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Chapter 9

Beyond the Stone Age

In this thesis we have studied modal logic from a coalgebraic perspective.

In Part I we used a functorial framework, also called the Stone duality ap-
proach, to investigate modal logics for coalgebras.

In Chapter 3 we introduced the functorial framework for modal logics as a
natural generalisation of the usual modal similarity types, or predicate liftings.
We illustrated how the functorial framework for modal logics can be developed by
simply considering a “predicate” functor P : Setop "# A, where A is a category of
power set algebras (Definition 3.2.12). In the usual Stone Duality approach, A is
assumed to be the category of Boolean algebras, or even the category of complete
atomic Boolean algebras. We showed that using BA is not essential to develop
modal logics for coalgebras. It is our claim that replacing the category BA by
another category of algebras is desirable, and needed, to account for di!erent base
logics which lead to interesting variations of basic modal logic, e.g. monotone
modal logic (Example 3.2.17). In summary, in this chapter we have illustrated
that, up to large extent, the functorial modal logics does not depend on a given
“Stone like” adjunction. Some of the points where having and adjunction matters
are sketched in Section 3.2.3. One point where the adjunction is essential is in the
first representation theorem (Theorem 5.2.2), in Chapter 5, which says that every
coalgebraic modal logic can be translated into the language of predicate liftings.

From the categorical perspective, once we change the category BA as a base for
algebras it is quite natural to also change the category Set as abase for coalgebras.
For example, if we take A = DL we would like to consider coalgebras over Pos
instead of over Set. This approach will also require a slight variation of the concept
of predicate lifting. More precisely, we ought then to replace the functor P : Setop

"# Set by an appropriate functor, e.g. a functor Posop "# Pos in the previous
case. It is not totally clear to us how to chose such functor in general and up to
what extent such abstraction step is worth for modelling systems; clearly this is
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212 Chapter 9. Beyond the Stone Age

an interesting theoretical development to investigate.
The approach to coalgebraic modal logics using just a functor P : Setop

"# A resembles recent insights in [55] where modalities are studies using so-called
fibrations. With this perspective the essential element is a functor # : Setop "# Cat,
where Cat denotes the category of all (locally small) categories. Modalities are
then obtained as liftings of functors to the Grothendieck construction of #. We do
not go into the details here but we remark that this approach also, in some sense,
captures the intuition a modality transforms properties of states into properties of
successors. The relationship of this approach with our perspective here should be
developed further. Our conjecture is that the functorial framework corresponds to
fibrations # : Setop "# Cat which can be factored via

Setop Cat!
#

A

'
'
''* %

%
%%&

where A is an algebraic category, over Set. More research on the subject is needed.

One of the most important conceptual contributions of this thesis is the use of
the structural properties of the base category, of the logic, to study coalgebraic
modal logics. The most illustrative example can be found in Section 4.4 where we
show that every translator can be extended into a BA-translator. In other words,
over BA, “every” predicate liftings can be translated into the Moss logic. We
showed this using the finite presentability of BA and the fact that every finitely
generated algebra is a power set algebra. Another illustration can be found in
Section 3.3.2 where we use the properties of the base category to present the logic
of all predicate liftings. Yet another evidence of the power of this technique can
be seen in the representation theorems in Chapter 5. A similar technique can be
found in Chapter 6 where we use the structural properties of the base category, of
coalgebras, to study various formalisation of behavioural equivalence.

In Chapter 4 we introduced the basic translation techniques to compare coalge-
braic modal logics. More precisely, we introduced the notion of one-step translation
(Definition 4.1.1). In order to translate predicate liftings into the Moss logic we
developed the notion of translator (Definition 4.2.1). The intuition behind a
translator is a simple semantic translation of the form !'# = /tr(#). As we
showed not all predicate liftings have such simple transaltions (Example 4.2.4),
in fact some predicate liftings can simply not be translated into the Moss Logic
by finitary means (Example 4.4.6). In order to overcome these di"culties, we
introduced the so-called singleton lifting (Definition 4.2.5). Singleton liftings
are the simplest kind of predicate liftings. Among their properties we highlight
1) they generate all other predicate liftings and 2) every singleton lifting has a
translator. To be able to define translations we developed the notion of logical
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translator (Definition 4.3.2). Using the structural properties of the category BA
we showed that every translator induces a one-step translation. We also showed
how using the structural properties of the base category we can translate the
Moss logic (Theorem 4.4.8). Moreover, we presented a Lindström like theorem
for coalgebraic logics (Theorem 4.4.9). We gave conditions on the functor for a
translation between Moss logic and logics of predicate liftings to exist.

In Chapter 5 we used presentations of functors to define predicate liftings. Using
presentations of Set functors we introduced the Moss liftings, Section 5.1.1. These
predicate liftings are distinguished among all predicate liftings because they are
always translatable into Moss logic. We Illustrated this use of presentations by 1)
introducing an equational coalgebraic modal logic (Section 5.3) 2) introducing the
canonical signature of a coalgebraic modal logic and 3) showed two representation
theorems (Theorems 5.2.2 and 5.2.17) which show that every coalgebraic modal
logic is a logic of predicate liftings.

The representation theorems in Chapter 5 draw a boundary for the functorial
framework and the use of duality. Namely, they show that such framework can
not do more than rank 1 axiomatizations of logics predicate liftings. This is not
per-se a shortcoming. However, some modal logics will fall out of the scope of
the functorial framework e.g logics with fix points. These limitative results also
suggest that Dynamic Epistemic Logic can not be subsumed within the functorial
framework. One reason for this is that the semantics of public announcement, or
product updates in general, involves more that one model (coalgebra). It is not
clear to us how predicate liftings of functors over Set can account for this.

In Part II we investigated the uses of coalgebraic modal logics further.

In Chapter 6 we studied three ways to express behavioural equivalence of
coalgebra states:

1. using final coalgebras,

2. using coalgebraic languages that have the Hennessy-Milner property,

3. using coalgebraic languages that have logical congruences.

We provided a simple proof for the fact that these three di!erent methods are
equivalent when used to express behavioural equivalence between set coalgebras.
An important point here is that no conditions on the signature functor are required.
Our argument relies only on the structural properties of the base category, this
is in harmony with the work on Part I where we used the structural properties
of the base category of coalgebraic logics to define and compare them. We used
this to present six versions of the Hennessy-Milner property (Theorem 6.4.1). An
important finding from our work is that it show the Hennessy-Milner property as a
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solution set condition to construct final coalgebras. We used these characterisations
to investigate the situation beyond the category Set. Our main result here is that
the constructions on Set lift to regularly algebraic categories.

An important insight from this chapter is to show that the use of categories
of power set algebras for coalgebraic modal logics is not ad-hoc. We showed
(Example 6.1.3) how categories of power set algebras are precisely the right level
of generality to, 1), accommodate the language given by a coalgebraic modal logic
in the tradition of abstract model theory where languages are sets and theories
belong to the powerset of the language, and 2) still give enough freedom to develop
various modal logics.

In Chapter 7 we developed a coalgebraic framework which covers Dynamic
logics like (test free) PDL and GL. We illustrated how the process of labelling
modalities can be described by a generic process independent of any structure on
the labels. We have shown with Theorems 7.3.7 and 7.3.18 that the usual axioms
for PDL and GL present a property of the associated predicate liftings not of
labelled modalities itself.

Contrary to Chapter 6, Chapter 7 shows the limitations of the framework
using categories of power set algebras. More concretely, Lemma 7.3.19 shows
that using categories of power set algebras we can only use boolean operations
for axioms that preserve the rank of the modal formulas. This shows a limi-
tation of the functorial approach to develop dynamic logics further. As shown
in [55] this could perhaps be overcome by switching to an approach using fibrations.

In Chapter 8 we introduced $-automata which are automata using predicate
liftings (Definition 8.2.1). This generalizes the work for the Moss logic in [108]. In
particular, our presentation works for any type of coalgebra i.e. no restriction on
the functor.

We introduced an acceptance game (Definition 8.2.5) for $-automata, and
established a bounded model property (Theorem 8.3.4) using a satisfiability game
(Definition 8.3.2) for $-automata.




