is given by a pair of natural numbers (n,m), we write
fn
m : 2 "# X for the function which maps 1 to n and ; to m. we use (n,m)
to denote the associates predicate lifting. We now compute the predicate
lifting associated with (n,m) explicitly. From Equation (4.5) we know that
the X-component, (n,m)X : P(X) "# PBN(X), maps a set # ( X to

(n,m)X(#) = {B : X "# N | BN(/") = fn
m}

=

3
4

5b : X "# N |
&

x!&!1
# (+)

b(x) = n and
&

x!&!1
# (,)

b(x) = m

6
7

8

=

=
b : X "# N |

&

x!"
b(x) = n and

&

x!¬X"

b(x) = m

>

In words, (n,m)X(#) is the set of bags over X with n+m elements, n of
which are in # and m are in the complement of #. Such a predicate lifting
has a translator as it corresponds to /{(#, n), (¬#,m)}, see Example 3.3.6.
More explicitly this means that the natural transformation +nm : P "# BNP
which maps a set # ( X to the bag B : P(X) "# N assigning n to #, m to
¬X#, and 0 to any other set, is a translator for (n,m).

6. If T is the finite distribution functor, a singleton lifting is given by a
probability distribution d : 2 "# [0, 1]. Since we require d(1) + d(;) = 1, a
singleton lifting for the finite distribution is then determined by a single real
number q $ [0, 1]. The X-component of q maps a set # ( X to the set of
probability distributions over X that assign probability q to the set #. As
in the case of the multiset functor, such predicate liftings have translators
corresponding to /{(#, q), (¬X#, 1" q)}, see Example 3.3.6; compare this
formula with the one in the mentioned example.

We now fix some terminology for the language of singleton liftings.

Definition 4.2.7. The set of, finitary, singleton liftings is denoted by $s; we
write (L̄s, 1̄s) for the corresponding coalgebraic modal logic (Definition 3.2.18),
over a category of power set algebras A.

Singleton liftings appeared for the first time in [80]. Some reasons to consider
singleton liftings are:

1. They always have translators, see Theorem 4.2.10.
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2. In the case of KPF’s they can be inductively presented over the complexity
of the functor, see Section 4.2.2; hence,

3. their translators, and eventual translations, can also be presented inductively
over the complexity of the functor.

4. They generate all other predicate liftings, see Proposition 4.2.8.

The items 2 and 3 will be developed in Section 4.2.2. The next proposition
presents the last item more formally.

Proposition 4.2.8 ([80]). If 0 is an n-ary predicate lifting associated with a set
P ( T P(n), then for every set X and every n-sequence # : n "# P(X) we have:

0X(#) =
?

p!P

(0p)X(#).

In other words, every n-ary predicate lifting can be obtained as a (possibly infinite)
join of singleton predicate liftings.

Proof. The proof is an application of Proposition 3.3.9. Recall the description of
a predicate lifting given by Equation 3.19, on page 62. Recall the instantiation of
this same equation for a singleton lifting (Definition 4.2.5). Using those we can
show that the action of 0, over a n-sequence # : n "# PX, can be described as
follows

(0P )X(#) = {t $ TX |T (/")(t) $ P}

=
?

p!P

{t $ TS |T (/")(t) = p} =
?

p!P

(0p)X(#).

The next example illustrates how the previous proposition can be used to
define translations.

Example 4.2.9. Let ! and " be the predicate liftings associated with the
universal modality and the existential modality for Pow, Example 3.1.3.

1. In the case of the universal modality, we saw that the predicate lifting
for ! is 0{-,{+}}, see Example 3.3.12. This predicate lifting does not have
a translator. From the previous proposition we know it is the union of
singleton liftings; more concretely ! = 0- 3 0{+}. In Example 4.2.6 we saw
that these singleton liftings have translators. We can then recover the usual
translation via

tr(!#) = tr(!'&#) 0 tr(!'{'}#) = /* 0/{#}.
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2. In the case of the existential modality, the predicate lifting for " corresponds
to 0{{+,,},{+}} = 0{+,,} 3 0{+}. Incidentally, " does have a translator, see
Example 4.2.2, which induces the usual translation tr("#) = /{1,#}.
However, we could also translate " using the translators for 0{+,,} and 0{+};
in such perspective we have

tr("#) = tr(0{+,,}#) 0 tr(0{+}#) = /{#,¬#} 0/{#}.

It can be checked, by long direct computations, that this is indeed equivalent
to the usual translation.

The starting point for the enterprise of comparing coalgebraic logic in the func-
torial framework was the discovery that singleton liftings always have translators.
The next theorem is the main result of this section and states this fact precisely.

Theorem 4.2.10. Let T be a weak pullback preserving functor. Every (finitary)
singleton lifting 0p for T has a translator.

More explicitly, the translator is associated with T ({"}P(n))(p) $ T PP(n),
where {"}X : X "# P(X) maps an element x $ X to its singleton2, and elements
in T PP(n) can be identified with natural transformation Pn "# T P because of
Proposition 3.3.9.

Proof. Consider the following diagram

PTP(n) TP(n)# {"}TP(n)

TPP(n)

!'P(n)

%
%

%
%

%%)

T ({"}P(n))

'
'

'
'

''(
Nat(Pn, TP) #

Y(n,TP)

Nat(Pn,PT) #
Y(n,PT)

!' 4 (")

%
%

%
%

%%)

In the diagram, Y denotes the isomorphism given in Proposition 3.3.9. Recall
that since T preserves weak pullbacks !' is natural (Remark 3.3.5).

First we discuss the commutativity of the diagram. The parallelogram on the
left commutes by Remark 3.3.10, page 62. Since T preserves weak pullbacks, the
triangle on the right commutes by Remark 3.3.8, page 61.

The commutativity of the diagram implies that the natural transformation
associated with T ({"}P(n))(p) is a translator for 0p. We now explain why this
is the case. Call +p : Pn "# TP the natural transformation corresponding to
Y(n,T P)(T ({"}P(n))(p)). An element p $ T P(n) is mapped by the lower edge of
the diagram to +p 4!' whereas the upper edge maps it to 0p. Since the diagram
commutes we have 0p = !' 4 +p this means that +p is a translator fro 0p as we
wanted to show.

2The functions {"}X : X "# P(X) do not form a natural transformation. For this reason we
use the bracket notation instead of $ which is usually used to indicate the unit of Pow.
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Remark 4.2.11. In the previous theorem we used T instead of T$; the reader
may worry that we do not obtain a translator as in Definition 4.2.1. This is not
a problem because T and T$ coincide on finite sets and we are only considering
predicate liftings of finite arity, i.e. elements (subsets) of T P(n) for some finite n.
More formally, for a finite n, we use the following chain of isomorphisms/equalities:

Nat(Pn, T P) '= T PP(n) = T$PP(n) '= Nat(Pn, T$P).

The reason to restrict to singleton liftings of finite arity is that we only consider
the finitary version of the Moss logic (Definition 3.3.1). If we define the Moss logic
using T instead of T$, the previous theorem holds for all singleton liftings.

4.2.2 Translators, Singletons and Inductive Presentations

This section is a technical intermezzo where we discuss how to present predicate
liftings and their translators inductively on the complexity of the functor. Such
presentations are worth to mention because they show the translation procedure
in a modular fashion enlightening the power of the functorial approach. This is
particularly appealing to develop actual implementations of the mentioned coalge-
braic languages and their transaltions. We do not use the inductive presentations
further on; the reader not interested in a potential implementation may skip this
section.

Recall the definition of Kripke polynomial functor (Definition 2.1.3). We want
to inductively describe predicate liftings and their translators. The cases for the
identity and constant functors can be found in Example 4.2.6. In this section, we
will only consider the inductive cases corresponding to coproducts, products, and
composition with the power set functor.

Coproducts of functors

Let T1 + T2 be the coproduct of two functors. We want to describe the predicate
liftings for the coproducts in terms of the predicate liftings for T1 and T2. For this
purpose, we use Yoneda Lemma (Proposition 3.3.9) and the fact that P : Setop

"# Set preserves products i.e P(X + Y ) '= P(X)& P(Y ).

Using the fact that P preserves products we have

Nat(Pn,P(T1+T2)) '= Nat(Pn,P(T1)&P(T2)) '= Nat(Pn,P(T1))&Nat(Pn,P(T2)),

the last isomorphism is just the universal property of products. This last equation
tells us that a predicate lifting for the coproduct T1 + T2 is univocally determined
by a predicate lifting for T1 and one for T2. In other words, a predicate lifting for
the coproduct is presented by describing its action on each of the components, of
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the coproduct, independently. More explicitly, given predicate liftings 0i for Ti,
(i = 1, 2), we define a predicate lifting 0 for T1 + T2 as follows: A sequence # : n
"# P(X) is mapped to

0(#) = 01(#) 3 02(#). (4.6)

The decomposition of a predicate lifting for T1 + T2 is done by post-composing
with P((i) : P(T1 + T2) "# PTi, the inverse image of the coproduct inclusion.
More explicitly, 0 is decomposed into P((1) 4 0 and P((2) 4 0.

Using Proposition 3.3.9 we can describe predicate liftings as follows:

Nat(Pn,P(T1 + T2)) '= P 4 (T1 + T2)(P(n))
'= P(T1P(n) + T2P(n))
'= P(T1P(n))& P(T2P(n))

This means that the n-ary liftings for T1 + T2 are in natural bijection with the
set T1P(n)& T2P(n). Using this, we can introduce the key property of predicate
liftings for coproducts. Namely that we can extend predicate liftings for each of
the factors; the next definition makes this precise.

Definition 4.2.12. Let 0i be a predicate lifting for a functor Ti, (i = 1, 2)
associated with a set Pi ( Ti(2n). The coproduct extension of 0i, also denoted by
0i, is the predicate lifting for T1 + T2 which maps a sequence # : n "# P(X) to
the set

0i(#) =
!
t $ (T1 + T2)(X) | t $ 0i(X)

"
.

This predicate lifting correspond to the set (Pi, *).

In the case of singleton liftings we have:

Proposition 4.2.13. The coproduct extension of a singleton lifting is a singleton
lifting and all singleton liftings for the coproduct arise this way.

Using the coproduct inclusions, we can also extend translators.

Proposition 4.2.14. Let 0i be a predicate lifting for a functor Ti, (i = 1, 2),
and let +i : Pn "# TiP be a translator for 0i. The composition of +i with the
corresponding coproduct inclusion, i.e.

Pn +i"# TiP
#i"# (T1 + T2)P ,

is a translator for the coproduct extension of 0i.

The proof of the proposition is a straight forward computation using the
inductive presentation of relation lifting (Proposition 2.2.9).
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Products of Functors

The situation for the product of functors is not as nice as that for coproducts; the
reason being that P : Setop "# Set does not behave well with coproducts in Setop,
i.e. P(X & Y ) " P(X) + P(Y ) in general. To overcome this di"culty, we first
define the “product” of predicate liftings.

Definition 4.2.15. Let 0i be an n-ary predicate lifting for a functor Ti, (i = 1, 2).
The product of 01 and 02, denoted 01 @ 02, is the predicate lifting for T1 & T2

defined as follows: a sequence # : n "# P(X) is mapped to

(01 @ 02)(#) = 01(#)& 02(#),

i.e. the Cartesian square.

Not all predicate liftings for the product are of this form; the next example
shows this.

Example 4.2.16. Let KR be the functor with constant value the real numbers.
Let S1 be the unitary ball in R&R = KR(2)&KR(2). The predicate lifting, for the
product KR & KR, associated with S1 is not the product of any pair of predicate
liftings for KR.

Although we can not describe all predicate liftings for product as squares, all
singleton liftings for the product can be presented as the product of two predicate
liftings. This will follow from the next proposition.

Proposition 4.2.17. Let 0i be a predicate lifting for a functor Ti associated with
a set Pi ( Ti(2n), (i = 1, 2). The product of 0i’s corresponds to the Cartesian
product of the sets Pi and viceversa.

Proof. We want to show 0P1.P2 = 01 @ 02. We will follow the algorithm given by
Yoneda Lemma (Proposition 3.3.9) on the set P1 & P2. Let # : n "# P(X) be a
sequence of sets and /" : X "# P(n) its exponential transpose. Using Yoneda
lemma we have

0(P1.P2)(#) = {(t1, t2) $ (T1 & T2)(X) | (T1 & T2)(/")(t1, t2) $ P1 & P2}
= {(t1, t2) $ (T1 & T2)(X) | (T1(/")(t1), T2(/")(t2)) $ P1 & P2}
= {(t1, t2) $ (T1 & T2)(X) | (T1(/")(t1) $ P1 and T2(/")(t2)) $ P2}
= {(t1, t2) $ (T1 & T2)(X) | t1 $ 0P1(#) and t2 $ 0P2(#)}
= (01 @ 02)(#).

The equality 0(P1.P2)(#) = (01 @ 02)(#) is what we wanted to prove.

We can specialise the previous proposition to singleton liftings.
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Corollary 4.2.18. Let Ti, (i = 1, 2), be functors. The product of singleton liftings
is a singleton liftings. And all singleton liftings for T1 & T2 arise this way.

Translators can be combined using the universal property of products. More
formally,

Proposition 4.2.19. Let 0i be predicate liftings for a functor Ti, (i = 1, 2). If
+i : Pn "# TiP is a translator for 0i, then (+1, +2) : Pn "# (T1 & T2)P is a
translator for 01 @ 02.

The proof of the proposition is a straight forward computation using the
inductive presentation of relation lifting (Proposition 2.2.9).

Composition with Pow

Singleton liftings are particularly useful to describe the singleton liftings for com-
position of the type PowT . The key ingredient is that a set P $ PowT P(n), i.e. a
singleton lifting for PowT , is a subset of T P(n), i.e a predicate lifting for T . Since
all predicate liftings for T can be described using singleton liftings, we can then
expect to describe the predicate lifting 0P : Pn "# PPowT using the singleton
liftings for T . We now explain this more formally.

To avoid confusion we fix the following convention for this section. Predicate
liftings for PowT will be denoted using 0 whereas predicate liftings for T will be
denoted using #. Elements of PowT P(n) are denoted by capital letters, elements of
T P(n) are denoted with lowercase letters. The subindexes follow the conventions
established before.

We first dissemble the action of 0P : P "# PPowT . Let # : n "# P(X) be a
sequence of sets and let /" : X "# P(n) be its exponential transpose. We have

0P (#) = {U $ PowT (X) | PowT (/")(U) = P} (Prop. 3.3.9)

= {U $ PowT (X) | T (/")[U ] = P} (Def. of Pow)

The connection with predicate liftings for T appears when we want to unravel
T (/")[U ] = P . By definition of the direct image this equality means:

(+t $ U)(-p $ P )(T (/")(t) = p) and (+p $ P )(-t $ U)(T (/")(t) = p)

Recall that the equation T (/")(t) = p describes the elements of #p(#). Using this
we can present the action of 0P as follows:

0P (#) =

=
U $ PowT (X) | U (

?

p!P

#p(#) and (+p $ P )(U ) #p(#) %= *)
>

=
!
U $ PowT (X) | U $ !'Pow{#p(#) | p $ P}

" (4.7)
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As said before, the fact that P and Pow “coincide” in objects allows us to
describe singleton liftings for PowT inductively. It is not clear to us how to extend
this induction to composition with other functors.

Since all singleton liftings have translators (Theorem 4.2.10), we can present
the translator of a singleton lifting for PowT inductively as follows:

Proposition 4.2.20. Let P be an element in PowT P(n). For each p $ P , let +p :
Pn "# PT be a translator for #p (Theorem 4.2.10). The natural transformation

Pn

(
+p | p!P

+
""""""""""# PowT P

is a translator for 0P .

Proof. We want to show !'PowT
(
+p | p $ P

+
= 0P . In order to show this, recall

the inductive description of relation lifting (Proposition 2.2.9) and the presentation
of 0P in Equation (4.7). It is also important to remember (Remark 4.2.3) that
since + is a translator, for every # : n "# P(X) we have

(t, +p(#)) $ T ($X) i! t $ #p(#)

Using these observations we can detail !'PowT
(
+p | p $ P

+
as follows: Let

# : n "# P(X) be a sequence of sets and let /" : X "# P(n) be its exponential
transpose; write U for an element in PowT (X). We have

!'PowT
(
+p | p $ P

+
(#) = !'PowT

(
+p(#) | p $ P

+

=
!
U | (U,

(
+p(#) | p $ P

+
) $ PowT ($X)

"

=
!
U | (+t $ U)(-p $ P )((t, +p(#)) $ T ($X)

and (+p $ P )(-t $ U)((t, +p(#)) $ T ($X))
"

=
!
U | (+t $ U)(-p $ P )((t $ #p(#)) and (+p $ P )(-t $ U)((t $ #p(#))

"

=
!
U $ PowT (X) | U (

?
#p(#) and (+p $ P )(U ) #p(#) %= *)

"

= 0P (#)

This concludes the proof.

Remark 4.2.21. Notice that the Propositions 4.2.14, 4.2.19 and 4.2.20 do not
require any of the Ti to be a Kripke polynomial functor. Should we have a good
description of the translators, then we can then extend them using coproducts,
products and composition with Pow.
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4.3 Logical Translators

We have now all the material needed to address the issue of defining generic trans-
lations between logics of predicate liftings and the Moss logic. Up to now we have
presented our translations under the tacit assumption that our basic propositional
logic is given by Boolean algebras. As we will later see (Lemma 4.4.1), in such
situation translators do define translations. However, this is not always the case.
As it could be expected, the possibility of defining a translation is strongly tied
to the expressive power of the base logic of the coalgebraic modal logic. Here we
will show how the base category of the coalgebraic modal logic makes the di!erence.

We now turn back to the intuition behind translators to explain the problem
more precisely. By definition, a translator + factors a predicate lifting 0 via !'.
As we mentioned in Equation (4.4), the idea is to inductively define a translation
via tr(!'#) = /+(tr(#)). The problem is to show that +(tr(#)) is expressible
in the basic propositional logic. The next example shows that this is not always
possible.

Example 4.3.1. Consider A = DL and T = Id and the predicate lifting 0, : P
"# P given by complementation. In this case !'Id : IdP "# P Id is the identity.
From this we see that complementation ¬ : P "# P is a translator for 0,. Hence
the intended translation would be tr(!'(#) = /¬#. Since the base category
for the coalgebraic modal logic is distributive lattices, all the operators in MId

are monotone, therefore all the definable predicate liftings are monotone, which
implies that negation is not definable. In other words, we cannot translate 0,
into MId.

The following definition will ensure that +(tr(#)) is expressible in the base
logic given by the category A.

Definition 4.3.2. Let 0 be an n-ary predicate lifting for a functor T ; let A be a
category with power-set algebras; Let U : A "# Set be the forgetful functor.

An A-logical translator + for 0 is a natural transformation + : Un "# T$U such
that +P : UP n "# T$UP is a translator for 0, i.e. 0 = !'T 4 +P .

We often call an A-logical translator a logical translator or an A-translator.
We say that the logical translator + extends the translator +P . A predicate lifting
0 is said to be A-translatable if there exists an A-translator for 0.

In other words, a logical translator is a translator for which we can replace P
by U (the forgetful functor of A). Here are some illustrations of logical translators.
The first item shows that we can not always replace P by U , in other words, not
all translators can be extended.

Example 4.3.3. 1. Example 4.3.1 can now be presented with this new termi-
nology as follows: + = ¬ does not extend to a DL-translator; but, of course,
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it does extend to a BA-translator, namely the negation ¬ : U "# U . We can
also say that 0, is not DL-translatable but it is BA-translatable.

2. Consider the predicate lifting associated with the existential modality "
as in Example 4.2.2. We define a BA-translator + as follows: Given a
Boolean algebra (A,$), the function +(A,-) : A "# Pow(A) maps an element
a $ A to +(A,-)(a) = {a,1}; as expected, + induces the following translation
tr("#) = /{#,1}. This is also a DL-translator but not a Set-translator
because we can no identify the element 1.

3. Consider the probabilistic modality "p. We define a DL-translator + : U
"# DU as follows: let (A,$) be a distributive lattice. The (A,$) component
of +(A,-) : A "# D(A) maps an element a $ A to the probability distribution
Da

p : A "# [0, 1] which assigns a probability p to a and a probability 1" p
to 1. Compare this with Example 4.2.2.

4. Consider the probabilistic modality "p. We define a BA-translator + : U
"# DU as follows: let (A,$) be a boolean algebra. The (A,$) component
of + maps an element a $ A to the probability distribution Dp

a : A "# [0, 1]
assigning probability p to ¬a and 1 " p to 1. Clearly, this can not be
regarded as a DL-translator. Compare this with Example 4.2.2.

5. Consider the natural transformation , : Id "# Pow which maps an element
x to {x}. If we precompose , with P we obtain a natural transformation
+P : P "# PowP which maps a set # ( X to {#}. This is a BA-translator
for the predicate lifting 0+ : P "# PPow (Example 4.2.6). The translator
+P induces the following translation tr(!''#) = /{#}. Notice that this
translator is an A-translator for any category of power set algebras.

Remark 4.3.4. Generalizing the last item in the previous example, we can
ask which predicate liftings have A-translators for all categories A of power-set
algebras. These are precisely what we call the Moss liftings (Diagram (5.4) on
page 102), see comments after Remark 5.1.16 on page 103.

As said before, the main property of logical translators, as suggested by the
previous examples, is that they define one step translations. In other words,
+(tr(#) in Equation 4.4 is definable in the base logic.

Lemma 4.3.5. Every logical translator induces a one-step translation.

Proof. Let A be a category with power set algebras with forgetful functor U : A
"# Set, write F for the left adjoint of U . Let + : Un "# T$U be an A-logical
translator for an n-ary predicate lifting 0.

We want to define a one-step translation . : (L̄', 1̄') "# (MT ,/). Recall
from Definitions 3.2.18 and 3.3.4, that the functors are given by L' = F (Un),
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and MT = FT$U ; and the semantics are given by the F -transposes of 0 and !',
respectively; i.e. 1' = 90 and / = 9!'.

The one-step translation we are looking for is given by L̄' = F (Un)
F (+)""""""#

FT$U = MT . Since + natural so is F (+). It is only left to show that F (+P ) :
F (UP n) "# FT$UP commutes with the semantics, i.e. / 4 F (+p) = 1'. By
definition of logical translator, +P is a translator for 0, i.e. the following diagram

(UP )n T$UP!+P

UPT

0
%
%
%
%%&

!'
'

'
'

''(

commutes, recall UP = P . By properties of adjoints (Lemma A.1.3, item 3) we
can move U to the left and obtain / 4 F (+P ) = 1'. In other words F (+) is a one
step translation. This concludes the proof.

The next proposition shows how the previous argument can be extended to
sets of predicate liftings.

Proposition 4.3.6. Let $ be a set of predicate liftings, each of which has a logical
translator. Then we can find a one-step translation . : (L̄#, 1̄') "# (MT ,/).

Proof. Recall from Definitions 3.2.18 and 3.3.4 that L̄# =
-

'!# FUn" and M =
FT$U , where n' is the arity of 0; recall that 1# is given by the coproduct of the
F -transposes of the predicate liftings in $ and / is the F -transpose of !'.

By assumption for each 0 $ $ there is a logical translator +' : Un" "#
T$U . From the previous lemma each F (+') : FUn" "# FT$U is a one step
translation from (L', 1') into (MT ,/). Since (L̄#, 1̄#) = (

-
'!# L',

-
'!# 1') it is

now straightforward to check, using the universal property of coproducts, that
the arrow

-
'!# F (+') :

-
'!# L' "# FT$U is a one-step translation from (L̄#, 1̄')

to (MT ,/). This concludes the proof.

To summarise, all A-logical translators give rise to one-step translations.
Translators alone do not define translations; to obtain a translation from a
translator we need to extend it to a logical translator. Such an extension is not
always possible (Example 4.3.1); the possibility of extending a translator rests on
the structural properties of the category A. To illustrate this, we are now going
to show that all translators do extend to BA-logical translators.

4.4 The Boolean Paradise

Until here, we have presented two perspectives for translating. On the one hand,
we have one-step translations which define translations at a syntactic level, i.e.
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for each formula in the source language we find a semantically equivalent formula
in the target language. On the other hand, we have translators. Translators are
a semantic perspective for translating predicate liftings, they literally transform
the semantics of one modality into the semantics of another modality. The bridge
between these two perspectives is built with logical translators. The “trick” of
replacing the contravariant functor P by the forgetful functor of the base category
is what is needed to make the “semantic translations”, given by translators, explicit
in the syntax. However, as shown in Example 4.3.1, this is not always possible.
At a first glance it might seem that such a definability problem is a pure concern
of the syntax. Nevertheless, using the functorial approach we can show that this
issue concerns the base category of the logic.

In this section, we illustrate how we may use the structural properties of the
category BA to extend every translator to a BA-translator. This was somehow
expected because the algebraic theory of boolean algebras is finitary and the
functor P : Setop "# Set presents the category Setop as the category of complete
atomic boolean algebras.

4.4.1 Translating predicate liftings

In this section, we will define a one-step translation (Definition 4.1.1) from the
logic of all predicate liftings (L̄T , 1̄T ) (see page 63) to the Moss logic MT (Defini-
tion 3.3.2). The main technical result is that that translators (Definition 4.2.1)
can always be extended to BA-translators (Definition 4.3.2).

Lemma 4.4.1. Every translator + : Pn "# T$P can be extended to a BA-
translator, i.e. a natural transformation Un "# T$U , where U : BA "# Set is the
forgetful functor.

Proof. The following facts will be used in the proof:

1. every boolean algebra is the directed colimit of finite boolean algebras, more
specifically of its canonical diagram (Proposition 2.3.9),

2. every finite Boolean algebra is (isomorphic) to a power set algebra,

3. every boolean algebra morphism A "# B with A finite and B = PY , for
some possibly infinite Y , arises from the inverse image of a function with
domain Y ,

4. F (m) = PP(m) for finite sets m.

Let + : Pn "# T$P be a translator for a predicate lifting 0. We want to show
that we can extend + to all boolean algebras, i.e. we want to replace P by U .
We first define a natural transformation + $ : Un "# T$U and then show that it
coincides with + on power set algebras.
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First we explain how to define + $. Let +$ : Pn "# T$P be the restriction of + to
finite sets. Because of (2), we can replace P by the restriction of the forgetful U to
finite Boolean algebras, i.e. U$ : BA$ "# Set. This gives us for each finite boolean
algebra A a function (+$)A : U$(A)n "# T$U$(A). We want to show that these
functions form a natural transformation. This follows from (3), more explicitly,
if A = P (n) and A$ = P (n$) are finite Boolean algebras, then a homomorphism
h : A "# A$ is equal to P (f) = f#1 for some function f : n$ "# n. From (4) we
have that every finitely generated algebra is a power set algebra; hence we can see
+$ as a natural transformation +$ : (UF$)n "# T$UF$, where F$ is the restriction
of the functor F to finite sets. Then by (1), see Proposition 2.3.14, we can extend
+$ to all boolean algebras, i.e. to a natural transformation + $ : Un "# T$U . This
is the logical translator we are looking for.

It is only left to check that + and + $ coincide in power set algebras, i.e. + $P = + .
By definition, + $P (Y ) = +Y whenever Y = P(m) for some finite m. We now show
that this is also the case for any other set Y . Since BA is a finitary variety, every
algebra A is the colimit of its canonical diagram, i.e. the colimit of all valuations

into A. Write F (ni)
hi"# P (Y ) for the particular case of a power set algebra P (Y ).

Consider the following diagram

P (Y ) UP (Y )n = P(Y )n ? )) T$P(Y )

F (ni)

hi

**

UF (ni)n = PP(ni)n

U(hi)

**

+ $P (ni)
=+ni

)) T$PP(ni)

T U(hi)

**

the equality in the lower left corner holds because of (4); the equality in the
lower edge follows by definition of + $. The equality on the upper left corner holds
because U is a right adjoint.

Notice that T$ preserves the colimit F (ni)
hi"# P (Y ) because it is finitary,

and U preserves the n-product of this colimit, i.e. F (ni)n
hn
i"# P (Y )n, because of

Proposition 2.3.9. This implies that the upper horizontal arrow in the diagram is
the unique arrow induced by the universal property of colimits. From this, the
equality + $P = + will follow once we show that putting + $P (Y ) or +Y in the upper
row of the diagram makes it commute. Indeed, for + $P (Y ) this holds by definition

of + $, see Proposition 2.3.14. For +Y , by (3), we have that each hi is f
#1
i for some

function fi : Y "# P(ni); since + is natural in P , this means that +Y also makes
the diagram commute. This concludes the proof.

Remark 4.4.2. The previous lemma strongly depends on the properties of the
category BA. More precisely, in the previous proof, it is essential that every finitely
generated algebra is a power set algebra, i.e. it is in the image of P . Otherwise
we have no means to extend +$ to the full variety. Extensions of the previous
theorem to other categories (of power set) algebras is a topic for further research.
For example, for the category of distributive lattices we should somehow modify
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the notion of predicate lifting or the argument will not work, the reason being
that there are finite distributive lattices which are not power set algebras.

An immediate corollary is that we can translate singleton liftings.

Corollary 4.4.3. Every singleton lifting, of finite arity, for a weak pullback
preserving functor T , can be translated into Moss logic for T on BA.

Proof. Let 0 be singleton lifting. By Theorem 4.2.10 it has a translator + . By the
previous theorem, + can be extended to a BA-translator. By Lemma 4.3.5 this
induces a one-step translation, i.e. 0 can be translated into the Moss logic for
T .

The following translations illustrate the previous corollary.

Example 4.4.4. 1. The translations in Example 4.3.3 are instantiations of
the previous theorem.

2. Let 0' the predicate lifting that indicates termination (Example 4.2.6). The
constant natural transformation + : A "# 1 + A into 1 is a translator for
0'. This is in fact an A-translator for any category A of power set algebras.
The induced translation is tr(!'#) = /:, where : $ MT . Notice that : is
a formula in MT and does not depend on the underlying propositional logic
(see Remark 3.3.2).

3. Let (n,m) be a singleton lifting for the finite multiset functor (Example
4.2.6). We define a BA-translator for (n,m) as follows: Given a Boolean
algebra (A,$) the function +(A,-) : A "# BN(A) maps an element a $ A to
the bag B(a,n,m) : A "# N which maps an elements in A as follows:

B(a,n,m)(a) = n,

B(a,n,m)(¬(A,-)a) = m

B(a,n,m)(x) = 0(for any other element x)

This induces the following translation tr(!(n,m)#) = /B(",n,m).

4. Let q $ [0, 1] be a singleton lifting for the distribution functor. We define a
BA-translator as follows: + : A "# D(A) maps an element a to the probability
distribution µa : A "# [0, 1] which assigns q to a, 1 " q to ¬a, and 0 to
any other element. As shown in Example 4.2.6 the induced translation is
tr(!q#) = /{(#, q), (¬X#, 1" q)}.

We can do even better and show that all predicate liftings can be translated
provided that the functor also preserves finite sets.

Theorem 4.4.5. If T preserves finite sets and weak pullbacks, there is a one-step
translation (L̄T , 1̄T ) "# (MT ,/).
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Proof. Let (L̄s, 1̄s) be the logic of singleton liftings (Definition 4.2.7). Because T
preserves finite sets, every predicate lifting can be expressed as a finite join of
singleton liftings (Proposition 4.2.8), hence we have an isomorphism L̄ '= L̄s. Now
let 0 be a singleton lifting and let + be the corresponding translator (Theorem
4.2.10). Obtain a one-step translation L' "# MT as in the previous corollary.
Doing this for each singleton lifting and combining all of these logical translators,
as in Proposition 4.3.6, we obtain a translation L̄s "# MT .

Note that Examples 4.3.3, 4.3.1, and 4.2.4 show that in order to translate all
predicate liftings, we need classical propositional logic. Weak pullback preservation
is needed because otherwise the Moss logic is not defined. The following example
shows that the condition of T preserving finite sets cannot be dropped.

Example 4.4.6. Let T be the constant functor with value N, let E ( N be the
set of even numbers. If we are working over BA, the predicate lifting 0E can not
be translated into the Moss logic over BA. Consider the coalgebra N = (N, 1N)
and the formula !E1. On the one hand, this formula defines the set of even
numbers, i.e. [[!E1]] = E. On the other hand, we can check that using the Moss
logic we can only define finite and cofinite sets; therefore we conclude that the
predicate lifting 0E can not be translated.

The following translations illustrate the previous theorem.

Example 4.4.7. 1. The translations in Example 4.2.9 illustrate the previous
theorem. We recall them.

(a) The predicate lifting for ! is the join of 0{-} and 0{+} hence we can
translate ! using the translators for those, more explicitly we have

tr(!#) = tr(!'&#) 0 tr(!'{'}#) = /* 0/{#}.

(b) In the case of the existential modality, the predicate lifting for " is the
join of 0{+,,} and 0{+}. We can then translate " using the translators
for 0{+,,} and 0{+}; in such perspective we have

tr("#) = tr(0{+,,}#) 0 tr(0{+}#) = /{#,¬#} 0/{#}.

2. Even though we can translate singleton liftings for BN and D, see above, we
can not use the previous theorem to conclude that the standard logics for
these functors are translatable into the Moss logic because these functors do
not preserve finite sets. In case of D, Example 4.3.3 shows that sometimes
we can. The case of BN shows that this might also fail, see Examples 3.3.6
and 4.2.4.
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4.4.2 Translating Moss logic

Our next step is to find a translation (MT ,/) "# (LT , 1T ), see Definition 3.3.13.
Note that we do not expect a natural transformation MT "# L̄T because each
/-formula corresponds to many di!erent but equivalent formulas of LT (see also
the next chapter). So we make use of the fact that LT is a quotient of L̄T .

Theorem 4.4.8. For all weak pullback preserving functors T there exists a one-
step translation (MT ,/) "# (LT , 1T ), where (LT , 1T ) is as in Definition 3.3.13.

Proof. Recall that for finite n we have F (n) = PP(n) and that LT F (n) =
PT P(n), see Definition 3.3.13. From this, we can see that the semantics of
the Moss logic !' : T$UP "# UPT on P(n) can be written !'P(n) : T$UF (n)
"# ULT F (n). Since U is a right adjoint and MT = FT$U this yields MT F (n)
"# LT F (n). Since both MT and LT are determined by their action on finitely
generated free algebras, this gives a natural transformation . : MT "# LT ,
see Proposition 2.3.14, it is now straightforward to check that . is a one-step
translation.

Again, the theorem is specific to BA. In particular, both translations L̄T "# MT
and MT "# LT made use of the fact that in case of BA we have F (n) = PP(n)
for finite n.

On the other hand, Theorem 4.4.8 is a particular instance of a more general
Lindström-like theorem showing that (LT , 1T ) is the most expressive finitary
Boolean logic for T -coalgebras; see also [77] for more on coalgebraic Lindström
theorems.

Theorem 4.4.9. Assume that T preserves finite sets and that (L, 1) is a Boolean
logic for T -coalgebras. Then (LT , 1T ) is at least as expressive as (L, 1), that is,
there is a one-step translation . : (L, 1) "# (LT , 1T ).

Proof. The argument is a particular instance of Theorem 5.2.2. We only sketch
the construction.

By definition of (LT , 1T ) the semantics (1T )X : LT P (X) "# PT (X) is an
isomorphism on finite sets X. To define the translation consider the following

composite, LP (X)
(""# PT (X)

(!1
T""# LT P (X) on finite X. As in the proof of

Theorem 4.4.8, this determines a natural transformation L$ "# L on finitely
generated free Boolean algebras and hence on all Boolean algebras, Proposition
2.3.14.

4.5 Conclusions

In this chapter, we presented a general theory for translating coalgebraic modal
logics based on the same category (Section 4.1). We concentrated on translations



94 Chapter 4. Comparing Coalgebraic Modal Logics

between logics of predicate liftings and the Moss logic. We introduced the novel
notion of a translator (Definition 4.2.1). The intuition behind translators is a
simple semantic translation given by tr(!'#) = /+(tr(#). In Section 4.2.2 we
developed translators by showing how they can be described inductively over the
complexity of the functor. In Section 4.4 we showed that under the appropriate
circumstances translators induce translations . Along the side of translators
we introduced singleton liftings (Definition 4.2.5). These predicate liftings are
important because they always have translators (Theorem 4.2.10) and can be
inductively presented over the complexity of the functor (Section 4.2.2).

Perhaps the main point to remember from this chapter is that the base category
for the modal logic makes the di!erence to translate the modalities. This was
evidenced in Section 4.3 where we showed how translations between coalgebraic
modal logic might fail to exist in case the base logic is not expressive enough
(Example 4.3.1).

The key insight introduced in this chapter is the use of the structural properties
of the base category to produce logical translators (Section 4.3). This technique
was illustrated in Section 4.4 where we showed that all translators, for a weak-
pullback preserving functor which preserves finite sets, induce translations if the
base category is BA (Lemma 4.4.1). We also showed that all these conditions are
needed (Example 4.4.6) to develop a general theory. We also showed how using
the structural properties of the base category we can translate the Moss logic
(Theorem 4.4.8). Moreover, we presented a Lindström like theorem for coalgebraic
logics (Theorem 4.4.9).

In our opinion, none of this could have been developed without the functorial
view of modalities.




