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Appendix B

Building a Template

We have shown in ch. 2 that non-Gaussianities due to vacuum modifications for a canonical
single inflaton action enhances in the collinear limit, corresponding to enfolded or squashed
triangles. A template for these type of non-Gaussianities did not exist and we have proposed
one in ch. 2. We have seen that the precise shape of this template proposal does not overlap
perfectly, here we will translate the template into a KSW estimator to measure the associated
amplitude f enf

NL .
The estimators for different shapes of non-Gaussianity can be written as follows (Komatsu

et al. 2009)

f local
NL = (F−1)11S1 + (F−1)12S2 + (F−1)13S3 + (F−1)14S4

f equil
NL = (F−1)22S2 + (F−1)21S1 + (F−1)23S3 + (F−1)24S4

f enf
NL = (F−1)33S3 + (F−1)31S1 + (F−1)32S2 + (F−1)34S4

bsrc = (F−1)44S4 + (F−1)41S1 + (F−1)42S2 + (F−1)43S3.

Here Fij represents the Fisher matrix and is inversely proportional to the covariance, the
overlap, between two bispectra. In case one has a Gaussian likelihood and only one parameter
to fit, the Fisher matrix is equal to the inverse variance; Fij = 1/σ2

α, with α the fitting
parameter. Here it is given by

Fij ≡
∑

2≤l1≤l2≤l3

B
(i)
l1l2l3

B
(j)
l1l2l3

C̃l1C̃l2C̃l3
,

which is practically equal to eq. (2.39). Once more, the B(i)
l1l2l3

are the theoretical bispectra
of the various non-Gaussian shapes. C̃l represents the total angular power spectrum, which
contains both the CMB signal and the noise, i.e., C̃l = Ccmbl b2l + Nl. The bl is the beam
transfer function, which is instrument dependent. If the beam is Gaussian it has the form
bl ∝ exp[−l2σ2

b ], where σb = 1/2
√

2 ln 2 ' 0.425∗FWHM1

1For a Gaussian beam we at full width half maximum we solve e
− 1

2σ2 l
2

= 1/2.
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Appendix B: Building a Template

If the fisher matrix is close to diagonal. we can neglect possible leakage of one type of non-
Gausssianity into another. Komatsu et al. (2009) showed that this was true at least for the
first three bispectra. From the derived cosine in ch. 2 we can assume this should hold for our
template proposal. In case of a diagonal Fisher we write

f local
NL = S1/F11, f equil

NL = S2/F22, f enf
NL = S3/F33, bsrc = S4/F44.

We can now directly compute the pre-factor ∝ F−1
ij , without first inverting the full Fisher

matrix.
In this paper we have proposed a template for the enfolded or squashed triangles, that should

measure f enf
NL

F (k1, k2, k3) = 6∆2
Φ

[
1

k3
1k

3
2

+ 2 perm +
3

k2
1k

2
2k

2
3

−
(

1
k1k2

2k
3
3

+ 5 perm
)]

. (B.1)

Note that if we took a slightly different template, e.g., choosing a 4 instead of a 3 in the equation
above, the following derivation of the estimator is completely analogous, and one simply needs
to replace this 3 with a 4 from now on.

To quantify to what extent the enfolded template gives complementary information once
applied to the data, as compared to local and equilateral templates, we should consider the
scalar product between the different templates. As pointed out in the main text, the starting
point for deriving the most optimal enfolded template shape function is F enf = −F equil +
c/k2

1k
2
2k

2
3, in terms of a general parameter c. We will plot the cosine of this template distribution

with the equilateral template as a function of c, with c running from 0 to 4. The result is shown
in fig. B.1. If we demand the template to have a definite (positive) sign, one should really only
consider c ≥ 1. In that case it should be clear that the optimal value, i.e. the smallest cosine
equal to Cos(F enf , F equil) = 0.49 , is achieved for c = 1, as claimed in sec. 5 of ch. 2. For the
cosine with the local template we find that it is more or less independent of c, as exemplified
by the fact that Cos(F enf , F local)c=3/Cos(F enf , F local)c=1 ' 1.06 and growing ever slower for
larger c. For the cosine with the local template we find, for c = 1, that Cos(F enf , F local) = 0.67.
This is quite large, which we should have expected since we can imagine the local template to
be a special case of the factorized enfolded distribution, for which only the endpoints of the line
x2 +x3 = 1 are maximal, versus the whole line for the enfolded template. For completeness let
us also mention the cosine between the local and equilateral template Cos(F equil, F local) = 0.41.

Any deviations from scale invariance can simply be taken into account by replacing the power
of n with n − (n/3)(ns − 1), with ns the spectral index (see ch. 1). If one forgets about the
pre-factors and divides out the k1 dependence, the shape can plotted as a function of k2/k1

and k3/k1. This is shown in fig. 2.3.
Indeed the template shape maximizes when k1 = k2 +k3. However it does not blow up at this

limit, which is the case when the denominator is proportional to k1−k2−k3. Such behavior can
(possibly) not be mimicked, using factorizable templates. Therefore such a denominator would
not be allowed, since a function with such a denominator cannot be split up into functions of
individual comoving momenta k1, k2 and k3.

There exists another approach (Smith & Zaldarriaga 2006), in which such a denominator is
written as follows

1
(k1 − k2 − k3)2

=
∫ ∞

0
te−t(k1−k2−k3)dt.
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Now one has an integral over exponentials, which are factorizable. For eq. (2.13) this would
imply

Fmodin(k1, k2, k3) ∝ 1
k1k2k3

∑
j

∫ η0

0

sin(k̃jt)
k2
j

dt. (B.2)

Obviously this introduces another integration, increasing computational time one is trying to
win by factorizing. In (Smith & Zaldarriaga 2006) it was shown that the double integration
can be done rather quickly for an equilateral template. In our case, this may not be possible
because of the large number of oscillations in the cosine, which we expect to require a large
number of quadrature points, when one replaces the integral over t by a weighted sum. For
now, we will focus on the enfolded template shape of eq. (B.1) and leave the investigation of
the method above for future work.

Figure B.1: The plot shows how the Cos(F enf , F equil) changes as a function of c. The smaller the
value of the cosine, the more distinct the two shapes are. As expected for c = 0 the cosine is -1, i.e.,
F enf = −F equil. Note that for 0 < c < 1 the value of the cosine crosses zero. However these values of
c can not be used, because the sign of the three-point function should be definite. For 0 < c < 1 this
is not the case and the reason for getting a smaller value for the cosine is due to cancellations between
positive and negative parts of the shape function.
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Appendix B: Building a Template

One can define the following maps

αl(r) =
2
π

∫
k2dk∆l(k)jl(kr) (B.3)

βl(r) =
2
π

∫
k2dkPΦ∆l(k)jl(kr) (B.4)

γl(r) =
2
π

∫
k2dkP

1/3
Φ ∆l(k)jl(kr) (B.5)

δl(r) =
2
π

∫
k2dkP

2/3
Φ ∆l(k)jl(kr) (B.6)

Here ∆l(k) is the photon transfer function, introduced in sec. 6 of ch. 2, which is used to
compute the (theoretical) angular power spectrum Cl = (2/π)

∫
k2dkPΦ(k)∆2

l . Pφ(k) is the
primordial power spectrum PΦ(k) ∝ kns−1/k3. It can be seen that all maps have a different
primordial power spectrum dependence (and consequently different dimension). These maps
are required to set up an estimator that has the same k dependence as the template (B.1).

Using eq. (B.3) through (B.6) one can construct 4 ‘filtered’ maps (recall that ∆T (n̂) =∑
lm almYlm(n̂))

A(n̂, r) =
lmax∑
l=2

l∑
m=−l

αl(r)
bl

C̃l
almYlm(n̂), (B.7)

B(n̂, r) =
lmax∑
l=2

l∑
m=−l

βl(r)
bl

C̃l
almYlm(n̂), (B.8)

C(n̂, r) =
lmax∑
l=2

l∑
m=−l

γl(r)
bl

C̃l
almYlm(n̂), (B.9)

D(n̂, r) =
lmax∑
l=2

l∑
m=−l

δl(r)
bl

C̃l
almYlm(n̂). (B.10)

The sum over l runs from 2 to lmax, since the monopole and the dipole are hard/impossible to
measure and WMAP (or any other instrument for that matter) can only measure up to a certain
lmax based on the instrument’s technical limitations. Now we need to set up a bispectrum that
has the ‘same’ comoving momentum dependence as the template. For reasons that will become
clear later, it is convenient to define the bispectrum related to local shape (f local

NL ). The local
shape is local in real space and its template is exact, that is, the theoretical shape is equivalent
to a factorized template

F (k1, k2, k3) = f local
NL ∆2

Φ2
(

1
k3

1k
3
2

+
1

k3
2k

3
3

+
1

k3
3k

3
1

)
. (B.11)

It can be seen from the template that the shape is proportional to a product of power spectra
(ns = 1). We can thus use cyclic product of the angular maps (B.3) and (B.4). The (angular
averaged) bispectrum can be written as

Blocal
l1l2l3 = 2Il1l2l3

∫ ∞
0

r2dr [αl1(r)βl2(r)βl3(r) + cycl. perm] . (B.12)
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One integrates over the comoving distance. The sampling rate (in r space) depends on the
behavior of the transfer function ∆l. In addition, Il1l2l3 is known the Gaunt factor introduced
in ch. 1. It is given by (eq. (2.35))

Il1l2l3 =

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)
. (B.13)

The first term in the enfolded shape is equivalent to the local shape, so we can use Blocal
l1l2l3

to
express (partly) Benf

l1l2l3
. The rest is obtained via carefully combining products of the angular

maps (B.3) through (B.6)

Benf
l1l2l3 = 3Blocal

l1l2l3 + 6Il1l2l3

∫
r2dr [− (βl1(r)γl2(r)δl3(r) + cycl. perm) + 3δl1(r)δl2(r)δl3(r)]

We can easily set up the skewness (KSW) estimator as explained by Yadav et al. (2007a,b);
Komatsu et al. (2009)

Senf = Sprim + Slinear
prim ,

where the first term is simply the term that represents the shape of the bispectrum (the cubic
term, cubic in the filtered maps), while the second, the linear term (linear in the filtered maps),
is added to minimize the effect caused by the inhomogeneous noise that breaks rotational
invariance (Ĉl will have off-diagonal terms). The linear term should be constructed such that
it minimizes the variance of the estimator. If the linear term is constructed as follows, this can
indeed by achieved. One first has to derive the filtered maps A, B, C and D of eq. (B.7), (B.8),
(B.9) and (B.10) that can be used to set up the cubic statistic estimator, Sprim. Subsequently
one takes the Monte Carlo average, 〈Sprim〉MC. Now let us suppose that Sprim is constructed
out of 3 filtered maps A, B and C. One can apply Wick’s theorem to rewrite the average of a
cubic product 〈ABC〉MC = 〈A〉MC〈BC〉MC + 〈B〉MC〈AC〉MC + 〈C〉MC〈AB〉MC. Next, remove
the MC average from the single maps and replace the maps within brackets with simulated
maps. Our linear estimator becomes: A〈BsimCsim〉MC + B〈AsimCsim〉MC + C〈AsimBsim〉MC. If
we apply this trick and apply weighting functions we get

Slocal ≡ 4π
∫
r2dr

∫
d2n̂

w3

(
A(n̂, r)B2(n̂, r)

−2B(n̂, r)〈Asim(n̂, r)Bsim(n̂, r)〉MC −A(n̂, r)〈B2
sim(n̂, r)〉MC

)
, (B.14)

for the local estimator and

Senf ≡ 3Slocal

+24π
∫
r2dr

∫
d2n̂

w3
[(−B(n̂, r)C(n̂, r)D(n̂, r) +B(n̂, r)〈Csim(n̂, r)Dsim(n̂, r)〉MC

+C(n̂, r)〈Bsim(n̂, r)Dsim(n̂, r)〉MC +D(n̂, r)〈Bsim(n̂, r)Csim(n̂, r)〉MC)
+
(
D3(n̂, r)− 4D(n̂, r)〈D2

sim(n̂, r)〉MC

)]
(B.15)

for the enfolded estimator. Here w3 is sum of the weighting functions cubed

w3 =
∫
d2n̂W 3(n̂).
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Appendix B: Building a Template

The cube is a result of the fact that one has 3 alm’s in each cubic product of the filtered maps in
the skewness estimators. In real space a mask is simply a multiplication (i.e., one can multiply
each ∆T (n̂) with either zero or one). However, this becomes a convolution in Fourier space.
Consequently we have an integral over the solid angle d2n̂. If there is uniform weighting (that
is, each pixel is masked or not) W (n̂) = M(n̂), the mask function and the integral becomes

w3 = 4πfsky,

with fsky the sky cut (in fact it is the opposite, it represents the percentage of sky that
remains after masking). In the latest WMAP analysis they have not used a uniform weighting,
but a “combination signal-plus-noise weight”, which turns out to be optimal for the analysis
of equilateral shaped bispectra, while the local shape is barely affected by simply using the
uniform weight. It should be checked to what extent uniform weighting changes the estimates
of the enfolded shape, compared to the more advanced combined weighting used by WMAP
team (Komatsu et al. 2009).
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