
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Intrinsic statistical techniques for robust pose estimation

Dubbelman, G.

Publication date
2011

Link to publication

Citation for published version (APA):
Dubbelman, G. (2011). Intrinsic statistical techniques for robust pose estimation. [Thesis, fully
internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/intrinsic-statistical-techniques-for-robust-pose-estimation(9bf37001-eb9d-4c35-b238-77bf6ecd4159).html


Chapter2
The Geometry of Pose Statistics

In this chapter we generalize statistical algorithms designed for Euclidean vector spaces to

spaces describing the pose of objects. Besides well known pose spaces related to transla-

tion, rotation, and Euclidean motion, we also introduce two pose spaces which are related

to the epipolar geometry of image pairs. Crucial to our statistical framework are distance

measures which respect the generally non-flat geometry of these pose spaces. Four such

existing distance measures are reviewed and two novel distance measures are presented.

Some utilize methods from Riemannian geometry, others methods from Lie group the-

ory. These fields of mathematics are therefore treated from an applied point of view in

this chapter. We show that two existing distance measures, which were recently proposed

within the computer vision literature, are not well founded in mathematical theory. It is

explained that the proposal of these incorrect distance measures is due to the misconcep-

tion that Lie group theory is related to distances over non-flat spaces, which it generally

is not. We equip all pose spaces with mathematically correct distance measures using

Riemannian geometry. This chapter thereby contributes to correct application and under-

standing of methods from Riemannian geometry and of Lie group theory in statistics and

in computer vision.

2.1 Introduction

The pose of an object can be defined by its position and orientation with respect to a ref-

erence frame. Throughout this thesis we restrict ourselves to reference frames embedded

in 3D Euclidean space. When this reference frame is the same as the reference frame

of the ambient world then the pose is said to be absolute. When the pose is expressed

with respect to a reference frame other than that of the ambient world, for instance the

reference frame attached to another object, it is said to be relative.

The goal of this chapter is to design a generally applicable and extensible statistical

framework which can be used to obtain statistical information from a distribution con-

sisting of pose samples. Each pose sample is obtained either by direct measurement or

by statistical inference, e.g. estimated from visual data, and all pose samples are points

in a pose space. Our statistical framework requires a notion of how similar or different
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each pose sample is relative to other pose samples, to infer whether one sample is more

likely to have occurred than another sample. Such a notion of similarity is mathematically

expressed by a distance measure based on a metric. The challenge is that pose spaces are

generally not Euclidean vector spaces. However, they all are differentiable subspaces

of Euclidean spaces. Such differentiable subspaces are often called (differentiable)mani-

folds, a definition of a manifold is postponed until Sec. 2.4. The Euclidean space of which

they are a differentiable subspace is referred to as their ambient space.

When the goal is to estimate statistical properties of samples residing on such mani-

folds, one basically has three options.

• Ambient statistics The first option is to neglect the manifold structure and treat

the pose samples as points in the ambient space and use regular Euclidean statistics,

i.e. statistics based on the Euclidean distance formula. The disadvantage of this heuris-

tical approach is that the outcome of calculation is generally a point (or element) of the

ambient space and not of the manifold. For example element wise summation of n rota-

tion matrices and dividing the result by n is generally not a rotation matrix. To interpret

the result as a pose one needs to project the outcome back onto the manifold. In the ex-

ample of rotation matrices one needs to orthogonalize the matrix to project it onto the

manifold of rotation matrices. Such approaches, referred to as ambient statistics, do not

respect the non-flat geometry of the manifold. In general they are less accurate and less

stable than methods which do respect the non-flat geometry, especially so when comput-

ing higher order statistical properties such as (co)variance.

• Manifold statistics The second approach is to design specifically tailored statis-

tical methods on the manifold which do respect its non-flat geometry. This is referred

to as manifold statistics. For example, to statistically model samples residing on (hy-

per)spheres one can use the von Mises-Fisher distribution or the Kent distribution, e.g.

see (Mardia and Jupp, 2000). The advantage of these methods is that they provide accu-

rate and stable results and are in line with fundamental constructs of probability theory.

Their disadvantage is that a method designed for one manifold, e.g. for spheres, cannot

be used on manifolds having a different geometrical structure. When using this approach,

one needs to completely redevelop established statistical methods for each particular man-

ifold structure. It will be shown in this chapter that certain pose spaces are the combination

of (hyper)spheres and that other pose spaces are the combination of a hypersphere with

a Euclidean space. These pose spaces therefore have different geometric structure and

using manifold statistics does not offer a generally applicable and extensible statistical

framework to these pose spaces.

• Intrinsic statistics All manifolds related to the pose spaces of this chapter are ho-

mogeneous. This basically means that the manifold looks the same at each point on the

manifold. For example a sphere is homogeneous but an ellipsoid and a torus are not. For

homogeneous manifolds, including those of our pose spaces, we can use a third approach

referred to as intrinsic statistics. When using this approach one constructs a local chart of

the manifold for one particular point such that the distance over the manifold with respect

to this point can be computed using the Euclidean distance formula in this chart. Statisti-

cal properties with respect to this point can then be computed by using regular Euclidean

statistical methods in its own chart. When one requires statistical properties with respect
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to another point, one simply constructs the chart for this other point. The point for which

the chart is constructed will be called the charting point. The chart can be seen as a local

linearization (or flattening) of the manifold which preserves distances and directions over

the manifold with respect to its charting point. These charts are therefore metric charts.

The interesting property of intrinsic statistical algorithms for different manifolds is that

they only differ in the way the metric charts are constructed. One can basically design

one general statistical algorithm and plug in a different charting function depending on the

manifold without having to change the inner workings of the statistical algorithm itself.

The advantage of intrinsic statistics is therefore that it offers straightforward extensibility

and, as it respects the manifold distance, it also offers accuracy and stability.

The use of intrinsic statistics to disclose statistical information on non-flat spaces can

be traced back to Karcher (1977) and Kendall (1990). This methodology has recently

received considerable attention from the computer vision research community. For a the-

oretical overview of intrinsic statistics see Pennec (2006); Pennec and Ayache (1998) and

the references therein. An example of a statistical algorithm that was generalized to cer-

tain non-Euclidean spaces is mean-shift (Subbarao and Meer, 2006, 2009). In (Subbarao

et al., 2007) it was used for robust pose estimation, in (Subbarao et al., 2008) for robust

essential matrix estimation and in (Tuzel et al., 2005) for simultaneous multiple motion

estimation. All these approaches work on the basis of image data. In (Costa and Hero,

2006) an intrinsic statistical approach was taken to estimate the dimension and entropy

of shape spaces, particularly the shape space of handwritten digits. Intrinsic statistics

has also been used to estimate statistical properties of diffusion tensor data (Fletcher and

Joshi, 2007; Pennec et al., 2006). These tensor data are the product of magnetic reso-

nance imaging (MRI). Begelfor and Werman (2006) used intrinsic statistics to estimate

properties from image point configurations. An intrinsic clustering approach was pro-

posed in (Goh and Vidal, 2008) and applied to 2D motion segmentation and to diffusion

tensor segmentation. Tuzel et al. (2008) also developed an intrinsic clustering approach

for pedestrian detection from image data.

Intrinsic statistics is discussed conceptually in Sec. 2.2 and with detail throughout

this chapter and thesis. Our homogeneous pose spaces and their manifold structure are

provided in Sec. 2.3. Besides well known spaces related to translation, rotation, and to

Euclidean motion, we also introduce two novel spaces. These are the spaces of scale free

translation and scale free Euclidean motion. In Sec. 2.3 it is explained that they are re-

lated to the epipolar geometry of image pairs. The intrinsic statistical methods provided

in this chapter are based on Riemannian geometry. This field of mathematics is therefore

discussed in Sec. 2.4 and applied in Sec. 2.5 to provide the required charting function to

our pose spaces. What is new is that we are able to express all charting functions in a sim-

ilar structure which allows the derivation of a general statistical framework. For two of

our pose spaces alternative charting functions were derived previously in (Subbarao and

Meer, 2006, 2009; Subbarao et al., 2007, 2008; Tuzel et al., 2005) using Lie group theory.

For now it suffices to know that a Lie group is a manifold equipped with a differentiable

product structure that satisfies the group axioms of closure, invertibility, identity and as-

sociativity. In Sec. 2.6 we show that these existing charting functions do not provide

metric charts and therefore are not suitable to be used within intrinsic statistics. Some

basic intrinsic statistical methods for pose spaces are derived in Sec. 2.7, more advanced
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methods follow in Chap. 3 and Chap. 4. Our conclusions are provided in Sec. 2.8 which

also contains the answers to the first two research questions of this thesis.

2.2 Intrinsic statistics and the charting function

Here we give a conceptual description of intrinsic statistics which sketches the context of

our use of Riemannian geometry. This description is subdivided in four steps and provides

a guideline to anyone who is interested in developing novel intrinsic statistical algorithms

on pose spaces.

1) The first step within intrinsic statistics is to relate the pose space G to a manifold

M such that every pose sample g1...gn in G is related to exactly one point on the man-

ifold and vice versa. In many cases this is straightforward but we also show challenging

examples later on. For now assume that this is satisfied, then every pose sample g1...gn

is a unique point inM.

2) The second step is specifying a charting function C for every point on the manifold

M such that the distance over the manifold with respect to a particular point to all other

points can be computed by the Euclidean distance formula in its own chart. The Euclidean

distance formula is a metric and thus satisfies the following axioms

• Positive definite

d(g1,g2) ≥ 0 (2.1)

• Identity of indiscernibles

d(g1,g2) = 0 if and only if g1 = g2 (2.2)

• Symmetry

d(g1,g2) = d(g2,g1) (2.3)

• Triangle inequality

d(g1,g3) ≤ d(g1,g2) + d(g2,g3) (2.4)

The charting function which creates the chart for the point g1 is denoted with Cg1 and

the chart itself is denoted with Tg1M. We also use the notation Cg1(g2) to denote the

representation of g2 in the chart of g1 which is the vector g2. In this case we thus have

g2 ∈ Tg1M. In general there are many different ways to construct charts of a manifold

and not all preserve manifold distances and directions. For our intrinsic statistical appli-

cations these properties are important, more specifically if d(g1,g2) gives the distance

over the manifold between general g1 and g2, then we require that

d(g1,g2) =
√

Cg1(g2)⊤Cg1(g2) = ‖Cg1(g2)‖ (2.5)
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(a)

Figure 2.1: An example of a manifoldM is the surface of a unit sphere embedded in R3.

Its chart at g1 is depicted as the transparent plane Tg1M. The charting function C at g1

takes another point on the manifold, i.e. g2, to the chart at g1. It does so such that the

intrinsic distance over the unit sphere from g1 to g2, i.e. the length of the green curve,

is equal to the length of the vector result of C(g1,g2), which is represented by the line

between the dot representing g1 and the square which represents g2 in the chart of g1.

Both the green curve and the black line have the same direction when starting at g1.

such that all axioms of metrics are satisfied. If the charting function is not related to the

manifold distance or if the axioms of a metric are nor satisfied, then it does not produce

metric charts and cannot be used within intrinsic statistics. The challenge therefore is

to derive correct charting functions for all our pose spaces. Another prerequisite to the

charting function C is that it must be invertible and differentiable, the relevance of these

properties is explained in step 4.

The charting function allows expressing a metric between points on the manifold that

can be computed as the Euclidean length of the vector result of the charting function. An

illustration of this process is provided in Fig. 2.1. We can also generalize the Euclidean

distance in each chart to a Mahalonobis distance, i.e.

d(g1,g2) =
√

Cg1(g2)⊤Σ−1Cg1(g2) (2.6)

with Σ being a symmetric positive definite matrix (e.g. a covariance matrix).

3) The third step of intrinsic statistics is to take an existing or novel statistical algo-

rithm based on the Euclidean or Mahalanobis distance and perform the following substi-

tution

(g2 − g1)
⊤Σ−1(g2 − g1) → Cg1(g2)

⊤Σ−1Cg1(g2). (2.7)
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This substitution adapts the statistical algorithm such that it respects the shape of the man-

ifold and the distance over the manifold.

4) The final step is estimating (optimal) values for the parameters which drive the

statistical algorithm. This is typically more involved than its Euclidean counterpart but

can still be performed efficiently. Note that the charting function depends on the charting

point. In most cases, e.g. when estimating the mean, it is exactly the charting point that

we are interested in. This aspect requires us to start with an initial estimate for the chart-

ing point, for which we typically take a random pose sample out of g1...gn. All other

pose samples are then be transferred to its chart. Next one treats this chart as a Euclidean

vector space and performs (one iteration) of the original Euclidean statistical algorithm in

this chart. The outcome, typically a point in this chart, can be placed back onto the mani-

fold by exploiting the invertibility of the charting function. This new point then becomes

the charting point for a next iteration. This process iterates until convergence and is very

similar to non-linear optimization methods such as Gauss-Newton. The description given

here is only conceptual but can be derived analytically by exploiting the differentiability

of the charting function C. One such derivation is given in Sec. 2.8 and more are provided

throughout this thesis.

Note that this guideline is not restricted to our pose spaces. It can be followed for

any space for which a charting function C, adhering to the conditions, is available. In this
thesis however, our focus is only on the homogeneous pose spaces presented in the next

section.

2.3 Pose spaces and their manifolds

In this section we introduce our pose spaces and their manifolds. We distinguish three

basis pose spaces, these are the spaces related to translations, scale free translations, and

rotations. From these the space of Euclideanmotions and the space of scale free Euclidean

motions are constructed. The latter is related to the epipolar geometry of monocular

image pairs and their essential matrix. Both are important concepts in computer vision

and modern robotics.

2.3.1 Translation

A translation models the change in position between two poses. Translations can be

parameterized using vectors t = (tx, ty, tz)
⊤ given on the orthonormal basis of three

dimensional Euclidean space R3. Although the charting functions and distance metrics

for pose spaces in general are discussed only later in Sec. 2.5, for translation the outcome

is standard, so we can provide it now. The distance metric on translations is the same as

that of R3 and defined though the standard inner product as

d(t1, t2) =
√

(t2 − t1)⊤(t2 − t1)
= ‖t2 − t1‖,

the well known Euclidean distance formula. It will serve as an explanatory example

throughout this chapter.
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2.3.2 Scale free translation

When estimating the translation between poses it is not always possible to estimate the

amount of translation. This arises for instance when estimating on the basis of monocular

image data, which is common in robotics and in computer vision. In these circumstances

one can only estimate the direction of translation. The estimated translation can therefore

be normalized to unit length without loss of information. Such a translation which can

only be estimated up to a scale ambiguity will be called a scale free translation.

Scale free translations are parameterized with unit length vectors d = (dx, dy, dz)
⊤

with
√
d⊤d = 1 given on the orthonormal basis of three dimensional Euclidean space

R3. The manifold of scale free translation is therefore the unit sphere S2 embedded in R3,

it has two degrees of freedom. The charting function and related distance metric for scale

free translations is provided in Sec. 2.5.4.

2.3.3 Rotation

A rotation models the change in orientation between two poses. The two most commonly

used representations for rotations are orthogonal matrices with positive unit determinant

and unit quaternions, they are addressed here. The manifold of rotations is most easily

understood from the unit quaternion representation.

A unit quaternion will be denoted as q and consists of a one-dimensional real part q
and a three dimensional spatial part ~q = (qi, qj , qk)

⊤, thus q = (q, ~q⊤)⊤. In further text

we use (q, ~q) as an efficient notation for (q, ~q⊤)⊤. Quaternion multiplication is defined

as q1q2 = (q1q2 − ~q1 · ~q2, q1~q2 + q2~q1 + ~q1 × ~q2), with the dot and cross product

defined as usual. The quaternion product is non-commutative. The identity quaternion e is

(1, 0, 0, 0)⊤ and the inverse of a unit quaternion is given by its conjugate q−1 = (q,−~q).
Unit quaternions differ from regular quaternions in that they satisfy

√

q2 + ~q · ~q = 1.
A rotation around a normalized axis r with angle θ is expressed as a unit quaternion by

(cos(θ/2), sin(θ/2)r). A 3D point ~x can be rotated by a unit quaternion q by embedding

~x in a non-unit quaternionx = (0, ~x), then performingx′ = qxq−1 and finally extraction

the rotated ~x′ from the quaternion x′.
Unit quaternions are four dimensional vectorial elements having unit length. Their

manifold structure is therefore the unit sphere S3 embedded in four dimensional Euclidean

space. The surface of the sphere, i.e. the manifold, has three degrees of freedom which is

the same as for rotations. An additional challenge is that the result of applying antipodal

quaternions, i.e. q and −q, on 3D points gives the same rotation result. The space of

quaternions therefore covers the space of rotations twice. When expressing a distance

metric on rotations, we have to make sure that the distance between antipodal quaternions

is zero and that when computing the distance between general quaternions, we always

take the shortest distance. The unit quaternion representation of the space of rotations is

the first example where the mapping from the pose space to a manifold is not unique.

Rotation matricesR are orthogonalmatrices with positive unit determinant, i.e. R⊤R =
I, det(R) = 1. The rotation matrix R expressing a rotation around a normalized axis

r = (rx, ry, rz)
⊤ with angle θ is obtained with Rodriques’ formula by

R = R(r, θ) = I+ sin(θ) [r]× + (1− cos(θ)) [r]
2
× (2.8)
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where

[r]× =





0 −rz ry
rz 0 −rx
−ry rx 0



 . (2.9)

Combining two rotations simply involves matrix multiplication, the identity rotations is

given by the identity matrix I, and inverting a rotation coincides with common matrix

transpose R−1 = R⊤. Note that rotations do not commute, i.e. R1R2 6= R2R1. A 3D

point ~x can be rotated around an axis r with angle θ by performing the matrix multipli-

cation R(r, θ)~x. The rotation matrix R(q) related to the unit quaternion q is obtained

by

R(q) =





1− 2q2j − 2q2k 2qiqj − 2qkq 2qiqk + 2qjq
2qiqj + 2qkq 1− 2q2i − 2q2k 2qjqk − 2qiq
2qiqk − 2qjq 2qjqk + 2qiq 1− 2q2i − 2q2j



 . (2.10)

Note that every term is quadratic in elements of the unit quaternion. Therefore the an-

tipodal unit quaternions q and −q are mapped to the same rotation matrix, i.e. R(q) =
R(−q)). The space of rotation matrices covers the space of rotations only once.

When expressing a distance between rotations we can use both the unit quaternion pa-

rameterization and the matrix parameterization. For each, charting functions and metrics

are provided in Sec. 2.5.5.

2.3.4 Euclidean motion

So far we have introduced all our basis pose spaces and their manifold structure. The

basis pose spaces can be combined with each other to form new spaces. To this purpose

we can use the mathematical construct known as the direct product between spaces. This

product is denoted by ×. When taking the direct product between two spaces, then the

resulting direct product space is the independent combination of these spaces. It is the

same construct by which three dimensional Euclidean space is constructed from three

identical copies of one dimensional Euclidean space. A more technical description is

provided later on in this chapter.

The direct product can be utilized to construct the space of Euclidean motion from the

space of translations and the space of rotations. Euclidean motions model the change in

position and orientation between poses, their manifold is the direct product space

R3 × S3. (2.11)

This is the independent combination of three dimensional Euclidean space and a hyper-

sphere. The charting function and metric of this manifold are provided in Sec. 2.5.6.

It is important to consider that this direct product space is not the same as the Lie

group of rigid-body motions SE(3). In Sec. 2.6.1 we discuss (Subbarao and Meer, 2006,

2009; Subbarao et al., 2007; Tuzel et al., 2005) in which an attempt is made to define a

charting function and a metric on Euclidean motions by using the Lie group structure of

SE(3). We show there that this charting function does not produce metric charts and can

therefore not be used to define distances between Euclidean motions.
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2.3.5 Scale free Euclidean motion

Another useful combination is that of scale free translations with rotations. By taking this

particular combination we can model scale free Euclidean motions. This direct product

space is defined as

S2 × S3. (2.12)

Our novel charting function and metric for this manifold are provided in Sec. 2.5.7. The

space of scale free Euclidean motion is related to the epipolar geometry of image pairs

and to their essential matrix.

The essential matrixE, Longuet-Higgins (1981), is a 3×3matrix which algebraically

describes the epipolar geometry between two calibrated cameras. Let x and x′ be the

homogeneous normalized projections of the same world point on the imaging planes of

the first and second camera respectively. The essential matrix takes the point x from the

imaging plane of the first camera and maps it to its epipolar line l′ in the imaging plane

of the second camera by l′ = Ex. Since the projection of the world point on the imaging

plane of the second camera, i.e. x′, must be on l′ we have x′⊤l′ = 0. The essential matrix

is defined (up to scale) algebraically as the matrix that satisfies

x′⊤Ex = 0 (2.13)

for all such correspondences x and x′. An illustration is provided in Fig. 2.2.

The epipolar geometry of a normalized camera setup is defined by the translation t

and rotationR between the two cameras. Given this translation and rotation a geometric

composition of the essential matrix is

E = [t]× R , (2.14)

realizing that it can only be determined up to a global scale ambiguity from corresponding

image points. Since rotations are scale independent, the global scale ambiguity only

affects the translation t. Hence the length of this vector can be normalized to have unit

length ‖t‖ = 1 without loss of information. The normalized essential matrix is therefore

defined as

E = [t]× R , with ‖t‖ = 1 . (2.15)

This definition allows us to specify the space of normalized essential matrices as the direct

product space as S2×S3. This space has five degrees of freedom, and so does an essential

matrix. For more information on the essential matrix, epipolar geometry, or multiple-view

geometry in general, we recommend (Hartley and Zisserman, 2004).

When estimating the scale free Euclidean motion one typically starts with a linear

estimate for the essential matrix based on image point correspondences. From the es-

sential matrix the scale free Euclidean motion is then obtained and possibly refined by

a maximum likelihood estimator. The challenge is that the mapping from an essential

matrix to a scale free Euclidean motion is not unique. Each essential matrix is related

to four different scale free Euclidean motions. This is known as the four-fold ambiguity

and discussed in detail in Sec. 2.6.2. In order to define a distance metric on essential

matrices, one first has to assure that each essential matrix is mapped to a single scale free

Euclidean motion. This is the first step in Sec. 2.2. It can be performed efficiently by



24 CHAPTER 2. THE GEOMETRY OF POSE STATISTICS

R t

x

x

,

'

l

l
'

Figure 2.2: Illustration of the epipolar geometry defined by two cameras. They are sepa-

rated from each other by a rotation R and a translation t. A world point together with the

camera centers define the grey plane, it is the epipolar plane belonging to the world point.

This epipolar plane intersects both imaging planes resulting in the two dashed epipolar

lines l and l′. The projections x and x′ of the world point onto the imaging planes are

constrained to lay on these epipolar lines. All points in the same epipolar plane also share

the same epipolar lines. The essential matrix E = [t]× R encodes these relations for all

possible world points which project onto both imaging planes. It maps the projection of

any such world point from one imaging plane to its epipolar line in the other imaging

plane, i.e. l′ = Ex and l = E⊤x′. As both projections of this world point are constrained
to lay on its epipolar lines, we have that x′⊤Ex = 0 and x⊤E⊤x′ = 0.

chirality (Hartley and Zisserman, 2004), which in this case refers to estimating the 3D

points related to the image point correspondences for each of the four possible epipolar

configurations and selecting that configuration for which the 3D points are in front of

both cameras. This process is often used in computer vision when estimating motion and

structure from monocular image data and exactly the same process can be used for our

purposes. Estimating the scale free Euclidean motion is therefore the same as estimating

the essential matrix with the additional step of resolving the four-fold ambiguity. Every

essential matrix is then related to exactly one scale free Euclidean motion and therefore

related to exactly one point in S2 × S3.

In Subbarao and Meer (2009); Subbarao et al. (2008) an attempt is made to define

a charting function on essential matrices themselves, i.e. without resolving the four-fold

ambiguity. We provide a detailed analysis of their approach in Sec. 2.6.2 and show that it

does not produce metric charts. We also explain the negative consequences of using their

charting function within intrinsic statistics.

2.4 Riemannian geometry and manifold distance

We observed that the manifold structure of our pose spaces are flat Euclidean spaces, (hy-

per)spheres and direct product combinations of these. The mathematical field concerned

with expressing charting functions on general differentiable manifold is Riemannian ge-

ometry. It is an actively studied field of pure mathematics and its methods are applicable

to manifolds significantly more complicated than that of our pose spaces. It is neverthe-
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less useful to discuss Riemannian geometry as this provides us with the tools to develop

and verify the required charting functions for our pose spaces. This section is written for

a computer visionist or roboticist not familiar with Riemannian geometry and provides a

stepping stone to mathematical texts such as (do Carmo, 1992).

2.4.1 Manifolds and tangent spaces

A manifoldM is a mathematical space with a technical definition which essentially cod-

ifies that at each point the manifold locally resembles a Euclidean space (we make this

more specific below). The dimension of the local Euclidean space is the dimension of

the manifold. An example of a manifold is the surface of a sphere immersed in a three

dimensional Euclidean space R3. The surface of the sphere is locally isomorphic to the

Euclidean plane R2, hence it has dimension two. The Euclidean space in which a mani-

fold may be thought to be immersed is frequently called its ambient space.

Many different types of manifolds exist, in this thesis the interest is specifically on

manifolds which are differentiable. The differentiability allows the use of calculus, the

foundation for optimization, to the manifold. By exploiting the differentiability one can

also obtain tangent vectors of curves which reside on the manifold. The space consisting

of all tangent vectors of all possible curves which pass through a point on the manifold

is called the tangent space of that point. The tangent space of manifoldM at point p

is denoted as TpM and has the structure of a Euclidean vector space. It has the same

dimensions as the manifold. Every point on a differentiable manifold has such a tangent

space. It is the tangent space which makes the manifold locally isomorphic to a Euclidean

space. Our charts of the previous section are tangent spaces having distance and direction

preserving properties.

2.4.2 Riemannian manifolds, intrinsic distance and geodesics

To extend a differentiable manifold to a Riemannian manifold, each tangent space is

equipped with a Riemannian metric. A Riemannian metric can always be expressed as a

symmetric positive-definite bilinear form (i.e. an inner product) between tangent vectors.

For u and v in TpM the Riemannian metric 〈 , 〉 is defined as:

〈u, v〉p = u⊤Σpv (2.16)

in which Σp is a symmetric positive definite matrix (points on the manifold are given in

boldface, e.g. u, whereas points in the tangent space are given in fraktur, e.g. u). Note that

the subscript p reflects that this inner product can vary between points on the manifold. It

must do so smoothly for a differentiable manifold. The Riemannian metric allows one to

express distance and direction locally in each tangent space. A locally defined Rieman-

nian metric should not be confused with a distance metric over the complete manifold,

which is a globally defined construct. However, as will be explained, a distance metric

over the complete manifold can be constructed from local contributions which themselves

are derived from a Riemannian metric.

The length of a curve γ inM (i.e. it completely resides on the manifold) is the integral

of all the local Riemannian metric contributions over all points over the curve. Let the

curve γ pass through the point p ∈M at γ(0) and pass through the point u ∈ M at γ(1)



26 CHAPTER 2. THE GEOMETRY OF POSE STATISTICS

then the length of the curve segment between p and u is defined as

lup(γ) =

∫ 1

0

√

〈dγ
dt
,
dγ

dt
〉γ(t)dt. (2.17)

Here the subscript γ(t) denotes a point on the curve and dγ
dt

is the tangent vector of the

curve at this point. Conceptually, this is no different from calculating the length of a

curve in Euclidean space in which the Riemannian metric is the regular inner product

everywhere.

Manifold distance

The distance between two points residing on a differentiable manifold is defined as the

length of the shortest (piecewise differentiable) curve over the manifold connecting the

two points.

d(p,u) = min
γ∈Γ

lup(γ), (2.18)

where Γ is the set of all possible curves residing on the manifold joining p and u. Under

this definition d( , ) is a distance metric, do Carmo (1992). Again this is conceptually

not different than Euclidean space where the shortest possible curve between two points

is a straight line whose length equals their Euclidean distance.

If and only if the value of a distance metric for any two points on a manifold is equal

to the length of the shortest possible curve over the manifold connecting the two points, it

defines an intrinsic distance measure. As the corresponding curve completely resides in

the manifold it respects the geometric structure of the manifold, such a curve is called an

intrinsic curve. The opposite of an intrinsic curve is an ambient curve, which is a curve

through the ambient space of the manifold not necessarily residing on the manifold itself.

A distance measure based on the shortest possible ambient curve is called an ambient

distance measure or an extrinsic distance measure. As the ambient space is Euclidean,

the ambient distance measure is the Euclidean distance measure. In Fig. 2.3.a we illustrate

the difference between an intrinsic distance measure and an ambient distance measure.

Geodesics

Geodesics are the generalization of straight lines in Euclidean space to Riemannian man-

ifolds. A property of a straight line in Euclidean space is that its second derivative is

zero everywhere, i.e. it does not accelerate in any direction. The same property applies to

geodesics. It is well known that straight lines are the minimal length curves of Euclidean

spaces. The relation between minimal length curves and geodesics is not as straightfor-

ward in general however.

In order to explicitly compute the derivatives for points on curves in a Riemannian

manifold, we first need to provide every point on the manifold with a basis for its tangent

space. All these tangent space bases may have a general alignment with respect to each

other. Althoughmost alignments have little practical value, there is no theoretical require-

ment which forbids them. Once a specific alignment of tangent space bases is chosen, it

dictates for which curves their second derivative is zero. Thereby, the alignment dictates

which curves are geodesics. To determine which curves are minimal length curves, we
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p

u

(a)

u

p

-p

(b)

Figure 2.3: An example of a differentiable manifold is the unit circle S1 embedded in

R2. Its intrinsic distance measure between p and u is the length of the green intrinsic

curve connecting them, see Fig. 2.3.a. The ambient distance measure is the length of the

red ambient curve. The cut locus of points on the circle are their antipodal points. For

the point p its antipodal point is −p, see Fig. 2.3.b. When extending the green intrinsic

curve starting from p beyond its antipodal point−p towards u, then traveling in opposite

direction from p towards u over the circle, i.e. the red intrinsic curve, will provide a curve

of less distance between p and u. The cut locus of p therefore is −p.

(a)

Figure 2.4: An example of a differentiable manifoldM is the surface of a unit sphere

embedded in R3. Its tangent space at p is depicted as the transparent plane TpM. A

tangent vector u can be mapped back to the manifold using the exponential map, this

results in Expp(u). The length of this tangent vector ‖u‖ equals the length of the intrinsic
green curve between p and Expp(u), i.e. ‖u‖ = d(p,Expp(u)).
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(a)

(b)

Figure 2.5: Illustration of the difference between geodesics and minimal length curves.

Both figure (a) and (b) contain a curve, i.e. the black lines, and points on these curves are

depicted by dots. The bases of tangent spaces at these points are visualized by the red and

green vectors. The relative alignment between tangent space bases is different for (a) and

(b). The Riemannian metric for each tangent space is represented by grey circles. As they

all are isometric both curves provide paths of least distance for points on them, they are

minimal length curves. In (a) the curve is also a geodesic as it does not change direction

with respect the tangent space bases. In (b) however, the curve is not a geodesic due to

the chosen alignment of tangent space bases. From a Riemannian point of view their is no

fundamental requirement that prevents expressing an alignment as depicted in (b). Hence,

geodesics are generally not minimal length curves.

require a Riemannian metric from which curve lengths can be calculated. As the Rieman-

nian metric is allowed to vary smoothly with respect to the alignment of tangent space

bases, it can be seen as independent from this alignment. The Riemannian metric and the

shape of the manifold determine minimal length curves rather than the alignment of tan-

gent space bases. There is no requirement that minimal length curves are also geodesics,

see Fig. 2.5 for an illustrative example. However, and this is important, we can always

specify a particular alignment of tangent space bases such that they become geodesics.

Such an alignment agrees with the Riemannian metric of the manifold and in many texts

such an alignment is (implicitly) assumed. In Sec. 2.6, where incorrect distance measures

are discussed, we demonstrate what can go wrong when such an alignment is taken on

without being confirmed.

2.4.3 Exponential map, logarithmic map and cut locus

In the remainder of this section it is assumed that we have chosen that specific alignment

which makes minimal length curves into geodesics. In Riemannian theory this alignment

is determined by the so called Levi-Civita connection of a manifold (do Carmo, 1992).

The context of this thesis does not allow discussing it in detail. For our applied purposes

it is sufficient to know that all our pose spaces have such a Levi-Civita connection.
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Exponential map

Let u be a tangent vector in the tangent space at p with ‖u‖ < ǫ then there exists a unique
geodesic starting at p in the direction of u. This allows the introduction of the exponential

map, do Carmo (1992). The exponential map at p takes a tangent vector u ∈ TpM to a

point on the manifold u, i.e.

Expp : TpM−→M : Expp(u) = u, (2.19)

such that u is on the geodesic starting at p into the direction of u and such that the length

of the geodesic segment, defined by Eq. 2.18, between p and u is equal to ‖u‖. The

concept of the exponential map is illustrated in Fig. 2.4.

The radius of the region over which the exponential map is a diffeomorphism, i.e. a

differentiable invertible mapping, between the tangent space of p and the manifoldM is

called the injectivity radius ofM at p. Note that the exponential map is not necessarily

related to the exponential of natural numbers, neither has it an explicit expression for

general Riemannian manifolds, and it can differ drastically among distant points on the

manifold.

Logarithmic map

Within the injectivity radius of p the inverse of the exponential map is defined and called

the logarithmic map. It transfers a point on the manifold u ∈ M to the tangent space

TpM, i.e.

Logp :M−→ TpM : Logp(u) = u, (2.20)

such that Expp(Logp(u)) = u. For a point on the manifold u it produces a tangent

vector u which when mapped back to the manifold by the exponential map results in u.

Note that Logp(p) = 0. Again the logarithmic map is not necessarily related to the

logarithm of natural numbers, neither has it an explicit expression in general, and it can

differ drastically among distant points on the manifold.

Relation with intrinsic distance

These mappings offer a mechanism by which to compute the intrinsic distance between

points on the manifold. From the distance preserving property of the exponential map and

the fact that minimal length curves are geodesics we have:

d(p,u) = min
γ∈Γ

lup(γ) = ‖Logp(u)‖. (2.21)

The definition of the exponential map (from which the definition of the logarithmic map

is derived) allows the intrinsic distance over the manifold to be computed as the Euclidean

length of tangent vectors within the injectivity radius of p. It is the existence of exactly

this construction that allows straightforward generalization of statistics designed for Eu-

clidean spaces to Riemannian manifolds. It is clear that the sought after charting function

C of Sec. 2.2 is the Riemannian logarithmic map and that its inverse C−1 is the exponen-

tial map. All tangent vectors produced by the logarithmic map Logp form our distance

and direction preserving metric chart of the manifold at charting point p.
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There are however strict conditions under which this approach can be utilized within

intrinsic statistics. Firstly, note that the exponential map and logarithmic map are de-

fined by geodesics. These geodesics are in turn defined by a specific alignment of tangent

space bases. By changing this alignment one effectively also changes the exponential

and logarithmic mappings. It is only because we demand using that specific alignment in

which minimal length curves are geodesics, that the logarithmic map is related to man-

ifold distances. If we would have used a general alignment, the logarithmic map would

not be related to distances over the manifold and it could not be used within intrinsic

statistics (we will meet an example of this in Sec. 2.6). Secondly, even when we use

an alignment that agrees with the Riemannian metric structure, the logarithmic map is

generally not defined for every possible combination of points on the manifold. This is

because the exponential map is not globally invertible, only within its injectivity radius it

is. The consequence is that the logarithmic map does generally not provide metric charts

in which all points on a manifold can be (uniquely) represented. When this is the case for

a particular distributions of points on the manifold, intrinsic statistical algorithms cannot

be guaranteed to converge (Karcher, 1977; Kendall, 1990). For correct operation of in-

trinsic statistical algorithms it is therefore required that all points are within each others

injectivity radii. These injectivity radii are defined by a concept known as the cut locus.

Cut locus

Consider a tangent vector tu ∈ TpM, with 0 ≦ t < ∞. Then starting at t = 0 and in-

creasing t, one obtains the geodesic starting at p into the direction of u as Expp(tu). Now
assume that for some value c, such that for all t ≦ c this geodesic provides the minimal

length curve between p and Expp(tu)), but that this is no longer the case for some t > c.
When this happens the tangent vector cu is called a tangential cut point, the point where-

after the image of the tangent vector by the exponential map no longer provides a path of

least distance. The collection of all tangential cut points for all tangent vectors starting at

p is called the tangential cut locus of TpM. The image of the tangential cut locus by the

exponential map is called the cut locus ofM at p. An illustrative example is depicted in

Fig. 2.3.b. The injectivity radius of p, the radius for which the exponential map at p is

guaranteed to be invertible, is related to the tangential cut locus by the definition that the

injectivity radius is smaller than or equal to the distance from p to its closest cut point.

In the example for the circle depicted in Fig. 2.3.b, the cut locus of a point p is its

antipodal point −p. The tangential cut locus is the set consisting of the tangent vectors

p and −p both having length π. The exponential map at p takes both tangent vectors to

−p. When trying to invert the mapping, i.e. mapping the cut locus−p back to the tangent

space, then there is no way of knowing which tangential cut point, i.e. p or −p, produced
−p. Hence, the logarithmic map at p is not defined for the point −p. The consequence
within intrinsic statistics is that when a distribution of points on the circle contains both

p and −p, then convergence cannot be guaranteed. We discuss such issues for our pose

manifolds further in Sec. 2.7.

2.4.4 Direct product and multiple geodesics

Consider an i-dimensional Riemannian manifoldM1 embedded in an i+ ia dimensional

ambient space Ri+ia , also consider a j dimensional Riemannian manifoldM2 embedded
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in a j+ja dimensional ambient spaceRj+ja . These two manifolds can be combined using

a direct product into a new manifoldM =M1 ×M2. Conceptually,M is obtained by

puttingM1 andM2 together such that they do not share any dimensions. More specif-

ically, the direct product brings the bases of the two ambient spaces Ri+ia and Rj+ja

together such that they form a new orthonormal basis for the ambient space Ri+ia+j+ja

in whichM is embedded. This direct product was used in Sec. 2.3.4 to construct the

manifold of Euclidean motions from the manifold of translations and rotations and in

Sec. 2.3.5 to construct the manifold of scale free Euclidean motions from the manifold on

scale free translations and rotations.

Under the direct product points on the manifoldM are ordered pairs of points onM1

and points onM2, i.e. p = (p1,p2) with p1 ∈M1 and p2 ∈ M2. The exponential and

logarithmic mappings of the direct product manifold are simply the combination of the

individual mappings of each sub-manifold.

Expp = (Expp1
,Expp2

) : (Tp1M1, Tp2M2) −→ (M1,M2), (2.22)

and

Logp = (Logp1
,Logp2

) : (M1,M2) −→ (Tp1M1, Tp2M2) (2.23)

Every property of the (sub-)manifoldsM1 andM2 are automatically transferred to the

direct product manifoldM. The intrinsic distance between p and u over the direct prod-

uct manifold is defined as

d(p,u) =
√

d(p1,u1)2 + d(p2,u2)2

=
√

( min
γ1∈Γ1

lu1
p1(γ1))

2 + ( min
γ2∈Γ2

lu2
p2(γ2))

2 , (2.24)

where Γ1 is the set of all possible curves overM1 connecting p1 to u1 and Γ2 does

the same overM2 for p2 to u2. The intrinsic distance overM is therefore the square

root of the sum of the squared lengths of the individual minimal length curves. Such

a definition is called a multiple geodesic approach (Altafini, 2000) or a product metric

approach (Cullen, 1967; do Carmo, 1992). It automatically obeys the axioms for a metric.

Under the same conditions as for the individual manifoldsM1 andM2 the intrinsic

distance forM1 ×M2 can be obtained by

d(p,u) =
√

‖Logp1
(u1)‖2 + ‖Logp2

(u2)‖2
= ‖Logp(u)‖,

(2.25)

which brings together the multiple geodesic approach and the element wise operation

of the Exp and Log mappings of the manifold direct product. Eq. 2.25 equally weights

distances over each sub-manifold, but there is no fundamental requirement to do so. When

needed, the intrinsic distance formula can therefore be generalized to the Mahalanobis

distance

d(p,u) =
√

Logp(u)
⊤Σ−1Logp(u), (2.26)

with Σ being a symmetric positive definite matrix (e.g. a covariance matrix).

Note that the multiple geodesics approach is a straightforward construct. It is the same

construct by which the Euclidean distance over Rn can be derived from the Euclidean

distance overR1. For example, consider three instantiations of one dimensional Euclidean
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vector spaces Rx,Ry,Rz , all equipped with the distance function d(p,u) =
√

(p− u)2.
Then define three dimensional Euclidean space as Rx × Ry × Rz . A multiple geodesic

definition of the intrinsic distance on R3 is then

d(p,u) =
√

d(px,ux)2 + d(py,uy)2 + d(pz ,uz)2

=
√

(px − ux)2 + (py − uy)2 + (pz − uz)2

=
√

(p− u)⊤(p− u),

(2.27)

the Euclidean distance formula for R3. It can be generalized to the Mahalanobis distance

in a similar fashion as in Eq. 2.26.

2.5 Pose spaces and their charting function

The main goal of this section is defining a charting function C for each of our pose spaces
given in Sec. 2.3. In the previous section we observed that this charting function is the

Riemannian logarithmic map and its inverse is the Riemannian exponential map. In Rie-

mannian geometry these mappings are conceptual constructions rather than explicit func-

tions. This is because for Riemannian manifolds in general, explicit functions do not

exist. Fortunately, all our pose spaces are homogeneous spaces.

2.5.1 Homogeneous spaces and action functions

As homogeneous spaces, look the same everywhere, so do their minimal length curves

and their geodesics. This allows for an efficient strategy to compute the Riemannian map-

pings for each point on the manifold. This strategy only requires the explicit development

of the Riemannian mappings with respect to the origin e, which are denoted with Expe
and Loge and map points back on forth between the manifold and the tangent space at

the origin. As the space is homogeneous, the choice for the origin is arbitrary but we

usually take a point for which Expe and Loge are most easily derived. The next step is to

(implicitly) develop these mappings for any other point on the manifold. To this purpose

we can utilize an action function.

An action function A is an invertible mapping which maps points in the manifold to

other points in the manifold. The action function at point g is denoted with Ag and maps

point to points such that the identity e goes to g. Its inverse A−1
g moves all points back

to their old location, hence g goes to e. For our purposes there are three conditions to

which the action function must adhere. Firstly, the action function and its inverse must be

computable for every point g on the manifold. Secondly, when the mapping transforms

points to points, it should not change the distances between these points. And as it does

not change distances, the relative spatial configuration of points in the manifold are pre-

served. A mapping having this property is called an isometry. The third condition is that

when applying the action function Ag to points which are on the geodesic through e and

g, they move to another location while remaining on this geodesic. Note that this a stricter

condition than that of being an isometry. It basically codifies that the action function does

not disturb the alignment of tangent spaces in which minimal length curves are geodesics.
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The use of the action function within intrinsic statistics is the following. When the

action function or its inverse is applied to a set of points, they move to a different location

on the manifold but their relative spatial configuration is preserved in an isometric man-

ner. As this contains all required statistical information, we can choose to move all points

to a location on the manifold that is most convenient, perform all calculations there and

then move the result back to the original location of the points. The location that is most

convenient is, of course, the origin e as it comes equipped with the required Riemannian

mappings.

By using the action function the general Riemannian mappings are obtained with

Expg1
(g2) = Ag1(Loge(g2)) (2.28)

and

Logg1
(g2) = Loge(A−1

g1
(g2)). (2.29)

This allows calculating the manifold distance between general points as

d(g1,g2) = ‖Logg1
(g2)‖ = ‖Loge(A−1

g1
(g2))‖ (2.30)

and we have obtained our desired charting function C.

Before we continuewe would like to stress that the geodesic action function, the align-

ment which makes minimal length curves into geodesics, and the Riemannian mappings

are heavily intertwined concepts. Basically, one can be derived from the other (and all are

related to the Levi-Civita connection of a manifold). The relation between these concepts

will become clearer after we have specified them for our pose spaces.

2.5.2 Deriving the charting function

The theory discussed so far allows us to derive the required charting functions for all our

basis pose spaces, i.e. those of translations, scale free translations, and rotations. This then

also allows deriving the charting function for Euclidean motions and scale free Euclidean

motions by using a multiple geodesic approach. For our basis pose spaces we follow the

six step based approach presented below.

1)We start with a usual Euclidean coordinate system for the ambient space in which

we embed the manifold. Then we define an origin on the manifold e given in term of

the coordinates of the ambient space. For all pose spaces in this thesis we can define this

origin e as pointed to by one of the basis vectors of the ambient space and can pick a basis

for the tangent space at the origin which is perpendicular to e and parallel to all remaining

basis vectors of the ambient space.

2) The Riemannian metric in the tangent space at e is inherited from the Euclidean

ambient space and therefore is the usual inner product between vectors. This Riemannian

metric is isotropic, i.e. the same for each direction in the tangent space. We then state

that the Riemannian metric is also isotropic for all other tangent spaces, which makes it
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homogeneous.

3) Even without explicitly fixing the basis for each tangent space, this already dictates

the minimal length curves with respect to e over our pose manifolds. This then allows

deriving the exponential map and logarithmic map at the origin.

4) The next step is to ensure that these minimal length curves become geodesics. We

can do so by aligning all tangent space bases with that of the tangent space at e such that

the minimal length curves originating at e do not change direction with respect to these

bases.

5) At this point we need to specify the action function. This action function must sat-

isfy all the conditions of Sec. 2.5.1. For all our pose space these conditions are sufficient

to derive it.

6) Finally, the charting functions and its inverse are obtained by combining the Rie-

mannian mappings at the origin with the action function as in Eq. 2.28 and Eq. 2.29.

Although our approach is not one would take within fundamentalmathematics, it does

provide guidelines to understand, verify and develop charting functions within computer

vision and robotics. In Sec. 2.6 we discuss alternative charting functions derived using

Lie group theory. In that section we will see that a Lie group also dictates an action on its

associated manifold. This action of a Lie group then also dictates an alignment of tangent

space bases. In this alignment, geodesics are generally not the minimal length curves

between points however, and therefore charting functions derived using Lie group theory

do generally not produce metric charts. Such charting functions can not be used within

intrinsic statistics.

2.5.3 Translations

Although deriving the logarithmic map on translations is more complex than the actual

logarithmic map itself, it serves well as an illustrative example and allows us to introduce

conventions required in the sections that follow.

Translations are modeled as points in three dimensional Euclidean space R3. Their

coordinates on the standard basis (1, 0, 0)⊤,(0, 1, 0)⊤,(0, 0, 1)⊤ are (tx, ty, tz)
⊤. Three

dimensional Euclidean space can be seen as a flat manifold embedded in R4. Let us now

specify thatR3 only occupies the last three dimensions ofR4, then the origin ofR3 within

its ambient space R4 can be chosen as the vector e = (1, 0, 0, 0)⊤. A translation vector

then has the coordinates t = (th, tx, ty, tz)
⊤ = e+ (0, tx, ty, tz)

⊤ in this ambient space.

Note that this is nothing more than the usual homogeneous embedding of translation

vectors into 4 by 4 matrices. The only difference is that the homogeneous coordinate th
is placed in front of the other coordinates instead of behind them. We use this convention

such that for all our pose spaces their origin e has coordinates (1, 0, ..., 0)⊤ which allows

for a more efficient notation.

The tangent space at the origin is the space perpendicular to e = (1, 0, 0, 0)⊤. For this
tangent space we can choose the basis vectors (0, 1, 0, 0)⊤, (0, 0, 1, 0)⊤ and (0, 0, 0, 1)⊤

which all are perpendicular to e and parallel to the basis of the ambient space. Apart from
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the first obsolete dimension, it coincides with the original Euclidean space R3. Hence, for

these bases, Euclidean space is its own tangent space. The coordinates of a tangent vector

in the tangent space at e are simply t = (tx, ty, tz)
⊤.

The tangent space at e can be equipped with a Riemannian metric which is just the

Euclidean inner product. The metric is therefore isotropic, i.e. it is the same in each

direction. We also make the metric homogeneous, i.e. the Riemannian metric is the same

in each tangent space. Regardless of the actual alignment of the tangent spaces at other

points than e, these two conditions dictate that the minimal length curves originating at e

are straight lines.

The Riemannian exponential map which takes each tangent vector t to a point on the

minimal length curve starting in the direction of t is then simply

Expe(t) = e+ (0, tx, ty, tz) = t (2.31)

Its inverse, the logarithmic map, is

Loge(t) = (tx, ty, tz)
⊤ = t (2.32)

The distance with respect to the origin e can now be computed with

‖Loge(t)‖ =
√
t⊤t =

√

t2x + t2y + t2z, (2.33)

which is the Euclidean length of the original translation vector as expected.

To ensure that these minimal length curves are geodesics they should not change di-

rection with respect to tangent space bases. The initial tangent space basis is that of e and

to make straight lines into geodesics, all other bases should be parallel to that of e. For

the tangent space at general t, this is simply assured by translating the basis at e to t.

The next step is defining the action function such that it satisfies all the conditions of

Sec. 2.5.1. In this case it is obvious that the action function is made up of translation. For

general t1 and t2 it is defined as

At1 (t2) = (t1ht2h, 0, 0, 0)
⊤ + t1h(0, t2x, t2y, t2z)

⊤ + t2h(0, t1x, t1y, t1z)
⊤. (2.34)

and its inverse is

A−1
t1

(t2) = (t1ht2h, 0, 0, 0)
⊤ + t1h(0, t2x, t2y, t2z)

⊤ − t2h(0, t1x, t1y, t1z)⊤. (2.35)

Because t1h = t2h = 1, these actions simply add and subtract translation vectors. They

are related to the usual homogeneous embedding of translation vectors into 4 by 4 ma-

trices. The use of the homogeneous coordinates seems unnecessarily complicated, we

however need them for further use in Sec. 2.5.8 where we show that the Riemannian ex-

ponential map on translations can be derived alternatively using the Taylor series of the

exponential function.

Combing the Riemannian mappings at the identity with the action function gives the

general Riemannian exponential map

Expt1(t2) = Expe(t2) + (0, t1x, t1y, t1z)
⊤ (2.36)

and logarithmic map

Logt1(t2) = Loge(t2 − (0, t1x, t1y, t1z)
⊤), (2.37)
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where we simplified the action function using t1h = t2h = 1. When computing the

distance between general translations using this logarithmic map, we see that

‖Logt1(t2)‖ = ‖Loge(t2 − (0, t1x, t1y, t1z)
⊤)‖

=
√

(t2x − t1x)2 + (t2y − t1y)2 + (t2z − t1z)2,
(2.38)

which is nothing more than the Euclidean distance between the two translations. This

derivation shows that the metric properties of Euclidean space are fully dictated by a

parallel alignment of tangent space bases and an isotropic and homogeneous Riemannian

metric.

2.5.4 Scale free translations

Scale free translations are points on the unit sphere S2 embedded in R3. A scale free

translation d = (dx, dy, dz)
⊤ satisfies ‖d‖ = 1. Let us choose the basis for the ambient

space as (1, 0, 0)⊤,(0, 1, 0)⊤,(0, 0, 1)⊤. The coordinates of the origin e of the unit sphere

on this basis is chosen as (1, 0, 0)⊤. The tangent space at e is then spanned by the basis

vectors (0, 1, 0)⊤ and (0, 0, 1)⊤ originating from, and perpendicular to, e. A tangent

vector d in the tangent space at e has coordinates d = (dy, dz).
Again we define that the Riemannian metric in the tangent space at e is isotropic

and therefore can be computed by the Euclidean inner product. We also define it to be

homogeneous. For this convention it is well known that the minimal length curves in S2

through e are great circles (circles with radius 1). The manifold distance over the unit

sphere is therefore the length of the shortest great circle segment between points. For

general d1 and d2 this length is equal to arccos(d1 · d2).
The Riemannian exponential map at e should take a tangent vector d to the point d

on the great circle originating at e in the direction of d. It must do such that the length of

the segment between e and d is equal to ‖d‖, hence arccos(e · d2) = ‖d‖. The analytic
expression for this exponential map is well known (Bus and Fillmore, 2001), it is

d = Expe(d) ≡







(

cos(‖d‖), sin(‖d‖) d
‖d‖
)

, ‖d‖ 6= 0

(1, 0, 0) , ‖d‖ = 0

. (2.39)

A geometric derivation is provided in Fig. 2.6. Its inverse is the logarithmic map

d = Loge(d) ≡







arccos(dx)
(dy,dz)

‖(dy,dz)‖ , dx 6= 1

(0, 0) , dx = 1

. (2.40)

To make great circles into geodesics we need a convention for the tangent space bases

at all points on S2. This convention is visualized in Fig. 2.7. It assures that geodesics do

not change direction with respect to tangent space bases. This is possible for every point

except −e. This seems unwanted but it is a well known mathematical fact that it is not

possible to define a basis for the tangent space at every point such that minimal length

curves do not change direction with respect to all bases. This property of S2 is captured

by the hairy ball theorem (Eisenberg and Guy, 1979). Intuitively, it states that one can not

comb a hairy ball flat without creating a cowlick, in this case the cowlick is exactly and

only at −e.
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Figure 2.6: Illustration of the geometric derivation of the exponential map on S2. In (a)

the Riemannian exponential map at e takes d to the point d on the minimal length curve

originating at e into the direction of d. It does this such that the traveled distance from e

to d over the minimal length curve is equal to ‖d‖. This minimal length curve is the great

circle depicted in magenta and which is obtained as the intersection between the sphere

S2 and the geodesic plane of d, i.e. the plane in which (0, 0, 0)⊤, d and e reside. The

challenge is deriving the coordinates of d on the basis of the ambient space. In order to

do so we first restrict ourselves to its coordinates in the geodesic plane, see (b). In the

geodesic plane the image of the manifold is the circle with radius 1 and the orthogonal

basis for the ambient space R2 is ê = (1, 0)⊤ and p̂ = (0, 1)⊤. The image of ê and p̂

back in R3 are e and p respectively. The image of the tangent plane is the line tangent

to ê and the image of the tangent vector d is d̂, which is only one dimensional and its

single coordinate is equal to (0, d) · p. As (0, d) is just a multiplicative of the unit vector

p we have that (0, d) · p = α‖d‖ where α is 1 if d points in the same direction as p

and -1 when it points in the other direction. Furthermore, α‖d‖ is the same as the angle

between p̂ and ê. It then follows that the coordinates of d̂ within the geodesic plane

are d̂ = (cos(α‖d‖), sin(α‖d‖))⊤ which simplifies to d̂ = (cos(‖d‖), α sin(‖d‖))⊤ as

α ∈ {1,−1}. Now we have to map d̂ back to the basis of the ambient space, i.e. back

to d. This involves nothing more than d = cos(‖d‖)e+ α sin(‖d‖)p. The last step is to

write this into terms of d only. For this we can exploit that p = α(0, d
‖d‖ ) which gives

d = (cos(‖d‖), 0, 0, 0)⊤+α2 sin(‖d‖)(0, d
‖d‖ )

⊤ and as α2 = 1 it can be rewritten to d =

(cos(‖d‖), sin(‖d‖) d
‖d‖). This final expression is the required Riemannian exponential

map for S2 at e.
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(a) (b)

(c)

Figure 2.7: The alignment of tangent space bases on S2 enforced by our action function.

Only at −e it has a discontinuity for all other points it is smooth. A minimal length curve

through e is plotted in magenta. Note that it does not change direction with respect to the

tangent space bases of all points except that of−e. Therefore, it is a geodesics everywhere
except at −e. The same holds for any other geodesic starting at e

.
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The discontinuity at −e is not in contradiction with the discussed theory. First note

that the minimal length curves starting at e stop to be minimizing at the moment they pass

−e. This because traveling in opposite direction from e then provides a shorter path. This

point −e is the cut locus of e and its image in the tangent space, i.e. the tangential cut

locus, is the circle centered around the origin with radius π. All points on this circle will

map to −e, therefore, when mapping −e back to the manifold there is no way of telling

from which point on the circle it came. The inverse of the Riemannian exponential map,

the logarithmic map, is simply not defined for−e. This is also obvious from its definition

in Eq. 2.40. From this and from the fact that minimal length curves cannot pass−e, there
is no need that minimal length curves originating at e are geodesics at −e. It suffices that
they are geodesics for all other points.

Because of the special situation at −e, we start with deriving the action function for

all other points on S2. From Fig. 2.6 it can be observed that any point on the great circle

through e and d can be obtained by rotating e around an axis originating at (0, 0, 0)⊤ and

perpendicular to the geodesic plane of d, i.e. the plane in which (0, 0, 0)⊤, e and d reside.

The inverse of this rotation can take every point on the great circle back to e. By varying

the axis, every point on the sphere can be reached and mapped back. Furthermore, since

R⊤R = I and therefore (Rd)⊤(Rd) = d⊤R⊤Rd = d⊤d, rotations do not change the

relative distances and angles between points on the manifold. It is clear that the action

function can be constructed from a well chosen rotation.

The normalized axis of the rotation that maps e to d can be computed with

r(d)=
(1, 0, 0)⊤ × d

‖(1, 0, 0)⊤ × d‖=
(0,−dz, dy)⊤
√

d2y + d2z

. (2.41)

The angle of this rotations is the smaller angle between e and d and is provided by

θ(d) = arccos(d · e) = arccos(dx), (2.42)

Using Rodriques’ formula of Eq. 2.8 the normalized vector r(d) together with the angle

θ(d) specify a rotation matrix

Rd = R(r(d), θ(d)). (2.43)

This inverse of this rotation is

R−1
d = R(r(d),−θ(d)). (2.44)

When d1 and d2 are on the same great circle through e, we have that they share the same

rotation axis. Form this it is clear that Aτ
d1
(d2) pushes d2 over this same great circle,

i.e. over the minimal length curve through d1 and d2. The action functionAd1 therefore

preserves the alignment of tangent space bases which makes minimal length curves into

geodesics.

We now turn our attention to the special point (−1, 0, 0)⊤. Whend = (−1, 0, 0)⊤, the
rotation matrix is not defined as there is no unique plane through (0, 0, 0)⊤, (1, 0, 0)⊤ and

(−1, 0, 0)⊤. As there is simply no choice for the tangent space basis at −e which aligns

it with all geodesics originating from e, the alignment can be chosen freely. Basically,

we can take a rotation with an arbitrary axis in the yz-plane and an angle of π. However,
consider that apart for rotations also a reflection in the origin of the ambient space is
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invertible and maps the sphere onto the sphere while preserving relative distances and

angles ((−Ix)⊤(−Ix) = x⊤x). For the action function at −e and only at −e we can

define it as a reflection in (0, 0, 0) as this action maps e onto −e. This action maps each

point to its antipodal and therefore leaves them on their minimal length curves. At this

point there is no particular reason to favor this reflection above a rotation of the kind

described earlier. In Sec. 2.5.8 it will however become clear that this choice allows for an

alternative Taylor series expression of the Riemannian exponential map on S2.
The action function for all points on S2 is defined by

Ad1(d2) =

{

Rd1d2 , d1 6= (−1, 0, 0)⊤
−Id2 , d1 = (−1, 0, 0)⊤ . (2.45)

Its inverse is then

A−1
d1

(d2) =

{

R−1
d1

d2 , d1 6= (−1, 0, 0)⊤
−Id2 , d1 = (−1, 0, 0)⊤ . (2.46)

The Riemannian exponential and logarithmic mappings for S2 are provided by

d2 = Expd1
(d2) = Rd1(Expe(d2)) (2.47)

d2 = Logd1
(d2) = Loge(R

−1
d1

(d2)) (2.48)

when d1 6= (−1, 0, 0)⊤. In the case that d1 = (−1, 0, 0)⊤, Rd1 and R−1
d1

are simply

replaced with −I.
The intrinsic distance between directions represented by the unit vectors d1 and d2

can now be described as the Euclidean length of the tangent vector Logd1
(d2) and we

have obtained the required charting function. Let us verify this explicitly. The manifold

distance between scale free translations is the length of the smallest great circle segment

connecting them, i.e dist(d1,d2) = arccos(d1 · d2). First note that this manifold dis-

tance is invariant to the action function. Indeed rotating two directions does not change the

angle between them and the same holds for multiplying them with −I. Therefore, it suf-
fices to show that arccos(e ·d) = ‖Loge(d)‖. From the definition of the logarithmic map

Eq. 2.40 it is clear that ‖Loge(d)‖ = arccos(dx) = arccos((1, 0, 0)⊤ ·d) = arccos(e·d).

2.5.5 Rotations

From the fact that unit quaternions reside on the unit sphere S3, it should come as no

surprise that deriving their exponential map does not differ much from that of S2. In fact,
except for the addition of one dimension, both derivations are the same. The Riemannian

exponential map for S3 is therefore presented without its explicit derivation, it is

q = Expe(q) =







(

cos(‖q‖) , sin(‖q‖) q

‖q‖
)

, ‖q‖ 6= 0

e , ‖q‖ = 0

. (2.49)

Recall from Sec. 2.3.3 that S3 is a double cover of the space of rotations because q and

−q represent the same rotation. We therefore have to make sure that the distance between
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antipodal quaternions is zero and that, when computing the distance between general

quaternions, we always take the shortest distance. To this purpose we reparameterize the

arccosine with

arccos∗(ρ) =







arccos(ρ)− π , −1 ≤ ρ < 0

arccos(ρ) , 0 ≤ ρ ≤ 1
(2.50)

This assures that the intrinsic distance between two quaternions computed by arccos∗(q1 ·
q1) respects the fact that S

3 is a double cover of the space of rotations. With this arccosine

the Riemannian logarithmic map is defined as

q = Loge(q) =







arccos∗(q)
~q

‖~q‖ , q 6= 1

(0, 0 , 0)⊤ , q = 1

. (2.51)

The exponential map creates a quaternionq expressing a rotation around a normalized

axis r = q

‖q‖ with angle α = 2 ‖q‖. The logarithmicmap basically maps this quaternionq

back to the tangent vector q = α
2 r. Note that when using the logarithmic map to compute

the manifold distance with respect e one must first multiply quaternions for which q < 0
with -1. This resolves the two-fold ambiguity between rotations and their quaternion

representation, see Sec. 2.3.3.

We also need an invertible action function to transport these mappings over the entire

sphere S3. It is well known that this action function can be constructed from quaternion

multiplication with

Aq1(q2) = q1q2 (2.52)

and its inverse with

A−1
q1

(q2) = q−1
1 q2. (2.53)

Although the action function and its inverse appear different than those of S2, they are

again closely related. Consider that the quaternion product can be expressed alternatively

as a matrix product. When multiplying the quaternion q1 = (q, qi, qj , qk)
⊤ with the

quaternion q2 this can expressed with

Qq2 =









q −qi −qj −qk
qi q −qk qj
qj qk q −qi
qk −qj qi q









q2 (2.54)

Now note that Q⊤Q = I, the matrix is orthogonal. Similarly to rotations in 3D, we

have that (Qq2)
⊤(Qq3) = q⊤

2 q3. Applying the matrix Q does therefore not change the

relative angle and distance between quaternions in 4D. From this it becomes clear that

the action function expressed using quaternions is based on the same principle as that of

S2. It obeys to all the conditions of Sec. 2.5.1. The main difference is that the quaternion

product is fully differentiable and the action function of S2 is not. This is due to the fact

that the sphere in 4D does allow a fully smooth alignment of tangent spaces. For our

purposes this is not relevant as we can apply the same techniques to S3 as well as to S2.
The Riemannian mappings for general quaternions are provided by

q2 = Expq1
(q2) = q1Expe(q2) (2.55)
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q2 = Logq1
(q2) = Loge(q

−1
1 (d2)) (2.56)

As in many application rotations are expressed using rotation matrices, we provide

their Riemannian mappings as well. Basically, these mappings can be seen as alterna-

tive formulations for those of quaternions. They are therefore given here without their

derivations. The Riemannian exponential map for a tangent vector r is

R = Expe(r) = I + sin(‖r‖)[ r

‖r‖ ]× + (1− cos(‖r‖))[ r

‖r‖ ]
2
×. (2.57)

It coincides with the Rodrigues rotation formula in that it produces a rotation matrix R
which encodes a rotation around an axis r

‖r‖ with angle ‖r‖. To express the Riemannian

logarithmic map we need the notation

[S]↑ =





0 −sz sy
sz 0 −sx
−sy sx 0





↑

= (sx, sy, sz)
⊤ (2.58)

to map a skew symmetric matrix S into a vector. With this notation the logarithmic map

is

r = Loge(R) =











[

θ (R−R⊤)
2 sin(θ)

]

↑
, θ 6= 0

(0, 0, 0)⊤ , θ = 0

(2.59)

with

θ = arccos

(

trace(R) − 1

2

)

(2.60)

Selig (1996). For a rotation matrix R expressing a rotation around normalized axis r with

angle α it effectively produces the tangent vector r = αr. The action function is again

comprised of rotation, i.e.

AR1(R2) = R1R2 (2.61)

and

A−1
R1

(R2) = R−1
1 R2. (2.62)

The Riemannian mappings for general rotation matrices are then provided by

R2 = ExpR1
(r2) = R1(Expe(r2)) (2.63)

r2 = LogR1
(R2) = Loge(R

−1
1 (R2)) (2.64)

The mappings of Eq. 2.63 and Eq. 2.64 have similar intrinsic distance preserving

properties, Park (1995). Indeed for two rotations expressed as quaternions q1 and q2 and

two rotation matrices R1 = R(q1) and R2 = R(q2) we have

∥

∥Logq1
(q2)

∥

∥ =
1

2

∥

∥LogR1
(R2)

∥

∥ . (2.65)
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The distance measure of quaternions and rotation matrices differ by a factor 2 since

quaternions characterize rotations with half angles. This reparametrization factor is of

no concern when using either mapping in an intrinsic statistical framework.

2.5.6 Euclidean motions

In Sec. 2.3.5 it was pointed out that the space of Euclidean motions can be modeled as

a direct product space of the space of translations and the space of rotations. Euclidean

motions are denoted with M and each

M ∈ R3 × S3. (2.66)

Both R3 and S3 are equipped with their Riemannian mappings. The Riemannian map-

pings for Euclidean motions can now be obtained using the multiple geodesic approach

of Sec. 2.4.4. These mappings are

M2 = ExpM1
(m2) = (Expt1(t2),Expq1

(q2)) (2.67)

and

m2 = LogM1
(M2) = (Logt1(t2),Logq1

(q2)) . (2.68)

Clearly, similar mappings can be obtained using the matrix representation for rotations.

The manifold distance between Euclidean motion can then be computes as

d(M1,M2) =
∥

∥LogM1
(M2)

∥

∥ . (2.69)

It can be generalized to a Mahalanobis distance when required.

This metric is similar to the metric obtained by Park (1995). The difference is that

our metric is explicitly computed using the Riemannian mappings at the origin and an

action function. These mappings can be used within intrinsic statistical algorithms in

exactly the same fashion as those of all other pose spaces. The metric in (Park, 1995)

did not explicitly use or specify the Riemannian mappings and action function as for their

purposes (mechanism design) this was not required.

2.5.7 Scale free Euclidean motions

The space of scale free Euclidean motions can be modeled as a direct product space of the

space of translations and the space of rotations, see Sec. 2.3.5. This space provides a four-

fold cover of the space of essential matrices. By resolving the four-fold ambiguity each

essential matrix E is a point in the direct product space of scale free Euclidean motions,

i.e.

E ∈ S3 × S3 . (2.70)

Both the basis spaces S3 and S3 have now been equipped with their Riemannian mappings

and again the mappings for essential matrices can be obtained using a multiple geodesic

approach, see Sec. 2.4.4. Their mappings are

E2 = ExpE1
(e2) = (Expd1

(d2),Expq1
(q2)) (2.71)

and

e2 = LogE1
(E2) = (Logd1

(d2),Logq1
(q2)) . (2.72)
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Again the matrix representation for rotations can be used as well. The manifold distance

between essential matrices can be computes as

d(E1,E2) =
∥

∥LogE1
(E2)

∥

∥ (2.73)

which can be extended to a Mahalanobis distance.

In Sec. 2.6 we show that a metric proposed by others for essential matrices is incorrect.

2.5.8 Alternative derivation using Taylor series

The charting functions of our pose spaces have been specified. They are all that is required

to perform intrinsic statistics. In this section we show that the Riemannian exponential

map of of our basis pose spaces can be derived alternatively from the Taylor series of the

exponential function. This allows us to better describe the conceptual difference between

Riemannian geometry and Lie group theory in Sec. 2.6. For the reader interested in the

application of our methods, we recommend that they continue directly to Sec. 2.7 which

is related to intrinsic statistics.

Action function as a product

The goal is to derive the Riemannian exponential map for all our basis pose spaces from

the Taylor series of the exponential function. As the exponentialmap takes tangent vectors

to the manifold, we need a product defined on tangent vectors to be able to evaluate the

Taylor series. We start with defining a product structure for points on our homogeneous

pose manifolds. This product, denoted with ⋆, is fully determined by the action function

and is provided by

g1 ⋆ g2 = Ag1(g2). (2.74)

As the action is defined to map the manifold onto itself, the product structure automat-

ically obeys the axiom of closure. The identity for this product is the origin e as the

action belonging to e maps the origin onto the origin leaving the manifold unchanged.

The inverse for this product is

g−1 = A−1
g (e), (2.75)

as A−1
g g = e for all g. Note that we have not demanded that this product structure does

obey the axiom of associativity. This is done to include the useful pose space S2 in our

treatment. As a consequence, it does not define a Lie group structure.

Taylor series in the tangent space

The Taylor series for the exponential function can be defined on tangent vectors as

expe(g)=

∞
∑

n=0

gn

n!
. (2.76)

The underlying summation we take to be regular vector addition and the power of a tan-

gent vector is defined using the product structure of the previous section, i.e.

g0 = e

g1 = (0, g)

gn+1 = ‖g‖n+1( g
n

‖gn‖ ⋆ (0,
g

‖g‖ ))
(2.77)
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Note that the product only involves unit length vectors. Furthermore, the power of a

tangent vector is evaluated from left to right. We could equally well have defined it from

right to left as all our action functions are power associative, i.e. associative when applied

to the same element.

Translations

Now we show that the exponential map on tangent vectors of R3 can be obtained as

a generalization of the exponential function. The first term in the Taylor series is the

identity e = (1, 0, 0, 0)⊤. The second term is (0, t), i.e. the tangent vector expressed on

the basis of the ambient space. All higher order terms involve the product ⋆. The term of

order two involves (0, t
‖t‖ ) ⋆ (0,

t
‖t‖ ). Note that the first coordinates of these vectors are

zero. As the product involves the action function of Eq. 2.34 of translation, it evaluates to

(0, 0, 0, 0)⊤, therefore, so do all higher order terms. The Taylor series therefore converges

to

expe(t) =
∑∞

n=0
t
n

n!
= e+ (0, t) + (0, 0, 0, 0)⊤ + (0, 0, 0, 0)⊤ + ...
= (1, tx, ty, tz)

⊤

= t.

(2.78)

It converges to the Riemannian exponential map of Eq. 2.32.

Scale free translations

A more interesting example is the unit sphere S2. Again the first term is the identity

e = (1, 0, 0)⊤ and the second term (0, d) is tangent vector orthogonally projected onto

the yz-plane of the ambient space. All higher order terms involve the vector (0, d
‖d‖ ).

It is d normalized and orthogonally projected onto yz-plane of the ambient space. As it

is normalized, it is a point on the unit sphere. Now let us examine what happens when

applying the product to points on the sphere in the yz-plane.

Let us first introduce the notion d′ = (0, d

‖d‖). The product on such vectors is defined

by the rotation matrix Rd′ in Eq. 2.45. It encodes a rotation with angle arccos(0) = 1
2π

around the axis e×d
′

‖e×d′‖ . This axis starts at (0, 0, 0)
⊤ and is perpendicular to the plane in

which (0, 0, 0)⊤, e = (1, 0, 0)⊤, and d′ reside, i.e. the geodesic plane of d′. The effect
of applying this rotation to d′ itself is that d′ is rotated through its geodesic plane with an

angle of 1
2π. From the illustration in Fig. 2.8 it is clear that it ends up in −e. The same

holds for every other point in the yz-plane. We therefore have that d2 = ‖d‖2d′ ⋆ d′ =
−‖d‖2e.

Let us now focus on d3 which is defined as ‖g‖3(d′ ⋆ d′) ⋆ d′. The last part of this

expression simplifies to −e ⋆ d′ which involves the ‘special’ point −e. For this point the
action function is defined as a reflection in (0, 0, 0)⊤, therefore,−e⋆d′ = −d′. Note that,
the effect is the same as rotation d′ with an angle π through its own geodesic plane. The

term of order four then again rotates −d′ with angle 1
2π through its own geodesic plane

resulting in e. All terms of order 5 also behave similar, they all rotate d′ through its own
geodesic plane with angular steps of 1

2π. This is visualized in Fig. 2.8.
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d- '

(a)

Figure 2.8: The manifold of scale free translations, i.e. the unit sphere S2 embedded in

R3. The basis for the ambient space is depicted by the red (x), green (y), and blue (z)

coordinate axes. A tangent vector in the tangent space at e is depicted by d. It relates to

the point d′ in yz-plane. The sphere is dissected by the plane through (0, 0, 0)⊤, e, and
d′, which is the geodesic plane of d′. The product of d′ acting on itself involves a rotation
with an axis perpendicular to the geodesic plane of d′. It is visualized by the dashed line.
By rotating d′ around this axis with an angle 1

2π we obtain −e, rotating it a second time

results in −d, and rotating it a third time results in e and so on (d′,−e,−d′,e,etc.). The
magenta curve it produces while rotating is a great arc which is the minimal length curve

for points on it.

To summarize, the power of tangent vectors of S2 evolves as

d2 = −‖d‖2 e

d3 = −‖d‖3 (0, d

‖d‖ )

d4 = ‖d‖4 e

d5 = ‖d‖5 (0, d
‖d‖ )

d6 = −‖d‖6 e

d7 = −‖d‖7 (0, d

‖d‖ )

...

(2.79)

From this it is clear that the Taylor series converges to

ed =
∑∞

n=0
d
n

n!

= e+ d− ‖d‖2

2! e− ‖d‖3

3! (0, d
‖d‖ ) +

‖d‖4

4! e+ ‖d‖5

5! (0, d
‖d‖)−

‖d‖6

6! e− ...
= (1− ‖d‖2

2! + ‖d‖4

4! −
‖d‖6

6! + ...)e+ (‖d‖ − ‖d‖3

3! + ‖d‖5

5! − ...)(0, d

‖d‖ )

= cos(‖d‖)e+ sin ‖d‖(0, d

‖d‖ )

= (cos(‖d‖), sin(‖d‖) d
‖d‖ ),

(2.80)
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where we used the power series definition of sine and cosine to arrive at the Riemannian

exponential map of S2.

Rotations

We again focus on the unit quaternion representation of rotations. From the fact that unit

quaternions are points on a hypersphere it should come as no surprise that the Taylor

series converges in a similar fashion as that of S2. From the properties of the quaternion

product we again we have that

q2 = −‖q‖2 e

q3 = −‖q‖3 (0, q

‖q‖ )

q4 = ‖q‖4 e

q5 = ‖q‖5 (0, q

‖q‖ )

q6 = −‖q‖6 e

q7 = −‖q‖7 (0, q

‖q‖ )

...

(2.81)

from which it is clear that the Taylor series indeed converges to (cos(‖q‖), sin(‖q‖) q

‖q‖ ).
It converges to the Riemannian exponential map.

It is interesting to consider that this derivation for S3 and its equivalent for the unit

circle S1, i.e. Euler’s formula, are both well known and frequently reported. By contrast,

the derivation for S2 we have not yet encountered in literature. This derivation is however
more interesting as both S3 and S1 have the structure of a Lie group which S2 does not

have (as its product structure is not associative and as its action is not differentiable at

−e).

2.6 Incorrect distance measures

In this section we review alternative charting functions for Euclidean motions and for

essential matrices. They were proposed recently in computer vision literature. Here it

is proven that they are not properly founded in mathematical theory and are not related

to intrinsic distances nor provide proper metrics. Their incorrectness mainly originates

from the misconception that Lie group theory is related to manifold distances. To explain

the details, we give a brief introduction into Lie groups. As we already provided correct

charting functions for all our poses spaces, the reader interested in the application of our

methods can directly continue to Sec. 2.7 which is related to intrinsic statistics.

2.6.1 Lie groups

A group is an algebraic structure consisting of a set G with an operator ⋆ which combines

two group elements into another such that the following axioms are satisfied:

• Closure

For all g1 in G and all g2 in G it holds that when

g1 ⋆ g2 = g3 , then g3 ∈ G. (2.82)
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• Associativity

For all g1,g2,g3 in G it holds that

(g1 ⋆ g2) ⋆ g3 = g1 ⋆ (g2 ⋆ g3). (2.83)

• Identity

There exists an element e in G called the identity such that for all g in G it holds

that

g ⋆ e = g (2.84)

and

e ⋆ g = g. (2.85)

• Invertibility

Every element g ∈ G has an inverse, denoted as g−1, such that g−1 is also in G
and such that

g−1 ⋆ g = e (2.86)

g ⋆ g−1 = e. (2.87)

A Lie group is a special kind of group which carries the structure of a differentiable

manifold such that the group operator and inversion are smooth functions, i.e. they are

continuous and have derivatives of all order. As every differentiable manifold can be

turned into a Riemannian manifold by equipping it with a Riemannian metric, every Lie

group can be associated with a Riemannian manifold. The converse is not true: not every

Riemannian manifold carries the structure of a Lie group.

The exponential and logarithm of a Lie group

A Lie group also comes equipped with an exponential and a logarithm. In Lie group

theory they transfer group elements between their Lie group and their Lie algebra. The

Lie algebra can intuitively be seen as the algebra of a local linearization of its Lie group

taken at the identity element. In that sense the Lie group is related to the manifold and its

Lie algebra is related to the tangent space of this manifold at e.

Many different classes of Lie groups exist and one such class is that of semi-simple

Lie groups. These semi-simple Lie groups share the special property that their Lie group

exponential map can be obtained by generalizing the exponential on natural numbers, i.e.

expe : G→ G, expe(g) =
∑∞

n=0
g
n

n!

= e+ g+ g
2

2! +
g
3

3! +
g
4

4! +
g
5

5! + ...
, (2.88)

where the operator on the Lie algebra underlying gn is the same as the operator ⋆ of its

Lie group. The logarithmic map loge : G → G of a Lie group is again defined as the

inverse of its exponential map and transfers points from the Lie group (manifold) to its

Lie algebra (tangent space). The mappings of a Lie group are denoted with exp and log
to differentiate them from those of Riemannian geometry with are denoted with Exp and

Log.
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One-parameter subgroups

A one-parameter subgroup of a Lie algebra element g with respect to the group identity is

defined by

expe(tg), t ∈ R. (2.89)

It is the image of tg mapped back onto its group with respect to e. We will see that one-

parameter subgroups can be used to verify whether the mappings from a Lie group are

related to manifold distances.

From the identity to the entire group

The exponential and logarithmic mappings of a Lie group are so far only specified with

respect to the group identity e. In Lie group theory the group product and inversion

provide an mechanism to transfer these mappings over the entire group. The general

exponential and logarithmic mappings of a Lie group are given by

expg1
(g2) = g1 ⋆ expe(g2) (2.90)

and the logarithm by

logg1
(g2) = loge(g

−1
1 ⋆ g2). (2.91)

For a more involved mathematical treatment of Lie groups and their relation with

manifolds we recommend (Tu, 2007).

Metric conditions for Lie groups

Although this all seems very similar to the Riemannian exponential and logarithm, the Lie

group based mappings are generally not related to the manifold distance over its associ-

ated manifold. This is because in Lie group theory one starts with a fixed group operator

⋆. Based on to this group operator the exponential and logarithmic maps are derived. Just

as the action function, the group operator enforces an alignment of tangent space bases on

the manifold. However, in this alignment caused by the group operator, the curves traced

out by one-parameter subgroups are the geodesics, whereas what we need is that mini-

mal length curves become geodesics. The two do not coincide for a general Lie group.

Therefore, in order for the Lie group based mappings to be related to the intrinsic distance

over their Riemannian manifold, the image of one-parameter subgroups on the manifold

must coincide with the minimal length curves of the manifold, Altafini (2000); do Carmo

(1992); Park (1995). If and only if this condition is satisfied, then the Lie group based

logarithmic map is related to intrinsic distances and can be used within intrinsic statistical

computations.

By contrast, in our Riemannian derivation for our homogeneous pose spaces we ex-

plicitly started with minimal length curves. In accordance with these minimal length

curves, an action function was specified. This action function is specifically chosen such

that minimal length curves are also geodesics. It also defines a product structure between

elements on the manifold, 2.5.8. But this product structure does generally not define a

(Lie) group structure on the manifold. Only in exceptional cases, the Riemannian struc-

ture coincides with the Lie group structure. Examples are the group of translations (as

vectors homogeneously embedded in 4D) and rotations (as quaternions or as orthogonal

matrices). For these Lie groups their operator and inverse coincide with those defined
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through the Riemannian action function. Furthermore, for these Lie groups, their Lie

groupmappings and the Riemannian mappings coincide (i.e. exp = Exp and log = Log).
The important thing to remember is that when deriving manifold distance preserving

exponential and logarithmic maps, one should follow a Riemannian approach and not a

Lie group based approach. The exponential and logarithmic mappings of a Lie group are

not related to minimizing geodesics in general and therefore can not be used to calculate

manifold distances. As a consequence, they should not be used within intrinsic statistical

calculations. A negative example of such a Lie group is SE(3) related to Euclidean mo-

tions in 3D, it is discussed in the next section.

How one can go wrong in SE(3)

In (Subbarao and Meer, 2006, 2009; Subbarao et al., 2007; Tuzel et al., 2005) the Lie

group exponential and logarithmic mappings of SE(3) are used to express a charting

function for Euclidean motions. As their charting function is used within intrinsic statis-

tics, it must be related to an intrinsic distance metric between Euclidean motions. It is

however well known that the Lie group mappings of SE(3) do not provide such an intrin-
sic distance metric, see Park (1995) for a proof. Strictly speaking, these mappings can

therefore not be used within intrinsic statistical calculations. Here we intuitively describe

the core properties of the Lie group SE(3) which prevent it from expressing an intrinsic

distance metric.

A Euclidean motion models both the change in position and the change in orientation

between two poses. The most common parametrization is that of 4 × 4 homogeneous

matrices which will be denoted asM. ThematrixMwhich performs a rotationR ∈ SO(3)
and translation t ∈ R3 is simply obtained with

M = M(R, t) =

[

R t

0 1

]

. (2.92)

This parametrization can be identified with a Lie group by letting the group operator

⋆ coincide with matrix multiplication, taking the group identity e as I, and letting group

inversion coincide with matrix inversion. The resulting group is usually denoted as SE(3),
i.e. the special Euclidean group in three dimensions. Its group properties embody an

intuitive geometrical interpretation of Euclidean motion.

An element of the Lie algebra of SE(3) is given by

m =

[

[r]× t

0 0 0 0

]

. (2.93)

where [r]× is a 3 × 3 skew symmetric matrix and t is a vector. For these elements the

matrix exponential has a closed form expression, it is

M = expe(m) =

[

expe(r) A(r)t
0 0 0 1

]

(2.94)

where

A(r) = I +
1− cos(‖r‖)
‖r‖ [

r

‖r‖ ]× +
‖r‖ − sin(‖r‖)

‖r‖ [
r

‖r‖ ]
2
×. (2.95)
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and expe(r) is the usual exponent if skew-symmetric matrices, see Eq. 2.57. This expo-

nential map takes elements of the Lie algebra se(3) back to the Lie group SE(3).
The matrix logarithm provides a closed form expression for the logarithmic map of

SE(3), it is

m = loge(M) =

[

[r]× A(r)−1t

0 0 0 0

]

(2.96)

where r = loge(R) as in Eq. 2.59 and

A(r)−1 = I +
1

2
‖r‖[ r

‖r‖ ]× + (1− ‖r‖+ cos(‖r‖)‖r‖
2 sin(‖r‖) )[

r

‖r‖ ]
2
×, (2.97)

(Selig, 1996). It takes an element of the Lie group to its Lie algebra element. The

general exponential map and logarithmic map are expM1
(M2) = M1 expe(M2) and

logM1
(M2) = loge(M

−1
1 M2).

The only difference between the charting function in (Subbarao andMeer, 2006, 2009;

Subbarao et al., 2007; Tuzel et al., 2005) and the logarithmic map logM1
(M2) is that it

maps a Lie algebra matrix element m to a six dimensional vector. This is simply per-

formed with
[

[r]× t

0 0 0 0

]

↑
= (r, t). (2.98)

Their intrinsic distance metric is then defined as

d(M1,M2) = ‖[logM1
(M2)]↑‖ =

√

‖r‖2 + ‖t‖2. (2.99)

We show that this is not an intrinsic distance metric nor a metric.

First note that the metric is computed from rotational, i.e. ‖r‖, and translational,

i.e. ‖t‖, contributions. The rotational contribution ‖r‖ is computed using the logarithmic

map of SO(3), see Sec. 2.5.5, which is related to manifold distances between rotations.

The rotational part of the metric is therefore correct. The focus is on the translational part.

The Lie group based exponent and logarithm of SE(3) are, just as their Riemannian

counterparts, related to geodesics. The geodesics of SE(3) are determined by the align-

ment of tangent space bases being enforced by the Lie group operator of SE(3). There-
fore, they are the exponential image of one-parameter subgroups onto the manifold. These

one-parameter subgroups in the subspace R3 are generally not straight lines but describe

helix segments instead, see Fig. 2.9 for an example. In this example the length of the helix

segment as computed by the Lie group logarithmic map with ‖t‖ = ‖A(r)−1t‖ is 1.45
and equal to the usual Euclidean curve length of the (geodesic) helix segment between e

and M in R3. In fact, the value of ‖A(r)−1t‖ for every possible t and r is always equal

to the usual Euclidean curve length of the corresponding (geodesic) helix segment. This

is because when computing the length as in Eq. 2.99 by using the Lie group logarithmic

map, one implicitly states that the Riemannian metric of SE(3) is the usual Euclidean

inner product everywhere. From Sec. 2.5.5 we know that for such an isotropic and homo-

geneous Riemannian metric the minimal length curves through the subspace SO(3) are
great circles. The Lie group logarithmic map for SO(3), which is incorporated in that of

SE(3), is related to these great circles and allows computing the intrinsic distance in the
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rotational subspace. For the subspace R3 equipped with an isotropic and homogeneous

Riemannian metric it is however well known that straight lines and not helix segments

are the minimal length curves. In the example of Fig. 2.9 the value of ‖t‖ is 1.45 which

indeed is more than that of a straight line connecting e with M which is 1. As a con-

sequence, the Lie group logarithmic map of SE(3) is not related to an intrinsic distance

measure in the subspace R3. It therefore can also not provide an intrinsic distance mea-

sure between Euclidean motions and neither can it be used as a charting function within

intrinsic statistical computations.

The next question is whether the Lie group logarithmic map of SE(3) relates to a

metric at all. In order for this to be true it must obey all axioms of metrics of Sec. 2.2. Let

us focus on the triangle inequality. It states that there is no element which provides a path

of less distance betweenM1 andM2, i.e.

‖ logM1
(M2)‖ ≤ ‖ logM1

(M′)‖+ ‖ logM′(M2)‖ (2.100)

holds for all possible M1, M2 and M′ and where log is the Lie group logarithmic map.

The example in Fig. 2.9 however suggests that a point M′ on the true minimal length

curve connecting e toM provides a path of less distance in the subspace R3. And indeed,

when we compute the values for the triangle inequality in this subspace by using the Lie

group logarithmic map, we get that 1.45 ≤ 0.54 + 0.54 which clearly is in violation of

the triangle inequality.

2.6.2 The Subbarao-Meer method for Essential matrices

A Lie group based distance measure on essential matrices was proposed by Subbarao and

Meer (2009); Subbarao et al. (2008). Their method will be referred to as the Subbarao-

Meer (SM) method. In this section we prove that their approach does not provide a correct

charting function. It can therefore not be used to develop sound intrinsic statistical algo-

rithms nor allows it expressing a correct distance measure. Some additional mathematical

background on essential matrices is provided first.

Performing a singular value decomposition on an essential matrix results in

E = UΣV⊤ . (2.101)

The first two singular values of Σ are identical elements of R+ and the last one is zero

(Hartley and Zisserman, 2004). Since an essential matrix is a homogeneous entity, it is not

affected by scaling, henceΣ can be set toΣ1 = diag{1, 1, 0}. When det(U) = det(V) =
1 the four possible choices for retrieving the motion parameters from the essential matrix

are

[

UWV⊤ +u3

0 0 0 1

]

,

[

UWV⊤ −u3

0 0 0 1

]

,

[

UW⊤V⊤ +u3

0 0 0 1

]

,

[

UW⊤V⊤ −u3

0 0 0 1

]

,

(2.102)
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M'

M

e

(a)

Figure 2.9: Illustration of geodesics and minimal length curves of SE(3) in its subspace

R3. The black curve is a geodesic and related to the one-parameter subgroup through e

andM. This motionM expresses a translation t = 1/2(1, 0, 1)⊤ and a rotation with angle

π around an axis (1, 1, 0)⊤. For the convention that the Riemannian metric is isotropic

and homogeneous, the green curve is the minimal length curve between e andM. Hence,

for this convention, a metric based on one-parameter subgroups of SE(3) cannot be an

intrinsic metric. A point on the true minimal length curve is depicted with M′. It ex-

presses a translation t′ = 1/(2
√
2)(1, 0, 1)⊤ and a rotation with angle π/2 around the

axis (1, 1, 0)⊤. The curve belonging to the one-parameter subgroup from e to M′ is de-
picted in dark grey and the curve belonging to the one-parameter subgroup fromM′ toM
is depicted in light grey. The total length of these two curves is less than that of the black

curve, which is in violation with the triangle inequality. Hence, the length of the curves

generated by one-parameter subgroups can also not be used to express a metric between

Euclidean motions.
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where

W =





0 −1 0
1 0 0
0 0 1



 (2.103)

and u3 is the last column of U. Each of the four motion parameters define an epipolar

configuration. As pointed out in (Hartley and Zisserman, 2004) performing a rotation

around the z-axis by an angle γ, denoted as Rz(γ), does not change the essential matrix.

Furthermore, due to its homogeneous nature the essential matrices E and −E both relate

to the same epipolar configuration. This equivalence relation is denoted as E =H −E. As
such, for the SVD of E we have the equality

U Rz(γ) Σ1 (V Rz(γ + kπ))⊤ = (−1)k UΣ1V
⊤ =H ±E, (2.104)

with k ∈ Z. This shows that there is an equivalence class, denoted asRz , which all repre-

sent the same essential matrix E. Note thatRz(γ) does not change the sign of u3, further-

more,Rz(γ)WRz(γ+kπ)
⊤ results inW for odd k and inW⊤ for even k. Therefore, the

retrieval of the motion parameters, by using Eq. 2.102, is not affected by the equivalence

class Rz . This is correctly recognized and resolved in (Hartley and Zisserman, 2004).

Not explicitly taken into account in (Hartley and Zisserman, 2004) nor (Subbarao and

Meer, 2009; Subbarao et al., 2008) is that there is a second equivalence class, denoted B,
related to choice of basis. This equivalence class is inherent in computing the singular

value decomposition. Start by considering the equality

E = UBΣ(V(±B))⊤ = ±UΣV⊤ =H ±E (2.105)

whereB = diag{±1,±1,±1}. Note there are eight combinations for diag{±1,±1,±1}.
In (Hartley and Zisserman, 2004) it is implicitly assumed that det(U) = det(V) = 1 i.e.

U andV are both elements of SO(3). Due to B bothU andV are merely orthogonal trans-

formation, i.e. they are combinations of rotations and reflections. Since the last singular

value of Σ1 is zero, the last column of both U and V can be multiplied by −1 such that

their determinants become positive without changing the essential matrix. This ensures

that U and V become elements of SO(3) and the retrieval of the motion parameters is

therefore not affected by the equivalence class B.

In order to use a charting function defined on essential matrices within intrinsic statis-

tics, each essential matrix of the same equivalence class must be mapped to a unique point

on the manifold. If this is not guaranteed, then a distribution of n essential matrices, all

belonging to the same equivalence class, will form (at least) two clusters in the manifold

instead of one. When this happens, computing the mean on all essential matrices results

in a point in between the two clusters. This point does not relate to the correct epipolar

geometry. Therefore, a charting function which does not take similar essential matrices

to a unique point, cannot be used within intrinsic statistical calculations. In our approach

of Sec. 2.5.7 we first pick one of the four possible motion configurations of Eq.2.102 by

consulting image data, i.e. we resolve the fourfold ambiguity by using chirality. As the

motion configurations of Eq. 2.102 are not influenced by the equivalence classes Rz and

B, our charting function is guaranteed to take each essential matrix of the same equiv-

alence class to a unique element. Next we prove that the charting function of the SM

method does not take each essential matrix of the same equivalence class to a unique

point in the manifold.
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The goal of the SM method is to map U and V to a unique element of the Lie group

SO(3)×SO(3). Only then the logarithmic mapping of SO(3), which coincides with the

Riemannian mapping, will take an essential matrix to a unique tangent vector. In the SM

method it is first assured that both U and V have positive unit determinant and therefore

are elements of SO(3). The challenge faced by the SM method is to take the essential

matrix E2 (with SVD U2diag{1, 1, 0}V⊤
2 ), to a unique point in the tangent space of E1

(with SVD U1diag{1, 1, 0}V⊤
1 ). The general form of the logarithmic map of the SM

method is

LogE1
(E2) = [Log(U⊤

1 U2),Log(V
⊤
1 V2)],

= [u⊤, v⊤]⊤,
= [ux, uy, uz, vx, vy, vz ]

⊤
(2.106)

where Log on the right side of the equality denotes the Riemannian logarithmic map on

SO(3) and [u⊤, v⊤]⊤ ∈ so(3)× so(3). The exponential map of the SM method is defined

as

ExpE1
([u⊤, v⊤]⊤) = [U1Exp(u),V1Exp(v)] (2.107)

where Exp on the right side of the equality denotes the Riemannian exponential map on

so(3). The difficulty is that, despite the fact that both E1 and E2 are general elements of

their equivalence classes, the logarithmic map must return the same tangent vector for all

elements of these equivalence classes consistently.

In the SM method it is assumed that the equivalence class Rz can be resolved by

enforcing logE1
(E2) to have the form [ux, uy, z, vx, vy,−z]⊤. It does so by an ini-

tialization procedure followed by iteratively updating the development point according

to E1 = expE1
([0, 0, δ, 0, 0, δ]) for some δ. In the derivation in (Subbarao and Meer,

2009; Subbarao et al., 2008) it is however wrongly assumed that rotating by Rz , i.e.

moving through the equivalence class, is the same as moving through the vertical tan-

gent space, i.e. [0, 0, uz, 0, 0, vz], without changing the horizontal tangent space, i.e.

[ux, uy, 0, vx, vy , 0]. Due to the non-commutative nature of SO(3) however URz(δ) =
exp(u⊤) exp([0, 0, δ]⊤) 6= exp(u⊤ + [0, 0, δ]⊤), see (Selig, 1996). As a consequence the
SM method provides no foundation for the convergence of its iterative logarithmic map.

This is however a side issue, because even when convergence would be assured, the SM

approach does still not map each essential matrix from the same equivalence class to a

unique element in SO(3)× SO(3).

Let us for now assume that the SM method does converge, then enforcing tangents

vectors to be of the form [ux, uy, z, vx, vy,−z]⊤ makes the final dimension redundant, so

it can be omitted. The resulting tangent vector [ux, uy, z, vx, vy]
⊤ has the same number

of degrees of freedom as an essential matrix, i.e. five, and therefore provides a minimal

representation. This representation is not unique however. The focus is on the equivalence

class B related to choice of basis. If the claim in (Subbarao and Meer, 2009; Subbarao

et al., 2008) is correct the equivalence class B must be resolvable to a single element.

Recall there are eight choices for a single B ∈ B. By ensuring a positive unit deter-

minant the four choices related to reflections i.e. diag{−1,−1,−1}, diag{−1, 1, 1},
diag{1,−1, 1} and diag{1, 1,−1} are mapped to diag{−1,−1, 1}, diag{−1, 1,−1},
diag{1,−1,−1} and diag{1, 1, 1} respectively. Note that the identity I = diag{1, 1, 1}
and diag{−1,−1, 1} are both elements of Rz and can therefore be resolved to I. The

remaining two elements of B i.e. diag{1,−1,−1} = Rx(±π) and diag{−1, 1,−1} =
Ry(±π) relate to rotations by an angle±π around respectively the x-axis and y-axis. They
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are not elements of Rz . Indeed, Rx(±π) Rz(±π) = Ry(±π) and therefore the initial-

ization procedure should be able to map both to a single element e.g. Ry(±π). The SM
method, however, provides no control over to which one. Nevertheless, when assuming

that Rx(±π) is mapped to Ry(±π) consistently, then there are still two elements remain-

ing in B. They are: I and Ry(±π). They clearly do not differ by a z-axis rotation and

therefore are not resolvable by the SM method. They both will be mapped to tangents of

the form [ux, uy, z, vx, vy,−z]⊤, these tangent vectors will not be equal however. Hence
there remains at least a twofold ambiguity and the SM method does therefore not provide

a usable charting function for essential matrices.

The experimental evaluation in (Subbarao and Meer, 2009; Subbarao et al., 2008)

did not reveal the incorrectness of their charting function. This is because the statistical

algorithm used in (Subbarao and Meer, 2009; Subbarao et al., 2008) is mean-shift. The

goal of mean-shift in the context of (Subbarao and Meer, 2009; Subbarao et al., 2008) is

to distinguish a cluster of inlier essential matrices from outlier essential matrices. As a

result of using the SM charting function there will be (at least) two inlier clusters instead

of one. Mean-shift then simply converges to the mode of one of these inlier cluster and

treat the other cluster wrongly as outliers. It will therefore not use all available statistical

information, though it will produce a result. While this result can suffice within certain

applications, the claim that the SM method provides a correct and unambiguous charting

function, is not supported by any theoretical nor experimental evidence. Furthermore,

when evaluating the axiom equalities for metrics of Sec. 2.2, we can choose one element

from an equivalence class for the left-hand side and a different element from the same

equivalence class for the right-hand side. Due to the ambiguity in the SM method, both

elements can be different points in SO(3)×SO(3). Under these circumstances the axioms

of symmetry and triangle inequality are not guaranteed. Hence, the SM method does not

allow expressing a metric on essential matrices.

In Sec. 4.4 the SM charting function will be compared experimentally against our

charting function of Sec. 2.5.7.

2.7 Pose statistics

In the previous sections we derived the required charting functions for all our pose spaces

by using Riemannian geometry. In this section we use them to define an intrinsic statis-

tical framework which can be applied to estimate statistical properties of pose samples.

We restrict ourselves to the multi-variate normal distribution and methods to estimate its

empirical mean and covariance. In Chap. 3 and Chap. 4 we extend our framework with

more advanced algorithms.

Conceptually, the framework can be seen as being derived from Euclidean statistics

by applying the following substitution

(g1 − g2)
⊤Σ−1(g1 − g2) → Logg1

(g2)
⊤Σ−1Logg1

(g2). (2.108)

This substitution causes all statistical calculations to be performed in tangent spaces. Due

to the distance and direction preserving relationship between tangent spaces and their

manifold, all calculations respect the manifold’s non-flat structure (in that respect tangent
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space statistics would have been more descriptive). The invertibility and differentiability

of the logarithmic map allows estimating the statistical parameters of interest, e.g. u and

Σ, by using gradient methods.

2.7.1 Normal probability on a manifold

By using the substitution of Eq. 2.108 a multi-variate normal distribution with mean u

and variance Σ on a d dimensional Riemannian manifold G is defined by

N (g,u,Σ) =
1

(2π)
d
2

√

|Σ|
e−

1
2Logu

(g)⊤Σ−1Log
u
(g). (2.109)

The distribution is expressed in the tangent space of the mean u, as in this tangent space

all intrinsic distances with respect to u can be obtained by the Euclidean length of tangent

vectors. When we say that samples are normally distributed on G, then we actually mean

that they are normally distributed in the tangent space of their mean u (which is not

exactly the same (Pennec, 2006; Pennec and Ayache, 1998)).

Many algorithms require modeling the noise process which produces observations,

e.q. the pose samples. If such observations reside on a manifold G and are normally

distributed, then their noise process can be expressed in the tangent space of their true

unknown value u. As the mean u is mapped to 0 in its own tangent space, the noise

process of normally distributed samples on G is modeled as

gi = Expu(gi), gi ← N (gi,0,Σ), (2.110)

where ← denotes that gi is assumed to be generated according to a normal distribution

with zero mean and variance Σ. This modeling also provides a straightforward strategy

to generate normally distributed samples over the manifold G. Next we show how to

estimate the mean u and the variance Σ from normally distributed samples residing on G.

2.7.2 Empirical mean on a manifold

The maximum likelihood (ML) estimate for the mean u of samples residing on G is de-

fined by

u = argmax
u∈G

n
∏

i=1

N (gi,u,Σ). (2.111)

Apart from the definition of N in Eq.2.109, this is the same definition as that of the ML

estimate for u expressed in a Euclidean space. By taking the logarithm and factoring out

constants we obtain the following objective function

f(u) =
1

2

n
∑

i=1

Logu(gi)
⊤Σ−1Logu(gi). (2.112)

Apart from the logarithmic map it is again similar to the objective function for u ex-

pressed in a Euclidean space. However, due to the non-Euclidean nature of G, optimizing

this objective function is more involved. To do so there is the following theorem.
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Theorem 2: The objective function Eq.2.112 can be minimized iteratively by com-

puting an update for u with

ut+1 = Exput
(∆), (2.113)

where

∆ =
1

n

n
∑

i=1

Logut
(gi). (2.114)

Whereas this theorem is widely used, a proof for this theorem is hard to find in modern

literature. The proof in Karcher (1977) requires a significantly more involved treatment

of Riemannian geometry than provided in Sec.2.4. In this chapter we provide a mod-

ern variation of the proof provided in (Karcher, 1977). We will show that Eq. 2.113 and

Eq. 2.114 effectively perform Gauss-Newton optimization intrinsically on G.

Proof: Starting from the objective function Eq. 2.112, all individual tangent vectors,

e.g. Logu(gi), can be stacked in one large nd×1 error vector ǫ(u). The objective function
can therefore be written as

f(u) =
1

2
ǫ(u)⊤Σ−1ǫ(u), (2.115)

whereΣ is a block diagonal matric containing identical copies of Σ.
The next thing to consider is that because each Logu(gi) depends on u, Eq. 2.115 is

a non-linear objective function. Optimizing it requires iterative methods. Furthermore,

as G is non-Euclidean the usual update of iterative optimization techniques, i.e. ut+1 =
ut + ∆ cannot be used, as ut + ∆ is generally not on G. Therefore, we use an intrinsic

parametrization for the update∆when taking the Taylor approximation of Eq. 2.115. The

resulting objective function which is optimized during each iteration is

f(Exput
(∆)) ≈ f(ut) + ∆⊤f ′ +

1

2
∆⊤f ′′∆, (2.116)

where f ′′ and f ′′ are the gradient and Hessian of f(ut) with respect to the basis of ∆,

i.e. the basis of the tangent space of G at ut. Optimizing Eq. 2.116 involves taking the

derivative with respect to∆ and setting to zero. This results in

f ′′∆ = −f ′, (2.117)

which must be solved with respect to∆ during each iteration after which∆ is applied with

ut+1 = Exput
(∆). The gradient f ′ is given by J⊤Σ−1ǫ(u), where J is the Jacobian

of ǫ(u) with respect to the basis of the tangent space of G at ut. The Hessian f ′′ is
approximated according to Gauss-Newton with J⊤Σ−1J. As such Eq. 2.117 becomes

J⊤Σ−1J∆ = −J⊤Σ−1ǫ(u), (2.118)

the well known normal equations. So far the proof only involved Gauss-Newton opti-

mization applied to manifolds. The next step is obtaining the Jacobian J of ǫ(u).
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Recall that ǫ(u) has dimensions nd × 1 and was obtained by vertically stacking the

tangent vectors g = Logu(gi) = Log(u−1gi). Its Jacobian is therefore nd × d and

obtained by vertically stacking all individual d × d Jacobian matrices for each of the

tangent vectors. An individual Jacobian has the form






∂g1

∂e1
. . . ∂g1

∂ed
...

...
∂gd

∂e1
. . . ∂gd

∂ed






, (2.119)

where e1...ed are the orthonormal basis vectors spanning the tangent space of G at u (all

subscripts of g are now related to this basis). From the results in (Karcher, 1977) it follows

that for gi within the injectivity radius of u the partial derivative ∂gi

∂ej
is -1 when i = j and

zero otherwise. Each individual Jacobian is therefore−I and the complete Jacobian is

J =







−I1
...

−In






. (2.120)

From this result it follows that

J⊤Σ−1J = nΣ−1 (2.121)

and

J⊤Σ−1ǫ(µ) = −Σ−1
n
∑

i=1

Logµ(xi). (2.122)

The final step in our proof is straightforward. By plugging Eq. 2.121 and Eq. 2.122

into the normal equations of Eq. 2.118 we have

nΣ−1∆ = Σ−1
n
∑

i=1

Logµ(xi). (2.123)

Multiplying out Σ−1 and by solving for∆ we have obtained

∆ =
1

n

n
∑

i=1

Logµ(xi), (2.124)

which completes the proof.

It is interesting to consider that the empirical mean on a Riemannian manifold is com-

puted iteratively by the regular Euclidean empirical mean in tangent spaces. In Euclidean

spaces, for which the exponential and logarithmic mappings are identities, Theorem 2

simplifies to

ut+1 = Exput
( 1
n

∑n
i=1 Logut

(gi))

= ut +
1
n

∑n
i=1 gi − ut

= 1
n

∑n
i=1 gi,

(2.125)
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i.e. to the regular empirical mean. In that respect one can take the viewpoint that Eu-

clidean statistics is only one particular instance of the more general field of intrinsic

statistics.

Besides specifying an approach to obtain the ML estimate for u one also has to prove

its existence, convergence, and uniqueness. For regular Euclidean spaces these proofs are

well known. For Riemannian manifolds in general they were given by Karcher (1977) and

Kendall (1990). The most important condition that has to be satisfied is that all samples

must be in each other’s injectivity radii, because then the intrinsic distances between them

can be computed as the length of tangent vectors. For Riemannian manifolds isomorphic

to spheres the proofs were given by Bus and Fillmore (2001). In order for the mean to

exist uniquely on a sphere, the samples cannot cover the sphere uniformly. For example,

consider two samples on the sphere were the first is the antipodal of the second. In this

case the mean is not defined uniquely as for all points on the great circle of the equator,

with respect to the poles defined by the two samples, the objective function is minimal.

These and similar configurations are usually of no practical concern as they are extremely

unlikely to occur naturally.

2.7.3 Empirical covariance on a manifold

Once the empirical mean u is obtained all intrinsic distances of the samples [g1..gn] with
respect to this mean can be obtained exactly by the logarithmic map at u. Therefore, the

tangent space of u has all the required Euclidean structure to define the ML estimate for

the covariance matrix of normally distributed samples residing on G as

Σ =
1

n

n
∑

i=1

Logu(gi)Logu(gi)
⊤. (2.126)

Note that Σ is only defined in the tangent space of u. This is due to the fact that

samples residing on G, which are normally distributed in the tangent space of their mean

u, are generally not normally distributed in the tangent space of a point other than u. This

aspect is only natural as G is non-flat and therefore the mappings between tangent spaces

are non-linear. Transferring u and Σ between different tangent spaces can be performed

as usual by methods varying from linear error propagation to Monte-Carlo methods.

2.8 Conclusion

In this chapter a statistical framework for pose spaces was developed. It applies methods

from Riemannian geometry and thereby respect the generally non-flat structure of pose

spaces. We are able to use the framework on translations, scale-free translations, rotations,

Euclidean motions and scale-free Euclidean motions. For all these pose spaces the statis-

tical calculations are decoupled from their specific manifold properties. This is because

all manifold specific properties are captured by their charting functions. Each statistical

algorithm therefore has to be developed only once, it can then directly be applied to all

our pose spaces by simply plugging in the correct charting function.

Alternative approaches proposed earlier by others were proven incorrect. It was ex-

plained that their incorrectness originates from the misconception that Lie group theory is
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concerned with manifold distances. The conceptual differences between Riemannian ge-

ometry and Lie group theory were therefore discussed. This treatment provides computer

visionist and roboticist the guidelines by which to develop and verify statistical algorithms

on non-flat spaces. From this treatment we were also able to provide the answers to the

first two research questions of this thesis. They are summarized below.

• How are pose manifolds defined and how can distance measures be imposed

on them?

Our pose manifolds can be defined as combinations of flat (Euclidean) spaces,

which model translations, and spaces isomorphic to hyperspheres, which model

scale free translations and rotations. In order to express an intrinsic distance on

these manifolds, one can develop a charting function which creates metric charts

for each point on the manifold. In the chart of one particular point the distance with

respect to all other points can be computed using the Euclidean distance formula.

The theory concerned with constructing such charting functions is Riemannian ge-

ometry. Within this field of mathematics the required charting functions are pro-

vided by the so called logarithmic map belonging to a manifold. For all our pose

manifolds we have derived their Riemannian logarithmic mappings and therefore

are able to equip them with intrinsic distance measures.

• How can distance measures be used to devise statistical algorithms on pose

manifolds?

The Riemannian logarithmic map creates metric charts of the manifold in which

distances and directions over the manifold with respect to one particular point are

preserved. These metric charts can be seen as a local Euclidean space approxima-

tion of the manifold. Many statistical properties, e.g. the mean, (co)variance and

probabilities, are computed from relative distances and directions. They can there-

fore be computed in these metric charts, which is more efficient and extensible than

computing them on the manifold itself. This approach automatically respects the

generally non-flat nature of pose manifolds. As the logarithmic map is invertible

and differentiable, maximum likelihood estimates for statistical parameters can be

obtained efficiently by using gradient based methods.




