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Chapter5
Trajectory Bending: Loop-closure

and Sensor-fusion

In computer vision the absolute camera pose is often obtained as the concatenation of suc-

cessive relative pose estimates. As each relative pose estimate is the product of statistical

inference, the integrated absolute pose accumulates error and the estimated trajectory will

differ from the true trajectory followed by the camera. In many applications additional

absolute pose information is available, for example, it can be provided by detecting a loop

or by absolute pose sensors. The challenge is how to use this absolute pose information

to not only update the current absolute pose but to update all previous poses as well. This

because, updating all previous poses allows for a more accurate reconstruction of the en-

vironment being perceived by the camera. This chapter addresses a novel and efficient

closed-form algorithm to achieve this. It minimally bends a trajectory of relative poses

such that the final integrated absolute pose is equal to any particular desired pose. Its

accuracy and efficiency is compared against an existing maximum likelihood solution on

simulated trajectories as well as on trajectories estimated from monocular and binocular

data. The novel algorithm is used to perform loop closure as well as sensor fusion. The

experimental results on a challenging 5 km loopless urban trajectory extends the current

state-of-art in pose estimation from onboard sensors.

5.1 Introduction

In this chapter the focus is on trajectories for which probabilistic links between absolute

poses are only governed by the uncertainty in the relative pose estimates. Within simulta-

neous localization and mapping (SLAM) literature such trajectories are said to be exactly

sparse. Such trajectories are a typical product of visual odometry (VO) systems. In re-

cent years VO has gained significantly in accuracy, see for example Comport et al. (2007);

Konolige and Agrawal (2008); Konolige et al. (2007); Nistér et al. (2006). Structural error

build up, also known as drift, is inevitable however. This is due to the fact that the VO so-

lution is obtained from relative pose estimates to which no correction in terms of absolute

pose information is applied. In general, accurate absolute pose information is available,
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be it at a significant lower rate than the visual data on which the relative poses are esti-

mated. The goal of this chapter is to integrate this absolute pose information into the VO

solution at the time it is registered, i.e. online. Of particular interest are methods which

are able to update the estimated trajectory entirely. By updating the complete trajectory a

more accurate reconstruction of the environment can be obtained. The required absolute

pose information can be derived from loop detection or can be provided by absolute pose

sensors.

The methods used to visually detect loops largely depend on the type of reconstruction

of the environment, also known as the map, that is being estimated. In VO one typically

only estimates the trajectory and does not estimate a global geometrical reconstruction of

the environment. A global geometrical reconstruction is often estimated from the image

data and their robustly estimated absolute poses by a separate (off-line) process, e.g. see

(Esteban et al., 2010; Furukawa and Ponce, 2007; Strecha et al., 2008). In order to de-

tect loops within such VO based approaches view-based methods can be used, e.g. see

(Booij et al., 2008; Konolige et al., 2010). In a view-based approach the collection of

recorded images form the map. This collection of images is ordered by certain criteria,

for example the criteria can be temporal or spatial or a combination of these. The or-

dering allows efficient traversal of the image collection. Loop detection then involves

finding an image from the collection of previously recorded images, i.e. the reference

frame, that (partially) depicts the same part of the environment as the currently observed

image. To this purpose each image is typically accompanied by an automatically gen-

erated high level descriptor, e.g. see (Angeli et al., 2008). Once the reference frame is

available, landmark correspondences can be established between the reference frame and

the currently observed frame. The next step is to update the entire trajectory by incorpo-

rating these correspondences. This can be achieved by embedding the VO solution and

the loop detection correspondences in a global optimizer. These global optimizers range

from methods based on the concept of SLAM, e.g. see (Thrun et al., 2005), to sparse

bundle adjustment (SBA), e.g. see (Triggs et al., 1999). Even without considering their

computational complexity, these methods are not without disadvantages. SBA theoret-

ically provides a maximum likelihood (ML) solution by minimizing reprojection errors

in all images. The ML solution is, however, challenging to obtain efficiently due to data

which does not adhere to the assumptions made, i.e. outliers. This was discussed in detail

in chapters 3 and 4. SLAM methods which use a Rao-Blackwellized particle filter, such

as FastSLAM, (Montemerlo et al., 2003; Thrun et al., 2005), suffer from particle depri-

vation. This relates to the observation that as the uncertainty in the estimated trajectory

grows over time, a fixed number of particles no longer suffices to represent the complete

pdf adequately. As a consequence, there can be a point in time before which all particles

share a common ancestor and therefore have exactly the same trajectory. When this oc-

curs at loop closure, the particle filter can no longer update the trajectory before this point.

Furthermore, the possible trajectories during loop closure are limited by the particle dis-

tribution. When no particle exists with a trajectory ending close to the desired pose, loop

closing will be sub optimal. Considering SLAM approaches which use an EKF or an IKF,

performing a trajectory update during loop closure by means of a filter update can yield

unsatisfactory results. This is largely due to linearization errors, for a detailed analysis

see e.g. (Castellanos et al., 2004) and (Bailey et al., 2006a). As a possible improvement

Newman et al. (2006) proposed an algorithm which alters the trajectory such that the final

pose is equal to a desired pose. Their approach finds an ML solution by using non-linear
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iterative constrained optimization. This optimization scheme runs as a separate process

and its only purpose is to update the trajectory at loop closure. Their method will be de-

scribed in more detail in Sec. 5.2 and as it is closest to our approach it is included in our

experimental evaluation.

Performing loop closure is not always possible. This is because moving in loops is

not an effective strategy to reach a desired destination. Many trajectories therefore con-

tain no loops at all, they are loop-less. In order to reduce drift in estimated loop-less

trajectory one can exploit absolute pose sensors. The most well known are based on the

global position system (GPS). It is however not always a viable solution as it requires

line of sight to several satellites orbiting the earth. Another possibility is e.g. using an

attitude heading reference system (AHRS). An AHRS typically consists of gyroscopes,

accelerometers and magnetometers. The gyroscopes measure the angular momentum for

each 3 degrees of freedom (dof) of rotation, the accelerometers measure the acceleration

over each 3 dof of translation and the magnetometers measure the direction of the earth’s

magnetic field. By fusing the information from these sensors an AHRS can deduce abso-

lute orientation information. AHRS devices based on micro-electro-mechanical systems

(MEMS) are affordable and widely available, e.g. they are integrated in the current gener-

ation smart phones. These MEMS based AHRS systems are error prone when subjected

to acceleration. When little acceleration is exercised however, they can provide accurate

absolute orientation information.

In this chapter we introduce a novel closed-form linear algorithm which bends a tra-

jectory consisting of 6 dof relative poses such that the final absolute pose is equal to any

desired absolute pose. If the desired absolute pose is derived from loop detection then

the proposed algorithm performs loop closure. When the desired absolute pose is derived

from an auxiliary absolute pose sensors it performs sensor fusion. This application of tra-

jectory bending was not included in (Newman et al., 2006) and requires modification of

their method. With respect to sensor fusion it is interesting to note that the desired abso-

lute pose does not have to contain position information. Accurate orientation information

alone already suffices to update the orientation and the position of all absolute poses in

the trajectory. This is because for long trajectories the errors in relative orientation esti-

mates are the ones which drive the errors in absolute positions, the underlying principle

is visualized in Fig. 5.1. A conceptual impression of our novel algorithm is given in

Sec. 5.2, its mathematical derivation is provided in Sec. 5.3. We discuss the optimality of

our approach in Sec. 5.4. In the experimental section 5.5 our closed-form approach will

be compared against the existing iterative ML approach of Newman et al. (2006). The

experiments focus on loop closure and sensor fusion and use simulated as well as real

monocular and binocular data. A discussion and our conclusions are presented in Sec. 5.6

and Sec. 5.7 respectively.

5.2 The concept of trajectory bending

In this section a conceptual description of the proposed trajectory bending algorithm is

provided. We start by considering its related maximum-likelihood (ML) solution. In

Fig. 5.2.a the true trajectory of a camera is depicted by green nodes. The estimated tra-

jectory is depicted in Fig. 5.2.b. It consists of absolute poses, denoted as the black nodes

A1...A4, which are obtained by integrating the relative pose estimatesM1...M4 which are
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Figure 5.1: Conceptual impression of the difference between error propagation of relative

translational errors (a) and relative rotational errors (b). The ground truth absolute poses

are depicted by green nodes and the estimated poses by black nodes. The line inside a

node depicts its orientation. The relative motions between poses are depicted by arrows,

they are green for the true motions and black for estimated motions. At time step 2 a

translational error is made in the relative motion estimate (a). In successive time steps

this translational error propagates constantly, i.e. it does not grow or diminish. In (b)

the effect of a rotational error at time step 2 is visualized. Initially this error can not be

observed from the position at time step 3. This orientational error however changes the

basis for every successive translation estimate. Therefore, even while no translational or

rotational errors are made after time step 2, the positional estimate will drift indefinitely

from the true position. The positional error in the final absolute pose can therefore be

reduced by correcting the rotational error made at time step 2.
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Figure 5.2: Conceptual impression of ML trajectory bending. These figures are discussed

in Sec. 5.2.

visualized by black arrows. Due to errors in these relative pose estimates the trajectory

differs from the true trajectory. At time step 4 the system receives absolute pose informa-

tion which is significantly more accurate than the integrated absolute pose, see the blue

node D4 in Fig. 5.2.b. The goal of trajectory bending is to update the relative pose esti-

mates such that the trajectory ends in the desired pose D4, this is visualized in Fig. 5.2.c.

The updates for the relative pose estimates are denoted asU1...U4, they are the small solid

blue arrows in Fig. 5.2.c and are called the distributed correction terms. This task has to

performed with respect to all 6 dof of poses in 3D and requires non-linear constraint op-

timization. By using an intrinsic parametrization of the updates the constraint in the final

pose can be expressed mathematically as

‖ logDn
(

n
∏

i=1

(

expMi
(ui)

)

)‖2 = 0 . (5.1)

This formula updates each relative pose estimate by a distributed correction term pa-

rameterized in their respective tangent spaces, i.e. expMi
(ûi). For more information on

intrinsic parameterizations and tangent spaces see Chap. 2. Then it computes the final

absolute pose of the trajectory by multiplying each updated relative pose estimate. By

mapping the final absolute pose to the tangent space of the desired absolute pose Dn and

computing the squared length of the resulting tangent vector, the value of the constraint is

obtained. It is zero only when the final pose is equal to the desired pose.

There are clearly infinitely many solutions which fulfill this constraint. The interest is
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however in obtaining a maximum likelihood solution. To this purpose the uncertainties of

the relative pose estimates M1...Mn are modeled as normal distributions with zero mean

and covariances Σ1...Σn in their respective tangent spaces. The goal of ML trajectory

bending is to find those distributed correction terms u1...u2 for which their likelihood

given these normally distributed uncertainties is maximized. This task is expressed by the

ML objective function

f(u1, ..., un) =
1

2

n
∑

i=1

u⊤i Σ
−1
i ui . (5.2)

The ML trajectory bending approach in Newman et al. (2006) minimizes the objective

function f(u1, ..., un) under the non-linear constraint expressed by Eq.5.1. Due to the

non-linearities in this constraint it is a demanding optimization task which requires sig-

nificant computation and is susceptible to local minima. An important property of the ML

approach is that it can actively compensate a positional error in the final pose by altering

relative orientations. This is desirable as in long trajectories the absolute positional errors

are mainly caused by relative orientational errors, the underlying principle was visualized

in Fig. 5.1.

We now provide a conceptual description of our closed-form linear solution to this

optimization task. Let us start by considering that if the distributed correction terms of

the example depicted in Fig. 5.2.c are applied successively, then the final pose of the

trajectory will in four steps transform into the desired pose. This is illustrated by the four

dashed blue arrows going from the integrated absolute pose A4 to the desired absolute

pose D4 in Fig. 5.2.c. Clearly, there are infinitely many dashed blue lines which achieve

this. For example one particular solution is the relative displacement A−1
4 D4. It is the

direct transformation from the integrated absolute pose to the desired absolute pose, see

the dashed blue line in fig.5.3.a, and called the pose update. Optimality considerations

for this choice are provided in Sec. 5.4. The pose update can be segmented into four

correction terms, referred to as the local correction terms, they are visualized in Fig. 5.3.b

by the dashed blue arrows going fromA4 toD4. These local correction terms are however

all applied at the end of the trajectory and are not distributed over the trajectory as desired.

The next step therefore is to find a mapping which transforms the local correction terms

to the distributed correction terms such that integrating the updated relative poses results

in the desired absolute pose. This mapping process is visualized in Fig. 5.3.b by the thin

grey lines. When it is performed, a solution to the trajectory bending problem is obtained.

The process of segmenting the pose update and distributing the resulting local correction

terms over the trajectory is described in Sec. 5.3. The conceptual difference between

the iterative ML solution and the proposed solution is that the ML solution seeks those

distributed correction terms u1...un which when applied transform the final pose into

the desired pose, implicitly causing n local correction terms. The proposed closed-form

solution starts with an explicit solution for the n local correction terms and maps them to

n distributed correction terms. We will show that this is significantly more efficient.

Before we continue it is important to note that the proposed closed-form solution can,

just as the ML solution, compensate an error in absolute positions by altering relative

orientation estimates. This is an important capability as the pose update will not always

contain positional information. For example, at some point in time the system receives

information on its absolute orientation which is more accurate than the integrated estimate

for its absolute orientation. The proposed closed-form approach will then apply trajectory
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Figure 5.3: Conceptual impression of closed-form trajectory bending. These figures are

discussed in Sec. 5.2.

bending only in the rotational subspace. This will improve the absolute orientation esti-

mates for each pose in the trajectory. A new estimate of the absolute positions can then

be obtained by reintegrating all updated relative pose estimates. As the error in absolute

positions is mainly due to relative orientation errors, which have now been improved, the

estimate of the absolute positions will improve as well. In the experimental section this is

demonstrated on a 5 km long urban trajectory.

When both absolute rotational and absolute positional information is available, then

it is still beneficiary to exploit this capability of our closed-form solution. One can then

first apply trajectory bending only in the rotational subspace, then reintegrate the absolute

poses and compensate the reduced positional error by applying trajectory bending only

with respect to the translational subspace. This two step process will result in a trajec-

tory which is closer to the true trajectory than performing trajectory bending with respect

to position and orientation simultaneously. In this setting the capability of the closed-

form approach is however more restricted than that of the ML solution. This is because

the ML solution can actively seek rotational updates which compensate positional er-

rors. The closed-form approach can only do this passively by reintegrating the trajectory

with improved orientations. The consequences of this fact are reviewed experimentally

in Sec. 5.4. In subsequent sections we refer to the two step closed-form approach as the

double pass algorithm. The approach which performs closed-form trajectory bending to

the position and orientation simultaneously, is referred to as the single pass algorithm.
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5.3 Closed form trajectory bending

In this section the proposed closed-form trajectory bending algorithm will be derived

mathematically. Let the relative pose displacement from n− 1 to n be denoted as Mn ∈
SE(3). The estimated absolute pose at time n, denoted as An ∈ SE(3), is the concatena-
tion of all relative poses

An = A0M1...Mn = A0

n
∏

i=1

Mi . (5.3)

The absolute coordinate frame A0 can be assumed to be I without loss of generality. The
desired absolute pose at time n is denoted as Dn ∈ SE(3). The pose update that brings
An onto Dn is provided by A−1

n Dn. The next step is segmenting A−1
n Dn in n relative

displacements such that

A−1
n Dn =

n
∏

i=1

Ûi. (5.4)

The elements of the set Û1...Ûn are the local correction terms.

The local correction terms are obtained by interpolating the pose update A−1
n Dn. A

desirable property is the ability to distribute the amount of bending over the trajectory

according to weights w1...wn with w1 + w2 + ...+ wn = 1. These weights for example

express the confidence we have in the accuracy of each relative pose estimate. The local

correction terms are therefore obtained with

Ûj = I(

j−1
∑

i=1

wi)
−1I(

j
∑

i=1

wi), (5.5)

where

I(t) = expAn
(t logAn

(Dn)). (5.6)

The function I(s) interpolates from the integrated absolute pose An = I(0) to the de-

sired absolute pose Dn = I(1). Eq. 5.5 then computes the local correction terms as the

relative displacement between successive interpolated poses. We use the exponential and

logarithmic mappings from Euclidean motions R3 × SO(3) of Sec. 2.5.6 because these

mappings are related to the minimizing geodesics over both SO(3) and R3. To the con-

trary, the mappings of SE(3) itself are not related to minimizing geodesics over R3, see

Sec. 2.6.1. We come back to this important issue when we discuss the optimality of our

algorithm in Sec. 5.4. The norm of each displacements Ûj (according to the norm on

R3 × SO(3) of Sec. 2.5.6) is proportional to its weight wi. The larger a weight wi the

more the bending therefore occurs at the ith pose in the trajectory. When using the double

pass algorithm, i.e. first bending with respect to SO(3) and then with respect to R3, the

parameters of the subspace which is being ignored are set to zero, i.e. first R3 and then

SO(3). Once the local correction terms are obtained, we treat them as elements of SE(3)

to improve the trajectory.

So far we have obtained the local correction terms Û1...Ûn. The goal of the algorithm

however is to update each Mn with an additional rigid-body transformation Un ∈ SE(3)
such that

Dn =

n
∏

i=1

(MiUi) (5.7)
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i.e. when integrating the relative poses with their respective updates the trajectory ends in

the desired pose D. The elements of the set U1...Un are the distributed correction terms.

The next step is therefore specifying a mapping T which takes the local correction terms

Û1...Ûn to the distributed correction terms U1...Un such that

(

n
∏

i=1

Mi

)(

n
∏

i=1

Ûi

)

=

n
∏

i=1

MiT(Ûi) =

n
∏

i=1

MiUi = Dn. (5.8)

In essence this mapping T is nothing more than a change of basis applied to the local

correction terms Û1...Ûn. The difficultly however is that the change of basis is not unique.

This is due to the fact that we have a choice in which order to process the local correction

terms. For n local correction terms there are n! distinct orders. Given a general order,

the mapping T for a single correction term Ûj depends on other correction terms as well.

This prevents efficient computation, as it requires reintegrating the trajectory (segments)

after each single correction term has been processed by T. Here we are interested in a

mappingT for which such reintegration is not required and therefore is significantly more

efficient. It turns out that such a mapping exists, it is provided by the following theorem:

Theorem 5.1: A relation between the local correction terms Û1...Ûn and the dis-

tributed correction terms U1...Un obeying the constraint Eq. 5.8 is provided by

T(Ûj) =

(

j
∏

i=1

Mi

)−1

DnÛjD
−1
n

(

j
∏

i=1

Mi

)

= A−1
j DnÛjD

−1
n Aj = Uj (5.9)

A proof for this theorem is provided below. The interesting property is that the mappingT

for each Ûj only depends on the original absolute pose Aj and the desired final absolute

pose Dn. The solution to trajectory bending can therefore be obtained in closed form and

has computational complexityO(n). As the mapping can be computed independently for

each Û1, ..., Ûn the memory requirements are constant for volatile memory (e.g. RAM)

and linear in n for non-volatile memory (e.g. a hard disk or flash memory). This together

with its computational efficiency makes our trajectory bending algorithm significantly

more efficient than alternative (ML) approaches. For further sections it is useful to define

the inverse of T as

Ûj = T−1(Uj) = D−1
n AjUjA

−1
j Dn . (5.10)

.

Proof: Our proof of Theorem 5.1 is based on induction. To allow for compact formu-

las we switch to the following notation style:

Xj:k =
∏k

i=j Xi , X−1
j:k =

(

∏k
i=j Xi

)−1

=
∏j

i=k X
−1
i ,

(XY)j:k =
∏k

i=j XiYi and (XY)−1
j:k =

(

∏k
i=j XiYi

)−1

=
∏j

i=k Y
−1
i X−1

i

(5.11)

(note that these products are constructed from left to right as in Eq. 5.3). By using this

notation we can express constraint Eq. 5.8 by the proposition

P (k) : M1:n−k (MT(Û))n−k+1:n Û1:n−k = Dn, (5.12)
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where T is defined as in Theorem 5.1 with

T(Ûj) = M−1
1:jDnÛjD

−1
n M1:j = Uj . (5.13)

For our theorem 5.1 to be correct, the proposition P (k) has to be valid for all 1 ≤ k ≤ n.
For k = n the proposition reads P (n) : (MT(Û))1:n = Dn, i.e. when all correction

terms are distributed over the trajectory it ends in the desired pose. This is the goal of our

bending algorithm.

The correctness of the basis P (k = 1) is provided by the equalities

P (1) : M1:n−1MnT(Ûn)Û1:n−1 = M1:nT(Ûn)Û1:n−1

= M1:nM
−1
1:nDnÛnD

−1
n M1:nÛ1:n−1

= DnÛnD
−1
n M1:nÛ1:n−1

= DnÛn(M1:nÛ1:n)
−1M1:nÛ1:n−1

= DnÛnÛ
−1

1:nM
−1
1:nM1:nÛ1:n−1

= DnÛnÛ
−1

1:nÛ1:n−1

= DnÛnÛ
−1

n

= Dn.

(5.14)

The inductive hypothesis states that

P (k) : M1:n−k (MT(Û))n−k+1:n Û1:n−k = Dn (5.15)

is true. We now proof the correctness of the inductive step, i.e. the correctness of P (k+1)
when assuming that the inductive hypothesisP (k) holds. Let us start with rewriting P (k)
by singling out Ûn−k, i.e.

P (k) : M1:n−k (MT(Û))n−k+1:n Û1:n−k = M1:n−k (MT(Û))n−k+1:n Û1:n−(k+1)Ûn−k = Dn.

(5.16)

Observe from the last equality in Eq. 5.16 that the term

(MT(Û))n−k+1:n Û1:n−(k+1) = M−1
1:n−kDnÛ

−1
n−k (5.17)

when assuming P (k) is true. We can therefore rewrite the inductive hypothesis P (k) to

P (k): M1:n−k(M
−1
1:n−k

DnÛ
−1
n−k

)Ûn−k(M
−1
1:n−k

DnÛ
−1
n−k

)−1(MT(Û))n−k+1:n Û1:n−(k+1) = Dn.

(5.18)

Now observe that the term

(M−1
1:n−k

DnÛ
−1
n−k

)Ûn−k(M
−1
1:n−k

DnÛ
−1
n−k

)−1 = M−1
1:n−k

DnÛ
−1
n−k

Ûn−kÛn−kD
−1
n M1:n−k

= M−1
1:n−k

DnÛn−kD
−1
n M1:n−k

= T(Ûn−k),
(5.19)

it is our mapping function T applied to Ûn−k. This allows reformulating proposition

P (k) as

P (k) : M1:n−kT(Ûn−k)(MT(Û))n−k+1:n Û1:n−(k+1) = Dn (5.20)
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By rewriting its equality we find that

M1:n−kT(Ûn−k)(MT(Û))n−k+1:n Û1:n−(k+1) = Dn

M1:n−(k+1)Mn−kT(Ûn−k)(MT(Û))n−k+1:n Û1:n−(k+1) = Dn

M1:n−(k+1)(MT(Û))n−(k+1)+1:n Û1:n−(k+1) = Dn

P (k + 1) = Dn.

(5.21)

This validates the correctness of the inductive step. The proof of our theorem 5.1 then

follows from induction.

5.4 Optimality

In this section we derive that each part of our double pass algorithm provides a ML so-

lution when assuming isotropic and inhomogeneous noise independent for rotations and

translations. We also show that this is not the case for our single pass algorithm.

We first focus on the ML constraint Eq. 5.1. Our double pass algorithm first processes

the rotational subspace and then compensates the reduced error in the translational sub-

space. Conceptually, this breaks the constraint Eq. 5.1 into two parts, an orientational part

and a positional part. The constraint on the orientation is

0 = ‖ log(R−1
Dn

n
∏

i=1

(RMi
RUi

))‖2, (5.22)

where RDn
is the orientation of the desired absolute pose Dn and RMi

and RUi
respec-

tively are the rotations of the relative pose estimate Mi and the distributed correction Ui.

By satisfying this constraint the trajectory ends in the desired orientation of Dn. The sec-

ond step is to satisfy the constraint on the position of Dn. During this pass it is assumed

that the rotational updates RU1 , ...,RUn
are available from the first rotational pass. The

constraint on the position then becomes

0 = ‖
n
∏

i=1

(RMi
RUi

tUi
+ tMi

)− tDn
‖2, (5.23)

where tDn
,tUi

and tMi
are respectively the translations of the desired absolute pose Dn,

the distributed correction term Ui and the relative pose estimate Mi. By satisfying this

constraint, the trajectory ends in the desired position of Dn without violating constraint

Eq. 5.22 on the orientation of Dn. Both constraints are specified using the distributed

correction terms. In Sec. 5.3 we showed that these constraints can also be satisfied by

using the local correction terms Û1, ..., Ûn together with the mappingT defined in Eq. 5.9.

The constraints Eq. 5.22 and Eq. 5.23 are therefore conceptually similar to the constraints

R−1
An

RDn
=

n
∏

i=1

RÛi
(5.24)

and

tDn
− tA′

n
=

n
∑

i=1

tÛi
, (5.25)
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where A′
n is the absolute pose after integrating the updates obtained during the first ro-

tational pass. When these constraints are satisfied, then so are constraints Eq. 5.22 and

Eq. 5.23 and therefore so is the original constraint Eq. 5.1. Our approach even enforces

this constraint within machine precision.

Now we focus on the ML objective function Eq. 5.2 which can be simplified given

our noise assumptions. In the case of isotropic and inhomogeneous noise independent in

both subspaces SO(3) and R3, then all covariance matrices in Eq. 5.2 are of the form

Σj =

[

r2j I 0

0 t2j I

]

(5.26)

and the ML objective function simplifies to

f(u1, ..., un) =
1

2

n
∑

i=1

(‖ri‖2
r2i

+
‖ti‖2
t2i

)

. (5.27)

As we are focussing on the double pass algorithm, the objective function of the first

orientational pass is

f(r1, ..., rn) =
1

2

n
∑

i=1

‖ri‖2
r2i

=
1

2

n
∑

i=1

‖ log(RUi
)‖2

r2i
, (5.28)

where the relation between each ri and each RUi
of the constraint is given by the loga-

rithmic map log(RUi
) = ri of Sec. 2.5.5. The objective function of the positional pass

is

f(tU1 , ..., tUn
) =

1

2

n
∑

i=1

‖tUi
‖2

t2i
. (5.29)

These ML objective functions are specified using the distributed correction terms. It turns

out that in case of our double pass algorithm, they can also be specified using the local

correction terms instead. To show this we introduce the notation
[

Rj tj
0 1

]

R

= [Mj ]R = Rj and [Rj ] =

[

Rj 0

0 1

]

(5.30)

and
[

Rj tj
0 1

]

t

= [Mj ]t = tj and [tj ] =

[

I tj
0 1

]

(5.31)

to extract and embed respectively the rotation matrix Rj and translation vector tj from

and into a homogeneous matrix. When applying a change of basis to elements [Rj ] and
[tj ], we obtain the equalities

[

M[Rj ]M
−1
]

R
= RMRjR

−1
M (5.32)

and
[

M[tj ]M
−1
]

t
= RMtj , (5.33)

with M being a general element of SE(3). It can then be derived that the equalities

∥

∥log(RUj
)
∥

∥ =
∥

∥log(
[

M
[

RUj

]

M−1
]

R
)
∥

∥ =
∥

∥log(RMRUj
R−1

M )
∥

∥ (5.34)
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and
∥

∥tUj

∥

∥ =
∥

∥

[

M
[

tUj

]

M−1
]

t

∥

∥ =
∥

∥RMtUj

∥

∥ (5.35)

hold. They are a direct consequence of the fact that our norm on rotations is left and right

invariant and the norm on translations is invariant with respect to rotation (Park, 1995).

The importance of these equalities is that we are allowed to apply any change of basis in

SE(3) to the ML objective functions Eq. 5.28 and Eq. 5.29. We are therefore also allowed

to apply the change of basis related to T−1 defined in Eq. 5.10. This change of basis maps

a distributed correction term back to its related local correction term. The ML objective

functions can therefore be written as

1

2

n
∑

i=1

‖ log(
[

T−1([RUi
])
]

R
)‖2

r2i
=

1

2

n
∑

i=1

‖ log(RÛi
)‖2

r2i
, (5.36)

and
1

2

n
∑

i=1

‖
[

T−1([tUi
])
]

t
‖2

t2i
=

1

2

n
∑

i=1

‖tÛi
‖2

t2i
. (5.37)

What we have gained is that the ML objectives are now both specified using local cor-

rection terms instead of distributed correction terms. They are therefore all specified in

the same coordinate frame of the pose update A−1
n Dn. When considering our single pass

algorithm instead, then the fact that the combined norm on R3 × SO(3) is not invariant
with respect to a change of basis prevents rewriting the ML objectives. For our double

pass algorithm this change of basis is possible and significantly simplifies the ML solu-

tion, as we show next. It is however important to note that the optimality of our double

pass algorithm is only valid for the rotational pass and translational pass individually.

Let us briefly recapitulate our findings. Given our noise assumptions, a ML solution

to the double pass trajectory bending task can be obtained by first satisfying the constraint

R−1
An

RDn
=

n
∏

i=1

RÛi
while minizing f (̂r1, ..., r̂n) =

1

2

n
∑

i=1

‖ log(RÛi
)‖2

r2i
, (5.38)

then reintegrating the absolute poses given the updated relative orientations and subse-

quently satisfying the constraint

tDn
− tA′

n
=

n
∑

i=1

tÛi
while minizing f(tÛ1

, ..., tÛn
) =

1

2

n
∑

i=1

‖tÛi
‖2

t2i
. (5.39)

In words the translational optimization task reads: finding a set of translations which

when applied successively transform the estimated absolute position into the desired ab-

solute position such that the sum of norms of these translations is minimal. Our approach

satisfies the constraint by interpolating from the estimated position tA′
n
towards the de-

sired position tDn
using the logarithmic and exponential mappings of R3 × SO(3). As

we are using the mappings of R3 × SO(3) and not those of SE(3), the solution follows

a straight line through R3. This line is the path of least distance and any deviation from

it would unnecessarily increase the objective Eq. 5.37. Therefore, the ML solution must

also follow this straight line throughR3. The remaining question is how to optimally par-

tition this straight line into n segments. Similarly, the rotational optimization task reads:
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finding a set of rotations which when applied successively transform the estimated abso-

lute orientation into the desired absolute orientation such that the sum of norms of these

rotations is minimal. Our solution finds a set of rotations which satisfy the constraint by

interpolating from the estimated orientation RAn
towards the desired orientation RDn

.

It does so according to the minimizing geodesics on SO(3), see Sec. 2.5.5. This mini-

mizing geodesic provides the path of least distance in SO(3) and any deviation from this

geodesic would unnecessarily increase the objective Eq. 5.36. Therefore, the ML solution

must also follow this geodesic through SO(3). The remaining question is again how to

optimally partition the geodesic into n segments.

What we showed is that, apart from an optimal segmentation of geodesics, our two

pass algorithm agrees with a ML solution. Therefore, the only issue remaining is setting

values for the weights w1, ..., wn in Eq.5.5 such that the ML objectives Eq. 5.36 and

Eq. 5.37 are minimized. As the segmentation is over fixed and bounded geodesics, the

magnitude of these weights are proportional to the norm of their related segments. Finding

an optimal segmentation is therefore similar to finding the optimal values for the weights

w1, ..., wn. This is a one dimensional optimization task. It follows that we are seeking an

optimal solution for

f(wi, ..., wn) =
1

2

n
∑

i=1

w2
i

σ2
i

, (5.40)

under the constraint

1 =
n
∑

i=1

wi. (5.41)

The value for each σi is either ti or ri depending on whether we are performing the

positional pass or the rotational pass. By using the method of Lagrange multipliers we

find that the optimal value for each weight is provided by

wj =
σ2
j

n
∑

i=1

σ2
i

. (5.42)

Each weight and therefore the length of each segment is proportional to the uncertainty,

i.e. the variance, in its corresponding relative pose estimate. The more uncertainty in the

relative pose estimate the more bending will occur at its location in the trajectory. This

clearly agrees with an intuitive understanding of statistically informed trajectory bending.

To conclude, we provided the optimality conditions of our double pass algorithm and

thereby provided a justification to its design.

5.5 Evaluation

In this section our closed-form solution and the existing iterative ML solution of New-

man et al. (2006) are evaluated on their accuracy and efficiency. We first focus on the

application of loop-closure. For these experiments we use simulated as well as 800 m

long trajectories estimated from real monocular and binocular image data. Subsequently,

we focus on sensor-fusion and use a 5 km long urban trajectory estimated from binocular
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image data. These experiments show that our closed-form trajectory bending algorithm

obtains satisfactory, applicable and, under certain conditions, favorable results.

In (Newman et al., 2006) no information was given on the exact optimization method

being used. It is however common to use sequential quadratic programming (SQP) or

similar methods to solve non-linear constrained optimization tasks. SQP implementations

are readily available, e.g. in Matlab, and it is assumed that a similar optimizer was also

used in (Newman et al., 2006). As noted by Newman et al. (2006) obtaining aML solution

for trajectories consisting out of many poses is extremely computationally intensive. They

therefore segmented their trajectory consisting of around 400 poses into 45 submaps and

only optimized with respect to the poses between submaps. As the drift inside a submap

is relatively small, such a submapping strategy does not degrade accuracy significantly. A

similar approach is therefore used for our experiments when applying the SQP optimizer.

Since the desired final pose is typically the result of statistical inference, it is of little

practical value to enforce it with machine precision (as our closed-form solution does).

Therefore, the tolerance on the constraint for SQP is set to one standard deviation of the

update uncertainty. When using this tolerance, it takes SQP typically in the order of 5

iterations to converge. Besides the relative pose estimates, the ML approach also requires

knowledge of the uncertainty in those estimates. The uncertainties are specified by 6× 6
covariance matrices of the form

Σj =

[

ΣRj
C

C⊤ Σtj

]

, (5.43)

where ΣRi
and Σti model the uncertainty in respectively the rotational and translational

subspace and C models the correlation between these two subspaces. For our simulated

data these matrices are known exactly and for real data they are either set by hand or

estimated using error propagation. More details follow when we describe the related

experiments.

When applying the closed-form solution we experiment with two approaches. One

bends the trajectory simultaneously for the rotational and translational subspaces. This

method is referred to as closed-form single pass (CF-CP). The other approach first bends

the trajectory in the rotational subspace, reintegrates the absolute poses and then compen-

sates any residual in the final position by applying trajectory bending with respect to the

translational subspace. This method is referred to as closed-form double pass (CF-DP).

For both methods we set the bending weights w1, ..., wn proportional to the variance in

the relative pose estimates. Note that our double pass algorithm can use different weights

during the orientational pass and the positional pass. As the uncertainties are generally

anisotropic, we compute the orientational weights with

wj =
trace(ΣRj

)
n
∑

i=1

trace(ΣRi
)

(5.44)

and the positional weights with

wj =
trace(Σtj )
n
∑

i=1

trace(Σti)

. (5.45)
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For isotropic noise these formulas provide the optimal weight values of Eq. 5.42. For

our single pass algorithm only a single weight value can be provided to each pose. We

therefore have to make a tradeoff between rotational and translational uncertainties. We

do so using the following approach

wj =
σ2
j

n
∑

i=1

σ2
i

with σ2
j =

trace(ΣRj
)

n
∑

i=1

trace(ΣRi
)

+
trace(Σtj )
n
∑

i=1

trace(Σti )

. (5.46)

5.5.1 Loop-closure on synthetic data

Two artificial ground truth trajectories are used, one consists of 350 relative poses, the

other of 3500 relative poses. For each ground truth trajectory 100 erroneous trajectories

are simulated. Let M̄j be the jth ground truth relative pose and Āj be the jth ground truth
absolute pose, then an erroneous relative pose estimateMj is simulated by

Mj = expM̄j
(∆), (5.47)

where ∆ is a six dimensional (tangent) vector drawn from a multi variate normal distri-

bution with zero mean and covariance Σ̄j . By integrating all simulated pose estimates,

the erroneous absolute poses A1, ...,An are obtained. The goal of the closed-form and

ML algorithms is to optimally bend this simulated trajectory such that An = Ān = Ā1,

i.e. the loop is closed.

When using the ML approach we experiment with 5, 50 and 350 submaps, further-

more, the actual covariances Σ̄1, ..., Σ̄n used to generate the pose estimates are provided

to the SQP optimizer. In real VO applications this covariances need to be estimated

themselves. Under such circumstances the ML solution is significantly more sensitive

to improperly estimated covariances than our closed-form approach is. This is because

our closed-form solution approximates each covariance ellipsoid by a single parameter,

i.e. the weight defined in Eq. 5.44, Eq. 5.45 or Eq. 5.46. These weights only define the

distribution of a fixed bending solution over the trajectory which makes our closed-form

approach more robust against improperly estimated covariances. To the contrary, the co-

variances used within the ML approach have a crucial role in finding the bending solution

itself. As in this section the SQP algorithm is provided with the true covariances, the

experimental conditions favor the ML algorithm. We explicitly choose to do so because

we are interested in the ability of our closed-formmethod to reach the accuracy of the ML

approach under circumstances ideal to this ML approach.

Our performance metric is the running mean error at each point in the trajectory. The

positional error at the jth pose is calculated with

1

j

j
∑

i=1

‖ti − t̄i‖ (5.48)

and the orientational error with

180

jπ

j
∑

i=1

∥

∥logR̄i
(Ri)

∥

∥ . (5.49)
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For a single experiment the trajectories are plotted in Fig. 5.4.a and Fig. 5.4.b. The

average positional and orientational errors over one hundred simulated trajectories are

plotted in Fig. 5.5.a..f and Fig. 5.6.a..f. It can be observed that both methods close the loop

satisfactory and thereby reduce the overall error growth. Let us focus on the performance

difference between our single pass (CF-SP) and double pass (CF-DP) approaches. Their

orientational errors are similar, as they both compute the same orientational solution. For

the positional error the double pass algorithm obtains favorable accuracy as expected. For

the trajectory consisting of 3500 poses the difference is more significant than for the 350

pose trajectory. This because the longer the trajectory, the more the rotational errors made

in the beginning of the trajectory will propagate into positional errors. The ability to be

able to compensate positional errors by improving rotation estimates is therefore more

significant for long trajectories than for short trajectories. While this difference between

the positional accuracy of CF-SP and CF-DP is modest in absolute terms, it is the double

pass approach which is more accurate than the ML approach using 50 submaps and just as

accurate as the ML approach using 350 submaps on the 3500 pose trajectory. In relative

terms this increase in accuracy is therefore noteworthy. When reviewing the ML approach

then we see that its accuracy degrades as the number of submaps decreases. When using

5 submaps, it is less accurate than both our closed-form approaches. Only when using

350 submaps it is more accurate than our CF-DP approach on both trajectories. From

Table 5.5.1, which depicts computation times for our Matlab based implementations, it

can be observed that in this case the ML approach is a factor 50 to 500 times slower

than our CF-DP approach. Note that when optimizing with respect to 3500 poses the ML

solution did not finish its first iteration after 10 hours. It was therefore terminated before it

could provide a solution. This illustrates that while the ML solution is theoretically more

accurate, under realistic circumstances our closed-form approach provides solutions with

similar accuracy at a significant more favorable computational footprint.

As the difference in accuracy of our CF-DP and CF-SP approaches is not noticeable

when the exact ground truth is not provided, we only evaluate our double-pass algorithm

CF-DP in further experiments.

Table 5.1: Average computation time on synthetic data

Algorithm 350 poses 3500 poses 5 submaps 50 submaps 350 submaps

CF SP 0.09 s 0.9 s <0.01 s 0.01 s 0.09 s

CF DP 0.18 s 1.8 s <0.01 s 0.02 s 0.18 s

ML 100 s +10 hour 0.3 s 2 s 100 s

5.5.2 Loop-closure on monocular data

To show the general applicability of our loop-closure method we apply it to a trajectory

estimated by the publicly available FIT3D toolbox of Esteban et al. (2010). The monoc-

ular odometry data set is obtained using a camera with a resolution of 640 by 480 pixels

and a FoV. of 45 deg. A total of around 2000 images were recorded covering a total dis-

tance of approximately 800 m. The FIT3D toolbox estimates the camera motion robustly

by using RANSAC with the normalized 8-point algorithm Hartley (1997) to generate the

fundamental subset hypotheses. That hypothesis is selected which has the largest number

of inliers, based on the Sampson error (Hartley and Zisserman, 2004). From the inliers
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(a) (b)

Figure 5.4: A representative result on a simulated trajectory consisting of 350 poses (a),

on a trajectory consisting of 3500 poses (b). Ground truth (green), no loop closure (red),

closed-form single pass algorithm (cyan), closed-form double pass algorithm (blue), ML

solution when using 350 sub-maps (orange).

of this optimally ranked hypothesis, a new motion estimate is obtained. A local iterative

refinement step, which minimizes reprojection errors, is used to optimize the camera pose

up to scale. The uncertainties of each motion estimate are assumed to be isotropic and

homogeneous. Similar monocular odometry approaches are frequently applied and offer

a favorable tradeoff between satisfactory accuracy and computational efficiency. As the

focus of this experiment is on loop-closure and not on loop-detection, the reference frame

is manually selected. The update pose is then estimated from the reference frame to the

currently observed frame using the visual odometer (a similar approach is used for the

experiments on binocular image data in Sec.5.5.3).

The results on the monocular data set are plotted in Fig. 5.7. It can be seen that

the monocular odometry algorithm induces a drift in the trajectory that accumulates over

time. By using our trajectory bending algorithm this drift is reduced. This is particulary

visible in Fig. 5.7.c where the estimated height of each pose is plotted. Note that while the

ML algorithm (using 50 sub-maps) closed the loop satisfactory, its trajectory differs sig-

nificantly from the ground truth. When using 350 submaps it returned a similar solution.

There can be two (non-exclusive) causes for this unsatisfactory performance of the ML

approach. Firstly, the provided covariances do not capture the true uncertainties of the

motion estimates adequately. Secondly, the ML solution converged to a local minima of

its objective function. To give insight into this issue we initialized the ML approach with

our closed-form solution. We observed that when doing so, the ML objective function

converged within one iteration to a value several factors lower than when not initializing

with our closed-form approach. We can therefore conclude that it converged to a spurious

local minima when not initialized with our closed-form solution. This illustrates one of

the elementary drawbacks of using constrained non-linear ML optimizers on real data.

The ML trajectory obtained when initializing with our closed-form solution was practi-

cally indistinguishable from this closed-form solution. Apparently, the computationally

unfavorableML approach has little additional advantageous over our closed-form solution
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Figure 5.5: Running mean accuracy averaged over 100 experiments for the 350 pose

trajectory. Ground truth (green), no loop closure (red), closed-form single pass algorithm

(cyan), closed-form double pass algorithm (blue), ML solution (orange). When using 5

submaps (a,b), when using 50 submaps (c,d) and when using all 350 poses (e,f).
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Figure 5.6: Running mean accuracy averaged over 100 experiments for the 3500 pose

trajectory. Ground truth (green), no loop closure (red), closed-form single pass algorithm

(cyan), closed-form double pass algorithm (blue), ML solution (orange). When using 5

submaps (a,b), when using 50 submaps (c,d) and when 350 submaps (e,f).
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when applied to this representative monocular odometry data set.

5.5.3 Loop-closure on binocular data

In this section we evaluate both approaches on a trajectory for which uncertainties in pose

estimates are obtained by Monte-Carlo error propagation. The trajectory is estimated

from binocular image data and followed the same path as the trajectory of our monocular

data set. The used stereo camera has a baseline of 0.4 m and intrinsic camera parameters

similar to the monocular camera of the previous section. The relative pose displacement

are estimated using our EM algorithm of Chap. 3. This algorithm applies robust intrinsic

clustering on motion hypotheses which are generated using a fundamental subset strategy.

The interesting property of this algorithm is that besides a robust estimate of the relative

pose, it also returns a Monte-Carlo estimate for the uncertainty in this pose estimate.

This uncertainty is expressed as a 6 × 6 covariance matrix in the tangent space of the

relative pose estimate. These covariance matrices are therefore directly applicable to the

ML objective function. They are also used to derive the bending weights of our closed-

form approach. The estimated trajectory exist of approximately 1200 poses. When using

the ML approach the trajectory is therefore segmented in 50 submaps, which makes it

around three times less efficient than our closed-form approach. The results are plotted in

Fig. 5.8.

It can be seen that both approaches close the loop satisfactorily and reduce the er-

ror growth. The difference between our closed-form solution and the ML solution is

hardly noticeable. Within the uncertainty of the differential-GPS based ground truth, they

are equally accurate. We experimented with raising the number of submaps for the ML

approach to 350. The ML approach then practically obtained the same solution while

it became 160 times less efficient than our closed-form method. On this representative

binocular odometry data set, using the ML approach has again little additional advanta-

geous over our closed-form method.

5.5.4 Sensor-fusion

In this section trajectory bending is applied to fusing absolute orientation data with visual

odometry estimates. The absolute orientation data is provided by an affordable absolute

heading and reference system (AHRS). This AHRS based on micro-electro-mechanical

components is error prone when subjected to acceleration. It however provides accurate

estimates when no acceleration is exercised. We therefore only use the AHRS readings in

situations where there is little acceleration and angular velocities are low. This basically

implies that the camera has a more or less stable orientation over some time window.

Our online fusion approach, involving trajectory bending, consists of four steps. Firstly,

time windows with stable orientation are detected automatically from the VO estimates.

We do so by calculating the average acceleration for each 6 dof and the angular momen-

tum over the past 5 seconds of VO estimates. Appropriate time windows are then de-

tected by thresholding the average accelerations and angular velocities being measured.

Secondly, within the detected time window the ARHS orientation readings are fused with

orientations estimates obtained from VO. We choose to do so by computing the intrinsic

mean, see Sec. 2.7.2, of all visual odometry and AHRS estimates falling within the fusion

window. These visual odometry and AHRS estimates provide a Monte-Carlo representa-
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(a)

(b)

(c)

Figure 5.7: Trajectory bending applied to loop-closure within monocular odometry. D-

GPS ground truth (green), no loop closure (red), closed-form double pass algorithm

(blue), ML solution when using 50 sub-maps (orange). Aerial-view (a), top-view (b)

and side-view (c).
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(a)

(b)

(c)

Figure 5.8: Trajectory bending applied to loop-closurewithin binocular odometry. D-GPS

ground truth (green), no loop closure (red), closed-form double pass algorithm (blue), ML

solution when using 50 sub-maps (orange). Aerial-view (a), top-view (b) and side-view

(c).
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(a) (b)

(c) (d)

Figure 5.9: Representative images from the 5 km long urban data set.

tion of their underlying uncertainties. The used representation is therefore not limited to

normal distributions as in EKF based fusion. Up to this point we obtained an improved

absolute orientation estimate for the time window only. The third step is therefore to back-

propagate this estimate to previous poses so that their orientation improves as well. To

this purpose we apply closed-form trajectory bending such that the absolute orientation of

the final pose is equal to the absolute orientation obtained from fusion. Effectively we are

only performing the first rotational pass of our double pass algorithm. This will, on aver-

age, improve all orientation estimates prior and up to the last time step. The fourth and

final step is reintegrating the trajectory with the improved orientation estimates. When the

errors in absolute positions are mainly due to errors in relative orientation estimates, we

can expect a significant reduction in positional errors by using this approach. In a sense

we are “closing the loop” solely on basis of absolute orientation information. This makes

our bending approach fundamentally different to traditional VO fusion methods, e.g. see

(Konolige et al., 2007).

In our third step, where we use our trajectory bending algorithm, we can also use a ML

bending approach. This application of ML trajectory bending was however not reported

in (Newman et al., 2006) and requires slight modification of their method (their ML con-

straint and ML objective need to be restricted to the rotational subspace). In this section

our trajectory bending approach will be compared against this modified ML approach of

Newman et al. (2006). Our comparison is based on a 5 km long urban trajectory. This

data set is especially challenging to VO as it contains many stop-and-go traffic situations,

e.g. see some representative images in Fig. 5.9.

The experimental results are visualized in Fig. 5.10. The red trajectory is obtained

by our EM estimator from Chap. 3. The blue trajectory depicts our closed-form bend-

ing solution and the orange trajectory depicts the ML bending solution when using 50
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(a)

(b) (c)

(d)

Figure 5.10: Results on a 5 km long urban trajectory. D-GPS ground truth (green), EM

based VO solution (red), closed-form trajectory bending (blue), ML bending solution (or-

ange). Reference results of a LMedS VO solution (light grey) after closed-form trajectory

bending (dark grey). Aerial overlay (a), top down view (b), close-up (c) and side-view

(d). The automatically selected time windows are depicted by green dots in (b).
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submaps. We also experimented with using 350 submaps for the ML method but did not

notice an improvement in its trajectory. From Fig. 5.10.b it can be observed that using the

ML bending approach has again little additional benefit over our closed-form approach.

Both approaches practically provide the same solution. Recall from Sec. 5.4 that the first

rotational pass of our approach is a ML estimator for isotropic and inhomogeneous noise.

In this section we only use this rotational pass, as the AHRS does not provide positional

information. Therefore, the difference between the closed-form and ML solutions is ex-

pected to be small when the noise is indeed isotropic. From the perspective of the obtained

results, the isotropic noise assumption seems appropriate. The positional error in the final

pose is around 50 m for both methods. This is 1 percent of the total traveled distance,

which is a remarkable performance as no absolute positional information is used. Our

bending approach is able to “close-the-loop” satisfactory using orientational information

only. This gives strong indicating that for such long trajectories the errors in absolute po-

sitions are mainly due to orientation errors. The benefit of our approach is that we can be

highly selective on the quality of the absolute orientation readings and, at the same time,

are still able to improve the entire trajectory to high accuracy. This makes our approach

more tolerant against erroneous readings of affordable AHRS systems.

Also note the unfavorable results when using the LMedS based VO estimator of

Chap. 3. Whereas in Chap. 3 the differences on the 600 m long trajectory might have

seem modest, here they are significant. Recall from Chap. 3 that the orientational errors

of the LMedS approach on a 600 m long trajectory were two times higher than that of

our EM approach. In this chapter the trajectory is 5 km long and orientational errors have

significantly more time to propagate into positional errors. This indicates that even mod-

est differences in rotational accuracy can become significant for long trajectories. The

LMedS approach even induced so much drift that the AHRS data alone is not enough to

satisfactory improve its trajectory. When using our EM based estimator significant more

accurate results are obtained. The combination of our EM visual odometry estimator

and our closed-form trajectory bending algorithm provide an applicable positioning sys-

tem. Given the efficiency of these methods, real-time implementations running on modest

computational hardware can be developed with relative ease.

5.6 Discussion

The experimental section demonstrated the versatility and applicability of our closed-

form trajectory bending algorithm. Of all methods which can perform loop-closure, our

closed-form approach is one of the most efficient and most straightforward to implement.

The trajectories it produces have similar accuracy to that of significantly more complex

approaches. However, just as related approaches, our method has its conceptual limita-

tions.

Where global SLAM and BA optimizers can process multiple loop detections at once,

the proposed algorithm can only process one loop detection at a time (the same holds for

the ML approach). While our approach has shown to provide accurate and satisfactory

results, it can not provide the same solutions as global SLAM or BA optimizers. When

applying such global optimizers, then using our closed-form trajectory bending algorithm

is still beneficiary however. By using our algorithm, the initialization point for these

optimizers becomes significantly more accurate. These global optimizers then need less
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time to converge and will be more robust against spurious local minima. As the closed-

form algorithm’s computation time with respect to the total computation time of global

SLAM or BA is negligible, using it is highly recommendable.

5.7 Conclusion

In this chapter a novel trajectory bending algorithm was proposed to incorporate absolute

pose information into trajectories obtained by visual odometry. It is applied to loop-

closure and sensor-fusion and reduces the overall error of estimated trajectories. Contrary

to an existing iterative ML optimizer, the proposed algorithm operates in closed-form and

has linear complexity in the number of poses. It is therefore significantly more efficient

than its iterative ML counterpart while its accuracy is shown to be comparable and some-

times even favorable. The fact that the ML approach is optimal for anisotropic noise and

our approach for isotropic noise, provides the ML approach little additional benefit within

our representative experiments. In order for the ML approach to fully exploit its concep-

tual design, the relative pose uncertainties must be significantly anisotropic and need to

be estimated correctly. Apparently, one of these two conditions is not met within our real

world data sets. As a consequence, our closed-form algorithm can provide similar accu-

racy significantly more efficient and without being susceptible to spurious local minima.

The results obtained on a 5 km long and challenging urban trajectory extend the current

state-of-art in pose estimation from onboard sensors. On basis of the findings contained

in this chapter we answer our final research questions.

• How can statistical algorithms defined on pose manifolds reduce drift in tra-

jectories estimated by the RANSAC methodology?

The RANSAC methodology provides relative pose estimates. These relative pose

are concatenated into trajectories of absolute poses. As each relative pose estimate

will contain error, either structural (bias) or random, the absolute poses in the tra-

jectory will accumulate error. The effects of error accumulation can be diminished

using two approaches. Firstly, one can reduce the errors made in relative pose es-

timates. The less of these relative errors, the less errors will accumulate into the

absolute poses of the trajectory. This strategy was exploited in Chap. 3. This strat-

egy however only reduces the speed of error growth and does not enforce an upper

limit on it. The second strategy can enforce such an upper limit by incorporating

additional absolute pose information. These absolute updates typically specify the

pose for a limited set of points in the trajectory. The errors at these specific points

in the trajectory are then bounded by the errors of the absolute pose updates. The

challenge is to ensure that the errors of all poses in between these specific points are

also bounded. To this purpose one can use global optimizers based on simultaneous

localization and mapping or bundle adjustment. These algorithms can exploit the

manifold structure of pose spaces to specify their maximum likelihood objectives,

constraints and intrinsic updates. They are however relatively computationally de-

manding. We presented a significant more efficient approach which can bend tra-

jectory segments such that the final pose of each segment is equal to an absolute

pose update. At the core of our approach we interpolate over the pose manifold. In

relation with optimality considerations, it is important to perform this interpolation
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over the minimizing geodesics of pose manifolds. These geodesics were researched

and presented in Chap. 2 of this thesis.


