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Chapter4
Improving RANSAC Accuracy

using Intrinsic Statistics

A novel robust estimator, called Random Intrinsic Sample Refinement, is introducedwhich

improves accuracy and stability of state-of-art RANSAC approaches. It computes an em-

pirical mean and covariance from several top ranking hypotheses, and generates additional

artificial hypotheses according to this mean and covariance to improve the ensemble of

hypotheses. In this chapter Random Intrinsic Sample Refinement is applied to estimating

the epipolar geometry between calibrated camera views. The ability to compute an empir-

ical mean on the epipolar manifold is enabled by our novel distance measure which was

introduced Chapter 2. In this chapter it is experimentally compared against an alternative

distance measure within an applied setting. Extensive experimental validation on outlier

prone data verifies that accuracy and stability of the epipolar estimate are enhanced when

incorporating Random Intrinsic Sample Refinement on the basis of our novel distance

measure.

4.1 Introduction

In this chapter two fundamental deficiencies within state-of-art RANSAC approaches are

resolved, they are: insufficient sampling near the ground truth, and inaccurate hypothesis

ranking. These deficiencies prevent further improvements in accuracy and stability, even

when using excessively many (local) iterations. A novel robust estimator, called Random

Intrinsic Sample Refinement (RISR), is proposed to abolish these two deficiencies. It

computes an empirical mean and covariance from several highly accurate hypotheses,

and generates additional artificial hypotheses according to this mean and covariance to

improve the hypothesis distribution. We show that by incorporating RISR within state-of-

art RANSAC approaches one can explicitly enhance their accuracy and stability.

The benefits of RISR will be demonstrated for the particular task of estimating the

relative motion up to scale (i.e. the epipolar geometry) between calibrated camera views.

For this and similar tasks Maximum Likelihood Estimators (MLE)s, which minimize re-

projection errors in two views, or in multiple views as in Bundle Adjustment (Triggs
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et al., 1999), are commonly considered the most accurate methods (Hartley and Zisser-

man, 2004). They require proper initialization and outlier free correspondences. To satisfy

these prerequisites a Fundamental Subset Strategy (FSS) such as the RAndom SAmple

Consensus (RANSAC) of Fischler and Bolles (1981) is frequently employed. A robust

initial hypothesis is thereby obtained and outlier correspondences are rejected. The inner

workings of FSS were already discussed in Chap. 1 and Chap. 3. For the purposes of this

chapter it is useful to identify the following components of FSS: the fundamental subset

estimator, the robust ranking criterion and the sampling strategy.

• Fundamental subset estimators are used to generate fundamental subset hypotheses

from the image data. A fundamental subset (or minimal subset) contains the minimum

number of image points needed by the estimator to obtain a hypothesis. To estimate the

epipolar geometry between calibrated camera views one can use linear methods, such

as the 8-point (Hartley, 1997), 7-point (Hartley and Zisserman, 2004) or 5-point (Nistér,

2004) algorithm, or one can employ a MLE on the fundamental subsets. In the remainder

of this article one invocation of a fundamental subset estimator will be referred to as an

iteration.

• Robust ranking criteria assess the support of a hypothesis given the image data and

can be used to determine inlier and outlier image points. Computing the robust ranking

criterion for a single hypothesis is referred as verification. It is commonly assumed that

the hypothesis which has the most support is also the most accurate and therefore is re-

turned as the final estimate. Frequently used robust ranking criteria, such as the number of

inliers or Least MEDian of Squares (LMedS) (Rosin, 1999), are based on either a linear

model or on a MLE reprojection model. In MLESAC (Torr and Zisserman, 2000) a nor-

mal distribution is robustly fitted, utilizing expectation maximization, to the reprojection

residuals. The likelihood of the reprojection residuals is used as robust ranking criterion.

Methods based on the number of inliers or LMedS are most common e.g. (Nistér et al.,

2006; Snavely et al., 2008; Zhu et al., 2007).

• The sampling strategy determines how the FSS proceeds while iterating. It deter-

mines, among others, which image points are selected, which thresholds are used during a

given (local) iteration and how hypotheses can be verified efficiently. There are sampling

strategies which focus on returning the best possible hypothesis from a set of hypotheses

of fixed size. In Chap. 3 such FSS were classified as being non-adaptive. Their goal is to

spend the least amount of computation on hypothesis verification as possible. They do so

by prematurely discarding unlikely hypotheses and outlier image points. An examples of

such an FSS is preemptive-RANSAC of Nistér (2005). These methods are typically used

when computational budgets are limited as in e.g. visual-odometry (Nistér et al., 2006).

Other sampling strategies focus on providing, within predefined confidence, the overall

best hypothesis while spending the least amount of computation as possible. In Chap. 3

such FSS were classified as being adaptive. Their challenge is to obtain the overall best

hypothesis, to reduce the computational load of verification, and to decide if no better hy-

pothesis than the current best hypothesis can be generated such that the sampling strategy

can be terminated. Examples of such sampling strategies can be found in Adaptive Real-

Time Random Sample Consensus (Raguram et al., 2008) and the sequential probability

ratio test (SPRT) (Chum and Matas, 2008). As was discussed in Chap. 3, more efficient

FSS can process more hypotheses in the same time span and can thereby gain accuracy. It

was also pointed that such an implicit increase in accuracy does not improve their lower

bound accuracy, i.e. their accuracy when no restrictions are imposed on the number of
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hypotheses. Improving lower bound accuracy of state-of-art FSS is however the goal of

this chapter.

A method which can be used to explicitly improve accuracy is using local iterations

as in LO-RANSAC of Chum et al. (2003). It differs from regular RANSAC in that pre-

liminary top ranking hypotheses and their corresponding inlier image points are used to

locally refine the robust estimate, hence the term local iteration. Using local iterations

has two main benefits. Firstly, it increases the probability of uncontaminated fundamental

subsets, and secondly, it allows increasing the (fundamental) subset size (i.e. the num-

ber of image points in a subset) which increases the accuracy of hypotheses estimated

on uncontaminated subsets. When using LO-RANSAC, it is paramount to prevent early

convergence by using many local iterations and gradually tightening the inlier selection

threshold enforced within the local iterations. When doing so, LO-RANSAC is known

to provide very accurate results. Gradually tightening the inlier selection threshold re-

flects the uncertainty in accuracy of preliminary top ranking hypotheses. This concept

was made more efficient in Cov-RANSAC. It uses the uncertainty of transferred image

points, obtained by linear error propagation, when selecting the inliers for its single local

iteration. Together with the use of the SPRT, Cov-RANSAC provides accurate results effi-

ciently. LO-RANSAC and Cov-RANSAC share the same lower bound accuracy, as both

use the same robust ranking criteria. In Chap. 3 another method to explicitly improve

accuracy was introduced, i.e. computing the mean of hypotheses estimated on uncon-

taminated subsets. It was also shown experimentally that the ability of this approach to

explicitly increase accuracy is of similar magnitude as that of using local iterations.

This chapter is provides a solution which is more accurate and stable than that of state-

of-art FSS which use local iterations. In Sec. 4.2 it is shown that there are two fundamental

deficiencies in such FSS which limit their obtainable accuracy and stability. The improve-

ments contained within RISR to overcome these deficiencies are introduced conceptually.

The exact formulation of RISR on the epipolar manifold follows in Sec. 4.3. In Sec. 4.4

it is shown that the proposed RISR algorithm is a MLE for the epipolar geometry. In this

section our distance measure on the epipolar manifold of Sec. 2.5.7 is also compared ex-

perimentally against an alternative distance measure of Subbarao and Meer (2009) which

was discussed in Sec. 2.6.2. The relation between the convergence properties of RISR

and that of evolutionary optimization is discussed in Sec. 4.5. An extensive experimental

evaluation, including RANSAC, LO-RANSAC, LO-RANSAC followed by mean-shift,

and LO-RANSAC followed by RISR, is provided in Sec. 4.6. Maximum likelihood veri-

fication methods as well as linear verification methods are used. The evaluations include

the performance when a MLE is used post-hoc on all estimated inliers. A short discussion

is provided in Sec. 4.7 after which our conclusions are presented in Sec. 4.8.

4.2 Concepts of Random Intrinsic Sample Refinement

In this section an illustrative experiment is provided which shows that deficiencies ex-

ist with respect to the robust ranking criterion and the sampling strategy of state-of-art

FSS. The improvements contained within RISR are then introduced conceptually. The

illustrative experiment is based on realistic artificial data with thirty percent outliers, see

Sec. 4.6.1 for details. From this artificial data the epipolar geometry is estimated using

LO-RANSAC, i.e. one of the most accurate RANSAC methods especially when no re-
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strictions are imposed on the number of (local) iterations. To rule out the possibility that

automatic termination strategies, such as used in (Chum and Matas, 2008; Raguram et al.,

2008), stop the sampling process before lower bound accuracy has been reached, no such

methods are used. Instead, excessively many (local) iterations and extensive parameter

sweeps are used to guarantee optimal accuracy of all methods. The subset hypotheses

are obtained with a ML estimator (which employs Levenberg-Marquardt to minimize re-

projection residuals) and two different ranking approaches are used, namely, the number

of inliers (LO-RANSAC) and Least Median of Squares (LO-LMedS). Both are based

on MLE reprojection residuals. Each generated hypothesis is also evaluated against the

ground truth epipolar geometry. Consequently the most accurate hypothesis, which will

be called lower bound hypothesis, can be identified using the ground truth. The average

performance over one thousand experiments is plotted in Fig. 4.1.

4.2.1 Limitations of RANSAC

It can be observed from Fig. 4.1 that the approach using the RANSAC ranking criterion,

when the threshold is properly tuned, provides similar performance to the approach using

the LMedS ranking criterion. Note that the accuracy of both fundamental subset strategies

decreases more rapidly between the first and one thousandth iteration than after the one

thousandth iteration. Furthermore, after approximately 1500 iterations the accuracy no

longer improves. The fact that after a certain number of (local) iterations the accuracy of

RANSAC no longer improves, is well known. It is why methods like SPRT automatically

terminate the sampling strategy such that no (local) iterations are performed in vain. The

reason why accuracy no longer improves is twofold.

• In order to achieve an improvement in accuracy, a more accurate hypothesis must

be generated from the image data. In Fig. 4.2.a the number of hypotheses, expressed as

a probability, within 2α, α and α/2 from the ground truth is depicted (the value for α
can be observed in Fig. 4.1.a and b). For a region of 2α around the ground truth there

is a relatively high probability of generating a hypothesis. For a smaller region of α this

reduces significantly and reduces even more for a region of α/2. This clearly indicates

that the sampling strategy has difficulty in generating hypotheses near the ground truth,

despite the use of local iterations.

• Not only must a more accurate hypothesis be generated, it must also be identified as

the most accurate hypothesis (i.e. it should receive the highest rank). In that respect, note

the significant performance difference between both fundamental subset strategies and

the lower bound hypothesis. Apparently, the lower bound hypothesis does not receive the

highest rank consistently. It can be observed from the true positive rate (the probability

that an increase in the ranking criterion relates to an increase in accuracy) and false neg-

ative rate (the probability that a decrease in the ranking criterion relates to an increase in

accuracy), depicted in Fig. 4.2.b, that the ranking criterion is not directly linked to the true

accuracy of hypotheses. Furthermore, the predictive value of the robust ranking criterion

reduces as the sampling strategy progresses. The graphs in Fig. 4.2.a and 4.2.b were based

on LO-RANSAC but LO-LMedS has similar behavior. The following observations can

be made from this illustrative experiment:

Observation 1 Sampling strategy: Despite the use of excessively many local itera-

tions, the probability of generating a hypothesis near the ground truth is still quite low.
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Figure 4.1: Performance during the sampling strategy of LO-RANSAC for data con-

taining 30% outliers. The mean absolute error in translation direction (a) and the mean

absolute error in rotation (b). The reported results are the average of one thousand exper-

iments.
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Figure 4.2: Performance during the sampling strategy of LO-RANSAC for data contain-

ing 30% outliers. The sampling efficiency of LO-RANSAC (c) and the ranking accuracy

of LO-RANSAC (d). The reported results are the average of one thousand experiments.
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As a consequence, the hypothesis density is relatively sparse near the ground truth.

Observation 2 Robust ranking criterion: Despite the use of ML reprojection residu-

als within the robust ranking criteria, the probability that an improvement in accuracy is

actually noticed is relatively low.

The novel algorithm RISR will improve on both these deficiencies, by using the sta-

tistical and geometrical structure of the hypothesis space.

4.2.2 Improvements of RISR

As was discussed in Chap. 2, a local Euclidean structure can be imposed on particular

geometric entities. The proposed RISR algorithm uses this local Euclidean structure to

abolish the deficiencies which where pointed out in Sec. 4.2.1. The intuition behind its

conceptual improvements is provided below. A conceptual impression of RISR is shown

in Fig. 4.3.

RISR and Sampling strategy: From the illustrative example it was noted that even

after many iterations the hypothesis density is relatively sparse near the ground truth.

Therefore, it is questionable if generating hypotheses from the image data is the most

efficient strategy for the complete duration of the sampling strategy. As an alternative, we

will identify a subset of the most accurate hypotheses and artificially generate hypotheses

in their vicinity based on a model of the local geometry. These artificial hypotheses can

be ranked against the image data as usual. When one generates these artificial hypotheses

at a point at which the host FSS is already sufficiently accurate, the region including the

ground truth will become densely populates with hypotheses.

RISR and Robust ranking criterion: From the illustrative example it was also noted

that the top ranked hypothesis is accurate but certainly not the most accurate hypothesis.

Clearly, the robust ranking criterion is not exactly related to the true accuracy of hypothe-

ses. It merely identifies a set of top ranking hypotheses which all have a high probability

of being the most accurate hypothesis. When this set of top ranked hypotheses is located

around the ground truth, computing their empirical mean will result in a more accurate

estimate.

These two concepts contained within RISR are iterated several times. The extensive

experimental evaluation provided in Sec. 4.6 indicates that by using this approach an

improvement in accuracy and stability is obtained.

4.3 RISR on the epipolar manifold

In this section Random Intrinsic Sample Refinement is described in detail for the task of

estimating the epipolar geometry from outlier prone image data. Its algorithmic outline is

provided in Algo. 1. An illustration, similar to Fig. 4.3, but now on real monocular data,

i.e. castleP19 from (Strecha et al., 2008), is depicted in Fig. 4.4. From these figures it

can be observed that the conceptual improvements, introduced in Sec. 4.2, are properly

addressed by our RISR implementation on the epipolar manifold.



CHAPTER 4. IMPROVING RANSAC ACCURACY USING INTRINSIC STATISTICS 95

(a) (b)

(c) (d)

Figure 4.3: Conceptual impression of RISR for a 2D hypotheses space where the origin

is the ground truth. Hypotheses are depicted as dots and their color, ranging from black

to magenta (for regular hypotheses) and from black to cyan (for artificial hypotheses),

indicates their robust rank. The initial hypotheses distribution and the current top ranked

hypothesis, depicted as a cyan star, are illustrated in (a). Note that the top ranked hypoth-

esis is not that hypothesis which is closest to the ground truth, i.e. closest to the origin,

and that there are relatively few hypotheses near the ground truth. RISR then proceeds by

fitting a normal distribution, with its mean and covariance depicted by the blue star and

ellipse, on the top ranking hypotheses (b). By using the mean and covariance ellipse of

the normal distribution the location near the ground truth can be targeted efficiently with

randomly generated hypotheses (c). To estimate the support of the artificial hypotheses

they are ranked using the real image data. The new set of top ranked hypotheses with their

mean and covariance can then be computed (d). The initial top ranked hypothesis, i.e. the

cyan star, is also depicted for reference. The steps illustrated in (c) and (d) are typically

iterated several times.
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A critical necessity of the RISR algorithm is the ability to treat the epipolar space

locally as a Euclidean vector space. This allows computing elementary statistical notions

such as the empirical mean and covariance, see Chap. 2. Such a local Euclidean structure

was already provided in Sec. 2.5.7. In that section we represented the epipolar space as

a direct product space between a spherical space that models the direction of translations

and a hyper-spherical space that models rotations. The rotations can be parameterized by

matrices, resulting in the product space S2 × SO(3), or as quaternions, resulting in the

product space S2 × S3∗. Their elements, i.e. points on their associated manifolds, will be

referred to as E to emphasize their relation with essential matrices.

4.3.1 Initialization

RISR is initialized with the hypotheses obtained by a host FSS. If k is the robust score of

the top ranking hypotheses, then all hypotheses with a robust score less than ϕk are re-

jected. A typical value for ϕ is 0.95 and a minimum number of 10 remaining hypotheses

is enforced. For these remaining hypotheses their intrinsic mean and covariance are com-

puted as discussed in the next section. An important prerequisite of our epipolar manifold

structure introduced in Sec. 2.5.7 is that the four-fold ambiguity (i.e. four different epipo-

lar configurations give rise to the same essential matrix (Hartley and Zisserman, 2004)),

must be resolved. In case MLE methods are used to estimate the epipolar geometry inside

the host FSS, the ambiguity is resolved when the MLE subset estimator is initialized with

the linear estimate. For each of the four possible configurations of the epipolar geometry

it is verified whether all the points of the subset (i.e. max 14) are in front of both cameras.

When one point is behind one of the cameras that particular configuration is discarded

immediately. A hypothesis is rejected completely when for none of its four configura-

tions all the points of its subset are in front of both cameras. In case linear methods are

used inside the host FSS, the four-fold ambiguity is only resolved for the set of remaining

hypotheses. Again, the positive depth constraint is only enforced for the subset on which

a particular hypothesis was estimated. As there are typically few remaining hypotheses

for which the four-fold ambiguity must be resolved, the impact on the total computation

time of RISR is negligible.

4.3.2 Intrinsic mean and covariance

The Random Intrinsic Sample Refinement algorithm is enabled by the key ability to com-

pute an intrinsic mean and covariance on the epipolar manifold. These intrinsic compu-

tations are enabled by the logarithmic and exponential mappings defined in Sec. 2.5.7.

The logarithmic map of Eq. 2.72 preserves intrinsic distances and directions between

the manifold of essential matrices and its tangent space. It does so only with respect

to the development point. Therefore, given three essential matrices E1,E2 and E3 the

intrinsic distances with respect to E1 is given by
∥

∥logE1
(E2)

∥

∥ and
∥

∥logE1
(E3)

∥

∥. How-

ever note that the intrinsic distance between E2 and E3 is not preserved in the tangent

space at E1. Thus dist(E2,E3) 6=
∥

∥logE1
(E2)− logE1

(E3)
∥

∥ but rather dist(E2,E3) =
∥

∥logE2
(E3)

∥

∥. This aspect makes statistical computations on essential matrices slightly

more involved than statistical computations on Euclidean vectors. Nevertheless, proper-

ties such as the mean and covariance of a Gaussian distribution of normalized essential

matrices as well as probabilities can be computed efficiently. Themean essential matrix is
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defined as the point Ē on the manifoldM which minimizes the sum of squared intrinsic

distances to each essential matrix in the set [E1...En]. This minimization task is captured

by the objective function

f(Ē) =
1

2

n
∑

i=1

dist(Ē,Ei)
2 , (4.1)

In Sec. 2.7.2 an iterative algorithm was provided to solve such optimization tasks. By

using this algorithm we can estimate the mean essential matrix Ē. Once it has been

obtained, we can compute the covariance of the set of essential matrices in the tangent

space of their mean Ē. For this we use the straightforward method described in Sec. 2.7.3.

4.3.3 Generating artificial hypotheses

The second key ability of the RISR algorithm is generating (approximately) uniformly

distributed essential matrices to be used as artificial hypotheses. The choice for a uniform

distribution comes from the fact that during the first few RISR iterations there is no guar-

antee that the probability of the ground truth is highest at the location of the empirical

mean. When artificial hypotheses would be generated according to a Gaussian distribu-

tion, RISR would focus on the location of the empirical mean. This does hurt convergence

especially during the first few RISR iterations. The number of artificial hypotheses is au-

tomatically regulated on basis of the uncertainty expressed in the covariance matrix i.e.

the more uncertainty, the more artificial hypotheses. For this the volume inside the 3σ
equiprobability surface of ΣĒ is computed. According to this volume v the number of

artificial hypotheses h is determined by

h =







Hmin, v < Vmin

⌈Hmax−Hmin

Vmax−Vmin
(v − Vmin) +Hmin⌉, Vmin ≤ v ≤ Vmax

Hmax, Vmax < v

(4.2)

Here Vmin and Vmax are the minimum and maximum bounds on the volume inside ΣĒ.

Typical values are 10−12 and 10−10 respectively. Hmin and Hmax are the minimum

and maximum bounds on the number of artificially generated hypotheses. Values for

them will be given in Sec. 4.6 where the experiments are presented. The h uniformly

distributed hypotheses are generated inside the 3σ equiprobability surface of ΣĒ. This

is performed by randomly generating uniformly distributed (tangent) vectors within the

unit sphere in five-space and multiplying them with the Cholesky decomposition (Golub

and Loan, 1996) of 32ΣĒ. The exponential map at Ē is utilized to map these uniformly

distributed tangent vectors back to the manifold and the essential matrices are obtained

using

E =
[

~t
]

×
R, (4.3)

see Sec. 2.3.5 for details.

4.4 Optimality

From the literature it is well known that an estimator for the epipolar geometry which

minimizes reprojection residuals with respect to structure and motion is a Maximum
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.4: Illustration of RISR on the real data set castleP19 provided by (Strecha et al.,

2008)). Close-up of the tangent space of S2 is shown in the top row and the tangent space

of SO(3) in the bottom row. The origin of both tangent spaces coincides with the ground

truth. Hypotheses are depicted as dots and their color, ranging from black to magenta

(for regular hypotheses) and from black to cyan (for artificial hypotheses), indicates their

robust rank. Note that a five-dimensional space is visualized, hence, each dot in the top

row has a consort in the bottom row. The initial hypotheses distribution obtained by

the host FSS, the top ranking hypothesis is depicted by a magenta cross (a,e). A normal

distribution estimated on the top ranking hypotheses (b,f). Artificial hypotheses generated

uniformly according to the mean and covariance ellipsoid (c,g). Note that the artificial

hypotheses distribution is much denser than the real hypotheses distribution depicted in

a and e. The new set of top ranked hypotheses after convergence with their mean and

covariance, i.e. blue cross and ellipsoid, (d,h). The initial top ranked hypothesis (magenta

cross) is also depicted for reference. Clearly, the RISR estimate is closer to the ground

truth than the initial top ranked hypothesis. This figure is the equivalent of Fig. 4.3 on

real data.
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Algorithm 1 Random Intrinsic Sample Refinement

Generate an initial set of hypotheses from the image data using a fundamental sub-

set strategy and determine their robust ranks. Apply the initialization procedure de-

scribed in Sec. 4.3.1. This is illustrated in Fig. 4.4 (a,b).

1) Compute the intrinsic mean Ē and covariance ΣĒ by using the methods of

Sec. 2.7.2 and Sec. 2.7.3. This is illustrated in Fig. 4.4 (c,d). Set the iteration counter

n to 0.

2) Generate h uniformly distributed hypotheses using Ē and ΣĒ according to

Sec. 4.3.3 and compute the robust ranks. Add these new hypotheses to the set of

artificial hypotheses. See Fig. 4.4.c and d.

3) Set k equal to the robust ranking criterion of the top ranked artificial hypothesis.

Reject artificial hypotheses for which their robust ranking criterion is smaller than

(0.85 + n
Nmax

0.1)k. Recompute the intrinsic mean Ē and covariance ΣĒ on the

remaining artificial hypotheses. This is illustrated in Fig. 4.4.e and f.

4) Increase the iteration counter i.e. n = n + 1 and while n < 3 OR (n < Nmax

AND Vmin < v), return to step 2 of the algorithm. A typical value for the maximum

number of iterationsNmax is 10.

5) Return the intrinsic mean Ē computed in the last iteration as the final solution.

Likelihood Estimator (MLE) when image points are perturbed by Gaussian noise, e.g.

see (Hartley and Zisserman, 2004; Triggs et al., 1999). In this section it is shown that

under similar assumptions the intrinsic mean of essential matrices, which is at the core of

the RISR algorithm, is a MLE for the epipolar geometry as well.

4.4.1 Intrinsic mean and ML lower bound

The intrinsic statistical methods of Chap. 2 allow the hypothesis space to be treated as a

Euclidean space (with respect to the development point). It is well known that in a Eu-

clidean space the empirical mean is a MLE for the true mean of a Gaussian distribution.

When the exponential and logarithmic mappings are properly defined, then the intrinsic

empirical mean of Sec. 2.7.2 has similar ML properties. Therefore, under the assumption

that the hypotheses are perturbed by Gaussian noise from the true epipolar geometry, the

intrinsic empirical mean is a MLE for the epipolar geometry. This is validated experi-

mentally in the next section.

The expected error of the regularMLE on all n image points is proportional to σ�
√
n.

Recall from Sec. 4.2 that state-of-the-art FSS, such as LO-RANSAC and Cov-RANSAC,

return a single optimal ranking hypothesis estimated fromm < n image points. Their ex-

pected error is therefore proportional to σ�
√
m. The expected error of the intrinsic mean

computed on k subset hypotheses is at best, i.e. when each image point is only contained

in one of the k subsets, proportional to σ�(
√
km). Clearly, an inlier image point can be

contained within several of the k subsets and the statistical information in the subset hy-

potheses cannot exceed the statistical information of the data they were generated on. The

mean on the fundamental subset hypotheses will therefore asymptotically, i.e. k → ∞,

reach the same levels of accuracy as the regular MLE attains on all image points. By
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Figure 4.5: The asymptotical accuracy of the intrinsic mean on fundamental subset hy-

potheses, the mean absolute error in translation direction (a), mean absolute error in rota-

tion (b). The reported results are the average of one thousand experiments.

doing so it is more accurate than a RANSAC estimate which returns only one hypothesis.

4.4.2 Mean epipolar geometry

Realistic synthetic data was generated according to the method described in Sec. 4.6.1.

Each image pair contained exactly 100 corresponding image points. This time however

they were only perturbed by Gaussian image noise i.e. there are no outliers. From all cor-

responding image points the epipolar geometry was estimated using a MLE which mini-

mizes reprojection residuals with respect to structure and motion. The same approach was

used to estimate a number of subset hypotheses for which their intrinsic empirical mean

was computed for increasing k. As there are no outliers the number of correspondences

m per subset was set to fourteen (i.e. the same number used in (Chum et al., 2003) within

LO-RANSAC). The results of a linear estimator (normalized 8-point (Hartley, 1997)) on

all points and the results of the regular MLE on all points as well as the intrinsic empirical

mean on an increasing number of fundamental subset hypotheses are plotted in Fig. 4.5.

The accuracy of the linear estimator on all image points is plotted for reference purposes.

We also plotted the results obtained when applying mean-shift using the exponential and

logarithmic mappings proposed in (Subbarao and Meer, 2009; Subbarao et al., 2008).

From Fig. 4.5 it can be observed that by using the intrinsic statistical methods of

Sec. 2.5.7 the accuracy of the regular MLE is reached asymptotically. This is a direct

consequence of the fact that, in contrary to the methods in (Subbarao and Meer, 2009;

Subbarao et al., 2008), our exponential and logarithmic mappings are properly defined.

Recall from Sec. 2.6.2 that their mappings will produce at least two clusters in hypoth-

esis space instead of one. Computing a mean on the two clusters results in a point in

between these two clusters. The accuracy of this mean is several factors outside the scale

of Fig. 4.5. Therefore, we applied mean-shift instead of computing the mean when using

the methods of (Subbarao and Meer, 2009; Subbarao et al., 2008). If there are enough

inlier hypotheses, then mean-shift will converge to one of the clusters and compute the

local mode of this cluster. As this cluster does not contain all inlier hypotheses, and

therefore does not contain all available statistical information, its mode is less accurate
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than the mean of all inlier hypotheses. This is clearly visible in Fig. 4.5. This illustrates

the importance of the correctness of our distance preserving exponential and logarithmic

mappings.

The expected accuracy of FSS which returns a single hypothesis, such as LO-RANSAC

and Cov-RANSAC, can be observed as the start of the dark blue line in Fig. 4.5. Comput-

ing the intrinsic mean clearly results in a more accurate estimate than returning a single

inlier hypothesis. In realistic outlier prone conditions however, both the intrinsic mean

and the regular MLE will have difficulty reaching the ML lower bound. Nevertheless, the

fact that the intrinsic mean, which is at the core of the RISR algorithm, asymptotically

reaches the same performance as the regular MLE is noteworthy. It is this property which

enables RISR in being more accurate than other FSS.

4.5 Convergence and evolutionary optimization

In the previous section it was shown that RISR is a MLE when image points are perturbed

by Gaussian noise. In reality the noise governing the observed image points is a mixture

of Gaussian and non-Gaussian noise. The goal of a RANSAC like FSS is to discard in-

lier image points from outlier image points. This is a challenging task since some of the

perturbations causing outliers will have similar magnitudes as the perturbations causing

inliers. Not all outliers can therefore be distinguished on basis of their reprojections. As a

consequence, that hypothesis which has the most inliers or the lowest LMedS error is not

necessarily the most accurate hypothesis, e.g. see Fig. 4.1 (a,b). Alternatively, the goal of

RISR is to distinguish inlier hypotheses, i.e. hypotheses which were perturbed from the

ground truth epipolar geometry by Gaussian noise in the hypothesis space. A ML esti-

mate can then be obtained by computing the mean of these inlier hypotheses. As RISR

is initialized with a set of hypotheses obtained by a host FSS, there is no guarantee that a

sufficient number i.e. 1 ≤ k of inlier hypotheses is available, e.g. see Fig. 4.4 (a,b). The

challenge therefore is to ensure that sufficient inlier hypotheses are present and to ensure

that outlier hypotheses are rejected from computation. For this RISR exploits aspects of

evolutionary optimization, such as, selection, mutation and reproduction. When casting

RISR in the terminology of evolutionary optimization then the hypotheses distribution is

the population and a particular hypothesis is an individual. The role of the fitness function

is performed by the robust ranking criterion, e.g. the number of inliers. In RISR repro-

duction is performed by first capturing the global properties of the fittest members from

the population into an intrinsic mean and covariance. This allows for better generaliza-

tion and prevents overfitting. Mutation and reproduction is then performed by drawing

samples uniformly using the intrinsic mean and covariance ellipsoid. While an EA would

typically return the fittest individual (as does RANSAC) or a set of fittest individuals,

RISR returns the mean properties belonging to the set of fittest individuals instead. By

doing so the influence of spurious top-ranked hypotheses is diminished and the RISR so-

lution becomes more stable than a RANSAC-only based approach. When considering the

similarities between RISR and evolutionary optimization it is clear that the convergence

of RISR depends on a similar paradigm. Evolutionary optimization algorithms usually

need to be initialized with a vast number of individuals to completely cover the high di-

mensional solution space. If one considers essential matrices, then an individual can also

be estimated from the data. This is not necessarily true for evolutionary optimization
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in general. Efficiency can therefore be gained by first generating individuals from small

subsets of the data and determining their fitness on the complete data. When the approx-

imate location of the ground truth is known then RISR can take over. The experimental

validation provided in Sec. 4.6 indicates that this is advantageous over only generating

individuals from the data, as is done in RANSAC based approaches.

4.6 Evaluation

In this section RISR is evaluated against a state-of-art FSS using realistic outlier prone

data. It is shown that by incorporating RISR one obtains more accurate and stable re-

sults. The state-of-art FSS used during all experiments is LO-RANSAC approach 5 ”In-

ner RANSAC with iteration”, the details are left to (Chum et al., 2003). Excessively many

(local) iterations will be used within LO-RANSAC. This assures that the reported perfor-

mance is the best LO-RANSAC can obtain and is not influenced by early convergence

(Chum et al., 2003; Raguram et al., 2009) or automatic termination strategies (Chum

and Matas, 2008). In this setting LO-RANSAC is able to obtain satisfactory accuracy,

therefore the absolute increase in accuracy RISR can obtain is expected to be limited.

Much more informational is the performance of both approaches relative to the ML lower

bound, hence the ML lower bound will be reported for all experiments. As RISR is an

extension for FSS it is initialized by a host FSS. The host FSS used is also LO-RANSAC,

however, significantly fewer iterations are used when initializing RISR. Consequently, the

total computation time of the approach incorporating RISR is less than the computation

time of the approach using LO-RANSAC only.

In Sec. 4.6.1 RISR is evaluated using artificial data and ML methods are used for

estimating the hypotheses and their robust ranks. A disadvantage of using ML methods,

especially MLE reprojection errors, is that they require significant more computation than

linear approaches. Therefore, it is common to use linear methods (or a combination of

linear and ML) inside the FSS for time critical applications. Within the publications

regarding LO-RANSAC (Chum et al., 2003), Cov-RANSAC (Raguram et al., 2009) and

mean-shift on essential matrices (Subbarao and Meer, 2009; Subbarao et al., 2008) only

linear methods were utilized. In Sec. 4.6.2 it is shown that incorporating RISR is also

advantageous when employed in this linear setting, even when a MLE is applied post-

hoc on all the inliers obtained with LO-RANSAC. For these experiments the publicly

available multi-view reconstruction benchmarks HerJezuP8, castleP19, fountainP11 and

entryP10, provided by Strecha et al. (2008) are used.

4.6.1 Artificial data

Simulations are performed to investigate performance of RISR under controllable con-

ditions. The following approach is used to generate the artificial data for each single

experiment.

One camera is chosen as the origin. The direction of translation of the other camera

is uniformly distributed over the unit sphere and the length of translation is uniformly

distributed within the interval between 2.5m and 5m. Its yaw, pitch and roll parameters

are all uniformly distributed within the interval between −45◦ and 45◦. Scene points

are generated uniformly within a distance between 5 and 75 m in front of the first cam-

era. The scene points are projected to the imaging planes of both cameras, the camera
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parameters used were obtained by calibrating (Zhang, 2000) a real camera (resolution

of 640 × 480 pixel, a focal length of 6 mm. and a FoV of 45◦). Radial and tangential

distortion properties of the real camera are simulated as well. To the scene point pro-

jections iid. isotropic Gaussian noise with a standard deviation σ of 0.25 pixel is added.

Subsequently, the projections are perturbed by two different types of outliers. Firstly, for

ǫ percentage of the image points their correct correspondences are reassigned randomly.

This simulates gross correspondence errors. Independently from this, ǫ percentage of im-

age points are selected to which uniform noise with a maximum magnitude of 10 pixels

is added. This uniform noise is particulary challenging since its magnitude partially co-

incides within the magnitude of the Gaussian noise. The percentage ǫ is chosen such that
the total percentage of outliers (i.e. either gross correspondence outliers, outliers due to

uniform noise or both) equaled a certain level i.e. 10%, 20%, 30%, 40%, 50%. Since

recent image feature matching techniques are relatively reliable, higher levels of outliers

were not used. Finally, configurations with fewer than 250 scene points visible in both

cameras are rejected.

As the true inliers are known, the ML lower bound is obtained by applying the MLE

on them. All FSS approaches in this section use MLE subset estimators and MLE re-

projections are used to determine the number of inliers. Within the FSS, an image point

correspondence is assumed to be an inlier if the summed squared error (sse) of the repro-

jection residual is less than t2σ2 in each image. RISR uses the same strategy to determine

the rank of its artificially generated hypotheses. Most accurate and stable results were ob-

tained for all FSS when using t = 1, this value was obtained by parameter sweeps within

the rage of 0.25 to 3.75 differing by 0.25. Recall from Sec. 4.2 that 2000 iterations were

more than sufficient for LO-RANSAC to reach its lower bound performance for data con-

taining 30% outliers. It was verified that 2000 (local) iterations are also sufficient to reach

lower bound performance for data containing 50% outliers. This same number of 2000 it-

erations is therefore used throughout these experiments. A LO-RANSAC approach using

2000 iterations will be referred to as LO-R(2000). We investigated whether using mean-

shift (Subbarao and Meer, 2009; Subbarao et al., 2008) is advantageous when employed

after LO-RANSAC(2000). This approachwill be referred to as LO-RANSAC(2000)+MS.

When using RISR only 1000 iterations are performedwithin LO-RANSAC, this approach

will be referred to as LO-R(1000)+RISR. The bounds on the number of hypothesesHmin

and Hmax were set to 103 and 104 respectively. When using these values the total com-

putation time of LO-R(1000)+RISR is approximately 0.8× the computation time of LO-

R(2000). For reference the results of regular RANSAC (Fischler and Bolles, 1981) using

2000 iterations is also reported.

From Fig. 4.6 it can be observed, as expected, that using LO-RANSAC is advanta-

geous over using regular RANSAC. The improvement of using a MLE post-hoc on all

estimated inliers, obtained by LO-R(2000), is insignificant and these results were there-

fore omitted. When using mean-shift after LO-R(2000) it can be observed that results

deteriorate. Note that for these experiments mean-shift was used with the exponential

and logarithmic mappings presented in Sec. 2.5.7. When using the mappings proposed in

(Subbarao and Meer, 2009; Subbarao et al., 2008) the results were unfavorable (i.e. the

errors increased with a similar factor as observed in Sec. 4.4). Note that mean-shift was

designed to find the modes of a multi-modal distribution and not specifically to be more

accurate than state-of-art FSS. There is no guarantee that the host FSS, in this case LO-

RANSAC, will produce a dominant cluster of hypotheses near the ground truth for which
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Figure 4.6: Accuracy of the robust epipolar estimates of RANSAC, LO-RANSAC, LO-

RANSAC+MS and LO-RANSAC+RISR at different levels of outliers, mean absolute

error (a,d), error relative to RANSAC (b,e), error relative to the ML lower bound (c,f).

Errors in translation direction are depicted in (a,b,c) and errors in rotation in (d,e,f). The

reported results are the average of one thousand experiments for each level of outliers. The

total computation time of RISR is approximately 0.8× the computation time of RANSAC

and LO-RANSAC.
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its mode is more accurate than the top ranked hypotheses, e.g. see Fig 4.4. Hence, in gen-

eral mean-shift will not outperform a state-of-art FSS on accuracy. In (Subbarao et al.,

2008) mean-shift was compared against regular RANSAC incorporating linear methods

and outliers were simulated by adding excessive Gaussian noise. In our opinion this is

an unrealistic strategy because the excessive Gaussian noise is still Gaussian and thereby

obeys the ML prerequisite. Furthermore, in (Subbarao et al., 2008) the reported numerical

results were based on one epipolar configuration (which did not exploit all five degrees of

freedom) and the errors were factors higher than the errors reported in our experiments.

Note that only the error in translation direction was reported in (Subbarao et al., 2008)

while Fig. 4.6 (d,e,f) show that especially the errors in rotations are unfavorable. In our

opinion the experimental results presented in (Subbarao et al., 2008) do not support their

claims.

When incorporating RISR, the results show that an improvement in accuracy is ob-

tained. Using RISR after one thousand iterations of LO-RANSAC results in a larger

performance improvement than using an additional one thousand iterations inside LO-

RANSAC itself. The relative increase in accuracy with respect to RANSAC, see Fig. 4.6

(b,e), and especially with respect to the ML lower bound, see Fig. 4.6 (e ,f), are signif-

icant. The results clearly show that by incorporating RISR the obtainable accuracy is

significantly closer to the ML lower bound over a wide range of outlier percentages.

4.6.2 Real data

In this section the publicly available multi-view reconstruction benchmarks HerJezuP8,

castleP19, fountainP11 and entryP10, provided by Strecha et al. (2008) are used for eval-

uation. Furthermore, only linear methods are used within all FSS and RISR. An ML

estimate with respect to motion and structure is obtained post-hoc on all estimated inliers

of LO-RANSAC.

Image point correspondences are obtained using SIFT, Lowe (2004), and the usual

consistency checks (Scharstein and Szeliski, 2002) i.e. forward-backward consistency

and winner-margin. For an impression of the image data see Fig 4.7. The castleP19 data

set is especially challenging since both the displacement between poses and the depth

of landmarks is relatively large. Furthermore, the scene contains repetitive patterns such

as windows which cause many correspondence outliers. This data set is processed in a

successive order, i.e. from frame n to frame n + 1. For the data sets HerJezuP8, foun-
tainP11 and entryP10 the pose displacements are smaller, therefore, every even frame is

dropped. The fundamental subset hypotheses are estimated using the 5-point algorithm

(Nistér, 2004) and the normalized 8-point algorithm (Hartley, 1997) for non-minimal sub-

sets. The robust ranks of hypotheses are computed using the Sampson error (Hartley and

Zisserman, 2004), to be precise, an image point is considered an inlier if its Sampson

error is less than t2σ2. For all data sets both the true standard deviation σ of the inlier

noise as well as the optimal threshold value t are unknown. Therefore, the threshold value
t was fixed at

√
3.84, as in (Chum et al., 2003), and parameter sweeps were performed,

within the range of 0.05 to 0.25 in steps of 0.05, to find the optimal value for σ. The most

accurate and stable results were obtained by using σ = 0.1 pixel. Since the exact inlier

correspondences cannot be determined the following approach is used to approximate the

ML lower bound. From the ground truth pose information accompanying the data sets, the

ground truth epipolar geometry is obtained. The ground truth epipolar geometry is used
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to compute ML reprojection residuals for each landmark. Similar to Sec. 4.6.1 an image

point correspondence is assumed to be an inlier if the summed squared error (sse) of the

reprojection residual is less than t2σ2 in each image. For this ML criterion σ = 0.1 but t
was again set to 1, which caused more accurate results than the optimal linear threshold

value t =
√
3.84. From these inlier correspondences the ML lower bound is estimated

using the MLE.

On these real data sets LO-RANSAC uses 5000 iterations after which a MLE is used

on all its estimated inliers, this approach will be referred to as LO-R(5000)+MLE. It was

verified that using more than 5000 iterations does not improve performance. Despite

using the relatively high number of 5000 iterations, LO-R(5000)+MLE is significantly

faster (factor ≈ 20) than the LO-R(2000) approach from Sec. 4.6.1, this is due to the use

of linear verification methods. RISR is initialized after 500 iterations of LO-RANSAC

and no post-hoc MLE step is performed afterward, this approach will be referred to as

LO-R(500)+RISR. The bounds on the number of hypotheses Hmin and Hmax were set

to 20 × 103 and 200 × 103 respectively. When using these settings the computation

time of LO-R(500)+RISR is again approximately 0.8× the computation time of LO-

R(5000)+MLE. The results, averaged over 50 independent experiments, are shown in Fig.

4.8 and Fig 4.9. Note that the performance on the challenging castleP19 data set is re-

ported separately from the other data sets. For reference the performance of LO-R(500) is

also reported. From Fig. 4.8 (a,d) and Fig. 4.9 (a,d) it can be observed that even when us-

ing linear methods the obtained accuracy of LO-RANSAC(5000)+MLE is relatively close

to the ML lower bound. However, from Fig. 4.8 (b,e) and Fig. 4.9 (b,e) it can be seen that

the results are significantly closer to the ML lower bound when incorporating RISR. This

is noteworthy since no MLE refinement step was performed after LO-R(500)+RISR and

its computation time is approximately 0.8× that of LO-R(5000)+MLE. Furthermore, ob-

serve the significant performance difference between LO-R(500) and LO-R(500)+RISR,

solely due to incorporating RISR with linear methods. For practical applications such as

multi-view reconstruction or visual odometry the quality of the final model or trajectory

is mostly determined by the largest errors made between frames. Therefore, in Fig. 4.8

(c,f) and Fig. 4.9 (c,f) it is reported for howmany experiments, expressed as a probability,

the obtained error was larger than 3× the ML lower bound. From these results it can

be observed that when incorporating RISR the performance becomes significantly more

stable. Finally we would like to point out the remarkably accurate results of RISR on the

rotational subspace for the data sets fountainP11, HerzJesuP8, and entryP11 which are

depicted in Fig. 4.9 (d,e,f).

4.7 Discussion

Due to using excessively many iterations, the computation time of LO-RANSAC in our

experiments probably exceeds its minimally needed computation time. The reported re-

sults on computational efficiency therefore only indicate that when incorporating RISR,

the computational efficiency remains similar to that of LO-RANSAC. The experimental

validations do show that by incorporating RISR one obtains more accurate and stable

results, which is the focus of this chapter.

It is beyond the scope of our experimental validation to integrate and compare RISR

with all RANSAC approaches proposed in recent literature. However, the improvements
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(a) (b)

(c) (d)

Figure 4.7: Example image pairs from the data sets provided by Strecha et al. (2008).

CastleP19 (a), entryP10 (b), fountainP11 (c) and HerzJesuP8 (d).
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(a) (b)

(c) (d)

(e) (f)

Figure 4.8: Average performance over 50 experiments for the data set castleP19 provided

by Strecha et al. (2008), mean absolute error (a,d), error relative to ML lower bound (b,e),

probability of gross errors (c,f). Errors in translation direction are depicted in (a,b,c) and

errors in rotation in (d,e,f).
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(a) (b)

(c) (d)

(e) (f)

Figure 4.9: Average performance over 50 experiments for the data sets fountainP11, Herz-

JesuP8, and entryP11 provided by Strecha et al. (2008) mean absolute error (a,d), error

relative to ML lower bound (b,e), probability of gross errors (c,f). Errors in translation

direction are depicted in (a,b,c) and errors in rotation in (d,e,f).
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obtained by RISR are due to adding statistically informed artificial hypotheses and due

to computing an empirical mean on top ranking hypotheses, which is fundamentally dif-

ferent from recent RANSAC descendants. These methods of RISR can therefore be used

in conjunction with other possible improvements to RANSAC, for example, one can use

SPRT to evaluate artificial hypotheses or one can rank them using MLESAC, further-

more, RISR can be integrated into alternative local optimization strategies such as that

of Cov-RANSAC. This would combine the benefits of these methods with the benefits of

RISR.

4.8 Conclusion

A novel algorithm called Random Intrinsic Sample Refinement, abbreviated RISR, is pro-

posed to improve accuracy and stability of state-of-art RANSAC approaches. Its utility

has been demonstrated on the task of estimating the epipolar geometry from outlier prone

image data. By enforcing our novel intrinsic distance metric of Chapter 2 on the epipo-

lar manifold a statical framework is developed which RISR utilizes to compensate two

deficiencies of state-of-art RANSAC approaches. In this chapter it was experimentally

validated that by using our novel distance metric, the intrinsic mean on subset hypotheses

is a MLE when image points are perturbed by Gaussian noise. The evaluation, based on

simulated as well real image pairs, shows that by incorporatingRISR one obtains more ac-

curate and stable results under challenging conditions. The results on real data are in line

with the results on artificial data and therefore acknowledge the validity of the theoretical

foundations of RISR. The observed increase in accuracy and stability remain significant

after a MLE has been used post-hoc on all estimated inliers. The improved performance

together with satisfactory computation times demonstrate the practical value of the pro-

posed RISR algorithm. The intrinsic statistical methods underlying RISR provide a rich

and novel tool set which can be used for future research on FSS. While in this article

RISR is used to estimate the essential matrix, it can be extended to estimate any geomet-

ric element for which a proper intrinsic distance metric is available. A comprehensive

answer to the fourth research questions of this thesis can now be provided.

• How can statistical algorithms defined on pose manifolds improve the accuracy

of the RANSAC methodology?

Returning a single inlier hypothesis, as done in RANSAC, can be seen as a random

choice taken from all inlier hypotheses. All these inlier hypotheses form a Gaussian

distribution and their mean is on average more accurate than a single randomly

chosen inlier hypothesis. Using local iterations, as done in LO-RANSAC and Cov-

RANSAC, results in faster convergence and results in improved accuracy. These

methods return a single highly accurate inlier hypothesis which is just as accurate

as the mean of all inlier hypotheses. To improve accuracy in this setting, it is

paramount to have multiple of these highly accurate hypotheses identified such that

their mean is more accurate than a single highly accurate hypothesis. Sampling

strategies, including those who use local iterations, do typically not produce enough

highly accurate hypotheses. This can be solved by artificially generating hypotheses

in the vicinity of top ranking hypotheses. Highly accurate hypotheses can then be

identified on basis of their robust ranking criterion. As robust ranking criteria are

not directly linked to the true accuracy of hypotheses, we select all hypotheses
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which have a high rank instead of only those hypotheses which share the top rank.

This allows us to identify a set of highly accurate hypothesis whose mean is more

accurate than the single hypothesis returned by state-of-art RANSAC approaches.




