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Chapter3
Verification Free RANSAC using

Intrinsic Statistics

A novel robust estimator is proposed to obtain the pose of a moving camera system from

its recorded image data. By incorporating manifold statistics into the random sample

paradigm it obtains consensus in hypothesis space instead of image space. Hypotheses

verification is therefore not required. Furthermore, the maximum likelihood lower bound

is obtained asymptotically by the proposed estimator. Its accuracy is compared experi-

mentally against that of non-linear mean shift and against that of several other state-of-art

RANSAC approaches under varying conditions and using different verification strategies.

These comparisons show that the proposed estimator is advantageous with respect to ef-

ficiency as well as accuracy. This chapter therefore contributes by providing answers to

the third and fourth research questions this thesis.

3.1 Introduction

The focus in this chapter is on robustly estimating the pose of a moving camera system

solely from images recorded by the camera system. This task is important for application

domains, such as, autonomous navigation, augmented reality, and online 3D reconstruc-

tion. To estimate the pose of the camera system at each time step fundamental subset

strategies (FSS), based on RANSAC of Fischler and Bolles (1981), followed by multi-

frame maximum likelihood estimators (MLE), e.g. (sliding-window) sparse bundle ad-

justment (SW)-SBA (Konolige and Agrawal, 2008; Triggs et al., 1999), have emerged as

the methods of choice. This methodology is commonly referred to as visual odometry

(VO) (Konolige et al., 2007; Nistér et al., 2004).

The task of the FSS within visual odometry is to reject those image points which

do not adhere to the noise model assumed within the multi-frame MLE, i.e. the outliers.

They are typically caused by incorrect image feature correspondences or by independent

moving objects in view of the camera. FSS generate a number of fundamental subset

hypotheses i.e. hypotheses estimated on the minimally needed number of image points.

These fundamental subset hypotheses are then ranked using robust ranking criteria. Most
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common robust ranking criteria use verification, i.e. enforcing a model on the complete

image data (or at least a sufficiently large subset) and verifying which image points ad-

here to the enforced model. When considering accuracy, enforcing a ML reprojection

model is generally considered to be the golden standard (Hartley and Zisserman, 2004).

Obtaining ML reprojection residuals for all points and for all hypotheses is computational

intensive, therefore, significant research has focussed on reducing the computational load

of verification.

FSS can be differentiated on how and when they determine the number of hypotheses

being used. For some application domains one has a priori knowledge on the outlier ratio

such that a suitable number of hypotheses can be computed before running the FSS. As

such, there are FSS which return the best hypothesis from a set of hypotheses of fixed size

in the least amount of time. This class of FSS will be referred to as non-adaptive FSS.

They are generally applied when a satisfactory solution, not necessarily the overall best

solution, must be returned within a fixed time budget. The counterpart of the class of non-

adaptive FSS is the class of adaptive FSS. The goal of FSS belonging to this class is to

return the overall best hypotheses, with predefined confidence, within the least amount of

time. This class of FSS automatically adapts the size of the hypotheses set while running

(Chum and Matas, 2008; Raguram et al., 2008). This assures that the hypotheses set

is large enough to contain the overall best hypothesis and that no excessive hypotheses

are being generated. Such FSS are typically used within application domains where one

has little a priori knowledge on the outlier ratio and where this ratio can vary drastically

between images, e.g. as in wide-baseline stereo.

Both adaptive and non-adaptive FSS are relevant for certain computer vision domains.

For many domains in which one has a priori knowledge on the outlier ratio, the risk of

a decrease in efficiency due to using too many hypotheses (i.e. overestimating the outlier

ratio) does not outweigh the risk of a significant decrease in accuracy due to accidentally

using too few hypotheses (i.e. underestimating the outlier ratio). For these domains it is

therefore common to use a fixed number of hypotheses determined in advance which en-

sures with high confidence that a hypothesis with satisfactory accuracy is returned. The

challenge is then to process this number of hypotheses within the available time budget.

When the time budget can be met, the possibility that the outlier ratio is overestimated

such that the number of hypotheses is higher than required, is of little relevance, as this

number of hypotheses can be generated within the available time budget. The possible

excess in hypotheses can only increase accuracy. Within visual odometry type of appli-

cations the distance between poses of successive images is relatively small. Furthermore,

due to the inertia of the platform to which the camera is attached, the pose of the camera

cannot change drastically. This allows using robust correspondence matching techniques

which are able to reject a significant part of the outliers before using the FSS (these tech-

niques receive more attention in the experimental section 3.5.2). The strong coherency

between successive images also allows predicting the outlier ratio of the current image

pair from that of the previous image pair. This makes the class of non-adaptive FSS most

suitable for visual odometry type of applications, e.g. see (Comport et al., 2007; Konolige

et al., 2007; Levin and Szeliski, 2004; Maimone et al., 2007; Nistér et al., 2004, 2006;

Olson et al., 2003; Sunderhauf et al., 2005; Zhu et al., 2007).

A common strategy to improve efficiency for both adaptive and non-adaptive FSS is to

enforce a model which is more efficient than the ML reprojection model, e.g. a symmet-

ric reprojection model or a linear epipolar model (Hartley and Zisserman, 2004). These
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more efficient models typically degrade accuracy however. Other efficiency improving

strategies which can be used within both FSS classes are preemptive verification (Nistér,

2005) and random verification (Capel, 2005; Chum and Matas, 2008; Matas and Chum,

2004, 2005). These approaches only verify the minimally required subset of the image

data (and hypotheses) to ensure (within predefined confidence) that the best hypothesis is

returned. Preemptive-RANSAC is included within the experimental validation as a rep-

resentative for the improved efficiency of state-of-art non-adaptive FSS. Preemptive or

random verification cannot explicitly improve accuracy. In other words, for a fixed num-

ber of hypotheses they are at best just as accurate as FSS which use regular verification.

They can however improve accuracy implicitly, as they are able to process more hypothe-

ses in the same time budget. A technique which explicitly improves accuracy of FSS is

using local iterations. Examples of FSS which exploit this are LO-RANSAC (Chum et al.,

2003) and Cov-RANSAC (Raguram et al., 2009). LO-RANSAC is included within the

experimental validation as a representative for the improved accuracy of these methods.

We propose a novel verification free robust estimator from the class of non-adaptive

FSS which is designed to be used within visual odometry type of applications. As it

is verification free, neither ML reprojection models or simplifications of it need to be

computed. It does so by obtaining consensus between a mixture of inlier and outlier

hypotheses in hypothesis space. The overhead of this approach is negligible, therefore,

the proposed estimator is highly efficient. It differs fundamentally from MLESAC (Torr

and Zisserman, 2000), which obtains consensus by verifying a mixture model expressed

in image space for each hypothesis, that is a computationally intensive approach. The

proposed FSS optimizes the mixture model by expectation maximization (EM) and has

similarities with non-linear mean shift proposed earlier in (Subbarao and Meer, 2006,

2009; Subbarao et al., 2007, 2008; Tuzel et al., 2005). It will be shown both theoretically

and experimentally that EM on a mixture model is significantly better suited for the task

of robust camera pose estimation than non-linear mean-shift. For outlier free data the

proposed FSS effectively computes an intrinsic mean on hypotheses and asymptotically

obtains the ML lower bound, i.e. the accuracy of a MLE which minimizes reprojection

residuals on all inliers with respect to structure and motion. This also explicitly improves

accuracy on outlier prone data.

In Sec. 3.2 the proposed estimator is introduced theoretically. Its fundamental differ-

ences with non-linear mean shift are discussed in Sec. 3.3. In Sec. 3.4 the asymptotic

behavior of the proposed estimator with respect to the ML lower bound is presented.

An extensive evaluation on challenging synthetic and real visual odometry data is pro-

vided in Sec. 3.5. This evaluation includes experiments with (preemptive) RANSAC,

LMedS, MLESAC, LO-RANSAC, non-linear mean shift, and experiments using funda-

mental subsets of different sizes, hypotheses sets of different sizes, and two reprojection

models, i.e. ML and symmetric. Sec. 3.6 provides a short discussion and our conclusions

are given in Sec. 3.7.

3.2 Manifold EM on a mixture of Euclidean motion

In this section the proposed estimator is derived. It incorporates the robustness of funda-

mental subset strategies with the stability and accuracy of intrinsic statistics. Instead of

distinguishing inlier and outlier image points, we distinguish inlier and outlier hypothe-
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ses. Inlier hypotheses are hypotheses which were estimated on subsets uncontaminated

by outlier image points, similarly, outlier hypotheses were estimated on contaminated

subsets. Our approach models these inlier and outlier hypotheses by a two component

mixture model. A Gaussian component represents the inlier hypotheses and a uniform

component represents the outlier hypotheses. The goal is to find consensus between the

inlier and outlier clusters in hypothesis space and estimate the mean and covariance of the

Gaussian inlier cluster. To this purpose we maximize the likelihood of the mixture model

by applying expectation maximization (EM) directly in hypothesis space. This requires

extending the intrinsic statistical techniques of Sec. 2.7. Our intrinsic EM estimator ob-

tains a robust and accurate estimate of the camera’s motion without the need of verifying

hypotheses against image data. It will be explained in Sec. 3.3.1 that our EM estimator is

favorable over a related approach which use non-linear mean shift (Subbarao and Meer,

2006, 2009; Subbarao et al., 2007, 2008; Tuzel et al., 2005).

3.2.1 Sampling the hypotheses distribution

The proposed estimator uses the random sample paradigm to generate fundamental sub-

sets and estimate a set of hypotheses (H1...Hn). To generate the fundamental subsets it

can use the same random sampling or guided sampling (Tordoff and Murray, 2005) tech-

niques as other RANSAC approaches. From the fundamental subsets the hypotheses are

estimated as usual.

The set of hypotheses is upgraded to a probabilistic hypotheses distribution by embed-

ding each hypothesis in a Riemannian manifold such that the intrinsic distance between

any two hypotheses Hi and Hj can be computed as

√

logHi
(Hj)⊤ logHi

(Hj) (3.1)

i.e. as the length of the vector result of the logarithmicmap accompanying the Riemannian

manifold. See Chap. 2 for more detail on distance measures for Riemannian manifolds.

An intrinsic Gaussian pdf with meanM and covariance Σ can then be expressed over the

d dimensional hypotheses manifold with

N (H|M,Σ) = 1

(2π)
d
2

√

|Σ|
e−

1
2 logM(H)⊤Σ−1 logM(H). (3.2)

For our relevant variations of pose space the corresponding logarithmic mappings were

introduced in Chap. 2. For the remainder of this chapter we will use the manifoldR3×S3,
see Sec. 2.5.6, related to Euclidean motion as our working example. Euclidean motion

can be estimated without ambiguity and up to scale from binocular image data.

3.2.2 Modeling the hypotheses distribution

Assume the true motion underlying the hypotheses distribution is M̄, then an inlier hy-

pothesis Hin is modeled by a random perturbation∆ in the tangent space of M̄, i.e.

Hin = expM̄(∆). (3.3)

The pdf underlying∆ is assumed to be Gaussian with zero mean and covariance Σ̄. The
appropriateness of this assumption will be verified experimentally in Sec. 3.4. Our inlier
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model allows the inlier probability of a hypothesis H to be computed with Eq. 3.2 as

N (H|M̄, Σ̄). An estimate for the mean M̄ of inlier hypotheses can therefore be computed

as their intrinsic mean, see Sec. 2.7.2.

Unfortunately, it is a priori unknown whether a hypothesis was estimated on an un-

contaminated subset and therefore is an inlier hypothesis. Indeed, the sampled hypotheses

distribution also contains outlier hypotheses. They are modeled by a random perturbation

∆ in the tangent space of the identity element e (i.e. the origin of the manifold) with

Hout = expe(∆). (3.4)

The pdf underlying ∆ for outlier hypotheses is assumed to be a uniform pdf U having

total volume v̄. The outlier probability of a hypothesis U(H|e, v̄) is then 1
v̄
if H is in-

side the volume and 0 elsewhere. Knowledge of the actual shape of this volume is not

required. During computations it is simply assumed that the arbitrary shaped volume is

large enough to contain all hypotheses. The uniform probability of 1
v̄
then provides a

probabilistic “threshold” between inlier and outlier hypotheses. The use of the uniform

pdf is therefore only conceptual. It is also not continuously differentiable and therefore

its single parameter v̄ will not be estimated. A value for v̄ must be specified in advance.

It will be explained shortly that specifying a precise value is not required.

The challenge is to estimate the parameters M̄ and Σ̄ of the Gaussian inliers from the

hypotheses distribution which also contains outliers. Therefore, we introduce the latent

variable zi which models the unknown inlier/outlier class label for a hypothesisHi. It is 1

if the hypothesis is an inlier and 0 otherwise. To estimate the parameters M̄ and Σ̄without

explicitly classifying the hypotheses as inliers or outliers we can use marginalization:

p(Hi) = p(Hi|zi = 1)p(zi = 1) + p(Hi|zi = 0)p(zi = 0). (3.5)

The a priori probability that a class label is 1, i.e. p(zi = 1), is specified by the mixture

coefficient ǭ such that p(zi = 0) is 1 − ǭ, furthermore, the class conditional probabilities

are N for inliers and U for outliers. As such we obtain

p(Hi|M̄, Σ̄, v̄) = ǭN (Hi|M̄, Σ̄) + (1 − ǭ)U(Hi|e, v̄), (3.6)

the likelihood of a hypothesis is specified by a mixture distribution. The likelihood of all

n independent hypotheses is then

p(H1..Hn|M̄, Σ̄, v̄) =
n
∏

i=1

(

ǭN (Hi|M̄, Σ̄) + (1− ǭ)U(Hi|e, v̄)
)

. (3.7)

What we have gained is that instead of having to classify each hypotheses explicitly, we

now only have to estimate one additional parameter ǭ, i.e. the mixture coefficient of the

inlier versus outlier mixture distribution. The mixture coefficient can also compensate

the specified value for v̄ when it is set too large or set too small. This will receive more

attention in our experimental section 3.5.

It is also useful to denote the likelihood of the class labels as Ii = p(zi = 1|Hi) and
Oi = p(zi = 0|Hi). They can be obtained through Bayes rule with

Ii = p(zi = 1|Hi, M̄, Σ̄, v̄) =
ǭN (Hi|M̄, Σ̄)

ǭN (Hi|M̄, Σ̄) + (1− ǭ)U(Hi|e, v̄)
, (3.8)
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similarly,

Oi = p(zi = 0|Hi, M̄, Σ̄, v̄) =
(1 − ǭ)U(Hi|e, v̄)

ǭN (Hi|M̄, Σ̄) + (1 − ǭ)U(Hi|e, v̄)
. (3.9)

3.2.3 Expectation Maximization on the hypotheses distribution

The required parameters can now be obtained by maximizing the likelihood of Eq. 3.7. As

such, the objective function of the proposed estimator is the logarithm of this likelihood,

which is

f(ψ) =

n
∑

i=1

ln(ǭN (Hi|M,Σ) + (1− ǭ)U(Hi|e, v̄)) (3.10)

where ψ is shorthand for (ǫ,M,Σ), which are the estimates for (ǭ, M̄, Σ̄) to which f is

minimized. Optimizing objective functions of the form f(ψ), which are derived from a

mixture distribution, can be performed by expectation maximization (EM) (Bishop, 2007;

Webb, 2002). EM is an iterative algorithm which updates the solution for ψ during each

iteration by using an expectation step and a maximization step. During the expectation

step the likelihood of each class label, in this case Ii...Ii, are updated given the current

values for ψk. In the maximization step it obtains new ML estimates ψk+1 given the

updated class label likelihoods.

The extra challenge of Eq. 3.7 when compared to objective functions expressed over

Euclidean spaces is that the normal probability Eq. 3.2 is expressed intrinsically over the

Riemannian manifold. As will be explained this only affects obtaining the update for M
during the maximization step.

Expectation: Just as in an Euclidean EM update the likelihoods of the class labels

Ii...Ii given the current estimate for the parameters ψk are obtained with

Ii = p(zi = 1|Hi, ψk) =
ǫkN (Hi|Mk,Σk)

ǫkN (Hi|Mk,Σk) + (1− ǫk)U(Hi|e, v̄)
. (3.11)

The value for Oi equals 1− Ii.

Maximization: The next step obtains the update Mk+1. Here the manifold structure

of the hypothesis space is relevant. Due to the logarithmic map in 3.2 finding the update

Mk+1 requires non-linear manifold optimization. To this purpose we take an intrinsic

second order Taylor approximation of f which results in

f(expMk
(∆)) ≈ f(Mk) + ∆⊤f ′ +

1

2
∆⊤f ′′∆, (3.12)

where f ′ and f ′′ are the first and second order derivatives of f with respect to the basis

of ∆ (the basis of the tangent space at Mk). The update ∆ which minimizes this Taylor

approximation can be obtained by solving the normal equations

f ′′∆ = −f ′. (3.13)

The first order derivative of f is provided by

f ′ =
n
∑

i=1

IiΣ
−1
k logMk

(Hi), (3.14)
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which is a d dimensional tangent vector. It is the gradient of f in the tangent space atMk.

We used the results of (Karcher, 1977) which showed that the derivative of the logarithmic

map with respect to its development point is -1. Differentiating a second time results in

f ′′ = −
n
∑

i=1

IiΣ
−1
k . (3.15)

It is a d× d dimensional matrix which is the Hessian of f in the tangent space at Mk.

The normal equations therefore are

−
n
∑

i=1

IiΣ
−1
k ∆ = −

n
∑

i=1

IiΣ
−1
k logMk

(Hi). (3.16)

Solving for∆ results in

∆ =

∑n
i=1 Ii logMk

(Hi)
∑n

i=1 Ii
. (3.17)

This is a weighted intrinsic mean on the hypotheses expressed in the tangent space of the

current estimate Mk. The update∆ is then applied intrinsically with

Mk+1 = expMk
(∆), (3.18)

which is a direct consequence of the intrinsic Taylor approximation.

Note that regular Euclidean EM would compute the Euclidean weighted mean to ob-

tainMk+1. When considering that Euclidean space is its own tangent space and therefore

its logarithmic map is the identity, then logMk
(Hi) = Hi −Mk and Eq. 3.17 becomes

∆ =

∑i=n
i=1 Ii(Hi −Mk)
∑i=n

i=1 Ii
. (3.19)

Putting this Euclidean update∆ into the intrinsic update function of Eq. 3.18, where the

exponential mapping now also is the identity, we have

Mk+1 = Mk +

∑i=n
i=1 Ii(Hi −Mk)
∑i=n

i=1 Ii
=

∑i=n
i=1 IiHi
∑i=n

i=1 Ii
, (3.20)

which is the usual update for Mk+1 when EM is expressed over a Euclidean space. The

intrinsic weighted mean therefore provides an intuitive extension of Euclidean EM to

Riemannian manifolds in general.

OnceMk+1 is obtained optimizing the objective function with respect to Σ results in

Σk+1 =

∑i=n
i=1 Ii logMk+1

(Hi) logMk+1
(Hi)

⊤
∑i=n

i=1 Ii
, (3.21)

it is a weighted covariance expressed in the tangent space of Mk+1. An update for the

mixture coefficient is obtained with

ǫk+1 =
1

n

i=n
∑

i=1

Ii (3.22)

In Sec. 3.5 it is shown that the proposed algorithm is able to obtain accurate and robust

results on challenging synthetic and real data.
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3.2.4 Initializing EM within visual odometry

The experiments on real data focus on the application domain of visual odometry. In such

a setting the proposed EM estimator can benefit from the inertia of the camera system for

which the pose is being estimated. The inertia provides a straightforward initialization

scheme and thereby tackles one of the typical caveats of EM.

Assume that that we have estimated the motion from t − 1 to t from visual data

resulting inMt−1:t. In the next time frame themotion from t to t+1 needs to be estimated.

Let the actual time lapse between t− 1 and t be∆t−1:t and the actual time lapse between

t and t + 1 be ∆t:t+1. When assuming a constant motion model, an initial guess M′ for
the true motionMt:t+1 can be obtained by extrapolatingMt−1:t, i.e.

M′ = expe(
∆t:t+1

∆t−1:t
loge(Mt−1:t)) (3.23)

The uncertainty in the initial guessM′ is modeled with

Σ′ = Σt−1:t +∆t:t+1Ω (3.24)

where Ω models the growth of uncertainty in the initial guess per unit time. Note that

this initialization process can easily be extended to optimally fuse motion control values

exercised on the system.

An illustration of our EM estimator in a visual odometry setting is depicted in Fig. 3.1.

When we evaluate the EM estimator on real visual odometry data sets in Sec. 3.5.2, then

the above initialization strategy is used. During our experimental validation on simulated

data in Sec. 3.5.1 we explicitly do not use it. As such these experiments focus on the

fundamental differences between our EM approach and competitive approaches and are

not influenced by the benefits of the proposed initialization strategy.

3.3 Relation with non-linear mean-shift

This section discusses the relationship of our intrinsic EM algorithmwith non-linearmean

shift as proposed earlier in (Subbarao and Meer, 2006, 2009; Subbarao et al., 2007, 2008;

Tuzel et al., 2005). The non-linear mean shift algorithm is an extension of mean-shift

expressed over Euclidean spaces to Riemannian manifolds. Euclidean mean shift was in-

troduced to computer vision by Comaniciu and Meer (2002) and has become a popular

algorithm. In this section it will be explained on theoretical grounds that the proposed

intrinsic EM algorithm is fundamentally better suited to obtain robust camera pose esti-

mates from outlier prone image data. This theoretical discussion is supported later on by

the experimental comparisons of Sec. 3.5. We first recapitulate the theory behind non-

linear mean shift from (Subbarao and Meer, 2009).

In a similar fashion as in RANSAC, a set of hypotheses H1...Hn is generated from

fundamental subsets of the image data. This set of hypotheses is now upgraded to a prob-

abilistic distribution using a kernel method. As such, every point M on the Riemannian

manifold is related to a probability by

p(M|H1...Hn) =
1

n

i=n
∑

i=1

cie
− ‖ logM(Hi)‖

2

2h2 , (3.25)
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(a) (b)

(c) (d)

Figure 3.1: Conceptual impression of the proposed algorithm applied in a visual odometry

setting. The motion obtained at a previous time step is depicted by a blue cross and its

uncertainty by a blue ellipsoid (a,b). Hypotheses generated from current observations

depicted as black dots (b). The hypotheses weighted (grey to black) according to an

initial guess of the current motion (c). The initial guess is depicted by a cyan cross and

ellipsoid. The final estimate obtained by expectation maximization is depicted by a blue

cross and ellipsoid in (d).
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where h is the so called kernel bandwidth and ci are constants to take care that the integral
of this pdf is unity. We used an exponential kernel similarly as in (Subbarao and Meer,

2006, 2009; Subbarao et al., 2007, 2008; Tuzel et al., 2005). The task of non-linear

mean shift is to find that point M on the Riemannian manifold for which the probability

expressed by Eq. 3.25 obtains a (local) maximum.

This optimization task results in a iterative algorithm in which during each iteration

an intrinsic update ∆ for the current estimate Mk is computed. Again it is a two step

iteration in which one first computes the mean-shift weights and then obtains the update

∆ as an intrinsic weighted mean.

This mean-shift weights are computed with

wi =
e−

‖ logMk
(Hi)‖

2

2h2

∑n
i=1 e

−
‖ logMk

(Hi)‖
2

2h2

(3.26)

and the update∆ with

∆ =

n
∑

i=1

wi logMk
(Hi). (3.27)

It is applied according to the intrinsic structure with

Mk+1 = expMk
(∆). (3.28)

Each maximum obtained this way is related to a local mode of the hypotheses distribution.

In case of robust camera motion estimation the task is to find the global maximum related

to the most dominant mode.

3.3.1 Mean-shift as expectation maximization

Interestingly, mean-shift can be seen as a variation on expectation maximization. The

objective function of mean-shift is however significantly different from that of the pro-

posed estimator. It is therefore interesting to investigate how these two different objective

functions are related.

Consider a Gaussian mixturemodel with as many components as there are hypotheses.

Furthermore all Gaussian mixture components have a known isotropic covariance h2i I and
are defined by

N (M|Hi, h
2
i I). (3.29)

Hence each hypothesis defines the mean of one Gaussian mixture component. The mix-

ture coefficients ǫ for each of the n components are known and equal to 1
n
. The mixture

distribution is then obtained with

p(M|H1...Hn, h
2I, ǫ) =

i=n
∑

i=1

1

n
N (M|Hi, h

2
i I). (3.30)

Due to the symmetry of the intrinsic distance it can be rewritten to

p(M|H1...Hn, h
2I, ǫ) =

1

n

i=n
∑

i=1

cie
− ‖ logM(Hi)‖

2

2h2 . (3.31)



CHAPTER 3. VERIFICATION FREE RANSAC USING INTRINSIC STATISTICS 73

This is the exponential kernel based pdf of non-linear mean shift expressed in Eq. 3.25.

This shows that the kernel based pdf of (non-linear) mean-shift can be seen as a mixture

distribution (which is a well known fact for Euclidean spaces). Finding the value for M
whereby Eq. 3.31 obtains its maximum by using expectation maximization results in the

same steps as that of mean-shift. The mixture distribution of mean-shift is however com-

pletely determined by the fixed hypotheses and the fixed kernel bandwidth and therefore

differs fundamentally from the consensus mixture distribution of the proposed algorithm.

The parameters to which the related objective functions are minimized are also not the

same.

In the proposed estimator one fits a Gaussian cluster to the hypotheses, taking into

consideration the consensus with the uniform outlier distribution. By doing so it assigns

inlier versus outlier class label likelihoods to each hypothesis. Furthermore, it optimizes

an inlier versus outlier mixture coefficient and thereby automatically adapts itself to the

true ratio between inlier and outlier hypotheses. In mean-shift each cluster, defined by

a hypothesis, is kept fixed. furthermore, mean shift only seeks a local dominant mode

of the distribution without explicitly modeling outlier hypotheses. In that sense it is less

involved than the proposed estimator and not specifically tailored to provide consensus

between inlier and outlier hypotheses. The ramifications of these differences are discussed

below.

The focus is on the bandwidth parameters of mean-shift, i.e. the isotropic covariances

of its mixture components, which are fixed. These bandwidth parameters provide a trade-

off between convergence and accuracy. A large bandwidth will smooth the kernel based

pdf and prevent convergence to a spurious mode, however, it will not be able to accurately

locate the optimum. Alternatively, a small bandwidth will be able to locate the optimum

accurately, but when initialized far from this optimum, it has a high risk of ending up in

a local spurious optimum. Heuristic strategies to prevent this were proposed in Comani-

ciu et al. (2001) but not used in (Subbarao and Meer, 2006, 2009; Subbarao et al., 2007,

2008; Tuzel et al., 2005). These methods assign a large bandwidth to regions with low hy-

potheses density and a small bandwidth to regions with a high hypotheses density. These

methods do however not estimate the optimal bandwidth parameters while iterating.

Alternatively, the parameters of the consensus mixture distribution of our EM algo-

rithm are themselves optimally estimated. This is particularly useful as the smoothness

of the hypotheses distribution can vary drastically over the manifold and can vary when

estimated from different image pairs of the same data set. The proposed estimator starts

with a relatively large covariance and therefore will observe the hypotheses distribution in

a relatively coarse (smooth) scale during the first few iterations. This aids convergence in

the sense that the relatively smoothness will prevent it from converging to a local spurious

mode. In subsequent iterations, the estimate for the covariance will automatically adapt

to the true finer scale of the hypotheses distribution. The proposed algorithm is thereby

able to robustly locate the most dominant Gaussian cluster and at the same time locate

its respective mean accurately. It is therefore better suited to estimate the motion of the

camera system as the camera’s own motion (ego-motion) is typically the most dominant

mode of the hypotheses distribution. This is because most image points observed by the

camera relate to stationary objects.

The possible benefit of using a kernel based pdf, as used in mean shift, is that it is

not restricted to modeling Gaussian clusters, as is done in our proposed estimator. In

Sec. 3.4 it will be shown however that when hypotheses are estimated on uncontaminated
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subsets, then modeling them with a Gaussian pdf is appropriate. In fact, under these

circumstances our EM estimator will converge to the ML lower bound (i.e. the accuracy

of a MLE applied on all inlier image points) as the number of inlier hypotheses increases.

This indicates that using the more general kernel based pdf of mean-shift is not required

for our purposes.

3.4 Optimality

Before we present our experimental section the assumptions underlying our algorithm

are validated first. It will be shown theoretically and experimentally that computing an

intrinsic mean, which is at the core of the proposed estimator, is a MLEwhen image points

are perturbed by Gaussian noise. It therefore asymptotically reaches the same levels of

accuracy as a regular MLE which minimizes reprojection residuals on all image points.

This is one of the important fundamental findings of our research as this allows our EM

estimator to explicitly increase in accuracy relative to other state-of-art FSS.

It was assumed that hypotheses estimated on inlier image points form a Gaussian pdf

in hypothesis space. If one defines inlier image points as being perturbed from their unob-

servable true values by Gaussian image noise, then this assumption is valid at least up to

first order (Hartley and Zisserman, 2004). In other words, when generating fundamental

subset hypotheses H1...Hn from inlier image points, then the noise governing these fun-

damental subset hypotheses can be assumed to form a Gaussian pdf around the ground

truth M̄ in hypothesis space. It was derived in Sec. 2.7.2 that the intrinsic mean, which

is at the core of our EM estimator, is a MLE for the true mean of such an intrinsic Gaus-

sian pdf. Now consider that the accuracy of a regular MLE on all m image points can

be modeled as being proportional to σ√
m

and that the accuracy of a fundamental subset

hypothesis estimated by the same MLE on l < m image points is then proportional to σ√
l
.

The accuracy of the intrinsic mean on n inlier hypotheses is therefore at best (i.e. when

each image point only occurs once in the union of all fundamental subsets) proportional

to σ√
ln
. As image points are sampled with replacement, they occur in multiple subsets,

therefore, the intrinsic mean can only asymptotically reach the accuracy σ√
m

of the regular

MLE and not exceed it.

Nevertheless, this is an important fundamental aspect of the intrinsic mean as it im-

plies that theoretically it is not required to distinguish between inlier and outlier image

points in order to reach the ML lower bound. One can instead distinguish between inlier

and outlier hypotheses, compute an intrinsic mean on the inlier hypotheses only, and also

obtain the ML lower bound. This is the approach of our estimator. In the next section this

claim will be validated experimentally on outlier free image data. In subsequent sections

the performance of our EM estimator will be evaluated on challenging outlier prone data.

3.4.1 Intrinsic mean on Euclidean motions

Realistic synthetic binocular data is generated according to the method described in Sec.

3.5.1. Here however image points are only perturbed by Gaussian image noise i.e. there

are no outliers. Using all correspondingm image points, the motion between successive

frames is estimated using bundle adjustment, which is a MLE that minimizes reprojection

residuals with respect to structure and motion (see Sec.1.2.1). A large number of fun-
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Figure 3.2: The asymptotical accuracy of the intrinsic mean on fundamental subset hy-

potheses, the absolute error in translation (a), the absolute error in rotation (b). The re-

ported results are the average of one thousand experiments. The computation time of

Mean on HEIV(6) is approximately 1.5× larger than that ofMean on MLE(6).

damental subset hypotheses is estimated on subsets of size l = 6 using the same MLE

and, for reference, using a specially tailored Heteroscedastic Error in Variables(HEIV)

estimator (Matei et al., 1998; Matei and Meer, 2006). This HEIV estimator is one of the

most general and accurate linear motion estimators for 3D point sets and requires sets of

size l = 6 at least. We apply our EM estimator for an increasing number of hypotheses n.
As there are no outliers, the value for v, i.e. the volume of the outlier distribution, was set

such that 1
v
was close to machine precision. All class label likelihoods I1...In are there-

fore similar and our EM estimator effectively computes an (equally weighted) intrinsic

mean. If our claim is correct this intrinsic mean on MLE hypotheses should approach the

accuracy that the MLE attains on all image points.

The accuracy of our EM estimator on an increasing number of hypotheses as well

as the accuracy of the regular MLE and HEIV on all image points are plotted in Fig.

3.2. It can indeed be observed that when using the MLE to generate the hypotheses,

our estimator asymptotically reaches the accuracy of the regular MLE. This validates our

claim. After only a few hypotheses its rotation estimate is already more accurate than

that of HEIV on all image points, the same holds for its translational accuracy at around

25 hypotheses. When using the HEIV estimator to generate hypotheses, one does not

reach the same accuracy as the HEIV estimator attains on all image points. This can

be explained from the fact that the HEIV estimator minimizes residuals in the 3D space

where the highly skewed uncertainties of triangulated landmarks are approximated by

Gaussian ellipsoids (Matei et al., 1998). This approximation causes bias which degrades

accuracy (Dubbelman and Groen, 2009). Furthermore, due to this bias, the hypotheses

form a skewed pdf instead of a Gaussian pdf. Hence, the Gauss assumption is not met and

our EM estimator will not converge to the same accuracy as HEIV attains on all image

points. Nevertheless, the accuracy does increase when computing the intrinsic mean of

multiple HEIV hypotheses. This shows that applying our EM estimator is also beneficiary

when the Gauss assumption is not met.
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3.5 Evaluation

In this section our EM estimator is evaluated against popular state-of-art alternatives on

outlier contaminated data. Its accuracy is compared to that of RANSAC, LMedS, MLE-

SAC, LO-RANSAC and non-linear mean-shift (MS). For all RANSAC based approaches

we experiment with hypotheses verification based on MLE reprojection errors and based

on symmetric reprojection errors, using the latter is significantly more efficient. The ac-

curacy of randomized verification strategies or preemptive verification strategies is at best

similar to regular verification when applied to the same number of hypotheses, their accu-

racy is therefore not evaluated explicitly: their efficiency is. Our experiments on simulated

data and on a total of 1.8 km of real visual odometry data show that our EM approach is

more efficient and more accurate.

It is important to note that we are primarily interested in the ability of our EM esti-

mator to explicitly improve accuracy. We therefore always compare it against alternatives

using the same number of hypotheses. We do therefore not exploit the fact that our esti-

mator is also more efficient and can process more hypotheses in the same time span, as

e.g. done in Nistér (2005). The implicit increase in accuracy due to this ability to pro-

cess more hypotheses, is not taken into account in our experimental evaluation. We will

however discuss the relation of our method’s efficiency with its accuracy in Sec. 3.5.1.

3.5.1 Synthetic data

By using synthetic data the performance of the proposed EM method is compared to

alternative FSS under varying and controllable conditions. For all FSS their optimal pa-

rameter values are obtained by performing extensive parameter sweeps. The method used

to generate the synthetic binocular outlier prone data is described below.

One binocular camera is chosen as the origin. The direction of translation of the

other binocular camera is uniformly distributed over the unit sphere and the length of

translation is uniformly distributed within the interval between 2.5m and 5m. Its yaw,

pitch and roll parameters are all uniformly distributed within the interval between −45◦
and 45◦. Scene points are generated uniformly within a distance between 5 and 75 m in

front of the first camera. The scene points are projected to the imaging planes of both

cameras, the camera parameters used are obtained by calibrating (Zhang, 2000) a real

camera (resolution of 640 × 480 pixel, a focal length of 6 mm and a FoV of 45◦). The
radial and tangential distortion properties of the real camera are simulated as well. To

the scene point projections independent identically distributed (iid.) isotropic Gaussian

noise with a standard deviation σ of 0.25 pixel is added. The projections are perturbed

by two different types of outliers. Firstly, for η1 percentage of the image points their

correct correspondences are reassigned randomly. This simulates gross correspondence

errors. Independently from this, η2 percentage of image points are selected to which

uniform noise with a maximum magnitude of 10 pixels is added. This uniform noise is

particulary challenging since its magnitude partially coincides with the value range of the

Gaussian noise. The percentages are chosen such that η1 = η2 and such that the total

percentage of outliers (i.e. either gross correspondence outliers, outliers due to uniform

noise or both) equaled a certain level i.e. 10%, 30%, 50% 70%. Since recent image feature

matching techniques are relatively reliable (see Sec. 3.5.2), higher levels of outliers are

not used. Finally, configurations with fewer than 250 scene points visible in both cameras
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are rejected.

Comparing consensus methods

In our first experiments we compare different consensus strategies for increasing outlier

percentages and a fixed number of hypotheses n = 300. For data containing 50% out-

liers this number of hypotheses theoretically provides, with 0.99 confidence, that at least

one hypothesis estimated on 6 image points is outlier free (in an other experiment we

increase the number of hypotheses to 2000). Generating 300 ML hypotheses is in range

of real-time computation. In this experiment all methods requiring verification used ML

reprojection residuals.

From the graphs in Fig. 3.3 it can be observed that the proposed estimator obtains

favorable accuracy up to 50 % outliers. After 50% it outperformsmean-shift and LMedS.

This behavior can be explained from the fact that when using 300 hypotheses at 50% out-

liers, only one hypothesis will be an inlier and computing an intrinsic mean on this single

inlier hypothesis does not improve accuracy. In Sec. 3.5.1 we show that by increasing the

number of hypotheses the accuracy of our EM method improves such that it also obtains

favorable accuracy at 50% outliers. The accuracy of our method reported in this section

is therefore not its lower bound accuracy: it is the accuracy it obtains within a real-time

budget related to 300 hypotheses. From Table 3.1 it can be observed that our EM ap-

proach is significantly (50 to 100 times) more efficient than the approaches using ML

verification. It can furthermore be observed in Fig. 3.3 that verification using MLESAC

is slightly more accurate than RANSAC and LMedS up to 50% outliers. Interestingly,

the difference in accuracy between RANSAC and LMedS is small. The accuracy of a

well tuned RANSAC approach is similar to that of LMedS. However, finding the optimal

RANSAC threshold value on real data can be challenging, whereas LMedS is threshold

free and can obtain the reported accuracy without parameter sweeps. This is why LMedS

is such a popular verification strategy within visual odometry systems. Our EM method

requires specifying its parameter v related to the uniform outlier probability. We exper-

imented with values 1e-8,1e-7,...,1e8 and observed that all values below 1e-3 obtained

optimal accuracy. For the other FSS, except LMedS, finding appropriate values for their

parameters was significantly more demanding.

Also surprising is the unfavorable accuracy of nonlinear mean-shift. Despite the thor-

ough parameter sweeps its accuracy is less than that of the other approaches. This is due

to its fundamental inability to optimally adapt its kernel bandwidth while iterating, as

was explained in Sec. 3.3.1. A small bandwidth has a high risk of causing convergence

to spurious modes, whereas a larger bandwidth has a risk of being too coarse to locate

the mode accurately. Note that these data sets are based on a single motion. Mean-shift

should therefore, just as our EM estimator, be able to locate the mode in one invocation.

It apparently does locate the mode, but does so with unsatisfactory accuracy. Our EM

estimator has improved convergence by starting with a relatively large covariance and

automatically adapting it to the target distribution of inlier hypotheses.

The unfavorable performance of mean-shift reported here stands in contrast with that

reported in (Subbarao and Meer, 2006, 2009; Subbarao et al., 2007, 2008; Tuzel et al.,

2005). However, their outlier prone data was generated by adding Gaussian noise for in-

creasing σ. In our opinion this is an unrealistic strategy as the excessive Gaussian noise is
still Gaussian. A set of hypotheses estimated on this image data will still form a Gaussian
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Figure 3.3: The accuracy of different robust estimators under increasing levels of outliers

averaged over 1000 experiments. Mean absolute error in translation (a). Mean absolute

error in rotation (b).
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Figure 3.4: The accuracy of different robust estimators for different subset size under

50% outliers and averaged over 1000 experiments. Mean absolute error in translation (a).

Mean absolute error in rotation (b).

10 30 50 70
0

40

80

120

160

200
Mean abs. error in tra.

Percentage of outliers

E
rr

o
r 

(m
m

)

 

 

ML lower bound

MLESAC (sym. repro.)

LMedS (sym. repro.)

RANSAC (sym. repro.)

MS

EM

(a)

10 30 50 70
0

0.04

0.08

0.12

0.16

0.2
Mean abs. error in rot.

Percentage of outliers

E
rr

o
r(

d
e
g
re

e
s
)

 

 

ML lower bound

MLESAC (sym. repro.)

LMedS (sym. repro.)

RANSAC (sym. repro.)

MS

EM

(b)

Figure 3.5: The accuracy of different robust estimators averaged over 1000 experiments

when using verification on basis of symmetric reprojection residual under increasing lev-

els of outliers. Mean absolute error in translation (a). Mean absolute error in rotation

(b).
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Figure 3.6: The accuracy of different robust estimators for an increasing number of hy-

potheses under 50% outliers and averaged over 1000 experiments. Mean absolute error in

translation (a). Mean absolute error in rotation (b).

cluster in hypothesis space. Its Σ will simply increase as σ increases. Effectively, there

would be no outlier hypotheses and computing an intrinsic mean would be a ML estima-

tor. The data generation method used for our experiments is significantly more realistic

and causes outliers in the hypotheses set.

Influence of subset size

In the previous experiment we used 6 image points when estimating hypotheses. It is

also possible to use subsets of size 3. A hypothesis estimated on 3 image points will not

be as accurate as one estimated on 6 image points. By using verification one imposes

an additional objective function on the hypotheses, which can theoretically compensate

for this decrease in accuracy. Computing an intrinsic mean on hypotheses estimated on

3 points is also less accurate than when estimated on hypotheses based on 6 points. It is

therefore interesting to compare the proposed estimator for varying subset sizes.

The results of subset sizes of 3, 6, 9, and 12 on data containing 50% outliers is shown

in Fig. 3.4. We explicitly chose to use 50% outliers as it was the breaking point of the pro-

posed estimator when using 300 hypotheses in the previous experiment. The results show

that all methods obtain favorable accuracy when using a subset sizes of 6. When using 3

points the accuracy of all methods (except mean-shift) decreases slightly. When increas-

ing the subset size beyond 6, the accuracy of all methods degrade but especially that of the

proposed estimator. This can be explained straightforwardly. Whereas RANSAC requires

only one hypotheses to be estimated on an uncontaminated subset, the proposed estimator

computes a mean on several hypotheses. All these hypotheses should be estimated on

uncontaminated subsets. By using more image points the accuracy of uncontaminated

hypotheses increases, however, the probability of generating such inlier hypotheses will

decrease. Nevertheless, for all methods the results show that using a subset size between

3 and 6 is best suited for outlier prone data containing 50% outliers. For these subset sizes

the proposed estimator obtains favorable performance. Increasing the subsets beyond 6

(without using local iterations) is clearly not recommendable for all methods tested.
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Influence of verification strategy

As was mentioned in the introduction of this chapter, verification using ML reprojec-

tion models is not the most efficient verification strategy. Therefore, it is investigated

how all approaches perform when a significantly more efficient model is enforced, i.e. a

symmetric reprojection error. The proposed EM estimator and non-linear mean shift do

not require verification, their performance is therefore not influenced. This does not

hold for the other FSS as can be observed in Fig. 3.5. The accuracy of RANSAC and

LMedS decreased slightly whereas the accuracy of MLESAC collapsed. We have tried to

broaden the MLESAC parameter sweeps without any success. Clearly the image space

mixture model underlyingMLESAC is not suited for using symmetric reprojection resid-

uals. Probably this and its unfavorable computational burden (see Table 3.1) made other

approaches than MLESAC more popular. Note that when using symmetric reprojection

residuals, the relative differences in accuracy of our EM estimator with respect to the

other FSS increased. From Table 3.1 it can also be observed that it is still around three

times more efficient.

Influence of iterations

One of the most influential aspects on FSS performance is the size of the hypotheses set.

In this section the accuracy of some selected approaches, including LO-RANSAC with

ML reprojection residuals, is evaluated when using up to 2000 hypotheses. When using

LO-RANSAC it is recommended to prevent early convergence. This can be achieved by

starting with a relatively high RANSAC threshold, used to select inliers for local itera-

tions, and lowering it gradually while iterating. The relatively high threshold enforced

during early iterations reflects the inherent uncertainty in the subset estimates. Inside the

local iterations we used subset sizes up to 14. While LO-RANSAC might not be the

most efficient (Raguram et al., 2009), its accuracy is representative for the accuracy of

other state-of-art RANSAC approaches. We again evaluated at 50% outliers which was

the breaking point of the proposed algorithm when using 300 hypotheses. The results are

depicted in Fig. 3.6. When increasing the number of hypotheses, the accuracy of the pro-

posed EM estimator also increases. Its accuracy is comparable to that of LO-RANSAC.

The underlying theory for this performance was already provided in Sec. 3.4. There it

was shown that the proposed estimator can improve its accuracy by computing an intrin-

sic mean on inlier hypotheses. By increasing the number of hypotheses, more of them

will be inlier hypotheses and their mean will become more accurate. Note that the im-

provement in accuracy of the other approaches stagnated around 300 hypotheses, whereas

the accuracy of the proposed EM estimator and that of LO-RANSAC keeps improving.

The accuracy of our EM estimator reported in Fig. 3.3, 3.4, and 3.5 is therefore not its

lower bound accuracy. It is however a satisfactory accuracy which can be obtained within

the time budget related to estimating 300 hypotheses.

What Fig. 3.6 also shows is that when we would have exploited the fact that our EM

approach is also more efficient and therefore can process more hypotheses in the same

time span, it is evenmore accurate than alternative FSS. For example, from Table 3.1 it can

be deduced that in the time it takes LO-RANSAC (using verificationwith ML reprojection

on 500 image points) to process 100 hypotheses, our EM approach can process roughly

2000 hypotheses. Comparing the accuracy of LO-RANSAC at 100 hypotheses and that of

our EM approach at 2000 hypotheses in Fig. 3.6, then it is evident that our EM approach
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outperforms LO-RANSAC. This shows that the implicit increase in accuracy of our EM

approach, due to its efficiency, is just as significant as its explicit increase in accuracy.

Efficiency

Here we review the efficiency of the proposed estimator. The efficiency of preemptive

RANSAC (Nistér, 2005) will also be reported as it focusses on reducing the computa-

tional load of verification while keeping the number of hypotheses fixed. Its underlying

principles offer one of the most efficient verification strategies within the class of non-

adaptive FSS. It is also explained that methods which automatically adapt the number

of hypotheses, which therefore are not in the class of non-adaptive FSS, are outside the

scope of this article.

When estimating Euclidean motion between binocular frames, every fundamental

subset relates to exactly one hypothesis, i.e. there are no multiple solutions or ambi-

guities. The computational load t of a FSS on v image points in this case can be modeled

with

t = n(th + tv) (3.32)

(Chum and Matas, 2008), where n is the number of hypotheses, th is the time needed

to estimate a single hypothesis, and tv is the average time required to verify a single

hypothesis which depends on the v tentative correspondences. The unit of time for th
and tv is the time required to verify a single point correspondence for a single hypothesis

using a ML reprojection model. For this unit of time, th is 8 when using MLE(6) to

estimate the hypotheses. Again we focus on data containing 50% outliers.

Table 3.1 depicts the obtained results when using n = 300 with v = 500, v = 1000
and when using verification on basis of ML reprojection or on basis of symmetric repro-

jection. The computation time required for our EM estimator is the lowest and constant

Table 3.1: Normalized values for tv and th + tv rounded to within 0.25 unit time.

ML (v=500) sym. (v=500) ML (v=1000) sym. (v=1000)
tv th + tv tv th + tv tv th + tv tv th + tv

EM 1 9 1 9 1 9 1 9

MS 1.75 9.75 1.75 9.75 1.75 9.75 1.75 9.75

RANSAC 500 508 17 25 1000 1009 34.25 42.25

LMEDS 500 508 17 25 1000 1009 34.25 42.25

MLESAC 507 515 24.75 32.75 1007 1015 41.25 49.25

pre. R. 150 158 5 13 300 308 10.25 18.25

in the number of image points. It is fully determined by the time required to estimate

hypotheses and the overhead of EM (which is linear in the number of hypotheses). The

same holds for non-linear mean shift. Its overhead is however larger as it takes more time

to converge to a stable mode. The complexity of our EM approach and that of nonlinear

mean-shift is O(n), whereas the complexity of the other approaches is O(nv).

As mentioned in the introduction of this chapter, two strategies can be taken to reduce

t. Firstly, one can increase the efficiency of verification. Secondly, one can limit the num-

ber of hypotheses. Only the first is used here. From Fig. 3.6 it can be observed that for our
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EM method and LO-RANSAC using fewer hypotheses than 300 reduces accuracy. For

the other tested approaches it can be observed that they reach their lower bound accuracy

around 300 hypotheses on data containing 50% outliers. Also for these methods lowering

the number of hypotheses below 300 would decrease accuracy. Therefore, automatically

terminating these FSS before 300 hypotheses have been generated, is of little use, as 300

hypotheses can be generated in a real-time budget. It would only unnecessarily reduce

accuracy of all methods. For data containing less than 50% outliers the number of hy-

potheses could be reduced below 300 by an adaptive FSS. However, when doing so on

real data one risks underestimating the true percentage of outliers and therefore risks using

too few hypotheses, which would cause unsatisfactory accuracy. As 300 hypotheses can

be obtained within a real-time budget, the cost of this risk does not out weight the benefit

of improved efficiency. Indeed in VO application domains a fixed number of hypotheses,

typically ranging between 300 and 500, is often used (Konolige et al., 2007; Nistér et al.,

2006; Olson et al., 2003; Sunderhauf et al., 2005; Zhu et al., 2007).

3.5.2 Binocular visual odometry

The main objective of our experiments on real data is to demonstrate that our verifica-

tion free FSS can obtain state-of-the-art performance under challenging conditions. We

compare it to LMedS and to nonlinear mean-shift on a total of 1.8 km binocular VO data.

All tested approaches use 300 hypotheses and LMedS uses symmetric reprojection resid-

uals. This LMedS approach obtains accurate results within a real-time budget without

parameter tuning. Furthermore, LMedS is one of the most frequently used verification

strategies within VO type of applications. We do not use preemptive verification as it

does not improve accuracy when using the same number of hypotheses. We also com-

pare against nonlinear mean-shift as it is conceptually closest to our approach, it is also

verification free. During initial experiments we observed that mean-shift, as proposed in

(Subbarao and Meer, 2009), does not obtain satisfactory accuracy on our VO data. We

therefore applied our initialization method of Sec. 3.2.4 to both our EM approach and

mean-shift. Furthermore, all tested methods use a single (quasi) local iteration similar

as in LO-RANSAC and Cov-RANSAC, which will be described shortly. The used data

recording and preprocessing methods are provided first.

Binocular image pairs are recorded using a stereo camera with a baseline of 0.4 m,

a resolution of 640 × 480 pixels and a FoV of 45 deg. The robust matching strategy,

which allows assuming an upper bound of 50% on the outlier ratio, is described next. An

example of the utility of this matching strategy is depicted in Fig. 3.9.

1. Automatic key framing: Cameras typically record images around 30 fps. It is not

advisable nor required to estimate the motion between each successive image. By

automatic key framing one can automatically and online select those images which

are best suited for motion estimation (Zhu et al., 2007). One can think of automatic

key framing as a method to improve the signal (motion) to noise (outliers) ratio. By

assuring that a significant motion exist between image pairs, the true motion can be

differentiated more reliably and accurately from the set of hypotheses.

2. Stereo consistency checking: Apart from applying a threshold on the maximum

allowed differences between SIFT keys, erroneous correspondence can be reduced

by applying consistency checks. For binocular data the epipolar consistency is
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enforced between images from the same stereo pair. Furthermore, left-to-right ver-

sus right-to-left consistency allows rejection of erroneous correspondencematches.

A winner margin on SIFT key differences is enforced as well. These consis-

tency checks are conceptually similar to those used in dense disparity estimation

(Scharstein and Szeliski, 2002).

3. Time consistency checking: When matching image features through time, the

same consistency checks can be used as when matching between images of the

same stereo pair. First the tentative correspondences are established for successive

left and right images independently. Again we enforce a maximum allowed differ-

ence between SIFT keys and a winner margin on these tentative correspondences.

Then we check on forward-backward consistency, which is similar to left-to-right

versus right-to-left consistency, only now applied between successive images. We

also enforce stereo cycle consistency. This assures that when an image feature is

matched in the left image to the successive left image and from this successive left

image to an image feature in the successive right image, then this must be the same

image feature as obtained though the match from the initial left image feature to the

initial right image feature and from there to the successive right image.

4. Guided sampling on basis of time coherency: The application domain of cam-

era motion estimation allows using the inertia of the camera system to suppress

gross correspondence errors. Due to the inertia, the difference in motion cannot

drastically change between successive key frames. Similar to the method of Sec.

3.2.4 an initial guess for the current motion can be obtained from the previously

estimated motion. This initial guess can be used to verify the current tentative cor-

respondences. Here it is important to propagate the uncertainty of the initial motion

estimate and use it when verifying correspondences. Those correspondences which

are relatively consistent with the initial motion estimate receive a higher probability

of being sampled for use in a fundamental subset. This is effectively guided sam-

pling (Tordoff and Murray, 2005), but now on basis of the alignment with an initial

guess for the motion.

The computational burden of these matching methods are typically negligible with

respect to the computational burden of image feature extraction and that of the FSS. Using

them is therefore highly recommended. It is furthermore interesting to consider that by

using step 4 Guided sampling on basis of time coherency before using LMedS one, in a

sense, uses a single (quasi) local iteration. Where in LO-RANSAC and Cov-RANSAC

one selects inliers for local iterations using the currently top ranked hypotheses, here

we selects these inliers according to an initial guess of the motion taking into account

its inherent uncertainty. Similarly as in LO-RANSAC and Cov-RANSAC, hypotheses

are then generated from the assumed inliers and verified against all image points, in this

particular case by using LMedS.

Visual-odometry results

The trajectories estimated on three urban visual odometry data sets are shown below.

They are approximately 600 m long each and are recorded in the same environment. They

mainly differ in starting pose and in the presence of different independent moving objects

such as cyclers and vehicles. All trajectories describe loops, however, loop-closure was
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explicitly not performed as the discrepancy between the final estimated pose and the loop-

closure pose is our performance measure. The data sets are also accompanied by D-GPS

position estimates, which allows visual comparison.

The trajectories obtained by our EMmethod are depicted in Fig. 3.9 and close-ups for

all methods at the loop-closing point are depicted in Fig. 3.9. Their numerical errors in

position and orientation with respect to the loop-closing pose are reported in Table 3.2.

From this table it can be observed that our EM method is the most accurate estimator

and that it is two times more accurate than LMedS on average. In the final column the

positional error with respect to distance (ped.) is printed. As the error in the final position

is due to both rotational and translational errors, the ped. value reflects both types of

errors of an estimator. The ped. value of LMedS shows that its positional error is 0.4%

of the distance undertaken by the camera. For mean-shift it is 0.6% and for our EM

approach it is only 0.2%. This shows that the error growth of our method is two times

less than that of the LMedS approach. For reference, note that in Nistér et al. (2004)

ped. values between 1% and 5% were reported for a stereo camera with a baseline of

0.3 m on trajectories around 300 m long. The performance of the LMedS approach is

therefore at least similar (if not better) than that of methods reported in current literature,

e.g. in (Comport et al., 2007; Konolige et al., 2007; Levin and Szeliski, 2004; Maimone

et al., 2007; Nistér et al., 2004, 2006; Olson et al., 2003; Sunderhauf et al., 2005). As

our EM approach is again two times more accurate than this LMedS approach, we can

conclude that our EM approach obtains state-of-art accuracy without using verification.

Only for methods exploiting loop-closure or absolute orientation sensors (such as an IMU

or an AHRS) similar ped. values have been reported (Zhu et al., 2007). Our EM approach

clearly did not exploit loop-closure nor absolute orientation sensors. As it even did not

use verification, it is also around three times more efficient than the LMedS approach. If

we would have used a preemptive verification strategy inside LMedS, it would still have

been 1.5 times more efficient, see Table 3.1. The efficiency gain of our method would

allow us to use more hypotheses and thereby improve its accuracy. We chose not to do

so, therefore, the favorable results of our EM method are solely due to its capability to

explicitly improve accuracy. To conclude, the experiments show that our EM estimator

Table 3.2: Accumulated error at loop-closure

A B C average ped.

pos. ori. pos. ori. pos. ori. pos. ori. %

EM 1.3 m 0.3◦ 1.2 m 0.2◦ 0.9 m 0.3◦ 1.1 m 0.3◦ 0.2

MS 2.4 m 0.5◦ 3.2 m 0.4◦ 4.6 m 1.0◦ 3.4 m 0.6◦ 0.6

LMEDS 2.8 m 0.8◦ 1.7 m 0.2◦ 1.8 m 0.7◦ 2.1 m 0.6◦ 0.4

is a robust and accurate visual-odometer. Its results, obtained without verification, extend

that of state-of-art methods.

3.6 Discussion

In this chapter the favorable performance of our EM estimator was highlighted within the

scope of motion estimation from visual data. The applicability of FSS in general goes

beyond this scope. Our EM approach can only be applied when the hypothesis space has
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In 190 / Out 351

65 % Out

(a)

In 127 / Out 151

54 % Out

(b)

In 127 / Out 61

32 % Out

(c)

Figure 3.7: Reducing the outlier ratio by robust matching and exploiting time coherence.

Example image contains two independently moving objects and contains many corre-

spondence outliers. Regular matching (a), after consistency checks (b), after enforcing

time coherency (c). Outliers are depicted by red crosses and their correspondence dis-

placements by red lines. Inliers are depicted by green circles.

(a) (b) (c)

Figure 3.8: Close-up of visual odometry results on 600 m long trajectories at the loop-

closing point. D-GPS (green), our EM method (blue), non-linear MS (magenta), LMedS

with symmetric reprojection (red). The start is marked by the black dot and the loop-

closing position by the finish flag.
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(a)

(b)

(c)

Figure 3.9: Visual odometry results on 600 m long trajectories. D-GPS (green), our EM

method (blue). The start is marked by the black dot and the loop-closing position by the

finish flag. The camera trajectory proceeds counter-clockwise.
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the structure of a Riemannian manifold for which its distance preserving logarithmic map

is available. While this includes all our pose spaces of Chap. 2, it does not include all

hypothesis space to which FSS can been applied. For example it does not include the

hypothesis space of fundamental matrices. Therefore, our EM approach is not as widely

applicable as FSS based on verification. However, when motion estimation is the task, the

results of this chapter show that using our EM approach is beneficiary to both accuracy

and efficiency. Furthermore, we can explain these improvements on basis of well-founded

theoretical models.

3.7 Conclusion

A novel verification free RANSAC approach was introduced within the scope of robust

motion estimation from image data. It maximizes the likelihood of fundamental subset

hypotheses given a mixture model comprising a Gaussian inlier class and a uniform out-

lier class by using expectation maximization. This mixture model is expressed directly in

hypothesis space, instead of image space, and therefore computationally intensive verifi-

cation is not required. It was shown theoretically and experimentally that the proposed

estimator obtains the maximum likelihood lower bound asymptotically. A thorough ex-

perimental evaluation against state-of-art methods showed that the proposed estimator

has favorable accuracy and efficiency. It significantly outperformed non-linear mean shift

which is the closest related alternative. Only RANSAC methods which use verification

on the basis of ML reprojection residuals and which use local iterations obtain similar

accuracy to that of the proposed EM estimator. These methods are however significantly

less efficient to compute. When comparing against these methods on the basis of a similar

time budget, our EM approach is therefore significantly more accurate. The answers to

the third and fourth research questions of this thesis can now be provided.

• How can statistical algorithms defined on pose manifolds improve the accuracy

of the RANSAC methodology?

By computing an intrinsic mean on inlier hypotheses an estimator can be more ac-

curate than FSS which only return a single inlier hypothesis. Such a mean reaches

the maximum likelihood lower bound asymptotically as the number of inlier hy-

potheses increases. However, given the same number of hypotheses, an FSS which

uses local iterations with ML verification can provide similar accuracy as meth-

ods which compute an intrinsic mean. As such this chapter only partly answered

this research question. Introducing the intrinsic statistical techniques underlying

the proposed EM estimator into the methodology of local iterations is a possible

approach to improve accuracy of state-of-art RANSAC approaches in general. We

will explore this approach in the next chapter. Another approach to improve accu-

racy is to increase efficiency and thereby be able to process more hypotheses in the

same time span. Such an implicit increase in accuracy does however not change

the lower bound accuracy of a FSS. When the number of hypotheses is not limited

by a time budget, then being more efficient does not increase accuracy, as all FSS

can use as many hypotheses as required to reach their lower bound accuracy. Com-

puting an intrinsic mean improves accuracy explicitly and reduces the lower bound

accuracy of an FSS.
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• How can statistical algorithms defined on pose manifolds improve the effi-

ciency of the RANSAC methodology?

Traditional RANSAC approaches require hypotheses verification to identify that

hypothesis which has the most support given the image data. This verification re-

quires enforcing a model, instantiated by the hypothesis, on the complete data or

at least a sufficiently large subset. This is a computational intensive process which

typically is the most dominant factor in the complete time budget of traditional

RANSAC approaches. Reducing the computational load of verification has there-

fore been one of the most dominant topics in related RANSAC research. Here

intrinsic statistics is used to upgrade the set of hypotheses to an intrinsic statistical

hypotheses distribution. Such an intrinsic distribution has significant more structure

than a mere set of hypotheses. It allows probabilistic modeling of inlier and outlier

hypotheses with a mixture distribution. By using expectation maximization to opti-

mize the likelihood of the hypotheses given the inlier versus outlier mixture distri-

bution, one can estimate the parameters of the inlier hypotheses without the need of

verifying them against image data. The overhead of such an approach is negligible

and the absence of verification makes such an approach significantly more efficient

than approaches following the traditional verification based RANSAC paradigm.


