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Chapter 1
Introduction
It is far better to grasp the Universe
as it really is than to persist in delusion,
however satisfying and reassuring.
Carl Sagan

1.1
1.1.1

Plain Vanilla Cosmology: the 6-Parameter ΛCDM Model
A little bit of History

The Universe is one big laboratory. In fact, as far as we know, it has no boundaries. Surprisingly
then it seems that most of the (observable) Universe’s large-scale history and future can be
described using a total of 6 parameters. This remarkable conclusion is drawn from high precision
measurements in the last two decades, while theoretically it had been predicted long before.
Rapid theoretical advances in our understanding of the Universe were made after Einstein’s
proposal of General Relativity (Einstein 1915, 1916). The formulated equations allowed him
to relate the geometry of spacetime to the energy distribution in the Universe. To his surprise,
any solution to his equations would imply the Universe was either expanding or collapsing
(Einstein 1917). Assuming the Universe was stationary, he resolved his findings by adding
a (cosmological) constant on the geometry side of his equations, in order to balance out the
dynamics coming from the evolving energy densities. In the following years it was shown by
de Sitter (de Sitter 1918a,b) that the addition of such a constant resulted in an unstable
(static) solution. Eventually the Universe would resume its dynamics, and the addition of the
cosmological constant did not behave according to Einstein’s prejudice. It has been said that
Einstein later referred to the addition of the cosmological constant as his greatest blunder,
although it might have been a free interpretation of George Gamow, the first to mention this
in his memoirs (Gamow 1970). Today the cosmological constant has become one of the
most important parameters in modern cosmology (albeit on the energy-momentum side of the
equations) and most of us would be happy to make such a ‘mistake’.
The first1 observational evidence of a dynamic Universe came from observations of redshifts
1

Remarkably, in a recent historical note by Block (2011) it was claimed that in fact Lemaı̂tre was the first
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of known galaxies. Hubble (1929) was the first to show there exists a relation between the
velocity of galaxies and their derived distance with respect to the observer. We would like to
note that based on current standards and known errors his findings would have been refuted.
Maybe it was intuition, but it initiated the idea (Lemaı̂tre 1927, 1931) of a ‘big bang’ scenario,
which can be considered the pillar of modern cosmology. Although the idea was controversial
at first, with its greatest critic Fred Hoyle sarcastically naming it the Big Bang in 1949, the idea
itself led to several other theoretical predictions. First of all, the abundance of light elements
in the observable Universe could be explained if there existed a hot and dense phase in the
Universe’s past. Alpher et al. (1948) showed that a period of nucleosynthesis in the early
Universe could very well explain the observed ratio of Hydrogen to Helium. Secondly, in two
follow-up papers (Gamow 1948; Alpher & Herman 1948) they also made another important
prediction. It was argued that if the Universe went through a hot dense phase and expanded,
at some point in its evolution, photons became free streaming. This should have occurred right
around the time ionized Hydrogen recombined with free electrons to become neutral Hydrogen.
This greatly reduced the (Thomson) cross section and practically increased the photon mean
free path to infinity (rmf p  cH −1 ≡ rH ). This free streaming radiation should be observable
today as a uniform afterglow with a redshifted temperature of several Kelvin (predicted to be
about 5K by Alpher & Herman (1948)).
This afterglow was first observed by Penzias & Wilson (1965) and today is known as the
cosmic microwave background (CMB). Till today, it represents the most convincing evidence for
a hot big bang scenario. In 1990 the Cosmic Background Explorer (COBE) satellite confirmed
that the CMB was isotropic and homogeneous across the entire sky (Smoot et al. 1992) and that
its mean black body temperature of 2.7 degrees Kelvin (Mather et al. 1990a,b), indicating the
last scattering occurred around 380,000 years after the Big Bang at a redshift of z ∼ 1100. The
Wilkinson Microwave Anisotropy Probe (WMAP; Peiris et al. (2003); Spergel et al. (2003a,
2007); Komatsu et al. (2009, 2011)) has measured this background with very high accuracy
(with a sub degree resolution, fig. 1.4) and in the near future Planck should improve current
measurements with even higher resolution, probing arc minute scales. Recent observations
point towards a Universe that once was very hot and dense and has since evolved into a low
density, cold Universe2 . Using supernovae type Ia as standard candles we have learned that the
Universe is still expanding today and that this is happening at an accelerating rate (Perlmutter
et al. 1998; Riess et al. 1998, 2007). The paradigm of modern cosmology is built upon the idea
of an expanding Universe, which has evolved from a singularity commonly referred to as the
Big Bang. The remainder of this chapter will introduce the theoretical framework behind this
paradigm. In particular, we will introduce the model of the Universe that can be described by
6 parameters and today is dominated by two unknown components; a cosmological constant Λ
and cold dark matter (CDM), the ΛCDM model of the Universe.
who proposed a relation between distance and the receding motion of distant galaxies (Hubble law). This was
done in a paper in 1927, translated in 1931 (Lemaı̂tre 1927, 1931), 2 years after Hubble’s paper. Referring to
letters between Hubble and others as well as the original French paper, Block claims that essential parts of the
paper where not included in the English translation. It is not clear if this was done on purpose and who decided
to leave out these parts.
2
For a complete list of CMB experiments (past, current and future) see for example http://lambda.gsfc.
nasa.gov/links/experimental_sites.cfm
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Figure 1.1: WMAP full sky image of the CMB. This Internal Linear Combination Map is a weighted
linear combination of the five WMAP frequency maps (23, 33, 41, 61 and 94 GHz). The weights are
computed using criteria which minimize the Galactic foreground contribution to the sky signal. The
resultant map provides a low-contamination image of the CMB anisotropy. Courtesy of NASA.

1.1.2

The Metric of the Universe

Under the assumption that the Universe is isotropic and homogeneous on large scales, one can
derive a simple form of the metric3 describing an expanding Universe known as the FRLW
metric (after Friedmann (1922), Robertson (1929), Lemaı̂tre (1927, 1931) & Walker (1933)),
which is maximally symmetric4 :


ds2 = −dt2 + a2 (t) dr2 + f 2 (r) dθ2 + sin2 θdφ2 .

(1.1)

a(t) is the overall scaling of the Universe as a function of time, while f (r) is a function that
has been derived to describe isotropy and homogeneity. After a coordinate transformation the
metric can be rewritten in more familiar form


dr2
2
2
2
2
ds = −dt + a (t)
+ r dθ + sin θdφ
.
1 − kr2
2

2

2



3

(1.2)

Throughout this thesis we set c = 1, and in specific cases we also set the reduced Planck mass Mp = 1.
For a particularly elegant derivation see for example the TASI lectures on cosmology by Carroll & Trodden
(2004).
4
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The solution of f (r) can now be connected to three different values of k, usually referred to as
the curvature:
k = +1 ⇔ f (r) = sin(r)
k=

0

⇔ f (r) = r

k = −1 ⇔ f (r) = sinh(r).

(1.3)

These values correspond to positively curved (k = 1), flat (k = 0) and negatively curved
(k = −1) spatial hypersurfaces. Together with Einstein’s equations
1
Gµν ≡ Rµν − gµν R = 8πGTµν ,
2

(1.4)

we can derive the (first) Friedmann equation (Friedmann 1922, 1924):
H 2 (t) =

k
8πG X
ρi (t) − 2 .
3
a

(1.5)

i

The sum runs over all components in the Universe (which may include a constant vacuum
contribution) and H is the Hubble rate, describing the time evolution of the scale factor in
units of the scale factor, i.e., H = ȧ/a. In other words, the Friedmann equation tells us how
the presence of energy (density) in the Universe and the non-zero curvature impacts the scale
evolution (time dependence) of the Universe. The Hubble rate is usually denoted as 100h
(km/s)/Mpc, with h measured to be 0.704+0.013
−0.014 (Komatsu et al. 2011) today. If the Universe
has been dominated by matter for most of its lifetime and has zero curvature (both turn out
to be fairly good assumptions), one can obtain a quick estimate of the age of the Universe
by inverting H, tU niverse ∼ 1/H ∼ 13.7 billion years. We can define a critical density as
ρcr = 3H 2 /8πG ∼ 2h2 × 10−29 g/cm3 , the equivalent of about 6 protons per cubic meter. The
critical density is defined to be the density in a flat Universe, with k = 0. Generally, all energy
densities are defined relative to the critical density, i.e., Ωi = ρi (t)/ρcr . We can use this to
rewrite the Friedmann equation at any given time as
X
1 =
Ωi .
(1.6)
i
3k
Here we included the curvature as an energy density ρk = 8πGa
2 . It also shows that the total
measured energy density Ωtot in the form of matter, radiation and possibly a cosmological
constant Λ is related to the curvature k. One can distinguish three discrete geometrically
isotropic and homogeneous solutions

Ω0 > 1 ⇔ k = 1,

(1.7)

Ω0 = 1 ⇔ k = 0,

(1.8)

Ω0 < 1 ⇔ k = −1.

(1.9)

relating the total energy density in Universe to its intrinsic curvature.
4

1.1 Plain Vanilla Cosmology: the 6-Parameter ΛCDM Model
A second equation governing the evolution history of the Universe is derived from the spacespace metric components of the Einstein equations
ä 1
+
a 2

 2
X
ȧ
k
= −4πG
Pi − 2 ,
a
2a

(1.10)

i

with P the pressure of the constituents making up the Universe. Combined with the first
Friedmann equation we obtain the acceleration or second Friedmann equation
ä
a

= −

4πG X
(ρi + 3Pi ).
3

(1.11)

i

From the conservation of energy in the total Universe ∇µ T µν = 0, one obtains
dρ
dt

= −3H(ρ + P),

(1.12)

which tells us that the expansion of the Universe can cause changes in the energy density. It
relates the energy density to the pressure. Such a relation is known as an equation of state
(e.o.s.). It turns out that for all relevant components in the Universe this relation is linear
P = wρ. Matter in the Universe (on large scales) is presureless, so Pm ∼ 0. Therefore ρm ∝ a−3 ,
i.e., the energy density of matter decreases with the scale factor cubed (the comoving volume of
the observable Universe). For radiation we know the equation of state equals P = ρr /3, which
tells us that ρr ∝ a−4 . The number density of photons decreases with the scale volume of the
Universe (a−3 ). Meanwhile they are also redshifted as the Universe expands, adding a factor
of 1/a. For a cosmological constant, the argument can be reversed. Given that its contribution
should remain constant (ρΛ = constant) as the Universe expands we obtain PΛ = −ρΛ , a
cosmological constant Λ has negative equation of state. Were the Friedmann equations to hold,
then the energy density needs to be positive. Therefore, a negative equation of state in a FRLW
implies a negative pressure P. This assures that the expansion does not require any energy
and the total energy increases as long as the volume increases, maintaining a constant energy
density.
One can measure the energy density of components that dominate the Universe today and
those measurements suggest the Universe is currently dominated by a cosmological constant
(ΩΛ ∼ 0.73). The energy density of Λ is referred to as dark energy; it does not interact with
light, it dominates the total energy density, and its absolute contribution to the total energy
density does not change as the Universe expands. Most of the additional energy density in
the Universe is not coming from baryonic matter either, but from a component that must
have decoupled earlier in the history in the Universe. This can be derived from observations
of structure formation as well as the CMB, which show that ordinary matter alone can not
account for the observed gravitational potentials (they are too deep, given the Hubble time).
Observed velocity dispersion of clusters (Zwicky 1933, 1937) and rotational curves of galaxies
(Rubin et al. 1980) were in fact the first indication that some form of unobserved matter must
exist. Any candidate matter is at most weakly coupled to particles from the Standard model
and should predominantly interact gravitationally. Usually this matter is referred to as dark
5
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Figure 1.2: The current distributions of the energy density in the Universe (right) compared to those at
the last scattering surface (left). Today, radiation has completely redshifted away, while dark energy has
emerged as the dominant energy contribution. If the Universe will remain dominated by a cosmological
constant in the near future, the Universe should expand at an increasing rate, diluting both matter and
dark matter, until dark energy completely dominates the energy density.

matter and current measurements estimate its contribution to the total energy density in the
Universe today to be about 23%. Observations also point towards a flat Universe, so the total
energy density Ωtot should be close to 1. The remainder of the Universe (∼ 4.5%) is baryonic
matter, while radiation has completely redshifted away in the current Universe. fig. 1.2 shows
the relative abundance of the constituents of the Universe today compared to those immediately
after last scattering.
The first three parameters of the plain vanilla ΛCDM model are Ωm (matter), Ωdm (dark
matter) and ΩΛ (cosmological constant). In their zero order form, they describe the homogeneous, isotropic dynamic evolution of the Universe. They do not describe local properties,
which drive large scale structure evolution of the Universe triggered by gravitational collapse.
Eventually we want to understand the origin of structure formation, which is dictated by the
amplitude As and scale dependence ns of local variations. These degrees of freedom are the 4th
and 5th parameter of plain vanilla ΛCDM. These parameters are thought to be determined by
a period of rapid expansion in the early Universe, known as inflation, which will be the topic
of the next sections.
6
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1.1.3

Cosmological Conundrums

Although Friedmann and others assumed the Universe was homogeneous and isotropic on large
scales (Mpc) they did not give an explanation of why this should be the case. It was simply
an assumption that made properties calculable. Both the observations of the CMB and Large
Scale Structure (LSS) indicate that this assumption is correct. The Universe appears similar
at any location, and in each direction. However, with the discovery of the CMB this striking
property led to a problem. The issue concerns the causal horizon at the moment of CMB
formation. Although the CMB is isotropic and homogeneous on all scales, knowing the age of
the Universe around CMB formation, the CMB was only causally connected over a distance
of about 380,000 light years. This roughly corresponds to about 1 degree on the current sky.
Therefore, we need to understand how the Universe appears to be in thermal equilibrium on
all (observable) scales. This issue is known as the horizon problem (fig. 1.3) and constitutes
one of several problems.
The measured flatness (k ∼ 0) of the Universe also requires an explanation. We can again
rewrite the Friedmann equation
Ωtot,0 − 1 =

k
,
(aH)2

(1.13)

where on the left hand side we have the total energy density measured today (Ωtot,0 ∼ 1.01 ±
0.02). Using the e.o.s., we can rewrite any energy density as ρ(a) ∝ 1/a3(1+w) and derive a
differential equation of the total energy density as
dΩ
da

= (1 + 3w)

Ω(Ω − 1)
.
a

(1.14)

The solution of this differential equation has three fixed points, Ω = 0, 1, and ∞. The behavior
near these fixed points depends on the sign of 1 + 3w. For much of the its history, the Universe
has been dominated by matter and radiation with w > −1/3. Consequently for a very long
time we have been close to the repelling solution of the Ω = 1 fixed point. This leads us to
conclude that because the Universe is so close to flat today, it must have been even flatter
in the past. This is known as the flatness problem. Note that today we are dominated by a
cosmological constant, for which 1 + 3w < 0, forcing the Universe to become closer to flat over
time.
In addition to the flatness and horizon problem, the Standard Model of particle physics
predicts the production of magnetic monopoles in the early Universe (’t Hooft 1974). These
are unobserved and this is referred to as the monopole problem (Zel’dovich & Khlapov 1978;
Preskill 1979). It must be noted that all these problems are not strict inconsistencies in the
standard cosmological models. In fact, it is possible to remove all these problems by incredible
fine-tuning of the initial conditions, but for most of us this seems rather unsatisfactory. In the
early 1980’s, Alan Guth proposed a physical mechanism that could solve all these problems at
once, and which removes the need for fine-tuning the initial conditions.
7
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Figure 1.3: Some of the modes we can distinguish in the CMB today only entered our horizon very
recently (dashed line). Surprisingly, this causally disconnected region (the CMB) has temperatures that
differ from each other by only 1 part in 100000.

1.1.4

Cosmological Inflation

Consider the radial null geodesics in a flat FRWL metric
ds2 = dt2 − a(t)2 dr2 ≡ 0 → dr = ±

dt
≡ dτ.
a(t)

(1.15)

One can define the comoving horizon τ as the maximum distance a light ray can have travel
between t = 0 and time t
τ

≡

Z
0

t

dt0
=
a(t0 )
8

Z
0

a

da0
1
.
0
0
a a H(a0 )

(1.16)
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Note that this is equivalent to conformal time5 , which is usually denoted with η. The comoving
horizon is the logarithmic integral over the comoving Hubble radius6 1/aH. In both a matter
(MD) and a radiation dominated (RD) universe, 1/aH grows with time, and consequently, the
comoving horizon grows with time, i.e., τ ∝ a (RD) and τ ∝ a1/2 (MD). The comoving horizon
grows monotonically with time in an expanding universe, which implies that comoving scales
entering the horizon today have been far outside the horizon around last scattering (the horizon
problem). By construction, particles separated by τ can never have been in causal contact (light
could not bridge this distance within a time interval since t = 0), while particles separated by
a distance > 1/aH are not in casual contact now. It is possible that τ is much larger than
the comoving Hubble horizon today, but at some earlier time it was not, i.e., particles could
have been in causal contact in the past, while today they appear to be outside each other’s
(causal) horizon. If somehow the comoving Hubble radius was much larger in the past, τ could
have received most of its contribution from early times. We know that the comoving Hubble
radius grows within a matter or radiation dominated Universe, therefore within those era’s
most of τ contribution comes from late times when 1/aH is largest. Consequently, if τ received
most of its contribution from early times, not only does 1/aH need to be large, it also requires
1/aH to decrease rapidly after, in order to avoid receiving even larger contributions at late
times. The comoving Hubble radius should have decreased, transforming previously causally
disconnected regions into causally connected regions. A decreasing comoving Hubble radius
requires an increase of aH
 
d
d da
d2 a
[aH] =
= 2 > 0.
(1.17)
dt
dt dt
dt
Therefore, to solve the horizon problem the Universe needs to grow with an accelerating rate;
in other words the Universe needs to inflate! It is not hard to show that this translates into the
condition P < −ρ/3, which is satisfied when 1 + 3w < 0. As long as w > −1/3 the comoving
Hubble radius grows with time, and we can not solve the horizon problem. Guth (1981) showed
that if the Universe was dominated by something that had an e.o.s. with w < −1/3, for example
a cosmological constant, you could ignite a period of accelerated expansion. This allows for
a causally connected region in the Universe at early times to cover a causally disconnected
region (volume) at later times. A (scalar) field configuration with w < −1/3 requires small
kinetic energy compared to its potential energy. In the following years Linde (1982) (and
independently Albrecht & Steinhardt (1982a)) quickly realized that this requires a very flat
potential of the inflaton candidate, the scalar particle making up the field driving inflation.
As such, the inflaton would slowly roll down its potential, causing the Hubble rate to become
5
A spacetime is conformally flat if in some coordinates its metric is gµν = Ω2 (x)ηµν , where ηµν is the flat
Minkowski metric, with signature − + ++ and Ω2 (x) 6= 0 some function. These spacetimes can be mapped to
the flat spacetime by some conformal transformation. Clearly in the metric of eq. (1.15), Ω2 = a2 . If a field
theory is conformally invariant, this transformation reduces the minimally coupled action to that of a field in
the flat Minkowski spacetime. In effect, a conformal field in a conformally flat spacetime is totally decoupled
from gravity.
6
As opposed to the Hubble radius 1/H which is a fixed quantity at time t. Allowing a particle to travel with
the speed of light from one end to the other spanned by the Hubble radius, does not take into account that the
Universe grows as time evolves and the particle makes its way through the universe. The comoving distance
does. Therefore, this is the correct property to consider when discussing causality in the an expanding universe.
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practically constant, while any causal region quickly expands beyond the horizon and creates
a super horizon region that appears causally connected at late times. Linde also realized that
if such a period of inflation would last long enough it could solve the flatness problem (recall
eq. (1.14)). In addition, monopoles could have become so diffuse they remain unobserved.
One can quantify the relative expansion of the Universe during a period of inflation using N
Z
N =
Hdt.
(1.18)
The background temperature of the CMB decreases as 1/a and today T ∼ 2.7 K ∼ 2.4 ×
10−4 eV, while the energy scale of inflation corresponds to T ∼ 1015 GeV. Therefore we can
derive that ae ' 10−28 around the beginning of inflation. Consequently to solve the horizon
and flatness problem N ∼ 55; the Universe needs to grow by a factor of 55 e-folds (which
depends on the scale of inflation), where we assumed that after inflation the Universe grows
around 10 e-folds. On the other hand, we know that the Universe at some point returned to
its usual expansion, in which matter and radiation became the dominant components in the
Universe (up to z ∼ 1). Therefore inflation needs to end and the energy density of the dominant
component needs to decay into other degrees of freedom. The inflaton needs to roll down its
potential until it reaches the lowest energy state (originally referred to as the ‘true’ vacuum, as
opposed to the excited ‘false’ vacuum (Guth 1981)) after which the inflaton degrees of freedom
are transferred through inflaton decay into matter and radiation. Such a transition is usually
referred to as the process of reheating (Albrecht & Steinhardt 1982b). You could consider this
transition of inflatons into matter and radiation the start of a ‘classic’ Big Bang beginning of
the Universe’s evolution.
In the years following it was realized that inflation could also produce the seeds of structure
formation (Mukhanov & Chibisov 1981; Starobinsky 1982; Albrecht & Steinhardt 1982a; Guth
& Pi 1982; Hawking 1982a,b; Bardeen et al. 1983). It was argued that in a realistic model
of inflation, not all regions would inflate equally, since inflation is driven by local fluctuations
in the inflaton field. The fluctuations in the scale factor growth δa during inflation lead to
density fluctuations after reheating, as δa/a ∝ δρ/ρ when a given momentum scale crosses the
horizon. Quantum fluctuations in the vacuum are therefore the source of fluctuations in the
energy density fields of radiation and matter. Once the inflaton has decayed these fluctuations
will be the source of temperature anisotropies in the CMB and density differences in the
observed LSS. This is a remarkable prediction of inflation, unforeseen at the time Guth first
formulated his theory. Interestingly, these predictions exactly matched those made years earlier
by Harrison (1970) and Zel’dovich (1972). They argued an initial scale invariant spectrum
of scalar perturbations was required to account for the observed cosmological fluctuations,
which is the reason such a spectrum of fluctuations is ofter referred to as a Harrison-Zel’dovich
spectrum (also see Peebles & Yu (1970) and Sunyaev (1978)). The associated power spectrum
of primordial quantum fluctuations at horizon crossing is relevant for all the late time density
distributions, in particular the CMB anisotropy spectrum. The 4th and 5th parameter of
ΛCDM define this primordial power spectrum via P (k) ∝ As k ns −1 , where k is the comoving
momentum k = ap. A non-zero ns − 1 represents the first order deviation from scale invariance.
For a constant Hubble rate during inflation, ns = 1 and all scales have the same power As .
Since inflation has to end, Ḣ ∝ , where  is a very small number that defines the slope of
10
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the inflaton potential. In the next paragraph we will derive the primordial power spectrum for
the simplest model of inflation, which its governed by the slow-roll parameters. This type of
inflation is known as single-field slow-roll inflation.

1.1.5

Slow-Roll Inflation

If inflation is driven by a single canonical scalar field φ, one can write down the minimally
coupled action for the inflaton field
Z
√
1
S =
d4 x −g [gµν φ,µ φ,ν − 2V (φ)] .
(1.19)
2
Here the potential is unspecified, but we will later see that the slow-roll condition requires
V 0 (φ)  1 and V 00 (φ)  1, where 0 denote derivatives with respect to the homogeneous part
of the field φ, φ(0) . Let us first consider the zero order free field. We can derive the equation
of motion by varying the action
φ̈(0) + 3H(t)φ̇(0) + V 0 = 0.

(1.20)

In addition, by deriving the energy-momentum tensor from (1.19) through Tαβ ∝ δS/δg αβ and
realizing T00 = −ρ we obtain an expression for the energy density of the scalar field
ρ(φ) ∼

1  (0) 2
φ̇
+ V (φ).
2

Inserting this back into the Friedman equation (eq. (1.5)) we obtain


8πG 1  (0) 2
2
H =
φ̇
+ V (φ) .
3
2

(1.21)

(1.22)

The requirement that the P > ρ implies (φ̇(0) )2  V (φ) (φ should practically be constant
during inflation) and therefore
8πG
V (φ),
3
' −V 0 (φ).

H2 =
3H φ̇(0)

(1.23)
(1.24)

We can use (1.23) to equate the derivative of the potential with respect to the zero order field
φ(0)
6 H Ḣ
.
8πG φ̇(0)

V 0 (φ) =

(1.25)

The condition (φ̇(0) )2  V (φ) translates to
H2 
11

V 02
.
V

(1.26)
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The change in the Hubble rate should be small during inflation and we can define a slow-roll
parameter 
 = −Ḣ/H 2 ,

(1.27)

which can be rewritten in terms of potential derivatives using eq. (1.23) and eq. (1.25)
 0 2
1
V
 =
 1.
(1.28)
16πG V
Additionally, the slow-roll requirement puts a constraint on the second derivative of the potential φ̈(0)  V (φ) → V 00  H 2 . This requirement is necessary in order for of the potential to
remain flat for at least 55 e-folds. The second slow roll parameter η (not to be confused with
conformal time) is given by
η =

1 V 00
 1.
8πG V

(1.29)

The slow-roll parameters govern slow roll inflation; they are small for as long as inflation lasts.
Inflation ends as soon as the slow-roll conditions are violated, and kinetic potential of the
inflaton is transferred to other degrees of freedom (reheating), populating the Universe with
the particles we observe today.
We can rewrite equation (1.18) as
Z
Z
Z φe
dφ
H
1
√ ,
N = Hdt =
(1.30)
dφ = √
2

2Mp φi
φ̇
where we used Mp2 = (8πG)−1 , with Mp the reduced planck mass. The integral runs from the
beginning of inflation to the end of inflation. It shows that the number of e-folds is directly
proportional to the inverse of the square root of slow-roll parameter, emphasizing that the
number of e-folds increases as the potential gets flatter or as inflation lasts longer.

1.1.6

The Primordial Power Spectrum

So far we have only considered the zero order component φ(0) of the inflaton field. The next
step is to consider perturbations that allow for small spatial variations in the field
φ(~x, t) = φ(0) (t) + δφ(~x, t).

(1.31)

Perturbations in the inflaton field will induce perturbations in the metric. One can introduce
a gauge invariant7 variable
ζ =ψ−

H
δφ,
˙
φ(0)

7

(1.32)

Note that only gauge invariant quantities have an inherent physical meaning. Gauge dependent quantities
have a physical meaning only to the extent that, in a particular gauge, they can be identified with a gauge
independent quantity either exactly or approximately.
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where ψ represents the scalar perturbations in the metric. One can fix a gauge such that
the perturbations in the inflaton field, δφ, are completely decoupled from those in the metric.
This gauge is known as the comoving gauge, and is a good choice when computing primordial
quantities as we are free to set the perturbations to the field to zero, since they will not effect
the equation of motion of the metric perturbation. ζ can be related to Bardeen’s curvature
perturbation Φ = −ψ in the matter dominated era (CMB formation and observation) by
ζ = − 35 Φ. At late times, ζ can be related to an observable ∆T /T = 15 ζ. This identification
allows one to compare the theoretically predicted power spectrum of inflaton fluctuations with
the observed late time spectrum of temperature fluctuations.
An elegant approach to deriving the perturbed equations of motion is the so called ADM
formalism (after R. Arnowitt, S. Deser, and W. Misner (1964)). The formalism is also known
as spacetime splitting. The ADM metric is given by
ds2 = −N 2 dt2 + hij (dxi + N i dt)(dxj + N j dt).

(1.33)

In this representation hij is the three-dimensional metric on slices of constant time t. The
lapse function N and shift vector N i relate the different coordinates from one slice to another.
They satisfy algebraic constraints that can be substituted back into the action to derive the
action for the dynamical variable hij . From here on we will drop the (0) superscript from the
homogeneous part of the field φ.
Considering only scalar perturbations, the spatial part of the metric in the comoving gauge
is given by
hij = a2 e2ζ δij .

(1.34)

If we expand the exponential to lowest order in ζ we obtain hij = a2 (1 + 2ζ)δij . An advantage
of this gauge is that ζ will remain constant outside of the horizon, so we only need to compute
the dynamics up to horizon crossing (when the power spectrum, or higher order spectra, are
frozen).
The indices on the shift vector can be raised and lowered using the metric (eq. (1.34)).
Rewriting the scalar field action (eq. 1.19) using this metric we obtain
Z
√ 
1
S =
d4 x h N R(3) − 2N V (φ) − N (K 2 − Kij K ij )+
2
!
˙
∂φ
N −1 (
− N i φ,i )2 − N hij φ,i φ0 j ,
(1.35)
∂t
with Kij the extrinsic curvature
Kij

=


1 −1 0
N
hij − (Di Nj + Dj Ni ) ,
2

(1.36)

and K = K ii = hij Kij . The Di represent the covariant derivative on the three-dimensional
subspace with metric hij . In the comoving gauge δφ is zero, i.e., φ does not depend on its
spatial position, thus all derivatives w.r.t. spatial component vanish. The expression above is
valid in any gauge.
13
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We aim to determine the equations of motion for N and N i and solve these equations in the
special case of a comoving gauge. Inserting the solutions back into the action, should give us
the action for the scalar perturbation parameter ζ, which in turn should give us the equation
of motion for ζ.
The equations of motion can be obtained if we vary the action with respect to either N or
i
N . First, varying the action with respect to N gives the Hamiltonian constraint
 2
∂φ
δL = R(3) − 2V (φ) − (K 2 − Kij K ij ) − N −2
= 0.
(1.37)
∂t
Varying the action with respect to the shift vector and neglecting terms of O((δNi )2 ) and higher
we derive an additional constraint


Di K ij − δ ij K = 0.
(1.38)
We can solve these differential equations to sufficient order in N and Ni (Maldacena 2003;
Chen et al. 2007), insert these back into the action and obtain a perturbed action in terms of
the curvature ζ.
Generally it suffices to compute N only up to order n − 2 to obtain the nth order action of ζ
(see for example Chen et al. (2007)). We are interested in the perturbed action up to secondorder (as required for the power spectrum, the 2-point correlation function) in ζ. Therefore
we have to insert the first order expressions for N and Ni in terms of ζ (not given) into the
action of eq. (1.35), with δφ = 0. By construction, the three dimensional Ricci scalar R(3) , is
independent of N and N i and given by

R(3) = a−2 e−2ζ −4δ 2 ζ − 2(δζ)2 .
(1.39)
∂ represents the √
partial derivative in the spatial direction. This term is valid up to all orders in
ζ. Furthermore h = a3 e3ζ , and hik hjm = δi j . Setting Mp = 1 we can write a = eρ , with ρ the
familiar energy density of the Universe (here H = ρ̇). Consequently we find ḣij = (2ρ̇ + 2ζ̇)hij
and K ij = hik hjm Kkm . Using these expressions we evaluate Kij K ij and K 2 in terms of the ζ,
which leads to the following perturbed action
"
Z
ζ̇
1
4
d x eρ+ζ (1 + )(−4∆ζ − 2(∂ζ)2 − 2V e2ρ+2ζ )
S =
2
ρ̇

 2
1
∂φ 
(−6(ρ̇ + ζ̇)2 +
.
(1.40)
+e3ρ+3ζ
ζ̇
∂t
1+
ρ̇

We expand each exponential up to appropriate powers of ζ (being maximally quadratic).
Rewriting this action using the background equation of motion (e.o.m.) yields
Z
 Z


2 
1
(2)
3 φ̇
3ρ 2
ρ
2
S
=
dtd x 02 e ζ̇ − e (∂ζ) = dtd3 x a3 ζ̇ 2 − a(∂ζ)2 ,
(1.41)
2
ρ
where the superscript

(2)

denotes second order in ζ.
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In units of conformal time (dt = adη) the action reads
Z


(2)
S = d3 xdηa2 ζ̇ 2 − (∂ζ)2 .

(1.42)

Note that overdots now represent derivatives with respect to conformal time. Varying this
action and Fourier transforming to decompose the perturbations into momentum modes gives
us the equation of motion for ζ
ζ̈~k +

1 d 2
(a )ζ̇~k + k 2 ζ~k = 0.
a2  dη

We can slightly simplify this equation if we define the following transformations
√
v~k ≡ zζ~k ,
z ≡ a ,

(1.43)

(1.44)

and the e.o.m. for v becomes
z̈
v̈~k + k −
z


2



v~k = 0.

To leading order z̈/z = 2a2 H 2 (1 + O()) and the e.o.m. further reduces to

v̈~k + k 2 − 2a2 H 2 v~k = 0.

(1.45)

(1.46)

This tells us that one can distinguish three different regimes. A wave with wavenumber k has
physical momentum p = a(η)k, while the comoving wavelength λc ∼ k −1 (give or take a factor
of 2π) and the physical wavelength λp = a(η)λc . We can thus write
k|η| ∼

1 1
H −1
=
.
λc aH
λp

(1.47)

This gives us a clear picture of the physical interpretation of k|η|.
The first regime corresponds to k  aH or k|η|  1, for which eq. (1.46) reduces to a
harmonic oscillator equation. The modes that oscillate are the modes that are much shorter
than the Hubble horizon. These modes are known as subhorizon modes.
The second extreme is when k  aH or k|η|  1. The solution to the differential equation is
then proportional to 1/|η|. For these superhorizon modes, the physical wavelength λp stretches
far beyond the Hubble horizon (1/H). All modes with comoving wavenumber k are subhorizon
at early times, i.e., the modes are all well within the horizon for large |η|. As time evolves,
however, (in de Sitter space) the absolute value of η decreases and consequently each mode
will become superhorizon at late times. We can identify this moment of horizon crossing as
the moment at which the physical wavelength equals the Hubble horizon, i.e., at k|ηk | = 1
(which is equivalent to k = aH at the end of inflation). This signifies the transition between
an oscillating and a comoving mode and corresponds to the third regime.
Together with the appropriate initial conditions we can now deduce the solution to the e.o.m.


e−ikη
i
v~k (η) = √
1−
,
(1.48)
kη
4k
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which immediately relates to a solution for the mode function ζ
iHe−ikη
ζ~k (η) = ζk (η) = √
(1 + ikη) .
4k 3

(1.49)

This is the classical solution, of the classical equation of motion. Before we can determine the
primordial power spectrum, we need to quantize the theory by writing the operator ζ in terms
of creation and annihilation operators
ζ̂~k = ζ~k (η)â~† + ζ~k∗ (η)â−~k ,

(1.50)

k

with the usual commutation relations between the creation and annihilation operators â~† and
k
â−~k . The power spectrum is given by the 2-point correlation function
hζk~1 ζk~2 i = δ 3 (k~1 + k~2 )|ζkclassic (η)|2 ≡ (2π)2 P (k)δ 3 (k~1 + k~2 )

(1.51)

Therefore the power spectrum at horizon crossing is given by
Pζ (k) =

1
H2
1
2
|ζ
(η)|
=
k
(2π)2
8π 2 k 3 MP2 

.

(1.52)

k=aH

In app. A we explicitly show that ζ is constant outside the horizon.
The scale dependence of the primordial power spectrum is defined as
ns − 1 =

d log k 3 Pζ (k)
.
d log k

(1.53)

For single field slow-roll we find that at horizon crossing ns − 1 = 6 + 2η. Therefore, a slowroll potential will result in an almost scale invariant spectrum. All scale dependence is due
to a small deviation from pure de Sitter (for which H is a constant). The primordial power
spectrum is only a function of scale (k ns −1 ) and of has an overall amplitude (As ), hence the
fact that these are the 4th and the 5th parameters in the plain vanilla ΛCDM model. In order
to relate observation with theory (more on that in the next paragraph), we have to identify a
pivot scale k∗


1
H∗2
k∗ ns −1
Pζ (k) =
.
(1.54)
8π 2 MP2 k 3 ∗ aH∗
The choice of k∗ determines the normalization of the power spectrum, and thereby the value
of the constraint amplitude As , the WMAP collaboration uses k∗ = 0.002Mpc−1 .
Similarly, one can derive a power spectrum for the tensor perturbations hij . The resulting
spectrum is given by


2H∗2
k∗ nt
,
(1.55)
Ph (k) =
π 2 MP2 k 3 aH∗
where nt = −2. For single field slow-roll we expect the tensor spectrum to be suppressed as
Pζ /Ph ∼ 16. Measuring this ratio, known as r, is sometimes called the holy grail of cosmology.
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The reason is that a measurement of r puts a constraint on the (energy) scale of inflation. The
constraint on the potential as a function of  becomes
V

' 1067 (GeV)4 .

(1.56)

In the next paragraph we will discuss how primordial conditions seed the temperature anisotropy
spectrum of the CMB.

1.1.7

Connecting Theory with Observation

The final step in this section is to relate primordial fluctuations to those at late times. So
far we have explained how the components in the Universe ((dark) matter, radiation and a
cosmological constant) govern the evolution of the Universe. This evolution does not depend
on local variations and can simply be derived from the assumption that Universe is homogeneous
and isotropic. To understand the level of inhomogeneity and anisotropy in the Universe requires
us to understand the evolution of small perturbations in the initial conditions. Inflation has
been proposed as a source of small anisotropies; it provides the conditions to produce an almost
scale invariant spectrum of inflaton fluctuations. These inflaton fluctuations δφ are the source
of fluctuations in the metric ψ, which couple to the content of the Universe δρm , and eventually
the temperature fluctuations ∆T
δφ → ψ → δρ → ∆T.

(1.57)

The equations controlling the evolution of these perturbations are the Einstein equations, which
relate perturbations in the metric to local variations in the energy density. A set of Boltzmann
equations tell us how various components interact. For example, in the early Universe the photons are tightly coupled to electrons through Compton scattering, while protons and electrons
are coupled through Coulomb scattering. Neutrinos and dark matter in their turn are only
coupled to the other species through the metric (the Einstein equations). The Boltzmann and
Einstein equations together form a set of coupled differential equations to be solved numerically8 . Deriving this set of differential equations and solving them in terms of the late time
perturbation spectra, is beyond the scope of this thesis. Here we will simply show the results.
Fortunately, most of the physics can be contained in a single (set of) function(s). This function
is known as transfer function and relates the primordial perturbation spectrum to the late time
observed spectrum. For example, for radiation one can derive the photon transfer function,
while for matter one can derive the matter transfer function containing much of the physics
relevant between the observer today and the moment of horizon crossing (CMB formation).
Before we write down the relation between the primordial power spectrum and the late time
spectra, let us first introduce the observed power spectrum of temperature fluctuations, the
CMB power spectrum.
8

There is much excellent literature, explaining in detail the derivation of these equations. Liddle & Lyth
(2000); Dodelson (2003); Mukhanov (2005) and Durrer (2008) all have written excellent textbooks on modern
cosmology in the last decade. In certain limits, there exist analytical solutions to the set of coupled differential
equations. See, e.g., Hu & Sugiyama (1994).
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We are interested in the n-point correlation statistics of temperature fluctuations in the CMB
h∆T (n̂1 )∆T (n̂2 )∆T (n̂3 )....∆T (n̂n )i,

(1.58)

a statistic describing the clustering patterns of temperature fluctuations in the CMB sky. The
brackets “h” and “i” denote the ensemble average over many universes and the n̂ are unit
vectors in the sky. The real space correlation function is not particularly useful, because
data points in the correlation function at different angular scales are generally correlated. For
example, the 2-point correlation function at 1 degree is correlated with that at 2 degrees. A
more practical way to handle statistical ensembles, is to decompose the fluctuations into a sum
over functions that form an orthonormal basis on the sphere. The transformation is known
as a spherical harmonic transformation, and the space is referred to as multipole space. The
spherical harmonic functions Ylm (n̂) form a set of orthonormal functions
Z
dΩYlm (n̂)Yl∗0 m0 (n̂) = δll0 δmm0 .
(1.59)
To work in multipole space we need to harmonically transform the temperature fluctuation
∆T (n̂)
∆T (n̂) =

X m=l
X
l

alm Ylm (n̂).

(1.60)

m=−l

The alm are complex coefficients for all m 6= 0. However, the reality condition of the T (n̂)
tells us that a∗lm = (−1)−m al−m , and therefore the number of independent modes is reduced to
2l + 1. Computing the n-point correlation function now becomes equivalent to computing the
angular n-point harmonic spectrum
hal1 m1 al2 m2 ...aln mn i.

(1.61)

Since we can only observe one Universe, we are only able to observe one single realization and
we will not be able to take the ensemble average. The resulting measure is very noisy and we
should find a way to average this measure to reduce the noise. Fortunately, isotropy of the
CMB sky translates into statistical isotropy or rotational invariance of the alm . This allows us
to average over the azimuthal direction m, with an appropriate weight (Hu 2001). The advantage of spherical harmonic space now becomes apparent, as the (Wigner) rotation operator
D working on the spherical harmonic functions Ylm is a linear operator in this representation,
only transforming the azimuthal direction m
X (l)
DYlm (n̂) =
Dmm0 Ylm0 (n̂).
(1.62)
m0

After applying the requirement of rotational invariance
X
(l )
(l )∗
hal1 m1 a∗l0 m0 i =
hal1 m01 a∗l2 m0 iDm10 m1 Dm20 m2 ,
2

2

2

m1 m02
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we derive a rotational invariant representation of the angular power spectrum, the Cl , of which
the optimal estimator is given by
Cl =

l
X
1
alm a∗lm .
2l + 1

(1.64)

m=−l

This is known as the CMB power spectrum. The power spectrum highlights characteristic
structures on the sky at a given angular scale. Note that non-uniform noise renders the alm
inhomogeneous and anisotropic. For example, the scanning pattern of the CMB with the
WMAP satellite is not uniform, causing the observed map to have non-uniform noise. Such
noise needs to be removed before one can extract the true Cl from the data.
The observed power spectrum Cl is matched with the theoretical power spectrum. The
variance of the Cl , or the covariance matrix hCl Cl0 i − hCl ihCl0 i is used to search for the best fit
of the data on theoretically computed spectra. The covariance matrix tells us how two different
variables in the model change together. The best fit is determined as a probability through the
likelihood function: Given the data and given a cosmological model, what is the most likely
value of the parameters given a prior estimate of the parameters?
P (Θi |D) =

P (D|M (Θi ))P (Θi )
.
P (M )

(1.65)

Here D represent the data, Θi are a set of parameters describing a model M . P (Θi ) describes
the parameter priors , while P (D|M (Θi ), the probability of the measured data given the model
M with parameters Θi , is known as the Likelihood function L. For the CMB this translated
to (Verde et al. 2003)
P (Θi |Cˆl ) = L(Cˆl |Clth (Θi ))P (Θi ),

(1.66)

where Cˆl is the best estimator of the true9 Cl , while Clth is the model predicted value of the power
spectrum, given the parameters Θi . The likelihood function L will depend on the characteristics
of the experiment, the skycut (e.g. due to the presence of foregrounds) and on the statistical
properties of the data (e.g. Gaussianity and isotropy). For the WMAP data the likelihood
can be computed using a code provided by the WMAP collaboration, of which the details are
beyond the scope of this thesis.
We are interested in assessing the posterior probability of several (model) parameter values
given the data, P (Θi |D). If we know little about the model parameters and their probability,
we would be required to compute the probability, and thus the likelihood, of every point in
parameter space. Even if we were fortunate enough to have priors on all parameters, it would
still take a long time to compute the multi-dimensional likelihood, if we have a large number of
parameters in our model. To address this problem in Cosmology (e.g., at least 6 parameters for
ΛCDM), one usually runs a so-called Markov Chain Monte Carlo (MCMC) to scan the multidimensional likelihood. This process stochastically determines the posterior distribution of the
parameters given the data. It does so by randomly sampling the likelihood values in parameter
9

Here Cl = l(l + 1)Cl /2π.
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space rather than on a grid, as follows: Using prior probabilities on a set of parameters, we
pick a random parameter vector Θji (where the index i labels the parameters within the vector
and other index, j, labels successive parameter vectors (‘samples’) in the series). For j = 1,
we simply pick a sample and compute its likelihood, L1 . Now we pick a next candidate sample
by choosing another random parameter vector from the prior probability distribution and
evaluating its likelihood, L2 . We now calculate the likelihood ratio L2 /L1 and determine based
on this whether to keep the new candidate sample for the posterior distribution. The selection
could be quite simple (if L2 > L2 keep it, otherwise don’t), but generally it is also probabilistic:
even if the new likelihood L2 is smaller than L1 there is small chance to accept this new vector.
This generally pushes the set of samples towards higher likelihood, but without the risk of
accepting no further samples if we hit a very high L early on, thereby avoiding recovering only
part of the posterior distribution. If we accept the sample, we have found Θ2i . To address a
probability to the vector sample Θ2i we count (multiplicity m) how often subsequent proposal
samples are rejected based on the rejection criterion. Eventually, we form a chain of samples,
each with multiplicity m, reflecting the probability of that particular set of parameter values,
as apposed to all other samples. Because this method is probabilistic it allows the chain to
find the posterior distribution much more efficient than a grid search. To establish whether we
have used a long enough chain to have converged to a static posterior distribution of a given
parameter, we can compare parallel chains to each other for statistical agreement. One method
of doing so is the so-called Gelman & Rubin (1992) criterion, which will be discussed when we
use the MCMC method in ch. 6.
To run an MCMC one has to compare theoretical power spectra, with the data. The theoretical spectra can be computed using a numerical code (e.g. CAMB (Lewis et al. 2000) or
CMBFAST (Seljak & Zaldarriaga 1996)) that computes the transfer functions for a given
cosmological model, with set parameter values. The last and 6th parameter in plain vanilla
ΛCDM is a parameter that is of importance to the transfer function: the reionization optical
depth τrei has an effect on the observed free streaming photons between last scattering surface
and the observer. After recombination, electrons have recombined with protons to form neutral
hydrogen, the Universe becomes transparent and photons can free stream over a distance of
at least a Hubble radius. However, before the average baryon density has diffused sufficiently
stellar objects are formed, due to the gravitational collapse of over-densities, . These first stars
(population III) reionize the surrounding hydrogen. Current estimates are that the first stars
started reionizing the inter galactic medium (IGM) around a redshift of 10. The ionization
was presumably completed around z = 6 (Komatsu et al. 2011). Note that the IGM, despite
being completely ionized, is still optically thin since the number density of free electrons is low.
The effect of a reionized IGM is to cause Thomson scattering of photons on electrons. This
causes small scale primordial anisotropies to be erased, since it affects only those scales that
are subhorizon when reionization starts. It turns out that τrei ∼ 0.1 so about 10% of the total
number of CMB photons observed has been affected.
The theoretical Cl can be computed from
Z ∞
18
Cl =
k 2 dkPζ (k)∆2l (k).
(1.67)
25π 0
Here ∆l (k) is the photon transfer function. For large scales (superhorizon after CMB formation,
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Figure 1.4: The binned WMAP 7-year temperature power spectrum (Larson et al. 2010), along with
the temperature power spectra from the ACBAR (Reichardt et al. 2009) and QUaD (Brown et al. 2009)
experiments. The ACBAR and QUaD are only shown at l ≥ 690, where the errors in the WMAP power
spectrum are dominated by (systematic) noise. The solid line shows the best-fitting 6-parameter flat
ΛCDM model to the WMAP data alone.

i.e., l  200 ∼ 10 ) the transfer function is not affected by the Boltzmann equations, since
these scale modes are not in causal contact, and can certainly not be affected by scattering
processes. These scales are dictated by geometry only and the resulting transfer function
∆l (k) ' jl (k∆η∗ ). Here jl is a spherical Bessel function and ∆η∗ is the look back radius
to the last scattering surface, i.e., ∆η∗ = |η∗ − η0 | with η∗ the conformal time at the last
scattering surface. For these scales the integral above can be computed analytically. One finds
Cl ∝ 1/l(l + 1), which is the reason that one usually plots l(l + 1)Cl as this approximately
renders the low l spectrum constant.
This concludes the discussion of the plain vanilla ΛCDM model. In fig. 1.4 the best fit
power spectrum to the WMAP7 data is shown (Larson et al. 2010) in addition to small scale
experimental data from ACBAR (Reichardt et al. 2009) and QUad (Brown et al. 2009). Table
1.1 shows a result of the 6 parameter values Ωb , Ωc , ΩΛ , ns , As (or ∆2R ) and τrei . Constraints
from WMAP data can be combined with an independent measurement of the Hubble constant
H0 through Cepheid variables (Riess et al. 2009). Using the Sloan digital sky survey (SDSS)
one can measure the baryonic acoustic oscillations in the matter power spectrum. This measurement of the apparent size of the BAO leads to a measurement of the Hubble constant and
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the angular diameter distance (Reid et al. 2009) to the last scattering surface. The addition of
these data sets to WMAP data leads to improved constraints (tighter bounds) on the parameters, as shown in the 3th and 4th column of table 1.1. Besides WMAP and Cobe, ground and
balloon based (BOOMerANG; (Mauskopf 2000; Melchiorri 2000), MAXIMA; (Hanany 2000))
experiments, have measured CMB small scale anisotropy, confirming the Universe has evolved
from a hot dense plasma (baryon-photon fluid) with nearly scale invariant initial conditions
and currently dominated by a cosmological constant component. The constraints from WMAP
and the small angular scale (ground based) CMB experiments ACT (Dunkley et al. 2010) and
QUAD (Brown et al. 2009) are shown in the last column of table 1.1.
Parameter
Ωb
Ωc
ΩΛ
ns
∆2R
τ

WMAP
0.0449 ± 0.0028
0.222 ± 0.026
0.734 ± 0.029
0.963 ± 0.014
(2.43 ± 0.11) × 10−9
0.088 ± 0.015

WMAP+H0
0.0462 ± 0.0018
0.233 ± 0.016
0.720 ± 0.018
0.96+0.013
−0.012
−9
(2.466+0.092
−0.093 ) × 10
0.086 ± 0.014

WMAP+BAO
0.0438 ± 0.0022
0.210 ± 0.020
0.746 ± 0.022
0.967 ± 0.013
(2.39 ± 0.10) × 10−9
0.090 ± 0.015

WMAP + CMB
0.0443+0.0025
−0.0026
0.218 ± 0.024
0.738+0.027
−0.026
0.962+0.014
−0.013
(2.43 ± 0.11) × 10−9
0.088+0.015
−0.014

Table 1.1: The best fit values of the 6-parameter ΛCDM model, derived from WMAP, WMAP+H0 ,
WMAP+BAO and WMAP + (ACT & QUAD).

Before we continue, let us emphasize the following. Even though this model only counts 6
parameters, there is a lot more physics involved than represented by only those 6 parameters.
For example, the parameters describing ΛCDM do not include the abundance of light elements
or the number of neutrino species10 . Nor does it explain why neutrinos have such a small
mass. These parameters are derived from other observations. In addition, the evolution of the
Universe is derived on the assumption that general relativity is the correct theory of gravity (on
large scales). These are all premises within (a 6 parameter) ΛCDM and the predictions made
in ΛCDM on the observed distribution of temperature fluctuations in the CMB does depend
on those premises and several observed input parameters. GR has thus far withstand several
assays, on all scales (see Reyes et al. (2010) and Will (2001) for a review), and the number of
neutrino species can independently be derived from particle physics experiments. Preferably, in
Bayesian terminology we should consider all models (including those with alternative theories
of gravity for example), marginalize over those models to see what model is the most likely (see,
e.g., Parkinson & Liddle (2010)). In the rest of this thesis we will assume that the premises
of ΛCDM are valid and that several required input parameters are sufficiently accurate. We
will use the 6-parameter ΛCDM as a set framework to which we can add additional degrees of
freedom (such as non-Gaussianities) that extend the theory.

1.2

Primordial Conditions

The 6-parameter ΛCDM is an incredibly elegant picture of the Universe. It describes how the
Universe evolves and allows us to derive the initial conditions through measurements of the
10

Some of these premises can be constrained using the CMB, but in a 6-parameter ΛCDM they are given.
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CMB anisotropy. However, as explained the initial conditions are determined by a limited set
of parameters. For the scalar degrees of freedom, only two parameters are relevant (ns and
As ≡ ∆2R ). If we allow for non-vanishing (observationally and theoretically) tensor degrees of
freedom, we have two additional parameters. From an observational point of view this makes
things very transparent (albeit challenging). There is a large number of theoretical models that
can produce the observed level of scale dependence in the scalar power spectrum. Consequently,
if all there is to measure from the CMB is the power and weak scale dependence of the 2-point
correlation function, it becomes rather difficult to discriminate between different theoretical
proposals, given that these proposals do not make very different predictions. In particular,
it could be of tremendous value if we could extract additional information from the CMB
that could elucidate the exact distribution of initial fluctuations, further probing the physics
of inflation. For example, the scale dependence of the initial power spectrum is a first order
expansion of the primordial power spectrum. We could investigate second order contributions,
that measure the change in scale dependence as a function of scale, known as the running
rs . If inflation is driven by a single field slowly rolling down its potential, its running will be
negligible. On the other hand, running could prove an excellent discriminator between more
exotic inflationary scenarios.
Running could also present itself in features on top of a nearly scale invariant spectrum.
Effectively the running would either be localized (a sharp feature) or oscillating. In this thesis
we will discuss such a running of the power spectrum in ch. 6.
In addition to higher order contributions within the power spectrum, we could also consider
higher order correlation statistics. Instead of only looking at the 2-point correlation function,
correlating two points in the CMB sky, we could consider the 3-point correlation function
(and beyond), which describes the correlation between different points in the sky (forming a
triangle). In spherical harmonics the 3-point correlator becomes the bispectrum and the 4point correlation the trispectrum. Again, for single-field slow-roll inflation such higher order
spectra will be negligible (Maldacena 2003; Acquaviva et al. 2003) as they turn out to be
slow-roll suppressed. Conceptually, this is not hard to understand. Single-field slow-roll is a
free field, only weakly coupled to gravity and it has a very flat potential. This leads to nearly
Gaussian distribution of primordial quantum fluctuations as its action consists of a canonical
kinetic term that drives inflation down this potential. All scale dependence is hidden in the
field slowly rolling down its potential, and therefore any deviations from Gaussianity are due
to slow-roll alone. The bispectrum is a measure of the interacting theory of inflation and
the interaction in single-field slow-roll are proportional to the coupling of the field. Therefore
the bispectrum should be close to zero for single-field slow-roll inflation. In other words, if the
initial distribution of quantum fluctuations is (nearly) Gaussian, all there is to learn about those
initial conditions from the CMB is hidden in the power spectrum. Vice versa, a measurement
of non-Gaussianity (through the bispectrum) would imply single-field slow-roll is excluded and
instead a model including relevant interactions drives inflation. Note that even in such theories
there are often ways to make non-Gaussianity unmeasurably small, but for single-field slow roll
it is impossible to make non-Gaussianity large.
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1.2.1

Non-Gaussianities

Before we can answer what Non-Gaussianity really means in the context of cosmological perturbations, let us briefly introduce the concept of Gaussianity. To understand Gaussianity
we need to define a probability distribution of temperature fluctuations ∆T . The probability
density function, or PDF, P (∆T ) tells us the probability of finding a temperature difference
∆T between pixels in the CMB sky. If the temperature anisotropy is Gaussian the PDF can
be written as (Komatsu 2002, 2010):


X
1
1
P (∆T ) =
exp −
∆Ti (Θ−1 )ij ∆Tj  .
(1.68)
2
(2π)Npix /2 |Θ|1/2
ij

Here ∆Ti = ∆T (n̂i ) and Θij the 2-point correlation function h∆T (n̂i )∆T (n̂j )i (covariance
matrix) of the CMB temperature anisotropy. Npix is the number of pixels in the observed sky
(for WMAP this is about ∼ 3 × 106 , while Planck has about 10 times as many). Converting
this to spherical harmonic space (eq. (1.60)) we obtain
#
"
1 XX ∗
1
−1
(1.69)
exp −
alm (C )lm,l0 m0 al0 m0 .
PG (a) =
2
(2π)Nharm /2 |C|1/2
0
0
lm
lm

Nharm = l(2l + 1) is the number of l and m and Clm,l0 m0 = ha∗lm al0 m0 i. Here a represents the
set of {alm }, and P the probability distribution of that set. For statistically homogeneous and
isotropic alm we can use eq. (1.64) and write
PG (a) =

Y exp[−|alm |2 /2Cl ]
√
.
2πC
l
lm

(1.70)

The probability of finding an alm (in the set a) for Gaussian fluctuations is completely determined by the power spectrum Cl . For non-Gaussian fluctuations this is not the case: the PDF
contains higher-order correlation functions. If non-Gaussianity is weak, and the trispectrum is
small compared to the bispectrum and the power spectrum, one can expand the PDF around
a Gaussian distribution (Taylor & Watts 2001; Komatsu 2010)


1P
−1 )
∗
X
exp[−
1
lm,l0 m0 al0 m0 ]
m
m
m
ll0 mm0 alm (C
2
PN G (a) = 1 −
Bl1 l12 l32 3 ∂al1 m1 ∂al2 m2 ∂al3 m3  ×
.
Nharm /2 |C|1/2
3!
(2π)
lm
i

j

(1.71)
1 m2 m3
Here Blm
≡ hal1 m1 al2 m2 al3 m3 i is known as the angular bispectrum. We can evaluate the
1 l2 l3
derivatives with respect to the alm and obtain


X
Y
1
1 m2 m3
PN G (a) = PG (a) × 1 +
Blm
[ (C −1 a)lk mk − 3(C −1 )l1 m1 ,l2 m2 (C −1 a)l3 m3 ] .
1 l2 l3
6

li mj

k

(1.72)
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PG (a) is the PDF for Gaussian fluctuations given by eq. (1.69). We can use this equation to
1 m2 m3
from the data, as it should maximize this PDF
determine how to optimally estimate Blm
1 l2 l3
(what the most likely B given the data). A common approach is to parametrize the bispectrum
in terms of the angular reduced bispectrum bl1 l2 l3 and an amplitude fNL
X (i) (i)
m1 m2 m3
1 m2 m3
fNL bl1 l2 l3 .
(1.73)
=
G
Blm
l1 l2 l3
1 l2 l3
i

Here Gl1 l2 l3 is the Gaunt integral which constrains the 3 angular and azimuthal (li , mi ) paired
coordinates to construct a triangle. It has the geometric solution
Z
m1 m2 m3
=
d2 n̂Yl1 m1 (n̂)Yl2 m2 (n̂)Yl3 m3 (n̂)
Gl1 l2 l3
r



(2l1 + 1)(2l2 + 1)(2l3 + 1) l1 l2 l3
l1
l2
l3
=
, (1.74)
0 0 0
m1 m2 m3
4π


l1
l2
l3
where
is the Wigner 3j symbol. When computing the bispectrum, such
m1 m2 m3
factors can be precomputed as they are purely geometric and do not depend on the underlying
physics. Maximizing the PDF (eq. 1.72) with respect to fNL yields constraints on the amplitude
of the bispectrum, given a shape of the angular bispectrum bl1 l2 l3 . The optimal estimator
(Komatsu & Spergel 2001; Komatsu et al. 2003, 2005; Creminelli et al. 2007b; Yadav et al.
(i)
2007a,b) is thus obtained by solving d ln PN G /dfNL = 0
X
(i)
fNL =
(F −1 )ij Sj .
(1.75)
j
(i)

with Fij the Fisher matrix of fNL and
1 X m1 m2 m3 i
Si ≡
Gl1 l2 l3
bl1 l2 l3
6
lm


× (C −1 a)l1 m1 (C −1 a)l2 m2 (C −1 a)l3 m3 − 3(C −1 )l1 m1 ,l2 m2 (C −1 a)l3 m3 .

(1.76)

The inverse of the Fisher matrix is the covariance matrix of the various fNL , describing the
relation between two types of non-Gaussianity, i.e.,
(i)

(j)

(i)

(j)

(F −1 )ij = hfNL fNL i − hfNL ihfNL i.

(1.77)

If two measured fNL are completely independent (orthogonal), their Fisher matrix is diagonal
and their covariance is zero, i.e., one is not affected by a change in the other. The 68%
(i)
confidence interval of a measured fNL is given by inverse of the diagonal component of the
Fisher matrix, (F −1 )ii .
Let us define el (n̂) and dll0 (n̂) as
X
el (n̂) ≡
(C −1 a)Ylm (n̂),
(1.78)
m

dll0 (n̂) ≡

X

(C −1 )lm,l0 m0 Ylm (n̂)Yl0 m0 (n̂).

mm0
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Together with the Gaunt integral, Si can now be rewritten as
Z
X (i)
1
bl1 l2 l3 [el1 (n̂)el2 (n̂)el3 (n̂) − 3dl1 l2 (n̂)el3 (n̂)] .
d2 n̂
Si =
6

(1.80)

l1 l2 l3

The explicit form of the Fisher matrix is given by
Fij

=

fsky X X m1 m2 m3 (i)
bl1 l2 l3
Gl1 l2 l3
6
0 0

(1.81)

lm l m

(j)

m0 m0 m03

×(C −1 )l1 m1 ,l10 m01 (C −1 )l2 m2 ,l20 m02 (C −1 )l1 m3 ,l10 m03 bl0 l0 l0 Gl0 l10 l0 2
1 2 3

1 2 3

,

(1.82)

where fsky is the fraction of sky outside a mask applied to the full CMB sky data. A mask
is typically applied to the full sky data, in order to block the galactic foreground, which is
expected to contain significant non primordial non-Gaussianity. If the covariance matrix Cl is
diagonal, (C −1 )lm,l0 m0 = (Cl )−1 δll0 δmm0 and the Fisher matrix reduces to
Fij =

(i)
(j)
b
b
fsky X 2
Il1 l2 l3 l1 l2 l3 l1 l2 l3 ,
6
Cl1 Cl2 Cl3

(1.83)
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If non-Gaussianities are weak and the theoretically predicted bispectra are independent, the
Fisher matrix is diagonal and our best estimator becomes
i
fNL
=

1
fsky

X

Si
.
−1 −1 −1
2
∆l1 l2 l3 bl1 l2 l3 Cl1 Cl2 Cl3 bl1 l2 l3 Il1 l2 l3
1

2≤l3 ≤l2 ≤l1

(1.85)

The summation over the l’s now accounts for symmetry in the 3d multipole matrix through
∆l1 l2 l3 , which is equal to 1 when all l’s are different, 2 if two are the same, and 6 if all are equal.
Si is data driven and depends on the type of non-Gaussianity one is trying to constrain. In
app. B we explicitly derive the optimal estimator for enfolded type non-Gaussianities, inspired
by a template proposed in ch. 2. This estimator is generally referred to as the KSW estimator,
after Komatsu, Spergel and Wandelt who first introduced it.

1.2.2

Primordial Non-Gaussianity

For single-field slow-roll inflation the bispectrum is predicted to be small and likely unobservable
(Maldacena 2003; Acquaviva et al. 2003). In order to produce large, possibly observable, nonGaussianity one should break the conditions that apply to single-field slow-roll inflation:
• Single Field. Inflation is driven by only a single field. The initial conditions are set by
this field alone.
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• Canonical Kinetic Energy. The effective propagation speed of fluctuations in the
inflaton field is equal to the speed of light, i.e., cs = c.
• Slow Roll. The potential of the inflaton is flat enough for the evolution of the inflaton
field to be slow compared to the Hubble time during inflation.
• Initial State. The initial vacuum state is given by the “Bunch Davies” vacuum.
If any of the conditions11 above is broken, the initial distribution of quantum fluctuations can
be significantly non-Gaussian. In this thesis, we will be mostly concerned with the last scenario,
although we will implement this in multiple inflationary models.
Just as the power spectrum, the angular bispectrum can be related to the primordial bispectrum through
  3 Z η0
Z kmax
6
2
bl1 ,l2 ,l3 =
r dr
dk1 dk2 dk3 k12 k22 k32 F (k1 , k2 , k3 ) ×
5π
kmin
η∗
jl1 (k1 r)jl2 (k2 r)jl1 (k2 r)∆l1 (k1 )∆l2 (k2 )∆l3 (k3 ),
(1.86)
with jl the spherical Bessel functions, ∆l the radiation transfer functions and F (k1 , k2 , k3 ) the
primordial shape function defined through the primordial bispectrum
!
X
~ki F (k1 , k2 , k3 ),
hζ~ ζ~ ζ~ i = A · (2π)3 δ
(1.87)
k1 k2 k2

i

Here A is defined (in the comoving gauge) as
3
A = (2π)4 ( fNL )k 6 Pζ2 (k).
5

(1.88)

with Pζ (k) given by eq. (1.52). The amplitude fNL can be considered the equivalent of As in
the primordial power spectrum. The shape F carries two continuous degrees of freedom since
the bispectrum is constrained by two scales (or angles) that vary between kmax an kmin (see
ch. 2 for a breakdown of the degrees of freedom of the primordial bispectrum). The bispectrum
therefore carries significantly more information than the power spectrum alone. This makes the
bispectrum an excellent measure to study different theories of inflation. If the bispectrum is
scale independent, F ∝ k −6 . Like the power spectrum, the bispectrum can be tilted, resulting
in small deviations from this proportionality.
The (connected) bispectrum describes a triangle in comoving momentum k space (as well as
a projected triangle on the CMB sky). The form of the triangle is contained within F , hence the
name shape function12 . Typically, we distinguish three different classes: local, equilateral and
enfolded type non-Gaussianities. The classes represent 3 different triangles shown in fig. 1.5. In
the next paragraphs we will explain how different shapes relate to various cosmological models.
We will introduce the concept of factorizability, which is a condition required to be able to
compute the bispectrum in reasonable times.
11

Non-Einstein gravities is an additional possibility to produce observable levels of non-Gaussianity. We will
not discuss such models here. See, e.g., Chen (2010) for a recent review.
12
Sometimes the shape function is referred to as S = F/(k1 k2 k3 )2 , just as the power spectrum is sometimes
called P 0 = P/k3 .
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Figure 1.5: From left to right: local (squeezed), equilateral and enfolded (squashed) triangle.

1.2.3

Shapes of the Bispectrum

One of the key issues in constraining the bispectrum is the form of eq. (1.86). The computation
of bl1 l2 l3 is numerically challenging. Generally, the primordial shape F can be any function of
the three comoving momenta. When performing the k integration with a resolution n in each
direction, it requires O(n3 ) samples within the integration grid. Wang & Kamionkowski (2000)
first showed that this issue was overcome once F became of the separable or factorizable form:
F (k1 , k2 , k3 ) =

n Y
3
X

fij (ki ) = f11 (k1 )f12 (k2 )f13 (k3 ) + f21 (k1 )f22 (k2 )f23 (k3 ) + ...

j=1 i=1

If F is of this form, the integrations over the 3 comoving momenta are separable and one now
only has to compute O(3n) points (i.e., n for each of the 3 comoving momentum integrals). In
terms of computing fNL , factorizability of the primordial bispectrum allows one to perform sums
over l before doing integration over the sphere, since the there is no induced cross correlation
between different l in the Bessel and transfer functions: in eq. (1.85) you can pull the summation
√
over the l through the integration over r. For a full sky CMB experiment lmax ∝ N , with
N the number of pixels in your map. The number of possible correlations scales as N 3 , which
reduces to N 5/2 given the triangle constraint. Another reduction by a factor of N occurs
since instead of (N 1/2 )3 (each l contributes (N 1/2 ), only ∼ N 1/2 remains due to separability.
Therefore the final number of computations for the bispectrum scales as N 3/2 . With N ∼ 106
for WMAP and N ∼ 107 for Planck, these can lead to significant reductions in computational
time13 .
13

Fergusson & Shellard (2007) showed that choosing a different basis in k space allows one to circumvent
factorizability in certain cases. The idea is to rewrite the primordial shape in coordinates that make it separable
and then compute the corresponding Jacobi matrix. In their coordinate transformation, the original primordial
shape should depend on f (kt ), with kt = k1 + k2 + k3 . DBI inflation, for example, has a dependence like this.

28

1.2 Primordial Conditions
Local Non-Gaussianities
In general, predicted bispectra need not be of the factorizable form. The best constrained
bispectrum, the local bispectrum, is in fact of the factorizable form. This bispectrum was
first introduced by Komatsu & Spergel (2001) when they tried to expand the primordial
gravitational potential as a Taylor expansion around a Gaussian part

local
(1.89)
Φ = ΦG + fNL
Φ2G − hΦG i2 ,
where hΦG i2 is subtracted to explicitely set hΦi = 0. Computing the bispectrum to first order
local gives the shape function
in the parameter fNL
#
"
1
(1.90)
Flocal (k1 , k2 , k3 ) = C 4−ns 4−ns + (2 perm.) .
k2
k1
The constant C depends on the choice of gauge. It should be considered a normalization factor
that can be used to compare different bispectra. Initially the normalization was chosen such
that all shapes had the same amplitude in the equilateral limit. However, as was pointed out by
Fergusson & Shellard (2007) and Meerburg et al. (2009) such a normalization condition is not
very convenient since some shapes have very little power in this limit. Therefore Fergusson &
Shellard (2007) proposed a more intuitive normalization, namely the square root of the shape’s
inner product (see ch. 2 how to define such an inner product). In some literature C contains
the amplitude fNL , but here we have chosen to incorporate that into A (eq. (1.88)), which is
the definition of F we use throughout this thesis14 . The local shape F describes triangles in
comoving momentum space with a squeezed configuration. In other words, the amplitude of
the angular bispectrum will be large when one of the comoving wavevectors (momenta) is small
compared to the other two ki  kj , kl . Maldacena (2003) and Acquaviva et al. (2003) showed
that single field slow roll inflation is ‘dominated’ by a bispectrum of this form. In the squeezed
limit the amplitude fNL is O(ns − 1) and therefore fNL from the simplest model of inflation
should be unobservably small. Examples of inflationary models that predict observable levels
of local non-Gaussianity are multifield models (Enqvist & Vaihkonen 2004; Allen et al. 2004;
Vernizzi & Wands 2006; Kim & Liddle 2006; Battefeld & Easther 2007; Battefeld & Battefeld
2007; Yokoyama et al. 2008; Huang et al. 2008) and curvaton models (Lyth et al. 2003; Bartolo
et al. 2004; Sasaki et al. 2004; Malik & Lyth 2006; Assadullahi et al. 2007) while the ekpyrotic
model (Koyama et al. 2007; Buchbinder et al. 2008; Lehners & Steinhardt 2008) also predicts
local ∼ 5. Currently the best
local type non-Gaussianities. Planck is expected to constrain fNL
local
constraint on fNL is derived from WMAP 7 data (Komatsu et al. 2011)
local
fNL
= 32 ± 21(68%CL),

(1.91)

using the optimal estimator obtained from eq. (1.85) for local type non-Gaussianities. There
are several other ways to extract information on local non-Gaussianities from the CMB data.
14

It does not really matter what type of normalization is chosen, as long as one properly accounts for all
the factors when extracting non-Gaussianities from the data and that the choice of normalization is consistent
among extracted types of non-Gaussianity.
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Examples include Minkowski functionals (Hikage et al 2006, 2008), needlet bispectrum analysis
(Rudjord et al. 2009; Cabella et al 2009) and spherical wavelet decomposition (Aliaga et al.
2002; Curto et al 2009). In recent years, the use of large scale structure (LSS) data has shown
to be an alternative observable to constrain non-Gaussianities. Early results have been very
promising (Xia et al. 2011) and it is generally assumed that future LSS surveys should be more
constraining than CMB measurements.
Equilateral Non-Gaussianities
Creminelli (2003) showed that if the dynamics of the inflaton is dominated by higher derivative terms (non-canonical kinetic term) the initial distribution of inflaton perturbations could
become non-Gaussian. Generally a non-canonical action (Chen et al. 2007)
Z
√
1
S=
d4 x −g[Mp2 R − 2P (X, φ)],
(1.92)
2
where φ is the inflaton field and X = g µν ∂µ φ∂ν φ, describes a set of inflationary models (Creminelli 2003; Silverstein & Tong 2004; Alishahiha et al. 2004; Chen 2005b,c; Khoury & Piazza
2008; Langlois et al. 2008; Kinney & Tzirakis 2008) that produce non-Gaussianities of the equilateral type, which maximizes when all comoving momenta are equal, i.e., for k1 ∼ k2 ∼ k3 .
The theoretically predicted bispectra derived from this action are generally not of the factorizable form. In order to constrain equilateral bispectra from the data using the KSW estimator,
Creminelli et al. (2006) proposed an equilateral template that is of the separable form and
mimics the shape of predicted bispectra



2
1
Fequil (k1 , k2 , k3 ) = C −Flocal −
+ 5 perm. ,
+ 1
2
2
(4−n
)
(4−n
)
(4−ns ) 4−ns
s
s
3
3
(k1 k2 k3 ) 3
k1
k2
k3
(1.93)
with C again a normalization constant. The addition of non-canonical kinetic terms leads to
perturbations that propagate with a reduced speed of sound. For a canonical field cs = c,
with c the speed of light. The predicted amplitude of equilateral non-Gaussianities depends
on the speed of sound as fNL ∝ 1 − 1/c2s (Chen et al. 2007). Here cs is in units of c = 1,
such that for cs = c = 1 the amplitude vanishes (i.e., for canonical models). For Dirac Born
Infeld (DBI) models of inflation, where the inflaton represents the coordinate of D branes
in the warped throat of a Calabi Yau manifold, the speed of sound could be as small as
cs = O(0.1). Therefore, non-Gaussianities produced in such a scenario could be as large as
fNL ∼ 100. We will investigate such models in ch. 3. Recently it was shown that in holographic
models (McFadden & Skenderis 2010), non-Gaussianities are exactly of the equilateral form
(McFadden & Skenderis 2011), i.e., they are equivalent to the equilateral template. The
predicted amplitude fNL ∼ O(1), is unobservable with current generation instruments.
The best constraint on equilateral (template) non-Gaussianities comes from WMAP 7 (Komatsu et al. 2011)
equil
fNL
= 26 ± 140(68%CL).
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Enfolded Non-Gaussianities
The third triangle in fig. 1.5 represents non-Gaussianities of the enfolded type, which have
their maximal contributions to the angular bispectrum when ki ∼ kj + kl . Theoretically, such
bispectra were first predicted by Chen et al. (2007) due to initial state modifications. In this
context, the initial state refers to the vacuum state during inflation. Usually, the vacuum state
is taken to be the Bunch-Davies vacuum, which is an assumption that will be explained in
sec. 1.2.4 of this chapter. Again, generally the theoretically predicted enfolded spectra are
not factorizable. In ch. 2 we have made an attempt to build a separable form of the enfolded
bispectrum
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(1.95)
Non-Gaussianities of this form have not been constrained by CMB data, however Xia et al.
(2011) have constrained it from LSS data and found
enf
fNL

= 183 ± 95(68%CL).

(1.96)

Orthogonal Non-Gaussianities and other types
The orthogonal bispectrum was first introduced by Senatore et al. (2009) as a linear combination
between the enfolded and equilateral triangle: for positive values of the comoving momenta,
the template has a maximum in the equilateral limit, while for negative momenta, it has a
maximum in the collinear or enfolded limit. It is known as orthogonal, since it can be shown
to be orthogonal to equilateral and local type bispectra. Such a bispectrum arises under very
special conditions in an effective field theory description of inflation. Although Senatore et al.
(2009) claimed this to be a new type of non-Gaussianity, Chen et al. (2007) already made
mention of this type of bispectrum. In fact, a simple parameter transformation shows that
both results are completely equivalent (see ch. 3).
In that same paper Senatore et al. (2009) introduced a factorizable template, that mimics
this orthogonality to the equilateral template (eq. 1.93). The way they derived this template
is very similar to the way we derived the enfolded template (see app. B)
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k34−ns
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(1.97)

This bispectrum has been constrained by several groups, including the WMAP 7 collaboration,
which again leads to the most stringent constraint
ort
fNL
= −202 ± 104(68%CL).
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The bispectral shapes introduced here, represent a large class of models. However, there
exist other bispectra. Quite often these bispectra can be described by some weighted linear
combination of the bispectral shapes introduced above. In some cases however, this is not possible. For example, in this thesis we will find that certain theoretical models predict bispectra
that contain features or oscillations (Meerburg et al. 2009). For those bispectra, factorizability
can be an issue. In ch. 5 we will make an attempt to resolve this issue by expanding these oscillating bispectra into bispectra that are factorized by construction, a method first introduced
by Fergusson & Shellard (2007).

1.2.4

On Initial State Modifications

In the final paragraph of this section, we will put forward our motivation to study possible
deviations from a Bunch Davies vacuum during inflation. The main part of the research
reported in this thesis has been to compute effects from such a modification on the initial
conditions, that is the primordial probability distributions of the inflaton perturbations. Before
we present our motivation, let us briefly recapitulate what we have discussed so far.
Currently, the best model of the Universe is ΛCDM. This model contains (at least) 6 parameters and these parameters can be measured using cosmological observations such as the CMB
and the LSS. Two of these 6 parameters represent the initial conditions. In particular, they
describe the distribution of curvature fluctuations at the end of inflation through the power
spectrum, the Fourier equivalent of the 2-point correlation function. These fluctuations are
induced by quantum fluctuations that become classical as they are stretched beyond the causal
horizon during inflation. Those initial fluctuations in the curvature of spacetime couple to the
contents of the Universe; the power spectrum of inflaton perturbations seeds the power spectrum of temperature fluctuations observed in the CMB, and the power spectrum of density
fluctuations in the LSS. It is precisely this coupling that allows us to probe the primordial
conditions through observations of the CMB power spectrum. Although plain vanilla ΛCDM
is an elegant picture of the Universe, we have argued that it might not completely describe
the initial distribution of fluctuations. The reason to be interested in these initial conditions15
is that it could possibly teach us the underlying physics of inflation. Since the typical energy
scale of inflation is expected to be around the GUT scale (1016 GeV), this represents an indirect window on new physics beyond the Standard Model. In addition, the distribution of
small fluctuations in the metric is sourced by quantum fluctuations at very high energy scales.
Hypothetically, this could provide an opportunity to probe even higher energy scales, possibly
close to the Planck scale (1019 GeV).
If the initial distribution of inflaton perturbations is perfectly Gaussian, the CMB temperature fluctuations can be fully described by the power spectrum. In order to extract additional
information from the CMB through the power spectrum, one might consider a model that contains more than just two parameters in the primordial power spectrum. In addition to the tilt,
one could search for a change of tilt as a function of scale, known as the running, or one could
15

To avoid confusion, let us emphasize that here with initial conditions we refer to the distribution of fluctuations set by inflation and determined after each scale has crossed the horizon due to the cosmological expansion.
These initial conditions are set by inflation, while these on their turn are determined by the initial conditions of
inflation, which is the main topic of this thesis.
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consider features on top of an almost scale invariant primordial spectrum. We will discuss the
presence of oscillations on top of an almost scale invariant power spectrum in ch. 6. If instead
the initial distribution of fluctuations is not perfectly Gaussian, there is more information in
the CMB than represented by the power spectrum alone. Additional knowledge on the physics
of inflation could be contained in the higher order statistics of density fluctuations, such as the
bispectrum, the Fourier transform of the 3-point correlations function. What the bispectrum
does is equivalent to what direct measurement of large scale structure does for dark matter
and what the LHC does for particle physics. It probes the dynamics of the field sourcing inflation. Measurements of these interactions through the bispectrum (and higher order correlations
statistics) allows us to probe the Lagrangian of the field and hence the effective description of
physics at inflationary energy scales (Komatsu et al. 2009).
In this thesis we investigate not only the Lagrangian of the field that drives inflation, but
also the exact vacuum state it thrived from. Before we can explain why we are interested
in probing the initial vacuum state, let us introduce the concept of the vacuum in quantum
physics. In quantum mechanics we define the vacuum as the state that is zero after applying
the annihilation operator on that state, i.e., if
â~k |Ψi = 0.

(1.99)

then |Ψi is the vacuum state. For a free falling observer in a flat, Minkowski spacetime, a
non-interacting quantum field can naturally be decomposed into time-independent quanta, or
particles. These quanta correspond to (Fourier) modes with a fixed time-independent frequency
ωk . Consequently the particle number operator Nk = â~∗ â~k , which counts the number of
k
quanta in a given state, is a conserved quantity. We can define a state |Ψi with zero quanta,
hΨ|Nk |Ψi = 0 and this state will remain empty at all times. In general spacetimes however,
the number of field quanta is not a conserved quantity. For example in de Sitter, a curved
spacetime, we can pick a state as in eq. (1.99), but as time evolves, this state will become
excited and will quickly fill with particles due to the time-dependent de Sitter background. A
related phenomenon is Hawking radiation near the horizon of Black Holes (Hawking 1974) as
well as Unruh radiation (Fulling 1973; Davies 1975; Unruh 1976) for accelerated observers in
Minkowski space.
The spacetime during inflation is close to de Sitter, so we expect Nk not to be a conserved
quantity and we can not unambiguously define a time-independent empty or vacuum state.
The general solution to the equations of motion in an inflating background is a superposition
of a decaying and growing modes (as opposed to a plane wave in Minkowski space)
ζ~k (η) =

i
iH h
√
P+ (1 + ikη) e−ikη + P− (1 − ikη) eikη .
4k 3

(1.100)

It should be apparent from the equation above that we can recover a vacuum similar to that
of Minkowski space if we consider very early times (η → −∞). Then the second term in this
expression vanishes and we recover a solution with constant ωk . This choice of vacuum is known
as the Bunch Davies (BD) vacuum (Bunch & Davies 1978) and corresponds to a solution P− = 0
(and P+ = 1), resulting in eq. (1.49). This is commonly referred to as the adiabatic regime
as ω̇/ω 2 → 0 in this limit. We consider only those modes that are all deep inside the horizon
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and are small compared to the curvature radius, and as such effectively all relevant modes
experience Minkowski spacetime. The standard procedure to compute primordial correlation
functions, such as the power spectrum and the bispectrum, is to assume the empty state is the
BD vacuum state.
However, there is a serious concern with choosing the BD state as the empty state in an
inflationary background. Although the effective theory of inflation is assumed to be only
weakly interacting, as soon as we consider earlier times, interactions are expected to become
more relevant. The BD state is defined in the assumption that the solutions to the equation
of motion are still given by eq. (1.100) when we take the limit η → −∞. Once interactions
become important, the mode functions will no longer correspond to plane waves. This is our
theoretical motivation to study initial state modifications: the presence of interactions in the
past almost certainly affects the vacuum state.
Besides this qualitative motivation, we are also driven by pragmatism; can we constrain
deviations from a BD state using cosmological observations? This is our phenomenological
motivation. If the data are constraining enough, we might conclude that the vacuum state is BD
after all, and we have to reexamine our theoretical motivation, or we conclude that deviations
are simply too small for detection, which constrains the parameters describing inflation.
The origin and the magnitude of a deviation from a BD vacuum has been discussed in several
papers (Martin et al. 2000; Martin & Brandenberger 2001; Danielsson 2002; Easther et al. 2002;
Schalm et al. 2004; Chen 2010c; Chen & Dent 2011) . Usually these modifications are referred
to as ”Trans Planckian Effects”, given that physics near Planck scale energies is responsible
for a vacuum modification. In order to constrain initial state modification phenomenologically,
we need need to consider a particular representation of such a modification. An initial state
modification is can be modeled using a (diagonal) Bogolyubov transformation (which is roughly
represented by P− and P+ ). Suppose we have two sets of mode functions uk and vk , both
solutions to the equations of motion. We can then rewrite vk in terms of uk
vk∗ = αk u∗k (η) + βk uk (η),

(1.101)

since the modes uk form a basis. The commutation relation between the annihilation and
creation operators puts a normalization constraint on the mode functions, which tells us that
|α|2 − |β|2 = 1.

(1.102)

If we expand our modes ζk in terms of the new mode functions uk and u∗k , with (new) annihilation Â~k and creation Â~† operator one can show
k

Â~k = αk â~k + βk∗ â~† , Â~† = αk∗ â~† + βk â~k .
k

k

k

(1.103)

The relation (1.103) and the complex coefficients αk and βk are known as a Bogolyubov transformation and the Bogolyubov coefficients respectively. βk will be prescribed by a given theoretical
framework. Generally, we can distinguish two different scenarios. The first scenario is known
as the “New Physics Hypersurface” (NPH). In the NPH scenario one traces every momentum
mode k back to some large physical cut-off scale and imposes the standard flat space vacuum
state (the BD state) mode by mode, resulting in a prediction for βk that is independent of k,
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which only gives rise to a small departure from scale invariance after taking into account the
slow-roll evolution of the Hubble parameter.
In the second scenario one fixes an initial time where one calculates corrections to the usual
BD initial condition using boundary effective field theory. The result is a Bogolyubov parameter
βk depending on k, resulting in an explicit breaking of scale-invariance in the 2-point power
spectrum. This modification is known as the Boundary Effective Field Theory, or BEFT,
proposal of initial state modifications.
The difference between these two proposals is that in BEFT one breaks scale invariance
explicitly, as each mode will cross the fixed time with a different scale size, therefore all observable scales will be modified at the same time but differently. In the NPH scenario however,
the modification is done at a fixed scale, so each scale is modified similarly, albeit at different
times. The breaking of scale invariance is due to the dynamics of the geometry during inflation,
causing fixed scales to be modified differently as different times correspond to slightly different
geometries. Both these scenarios will be topic of discussion in the following chapters. A constraint on β from cosmological observables, in particular the CMB, is one of the key subjects
of the research presented in this thesis.

1.3

Guide to this Thesis

To conclude the introduction, let us briefly present the content of each chapter. In the next 3
chapters (2, 3, and 4) we will investigate the consequences of modifying the initial state during
inflation on the production of a non-Gaussian distribution of fluctuations. We will compute
the primordial bispectrum in the context of the NPH scenario, inserting a fixed cut-off scale.
The Bogolyubov parameter will only be weakly scale dependent and the resulting bispectrum
will therefore practically be scale invariant. The bispectrum due to initial state modifications
has been investigated by Porrati (2004b);BEFT and Holman & Tolley (2008);NPH. Recently,
Ashoorioon & Shiu (2011) and Chen & Dent (2011) have contributed some new insights. In ch. 2
we will consider such a modification primarily in the context of single field slow-roll inflation
and slow-roll inflation including one higher order derivative term. We find that adding such a
term, boosts the amplitude of non-Gaussianity significantly. This boost is expected, as such
a term introduces additional interactions in the inflaton field. As explained, a deviation from
the BD vacuum state introduces a non-zero particle density and the interactions between those
particles is responsible for the increased amplitude. This finding motivates the work of ch. 3.
In this chapter we extend our analysis to a general class of inflationary models which have
a non-canonical kinetic term. These include DBI models of inflation, which are thought to
be a possible candidate inflationary model derived from string theory. In order to constrain
possible deviations from a Bunch Davies state, we compare our predicted bispectra with the
latest constraints from WMAP. We also consider complex Bogolyubov coefficients instead of
only real ones, as was assumed in ch. 2. We show that the predicted bispectra are different from
those currently constrained. Consequently, the derived constraints are rather weak. Therefore
we propose a new template (the enfolded template) and we investigate the improvement this
new template might have on future constraints.
The bispectra derived in ch. 2 and 3 are independent of the form of the Bogolyubov trans35

Chapter 1: Introduction
formation. In ch. 4 we consider a specific prediction for β first proposed by Danielsson (2002).
From the primordial bispectrum, we derive constraints on several important parameters, and
show that under certain conditions such modifications can be ruled out by the data.
One of the important results in this thesis is that bispectral shapes F coming from initial
state modifications typically contain (a large number of) oscillations. As a result, comparing
observed bispectra (which are smooth and usually positive definite) with the predicted bispectra
is a challenge. As explained, one of the key issues in constraining oscillatory bispectra directly
from the data is that these need to be of the separable form, at least for the KSW estimator
of non-Gaussianities. In order to achieve separability we will investigate the method of mode
expansion (Fergusson & Shellard 2009; Fergusson et al. 2010a) for oscillatory bispectra in
ch. 5. We show that such an expansion could lead to a much more efficient extraction of such
bispectra from the data.
Besides oscillations in the primordial bispectrum, it was long known before that initial state
modifications also predict oscillations in the primordial power spectrum (Easther et al. 2002;
Greene et al. 2004). The predicted amplitude of these corrections to the power spectrum
depends on the model (BEFT vs. NPH), but is typically small. We complete this thesis by
looking at constraints on oscillations in the power spectrum using WMAP 7 data in ch. 6.
We investigate the predictions from BEFT and from a recently proposed and more general
NPH scenario (Jackson & Schalm 2010, 2011), which both give distinguishable predictions for
the primordial power spectrum of curvature fluctuations. We compute the likelihood of such
oscillations and derive preliminary constraints on some of the parameters describing the initial
conditions. This chapter represents work in progress and we hope to finalize this work in the
coming months.
We end this thesis with a brief epilogue, summarizing the aim of and the results presented in
the thesis. We shortly describe some (new) insights not included when the papers were written
and suggest possible directions in which to continue this research.
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